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Tomorrow’s Lab

Because of the calendar (prelim next Th followed by
Thanksgiving the following Th), tomorrow’s lab will be the
next to last one you hand in.
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Tomorrow’s Lab

Because of the calendar (prelim next Th followed by
Thanksgiving the following Th), tomorrow’s lab will be the
next to last one you hand in.
There will be an optional (to do) lab on Chi Square the day of
prelim 2, but most of that recitation will be devoted to review.
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Tomorrow’s Lab

Because of the calendar (prelim next Th followed by
Thanksgiving the following Th), tomorrow’s lab will be the
next to last one you hand in.
There will be an optional (to do) lab on Chi Square the day of
prelim 2, but most of that recitation will be devoted to review.
Consequently tomorrow’s lab includes elements of chapters 23,
24, and 25.
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Tomorrow’s Lab

Because of the calendar (prelim next Th followed by
Thanksgiving the following Th), tomorrow’s lab will be the
next to last one you hand in.
There will be an optional (to do) lab on Chi Square the day of
prelim 2, but most of that recitation will be devoted to review.
Consequently tomorrow’s lab includes elements of chapters 23,
24, and 25.
We’ll try and use today’s class to give you an introduction to
all the concepts coming up in the lab.
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Tomorrow’s Lab

Because of the calendar (prelim next Th followed by
Thanksgiving the following Th), tomorrow’s lab will be the
next to last one you hand in.
There will be an optional (to do) lab on Chi Square the day of
prelim 2, but most of that recitation will be devoted to review.
Consequently tomorrow’s lab includes elements of chapters 23,
24, and 25.
We’ll try and use today’s class to give you an introduction to
all the concepts coming up in the lab.
In some cases we’ll skip some details and come back to them
over the next few classes.
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Coffee Machine

A coffee vending machine dispenses coffee into a paper cup.
You’re supposed to get 10 ounces of coffee., but the amount
varies slightly form cup to cup. Here are the amounts measured
in a random sample of 20 cups.
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Coffee Machine

A coffee vending machine dispenses coffee into a paper cup.
You’re supposed to get 10 ounces of coffee., but the amount
varies slightly form cup to cup. Here are the amounts measured
in a random sample of 20 cups.

9.9 9.7 10.0 10.1

9.9 9.6 9.8 9.8

10.0 9.5 9.7 10.1

9.9 9.6 10.2 9.8

10.0 9.9 9.5 9.9
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Coffee Machine

A coffee vending machine dispenses coffee into a paper cup.
You’re supposed to get 10 ounces of coffee., but the amount
varies slightly form cup to cup. Here are the amounts measured
in a random sample of 20 cups.

9.9 9.7 10.0 10.1

9.9 9.6 9.8 9.8

10.0 9.5 9.7 10.1

9.9 9.6 10.2 9.8

10.0 9.9 9.5 9.9

Is there evidence that the machine is shortchanging customers?
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

A natural HT situation.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

We’ll summarize the data by its mean x̄ = 9.845 and its
standard deviation s = .1986.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

We’ll summarize the data by its mean x̄ = 9.845 and its
standard deviation s = .1986.
Notation: Let µ denote the mean amount of coffee in a
dispensed cup.



Math 1710
Class 32

V2cu

Tomorrow’s
Lab

Coffee
Machine

t-CI’s and
HT’s

t-Distributions

Shaft
Diameters

A Sample Size
Problem

An Indep
2-Sample
Example

df and
Satterthwaite

Data Desk
View of
Creativity

Matched Pairs

Coffee Machine

Is there evidence that the machine is shortchanging customers?

