MATHEMATICS
BOOK FOR MSQE

Further Reading Lists for MSQE & Other Entrances:

1. Mathematics for Economic Analysis by Sydsaeter Hammond
2. Mathematical Statistics by Gupta Kapoor
3. Basic Econometrics by Gujarati

5. Microeconomics by Hal Varian/Nicholson & Synder
6. Macroeconomics by H.L. Ahuja

7. Macroeconomics by Dornbusch & Fischer/Branson|
8. Development Economics by Debraj Ra

9. Indian Economy by Sundaram &Dutt

10. An Introduction to Game Theory by Osborne




Arithmetic series
General (kth) term,
last (nth) term, [/ =
Sum to » terms,

Geometric series
General (kth) term,

Sum to n terms,
Sum to infinity

Binomial expansions

When 7 is a positive integer

u,=a+ (k—1)d
u—a+(n—l)d
S,= yna+0D= 3n2a+(n—1)d]

uk=ark’1
g - al=r") _ a@"-1)
" I-r r—1
S =—9 _1<r<l

1-r

(a+b)"=an+(’f)a"—1 b+(’21)a”‘2 b2+...+(’:)an"b’+... b ,neN

where

General case

() (-5) = (1)

nn—1 nn—1) .. (n—-r+1
(1+x)”:1+nx+%x2+ ( 22(;” )x’+...,|x|<1,
! 2 .. e R
Logarithms and exponentials |
xlna — _ 10gyX
erhd = g* log x=
a log,a
Numerical solution of equations
f(x
Newton-Raphson iterative formula for solving f(x) =0, x,, , =x - f'(( ”))
X
n

Complex Numbers

{r(cos O+ jsin )}" = r"(cosn6+ jsinnb)

¢? =cos@+jsin0
The roots of z" =

Finite series

T2 = én(n +1)@2n +
=1

1 are given by z = exp(zT”kj) fork=0,1,2,..,n-1

1) 2;,.3_ -

n*(n +1)*

Infinite series
f(x)

fx)

fla +x)

2
X X
ef=exp(x) =1l+x+ - +..+ — +..,

2 3 r
In(1+x) =x-2+%X _ +ytE+.  —1<x=<1
2 3 r
3 5 K2+l
; =y_ X 4 X _ r_ X7
sinx X= 3 + A ..t (=1 (2 +1)' +..,allx
2 4
_ XX
cosx =1- o + A + (1) =— (2 )' .Lallx
3 5 2l
arctanx =x7%+%f... (1)r2+1 ,—1l=sx=<1
3 5 2r+1
. _ x X X
sinhx =x+ 3 + 5] + +'(2r+1)! + all x
2 4 2r
- XL X X
coshx =1+ o + A +(2r)! +..,allx
3 5 2r+1
X X X
=y+ T+ "+ .+ 0+ =
artanh x X 3 s T 2+ 1) ,—1<x<l1
Hyperbolic functions
cosh?x — sinh?x = 1, sinh2x = 2sinhx coshx, cosh2x = cosh?x + sinh%x
arsinhx = In(x + Vx*>+1), arcoshx = In(x + Vx’—1),x =1
1 1+x
artanhx = Eln( 1—x ), x| <1
Matrices 0 .
Anticlockwise rotation through angle 6, centre O: (glons 0 —Cs(l)r; 9)
. . 20 in26
Reflection in the line y = xtan 6: (cszlons 20 _s(l)r; 7 9)

= f(0) + xf'(0) + ’2‘—? £'0) + ... + X £O0) + ...

0+ af@ + 650 g+ G

~ f(a) + xf'(a) + ’2‘—? (@) + oot 5 @) + .
! r!

”

o " all x
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2,2 2
cos A= “% (etc.)
C

a* = b*+ ¢* 2bc cos A (etc.)

Cosine rule

Trigonometry a
sin (8 + @) = sin 6 cos ¢ £ cos O sin ¢
cos (B @) =cos OB cos ¢ + sin Osin ¢
tan 6+ tan ¢
tan (0% 0) = =0 gran ¢ - (O O # (k7]
2
o
sin 6+ sin ¢ =2 sin %(9-% ¢) cos %(9—@

For ¢t = tan %Q:Sin 0=

sin O —sin ¢ =2 cos %(9+ @) sin %(9—¢)
cos O+ cos ¢ =2 cos %(0+ @) cos %(0—4))

cos 0 —cos ¢ =-2 sin %(9+ ¢) sin %(97@

Vectors and 3-D coordinate geometry
(The position vectors of points A, B, C are a, b, c.)

The position vector of the point dividing AB in the ratio A:lL
. upa+Ab
is

(A +w

Line: Cartesian equation of line through A in direction u is

XxX—a, _ y—a, _ I—a (=t)
U ) U3

a.u
[u

The resolved part of a in the direction u is

Plane: Cartesian equation of plane through A with normal n is
nx+tny+nz+td=0 whered=-a.n

The plane through non-collinear points A, B and C has vector equation
r=at+s(b—a)+ic—a)=(1—-s—1¢)a+sb+rc

The plane through A parallel to u and v has equation

r=a-+sutitv

Perpendicular distance of a point from a line and a plane
. |ax, +by, + c|
Line: (x;y)) fromax + by +¢=0:————
Na +b

| no+nyf+nyy+ d|

2 2 2
\/(n1 +n," +ns%)

Plane: (o.,y) from nyx + nyy + nyz+d=0:

Vector product
p R ia b, a,by —asb,
axb=lalb|sinOn=|J a b,|=|ab,—ab;
ay by ayb,—ayb,
ap by e
a.(bxc)=|a by ;| =b.(cxa)=c.(axb)
ay by ¢
ax(bxc)=(c.a)b—(a.b)c
Conics
Ellipse Parabola Hyperbola Rectangular
hyperbola
Standard 2,V 5 2y _2
form ?Jrﬁ—l y* =4dax ?*?—1 xy=c
Parametric form | (acos6, bsinb) | (a2, 2ar) (asech, btan6) (ct, %)

.. e<1 _ e>1 _
Eccentricity B=a(1- e e=1 P = (- 1) e=12
Foci (= ae, 0) (a, 0) (& ae, 0) (N2, £\2)
Directrices x== g x=-a x== g x+y=+c\2
Asymptotes none none 2—; =+ —% x=0,y=0

Any of these conics can be expressed in polar
coordinates (with the focus as the origin) as:

~=1+ecos O
where / is the length of the semi-latus rectum.

Mensuration

Sphere : Surface area = 4772

Cone : Curved surface area = 77X slant height
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Differentiation f(x) f'(x) Integration f(x) Jf(x) dx (+ a constant)
tan kx ksec? kx sec? kx (Vk) tan kx
secx secx tanx tanx In [secx
cotx —cosec3x cotx In |sinx X
cosecx —cosecx cotx cosecx —In |cosecx + cotx| = In [tan 5 |
. X Tz
+ = Z 4+ 2
arcsinx V-2 secx In [secx + tanx| = In ‘tan(2 4 )‘
1 1 In ’ xX—a ‘
- T
arccosx ! 5 ¥ —at 2a |xTa
\/(1 —X ) 1 . x) | | <
R arcsm(f , X <a
arctanx I J}xz V(@ —x%) a
1 1 X
sinhx coshx 32+ 2 a arCta“(a)
coshx sinhx 1 1 a+x 1 .
tanh x sechzlx 22 2 In ‘ a—x ‘ =  artanh (5) , Xl <a
arsinhx T inh h
T sinhx coshx
V%) coshx sinhx
arcosh x 1 tanh)i In coshx
2 _ : X /.2 2
\/(x 1) T 2) arsmh(a) or In(x++x"+a),
artanhx I 5 1 X \/ﬁ
(1-x9) m) arcosh(a) or n(x++x"—a ), x>a,a>0
du dv . DL
u dy Ve Y dr Surface area of revolution S.=2rlyds = 2n W(E2 + 52) dr
uotientrule y= —, — = — 3
0 Ty v S, = 2an ds = 2anV(x2 +2) dr
. b 1 b— Curvature
Trapezium rule L ydx = 3 h{(y+ty,) + 200, Ty, Ty, )}, where h = = a @
Integration by parts Uy dx = uv — | v e dx ds @ +y2)" (1 R I:% 2)3/2
Area of a sector A = % Jrz dé (polar coordinates) 1 N
Radius of curvature p= —=,  Centre of curvature ¢=r+pn

A= % J(xy —yX) dt (parametric form)

Arc length s = J v (2 + 32) dr (parametric form)

d 2
s J\/ 1+ [Ky] ) dx (cartesian coordinates)

dr 12
s = J \/ + [d_;] ) d@ (polar coordinates)

L'Hopital’s rule
If f(a) = g(@) = 0 and g(a)# 0 then Lim )

x*a  g(x)

_ f@
g'a)

Multi-variable calculus

dg/x ow ow ow
grad g= | dg/dy | Forw=g(x,y,z), dw= a'Sx + a'5y+ 8'62
dg/dz X Y z
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Centre of mass (uniform bodies)

Triangular lamina:
Solid hemisphere of radius 7:
Hemispherical shell of radius 7:

Solid cone or pyramid of height #:

Sector of circle, radius 7, angle 26:

Arc of circle, radius 7, angle 260 at centre:

Conical shell, height #:

Motion in polar coordinates
Motion in a circle

Transverse velocity: v=r0

Radial acceleration: —rf?=—

Transverse acceleration: v =70

General motion

Radial velocity: 7
Transverse velocity: re
Radial acceleration: i —r6?

along median from vertex
r from centre
r from centre

h above the base on the
line from centre of
base to vertex

2r sin 0
30

Bl— N~ 0w W[

from centre

7 sin
sin 6 from centre

%h above the base on the
line from the centre of
base to the vertex

- ) d )
Transverse acceleration: 78+ 270 = — U (*0)
r

Moments as vectors

The moment about O of F actingatrisr xF

Moments of inertia (uniform bodies, mass M)

Thin rod, length 2/, about perpendicular axis through centre: S MP

Rectangular lamina about axis in plane bisecting edges of length 2/: §Ml2

Thin rod, length 2/, about perpendicular axis through end: §M2
Rectangular lamina about edge perpendicular to edges of length 2/: ‘%Ml2
Rectangular lamina, sides 2a and 25, about perpendicular '

axis through centre: M (a* + b?)
Hoop or cylindrical shell of radius » about perpendicular

axis through centre: Mi?
Hoop of radius » about a diameter: %Mr2
Disc or solid cylinder of radius » about axis: %Mr2
Disc of radius » about a diameter: iMr2
Solid sphere of radius » about a diameter: %Mr2
Spherical shell of radius » about a diameter: %Mr2

Parallel axes theorem: I, =15+ M(AG)?

Perpendicular axes theorem: L=1+1 g (for a lamina in the (x, y) plane)

SOINVHDHAIN



Probability P(AUB) = P(A4) + P(B) — P(4nB)
P(AnB) =P(A4) . P(B|A)
palp) - — PBOPE
(41B)= P(B|4)P(4) + P(B|A")P(4")
P(Aj)P (B |Aj)
Bayes’ Theorem: P(Aj|B) = m
Populations

Discrete distributions

X is a random variable taking values x; in a discrete distribution with

P(X=x)=p,
Expectation: u=EX)=2x,p,
Variance: 0 = Var(X) = X(x; - W)? p,= Xxp, — 1

For a function g(X): E[g(X)] = Xg(x,)p,

Continuous distributions

X is a continuous variable with probability density function (p.d.f.) f(x)

Expectation: u = EWX)= [ x fx)dx
Variance: o2 = Var(X)

= Jor - w? fydx = [ fxydx - 12
For a function g(X): E[g(X)] = fg(x)f(x)dx
Cumulative

distribution function F(x) = P(X <x)=["_f(/)ds

Correlation and regression  For a sample of n pairs of observations (x, y,)

2 2
SMZZ(x,’_ f)ZZZXf— (zrle) ,Syy=2(yi— )_/)222)/1,2_ (Zzl) ,

Sy = S0~ D0, §) = Sy, EE8)

Covariance

= -Xy

i = Z(Xi _x)(yi -y) _ zxiyi
n n n

Product-moment correlation: Pearson’s coefficient
12XV o

Se  _ E(x,-—)?)(y,-—)_/) _ n Y

7

n

Rank correlation: Spearman’s coefficient

6X.d?

p=1o — =

s n(n*—1)
Regression
Least squares regression line of y on x: y — 3 = b(x — X)

_ zxiyi Y
b:Sxy: Z(x,'_)_c)(y,'_y) _ n Y
See Z(Xi - f)z Zxi2 52
Estimates "

Unbiased estimates from a single sample

X for population mean p; Var X = %

S? for population variance 6> where S? = n—ll X(x,— X,

Probability generating functions
For a discrete distribution
G(?) = E()
E(X) = G'(1); Var(X) =G"(1) + p— pi?
Gy, y (0 =G, (?) G, (?) for independent X, ¥

Moment generating functions:
M (6) = E(e%)
E(X) =M'(0) = i;  E(X") = M"(0)
Var(X) = M"(0) — {M'(0)}?
M, ,(6) = M (6) M,(6) for independent X, ¥

Vi
n

] T

=2

-y

)
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Markov Chains

pn +1 = pnP
Long run proportion p = pP

Bivariate distributions

Covariance Cov(X, ¥) = E[(X — u)(Y — pp)] = E(XY) — pyuy
Product-moment correlation coefficient p= Cov(X, )

, Oy Oy
Sum and difference
Var(aX + bY) = a*Var(X) + b*Var(Y) £ 2ab Cov (X,Y)
If X, Y are independent: Var(aX + bY) = a*Var(X) + b*Var(Y)

E(XY) = E(X) E(Y)
Coding
X=aX'+b B o
Y=el'+d } = Cov(X, Y) = ac Cov(X', ")

Analysis of variance

One-factor model: X;=Htopt e, where €~ N(0,02)

T2 2
SSp=Xn; (%~ %)* = X TW
i L

2
$8;= 320y~ X =33 o
1 J 1 J

Regression
Y, RSS No. of parameters, p
a+ Bx, +¢g X(y;—a— bx)* 2
o+ Bf(x) + g Xy, — a— bi(x))>? 2
o+ fx,+ oy t+e Z(yl.—a—bxi—czi)2 3
g~ N(0, 0%)  a, b, c are estimates for o, 3, . c?z = %
For the model Y, = o+ Bx, + &,
S 2 b-B
h="2 b~N(/3,i) Nl
Sxx Sxx ,\/ 62 /Sxx -2
y —b¥,a~N oL}
a=y-bx,a~Nlo,—c—
y ( n SXX )
2
a+ bx,~N(o+ x,, 6> {% + (XOS x) }
XX
(S,
RSS=S§,, - 5 = Syy(l -7
Randomised response technique
7—(1-6) A [26-Dp+(1-6)]60-(26 - )p]

Ep)= "o Var n26— 1)

Factorial design

Interaction between 1st and 2nd of 3 treatments

{ (Abc — abc) + (AbC — abC)  (ABc — aBc) + (ABC — aBC) }
= 2 - 2
Exponential smoothing

A

Vo=, tol-—ay +tol-—a)iy ,+..+al-o0)ly,
+(1 -0,

A AN A

Vpr1 =V, t 0y, =)

A A
yn+1:ayn+(1_a)yn

SOILLSILVLS



Description Test statistic Distribution
Pearson’s product Xy, .-
moment - n y
correlation test J 2 5
X~ S
\/[(2 ; _xz)(Zy, _yz):|
n n

Spearm«tin rank 632
correlation test rg=1- ————

n(n? - 1)
Normal test for X-p NO. 1)
a mean o/n

X —
t-test for a mean E i
s/~/n
2
2 test 2@ 2,
t-test for ()?1 -X, ) - t Evith (n-1)
aired sample T~ egrees of
P P S/ freedom
Normal test for the o
difference in the (x - Y )— (M — 1y)
means of 2 samples ‘3‘012 0-22 N(0, )
ith different It

N \m o on

variances

Description Test statistic Distribution
=y - — 1)
t-test for the s ‘g“l + i t"’l ty =2
difference in the \'m  m
means of
2 samples , (n, - l)slz +(n, — 1)322
where s° =
ny+n,—2
Wilcoxon single A statistic 7 is calculated See tables
sample test from the ranked data.
Samples size m, n: m < n
Wilcoxon Rank-sum \;ﬂ_mxon f ranks of
(or Mann-Whitney) — Sum ot ranks o See tables
2-Sample test sample size m
Mann-Whitney
T=W-m(m+1)
_r6
Nprma} test on . J‘W N(O, 1)
binomial proportion f ——=
\ n
2 i —1)s?
- test for variance (n—1)s 2
2 n-1
o
2 /2
F-test on ratio of 5,°/0y G252 Fnl—l,nz—l
two variances s2l0y2 b

S.LSAL SISHHLOdAH *SJOLLSILVLS



p-g.f. G(?) (discrete)

Name Function Mean Variance .
unet ! m.g.f. M(6) (continuous)
Binomial B(n, p) PX=r)="C q""p", _
Discrete forr=0, 1,...,rrz , 0<p<l,g=1-p 4 "Pq G =g +p0”
lr
; PX=r)=e* 2+ S
Pglsson ) ( ) 7l 2 2 G(t) = Xt D
Discrete forr=0,1,.., >0
1 X —U)?
fr)= ——exp (-4
Normal N(u, 0?) 7 2\ o )
Continuous ov2m " o? M(6) = exp(u6 + %0-2 6%)
—oco < x < o0
Uniform (Rectangular) on 1 a+b 1 ) _ ehf_ef
= Lp- M(0) = ———5
[a, b] Continuous fx) h—a ¢ sx<b 2 12 (b-a) © (b-a)o
Exponential e 1 1 A
Continuous f) = Ae , x=0,4>0 A 22 MO =7"%
Geometric PX=r=q""'p , r=12,.., 1 9 G(t) = pt
Discrete 0<p<l , g=1-p p P> 1 —gt
PX=r=""1C r=npn.

