MATH 1314 College Algebra Notes

Chapter 4: Exponential and Logarithmic Functions

Chapter 4.1: Exponential Functions

Spring 2012

Exponential Functions are of the form f(x) =b*, where the base b is a
number b >0 but not equal to 1 and where x is any real number. The
exponential function f(x) =b* is read as the exponential function f with
base b. Exponential Functions are very useful in real-world applications.
They are used to model situations involving Inflation of Cost, Financial
Investments, Population Growth, Growth of Epidemics, Radioactive Decay,

and more.

+ Objective 1, 2: Evaluating and Graphing Exponential Functions(p413)
e Evaluating exponential functions means to “plug in” a known x-value into

the function and calculate the result. You will need to use the

on your T1-83/84 calculator. Use

FAN

key

when evaluating functions.

e Characteristics of Exponential Functions f(x)=b* and their graphs:

= Domainis (—o0,) Range is (0,c)

= y-interceptis 1 because f(0)=b° =1 (where b =0)
» if base b>1, then f(x)=b* increases

if base 0<b<1, then f(x)=b* decreases

. Is the equation for the Horizontal Asymptote.
(From the graph, f(x)=b* is a one-to-one function, so it has an )
s Objective 3, 4: Natural base e; Compound Interest Formulas(p417,419)

n
e The irrational number e is a value that £1+ %j approaches as n — .

Use a TABLE and enter large values of n,(10, 100, 1000, 10000,...) and

n
you can see that the value [1+ %J IS approximately

We call this approximate value the natural base e. It is used to model
natural exponential behavior that increases or decreases.
e There are 2 Compound Interest Formulas used to calculate Total

Investment amounts in this section:

(n)(t)
= For n compounding periods per year use A= P(1+ ﬁ] where

A is Total amount, P is beginning amount, r is interest rate, t is

time in years, and n is number of compounding periods per year.
= For continuous compounding use A=P-e() where A is Total

amount, P is beginning amount, r is interest rate, t is time in

years. You will need to use

2nd

LN

when entering e(V®



Practice problems 4.1 Spring 2012

“ <D 00000 0ODOO » ™ 4.1.25

-
Ex. Score: 0 of 1 pt HW Score: 0% (0 of 12 pts) 0of 12 complete E

Use transformations of the graph of £(x) =5* to identify the graph of the function given below.
Use the graph to determine its domain, range, and asymmptote.

g(x)=5%"2

Identify the graph of gfx) =5%*2 d

What is the domain of gix) =5%*27

(Twpe your answer i interval notation. )

What iz the range of g(x) = 5%*27
(Twpe your answer in thterval notation )

What line is the horizontal asymptote of g(x) = 5% *27

y=[_] -

| Enter any number or expression in the edit field, then click Checlk Answer,

@




Practice problems 4.1 Spring 2012
{ K 20 34 5 B 7 g9 100 4453
p ~,
Ex. Score: 0 of 1 pt HW Score: 0% (0 of 12 pts) 0of 12 complete E

t nt
UUse the compound mterest formulas A = P[l + —J and & = Pe™ to solve the problem aiven.
f

Found answers to the nearest cent.

Find the accummulated walue of an mvestment of $10,000 for 3 years at an mterest rate of 7% 1f
the money 15 a. compounded sermanmally;, b, compounded quarterly; . compounded monthly d.
compounded contmiously,

a. What 15 the accurnulated walue if the money 13 compounded semiannually? -
5 (Found your answer to the nearest cent.)
b."What 15 the accurmulated walue if the money 15 compounded quarterly?

S (Found wour answer to the nearest cent.)
. What 15 the accumulated walue if the money 15 compounded monthly?

S (Found wour answer to the nearest cent.)

d. What 1z the accurnulated walue if the money 15 compounded contimaously?

S (Found wour answer to the nearest cent.)