We’ll summarize the data by its mean x̄ = 9.845 and its
standard deviation s = .1986.
Notation: Let µ denote the mean amount of coffee in a
dispensed cup.
Hypotheses:

H0: µ = 10 (or µ ≥ 10)

Ha: µ < 10
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

Recall by the CLT that the sampling distribution of x̄ is

N(µ,
σ√
n
)

when n is large.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

N(µ, σ√
n
)
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

As usual with HT’s, we are interested in whether the observed
statistic of x̄ = 9.845 is reasonably consistent with the
sampling distribution assuming H0 is true.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

N(10, σ√
n
)
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

N(10, σ√
n
) with x̄
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

We know n = 20, but the major catch is not knowing σ.
What is the obvious approximation?
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

We know n = 20, but the major catch is not knowing σ.
What is the obvious approximation?
Answer: Use s = .1986 instead of σ.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

We know n = 20, but the major catch is not knowing σ.
What is the obvious approximation?
Answer: Use s = .1986 instead of σ.

N(10, s√
n
)
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

Since the standard error is

SE (x̄) =
s√
n

=
.1986√

20
= .0444

N(10, .0444) with x̄ = 9.845.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

If s = σ, we’d look at a Z-statistic

Z =
x̄ − µ0

σ√
n

=
9.845− 10

.1986√
20

where we’ve written H0 more abstractly as µ = µ0, µ0 being
the hypothesized value, 10 in this case.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

Because s will not exactly match σ, we actually get a bit of
extra error here. This is compensated for by viewing

t =
x̄ − µ0

s√
n

=
9.845− 10

.1986√
20

=
−.155

.0444
= −3.49.

as a t-Statistic.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

Because s will not exactly match σ, we actually get a bit of
extra error here. This is compensated for by viewing

t =
x̄ − µ0

s√
n

=
9.845− 10

.1986√
20

=
−.155

.0444
= −3.49.

as a t-Statistic.
Since the error in approximating σ by s varies with the sample
size, there is a different t-distribution for each sample size.
These are labeled by the “degrees of freedom” which for a
1-sample t-test is:

df = n − 1.



Math 1710
Class 32

V2cu

Tomorrow’s
Lab

Coffee
Machine

t-CI’s and
HT’s

t-Distributions

Shaft
Diameters

A Sample Size
Problem

An Indep
2-Sample
Example

df and
Satterthwaite

Data Desk
View of
Creativity

Matched Pairs

Coffee Machine

Is there evidence that the machine is shortchanging customers?

These are all critical values t∗.
For example P(t > 1.328) = .10 for the t distribution with 19
df.



Math 1710
Class 32

V2cu

Tomorrow’s
Lab

Coffee
Machine

t-CI’s and
HT’s

t-Distributions

Shaft
Diameters

A Sample Size
Problem

An Indep
2-Sample
Example

df and
Satterthwaite

Data Desk
View of
Creativity

Matched Pairs

Coffee Machine

Is there evidence that the machine is shortchanging customers?

Our t-statistic of -3.49 is more extreme than any on the df=19
row of the table.
The picture

shows what the critical value t∗ = 2.861 for a tail prob. of .005
means.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

So by symmetry

P(T < −2.861) = .005 as well.
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Coffee Machine

Is there evidence that the machine is shortchanging customers?

So our tail probability and p-value are both less than .005 and
we reject the null. The machine does appear to be

shortchanging.
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Coffee Machine

Sps. our t-statistic had been 2.00 with the same 1-sided
hypotheses

H0: µ = 10 (or µ ≥ 10)

Ha: µ < 10

What P-value would we report?
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Coffee Machine

Sps. our t-statistic had been 2.00 with the same 1-sided
hypotheses

H0: µ = 10 (or µ ≥ 10)

Ha: µ < 10

What P-value would we report?

Answer: A tail probability and P-value of between .025 and
.05.
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Coffee Machine

Sps. instead our t-statistic had been 2.00 with 2-sided
hypotheses

H0: µ = 10

Ha: µ 6= 10

What P-value would we report?
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Coffee Machine

Sps. instead our t-statistic had been 2.00 with 2-sided
hypotheses

H0: µ = 10

Ha: µ 6= 10

What P-value would we report?

Answer: Our tail probability is still between .025 and .05 but
our P-value is now between .05 and .10.
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t-CI’s and HT’s

A t-hypothesis test with

H0 : µ = mµ0

is resolved using a t-statistic of

t =
x̄ − µ0

s√
n

.
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t-CI’s and HT’s

A t-hypothesis test with

H0 : µ = mµ0

is resolved using a t-statistic of

t =
x̄ − µ0

s√
n

.

