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Outline	
  
§  CH	
  12.1	
  Coordinate	
  Systems	
  

•  RepresenIng	
  points	
  in	
  space	
  
•  Distance	
  between	
  points	
  
•  Metrics	
  
•  RepresenIng	
  a	
  set	
  of	
  points	
  

§  CH	
  12.2	
  Vectors	
  
•  DefiniIon	
  &	
  InterpretaIon	
  
•  OperaIons	
  and	
  manipulaIng	
  vectors	
  
•  Proving	
  properIes	
  
•  Special	
  vectors	
  (basis,	
  unit)	
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Outline	
  
§  CH	
  12.3	
  Dot	
  Product	
  

•  DefiniIon	
  &	
  InterpretaIon	
  
•  Orthogonality	
  
•  Scalar	
  &	
  vector	
  projecIon	
  

§  CH	
  12.4	
  Cross	
  Product	
  
•  DefiniIon	
  &	
  InterpretaIon	
  
•  Matrix	
  and	
  determinant	
  
•  DirecIon	
  and	
  length	
  of	
  cross-­‐product	
  vector	
  
•  Parallel	
  vectors	
  
•  Scalar	
  triple	
  product	
  

v  ApplicaIons	
  to	
  physics	
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Guiding	
  Eyes	
  (12.1)	
  
	
  
A.  	
  How	
  do	
  you	
  represent	
  a	
  point	
  in	
  space?	
  
	
  
	
  
	
  
B.   	
  What	
  is	
  the	
  distance	
  between	
  two	
  points?	
  

	
  
C.   	
  How	
  do	
  you	
  represent	
  a	
  set	
  of	
  points?	
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How	
  do	
  you	
  represent	
  a	
  point	
  in	
  space?	
  
	
  
•  On	
  a	
  line	
  (1-­‐dimensional):	
  single	
  number	
  ‘a’,	
  x-­‐coordinate	
  
•  In	
  a	
  plane	
  (2D):	
  ordered	
  pair	
  (a,b),	
  x	
  &	
  y	
  coordinates	
  
•  In	
  space	
  (3D):	
  ordered	
  triple	
  (a,b,c),	
  	
  	
  	
  x,	
  y,	
  z	
  coordinates	
  	
  	
  
	
  
Q.	
  	
  How	
  does	
  the	
  representa;on	
  generalize	
  to	
  n-­‐dimensional	
  (ND)	
  space?	
  
Answer:	
  	
  	
  
1)	
  Choose	
  a	
  fixed	
  point	
  –	
  the	
  origin	
  
2)	
  Choose	
  perpendicular	
  lines	
  –	
  the	
  coordinate	
  axes	
  	
  
3)	
  Determine	
  orientaIon	
  (direcIon)	
  of	
  axes	
  –	
  right	
  hand	
  rule	
  for	
  z-­‐axis	
  
	
  
Note:	
  	
  In	
  2D,	
  axes	
  divide	
  plane	
  into	
  quadrants.	
  In	
  3D,	
  coordinate	
  planes	
  
divide	
  space	
  into	
  octants.	
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How	
  do	
  you	
  represent	
  a	
  point	
  in	
  space?	
  
	
  
Q.	
  	
  What	
  is	
  required	
  of	
  our	
  representa;on?	
  
A.	
  we	
  wish	
  to	
  represent	
  each	
  point	
  in	
  space	
  as	
  a	
  unique	
  ordered	
  n-­‐tuple	
  
(triple).	
  
	
  
Concept:	
  this	
  one-­‐to-­‐one	
  correspondence	
  between	
  points	
  in	
  space	
  and	
  
ordered	
  triples	
  is	
  called	
  a	
  three-­‐dimensional	
  rectangular	
  coordinate	
  
system.	
  	