NEl

-
-

-
b

| Enter any number or expression in the edit field, then click Check Answer,




Practice problems 4.1 Spring 2012
1 2 3 4 ] =] T =] 3 10
Ex. Score: 0 of 1 pt HW Score: 0% (0 of 12 pts) 0of 12 complete I_'_f

Usze a calculator with a | ¢* | key or a | A | kev to solve the following,

The exponental function £x) = 567{1.032)* models the population of a country, £(x), m rllhons,
% vears after 1975 Complete parts (a) — ().

a. Substitute 0 for x and, without using a calculator, find the country's population m 1975, -

The country's population m 1975 was trallion.

b. Substitute 22 for x and use your calculator to find the country's population, to the nearest
trillion, i the year 1997 as modeled by this function.

The country's population 1997 was trulliot.

c. Find the country's population, to the nearest rmilhon, in the year 2019 as predicted by ths
function.

The country's population i 2019 will he truilhion.

d. Find the countty's population, to the nearest million, i the year 2041 as predicted by this
function

The country's population m 2041 will be rrullio.
e. What appears to be happening to the country's population every 22 years?

(4. It appears that the population 15 growing by a factor of 3 every 22 years.
(B, It appears that the population 15 growing by a factor of 2 every 22 years.

(. There does not appear to be a pattern.

1
(D, It appears that the population 15 decreasing by a factor of Py every 22 years.

Click to select your answer, then click Checl Answer, {'E‘}
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Chapter 4.2: Logarithmic Functions
Logarithmic Functions are of the form f(x) =log, (x), where the base b is a

number but not equal to 1 and where x> 0. The functionf(x)=log, (x)

is read as the logarithmic function f with base b. Logarithms are
merely an exponent for an indicated base. Logarithmic Functions are very
useful in real-world applications and are used to model Earthquake and
Sound Intensity, Acidity of Aqueous Solutions, Human Memory, and more.

+ Objective 1,2 3. Change between Logarithmic and Exponential form;
Evaluate logarithms(p425)
e To change between exponential and logarithmic forms using the
crossing method:
= line up the equal signs
» jdentify base b and write as exponential or logarithmic form

= _switch x and y expressions
y=log,(x)| logarithmic form Xx= bY | exponential form
x= bY | exponential form | ¥Y=109,(x)| logarithmic form
e To evaluate logarithms by inspection, remember that the value of a
logarithm is merely an for an indicated base.

Example: Evaluate log,(32).
The value of log,(32) is 5 because 2() =32,
In logarithms such as log(100), the blank base is understood to be

This type of logarithm is called a Logarithm and can be
rewritten as log,,(100). You can use the |[LOG| key to evaluate it.

In logarithms such as In(4), the notation In represents log, and is called

a Logarithm. You must use the| LN |key to evaluate it.
+ Objective 4: Basic Properties of Logarithms(p426)
Recall that the value of a logarithm is merely an for the

indicated base. The following properties are based on this fact.

= log,(b)=1 because b'=b

* log,()=0 because b®=1

= log,(b*)=X log, and base b in () cancel leaving only x.
bIogb(x) _

X base b and log, cancel out leaving only x.
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Chapter 4.2: Logarithmic Functions
+ Objective 5,6:  Graphing Logarithmic Functions(p427)

e Characteristics of Logarithmic Functions f(x) =log, (x) and their graphs:
= Domain is Range is
= X-interceptis
= if base b>1, then f(x)=log,(x) increases

if base 0<b<1, then f(x)=log,(x) decreases

. Is the equation for the Asymptote.
Note: Since f(x)=log, (x) is one-to-one and is the inverse of f(x)=b*, the
points (—l %] (0,1), (1b) that are on the graph of f(x)=b* will be reflected as
the points (%,—1} (£0), (b,3) on the graph of f(x) =log,(x).
Practice problems 4.2 Spring 2012
O 2 3 4 5 6| 7 g9 100 427
fEx. Score: 0 of 1 pt HW Score: 0% (0 of 14 ptz] 0of 14 cornplate E\

Write the following equation i it2 equiralent exponential form.
log .8l=y¥

The exponential form 1s ID
(Type an equation. )

| Enter any nurmber or expression in the edit field, then click Checlk Answer, 'C?:' ]