Negative binomial w=n 14 _p n nq Pt \n
Discrete r=nntl, . ’ G(f) = (_1 o qt)

O<p<l, g=1-p

SNOILNATILSIA ‘SOLLSILVLS



01

Numerical Solution of Equations

f(x
The Newton-Raphson iteration for solving f(x) =0:x ,  =x, — f'((xn))
n
Numerical integration
The trapezium rule
b 1 b—
Lydx =~ 2h{y+¥,) T 20 +yy + .+, D}, where h = 24
The mid-ordinate rule
b _b—-a
Lydxzh(y% +y1% +...+yn71% +yn7%),whereh— -
Simpson’s rule
for n even
b 1
J'aydx = §h{(y0 +yn) + 4()/1 Tyt +yn,1) + 20/2 Tyt +yn,2)}a
where h = 2 7 4
The Gaussian 2-point integration rule
h —h h
f(x)dx = A f| — |+ 1] —
J e {55} )
Interpolation/finite differences
n
Lagrange’s polynomial : P, (x) = X L (x)f(x) where L (x) = I1 ;C _);i
i=0 Tyt
ior
Newton’s forward difference interpolation formula
(x —xp) (x —xp)(x —x)
fx) = fx)) + =7, Af(xp) + 2112 A2f(x0) + ...

Newton’s divided difference interpolation formula
1) = 1] + (= xIf[xg X, ]+ (e = xp) (x — xf]x, xp5 x,] + .o

Numerical differentiation

f(x + h) — 26(x) + f(x — h)
h2

f(x) =

Taylor polynomials
fla + h) =1(a) + ht'(a) + = f"(a) + error

fla + h) = fla) + hf'(a) + % f'a+ &), 0<E<h
) =fa)+ G- af@+ S5O )+ eror

f)y  =fla) + (x - a)f'(a) + u f'(m),a<mn<x

Numerical solution of differential equations
For % =f(x, y):

Euler’s method : y, ., =y, +hf(x,y,); x, ,=x.+th
Runge-Kutta method (order 2) (modified Euler method)
Veo1 =Vt g Uk + k)
where k, = h f(x,y), k,=hflx +h,y +k)
Runge-Kutta method, order 4:

Yoy =+ Sk, + 2k + 2k + Ky,

where k, = hf(x , y) ky = hf(x, + % hy, + % k;)

ky = (e, + Yhy + 5ky) k= hGe + by, + k).

Logic gates
NOT {>@ AND }
o ) O ] -

SOLLVINHHLVIA ALAIDSIA ¥ NOISIDAd
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N o a bk~ w Do

©

11.

12.
13.

14,

15.
16.

17.
18.

19.
20.

LIMIT FORMULAE

—a” _ n-1

lim,_, ——=na

sinx ) sin~1x x
. sinx
lim,_, o =0.

X

. 1+x)-1
lim,_,, (1) =n.

ex
lim,_,, =1.

loge(1+x) _
lim, ,,———==1.

ax
lim,_,,—— = log.a,(a>0).
) 1\" ) 1
lim,,_,q (1 + —) =e ,lim_,(1+x)x=e.

logx . log[x]
lim,,_,q — F = limy,,——=0.

e* ) x"
: hmx_)oo =0,(n>0), hmx_)oo - =%, (n>0), hmx_)oo; =0.

tanx tan™ X

llmx_>0 = lim,_,, — = 1.

n 1
lim, . (1+ B =et= lim,,_, o, (1 + un)».
n

lime*=0, lime™*=0.

X—>—00 X—00

0 if IxIk1
lim,,ox®"={+1if [x|=1, limLox"=0,(-1<x<1).
too if |x|>1

: 1 _ : 1 . 1 .
lim, o4 ~=0, lim, _q_ ~= -0, S0 lim,_,, - does not exist.
. 1 . 1

lim,_q 3= but lim,_, == 0.

1
lim,_,,xx=1.

limx_)alxl—lal.
lim xsm— =1.

X—00

lim sm— does not exist .
x—0

Useful Formulae Page 1



21.

22,
23.
24,

25,

. I S S .1 : 1 .. 1
lim xsin= = lim x“sin- = lim xsin = = lim xcos - = lim xcos = =
x—0 X x—0 X x—0 X x—0 X x—0 X
: .1
lim Vxsin==0.
x—0 X
limx_)a ef(x) — elimxﬁaf(x)
limxaa(fog)(x) = f(limx—mg(x)) .
lim,_,_[x]=a—1, lim,,.[x] =a , a € Z (set of integers) .

ae*+be ™™ a . ae*+be ™™ b
lim, o prapperi (c+0), lim,,_ gt (d=+0).
SOME IMPORTANT FORMULAE TO REMEMBER
(cosB + isinB)™ = cosnBO + isinno .

e® = cosO + isin®, e™® = cosO — isind.
If lim,._,f(x) exists but lim,_,,g(x) does not exist then

lim,_,[f(x) £ g(x)] does not exist .

If lim,_,[f(x)g(x)] exists then lim,_,,f(x)and lim,_,,g(x) may not
exist. [ e.g. f(x) =x, g(x) = 1/x ]

Product and Ratio of two odd function is even .

SOME USEFUL RESULTS ON CONTINUOUS FUNCTION

If f and g are continuous at x = a then

AN

f+ g is continuous at x = a

f. gis continuous at x = a

f / g is continuous at x = a , where g(a) # 0

flg(x)] is continuous at x = a

Every Polynomial function is continuous at every point of the
real line .

Every Rational function is continuous at every point where its
denominator is different from zero .

Useful Formulae Page 2



SOME USEFUL RESULTS ON RELATION AND MAPPING

1. Letn(A) =m, n(B) =n; then the total number of relations from A to B is
2™,

2. Letf: A—B be a function where n(A) = m , n(B) = n , then total
number of functions is n™ .

3. If f: A—»B be a function where n(A) = m , n(B) = n, then total

nPm n=m

0, n<m

4. If f: A—>B be a function where n(A) = n, n(B) = n, then total

number of bijection is n! .
5. Letf: A—B be a function where n(A) = m , n(B) =n , then total

n
number of onto functions is = z D)™ (")r™; 1<n<m.
r=1

number of injection is = {

SOME USEFUL RESULTS ON APPLIED CALCULUS

1. B(m,n) = fol x™ 1 (1 —x)"1dx,where m > 0,n > 0 is called Beta
Integral.
[(n) = [” e ™ x"'dx ,wheren > 0 is called Gamma Integral .

[(n+1) =n[(n) =n!, [(n) = (-D!, [(D =1, [(%) =r.

B(m,n) = B(n,m) , where B(m,n) = %
[(m) [(1-m)= mcosecmmt ,0<m<1.
e dx = <

2
Jo /2 §inP@ . cosI0 de—— B(erl q+1) wherep > —1,q > —1.

fO°° S”;bxd =+ E accordingas b > 0,b < 0.

© N o o bk~ D

/2 . /2 T [(p—ﬂ)
9. [, sinP0dB = f cos?0d6 = . @ (p>-1).

10. [ e~ x"1dx k>0,

Useful Formulae Page 3



SERIES FORMULAE

n
1. (x+a)" = z ()xkan k.
k=0

— 142
2. 1+x)" =1 +’1—’f+”("2,1)x + o
2 3
3. =1+-+>+=+., —0<x<®
1! 2! 3!
2 3
4 q* =1 +xloga+(xloga) +(xloga) 4o
1! 2! 3!

5. (1—t)" = z (T D)ex for |t1< 1.
x=0

3 5
6. tanx = x + x? + Zlis + --- [ Use these kinds of expansions only when the
variable in the expansion tends to O ]

w2 1 1 1
7. ?—§+2—2+ 3—2+

w2 1 1 1
8_ ?z —2+3—2+§+...

m* 1 1 1
0. % = F+2—4+ 3—4+°"

m* 1 1 1

10. %—1—4+3—4+ ;-'—...
11. 1+x)t=1—-x4+x*—x3+--
12. 1-—x)t=14+x+x>+x3+
13. (1+x)"2=1—-2x+3x%—4x3 + -
14. (1—x)"2=1+2x+3x%>+4x3+ -
15. (1+x)3=1-3x+6x%>—10x3+ -
16. (1—x)3=1+3x+6x*+10x3+ -

Useful Formulae Page 4



Permutations and Combinations

Fundamental principle of counting:

There are two fundamental counting principles 1.e. Multiplication principle and
Addition principle.
Multiplication principle: If an operation can be performed independently in ‘m’ different
ways, and another operation can be performed in ‘n’ different ways, then both
operations can be performed by m x n ways.
In other words, if a job has n parts and the job will be completed only when each part is
completed, and the first part can be completed in a; ways, the second part can be
completed in as ways and so on--- the nt® part can be completed in a, ways then the total
number of ways of doing the jobs is aj.ag.az=---- an.
Ex: - A person can travel from Sambalpur to Bargarh in four routes and Bargarh to
Bolangir in five routes then the number of routes that the person can travel is from
Sambalpur to Bolangir via Bargarh is 4 x 5 = 20 routes.

Addition principle: If one operation can be performed independently in ‘m’ different
ways, a second operation can be performed in ‘n’ different ways, then there are(m + n)
possible ways when one of these operations be performed.
Ex: — A person has 4 shirts and 5 pants. The number of ways he wears a pant or shirt
is4+ 5=9 ways
Problems:

1. There are three letters and three envelopes. Find the total number of ways in
which letters can be put in the envelopes so that each envelope has only one
letter. [ Ans:6]

2. Find the number of possible outcomes of tossing a coin twice.[Ans:4 ]

3. In a class there are 20 boys and 15 girls. In how many ways can the teacher
select one boy and one girl from amongst the students of the class to represent
the school in a quiz competition?[Ans:300]

4. A teacher has to select either a boy or a girl from the class of 12 boys and 15
girls for conducting a school function. In how many ways can she do it?[Ans:27]

5. There are 5 routes from A to B and 3 routes from place B to C. Find how many
different routes are there from A to C?[Ans:15]

6. How many three lettered codes is possible using the first ten letters of the
English alphabets if no letter can be repeated?[Ans:720]

7. If there are 20 buses plying between places A and B, in how many ways can a
round trip from A be made if the return journey is made on

i) same bus[Ans:20] ii) a different bus[Ans:380]

8. A lady wants to choose one cotton saree and one polyester saree from 10 cotton
and 12 polyester sarees in a textile shop. In how many ways she can
choose?[Ans:120]

9. How many three digit numbers with distinct digits can be formed with out using
the digits O, 2, 3, 4, 5, 6.[Ans:24]

10.How many three digit numbers are there between 100 and 1000 such that every
digit is either 2 or 9?[Ans:8]

11.In how many ways can three letters be posted in four letter boxes?[Ans:64 ]

12.How many different signals can be generated by arranging three flags of different
colors vertically out of five flags?[Ans:60]
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13.In how many ways can three people be seated In a row containing seven
seats?[Ans:210]

14. There are five colleges in a city. In how many ways can a man send three of his
children to a college if no two of the children are to read in the same
college?[Ans:60]

15.How many even numbers consisting of 4 digits can be formed by using the digits
1, 2, 3,5, 7?[Ans:24]

16.How many four digit numbers can be formed with the digits 4,3,2,0 digits not
being repeated?[Ans:18]

17.How many different words with two letters can be formed by using the letters of
the word JUNGLE, each containing one vowel and one consonant?[Ans:16]

18.How many numbers between 99 and 1000 can be formed with the digits 0, 1, 2, 3,
4 and 5?[Ans:180]

19.There are three multiple choice questions in an examination. How many
sequences of answers are possible, if each question has two choices?[Ans:8]

20.There are four doors leading to the inside of a cinema hall. In how many ways
can a person enter into it and come out?[Ans:16]

21.Find the number of possible outcomes if a die is thrown 3 times.[Ans:216]

22.How many three digit numbers can be formed from the digits 1,2,3,4, and 5, if the
repetition of the digits is not allowed.[Ans:60]

23.How many numbers can be formed from the digits 1,2,3, and 9 , if the repetition
of the digits is not allowed.[Ans:24 ]

24 .How many four digit numbers greater than 2300 can be formed with the digits
0,1,2,3,4,5 and 6, no digit being repeated in any number.[Ans:560]

25.How many two digit even numbers can be formed from the digits 1,2,3,4,5 if the
digits can be repeated?[Ans:10]

26.How many three digits numbers have exactly one of the digits as 5 if repetition is
not allowed?[Ans:200]

27.How many 5 digit telephone numbers can be constructed using the digits O to 9 if
each number starts with 59 and no digit appears more than once.[Ans:210]

28.In how many ways can four different balls be distributed among 5 boxes, when

i) no box has more than one ball[Ans:120]
i1) a box can have any number of balls[Ans:625]

29.Rajeev has 3 pants and 2 shirts. How many different pairs of a pant and a shirt,
can he dress up with?[Ans:6]

30.Ali has 2 school bags, 3 tiffin boxes and 2 water bottles. In how many ways can
he carry these items choosing one each?[Ans:12]

31.How many three digit numbers with distinct digits are there whose all the digits
are odd?[Ans:60]

32.A team consists of 7 boys and 3 girls plays singles matches against another team
consisting of 5 boys and 5 girls. How many matches can be scheduled between
the two teams if a boy plays against a boy and a girl plays against a girl.[Ans:50]

33.How many non—- zero numbers can be formed using the digits O, 1, 2, 3, 4, 5 if
repetition of the digits is not allowed? [Ans:600]

34.In how many ways can five people be seated in a car with two people in the front
seat including driver and three in the rear, if two particular persons out of the
five can not drive?[Ans:72]

35.How many A.P’s with 10 terms are there whose first term belongs to the
set{1,2,3} and common difference belongs to the set {1,2,3,4,5}[Ans:15]
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Factorial: The product of first n natural numbers is generally written as n! or Zn and is
read factorial n.

Thus, n! = 1. 2. 3.-veeee ...
Ex: 6!1=6x5x4x3x2x1=720
Note:
1) O!'=1
2) (-r)! =
Problems:
1. Evaluate the following:
!
7! ii) 5! iii) 8! iv) &!-5! v) 4!-3! vii) 7!-5! viii)%
! ! !
ix) = X) <) 2L G @Gy xin L+ Le Ll gy
5! 6!2! 10! 2! 50 6 7
2!3!
2. Evaluate , when
rl(n—r)!
1) n=7, r=3 ii) n=15, r=12 iil) n=b, r=2
3. Evaluate ~—, when
(n—r)!