Ha can be any of the three

1 µ 6= µ0

2 µ > µ0

3 µ < µ0
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t-CI’s and HT’s

A t confidence interval for µ is

x̄ ± t∗
s√
n

for the same reason as the corresponding formula in the
proportion case:
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t-CI’s and HT’s

The two sampling distributions at the border of the CI.
The blue lines delimit central regions on the sampling
distributions.
The CI is between the green lines on the horizontal axis.
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t-CI’s and HT’s

In the coffee machine example, this gives a 95% CI for µ of

9.845± 2.093(.0444) = 9.845± .093 = (9.752, 9.938)

. You did expect it to not include 10, didn’t you?
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t-Distributions

Let X0,X1, . . . Xd be d + 1 independent standard normal
random variables.
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t-Distributions

Let X0,X1, . . . Xd be d + 1 independent standard normal
random variables.
The t-distribution with d degrees of freedom is defined to be
the random variable

X0√
X 2

1 + X 2
2 + . . . + X 2

d

.
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t-Distributions

The t-distribution with d degrees of freedom is defined to be
the random variable

X0√
X 2

1 + X 2
2 + . . . + X 2

d

.

Think of this as keeping track of the t-statistic

x̄ − µ0
s√
n

=

x̄−µ0
σ√
n

s
σ

with the top X0 keeping track of the numerator and the

denominator
√

X 2
1 + X 2

2 + . . . + X 2
d keeping track of the ratio

of s to σ.



Math 1710
Class 32

V2cu

Tomorrow’s
Lab

Coffee
Machine

t-CI’s and
HT’s

t-Distributions

Shaft
Diameters

A Sample Size
Problem

An Indep
2-Sample
Example

df and
Satterthwaite

Data Desk
View of
Creativity

Matched Pairs

t-Distributions

Just as the normal distribution has the density formula

f (x) =
e
−(x−µ)2

2σ2

√
2πσ
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t-Distributions

Methods of calculus show that the density formula for the
t-distribution with d degrees of freedom is

f (x) =
Γ(d+1

2 )

Γ(d
2 )

1√
dπ

1

(1 + x2

d )
d+1

2

where d is the number of degrees of freedom and

Γ(n) =

∫ ∞

0
tn−1e−t dt

is the gamma function, a generalized factorial.
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t-Distributions

It will be important when we think about 2-sample tests to
realize that the degrees of freedom is just a parameter in the
above formula.

f (x) =
Γ(d+1

2 )

Γ(d
2 )

1√
dπ

1

(1 + x2

d )
d+1

2
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t-Distributions

A little more probability in the tails
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t-Distributions

Cumulative Dist. Fcn (Graphical Form of Table Z)
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t-Distributions

This picture shows why t∗ can be very different from z∗.
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t-Distributions



Math 1710
Class 32

V2cu

Tomorrow’s
Lab

Coffee
Machine

t-CI’s and
HT’s

t-Distributions

Shaft
Diameters

A Sample Size
Problem

An Indep
2-Sample
Example

df and
Satterthwaite

Data Desk
View of
Creativity

Matched Pairs

Shaft Diameters

Next time.



Math 1710
Class 32

V2cu

Tomorrow’s
Lab

Coffee
Machine

t-CI’s and
HT’s

t-Distributions

Shaft
Diameters

A Sample Size
Problem

An Indep
2-Sample
Example

df and
Satterthwaite

Data Desk
View of
Creativity

Matched Pairs

A Sample Size Problem

Next time.



Math 1710
Class 32

V2cu

Tomorrow’s
Lab

Coffee
Machine

t-CI’s and
HT’s

t-Distributions

Shaft
Diameters

A Sample Size
Problem

An Indep
2-Sample
Example

df and
Satterthwaite

Data Desk
View of
Creativity

Matched Pairs

Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

haiku: A Japanese poem composed of three unrhymed lines of
five, seven, and five syllables. Haiku often reflect on some
aspect of nature.
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How can you study this?
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Randomized Experiment on Creativity in poetry:
Grades on creativity recorded. (Higher is better.)
Both groups filled out questionnaires before writing poetry.