  
	
  
Concept:	
  Cartesian	
  Product	
  of	
  n	
  sets	
  (A1  ×  A2  ×  ……  ×  An  )	
  is	
  the	
  set	
  of	
  
ordered	
  n-­‐tuples	
  (a1,a2,……,an)	
  where	
  ∀i,	
  ai	
  ∈	
  Ai	
  
	
  
Note:	
  we	
  usually	
  work	
  with	
  real	
  numbers,	
  our	
  sets	
  are	
  denoted	
  
	
  
	
  
	
  
Concept:	
  projecIon	
  of	
  point	
  onto	
  a	
  (coordinate)	
  plane	
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What	
  is	
  the	
  distance	
  between	
  two	
  points?	
  
	
  
Q.	
  What	
  is	
  the	
  distance	
  between	
  two	
  points	
  on	
  a	
  plane?	
  
A.	
  	
  
	
  
	
  
Q.	
  What	
  is	
  the	
  distance	
  between	
  two	
  points	
  in	
  space?	
  
A.	
  Use	
  Pythagorean	
  Theorem	
  twice	
  

	
  
	
  
	
  
	
  
	
  
Q.	
  Can	
  we	
  generalize	
  the	
  no;on	
  of	
  distance?	
  
	
  
Q.	
  How	
  does	
  the	
  distance	
  formula	
  generalize	
  to	
  ND	
  space?	
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d P1(x1, y1),P2 (x2, y2 )( ) = x2 − x1( )2 + y2 − y1( )2



What	
  is	
  the	
  distance	
  between	
  two	
  points?	
  
	
  
Q.	
  Can	
  we	
  generalize	
  the	
  no;on	
  of	
  distance?	
  
A.	
  A	
  valid	
  distance	
  funcIon	
  (metric)	
  defines	
  the	
  distance	
  for	
  each	
  pair	
  of	
  
elements	
  in	
  the	
  space	
  (set),	
  and	
  saIsfies	
  3	
  properIes:	
  	
  
	
  
	
  
	
  
	
  
	
  
Concept:	
  metric	
  space	
  is	
  a	
  set	
  equipped	
  with	
  a	
  distance	
  funcIon	
  (metric)	
  
	
  
Q.	
  	
  How	
  does	
  the	
  distance	
  formula	
  generalize	
  to	
  ND	
  space?	
  
A.	
  	
  Use	
  summaIon	
  notaIon	
  
	
  
	
  
Concept:	
  Euclidean	
  space	
  is	
  a	
  metric	
  space	
  with	
  the	
  distance	
  funcIon	
  
above.	
  It	
  is	
  denoted	
  by	
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(1) d(x, y) = 0 ⇔ x = y
(2) d(x, y) = d(y, x)
(3) d(x, z) ≤ d(x, y)+ d(y, z)

ℜn

d P1,P2( ) = xk − yk( )2
k=1

n
∑



How	
  do	
  you	
  represent	
  a	
  set	
  of	
  points?	
  
	
  
•  A	
  curve	
  in	
  R2	
  	
  (equaIon	
  in	
  x,y)	
  	
  
•  A	
  surface	
  in	
  R3	
  (equaIon	
  in	
  x,y,z)	
  	
  

Examples:	
  	
  (C	
  is	
  any	
  constant)	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
Note:	
  equaIon	
  of	
  circle	
  (4)	
  in	
  3D	
  is	
  a	
  cylinder!	
  
Note:	
  equaIon	
  of	
  sphere	
  (5)	
  can	
  be	
  derived	
  from	
  distance	
  formula.	
  
Note:	
  in	
  example	
  (6)	
  we	
  represent	
  a	
  region	
  with	
  inequaliIes	
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(1) z =C
(2) y =C
(3) x = y

(4) x − c1( )2 + y− c2( )2 = r2

(5) x − c1( )2 + y− c2( )2 + z− c3( )2 = r2

(6)C1 ≤ x
2 + y2 + z2 & x2 + y2 + z2 ≤C2



11	
  



Guiding	
  Eyes	
  (12.2)	
  
	
  
A.  	
  Why	
  do	
  you	
  need	
  vectors?	
  
	
  
	
  
B.   	
  How	
  do	
  you	
  manipulate	
  vectors?	
  
	
  
	
  
C.   	
  How	
  do	
  you	
  prove	
  proper;es	
  (axioms)	
  of	
  vectors?	
  

	
  
D.  	
  Vectors	
  with	
  special	
  (specific)	
  meaning	
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Why	
  do	
  you	
  need	
  vectors?	
  