1) n=9, r=5 1ii) n=6, r=2
4. Convert the following into factorials:

) 1.3.5.7.9.11 i) 2.4.6.8.10 iii) 5.6.7.8.9 iv)
(n+ D+ 2)(n+ 3)-+++++++++2n
5. Find x if

~ 1 1 _x .1, 1_ x
D —+—="10) =+ —="—
51 6 7! g 9 10!
6. Find the value of n if
D (n+ D'=12(n-D!'i) 2n)!n!=(n+ D(n-D!(2n-1)!
f . and ;
2l(n—2)! AN(n-4)!
(x+2)! (2x+1)!:72
Qx=D!" (x+3)! 7
9. Show that n!(n+ 2)=n!+ (n+ 1)!
10.Show that 27! Is divisible by2". What is the largest natural number n such that
27! is divisible by 2",
11.Show that 24! + 1 is not divisible by any number between 2 to 24.
12.Prove that (n!)? < n® n!< (2n)!
f(2x+3)!. (x-D! =7
(x+D! QCx+1)!
14.Prove that the product of k consecutive positive integers is divisible by k! for
k=2

15.Show that 2.6.10------ ..to n factors =

are in the ratio 2:1 find the value of n.

8. Find the value of x if

where xe N

13.Find the value of x 1

(2n)!

n!
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Permutation:— The different arrangements which can be made by taking some or all at a
time from a number of objects are called permutations. In forming permutations we are
concerned with the order of the things. For example the arrangements which can be
made by taking the letters a, b, ¢ two at a time are six numbers, namely,

ab , bc, ca, ba, cb, ac
Thus the permutations of 3 things taken two at a time are 6.

a) Without repetition:

1) If there are n distinct objects then the number of permutations of n objects taking r
at a time with out repetition is denoted by "p- or p (n ,r) and is defined as

,0<r<n

Proof: Arrangements of n objects, taken r at a time, is same to filling r places with n
things

1% place can be filled up in n ways

2" place can be filled up in n—1 ways

3" place can be filled up in n-2 ways

r™ place can be filled up in n-(r-1) ways
-.the number of arrangements

"p,= n(n=D(n=2)...ccc.c..... (n—(r-1)
_ nn—10Dn—-2) . n—-r+hH(n—r)!
(n—r)!
. nl
Pr (n—r)!
i1) Number of arrangements of n different things taken all at a time without repetition
=p n! !

- (n—n)!:

b) With repetition:

i) If there are n distinct objects then the number of permutations of n objects
taking r at a time with repetition is n'.

i1) Number of arrangements of n different things taken all at a time with repetition
is n".
c) If p objects of one kind, q objects of second kind are there then the total number of
permutations of all the

. . +q)!
p + q objects are given byM.
p!q!
In general If a; objects of i kind, i= 1, 2, 3+-...r are there then the number of
. } ) } a +a,+a, +...... +a )l
permutations of all the aj+ag+ ===+ .+a, objects is given by (@, +a, +d, ) .



d) Circular arrangements:

1) The number of circular arrangements of n distinct objects taking all at a time is
(n-1)!

i1) The number of circular arrangements of n distinct objects when clockwise and

. ) . ) . . (n=1!
anti—clockwise circular permutations are considered as same 15( 5 ) .

iii) The number of circular permutations of n different things taken r at a time is

_Pr ( if clockwise and anti—clockwise circular permutations are considered as different)
r

Ex: The number of which 29 persons be seated in a round table if there are 9 chairs

iv) The number of circular permutations of n different things taken r at a time is

n

_Pr ( if clockwise and anti—clockwise circular permutations are considered as same).
r

Restricted permutations:

1) The number of permutations of n dissimilar things taken r at a time when one
particular thing always occurs is r “ 'P,_;

2) The number of permutations of n dissimilar things taken r at a time when one
particular thing taken is

nflpr.

3) The number of permutations of n dissimilar things taken r at a time when p

particular things always occurs ="rC,_,.r!

4) The number of permutations of n dissimilar things taken r at a time when p
particular things never occurs ""C,.r!

Zero Factorial:
The value of Zero factorial is 1 1.e. 0! =1
Proof:
By the fundamental principle of counting we know that the number of
permutations of n different objects taken all at a time with out repetition is
n(n—1(mn=2).......... 32.1=n! eeeeee (1)

|
And we have seen "p, = B e (2)
(n—r)!

From (2) the number of permutations of n different objects taken all at a time with out
repetition IS

n! n!
no (3
P == " o )

from (1) and (3) n!=%:

and this can be hold true if 0! is 1.
= 0=1



Problems:
1. Find r if P(20,r) = 13. P(20,r-1)
Find n if P(n,4) = 12. P(n,2)
If Pnh-1,3): P(n+1,3)=5:12, findn
Find m and n if P(m+ n,2)=56, P(m—-n,2)=12
Show that P(n, n) = P(n, n—1) for all positive integers.
Show that P(m, 1)+ P(n,1 ) = P(m+n, 1) for all positive integers
Prove that P(n,n) = 2 P(n, n-2)
Find nif "'P,:"P, =1:9
. Find rif 5*P. =6°P_,
10.If "P, =42 "P,,for n>4, then find the value of n.
11.If "P, =360, find n.
12.If "P, =9240, find n.
13.If P =720, find r.
14.Find n if **'P_ :*"'P =3:5
15.Prove that 'B+2°P,+ 3°P, +4 ‘P, + oot +n"P, ="P

n+l

© XN W
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16.In how many ways can five people be arranged in a row? [Ans: 5!]
17.In how many ways can three guests be seated if there are six chairs in your
home?[Ans:°p, |
18.How many four digit numbers are there, with no digit repeated?[Ans: 9. °p, |
19.How many numbers of four digits can be formed with the digits 1, 2,4,5,7 if no
digit being repeated?[Ans: ’p, ]
20.How many even numbers of three digits can be formed with the digits 1, 2,
3,4,5,7 if no digit being repeated?[Ans: 2.°p,
21.How many numbers between 100 and 1000 can be formed with the digits
1,2,3,4,5,6,7 if no digit being repeated? [Ans:’ p, |
22.How many different numbers greater than 5000 can be formed with the digits
0,1,5,9 if no digit being repeated? [Ans:12]
23.In how many ways can four persons sit in a row?[Ans:4!]
24.In how many ways can three men and four women be arranged in a row such that
all the men sit together?[ [Ans:5!3!]
25.In how many ways can three men and four women be arranged in a row such that
all the men and all the women will sit together?[Ans:2!3!4!]
26.In how many ways can 8 Indians, 4 English men and 4 Americans be seated 1n a
row so that all the persons of the same nationality sit together? [Ans:3!8!4!4!]
27.In how many ways can 10 question papers be arranged so that the best and the
worst papers never come together?[Ans:10!-2!9!]
28.In how many ways can 5 boys and 3 girls be seated in a row so that all the three
girls do not sit together?[Ans:8!-3!6!]
29. In how many ways can 5 boys and 4 girls be seated in a row so that no two girls
sit together?[Ans:’ p,5!]
11
41411

30.In how many ways the word MISSISSIPPI can be arranged?[Ans: ]

!
31.In how many ways the word MISSISSIPPI can be rearranged? [Ans: 422‘ -1]

32.In how many ways the word GANESH can be arranged?[Ans:6!]
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33.In how many ways can the word CIVILIZATION be arranged so that four I's come
together?[Ans:9!]
34.In how many ways can 4 boys and 4 girls be seated in a row so that boys and girls
occupy alternate seats?[2.4!.4!]
35.In a class there are 10 boys and 3 girls. In how many ways can they be arranged in
a row so that no two girls come consecutive?[ ' p,10!]

36.How many different words can be formed with the letters of the word

'
UNIVERSITY so that all the vowels are together? [Ansﬁ!% ]

37.In how many ways can the letters of the word DIRECTOR be arranged so that the
6

16!
three vowels are never together?[AnSZ%—j&]
38.Find the number of rearrangements of the letters of the word BENEVOLENT. How
' '
many of them end with L.[Ans: & i]
3 312!

39.In how many ways the letters of the word ALZEBRA can be arranged in a row if

. , .. ,
i) the two A’s are together[Ans: 62—' i) the two A's are not

)]
together [Ans: T_o ]
20 2
40.How many words can be formed with the letters of the word PATALIPUTRA with
15
out changing the relative order of the vowels and consonants?|[ %% ]

41.How many different can be formed if with the letters of the word PENCIL when
vowels occupy even places.[ 3p24!]

42.In how many ways can the letters of the word ARRANGE be arranged so that

i) the two R’s are never together
ii) the two A’s are together but not the two R’s
iii) neither the two R’s nor two A’s are together

41.The letters of the word OUGHT are written in all possible orders and these words
are written out as in a dictionary. Find the rank of the word TOUGH in this
dictionary.[Ans:89]

42 .Find the number of words which can be made using all the letters of the word
AGAIN. If these words are written in a dictionary, what will be the fiftieth
word?[Ans:NAAIG]

43.In how many ways can 8 people sit in a round table?[Ans:7!]

44.In how many ways three men and three women sit in a round table so that no two
men can occupy adjacent positions?[Ans:2!3!]

45.In how many ways a garland can be prepared if there are ten flowers of different

|
colors? [Ansi% ]

46.In how many ways can four people be seated in a round table if six places are

available?
6

[Ans: 4]
4
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Combination: — The different groups or selections which can be made by taking some or
all at a time from a number of things are called combinations. Thus in combinations we
are only concerned with the number of things each group contains irrespective of the
order.
For examples the combinations which can be made by taking the letters a, b, ¢ two at a

time are 3 in number namely, ab, bc, ca
The number of combinations of n dissimilar things taken r at a time denoted by
!
"C, or C(n,r) and is given by “c, ="
rl(n—r)!

Proof:

Let there are n objects and let us denote the number of combinations of n
objects taking r at a time as "c¢,. Therefore every combination contains r objects and
these r objects can be arranged in r! ways, which gives us the total number of
permutations of n objects taking r at a time.

Hence "p,= r!"c,

n

P
7!
n!

n p—
="c, =

n p—

r

rl(n—r)!
Note: Relation between "p, and "c,is "p,= r!"c,

Restricted combinations
1) The number of combinations of n dissimilar thing taken r at a time when p
particular things always
occur = "PC,_

2) The number of combinations of n dissimilar things taken r at a time when p
particular things never occur = "7C,

n

Properties of "c

,
_ n,
1) "c,="c_. =""c
r

Proof:
n! n(n—1)! n

n—1

r(r=D![(n-1)—-(r-D]! :7 €

3) If "c,="c, then either x=y or x+y=n

n

c =
" orl(n—r)!

Proof:
Case (i) given "c,="c,
= x =y
Case (ii) given "c,="c,
W o_n

="c.="¢c, =>XxX=n—-y=>x+y=n

x n-y



n n — n+l
4) cr + Cr—l - c
Proof: we have

' e n! n!
+ = +
A T A=) == r+1)

r.(r - 1)!(n - 1)! i (r - l)l(n -r+ 1)(n - r)!

r

:ouJﬂ;—ﬁ{%+n—i+J
- e

_ n! n+1
(r—l)!(n—r)!.r(n—r+1)

B (n+1n!

- Fn—r+1)

_n+l
="C
Hence"C +"C, ,=""'C,

7! r!
! !
6) "C - nt _onl_
nl(n—n!) nlo!
n! n!
7) "C, = =—=
C0(n-0) no!
8) < Cn,l” — < p(n,r)zzn_l
Z (n,r) Z .
9) Number of divisors or factors of a given number n>1, which can be expressed as
P p, p." where Dis Dyseereenene ,p, are distinct primes and
kiskyyeonnn.. ,k, are positive integers, are (k, +)(k, +1)......... (k, +1) (including land n).

10)Number of selections from n objects, taking at least one is
ncl+ nC2+ nc3+ ......... . +"Cn:2ﬂ_1

Ex: There are 15 bulbs in a room. Each one of them can operated independently.

The number of ways in which the room can be lightened is "¢, + "¢, + Pe,t oeeeeeee :

+ 15615:215 ~1

11)The number selection of r objects out of n identical objects is 1.

12)The number of selection of none or more objects from n identical objects is equal
to n+ 1.

13)Number of ways of dividing m different things into 3 sets consisting a, b, ¢ things

!
such that a, b, ¢ are distinct and a + b +c=mis "¢,"“c," "¢, = "Z" '
alb!c!

14)Number of ways of distributing m different things among three persons such that

: 3!
alb!c!
15)Number of ways dividing 3m different things into three groups having m things in
!

(m!)*3!

each person gets a, b, ¢ things is

each group is
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16)Number of ways distributing 3m different things to three persons having m things
m!
S 3
(m!)
17)If there are n points in the plane then the number of line segments can be drawn
is "¢,

18)If there are n points out of which m are collinear then the number of line
) 1
segments can be drawn is "¢,="c, +1:§(n_m)(n+m_l)

19)If there are n points in the plane then the number of triangles can be drawn is "c,

20)If there are n points out of which m are collinear then the number of triangles
can be drawn is "¢,—"c,

21)Number of diagonals in a regular polygon having n sides is"c, —n.

Ex: Number of diagonals in a regular decagon is'"c, —10.
Problems:
1. Compute the following
D ey i) ey, i) Pe ey 1v) Teyt be,+ Ccy

5
2. Prove that » ’c, =31
r=1

25 — 24
Evaluate “¢,, = ¢,

If °c,, ="c,5, find r

If ®c, ="c,,,, find "¢,

Determine n, if *'¢;:"c,=11:1.

If "c¢y="c4, determine n and hence find "¢,

Determine n, if "¢,:" ¢, =33 : 4.

© X NS s W

. Prove that "¢, X"¢, ="¢, X" ¢,_,
10.If "'¢,:"c,:™'c, =6:9:13 , find n and r

5
11.Find the value of the expression Y¢, +) *7c,
j=1

12.How many diagonals does a polygon have?["c, —n]

13.Find the number of sides of a polygon having 44 diagonals.[Ans:11]

14.In how many ways three balls can be selected from a bag containing 10 balls?[
10C3]

15.In how many ways two black and three white balls are selected from a bag
containing 10black and 7 white balls? ["c, "¢, ]

16.A delegation of 6 members is to be sent abroad out of 12 members. In how many
ways can the selection be made so that i) a particular person always included
[Me,] ii) a particular person never
included["¢,]

17.A man has six friends. In how many ways can he invite two or more friends to a
dinner party?[Ans:57]

18.In how many ways can a student choose 5 courses out of the courses
CpyCoperreanene ,¢o 1f ¢,,¢, are compulsory and c¢,,c; can not be taken together?

19.In a class there are 20 students. How many Shake hands are available if they
shake hand each other?[ *c,]
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20.Find the number of triangles which can be formed with 20 points in which no two
points are collinear?[ *c,]
21.There are 15 points in a plane, no three points are collinear. Find the number of
triangles formed by joining them. [ "c,]

22.How many lines can be drawn through 21 points on a circle?[ *c,]

23. There are ten points on a plane, from which four are collinear. No three of
remaining six points are collinear. How many different straight lines and triangles
can be formed by joining these points?[Ans: "¢, — *c, +1, “c;~*c,]

24.To fill 12 vacancies there are 25 candidates of which 5 are from S.C. If three of
the vacancies are reserved for scheduled caste, find the number of ways in which
the selections can be made. [Ans:*¢,”c,]

25.0n a New Year day every student of a class sends a card to every other student.
If the post man delivers 600 cards. How many students are there in the
class?[Ans:25]

26.There are n stations on a railway line. The number of kinds of tickets printed (no
return tickets) is 105. Find the number of stations.[Ans:15]

27.In how many ways a cricket team containing 6 batsmen and 5 bowlers can be
selected from 10 batsmen and 12 bowlers?[ "¢, "c,]

28.How many words can be formed out of ten consonants and 4 vowels, such that
each contains three consonants and two vowels?[ "¢, *c,5!]

29.How many words each of three vowels and two consonants can be formed from
the letters of the word INVOLUE? [*c,’¢,5!]

30.A committee of 7 has to be formed from 9 boys and 4 girls. In how many ways
can this be done when the committee consists of 1) exactly 3 girls[Ans: ’¢c,c,]

i) at least three girls.[’c,*c, + ¢, %c,]

31.A group consists of 4 girls and 7 boys. In how many ways can a team of 5
members be selected if the team has i) no girls ii) at least one boy iii) at least
one boy and one girl iv) at least three girls.

