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MATH 3336 - Discrete Mathematics 
Solving Congruences (4.4) 

Definition: A congruence of the form 𝑎𝑥 ≡ 𝑏ሺ𝑚𝑜𝑑 𝑚ሻǡ �here m is a positive integerǡ a and 
b are integersǡ and � is a variableǡ is called a linea� cong��enceǤ 

 

Our goal is to solve the linear congruence 𝑎𝑥 ≡ 𝑏ሺ𝑚𝑜𝑑 𝑚ሻǡ that is to find all integers � that 
satisf� this congruenceǤ 
 
Defini�ionǣ An integer 𝑎ത such that 𝑎ത𝑎 ≡ 1ሺ𝑚𝑜𝑑 𝑚ሻ is said to be an in�e��e of a modulo mǤ 

Example: Show that 5 is inverse of 3 modulo 7. 

 

 

 

 
One method of solving linear congruences makes use of an inverse 𝑎തǡ if it e�istsǤ Although 
�e cannot divide both sides of the congruence b� aǡ �e can m�l�i�l� b� 𝑎ത to solve for �Ǥ  

 
The follo�ing theorem guarantees that an inverse of a modulo m e�ists �henever a and m 
are relativel� primeǤ  T�o integers a and b are relativel� prime �hen 𝑔𝑐𝑑ሺ𝑎, 𝑏ሻ  =  1Ǥ 
 
Theo�emǣ If a and m are relativel� prime integers and 𝑚 ൐  1ǡ then an inverse of a modulo 
m e�istsǤ Furthermoreǡ this inverse is unique modulo mǤ ȋThis means that there is a unique 
positive integer ¢ less than m that is an inverse of a modulo m and ever� other inverse of a 
modulo m is congruent to ¢ modulo mǤȌ    
 
 
E�am�leǣ Find an inverse of ʹ modulo ͳ͹Ǥ 
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The Euclidean algorithm and Beƴ�out coefficients gives us a s�stematic approach to finding 
inversesǤ  
 
E�am�leǣ Find an inverse of ͵ modulo ͹Ǥ 
 
 
 
 
 
 
E�am�leǣ Find an inverse of ͳͻ modulo ͳͶͳǤ 
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E�am�leǣ What is the solution of the linear congruence 3𝑥 ≡ 4ሺ𝑚𝑜𝑑 7ሻǫ 
 
 
 
 
 
 
 
 
 
 
 
 
The Chine�e Remainde� Theo�em 
 
In the first centur�ǡ the Chinese mathematician SunǦTsu askedǣ 

There are certain things �hose number is unkno�nǤ When divided b� ͵ǡ the remainder 
is ʹǢ �hen divided b� ͷǡ the remainder is ͵Ǣ �hen divided b� ͹ǡ the remainder is ʹǤ What 
�ill be the number of thingsǫ 
x This pu��le can be translated into the  solution of the s�stem of congruencesǣ 

𝑥 ≡  2 ሺ 𝑚𝑜𝑑 3ሻ, 
𝑥 ≡  3 ሺ 𝑚𝑜𝑑 5ሻ, 
𝑥 ≡  2 ሺ 𝑚𝑜𝑑 7ሻ. 

x Weǯll see ho� the theorem that is kno�n as the Chine�e Remainde� Theo�em can be 
used to solve SunǦTsuǯs problemǤ 
 

Theorem: (The Chinese Remainder Theorem) Let 𝑚1,  𝑚2, … ,  𝑚𝑛 be pairwise relatively 
prime positive integers greater than one and 𝑎1, 𝑎2, … , 𝑎𝑛 arbitrary integers. Then the 
system 

𝑥 ≡ 𝑎1ሺ𝑚𝑜𝑑 𝑚1ሻ 
𝑥 ≡ 𝑎2ሺ𝑚𝑜𝑑 𝑚2ሻ 

⋮ 
𝑥 ≡ 𝑎1ሺ𝑚𝑜𝑑 𝑚1ሻ 

has a unique solution  modulo 𝑚 = 𝑚1 𝑚2 …  𝑚𝑛  
(That is, there is a solution 𝑥 with  0 ൑  𝑥 ൏ 𝑚 and all other solutions are congruent 
modulo m to this solution.) 
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We construct a solution for ͵ congruencesǡ iǤeǤ 𝑛 = 3 from SunǦTsuǯs problemǤ Solution for 
an� 𝑛 can be constructed in a similar �a�Ǥ 

𝑥 ≡  2 ሺ 𝑚𝑜𝑑 3ሻ, 𝑥 ≡  3 ሺ 𝑚𝑜𝑑 5ሻ, 𝑥 ≡  2 ሺ 𝑚𝑜𝑑 7ሻ 
 

Step 1:  𝑎1 = _______, 𝑎2 = ________, 𝑎3 = _______, 𝑚1 = _______, 𝑚2 = _______, 𝑚3 = _______. 

Step 2: Check that 𝑚1 , 𝑚2, 𝑚3 are pairwise relatively prime. YES or NO  

Step 3: Compute  𝑀1 = 𝑚2𝑚3,   𝑀2 = 𝑚1𝑚3,   𝑀3 = 𝑚1𝑚2, 𝑚 = 𝑚1𝑚2𝑚3 
𝑀1 = ________, 𝑀2 = _________, 𝑀3 = _________, 𝑚 = _______. 

 
Step 4: Find an inverse 𝑦1 of 𝑀1 modulo 𝑚1. 𝑦1 = _______. 
 
 
          Find an inverse 𝑦2 of 𝑀2 modulo 𝑚2. 𝑦2 = _______. 
       
 
          Find an inverse 𝑦3 of 𝑀3 modulo 𝑚3. 𝑦1 = _______. 
 
 
Step 5: Compute 𝑥 = 𝑎1𝑀1𝑦1 + 𝑎2𝑀2𝑦2 + 𝑎3𝑀3𝑦3. 
 
 
 
Step 6: Verify 𝑥 ≡  2 ሺ 𝑚𝑜𝑑 3ሻ, 𝑥 ≡  3 ሺ 𝑚𝑜𝑑 5ሻ, 𝑥 ≡  2 ሺ 𝑚𝑜𝑑 7ሻǤ 
 
 
 
 
Try this one: Fifteen pirates steal a stack of identical gold coins. When they try to divide 
them evenly, two coins are left over. A fight erupts and one of the pirates is killed. The 
remaining pirates try again to evenly distribute the coins. This time there is one coin left 
over. A second pirate is killed in the resulting argument. Now when the remaining pirates 
try to divide the coins evenly there are no coins left over. Use the Chinese Remainder 
Theorem to find the smallest number of coins that could have been in the sack. 
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Theo�emǣ ȋFe��a�ǯ� Li���e Theo�emȌ If � is prime and a is an integer not divisible b� �ǡ 

then a
�Ǧͳ

ͳ ȋmod �ȌǤ Furthermoreǡ for ever� integer a �e have  a ؠ 
�
 a ȋmod �Ȍ ؠ 

 
     Fermatǯs little theorem is useful in computing the remainders modulo � of large po�ers 

of integersǤ 
 

E�am�leǣ Find ͹
ʹʹʹ 

mod ͳͳǤ 
 
 
 
 
 
  