	
  
We	
  need	
  to	
  indicate	
  a	
  quanIty	
  (object)	
  with	
  both	
  magnitude	
  and	
  direcIon.	
  
NotaIon:	
  we	
  specify	
  and	
  iniIal	
  and	
  terminal	
  points,	
  and	
  use	
  an	
  arrow 	
  

	
  or	
  boldface	
  (v)	
  to	
  indicate	
  a	
  vector.	
  
	
  
Concept:	
  vector	
  (linear)	
  space	
  is	
  a	
  collecIon	
  of	
  objects	
  called	
  vectors	
  
together	
  with	
  two	
  operaIons	
  (addiIon	
  and	
  scalar	
  mulIplicaIon)	
  which	
  
must	
  saIsfy	
  certain	
  properIes	
  (axioms).	
  
	
  
Physical	
  interpretaIon:	
  forces	
  
Geometric	
  InterpretaIon:	
  displacements	
  in	
  space	
  (provides	
  visualizaIon	
  to	
  
an	
  abstract	
  object)	
  
Algebraic	
  interpretaIon:	
  n-­‐tuples	
  
	
  
Concept:	
  equivalent	
  (equal)	
  vectors	
  have	
  the	
  same	
  length	
  and	
  direcIon	
  
regardless	
  of	
  (invariant	
  to)	
  posiIon	
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How	
  do	
  you	
  manipulate	
  vectors?	
  
	
  
Algebraic	
  representaIon	
  using	
  components:	
  	
  
	
  
Concept:	
  the	
  parIcular	
  representaIon	
  of	
  an	
  arbitrary	
  vector	
  from	
  the	
  
origin	
  is	
  called	
  the	
  posiIon	
  vector.	
  
	
  
Problem:	
  given	
  two	
  points	
  P	
  &	
  Q,	
  find	
  the	
  vector	
  represented	
  by	
  the	
  
directed	
  line	
  segment	
  from	
  P	
  to	
  Q.	
  
Solu/on:	
  subtract	
  components	
  of	
  iniIal	
  point	
  from	
  terminal	
  point.	
  
	
  
Concept:	
  vector	
  addiIon	
  is	
  the	
  “sum”	
  of	
  two	
  vectors.	
  
Algebraic	
  definiIon:	
  add	
  components	
  of	
  vectors	
  
Geometric	
  definiIon:	
  triangle	
  law	
  
	
  
Concept:	
  magnitude	
  (length)	
  of	
  vector	
  is	
  the	
  length	
  of	
  its	
  representaIon	
  
Algebraic	
  definiIon:	
  use	
  distance	
  formula	
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a = a1,a2 ,a = a1,a2,a3

a ≡ a = a1
2 + a2

2 + a3
2



How	
  do	
  you	
  manipulate	
  vectors?	
  
	
  
Concept:	
  scalar	
  mulIplicaIon	
  adjusts	
  the	
  length	
  of	
  a	
  vector	
  and	
  changes	
  its	
  
direcIon	
  if	
  scalar	
  is	
  negaIve	
  
Algebraic	
  definiIon:	
  mulIply	
  components	
  by	
  a	
  scalar	
  (number)	
  
Geometric	
  definiIon:	
  adjust	
  length,	
  reverse	
  direcIon	
  

15	
  



16	
  



17	
  



How	
  do	
  you	
  prove	
  properCes	
  (axioms)	
  of	
  vectors?	
  
	
  
Problem:	
  given	
  an	
  axiom,	
  prove	
  that	
  it	
  is	
  valid	
  (correct).	
  	