32.In how many ways four cards selected from the pack of 52 cards? [”c,]

33.How many factors do 210 have?[16(including 1) and 15(excluding 1)]

34.How many factors does 1155 have that are divisible by 3?[Ans:8]

35.Find the number of divisors of 21600.[71(excluding 1)]

36.In an examination minimum is to be scored in each of the five subjects for a pass.
In how many ways can a student fail?[Ans:31]

37.In how many number of ways 4 things are distributed equally among two persons.

41
(2n?
38.In how many ways 12 different things can be divided in three sets each having
123! ]

(4" 3!

39.In how many ways 12 different things can be distributed equally among three

12!3 ]

4!

40.How many different words of 4 letters can be made by using the letters of the
word EXAMINATION?[Ans:2454 ]

41.How many different words of 4 letters can be made by using the letters of the
word BOOKLET?([

four things? [Ans:

persons?[Ans:
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42 .How many different 5 lettered words can be made by using the letters of the
word INDEPENDENT?[Ans:72]

43.From 5 apples, 4 oranges and 3 mangos how many selections of fruits can be
made?[Ans:119]

44 Find the number of different sums that can be formed with one rupee, one half
rupee and one quarter rupee coin.[Ans:7]

45. There are 5 questions in a question paper. In how many ways can boy solve one
or more questions?[Ans:31]

Important formulas:
1. The number of arrangements taking not more than q objects from n objects,

q
provided every object can be used any number of times is given by Zn’ .

r=1

2. Number of integers from 1 to n which are divisible by k is [g} where [ ] denotes

the greatest integral function.

3. The total number of selections of taking at least one out of
DL+ Dyt + p,objects where p, are alike of one kind, p,are alike of another
kind and so on e ..p,are alike of another kind 1s equal to
[(p, + D(Py +Deeeen(p, +D]-1

4. The total number of selections taking of at least one out of
DiF Dyt + p, +sobjects where p, are alike of one kind, p,are alike of another
kind and so on - ..p,are alike of another kind and s are distinct are equal to

{[(p, +D(p, +D......... (p, +DI2°} -1

5. The greatest value of "c,is "¢, where

r

kzgifne 2m,me N

_n-l or n+1ifne 2m+1Vme N
2 2
" 2
6. Number of rectangles of any size in a square of size nxn=)r’ = (”(”2"' l)j
r=1
7.  Number of squares of any size in a square of size nxn= Zrz :n(n+1)6(2n+1)
r=l1

8. Number of squares of any size in a rectangle of size mxn = Z(m—r+1)(n—r+1)
r=1
9. If m points of one straight line are joined to n points on the another straight line,
then the number of points of intersections of the line segment thus obtained
—m n. —mn(m—=1D(n-1)
="c,"c,= 1 .

10. Number of rectangles formed on a chess board is’c,’c,.

11. Number of rectangles of any  size In a rectangle of  size

mxn=(n<m=""c,""c, = %(m +D)(n+1)
12. The total number of ways of dividing n identical objects into r groups if blank

n+r—1

groups are allowed is c

r=1°
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13. The total number of ways of dividing n identical objects into r groups if blank
n—1

groups are not allowed is "¢, ;.

14. The exponent of k in n! is E, (n!) :[ﬁ}_{%}{%}{%}_ ........ {i} where k? <n
k k k k k?
15. The sum of the digits in unit’'s place of the numbers formed by n nonzero distinct
digits is
(sum of the digits) (n—1)!
16. The sum of the numbers formed by n nonzero distinct digits is (sum of the digits)

(n—1>!(10" ‘1j
9

17. Derangements: If n items are arranged in a row, then the number of ways iIn
which they can be rearranged so that no one of them occupies the place

assigned to it is n![l—l+l—l+ ............. +(-D" i}
1 2! 3 n!

Exercise:
1. In how many ways can 5 beads out 7 different beads be strung into a string?
2. A person has 12 friends, out of them 8 are his relatives. In how many ways can
he invite his 7 friends so as to include his 5 relatives?
(a) 8Cs x 1Cy (b) ¥C; (c) '“Csx Cs (d) none of these
3.1t is essential for a student to pass in 5 different subjects of an examination then the
no. of method so that
he may failure

(a) 31 (b) 32 (c) 10
(d) 15
4. The number of ways of dividing 20 persons into 10 couples is
2m 2m
(a)2" (b)?°C1g () 29" (d) none

of these
5. The number of words by taking 4 letters out of the letters of the word
‘COURTESY’, when T and S are always included are
(a) 120 (b) 720 (c)
360 (d) none of these
6. The number of ways to put five letters in five envelopes when one letter is kept in
right envelope and four letters in wrong envelopes are—

(a) 40 (b) 45 (c) 30
(d) 70
5
¢, 1 Z v
7. r=I 1s equal to
(a) °'Cy (b) °*C, (c) *3C, (d) none
of these
8. A candidate is required to answer 6 out of 10 questions which are divided into

two groups each containing 5 questions and he is not permitted to attempt
more than 4 from each group. The number of ways in which he can make up
his choice is

(a) 100 (b) 200 (c) 300 (d) 400



14
9.0ut of 10 white, 9 black and 7 red balls, the number of ways in which selection of
one or more balls can be made, is

(a) 881 (b) 891 (c) 879
(d) 892
10.The number of diagonals in an octagon are
(a) 28 (b) 48 (c) 20
(d) none of these

Q26.0ut of 10 given points 6 are in a straight line. The number of the triangles formed
by jolning any three of them is
(a) 100 (b) 150 (c) 120

(d) none of these

Q27.In how many ways the letters AAAAA, BBB, CCC, D, EE, F can be arranged in a

row when the letter C occur at different places?

12! 13- 120 g 13!
131721 x G 13171 X : 1317213
(a) 51312! (b) 51312 (c)31312131 (d)

none of these

QR28.A 1s a set containing n elements. A subset P of A is chosen. The set A is
reconstructed by replacing the elements of P. A subset Q of A is again chosen. The
number of ways of chosen P and Q sothat P C Q =f is
(a) 2"~ *"C, (b) 2" (c) 2"~ 1

(d) 3"

Q29.A parallelogram i1s cut by two sets of m lines parallel to the sides, the number of
parallelograms thus formed is
m* {m + ]}2 (i + 2}:
(a) 4 (b) 4 (c) 4 (d)
(m + Z}Irlm + ]}:
4

Q30.Along a railway line there are 20 stations. The number of different tickets required
in order so that it may be possible to travel from every station to every station is
(a) 380 (b) 225 (c) 196

(d) 105

Q31.The number of ordered triplets of positive integers which are solutions of the
equation x + y + z =100 1s
(a) 5081 (b) 6005 (c) 4851

(d) none of these

Q32.The number of numbers less than 1000 that can be formed out of the digits O, 1, 2,
3, 4 and 5, no digit being repeated, is
(a) 130 (b) 131 (c) 156

(d) none of these

Q33.A variable name in certain computer language must be either a alphabet or
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alphabet followed by a decimal digit. Total number of different variable names that can
exist in that language 1s equal to
(a) 280 (b) 290 (c) 286

(d) 296

Q34.The total number of ways of selecting 10 balls out of an unlimited number of
identical white, red and blue balls is equal to
(a) 12C2 (b) 12C3 (C) 10C2

(d) 10C;

Q35.Total number of ways in which 15 identical blankets can be distributed among 4
persons so that each of them get atleast two blankets equal to
(a) 10C3 (b) 9C3 (C) HCg

(d) none of these

Q36.The number of ways in which three distinct numbers in AP can be selected from
the set 11, 2, 3, -+, 24}, is equal to
(a) 66 (b) 132 (c) 198

(d) none of these

Q37.The number of ways of distributing 8 identical balls in 3 distinct boxes so that none
of the boxes 1s empty 1s:
(a) 5 (b) 21 (c) 3°

(d) °Cs

QR38.The number of ways in which 6 men and 5 women can dine at a round table if no
two women are to sit together 1s given by:
(a) 6! x 5! (b) 30 (c) 5! x 4!

(d) 7! x 5!

Q39.If "C, denotes the number of combinations of n things taken r at a time, then the
expression "C,+ 1 + "C,-1 + 2 x "C, equals:
(@ ", (b) " £, s (o) e

(d) ntIC

Q40.If the letters of the word SACHIN are arranged in all possible ways and these are
written out as in dictionary, then the word SACHIN appears at serial number
(a) 600 (b) 601 (c) 602

(d) 603

Q26.The number of numbers is there between 100 and 1000 in which all the digits are
distinct is
(a)648 (b) 548 (c)448

(d) none of these

Q27.The number of arrangements of the letters of the word ‘CALCUTTA’ is
(a)5040 (b) 2550 (c)40320
(d) 10080
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Q28. How many different words can be formed with the letters of the word
“PATLIPUTRA” without changing the position of the vowels and consonants?
(a)2160 (b) 180 (c)720

(d) none of these

Q29. How many different words ending and beginning with a consonant can be formed
with the letters of the word ‘/EQUATION’?
(a)720 (b) 4320

(c)1440 (d) none of these

Q30.The number of 4 digit numbers divisible by 5 which can be formed by using the
digits O, 2, 3, 4, 5 is
(a)36 (b) 42 (c) 48

(d) none of these

Q31.The number of ways in which 5 biscuits can be distributed among two children is
(a)32 (b) 31 (c)
30 (d) none of these

Q32.How many five-letter words containing 3 vowels and 2 consonants can be formed
using the letters of the word “EQUATION” so that the two consonants occur together?
(a)1380 (b) 1420 (c)1440

(d) none

Q33.If the letters of the word ‘RACHIT  are arranged in all possible ways and these
words are written out as in a dictionary, then the rank of this word is
(a)365 (b) 702 (c)481

(d) none of these

Q34.0n the occasion of Dipawali festival each student of a class sends greeting cards to
the others. If there are 20 students in the class, then the total number of greeting cards
exchanged by the students is
(2)?°C, (b) 2. 2C, (©)2 . 2P,

(d) none of these

Q35.The sum of the digits in the unit place of all the numbers formed with the help of 3,
4,5, 6 taken all at a time is
(a)18 (b) 108 (c)432

(d) 144

Q36.How many six digits numbers can be formed in decimal system in which every
succeeding digit i1s greater than its preceding digit
(a) "Pg (b) '%pq (c)’P3

(d) none of these

Q37.How many ways are there to arrange the letters in the work GARDEN with the
vowels in alphabetical order?



17
(a) 120 (b) 240 (c)360
(d) 480

Q38.A five—digit numbers divisible by 3 is to be formed using the numerals O, 1, 2, 3, 4
and 5, without repetition. The total number of ways this can be done is
(a)216 (b) 240 (c)600

(d) 3125

Q39.How many different nine digit numbers can be formed from the number 223355888
by rearranging its digits so that the odd digits occupy even positions?
(a)16 (b) 36 (c) 60

(d) 180

Q40.The number of arrangements of the letters of the word BANANA in which the two
N’s do not appear adjacently is
()40 (b) 60 (c)

80 (d) 100
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THE BINOMIAL THEOREM

Binomial expression:

An algebraic expression consisting of only two terms 1s called a binomial
expression.

Ex: i) x+v i) 4x -3y iii) x°+y?iv) x*- 1/a°
Binomial theorem:

The formula by which any power of a binomial expression can be
expanded in the form of a series is known as binomial theorem. This theorem
is given by Sir Issac Newton.

Binomial theorem for positive integral index:
If n is a positive integer

Y e xR g e Ty e e e Ty

n

(x+ )" ="cox"y" +"c,x
Note:

1) Number of terms in the expansion of (x + y)" is n+ 1.

2) In the expansion of (x + y)", the sum of the powers of x and y is equal to n.
3) ey, ey, ey, "¢, are called coefficients of 1%, 2™ .- .(n+ D™ terms

n

respectively. These are called binomial coefficients.
Pascal's triangle:

The coefficients of the binomial expansion for different values of n are written
in the form of triangle as shown below.

1 n=0
1 1 n=1
1 21 n=2
1 3 31— =3
14 6 4 1 n=4
1 5 10 10 5 1 n=>5
1 615 20 15 6 1 n=6

This triangular array is called Pascal's Triangle.

Each row gives the binomial coefficients. That is, the row 1 2 1 are the
coefficients of (a+ b) 2. The next row, 1 3 3 1, are the coefficients of (a + 5b)
% and so on.

To construct the triangle, write 1, and below it write 1 1. Begin and end
each successive row with 1. To construct the intervening numbers, add the
two numbers immediately above.

Thus to construct the third row, begin it with 1, and then add the two
numbers immediately above: 1+ 1. Write 2. Finish the row with 1.

To construct the next row, begin it with 1, and add the two numbers
immediately above: 1 + 2. Write 3. Again, add the two numbers
immediately above: 2+ 1 = 3. Finish the row with 1.

Some special forms of Binomial expansion:



(x+y)n :ncoxny0+nclxn—1yl+nczxn—2y2+nc3xn—3y3+“.“.“.“.+ ncnxn—nyn“. (1)
n
:z ncrxn—ryr
r=0

Put —x in place of x, we get

n-1_1

(x_y)n :ncoxnyo_nclx y +nczxn—2y2_nc3xn—3y3+ ,,,,,, + (_l)nncnxn—nyn.“(z)

— z(_l)r ncrxn—ryr
r=0
Put x =1 in (1)

(1+y)n — ncolny() + nclln—lyl + nczln—zyz + nc31n—3y3 + A ncnln—nyn

=1+ nC1y+ "C2y2 + ”C3y3 R TR o yn

— z ncryr

r=0

Put x = 1 in (2)
(1_y)n :ncolnyo_nclln—lyl+nczln—ZyZ_nc31n—3y3+.“.“,“.“+ (_1)nncn1n—nyn

=1_nc1y+ nczyZ_ nc3y3 +.........---+ (_l)nyn

=2 (=D ey
r=0

Problems:

1) Expand (x — 1)°.

Solution: According to Pascal's triangle, the coefficients are
1 6 15 20 15 6 1.

In the binomial, xis "x", and —1 is "y". The signs will alternate:

(x— 1)°= % —6x+1+ 15x" 12 — 20x- 1° + 15x*- 1* — 6x 1° + 1°

¥ —6x+ 156x" — 20X + 16x2 — 6x+ 1

2) The term 4&°b" occurs in the expansion of what binomial?

Answer. (a+ A)'?. The sum of 8 + 4 is 12.

3). Use Pascal's triangle to expand the following.
a) (a+ b’ = 2+ 32b+ 3ap+ b
b) (a— b = a°— 3ab+ 3ab* — b
o) (x+ ' = ¥+ 4xy+ 6x22 + 4x37 + 5
d (x— ' = X 48y + 62292 — 4xy” +
e) (x—1° = x —5x+ 10x"— 10x2+ 5x— 1
f) (x+ 2)° = ¥+ 10x" + 40x" + 80x2 + 80x+ 32
g) 2x— 1) = 8x — 12x*+ 6x— 1

19
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Exercise:

1) Expand i)(x+lj ii)(x—lj =0 iiD@x-3y) iV’ +2a) V(+x+x>)
x y

Vi)(l—x+x2)4

6

2) Expand (a+5b)° - (a-b)° .hence find the value of (V2 +1) - (V2 -1
3) Simplify (x+\/x—1)6—(x— x—l)6

4) If A be the sum of odd terms and B be the sum of even terms in the
expansion of (x+a)", then prove that

1) A>-B* = (x2 —az)n ii) 2(A*+B%) = (x+a)2" +(x—a)™
5) The first three terms in the expansion (I1+y)"are 1, 10 and 40, find the
expansion.

6) Using binomial theorem compute (99)°

7) Find the exact value of (1.01)°

8) Which is larger (1.2)*°% or 800?

9) Which is greater (1.1)1%°%° or 1000?

10) Show that (101)°°> (100)*" + (99)*.

11) Prove that z "c.3"= 4",

r=0

12) Prove that "¢, + "¢, +"c, + "cy+ e ret e = 20,

13) Prove that product of k consecutive numbers is divisible by k!.
General term in the expansion (x + y)*:

n

(x+ y)n — ”coxnyo + nclxn—lyl + nczxn—ZyZ + nc3x —3y3 + cescescssceet nc X y

In the above expansion the (r+ 1)th term is given by

_n n—r _.r
Tr+1 - Cr'x y

this is called the general term of the expansion.