1 2 3 4 ] =] T =] 3 10

-
Ex. Score: 0 of 1 pt HW Score: 0% (0 of 14 pts) 0 of 14 complete E

Write the following equation in its equivalent logarithrnic for

2
V25 =35

The equation in logatithiic form 1s ID
(Type ah equation. )

| Enter any number or expression in the edit field, then click Check Answer, 'i?:' )




Practice problems 4.2

Spring 2012

4.2.29

«“<090000000000 »»

Ex. Score: 0 of 1 pt HW Score: 0% (0 of 14 pts)

Find the exact walue of the logarthm wathout using a calculator.

log .36

log 6= |

| Enter any number or expression in the edit field, then click Checlk Answer,

0of 14 complete ﬂ

@,

«“<0000000000 >»

4.2.25

Ex. Score: 0 of 1 pt HW Score: 0% (0 of 14 ptz)

Ewaluate the expression without using a calculator.

|
log llﬁ

1

lngllﬁz[l

L Enter any number or expression in the edit field, then click Checlk Answer,

0of 14 complete ﬂ

@,

«“<0000000000 »»

4.2.37

Ex. Score: 0 of 1 pt HW Score: 0% (0 of 14 ptz)

Evaluate the expression without using a calculator,

log -1

lug21=D

L Enter any number aor expression in the edit field, then click Check &nswer,

0of 14 complete ﬂ




Practice problems 4.2 Spring 2012
<) & & ¢ > 4253

-
Ex. Score: 1 of 1 pt HW Score: 21.43% (3 of 14 pts) 3 of 14 cormmplete E

The figure on the nght shows the graph of
f(zx) = log 4= Use transformations of this
graph to graph the given function. Find the
graph's vertical asymptote, domain, and
range.

2(2) = log ,(x+ 1)

a.) What 15 the graph of the two functions?

b.) What iz the vertical asymptote of the shifted function, g(z)?

K:

c.) What 1z the domain of g(x)?

The domain 1z .
(Type your answer in terval notation. )

d.}) What 15 the range of g(x)?

The range 1z .
{Type your answer in mterval notation )

L Question is complete, @
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>

Chapter 4.3: Properties of Logarithms

This section introduces properties of logarithms which will be used to

rewrite ( or ) logarithmic expressions.
When solving logarithmic equations or evaluating logarithmic expressions, it
IS sometimes necessary to rewrite logarithms using their properties.

Certain characteristics of the logarithm properties will seem familiar because
the properties of discussed previously correspond to
properties of logarithms.

Objective 1,2,3,4,5,6: Properties of Logarithms; Change of Base
Formula(p438-443)
To expand logarithmic expressions, use the following order:

Rule | The expression log, (M-N) expandsto log,(M)+log,(N)

Rule | The expression Iogb[%j expandsto log, (M)-log, (N)

Rule | The expression log, (M?) expandsto  p-log, (M)

To condense logarithmic expressions, use the following order:

Rule | The expression p-log, (M) condenses to Iogb(Mp)

Rule | The expression log, (M)+log,(N) condenses to Iogb(M-N)

Rule | The expression log, (M)-log, (N) condenses to Iogb(%j

The Change of Base Formula is used to evaluate a logarithm expression
that has an indicated base b other than 10 or e.

og(r) - In(n)

log(b) In(b)

Example: Evaluate log,(32). Round your answer to the nearest tenth.

This logarithm uses base 6. If your calculator does not have a |LOG
key for base 6, then the Change of Base Formula is needed.

log(32) In(32)

log®) ° 2° n(e)

Either entry gives .... The answer is therefore

To evaluate log,(n)=

Enter log,(32) as




10
Practice problems 4.3 Spring 2012

«<0000000000 >» 433

-
Ex. Score: O of 1 pt HW Score: 0% (0 of 12 pts) 0of 12 cormplete E

Use properties of logarithins to expand the loganthric expression as much as possible. Where
posable, evaluate loganthinic expressions without using a calculator.

log ,(4x)

log ,(4x) = |:|

Enter any nurmber ar expression in the edit field, then click Check &Answer, @

“ <0000 000000 » ™ 4.3.11

-,

Ex. Score: 0 of 1 pt HW Score: 0% (0 of 12 pt=) 0of 12 cormplete B

Use properties of logarithims to expand the logarthimic expression as much as possible. Where
possthle, evaluate loganthmic expressions without using a calculator,