  
Solu/on:	
  suppose	
  you	
  are	
  given	
  an	
  equality	
  (equaIon),	
  you	
  need	
  to	
  
demonstrate	
  that	
  the	
  right-­‐hand-­‐side	
  (RHS)	
  is	
  exactly	
  the	
  same	
  thing	
  as	
  the	
  
lei-­‐hand-­‐side	
  (LHS).	
  	
  
	
  
Example:	
  commutaIve	
  property	
  
Geometric	
  proof:	
  parallelogram	
  law	
  
Algebraic	
  proof:	
  	
  
(1)  Re-­‐write	
  LHS	
  using	
  components	
  of	
  vectors	
  –	
  your	
  starIng	
  point	
  
(2)  Re-­‐write	
  RHS	
  using	
  components	
  –	
  your	
  “target”	
  
(3)  Algebraic	
  manipulaIon:	
  manipulate	
  components	
  using	
  general	
  

algebra/arithmeIc	
  rules	
  to	
  make	
  LHS	
  similar	
  to	
  RHS	
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a +b = b+ a
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Special	
  vectors	
  
	
  
Concept:	
  zero	
  vector	
  is	
  the	
  only	
  vector	
  without	
  direcIon	
  	
  
	
  
Concept:	
  a	
  basis	
  or	
  (set	
  of	
  basis	
  vectors)	
  is	
  a	
  set	
  of	
  linearly	
  independent	
  
vectors	
  where	
  every	
  other	
  vector	
  is	
  linearly	
  dependent	
  on	
  this	
  set	
  
Concept:	
  a	
  standard	
  (canonical)	
  basis	
  is	
  a	
  set	
  of	
  vectors	
  of	
  length	
  one	
  that	
  
point	
  in	
  the	
  direcIons	
  of	
  the	
  posiIve	
  coordinate	
  axes	
  
	
  
	
  
	
  
	
  
Concept:	
  a	
  unit	
  vector	
  is	
  a	
  vector	
  whose	
  length	
  is	
  1.	
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Figure	
  18	
  



Guiding	
  Eyes	
  (12.3)	
  
	
  
A.  	
  Can	
  we	
  mul;ply	
  vectors	
  by	
  vectors?	
  
	
  
	
  
B.   	
  We	
  can	
  “project”	
  points,	
  can	
  we	
  project	
  vectors?	
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Can	
  we	
  mulCply	
  vectors	
  by	
  vectors?	
  
	
  
Concept:	
  scalar	
  /	
  inner	
  /	
  dot	
  product	
  is	
  a	
  funcIon	
  defined	
  for	
  every	
  pair	
  of	
  
elements	
  (objects)	
  in	
  the	
  space.	
  
Note:	
  inner	
  product	
  can	
  be	
  used	
  to	
  define	
  the	
  length	
  (norm)	
  and	
  angle	
  
between	
  vectors	
  
	
  
Algebraic	
  definiIon:	
  	
  
	
  
	
  
	
  
	
  
Geometric	
  definiIon:	
  
Observe:	
  angle	
  between	
  vector	
  and	
  itself	
  is	
  zero	
  	
  	
  	
  	
  
Observe:	
  angle	
  between	
  orthogonal	
  vectors	
  is	
  90	
  
Observe:	
  if	
  vectors	
  point	
  in	
  opposite	
  direcIons	
  
	
  
Can	
  we	
  “guess”	
  the	
  formula	
  from	
  observaIons?	
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1) a ⋅a = a a
2) a ⊥ b⇒ a ⋅b = 0
3) a ⋅b = − a b

a ⋅b = a1b1 + a2b2 + a3b3
a ≡ a = a1

2 + a2
2 + a3

2 = a1a1 + a2a2 + a3a3 = a ⋅a



Can	
  we	
  mulCply	
  vectors	
  by	
  vectors?	
  
	
  
Dot	
  Product	
  formula:	
  
Proof:	
  
1)	
  Use	
  Law	
  of	
  Cosines	
  (generalizaIon	
  of	
  Pythagorean	
  Th	
  to	
  any	
  triangle).	
  