Putting r=0,1,2,3,4*-...n we get 15" ,2°0 ...... ..,(n+ Dth terms respectively.
Middle term in the expansion (x + y)™

Case- i) nis even

If n 1s even then the number of terms in the expansion is n+ 1 which 1s odd.
Therefore the number of middle terms in the expansion is one and the term is

g+l th term.

Case- ii) n is odd
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If n 1s odd then the number of terms in the expansion is n+ 1 which is even.

Therefore the number middle terms in the expansion are two and the terms are

n+1 n+3

th and th terms.

Greatest coefficient in the expansion (x + y)":

In any binomial expansion the middle term has the greatest coefficient. If
there are two middle terms then their two coefficients are equal and greater.

Prob : If n be a positive integer, prove that the coefficients of the terms in the
expansion of (x+y)" equidistant from the beginning and from the end are equal.

In the expansion of (x+y)"
Co efficient of 1°' term from beginning = "¢,
Co efficient of 2° term from beginning = ¢,

Co efficient of 3™ term from beginning = "

|
)
(38

Co efficient of r th term from beginning = "¢

r—1
Now

Co efficient of 1°' term from end = "¢

n

Co efficient of 2" term from end = "¢

n—1

Co efficient of 3" term from end = "c,_,

Co efficient of r th term from end = "¢,_,_,

n

Since’c,, = "c,_,are equal. We can say in the expansion of (x+y)" , the co

efficient of r th term from beginning and end are equal.

Note: In the binomial expansion, the r th term from the end is equal to (n—r+2)th
term from the beginning.

Problems:
1) Find the 4 th term in the expansion of (x—2y)'

3Jx

18
2) Find the 13 th term in the expansion of (9X_LJ ,x#0.
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3 9
3) Find the 5 th term from the end in the expansion of (%—ij )

4) Write the general term in the expansion of (x2 - y)6.

5
5) If x >1 and the third term in the expansion of [l+xl°g'°"j 1s1000, find the

X
value of x.

6) If the 21" and 22" terms in the expansion of (1+x)*! are equal then find the
value of x.

7) In the binomial expansion of (a-b)", n>5, the sum of 5" and 6" terms is

zero, then find %.

10
8) Find the middle term in the expansion of (g-wj .

12
9) Find the middle term in the expansion of (x—zij )
X

7
10) Find the middle term in the expansion of (sz —lj )
X

11) Find the middle term in the expansion of (1—2x+2x2)".

2n
12) Prove that the middle term in the expansion of (x+lj 1S
X

1.3.5.7.....2n-1)2"

n!

2n
13) Show that the greatest coefficient in the expansion of (x+lj 1S
X

1.3.5.7.....2n—-1)2"
n! ’
14) Show that the coefficient of the middle term in (1+ x)*" is equal to the sum
of the coefficients of two middle terms in (1+x)*""!.

3 10
15) Find the coefficient of 1/y? in (y—c—zj .
y

16) Find the coefficient of x ¥ in (1+3x+3x +x*)°.
17) Find the coefficient of x **in (1+2x+x*)".
3x* 1

9
18) Find the term independent of x in (7—3—) .
X

19) Given that the fourth term in the expansion of [px+lj .is B/2, find n and
X

D.

10
20) Find the value of k so that the term independent of x in (\/;+£2j is 405.
X

)m+n

21) In the expansion of (1+a , prove that the coefficient of a™ and a" are

equal.
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22) Find a if the coefficient of x° and x° in the expansion of (3+ ax)” are equal.

23) If the coefficients of a* !, a"a"™"! in the binomial expansion of (1+a)" are i1
A.P. prove that n®-n(4r+ 1)+ 4r°-2=0.
8
24)  Find the coefficient of x ' in (1+ 3x°+ X4)(l+lj .
X
25) If n be a positive integer, then prove that 6°"-35n-1 is divisible by 1225.
26) Find the

9
a) 7" term in the expansion of ﬂ—ij
5 2x
th . . x 3a)’
b) 9" term in the expansion of | =-=
a X
7 10
¢) 5™ term in the expansion of %—Sbj and (sz —3%)
X

27) Find a, if the 17" and 18" terms of the expansion (2+a)°" are equal.

2
X

3 9
28) Find the r th term from the end in (%—i]

29) Write the general terms in the following expansions.

D (1-x) i) (x—izj iif) (xz—lj x#0
X

X

2n+1

30) Find the general term and middle term in the expansion of (§+%] n being
positive integer.
31) If n is a positive integer, show that

1) 4"-3n-1 is divisible by 9.

ii) 2°"-31n-1 is divisible by 961.
32) Using binomial theorem prove that 6"-bn always leaves the remainder 1
when divided by 25 for all positive integers n.
33) Find the middle terms in the expansions
~ (2x 3y Poo(2x 3\ .. (x y7. 2 S\ Y
i) (———j ii) (———j ii1) (———J V) (1+x)"v) (1-2x+x?) Vl)(3——]

3 2 3 2x y X 6

34) Find the coefficient of

9 11
1) X in the expansion of (Zx—éj ii) x” in the expansion of (3x2 +5Lj
X X
1 20 . 3a 15
iii) x” in the expansion of (sz ——j iv) x** in the expansion of (xz ——j
X X
1 9 1 11
v) x” in the expansion of (xz —3—j vi) x 7 in the expansion of (2x—3—2j
X X
vii) x” in the expansion of (x+3)° viii) x” in the expansion of (x+3)’

2 %) x°y? in in the expansion of (x+y)’

ix) a’b’ in the expansion of (a—2b)
35) If the coefficients of x,x° and x° in the binomial expansion (1+x)*" are in

A.P then prove that 2n®-9n+ 7=0.
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36) Find the positive value of m for which the coefficient of x in the expansion
of (1+x)" is 6.

37) Find the term independent of x in the following binomial expansion(x=0).

2n 14 13 12 10
i) (x+lj i) (x—lj iif) (2x2+lj iv)(x2+lj W |2+
X X X X 3 2x
12 25 2 6 15 10
vi) (2x2—lj vii) (2;&-%} viid [ L i (XS _izj ) (xz 3 j
X X 2 3x X X

% 8 12
x1) {%+x 3} Xii) (x—lj Xiii) (%/;+

1 18
23\5]
38) If three consecutive coefficients in the expansion of (1+x)" be 56, 70 and
56., find n and the position of the coefficients.
39) If three successive coefficients in the expansion of (1+x)" be 220, 495 and
972., find n.
40) If coefficients of (r—1)th, rth and (r+ 1)th terms in the expansion of (x+ 1)"
are 1in the ratio 1:3:5. Find n and r.
41) If the coefficients of 5%, 6™ and 7" terms in the expansion of (1+x)" are in
A.P, Find n.
42) If the coefficients of 2™, 3" and 4" terms in the expansion of (1+x)" are in
A.P, show that 2n®-9n+ 7=0.
43) In the expansion of (1+a , prove that the coefficient of a™ and a" are equal.
44) Find a if the coefficient of x* and x° in the expansion of (3+ ax)” are equal.
45) If coefficients of a” !, a",.a™ ' in the expansion of (1+a)" are in A.P. Prove
that

n“-n(4r+ 1)+ 4r*-2=0.

X

)m+ n

10
46) Find the coefficient of x* in the expansion of (1+3x+10x2). (x+lj
X

8
47) Find the coefficient of x ! in the expansion of (1+3x2 +x4)(x+lj
X

48) Find n if the if the coefficient of 4™ and 13™ terms in the expansion of
(a+b)" are equal.

49) If in the expansion of (1+x)"’ the coefficient of (2r+ 1)th term is equal to
the coefficient of (r+2) th term , find r.

50) If three consecutive coefficients in the expansion of (1+ x)" be 165, 330 and
462., find n and the position of the coefficients.

51) If aj,as,as and as be any four consecutive coefficients in the expansion of

)43

a a 2a
1 4 3 — 2 .
a,+a, as;+a, a,+a,

52) If 2nd, 3™ and 4" terms in the expansion of (x+y) ™ be 240,720 and 1080
respectively find x, y and n.

(1+x)", prove that

53) If the coefficients of three consecutive terms in the expansion of (1+a)"
are 1n the ratio 1:7:42. Findn .
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54) if in the binomial expansion a,b,c and d be 6% 7% 8" and 9" terms
b’ —ac 4a

respectively, prove that =—,
P Vo P ¢’ =bd 3c

Binomial expansion for fractional index:

r

(A+x)" =1="cx+ "c,x> = "™ex’ +.+ (=) "o x+ ,|x| <l,neQ
To determine numerically greatest term in the expansion of (x+ y)" (Vne N):i—

It 1s always better to consider (I1+x)"in place of (x+y)". For this take one

10
of x and y common preferably the greater one. For example(5+7)" :710[1+§j ,

10
now one should find the greatest term of [1+§j and multiply it by 7. So it is

sufficient to consider the expansion of 1+x)", |+<1.
Method to determine numerically greatest term in the expansion of (1+x)":

Steps:

x(n+1)
x+1
2. If ris an integer then T, and T,+; are equal and both are greatest terms.
3. If r is not an integer, there T|.+; is the greatest term wherel ] denotes
the greatest integer part.

1. Calculate r=

Some important conclusions from the binomial theorem:

1) If nis odd then (x+a)"—(x—a)"and (x+a)" +(x—a)" both have equal no of

terms and the number of terms arenTH.

2) If n is even then (x+a)" —(x—a)" has% terms and (x+a)" +(x—a)" has %H

terms.

Some important products:

D rP=r(r—-D+r

2) rP=rr=Dr-2)+3r(r-D+r

3) rr=r(r=Dr=2)r-3)+6r(r—-D(r-2)+Tr(r—)+r

4) (x—a)x=b)(x—c)=x>—(a+b+c)x* + (ab+bc+ca)x —abc

4 4 4 4
5) (x—al)(x—az)(x—a3)(x—a4)=x4—Zaix3+Zaiaj x? - z aiajakx—Hai
i=1 i=1

i# j=1 i# jk=1
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Some important short cuts:
1) If a, b, ¢ are three consecutive coefficients in the expansion of (1+ x)" then the
values of n and r are given by
. 2ac—i2-b(a+c) and 7= a(b+c)
b —ac b —ac

2) If the coefficient of x",x""'in the expansion (a+%j are given then the value of
nis
n=ab(r+1)+r
3) If the coefficients of T, ,T,+1, Ti+9 in the expansion of (1+x)"are in A.P then
the value of r 1s given by

+ /
r= %,Vme N
4) If the coefficients of T, ,T,+1, Ti+2 in the expansion of (1+x)",Vne N are in the
ratio a : b : ¢ then the value of r is given by
. a(2b+c) and n= 2ac-|2-b(a+c)
b” —ac b” —ac
5) If in the expansion of 1+x)", p™term = q™ term then p + q =n + 2

Identities involving Binomial coefficients:
We know the binomial coefficients are”c,, "¢, "c,, "c3,*****=*=*=*,"¢c, . Through out

this chapter we write these coefficients as c,,¢;,¢yeerenne. ,c, for convenience.
1. Prove that ¢, +c¢, +c¢, + e +c, =2"
Proof:
we have
(1+ y)n — ncolnyO + nclln—lyl + nczln—2y2 + nc31n—3y3 + B ncnln—nyn

Put y = 1 we get

CotC +CyFann e, =2" e (1)
2. Prove that ¢, —c, +¢, — .. +(=D"¢c, =0
Proof:
we have
(1+y)" = "colnyo + nclln—lyl + nczln—zyz + nc31n—3y3 T I LT

Put y = -1 we get

Co—CpHCy = +(=D)"c, =0 e (2)
3. Prove that ¢, +c, +c, + ... =2""and ¢, +c¢; +cy Fonnn =2""
Proof:

Adding (1) and (2) we get ¢, +c, +¢, + e =2""

Subtracting (1) and (2) we get ¢, +¢; +¢5+ e =2
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4. Prove that [l+iJ(l+c—2j(l+c—3j ............ (1+ & J: (ntD)"
Co c C, C,. n!

Proof:
Let us take ¢ _ n! ><(r—l)!(n—r+1)!:n—r+1
c,, rl(n—-r)! n! r
Now putting r=1,2,3-- - ,n we get
C_ G _n-l ¢ _n=2_ ... .. c, _1
6 a2 ¢ 3 Ve on

_ (I+n)I+n)........ (I+n)(ntimes) _(n+1)"
- 1.23.m ol

5. If P be the sum of the odd terms and Q be the sum of the even terms in
the expansion of (a+x)", then prove that (a*> -x*)" =P*-Q?

6. Find the sum of 1+lc1+lc2+ .......... ot c,
2 3 n+1
Proof: 1°" method
1 1
I+—c, +=c, +.nnn. + c,
3 n+1
:1+ln+ln(n—_l)+ .......... + !
3 2 n+1
- ((n+1)+ln(n+l)+lw+ .......... +1)
n+1 2 3 2!
1 n+ n+ n+ n+
=n+1( e+ e, " ey + +e )
1
- 2n+l_1
n+1( )
2" method
we have
(1+y)n =1+ C1y+ C2y2 + C3y3+............+ Cny”

now integrating both sides w.r.to y under the limits O and 1 we get the
answer

. c c c c
7. Find the sum of - +2-2+32+........... +n—2
Co G ) Coi
Proof:
c n! r=D!n—-r+1)! n-—-r+1
Let us take — = ><( A " _
c,, rl(n—-r)! n! r
Now putting r=1,2,3++- - ,n we get
¢ _ ¢, _n—=1 ¢ n=2__ . .. c, _1
Co ’ c 2’ c, 3 v c,, N
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now
S 408 35 +nSn
CO Cl Cz Cn—l
=n+2n_1+3n_1+ ........ +nl
=n+n—=-D+n—=2)+ e +1
_n(n+l)
2
: '
8. Show that 1) ¢,"+¢, " +¢," +n +c,’ 22:1))2
n.
1 2n)!
11) cocl +clcz +c2c3 Forriennns +cn—lcn :L
(m=D!(n+1)!
|
1i1) CoCy T CiCyt 0y, +onnnn. +c,,C, = (Zn)
(n=2)!(n+2)!
Proof:
We have

(1+y)n :C0+C1y+C2y2+c3y3+............+ c yn cesereciecineee (1)

n

and (y+1)" :coy”+cly"_1+ czy”—z+c3y”_3+............+ cn................(2)

now multiplying (D and (2) we get
A+ )" =(cy+ c,y+ c,y* + ey’ + e + e, y" e,y + ey + ey At e ) .
3)
from L.h.s
(1+y)2n:2nco + 2ncly+ ZnC2y2 NEPPPRTE “+ chn_lyn—l + chnyn + 2ncn+1yn+l e + chznyZn
~..(4)
i) Equating the coefficients of y" in the right hand side of (3) and (4) we
get
¢, e+, Fa +c, ="c,
=) e HC, . +c’ = (Zn);
(n!)
ii) Equating the coefficients of y"" in the right hand side of (3) and (4) we
get
cC +¢,cy+Cy0y Fannnnnn. +c, ,c,="c,
= €0y FC\Cy FCrCy F . + (2n)!