1 [15]
ﬂg -
Ay

20

¥

Enter any number ar expression in the edit field, then click Checlk &nswer, @
| SRR EE——h——————S—SS.S—SS———————————BBBSBSBSEmunmmm————_

i

«“<0000000000 >» £33

-
Ex. Score: 0 of 1 pt HW Score: 0% [0 of 12 pts) 0of 12 cormplete E

Use properties of logarithens to expand the loganthmic expression as much as possible.
Ewaluate logarthimic expressions without using a calculator 1f pozsible.

! 2t
L] N— =
£2 4

(Use mtegers or fractions for any numbers m the expression.)

Enter any number or expression in the edit field, then click Checlk Answer, @

.
LY
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Practice problems 4.3 Spring 2012
“<0000000000 »» 4.3.45
Ex. Score: 0 of 1 pt HW Score: 0% (0 of 12 pts] Dof 12 complete E

Use properties of logarthms to find the exact value of the expression. Do not use a calculator.

log ,20- log ;5

log ,20- log 5= ID (Type an integer or a sinplified fraction )

Ernter anv number or expression in the edit field, then click Checlk Answer, @J
L —

bz ls e s le T s e 0l 4.3.53

Ex. Score: 0 of 1 pt HW Score: 0% (0 of 12 pts) 0of 12 complete Eﬁ'

Use properties of logartthins to condense the logarthimic expression. Write the expression as a
single logarithim whose coefficient 15 1. Ewaluate loganthinic expressions if possible.

Slog,x+5log, =

Slog,xz+ 5lngbz=|D

X Enter any nurmber or expression in the edit field, then click Checlk Answer, @ )

<« <P E »»r 4.3.60

Ex. Score: 0 of 1 pt HW Score: 0% (0 of 12 pts) 0of 12 complete E

Use properties of loganthms to condense the loganthrmic expression. Write the expression as a
stigle loganthim whose coefficient 1s 1. Where possible, evaluate loganthrc expressions.

log x+ log (x%— 491 - log 2 - log (x+7)

log =+ log (z°—49) - log 2 - log (z+7) =|:|
(Binplify your answer.)

| Enter any number or expression in the edit field, then click Checl: Answer, @J
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Chapter 4.4: Solving Exponential and Logarithmic Equations
This section will now introduce methods for solving Exponential and
Logarithmic Equations, including the TI-83/84 calculator.

+ Objective 1: Solving Exponential Equations(p448)
e To solve exponential equations algebraically using like bases:

= Make sure both sides of equation have the
Rewrite if necessary. If bases cannot be made the same, use
logarithms to solve.

» Once the bases are the same, and set the
exponents equal to each other.

= Solve for x.

> To solve exponential equations bM=b" using a TABLE:
— Enter left side of equation as Y1 and right side of equation as Y2.
— Press | 2™ | [GRAPH| to find the solution for x in a TABLE.
The solution will be the x-value with the same Y1 and Y2 value.

> To solve exponential equations bM =b" using GRAPH:
— Enter left side of equation as Y1 and right side of equation as Y2.
— Press| 2" | |TRACE]| to select the 5: intersect command.
— For First Curve? move cursor on first graph close to intersection
and press |ENTER].
For Second Curve? move cursor on second graph close to
intersection and press |ENTER].
Press | ENTER| again for Guess?
IMPORTANT: If exact answers are needed, you may need to use the
method above.

e To solve exponential equations algebraically with logarithms:

. the exponential expression.

= Apply the logarithm or the logarithm
to each side.

= Use the Rule for logarithms to bring the variable x

expression down from the exponent and solve for x.
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Chapter 4.4: Solving Exponential and Logarithmic Equations

+ Objective 2,3,4. Solving Logarithmic Equations(p449)

For equations having logarithms on one side of equation only:

o the left side of equation to form a single logarithm. If the left
side of equation only has a single logarithm, then you are ready for next
step.

e Change the logarithm equation to form using the
crossing method from section 4.2.

e Solve the new exponential equation using the like bases method.