2)	
  Use	
  properIes	
  of	
  dot	
  product	
  to	
  rewrite	
  LHS	
  
3)	
  Simplify	
  equaIon	
  
	
  
	
  
	
  
	
  
	
  
	
  
Problem:	
  find	
  the	
  angle	
  between	
  two	
  vectors	
  (a	
  &	
  b).	
  	
  
Solu/on:	
  1)	
  Compute	
  the	
  magnitude	
  of	
  each	
  vector,	
  and	
  their	
  dot	
  product	
  
2)	
  Apply	
  formula	
  for	
  angle,	
  and	
  use	
  arccos	
  (inverse	
  of	
  cosine	
  funcIon)	
  	
  
	
  
Problem:	
  show	
  that	
  two	
  vectors	
  (a	
  &	
  b)	
  are	
  perpendicular	
  (or	
  not).	
  	
  
Solu/on:	
  compute	
  dot	
  product,	
  if	
  zero	
  then	
  yes.	
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a ⋅b = a b cosθ

a− b 2
= a 2

+ b 2
− 2 a b cosθ

a− b 2
= a 2

− 2(a ⋅b)+ b 2

−2a ⋅b = −2 a b cosθ

a ⋅b = a b cosθ
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Can	
  we	
  project	
  vectors?	
  
	
  
What	
  do	
  we	
  get	
  when	
  we	
  project	
  a	
  vector	
  b	
  onto	
  vector	
  a?	
  
Concept:	
  vector	
  projecIon	
  is	
  a	
  vector	
  component	
  (of	
  b	
  in	
  the	
  direcIon	
  of	
  a)	
  
Concept:	
  scalar	
  projecIon	
  is	
  the	
  signed	
  magnitude	
  of	
  the	
  vector	
  projecIon	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
Problem:	
  find	
  the	
  scalar	
  and	
  vector	
  projecIon	
  of	
  vector	
  b	
  onto	
  vector	
  a.	
  
Solu/on:	
  compute	
  the	
  dot	
  product,	
  the	
  magnitude	
  of	
  a.	
  To	
  get	
  vector	
  
projecIon,	
  mulIply	
  result	
  by	
  unit	
  vector	
  in	
  direcIon	
  of	
  a.	
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bsp = b cosθ = b
a ⋅b
a b

=
a ⋅b
a

bvp =
a ⋅b
a

"

#
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a
a
= a a ⋅b
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Guiding	
  Eyes	
  (12.4)	
  
	
  
A.  	
  Given	
  two	
  vectors,	
  how	
  do	
  you	
  find	
  a	
  vector	
  which	
  is	
  

perpendicular	
  to	
  both?	
  
	
  
	
  
B.   	
  What	
  is	
  the	
  direc;on	
  and	
  length	
  of	
  this	
  vector?	
  
	
  
	
  
C.   	
  What	
  is	
  the	
  significance	
  of	
  “mul;plying”	
  more	
  than	
  

two	
  vectors	
  (triple	
  products)?	
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How	
  do	
  you	
  find	
  a	
  perpendicular	
  vector?	
  
	
  
Problem:	
  given	
  two	
  nonzero	
  vectors	
  a,	
  b,	
  find	
  a	
  nonzero	
  vector	
  c.	
  
perpendicular	
  to	
  both.	
  