Cn—lcn =
(n-D!'(n+1)!
iii) Equating the coefficients of y"? in the right hand side of (3) and (4) we

get
CoCy +C,C3+CoCy F i +c, ,c,="c, ,
(2n)!
= CyCy + €105 +CoCy F . +c,.,C

" =2+ 2)!
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9. Prove that ¢, —2%¢, +3%c, —ouu..... +(=)"(n+D’c, =0 ,n>2
10. R I R T R 451 n2" 41
2 3 4 5 n+2 (n+)(n+2)
11. Prove that
i) ey e+ e, e W, + e, =27 [ Hints:
Cote eyt +c, =2"]
1) e + ey + Meg e ot e, =27 [Hints! ¢, +c¢, +¢5 + e, =2""]
i) ¢, +2c, +3¢; + .. +nc,=n2""

[Hints: take (1+x)" then differentiate w.r.to x both sides then put
x=1both sides]

V) ¢, +3c, +5¢, +eeenan, +Q2n+1)c, = (n+1)2"
[Hints: write it as (¢, +¢, +¢, + . +c,)+ 2(c, +2c, +3c, + . +nc,)]
12. Find the sum of
1) ¢, =2c,+3¢; = +(=1)""nc,

[Hints: take (1-x)" then differentiate w.r.to x both sides then put
x=1both sides]

i) 1.2¢, +2.3¢, + .. +(n-Dnc,

[Hints: take (1+x)" then differentiate w.r.to x both sides then again
differentiate both sides w.r.to x and then put x=1both sides]

i) ¢, +2%c, +3%C3 + e +n'c

[Hints: take (1+x)" then differentiate w.r.to x both sides then multiply x
both sides then again differentiate both sides w.r.to x and then put x=1both
sides]

V) ¢, +2¢, +3¢, + . +(n+1c,

[Hints: take (1+x)" then multiply x both sides then differentiate w.r.to x
both sides and then put x=1both sides]

V) ¢y —2¢,+3C, = +(=D)"(n+1)c,
[Hints: take (1-x)" then multiply x both sides then differentiate w.r.to x
both sides and then put x=1both sides]

c

n

n+1
[Hints: take (1-x)" then integrate both sides w.r.to x under the limits O
and 1]

13. Show that

I -1!
i) C12 +2C22+3C32 Forerenn +nc’ —M

" (=D
[Hints: do like problem no.8]
1) ¢, +2c,+3¢, + e, +(n-c, =1+(n-2)2""
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Inequality

First we will discuss about AM (Arithmetic mean), GM (Geometric mean) and
HM (Harmonic mean).

AM of any n positive real number is defined as = (x1 + x2 + ..... + Xn)/n.

GM of any n positive real number is defined as = (X1X2....Xn)1/n

HM of any n positive real number is defined as = n/{(1/x1) + (1/x2) + ....
+ (1/xn)}

Theorem: AM = GM = HM

Proof: Let, a and b are two positive real humbers.

Then, (a-b)2>0

= (a+b)2-4ab=0
a + b)2 = 4ab

(a + )/Z}ZZab

a + b)/2°2 V(ab)
AM > GM

g 4 4 4

This is proved for two positive real numbers. It can be extended to any
number of positive real numbers.

Now, we have, (a + b)/2 = V/(ab)
1/V/(ab) = 2/(a + b)
\/%abi/ab > 2/(a + b)

v

V(ab) = 2ab/(a + b)
V(ab) = 2/{(1/a) + 1/b)}
GM = HM

g 4 3 38

This is proved for two positive real numbers. It can be extended to any number
of positive real numbers.

Equality holds when a = b.

Note that “positive” is written in Italic to emphasize on the word that whenever
you will be using AM = GM = HM then all the real numbers must be positive.
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Problem 1: Prove that a3 + b3 + ¢ = 3abc where a, b, c are positive
real numbers.

Solution 1: Applying AM > GM on a3, b3 and 3 we get,
@3 + b3 + 3)/3 = (@%p33)V3
(@3 + b3 + c3)/3 = abc
= a3 + b3 + 3 = 3abe.

Weighted AM, GM, HM: If xi1, x2, ..... , Xn are n real numbers with weights
w1, W2, ...., Wn then weighted AM is defined as,

Weighted AM = (xiw1 + x2w2 + .... + Xnwn)/(W1 + W2 + ..... + wn)
Weighted GM = {(x1"1)(x2"2)..... (XnWn) 3 AN{1/(wW1 + w2 + cee. + Wn)}
Weighted HM = (w1 + w2 + .... + wn)/{(w1/Xx1) + (w2/x2) + ....+ (Wn/Xn)}

Also, Weighted AM = Weighted GM > Weighted HM but remember the word
positive whenever applying this.
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Combinatorics

Fundamental theorem: If a work can be done in m ways and another work
can be done in n ways then the two works can be done simultaneously in mn
ways.

Note: Emphasize on the word simultaneously because most of the students
get confused where to apply multiplication and where to apply addition. When
both the works need to be done to complete a set of work then apply
multiplication and if the works are disjoint then apply addition.

Permutation: There are n things and we need to take r things at a time and
we need to arrange it with respect to order then the total number of ways is

P where "Pr = n!/(n - r)!.

For example there are 3 tuples (1, 2, 3)

6 permutations are possible = (1, 2, 3); (1, 3, 2); (2,1, 3); (2, 3, 1); (3, 1,
2)and (3, 2, 1)

Now, we will check by the formula.

Here number of permutations = 3p; = 31/(3 - 3)! = 3x2/1 = 6.

Proof: We can take 15t thing in n ways, ond thing in (n — 1) ways, ..... ,

thingin{n-(r-1)} = (n-r+ 1) ways.

By fundamental theorem,
total number of ways = n(n - 1)(n - 2)....(n - r + 1)

=nnh-1)(Nn-2)...n-r+1)(n-rn-r-1)...2x1/{(h-r)(n -r -
1)..... x2x1}

(Multiplying numerator and denominator by (n = r)(n - r - 1).... x2x1)

=n!/(n - r)!

So, "Pr = nl/(n - )!
Proved.
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Combination: If there are n things and we need to select r things at a time
(order is not important) then total number of ways of doing this = "Cr =
n!/(n - r)! xrl.

For example, there are 5 numbers (1, 2, 3, 4, 5). We need to select 3 at a
time.

Total number of ways = (1, 2, 3); (1, 2, 4); (1, 2, 5); (1, 3, 4); (1, 3, 5);
(1,4,5); (2,3,4); (2,3,5); (2,4,5); (3,4,5) i.e. 10 number of ways.

Now, we will check by formula.
Here number of combinations = °C3 = 51/(5 - 3)! x2! = 5x4x31/3!1 x2 = 10.

Note that here (1, 2, 3) is equivalent to (1, 3, 2) etc. as order is not
important in combination but this is important in permutation.

Proof: Now, the order is not important.

Hence the number of ways r things can permutate among themselves is r!.

Therefore, r! x"Cr = "Pr = n!/(n - r)!

=
NCr = n!l/{(n - r)! xr!} Proved.

Number of non-negative solution:

Problem: a1 + a2 +....+ ar = n where a;, az, ...., an, n are all integers.
Prove that the number of non-negative solution of the equation is

"G (or, (771))

We will prove it by induction.

Clearly, this is true forr = 1.
Let, this is true for r = k i.e. number of non-negative solution when there

are k variables in the LHS is (N ¥ K= D¢y - 1.

Now, number of non-negative solution for r = k + 1 i.e. when an extra variable
gets added in LHS is XL ("t

k-1

Now, we have to prove that, ¥7.,(" %" = ().
Now, we will prove this by another induction. For, n = 1,
LHS=kC(k—1)+(k_1)C(k—1)= k+1

RHS = K+ Dy = k + 1.
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So, this is true forn = 1.
Let, this is true for n = p i.e. we have, ¥7_ (P77 ) = (*15).
For, n = p + 1, LHS = 3P (P 1kt

1
= (PR -y 4 37 (ks

P+ 4 (PH k>ck

= (p+ K/{(p + DIx(k = 1)1} + (p + k)!/{p!xk!}
= [(p + KI/{(p + 1)!xk!}](k +p + 1)

=(p+ k+ 1)/{(p+ 1)xk!}

= ("""

= RHS forn =p + 1.

Number of positive solutions:

Problem: a1 + a2 + ... + ar = n where ai, az, ..., ar, n are all positive
integers. Prove that number of positive solutions of this equation is

I"-:l'cr-l.
Solution: We will prove this by induction.

Clearly this is true forr = 1.

Let this is true for r = k i.e. if there are k number of variables in LHS then
number of solutions of the equation is N-lcy,

Now, for r = k + 1 i.e. if an extra variable gets added then number of
solutions of the equation is Y= ("'}

We have to prove that, ¥=F ("7 = N-1cy. We will prove this by
another induction.

Clearly this is true for n = 1.
Let this is true for n = pi.e. 37 ("' = P-1c.
Now, for n = p + 1, LHS = ¥+t (?-))= P1Cis + P 1Ck (from above)

= PCk = RHS forn = p + 1.

Proved.
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Problem: Find number of terms in the expansion of (x + y + z + w)".

Solution:

Now, there are 4 variables and any term consists of the 4 terms such that,
X1 + y1 + z1 + w1 = n where X1, y1, z1, w1 are powers of X, y, z, w in any term.
Now, X1, y1, z1, wi runs from O to n.

So, we need to find number of non-negative solution of this equation and we
are done with number of terms of this equation.

From previous article we know, number of non-negative solution of this
equation = "t 1csy = N3¢,

In general if there are r variables then number of terms = "*r1c.1.

Problem: Find number of terms which are independent of x in the
expansion of (x +y + z + w)".

Solution:

Now, x1 = 0. So, we need to find number of non-negative solution of the
equation, y1 + z 1 + w1 = n and then we need to subtract this from N+3c;5 and

we are done with the number of terms which are independent of x.
It is, "*371Csq = "2C,,

So, number of terms which are independent of x = "*3¢3 - "+2¢,,

In general if there are r variables then number of terms excluding one
variable = "*1c.; - N*F2c

Similarly, we can find number of terms independent of x and y and so on.

Problem: Prove that number of ways of distributing n identical things
among r members where every member gets at least 1 thing is "!Cr-1.

Solution: Let, first member gets x1 things, second member gets x2 things
and so on i.e. tt member gets xt things.

So, X1+ X2+ ...+ Xr=n
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Now, we need to find number of positive solutions of this equation because
X1, X2, ..., Xn > 0,

From above it is " 1Cr1.

Problem: In an arrangement of m H’s and n T's, an uninterrupted sequence
of one kind of symbol is called a run. (For example, the arrangement
HHHTHHTTTH of 6 H’s and 4T’'s opens with an H-run of length 3, followed
successively by a T-run of length 1, an H-run of length 2, a T-run of length 3
and, finally an H-run if length 1.)

Find the number of arrangements of m H’s and n T’s in which there are
exactly k H-runs.

Solution: Now, m H’s can be put in k places with k+1 holes (spaces)
between them in ™ 1Ck-1 ways.
Now, k — 1 spaces between the H’s must be filled up by at least one T.

So, number of ways is " 1Ck-.

So, in this case number of ways = M 1Ck-1 x" 1.

Now, if k spaces (i.e. one space from either side first or last) can be filled by
n T's where in every space at least one T is there in N-lci2 ways.

So, total number of ways in this case = 2x™ 1Ck-1x""1Ck-1.

Now, if k+1 spaces (i.e. including first and last space) can be filled up by n
T’'s where in every space at least one T is there in n-lcy ways.

So, in this case total number of ways = m-1c i xN 1y,

So, total number of ways = ™ 1Ck-1("1Ck2 + 2x" 1Ck-1 + ")

= Mo (" 1ck2 + "ICka + "k + "lco

= m_ICk-l(an-l + Ncy) = N-loxn+lc,

Problem: Show that number of ways in which four distinct integers can
be chosen from 1, 2, ..., n (n 2 7) such that no two are consecutive is

equal to "3Ca.

m@m@m@m@m
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We choose 4 integers as shown in figure by circle.

So, there are maximum 5 spaces between them shown in figure by boxes.

Now, let us say, 2, 3, 4 spaces i.e. boxes are to be filled by other n - 4
integers (4 integers already chosen for 4 circles).

Number of ways = N-3¢c, (As number of ways is N-1c. for at least one to be
there)

Similarly, for 1, 2, 3, 4, boxes and 2, 3, 4, 5 boxes to be filled by other n- 4

integers number of ways = 2x"">Cs.

For 5 boxes to be filled by other n — 4 integers number of ways = "Ca.
Total number of ways = "">C2 + 2*¥""3C3 + ""5C4 = (">C2 + "5C3) + ("5Cs +
-5Ca) = M4Cs + Mhcs = 3c,

Problem: Prove that nhumber of ways of distributing n identical things
to r members (no condition) is """ 1C-1.

Solution: Let first member gets xi1 things, second member gets x2 things and
so on i.e. t™ member gets xt things.

We have, X1 + X2 + ... + Xr = n
We need to find humber of non-negative solutions of this equation.

From above it is "t 1.

Proved.

Problem: Find the number of all possible ordered k-tuples of non-
negative integers (ni, n2, ...., nk) such that 3%, n,= 100.

Solution: Clearly, it needs number of non-negative solution of the equation,
ni + n2+ .... + nk = 100.

It is "tk 1oy,
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Problem: Show that the number of all possible ordered 4-tuples of non-
negative integers (n1, n2, n3, n4) such that n1 + n2 + n3 + n4 < 100 is
104Cq,

Solution: Clearly, required number = 3G+ 4 +2C + .. +
_ 104,

Problem: How many 6-letter words can be formed using the letters A, B
and C so that each letter appears at least once in the word?

Solution: Let x1 number of A, x2 number of B and x3 number of C are chosen
where X1, X2, x3 >0

Now, X1 + X2 + X3 = 6.

Number of positive solution of this equation is 6-1c5, = 5¢, = 10.
So, combinations are as follows,

4 A, 1B, 1C, number of words = 6!/4! = 30

3 A 2B, 1C, number of words = 6!/(3!x2!) = 60

3 A, 1B, 2 C, number of words = 6!/(3!x2!) = 60

2 A, 1B, 3 C, number of words = 6!/(2!x3!) = 60

2 A, 2B, 2C, number of words = 6!/(2Ix2!x2!) = 90
2 A, 3B, 1C, number of words = 6!/(2!x3!) = 60
1A, 1B, 4 C, number of words = 6!/4! = 30

1A, 2B, 3C, number of words = 6!/(2!x3!) = 60
1A, 3B, 2C, number of words = 6!/(3!x2!) = 60
1A,48B,1C, number of words = 6!/4! = 30

So, total number of words = 30 + 60 + 60 + 60 + 90 + 60 + 30 + 60 + 60
+ 30 = 540.
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Problem: All the permutations of the letters a, b, ¢, d, e are written down
and arranged in alphabetical order as in a dictionary. Thus the arrangement
abcde is in the first position and abced is in the second position. What is the
position of the arrangement debac?

Solution:

Now, first fix a at first place. Number of arrangements = 4!

Now, fix b at first place. Number of arrangements = 4!
Now, fix c at first place. Number of arrangements = 4!
Now comes d the first letter of the required arrangement.

Now fix d at first position & a at second position.
Number of arrangement = 3!

Fix b at second place. Number of arrangement = 3!
Fix c at second place. Number of arrangement = 3!
Now, comes e at second place and we have de.

Now, fix a at third place. Number of arrangement = 2!
Now comes b which is required and we have deb.

Then comes a and then c.

So, debac comes after (4! + 4! + 4! + 3! + 3! + 3! + 2!) = 92 arrangement.

So, it will take 92 + 1 = 93 position.

Problem: x red balls, y black balls and z white balls are to be arranged in a
row. Suppose that any two balls of the same color are indistinguishable.
Given that x + y + z = 30, show that the number of possible arrangements
is the largest forx =y =z = 10.

Solution:
Clearly, number of possible arrangement is (x + y + z)!/{x!xy!xz!}
= 30!/{x!xy!xz!}

Now, it will be largest when x!Ixy!xz! = minimum.

Letussay,x =12andy =8
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Novg>, 121x8! = 12x11x10!x10!/(10x9) = (12*%11/10*9)*(10!)2

121x81/(101)2 = (12x11)/(10x9) > 1
” %10!)2 < 12 x8!
® It will be least when x =y =z = 10.

Problem: Find number of arrangements of the letters of the word
MISSISIPPI.

Solution:
Number of letters = 10

Number of I's = 4, number of S’'s = 3, number of P's = 2
Therefore, total number of words that can be formed from the letters of the
word is 10!/(4!'x31x21).

Problem: Find the number of words (meaningful or non-meaningful)
that can be formed from the letters of the word MOTHER.

Solution:
Number of letters = 6.
All are distinct.

Hence total number of words = 6!

Problem: Show that the number of ways one can choose a set of
distinct positive integers, each smaller than or equal to 50, such that

their sum is odd, is 249,

Solution: The sum is odd.
We need to select odd number of integers.

Now, we can select 1 integer from 50 integers in >0¢, ways.

We can select 3 integers from 50 integers in 20¢, ways.