For equations containing logarithms on both sides with the same base:

. both sides of equation until it is of the form log, (M) =log, (N)
with each side having a coefficient of 1.
e Using the one-to-one property, you can the log, notation on

both sides and set the (M and N expressions) equal to each other.
e Solve for the variable in the new equation.

To solve logarithmic equations with the TI-83/84 calculator, use a TABLE or

GRAPH by following the same steps given earlier for exponential equations.

Practice problems 4.4 Spring 2012

1 2 3 4 ] E T a =] 10

| Ex. Score: 0 of 1 pt HW Score: 0% (0 of 15 pts) 0of 15 complete E :

Solve the exponential equation by expressing each side as a power of the same base and then
equating exponents.

128%=%§

The solution set is [ID}

| Enter any number or expression in the edit field, then click Check Answer, @ |
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Practice problems 4.4 Spring 2012
«<0000000000 >» 1415
Ex. Score: 0 of 1 pt HW Score: 0% (0 of 15 pts) 0 of 15 complete Eﬁ\

Solve the exponential equation by expressing each side as a power of the same hase and then
equating exponents.

-2

g 4 =yg

The solution set is {ID}

Enter any nurmber or expression in the edit field, then click Check Answer, @ )
L EEEEEEEEEEEIE—————
SO OO OGO D 4.4.33
"
Ex. Score: 0 of 1 pt HW Score: 0% [0 of 15 pts) 0 of 15 cornplate E

Solve the following exponential equation by talang the natural logarithin on hoth sides. Express
the solution m terms of natural logarthims. Thern, use a calculator to obtamn a dectmal
approzmation for the solution.

g 474 = 1504

What 1z the solution in tertns of natural loganthms?

The zolution set 15

(Type an exact solution, using radicals and log functions as needed. Usze the change of hasze
formmla to whte the answer 1 either base 10 or base 2.)

What 15 the decirnal approzmation for the solution?

The solution set is § I3
(Found to two decimal places )

Enter any number or expression in the edit field, then click Checl Answer, @
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Practice problems 4.4 Spring 2012
ST R RN T EED 4.4.37
Ex. Score: 0 of 1 pt HW Score: 3.33% (0.5 of 15 pt=) 1of 15 complete EH\

Solve the exponential equation. Express the solution m terms of natural loganthms. Then use a
calculator to obtain a decimal approsamation for the solution.

6~ Z3gp

What 15 the solution i terms of natural logarithins?

The solution set 13 { ;
X Enter any nurmber or expression in the edit field, then click Check Answer, @ )
SO D 4.4.67
Ex. Score: 0 of 1 pt HW Score: 2.33% (0.9 of 15 ptz) 1of 15 complete IJJ—jﬂH

Solve the loganthmic equation. Be sure to reject any walue of x that 15 not i the domam of the
onginal logarithrnic expressions, Give the exact answer,

log o(x+121) + log - (x+ 1] =4

Select the correct choice below and, if necessary, fill in the answer hox to complete your
choice.

(04 The solution set 13 {D}
(Simnplify vour answer. UUse a comma to separate answers as needed.)
(B, There 15 no solution.

X Clicl; to select and enter yvour answer{s), then click Checl Answer, @
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0

0

Chapter 4.5: Exponential Growth and Decay

In this section, you will learn how to create functions to model
exponential growth and exponential decay and use them to make future
predictions.

Objective 1: Exponential Growth and Decay(p460)
e Exponential Growth and Exponential Decay use the same mathematical
model(you will use this model to make a formula):