Intrinsic group first did questionnaire emphasizing intrinsic
motivations.

Extrinsic group first did questionnaire emphasizing
extrinsic motivations.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
People then wrote Haiku poems which were graded by
experienced poets.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?

The Results
Group n x̄ s

Intrinsic 24 19.88 4.44
Extrinsic 23 15.73 5.25
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Notation: Let µi and µe denote the respective mean haiku
scores for the intrinsically and the extrinsically motivated
groups.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Notation: Let µi and µe denote the respective mean haiku
scores for the intrinsically and the extrinsically motivated
groups.
Hypotheses:

H0: µi = µe

Ha: µi 6= µe
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

Under H0, the sampling distribution of x̄i − x̄e has mean 0 and
approx. std deviation

SE (x̄i − x̄e) =

√
s2
i

ni
+

s2
e

ne
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

Under H0, the sampling distribution of x̄i − x̄e has mean 0 and
approx. std deviation

SE (x̄i − x̄e) =

√
s2
i

ni
+

s2
e

ne

SE (x̄i − x̄e) =

√
4.442

24
+

5.252

23
= 1.42.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

SE (x̄i − x̄e) =

√
4.442

24
+

5.252

23
= 1.42.

Our t-statistic is

t =
19.88− 15.73

1.42
= 2.92.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

SE (x̄i − x̄e) =

√
4.442

24
+

5.252

23
= 1.42.

Our t-statistic is

t =
19.88− 15.73

1.42
= 2.92.

For homework and hand computation on exams, we suggest
you use df the smaller of 24-1 and 23-1 to interpret the
t-statistic. To be explained later.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

With df = 22, 2.92 is more extreme than the biggest t∗ in
table T (which is 2.819) so our tail probability is less than .005
and our P-value is less than .01.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

With df = 22, 2.92 is more extreme than the biggest t∗ in
table T (which is 2.819) so our tail probability is less than .005
and our P-value is less than .01.
We reject H0. Intrinsic vs. extrinsic motivation does seem to
make a difference.
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

We reject H0. Intrinsic vs. extrinsic motivation does seem to
make a difference.
A 95% CI for µi 6= µe would be

19.88− 15.73± 2.074 · 1.42 = 4.15± 2.95 = (1.20, 7.10).
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Haiku Poetry: Intrinsic or Extrinsic Motivation
Different in Effectiveness?

How can you study this?
Hypotheses:

H0: µi = µe

Ha: µi 6= µe

Scope of the Inference:

Causal relationship seems to be established.

Doesn’t say much about a population since not an SRS.
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Satterthwaite

In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .
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Satterthwaite

In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .
But the sampling distribution of x̄ − ȳ can be well approximated
by a t-distribution with the following degrees of freedom:
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In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2
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Satterthwaite

In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

Let min(nx − 1, ny − 1) denote the smallest of nx − 1 and
ny − 1. This df is always between min(nx − 1, ny − 1) and
nx + ny − 2.
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Satterthwaite

In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

Special Case sx = sy = s, nx = ny = n.

df =

(
2s2

n

)2

1
n−1

2s4

n2

= 2(n − 1).
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Satterthwaite

In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

Special Case s2
x

nx
<<

s2
y

ny

df =

(
s2
y

ny

)2

1
ny−1

(
s2
y

ny

)2
= ny − 1.
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In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

Calculators and computers will use this df formula. For hand
computation on HW and exams, we suggest you never use this
formula. Instead use the conservative min(nx − 1, ny − 1).
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In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

Calculators and computers will use this df formula. For hand
computation on HW and exams, we suggest you never use this
formula. Instead use the conservative min(nx − 1, ny − 1).
Your t∗ will be a little too big so your CI will be a little too
wide and your HT a little harder to show statistical significance.
But this is not so bad.
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In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