We can select 49 integers from 50 integers in 20cye ways.
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So, number of ways = 20c; + °0¢cs + ... + 20Cys.

Now, 0o 4+ 29¢; + ... + 29Ca0 + 20Cs0 = 2°0

Now, 29Co - ®9C1 + ..... - 20Ca9 + ®9Cs0 = 0

Subtracting the above two equations we get,

2(50C1 + 0+ ..+ 50C49) = 2°0
> 20c; + 20c3 + ...+ 20cyg =279,

Number of ways of distributing n distinct things to r persons (r < n)
so that every person gets at /least one thing.

Total number of ways = r"

Now, let Ai denotes that the i N person doesn”t get a gift and B denotes that
every person gets at least one gift.

Therefore, r" = |B| + |AitUA2UAsU.....UA(|
Now, |A1UA2U....UAr|

= 2Ai - JANA; + JANANAK - ..... + (-1)r_1[AlﬂAzﬂ...ﬂAr]
Now, |Ai| = (r = )", |ANAj] = (r-2)",...., AtnA2N....NAr = (r - r)" = 0"
So, |AtUA2U...UAr| = "C1i(r - )" = "Co(r-2)" +"C3(r - 3)" -.... + (-1)"
Therefore, [B] =" - [Ci(r - )" - "Co(r - 2)" + "C3(r - 3)" - ... + (-1)"
1r n

C0'']

— rn _ rCl(r _ 1)n + rCz(r - Z)n - rC3(r - 3)n + .... + ('1)rrcr0n
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Polynomial

Let, P(x) be a polynomial of degree d, then P(x) can be written as,

d d-1 d-2 2

P(x) = aix~ + az2x + ax~ < +..... + ad-1X© + adX + ad+1

Remainder theorem: Consider a polynomial of degree d > 1. P(x) gives the
remainder P(a) if P(x) is divided by x - a.

Proof: Let P(x) = (x — a)Q(x) + R where R is constant as the divider is linear
so at most degree of R is 0 i.e. free of x or constant.

Q(x) is the quotient and R is remainder.

Putting x = a in the above expression we get,
P(a) = (a-a)Q(a) + R

> R = P(a)

Problem 1: Find the remainder when P(x) = x2

X+ 1.

+ x + 1 is divided by

Solution 1: From above we have remainder = R = P(-1)
So, R = P(-1) = (-1)2 + (-1) + 1 = 1.

Consider a polynomial P(x) of degree d > 1. We will now find the remainder if
there is any repeated root in divider. So, we will find the remainder when P(x)

is divided by (x - a)2.

Let, P(x) = (x - a)2Q(x) + R(x) (Note that this time R(x) is not constant and
have degree 1 as divider is quadratic)

Let, R(x) = Ax + B.
Q(x) is the quotient.
Now, putting the value of R(x) in the above equation the equation becomes,

P(x) = (x - a)?Q(x) + Ax + B
Now, putting x = a in the above equation we get,
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P(a) = (a - a)2Q(a) + Aa + B

> Aa + B = P(a)
Now, differentiating the above equation w.r.t. x we get,

P/(x) = 2(x - a)Q(x) + (x — a)2Q“(x) + A
Putting x = a in the above equation we get,

P“(a) = 2(a - a)Q(a) + (a - a)ZQ”(a) + A

A = P“(a)

B = P(a) - Aa = P(a) - axP“(a)

R(x) = Ax + B = P“(a)x + P(a) - a*P“(a) = P“(a)(x — a) + P(a)

Problem 1: Consider a polynomial P(x) of degree d > 2. Let R(x) be the
remainder when P(x) is divided by (x - 1)2. P'(1) = P(1) = 1. Find R(x).

Solution 1: From the above result we have,

R(x) = P“(1)(x - 1) + P(1) = 1*(x - 1) + 1 = x.

» Consider a polynomial P(x) of degree d > 1. Now we will find the remainder
when the divider is quadratic and have two distinct roots. Let us find the
remainder when P(x) is divided by (x — a)(x - b).

Let, P(x) = (x — a)(x = b)Q(x) + R(x)

Q(x) = quotient and R(x) = remainder = Ax + B.
Putting value of R(x) in the above equation we get,
P(x) =(x-a)(x-b)Q(x) + Ax + B

Putting x = a in the above equation we get,

P(a) =(a-a)(a-b)Q(a) + Aa+B

» Aa + B =P(a) ....(i)

Now, putting x = b in the above equation we get,

P(b) = (b - a)(b - b)Q(b) + Ab + B
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> Ab + B = P(b) ...... (i)

Now, from (i) and (ii) we get, Aa + B - Ab - B = P(a) - P(b)

A = {P(a) - P(b)}/(a - b)

B = {aP(b) - bP(a)}/(a - b)

R(x) = Ax + B = {P(a) - P(b)}x/(a - b) + {aP(b) - bP(a)}/(a - b)

» Consider a polynomial of degree d > 1. Now, we will work with quotient.
Let Q(x) be the quotient when P(x) is divided by (x — a). Then we will have
the relation Q(a) = P“(a).

Proof: Let, P(x) = (x - a)Q(x) + R where R is remainder and note that R is
constant as divider is linear i.e. of degree 1.

Differentiating the above equation w.r.t. x we get,
P“(x) = Q(x) + (x - a)Q"(x) + R”

Note that R“ = 0 as R is constant.

So, we have, P“(x) = Q(x) + (x — a)Q"“(x)

Putting x = a in the above equation we get,

P“(a) = Q(a) + (a - a)Q“(a)
> Q(a) = P(a)

Problem 1: Consider a polynomial P(x) = x3 + 3x2 + 2x + 1. Q(x) is the
quotient when P(x) is divided by x - 1. Find the value of Q(1).

Solution 1: From the above we have the result, Q(1) = P“(1)

Given P(x) = x> +3x2 +3x + 1

P“(x) = 3x2 + 6x + 3

P“(1) = 3x12 + 6x1 + 3

Q(1) = P“(1) = 12.

Problem 2: Consider a polynomial P(x) of degreed > 1. Q(x) =4x + 3 is

the quotient when P(x) is divided by x - 7. Find the slope of P(x) atx =7
or put in other way find P'(7).

Solution 2: From above we have, P“(7) = Q(7) = 4*7 + 3 = 31.
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» Consider a polynomial P(x) of degree d > 1. Now, we will see relation
between quotient i.e. Q(x) and P(x) when there is repeated root in the

divider. Let, Q(x) is the quotient when P(x) is divided by (x - a)z. Then we
will have the relation Q(a) = P*“(a)/2.

Proof: Let, P(x) = (X - a)zQ(x) + R(x) (Note that R(x) is linear here and so
RIIII(X) — 0)

Differentiating w.r.t. x we get,
P“(x) = 2(x - a)Q(x) + (x - a)%Q"(x) + R*(x)

Differentiating again w.r.t. x we get,

P(x) = 2Q(x) + 2(x = a)Q"(X) + 2(x = A)Q"(x) + (x = a)?Q"(x) + R*(x)
Putting x = a in the above expression we get,

P“(a) = 2Q(a) + 2(a - a)Q“(a) + 2(a - a)Q"“(a) + (a - a)zQ””(a) + 0

> Q(a) = P"(a)/2.

Problem 1: Let Q(x) = 3x2? + 2 is the quotient when P(x) is divided by (x -
1)2. Find the value of P“*(1).

Solution 1: From the above result we have,

P(1) = 2Q(1) = 2(3*1% + 2) = 10.

Problem 2: Let P(x) be a polynomial of degree d > 2. Q(x) is the quotient
when P(x) is divided by (x - 2)2. Q(2) = 4. Find P''(2).

Solution 2: From the above result we have,
P“(2) = 2Q(2) = 2*4 = 8.
Tips to solve problems:

1. The remainder of P(x) divided by x+ a can be found by putting x = -a i.e.
P(-a) will give the remainder when P(x) is divided by x + a.

2. If there is a root between (a, b) then P(a) and P(b) will be of opposite sign.
3. If P(x) is strictly increasing or decreasing then P(x) have at most one real
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9.
10.

11.

root. P(x) can be proved increasing if P“(x) > 0 and decreasing if P“(x) <
0

. To find number of real roots in P(x) draw the graph of LHS and RHS and

count the number of intersection points and that is the answer.

. If there is any mention of sum of coefficients then think of P(1) and vice

versa.
If there is any repeated root think of derivative.

. If there is any involvement of quotient Q(x) then write the equation P(x) =

D(x)Q(x) + R(x) where D(x) is the divider and think of derivative.

. If there is any mention of becoming the polynomial prime think of P(0) i.e.

the constant term.
R(x) has at most degree d - 1 where d is the degree of divider.

Complex roots come in pair. If a polynomial is of degree d which is odd
then the polynomial must have at least one real root.

If there is any question/mention of multiplicity of a root then do
derivative for m + 1 times where m is at most multiplicity of the root and

show that P{M*1)(x) doesn't have the root.

Problem 1: Consider the polynomial P(x) = 30x” - 35x° + 42x° + 210x3 -
1470. Prove that P(x) = 0 have only one real root and the root lies
between (1, 2).

Solution 1: Now, P(x) = 30x’ - 35x® + 42x° + 210x3 - 1470
P“(x) = 210x% - 210x°> + 210x* + 630x?
P“(x) = 210x*(x?2- x + 1) + 630x?

P“(x) = 210x*{(x - 2)? + 34} + 630x?
Which is always greater than 0.

P(x) is increasing.

P(x) has at most one real root.

Now, P(1) = 30x17 - 35x1°% + 42x1° + 210x13 - 1470 < 0

And, P(2) = 30x2” - 35x2% + 42x2° + 210%x23 - 1470 > 0

There is a root between (1, 2) & this root is the only real root of P(x) = 0.

Problem 2: Prove that x = cosx has only one real root.

Solution 2: Now, drawing the graph of LHS and RHS

..,y =xandy = cosx.
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X === Point of intersection
N

Clearly, there is one point of intersection. There is one real root.

Problem 3: P(x) and Q(x) are two polynomials such that the sum of the co-
efficient is same for both. Prove that the remainders when P(x) and Q(x)
are divided by x - 1 are same.

d d-1

Solution 3: Let, P(x) = aix~ + axX + ... + adx + ad+1

Putting x = 1 we get,
P(1) = a1 + a2 + .... + ad + ad+1 = sum of the coefficients.

Now, from remainder theorem (also tips humber 1) we have the remainder
P(x) gives when P(x) is divided by (x = 1) is P(1) = sum of coefficients.

Similar thing goes for Q(x) i.e., Q(1) = sum of coefficients.
Now, it is given that sum of coefficients of P(x) = sum of coefficients of Q(x)

P(1) = Q(1).

Problem 4: P(x) is a polynomial of degree d > 1 with integer coefficients.
P(1) is divisible by 3. All the coefficients are placed side by side in any order
to make a positive integer. For example if there is 2 coefficients 20 and 9
then the numbers formed are 209 or 920. Prove that the number thus
generated is divisible by 3.

Solution 4: Now, in the previous example we have seen that P(1) = sum of
coefficients of P(x).

Now, the sum is divided by 3.
As per the rule of divisibility by 3 says a number is divisible by 3 if sum of the
digits is divisible by 3.
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=
The sum of the digits of the coefficients of P(x) is divisible by 3.

Now, whatever be the order of placing the digits of the coefficients of P(x) the
sum of their digits must be same.

=
The sum of the digits is divisible by 3.

® Thus the number generated with whatever be the order of placing the
digits is divisible by 3.

Problem 5: Show that the equation x(x - 1)(x - 2)..... (x - 2009) = c has real
roots of multiplicity at most 2.

Solution 7: (tips number 11)

As per the tips we need to show P““(x) doesn’t have the root which P(x) and
P“(x) has.

We have, x(x - 1)(x - 2)..... (x -2009) =c
Differentiating w.r.t. x we get,

(X = 1)(X = 2)....(x = 2009) + x(x = 2)(x = 3)....(x = 2009) + x(x = 1)(x -
3)...(x - 2009) + ..... + X(x - 1)(x - 2)....(x - 2008) =0

> c¢/x+c/(x-1)+c/(x-2)+ .... + c/(x-2009) =0
(Putting value from the given equation)
T oc{1/x+1/(x-1)+1/(x-2)+.... +1/(x-2009)} =0
Now, differentiating again w.r.t. x we get,
- x {1/x% + 1/(x - 1)2 + 1/(x - 2)% + .... + 1/(x - 2009)?} = 0

This equation cannot hold true as sum of squares of real humbers equal to 0
but they are always greater than 0.

The given polynomial cannot have real roots of multiplicity more than 2.

Problem 6: Prove that the polynomial P(x) = x3 + x - 2 have at least one real
root.

Solution 8: (Tips number 10)

Let all the roots of P(x) is complex.
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Complex roots come in pair.

There needs to be 4 roots of P(x)

But P(x) have at most 3 roots as the degree of the polynomial is 3.

Our assumption was wrong. It may have at most 2 complex root.
There is at least one real root of P(x).

Solved examples:

1. Consider a polynomial P(x) of degree d > 1. Q(x) is the quotient when
P(x) is divided by x - a. Prove that P'(a) = Limiting value of Q(x)
as x -> a.

Solution:

We can write, P(x) = (x — a)Q(x) + R(x) where R(x) is remainder when P(x)
is divided by (x - a).

R(x) is constant.

Now, P“(a) = {P(x) - P(a)}/(x —a) asx->a
® P“(a) = {(x - a)Q(x) + R(x) - R(a)}/(x - a) as x -> a (P(a) = R(a))
® P“(a) = Q(x) as x > a+ {R(X) - R(a)}/(x-a)asx->a
i P”a=Q§§asx a+R (8
® P“(a) = Q(x) as x -> a (as R”(a) = 0 because R(x) is constant)

2. Consider a polynomial P(x) of degree d > 2. Let R(x) be the remainder
when P(x) is divided by (x - 1)2. P'(1) = P(1) = 1. Find R(x).

Solution: We can write, P(x) = (x - 1)2Q(x) + R(x) where Q(x) is the
quotielr;t whenZP(x) If)((jllznc)led Fy (Xl)_zé)? R0

= 14 — X - X + X - i X + " X

= P//E g g(l) _
And, P(1) = R(1) = 1

Now, R(x) is remainder when P(x) is divided by (x - 1)2

R(x) is linear.
Say, R(x) =ax + b

Now, R“(x) = a
R(1) =a=1
Now, R(1) =a+b=1
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=
b = 0. So,
R(x) = x.

3. Let P(x) be a polynomial of degree d > 2. Q(x) is the quotient when P(x)
is divided by (x - 2)2. Q(2) = 4. Find P'"'(2).

Solution: We can write, P(x) = (x - 2)2Q(x) + R(X) where R(X) is remainder
when P(x) is divided by (x - 2)2.
So, R(x) is linear.

Now, P“(x) = 2(x = 2)Q(x) + (x - 2)2Q”(x) + R"(x)

P“(x) = 2Q(x) + 2(x - 2)Q"(x) + 2(x - 2)Q"(x) + (x - 2)?Q"(x) + R"(x)
P“(2) = 2Q(2) + R"™(2)

Now, R“(2) = 0 as R(x) is linear.

P“(2) = 2Q(2) = 2x4 = 8.

4. P(x) and Q(x) are two polynomials such that the sum of the coefficient is
same for both. Prove that the remainders when P(x) and Q(x) are divided
by x - 1 are same.

Solution: Sum of the coefficients of P(x) and Q(x) are same.

=
P(1) = Q(1).

Now, as per Remainder theorem P(1) and Q(1) are remainders when P(x)

and Q(x) are divided by (x — 1) and they are clearly same.

5. P(x) is a polynomial of degree d > 1 with integer coefficients. P(1) is
divisible by 3. All the coefficients are placed side by side in any order to
make a positive integer. For example if there is 2 coefficients 20 and 9
then the numbers formed are 209 or 920. Prove that the number thus
generated is divisible by 3.

Solution: P(1) is divisible by 3.

Sum of the coefficients is divisible by 3.

® If we place the coefficients side by side then the number formed will be
divisible by 3 as the sum of the digits is divisible by 3 as per P(1) is
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divisible by 3.