A=A, .a(k)(t)

where A is the final amount of a sample at time t
A, is the beginning amount of a sample when time t =0

k is the growth rate if k >0 or isthe decayrateif k<0
(This constant represents the percentage of increase or decrease
in the population or sample)
t istime
Important terms to know for Growth:
increase —beginning amount grows
double — 2 times beginning amount
triple — 3 times beginning amount...
Important terms to know for Decay:
decrease —beginning amount breaks down, decomposes
half-life —time needed for % of a substance to decay.
Objective 2: Logistic Growth(p464)
In real life, exponential growth is limited by conditions set by nature,
therefore, population growth will be limited by things like the surrounding
resources available and the environment. An epidemic will grow and begin
to spread exponentially within a confined population, but will eventually slow
down as the number of people affected approaches the population size.
e Limited Logistic Growth for populations uses the mathematical model:
C
A= (1+a-e<—b>'<t>)
where A is the size of the population affected at time t
c is the limiting(maximum) size of A as time t -«
a and b are constants
t istime




17

Practice problems 4.5 Spring 2012
N0 00000000 455
Ex. Score: 0 of 1 pt HW Score: 4.17% (0.5 of 12 ptz) 1of 12 cornplate Eﬁ\

——

The exponential model & =373.2 2 " "% describes the population, &, of a country in millions, t
vears after 2003, Use the model to determine when the population of the country will be 380
rrallion.

The population of the country wall be 380 milhon n -

(Round to the nearest vear as needed.)

L Enter any number or expression in the edit field, then click Check Answer, @J
«<0000000000 »» 457
Ex. Score: 0 of 1 pt HW Score: 4.17% (0.5 of 12 pts) l1of 12 complete E‘H
a. In 2000, the population of a country was approzmately 557 5 A X
tillion and by 2091 1t 15 projected to grow to 15 rullion. Use % 129 Projected

the exponential growth model A=4 ¢ M in which tis the &
tumber of years after 2000, to find an exponential growth E
function that models the data. 5
b. By which year will the population be 11 mullion? E' EESD 1970 1990 2010 2040 EDISE

Fear

a. The exponential growth function that models the data s A= -

(Sunphfy vour answer. Use integers or decunals for any numbers m the expression. Found to
two dectmal places as needed )

b. The country's population will be 11 rulhon i the year

(Use the answer from part a to find this answer. Round to the nearest vear as needed.)

X Enter any number or expression in the edit field, then click Checlk Answer, @
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Practice problems 4.5 Spring 2012
D 000000000 Mm > 4527
Ex. Score: 0 of 1 pt HW Score: 2.33% (1 of 12 pts) 2of 12 complate EW

L

In 1964, paleontologists discovered the bones of a new species of dinosaur. The age of the
dinosaur was estimated using potassiuim-40 dating of rocks surrounding the bones. Analysis of

these rocks indicated that 62.5%% of the oniginal amount of the potassium-40 was still present.

The decay model for potassmm-401s A=4 e ~032312 where tis in hillions of years. Let

A =06254, m thiz decay model and estimate the age of the hones of the dinosaur

The bones are approzmately - hillion years old.
(Type aninteger or decunal rounded to four decimal places as needed.)

L Ernter any number or expression in the edit field, then click Check Answer, @J

12 B E) e B s BT e s Lol 4.5.31
“

Ex. Score: 0 of 1 pt HW Score: 2,.233% (1 of 12 pts) 2of 12 complete E

The half-life of a certain tranquiizer i the bloodstream 1z 28 hours. How long will it take for the

drug to decay to 89% of the original dosage? Use the exponential decay model A=A, ¢ K 1o
solve.

I o

(Found to one decimal place as needed.)

L Enter any number or expression in the edit field, then click Check Answer, @




Practice problems 4.5
<« <P B »»

19

Spring 2012
4537

Ex. Score: 0 of 1 pt HW Score: 2.33% (1 of 12 ptz]

The logistic growth function at nght describes the number of people,
7it). who have become il with mfluenza t weeks after ts irutial
outhreak i a particular cormmumnty.

a. How many people became il with the flu when the epidernic began?
b. How many people were il by the end of the fourth week?
. What 15 the htruting size of the population that becomes 17

a. The number of people mitially infected i3 -

(Found to the nearest number of people.)

b. The number of people infected after 4 weeks i3 -

(Found to the nearest number of people.)

¢. The limiting size of the mfected popluation 15 -

(Found to the nearest number of people.)

L Enter any number or expression in the edit field, then click Check Answer,

-
2of 12 cormplete E

_ 116,000
1+4300g ¢