Solu/on:	
   	
   	
   	
   	
   	
   	
   	
   	
  1)	
  By	
  definiIon	
  of	
  dot	
  products	
  

	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  2)	
  Rewrite	
  using	
  components	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  3)	
  Eliminate	
  one	
  variable	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  4)	
  Obvious	
  soluIon	
  (?)	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  5)	
  SubsItute	
  back	
  	
  
	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  	
  	
  	
  	
  	
  obtain	
  missing	
  variable.	
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1) a ⋅c = 0 b ⋅c = 0
2) a ⋅c = a1c1 + a2c2 + a3c3 = 0
b ⋅c = b1c1 + b2c2 + b3c3 = 0

3) a1b3c1 + a2b3c2 + a3b3c3 = 0
a3b1c1 + a3b2c2 + a3b3c3 = 0

⇒ a1b3c1 − a3b1c1 + a2b3c2 − a3b2c2 = 0
a1b3 − a3b1( )c1 + a2b3 − a3b2( )c2 = 0

4) c1 = a2b3 − a3b2( ) c2 = − a1b3 − a3b1( )
5) c3 = a1b2 − a2b1( )



How	
  do	
  you	
  find	
  a	
  perpendicular	
  vector?	
  
	
  
DefiniIon	
  follows	
  from	
  derivaIon:	
  
	
  
	
  
	
  
	
  
	
  
	
  
How	
  can	
  we	
  “remember”	
  this	
  result?	
  
Concept:	
  a	
  matrix	
  (rectangular	
  array	
  of	
  numbers)	
  determinant	
  gives	
  the	
  
scaling	
  factor	
  and	
  the	
  orientaIon	
  induced	
  by	
  the	
  mapping	
  represented	
  by	
  
the	
  matrix.	
  
	
  
Note:	
  cross	
  product	
  formula	
  is	
  the	
  determinant	
  of	
  a	
  symbolic	
  3by3	
  matrix.	
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a×b = a2b3 − a3b2,− a1b3 − a3b1( ),a1b2 − a2b1



What	
  is	
  the	
  direcCon	
  &	
  length	
  of	
  cross-­‐product	
  vector?	
  
	
  
Q.	
  In	
  which	
  direc;on	
  does	
  the	
  cross-­‐product	
  vector	
  point?	
  
A.	
  Right-­‐hand	
  rule	
  
	
  
Q.	
  What	
  is	
  the	
  length	
  of	
  the	
  cross	
  product	
  vector?	
  
A.	
  The	
  following	
  formula	
  is	
  courtesy	
  of	
  “black	
  magic”	
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What	
  is	
  the	
  length	
  of	
  cross-­‐product	
  vector?	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
Algebraic	
  derivaIon:	
  
	
  
	
  
	
  
	
  
	
  
	
  
Geometrically:	
  area	
  of	
  parallelogram	
  determined	
  by	
  vectors	
  a	
  &	
  b.	
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Proof of the Magnitude of a Cross Product, | × | = |||| sin  
 
Let  = 〈, , 〉 and  = 〈, , 〉 be two vectors in , and let  be the angle that the two vectors form when their 
feet are placed together. The cross product of u and v is 
 

 ×  = 
  
  
  

 = 
 
   − 

 
   + 

 
  = 〈 − , 	 − , 	 − 〉. 

 
Therefore, the magnitude-squared of the cross product is 
 

| × | =  ×  ∙  ×  
=  −  +  −  +  −  

=  − 2 +  +  − 2 +  +  − 2 + .			 
 
Meanwhile,  

|||| =  +  +  +  + 


 

=  +  +  +  +  
=  +  +  +  +  +  +  +  + .		 

 
Also, notice that 
 

 ∙  =  +  +  

=  +  +  + 2 + 2 + 2.			 
 
From (C), we have 
 

 +  +  = −2 − 2 − 2 +  ∙ . 
 

The terms of  +  +  in the above line are the 1st, 5th and 9th terms of (B). Thus, we can write (B) as: 
 

|||| =  +  +  +  +  +  − 2 − 2 − 2 +  ∙ . 
 
Using the relationship found in (A), this simplifies to 
 

|||| = | × | +  ∙ . 
 
Isolating | × |, we have 
 

| × | = |||| −  ∙  
= |||| − |||| cos 					Using	the	deinition	of	the	dot	product 
= |||| − |||| cos  
= ||||1 − cos  
= |||| sin . 

 
Taking square roots, we have | × | = |||| sin. Since two vectors never open wider than 180 degrees ( radians), sin 
will be positive. 
 