In your published papers and lab reports, use a computer which
will likely automatically use this formula.
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In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

Satterthwaite derived this formula using the fact that the exact
mean and variance of the sampling distribution of x̄ − ȳ is easy
to calculate. He asked, “What df in the t-distribution would
give the right µ and σ.” The answer is the above.
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In the 2-independent sample case, even if the individual data is
normal, the difference x̄ − ȳ does not follow a t-distribution
unless σx = σy .

df =

(
s2
x

nx
+

s2
y

ny

)2

1
nx−1

(
s2
x

nx

)2
+ 1

ny−1

(
s2
y

ny

)2

f (x) =
Γ(d+1

2 )

Γ(d
2 )

1√
dπ

1

(1 + x2

d )
d+1

2
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Pulse Rate Example

Does regular exercise reduce resting pulse rates? 10 volunteers
do 20 minutes of exercise 3 times a week for 6 weeks. Their
resting pulse rates before and after were measured.
(Beats/min.)
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Pulse Rate Example

Subject Before After

Allen 73 73

Brandon 83 79

Carlos 85 81

David 87 86

Edwin 91 87

Franco 99 91

Graeme 87 84

Hans 85 83

Ivan 83 84

Jorge 79 76
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Pulse Rate Example

Subject Before After

Allen 73 73

Brandon 83 79

Carlos 85 81

David 87 86

Edwin 91 87

Franco 99 91

Graeme 87 84

Hans 85 83

Ivan 83 84

Jorge 79 76

Notice that 8 out of 10 subjects had reduced RPR’s. There is a
non-parametric test called the sign test that could be used to
conclude that RPR’s tend to decrease as hypothesized. Can you
see how binomial distribution ideas could be used for this?
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Pulse Rate Example

Notation: Let µb be the mean resting pulse rate before the
exercise program and µa the mean resting pulse rate after.
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Pulse Rate Example

Notation: Let µb be the mean resting pulse rate before the
exercise program and µa the mean resting pulse rate after.
Hypotheses:

H0: µb = µa (or µb − µa ≤ 0 or . . . )

Ha: µb > µa
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Pulse Rate Example

Since individuals have important characteristics besides their
exercise programs which determine their RPR’s, statistical tests
based on

Var(x̄b − x̄a) = Var(x̄b) + Var(x̄a)

would not be appropriate here.
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Pulse Rate Example

In MP, we look at the differences and apply 1-sample ideas to
the differences.
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Pulse Rate Example

Differences di

Subject Before - After

Allen 0

Brandon 4

Carlos 4

David 1

Edwin 4

Franco 8

Graeme 3

Hans 2

Ivan -1

Jorge 3
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Pulse Rate Example

The mean d̄ = 2.8 with a standard deviation s of 2.8.
Note you need to directly calculate s for the differences; it is
not determined by sa and sb.
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Pulse Rate Example

The mean d̄ = 2.8 with a standard deviation s of 2.8.

t =
2.8
2.53√

10

= −3.50

with df=9. Our P-value is < .005 and we reject H0. Exercise
does seem to reduce RPR’s.
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Matched Pairs vs. Indep. 2-Sample

Group1 Group 2
x1 y1

x2 y2

. . . . . .
xn . . .

ym

x̄ ȳ mean
sx sy std. dev
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Matched Pairs vs. Indep. 2-Sample

Group1 Group 2
x1 y1

x2 y2

. . . . . .
xn . . .

ym

x̄ ȳ mean
sx sy std. dev

Independent 2-Sample
Each xi and each yj are (except to the extent that they come
from one of the groups) independent of each other.
The sample sizes m and n can be different.
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Matched Pairs vs. Indep. 2-Sample

Group1 Group 2
x1 y1

x2 y2

. . . . . .
xn . . .

ym

x̄ ȳ mean
sx sy std. dev

Matched Pairs
The i’th observation xi in group 1 is more closely related (in a
relevant way) to the i’th observation yi in group 2 than a
general xi is to a general yj .
The sample sizes m and n must be the same.
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