If you see an error, please email me at surgent@asu.edu. (Prepared by Scott Surgent, 12-20-2012, edited 1-24-14) 

a×b = a2b3 − a3b2,− a1b3 − a3b1( ),a1b2 − a2b1
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  (a	
  ×	
  b)	
  ×	
  c	
  ≠	
  a	
  ×	
  (b	
  ×	
  c)	
  



Related	
  Problems	
  
	
  
Problem:	
  given	
  three	
  points	
  P,	
  Q,	
  R,	
  find	
  a	
  vector	
  perpendicular	
  to	
  the	
  
plane	
  containing	
  all	
  three	
  points.	
  	
  
Solu/on:	
   	
   	
   	
   	
   	
   	
   	
   	
  	
  
1)	
  Choose	
  one	
  point	
  (P),	
  determine	
  two	
  vectors	
  (PQ,	
  PR)	
  
2)	
  Compute	
  cross	
  product	
  of	
  vectors	
  
	
  
Problem:	
  given	
  the	
  verIces	
  of	
  a	
  triangle,	
  compute	
  its	
  area.	
  
Solu/on:	
  area	
  of	
  parallelogram	
  is	
  twice	
  the	
  area	
  of	
  a	
  triangle. 	
   	
   	
  	
  
1)	
  Solve	
  previous	
  problem	
  (above)	
  
2)	
  Compute	
  magnitude	
  of	
  cross	
  product	
  and	
  mulIply	
  by	
  ½.	
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Triple	
  Products	
  
	
  
Concept:	
  scalar	
  triple	
  product	
  is	
  defined	
  as	
  a	
  �	
  (b	
  ×	
  c)	
  	
  
Concept:	
  co-­‐planar	
  vectors	
  lie	
  in	
  the	
  same	
  plane	
  (scalar	
  triple	
  product	
  is	
  0).	
  
Concept:	
  vector	
  triple	
  product	
  is	
  defined	
  as	
  a	
  ×	
  (b	
  ×	
  c)	
  	
  
	
  
Geometrical	
  interpretaIon:	
  volume	
  of	
  a	
  parallelepiped	
  is	
  the	
  magnitude	
  of	
  
a	
  scalar	
  triple	
  product.	
  	
  
DerivaIon:	
  	
  
1)	
  Area	
  of	
  parallelogram	
  =	
  magnitude	
  of	
  cross	
  product	
  	
  	
  A	
  =	
  |	
  b	
  ×	
  c	
  |	
  
2)	
  Height	
  =	
  h	
  =	
  |	
  a	
  ||	
  cos	
  θ	
  |	
  
3)	
  Volume	
  =	
  Area	
  *	
  Height	
  	
  =	
  V	
  =	
  Ah	
  =	
  |	
  b	
  ×	
  c	
  ||	
  a	
  ||	
  cos	
  θ	
  |	
  =	
  |	
  a	
  �	
  (b	
  ×	
  c)	
  |	
  
4)	
  Observe	
  that	
  volume	
  is	
  an	
  expression	
  of	
  a	
  dot	
  product	
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ApplicaCons	
  (Physics	
  Problem	
  1)	
  
	
  
Problem:	
  weight	
  (w)	
  hangs	
  from	
  two	
  wires.	
  Find	
  the	
  tensions	
  (T1	
  and	
  T2)	
  
and	
  their	
  magnitude	
  in	
  both	
  wires.	
  	
  
Solu/on:	
   	
   	
   	
   	
   	
   	
   	
   	
  	
  
1)	
  Express	
  T1	
  and	
  T2	
  as	
  vectors	
  (i.e.,	
  in	
  terms	
  of	
  their	
  horizontal	
  and	
  verIcal	
  
components)	
  –	
  need	
  to	
  choose	
  origin	
  of	
  coordinate	
  system!	
  
2)	
  The	
  sum	
  of	
  the	
  tensions	
  (T1	
  +	
  T2)	
  counterbalances	
  (equality)	
  the	
  weight	
  
w	
  so	
  we	
  must	
  have	
  an	
  equaIon.	
  
3)	
  Solve	
  for	
  components	
  in	
  equaIon,	
  obtain	
  magnitude	
  of	
  tensions.	
  
4)	
  SubsItute	
  back	
  to	
  obtain	
  the	
  tension	
  vectors	
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ApplicaCons	
  (Physics	
  Problem	
  1)	
  
	
  
Step	
  1) 	
   	
   	
   	
  T1	
  =	
  –|	
  T1	
  |	
  cos	
  50°	
  i	
  +	
  |	
  T1	
  |	
  sin	
  50°	
  j	
  

	
   	
   	
   	
   	
  T2	
  =	
  |	
  T2	
  |	
  cos	
  32°	
  i	
  +	
  |	
  T2	
  |	
  sin	
  32°	
  j	
  
Step	
  2)	
  

	
   	
   	
   	
   	
  T1	
  +	
  T2	
  =	
  –w	
  =	
  100	
  j	
  
Step	
  3)	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
   	
   	
  	
  –|T1|cos	
  50°	
  +	
  |T2|	
  cos	
  32°	
  =	
  0	
  

	
   	
  	
  	
   	
   	
  |T1|sin	
  50°	
  +	
  |T2|sin	
  32°	
  =	
  100	
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ApplicaCons	
  (Physics	
  Problem	
  2)	
  
	
  
Problem:	
  a	
  wagon	
  is	
  pulled	
  a	
  distance	
  D	
  along	
  a	
  horizontal	
  path	
  by	
  a	
  
constant	
  force	
  of	
  F.	
  The	
  handle	
  of	
  the	
  wagon	
  is	
  held	
  at	
  an	
  angle	
  of	
  θ°	
  above	
  
the	
  horizontal.	
  Find	
  the	
  work	
  W	
  done	
  by	
  the	
  force.	
  
	
  
Solu/on:	
   	
   	
   	
   	
   	
   	
   	
   	
  	
  
1)	
  The	
  work	
  done	
  by	
  a	
  force	
  is	
  defined	
  to	
  be	
  the	
  product	
  of	
  the	
  component	
  
of	
  the	
  force	
  along	
  the	
  path	
  and	
  the	
  distance	
  moved.	
  W	
  =	
  (|	
  F	
  |	
  cos	
  θ)	
  |	
  D	
  |	
  
2)	
  W	
  =	
  F	
  �	
  D	
  =	
  |	
  F	
  |	
  |	
  D	
  |	
  cos	
  θ	
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ApplicaCons	
  (Physics	
  Problem	
  3)	
  
	
  
Problem:	
  a	
  bolt	
  is	
  Ightened	
  by	
  applying	
  a	
  force	
  F	
  to	
  a	
  wrench	
  of	
  length	
  M.	
  
Find	
  the	
  magnitude	
  of	
  the	
  torque	
  about	
  the	
  center	
  of	
  the	
  bolt.	
  
	
  
Solu/on:	
   	
   	
   	
   	
   	
   	
   	
   	
  	
  
1)	
  The	
  torque	
  τ	
  measures	
  the	
  tendency	
  of	
  the	
  body	
  to	
  rotate	
  about	
  the	
  
origin.	
  The	
  direcIon	
  of	
  the	
  torque	
  vector	
  indicates	
  the	
  axis	
  of	
  rotaIon.	
  It	
  is	
  
defined	
  to	
  be	
  the	
  cross	
  product	
  of	
  the	
  posiIon	
  and	
  force	
  vectors	
  (relaIve	
  
to	
  the	
  origin).	
  τ	
  =	
  r	
  ×	
  F	
  
2)	
  The	
  magnitude	
  of	
  the	
  torque	
  vector	
  is	
  	
  |	
  τ	
  |	
  =	
  |	
  r	
  ×	
  F	
  |	
  =	
  |	
  r	
  ||	
  F	
  |	
  sin	
  θ	
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