6. Consider a polynomial P(x) of degree d > 2. Q(x) is the quotient when
P(x) is divided by D(x). D(x) is quadratic and x = ais a root. P''(a) = b
and Q(a) = b/ 2. Prove that D(x) has repeated root at x = a.

Solution: Let, D(x) = (x = a)(x - d)

We can write, P(x) = D(X)Q(x) + R(x) where R(x) is remainder when P(x) is
divided by D(x). R(x) is linear as D(x) is quadratic.

o P(x) = (x —a)(x ~ d)Q(x) + R(x) ; ;
E (x) = (x = d)Q(x) +d(X - a)Q(x) + (x - a)(x - d)Q"(x) +(|;< (x)
“(x) = Q(x) + (x = “(x) + Q(x) + (x —a)Q"(x) + (x - “(x) + (x
P Q),,(chzi SO GDY Q0O (X = QC + (x = DL +

P“(a) = 2Q(a) + 2(a - d)Q"(a) + R“(a) o

b=2(b/2) + 2(a - d)Q“(a) (R"(a) = 0 as R(x) is linear)

((ja -d)Q“(a) =0

= a
D(x) has repeated root at x = a.

4

g 4 4 44

7. Consider two polynomials P(x) and Q(x) of degree d > 0 with integer
coefficients. P(0) = Q(0). Prove that there exists an integer n which
divides both P(n) and Q(n).

Solution: P(0) = Q(0)

» The constant term of P(x) and Q(x) are equal. Let,
Px) =aixP +axxP "1+ ..+ apx + n

Let, Q(x) = bix9 + b2x9 ~ I+ ...+bgx +n
Clearly n divides both P(n) and Q(n).
8. Let P(x) be a polynomial of degree 3d - 1 where d > 0.

Let P(V(0) = 3x(i!) where P()(x) is i-th derivative of P(x) w.r.t. x. Prove
that P(1) is divisible by 9.

Solution:

P(x) = aix" + ax"1 + ... + an-1x? + anx + an+1 P(0)
= an+1 = 3

P“(0) = an = 3

P(0) = (21)an-1 = 3x2!
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dn-1 = 3
Similarly, an-2 = an-3 = .... = a1 = 3.

Now, P(1) =at+ a2+ .. +ant1=a1+az+ ...+ as asn=3d - 1.
> P(1) =3+ 3 + ... 3d times. = 3x3d = 9d
® P(1) is divisible by 9.

9. Consider a polynomial P(x) of degree d > 1. Given P(0) = 25. All the roots
of P(x) are distinct positive integers. P(?9(0) = d! . Find the value of P(¢-
1(0)/(d-1)! where P(™)(x) is m-th derivative of P(x) w.r.t. x.

Solution:

d-1 . . + ad-1x% + adx + 25 (As P(0) = 25)

Let, P(x) = aixd + axx
Now, P“(0) =ad =1

P“(0) = (2Nad-1 = 2!

ad-1 =1
Similarly ad2 = ad3=ad4=...=a2=a1 =1
Now, P{4"1)(0) = (d - 1)Ixaz
= PN/ - 1)=a2 =1
10. Let P(x) and Q(x) be two polynomials of degree di: and d. respectively
where d;: and d> are both odd. Prove that the sum of the squares of the

number of real roots of P(x) and Q(x) cannot be equal to a" where a and n
are positive integers, n > 1.

Solution: Now, if P(x) have complex roots then they will come in pair
(complex + conjugate)

So, number of real roots of P(x) must be odd as degree = d:1 = odd.

Similarly, number of real roots of Q(x) must be odd.

Let, number of real roots of P(x) and Q(x) are u and v respectively.

Now, let, u? + vZ = a"
As u and v are both odd, a is even.
Now, dividing the equation by 4 we get,

1+1=0(mod4)asn>1
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=
2 =0 (mod 4)
Which is impossible

Sum of squares of the number of real roots of P(x) and Q(x) cannot be equal
to a" where a and n are positive integers, n > 1.

10. Let a, b, c be three distinct integers, and let P be a polynomial with
integer coefficients. Show that in this case the conditions P(a) = b,
P(b) = ¢, P(c) = a cannot be satisfied simultaneously.

Solution:

Suppose the conditions are satisfied. We derive a contradiction.

P(X) = b =(x—a)Pi(X) cccccerrrrennn (1)
P(X) = c = (X —b)P2(X) ceoevervrrrrens (2)
P(x) —a = (X —c)P3(X) ceccvrrerrennnnne (3)

Among the numbers a, b, ¢, we choose the pair with maximal absolute
difference.

Suppose this is |a — c|. Then we have
la—b] <]a—Clarinn. (4)

If we replace x by cin (1), then we get
a-b=(c—-a)Pi(c).

Since Pi(c) is an integer, we have |a — b| = |c — a|, which contradicts

(4).

12. Let f(x) be a monic polynomial with integral coefficients. If there are
four different integers a, b, ¢, d, so that f(a) = f(b) = f(c) = f(d) = 5, then
there is no integer k, so that f(k) = 8.

Solution: Monic polynomial means the highest degree coefficient is 1.
Now, f(x) = (x —a)(x = b)(x = ¢c)(x = d)Q(x) + 5
Now, f(k) = (k — a)(k = b)(k = c)(k - d)Q(k) + 5

7 (k = a)(k - b)(k - c)(k = d)Q(k) = 3 (As f(k) = 8)

3 is factor of at least four distinct integers k —a, k-b, k-c¢c,k-dasa, b, c,
d are distinct.
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But this is impossible as 3 is prime and may have maximum 3 factors viz. 3,
1, -1.

Problem: Check whether n® + n37 + 1 is divisible by n2 + n + 1.

2

Solution: As w is cube root of unity so we have w“ + w + 1 = 0 and

w3=1.

Put w in place of n and check whether the given expression is divisible by w2
+ w + 1 or not. This is possible because nd=1 (mod nZ +n + 1)

So, r]68 + n37 68 3 2

2

+1=w +w7+1=w +w+1=0

68

Hence, n©“ + n + 1 divides n~° + n37 + 1.

How to solve the questions like "how many real solutions does this
equation have?” and you have a four-degree equation.

1. First check if you can factorize using Vanishing method with 1, 2,
- 1, -2, maximum verify by 3.
2. Then check the degree of the equation. If it is odd then it has at least one
real solution. If it is even then it may have no real solution at all because
complex roots come in pair.

3. Then use Descartes” sign rule to evaluate if there is any positive or negative
real roots. Descartes” sign rule says: check number of sign changes of the
coefficients from higher degree to lower degree of the polynomial and that
says number of maximum possible positive roots of the equation. If it has
4 sign changes then it may have 4 or 2 or 0 number of positive roots i.e. it
comes down by an even number 2. Check of negative roots is my same
method but of the polynomial P(-x). So, put x = -x and then find number
of negative roots of the equation. If there is no then all roots are complex,
otherwise it may have real roots.

4. Check whether the polynomial is increasing or decreasing for some value
of x. For example, it is a fourth degree equation and we have evaluated
that it may have 4 positive roots. And you see the polynomial is increasing
for x > 0. Implies the polynomial doesn’t meet the x-axis after x > 0.
Therefore, all the roots it has negative but from Descartes” sign rule we
have zero negative roots. Implies all the roots of the equation are complex.

5. Take any complex root of the equation as a + ib, then a - ib is also a root
of the equation. Now, do P(a + ib) - P(a - ib) = 0 and check whether b =
0 for sure. If it comes out to be b = 0, then it has no imaginary roots as
the imaginary part of the root is zero.
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Problem: The number of real rootsof x> + 2x3 + x2+ 2 =0

Solution: First check x = -1 is a solution. So, we will first factorize it by
vanishing method.

5 2

Now, X +2x3 + x2 + 2

=x5+x4—x4—x3+3x3+3x2—2x2—2x+2x+2
=x*x + 1) = x3(x + 1) + 3x3(x + 1) - 2x(x + 1) + 2(x + 1)

(x + 1)(x* - x3 + 3x%2 - 2x + 2)

It is a fifth degree equation and we have evaluated one real root x = -1.

Now, we have a four degree equation, x*-x3 +3x2-2x+2=0
Number of sign change = 4. Therefore, it may have 4, 2 or 0 positive roots.
And it has 0 negative roots.

P(x)=x4—x3+3x2—2x+2

P(0) = 2, P(1) = 3, P(2) = 18 and we are seeing that it is increasing with
(+)-ve value of x.

4x3 - 3x% +3x - 2
=x(4x2—4x+1)+(x2+2x—2)
=x(2x—1)2+(x—1)(x+2)+x>0f0rx>2

So, P“(x)

® P(x) is increasing for x > 2.

® P(x) may have negative real roots but from Descartes” sign rule it has

no negative roots.
® All the roots of the four degree equation are complex.
® The equation has only one real root and that is x = -1.
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Elements of Combinatorial Probability

RULE -1 : If there are two groups G; & Gy;

G; = {a4,a,, ...., a,} consisting of n elements and G, = {b4, by, ...., b;,, } consisting of m elements then
the no. of pairs (ai, b; ) formed by taking one element a; from G; and b; from G, isn X m.

If there are k groups Gy, G5, ....., G, such that
Gy = {al,az, -----ranl}

GZ = {bl,bz, .....,bnz}

Gk = {tlf L2 ey tnk}

Then the number ordered k-tuples (a;q, bi3, ... .., tix) formed by taking one element from each group is

Example: ‘Placing balls into the cells’ amounts to choose one cell for each ball. Let there are r balls and
n cells. For the 1% ball, we can choose any one of the n cells. Similarly, for each of the balls, we have n
choices, assuming the capacity of each cell is infinite or we can place more than one ball in each cell.
Hence the r balls can be placed in the n cells in n” ways.

Applications:

1. Adieis rolled r times. Find the probability that —

i) No ace turns up.
ii) No ace turns up.
Solution:
i) The experiment of throwing a die rtimes has 6 X 6 X 6 ....1 times = 6" possible outcomes.

Assume that all possible cases are equally likely. The no. of cases favorable to the event (A), ‘no ace
turns up’ is 57.

By Classical Definition, P[A] = %‘4) = %_

ii) P[an ace turnsup] = 1 — P[no ace turnsup] = 1 — %.

Remark : The all possible outcomes of ‘r’ throw of a die correspond to the placing r balls into n = 6 cells.
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RULE —II:

Ordered Samples: Consider a population of n elements aq, a,, .... a, any order arrangement
a1, Qj3, - -, Ay Of r elements is called an ordered sample of size r, drawn from the population. Two

procedure are possible —

i) Sampling with replacement: Here an element is selected from the population and the

selected element is returned to the population before the next selection is made. Each
selection is made from the entire population, so that the same element can be drawn more
than ones.

ii) Sampling without replacement : Here an element once chosen is removed from the

population, so that the sample becomes an arrangement without repetition.

e Fora population with n elements and a prescribed sample size r, there are n” different ordered
samples with replacement and n(n-1).....(n-r+1) = n,, or (n), different ordered samples

without replacement.
Remark:

1. np =nm—1)...(n—r+ 1)isdefined if n € N and r is a non-negative integers. But (n), =
n(n—1)...(n—r+ 1) isdefinedifn € R and r is non-negative integer. In the same way if
n € Rthen

o= ()RR

Example : 1) A random sample of size ‘r’ with replacement is taken from a population of n elements.
Find the probability that in the sample no element appear twice.

Solution: There are n” sample in all. As the samples are drawn randomly, all samples are equally likely.
The no. of the samples in which in which no element appears twice is the no. of samples drawn without
replacement.

Favorable sampleis=n(n—1) ....(n—r+1) = (n),

@

nT

Hence, the probability is =

Example: 2) If n balls are randomly placed into n cells, what is the probability that each cell will be
occupied.

Solution: P(4) = nl:l
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SOLVED EXAMPLES:

1. Find the probability that among five randomly selected digits, all digits are different.

Ans:

(10)s
105

P(A) =
2. Inacity seven accidents occur each week in a particular week there occurs one accidents per
day. Is it surprising?
Ans:

7!

3. An elevator (lift) stands with 7 passengers and stops at 10" floor. What is the probability that
no two passengers leave at the same floor?

Solution:
N =10,10.....10 (7 times)
=107
N(A) =10.9.8.7.6.5.4
= (10),

(10),

O T

4. What is the probability that r individuals have different birthdays? Also show that the
probability is approximately equal to e‘r(r‘l)/730. How many people are required to make
the prob. of distinct birthdays less than % ?

Solution:

_ (365), _ 365364......(365 -7 +1)

~ 365"  365.365..............365
=1(1-355) (1-38) -~ (1 - 55)
B 365 365/ 365
r—1
sinp = )1 (1—L)
SP= M T 365
k=1

For,0 <x <1, In(1—x) = —x.
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=3 () -3

k=1 k=1

rr—1)  r(r—1)
-~ 2(365) 730

ap = e—r(r—l)/730

1
Forp = E,lnp =—In2=-0.693,

r(r—1)

= 0.693
730

21?2 —r—506=0
=>(r—-23)(r+22)=0
=>r=23

~ More than 23 people are required.

5. Six dice are thrown. What’s the prob. that every possible number will appear.

Hints:p = —' = 0.0154

6. There are four children in a family. Find the prob. that
(a) At least two of them have the same birthday?
(b) Only the oldest and the youngest have the same birthday?

Hints: (a)

(@65,
P1= 365

} =1 —p {them have dif ferent birthdays}

(b)

365 X 365 X 363 (365);
3654 3654

b2 =
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7. The number 1, 2,....,n are arranging in a random order. Find the probability that digits (a) 1, 2,
(b) 1, 2, 3 appears as neighbours in the order named.

Hints: consider (1, 2) as a single digit then there are (n-1) entities which can be arranged in (n-1)! ways.

(n-1)! _
n!
(n-2)! _ 1
n namn-1)

1
n

(a) Required prob. is =

(b) Required prob. is =

8. (i) In sampling with replacement find the prob. that a fixed element be included at least once.
(i) In sampling without replacement find the prob. that a fixed element of a population of n
elements to be included in a random sample of size r.

Hints:
(i) P; = 1 — P [ the fixed element is not included in the sample WOR]
n—1)"
_, =D
nT
(ii) P, = 1 — P[ afixed element is not included in the sample WR]
(n-1), n—r _r
() n '

9. There is 3 volume dictionary among 30 books is arranged in a shelf in random way. Find the
prob. of 3 volume standing in an increasing order from left to right? (The vols. are not
necessary side by side).

Solution: The order of the 3 vols. doesn’t depend on the arrangement of the remaining books. Here 3
vols. can be arranged in 3! ways of which only one case V;,V,, V5 is favorable. Hence prob. is 1/3!.

10. Two fair dice are thrown 10 times. Find the prob. that the first 3 throws result in a sum of 7
and the last 7 throws in a sum of 8.

Solution: Q; = {(i,)):i,j = 1 (1)6},k = 1(1)10, be the sample space of the kth throw of a pair of dice,
the sample space of the experiment is

Q=0, X0y X Qs X .o.X Q.

N=n(Q)=n(Q; XQ, X Q3 X .....X Q) = 36
Let, A ={(i,j): i +j =7,i,j = 1(1)6}, the event of getting a sum of 7 in a throw of a pair of dice.
And B = {(i,j):i +j = 8,i,j = 1(1)6}, the event of getting a sum of 8 in a throw of a pair of dice.

Oureventis=AXAXAXBX..B
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Favorable cases are = {(3,4),(2,5),(1,6),(2,6),(3,5), (4,4)

N = {n(AF{n(B)} =6 x5 ...}

63 x 57
~ Required Probability = 30
11.
(i) If n men, among whom A and B, stand in a row. What'’s the prob. that there will be exactly r
men between A and B?
(ii) If they stand in a ring instead of in a row, show that the prob. is independent of ‘r’.

[In the circular arrangement, consider only that they are leading from A to B in the +ve direction.]
Solution:

(i) n persons can be arranged among themselves in n! ways. Since, the persons are randomly,
all possible cases are equally likely. For the favorable cases if A occupies a position to the left
of B, then A may choose any of the positions:

1%t, 2" ... (n-r-1)th from the left, with r persons between A and B. The remaining (n-2) persons can
stand in (n-2) places in (n-2)! Ways. Similar thing for B on the left of A.

Hence, no. of favorable cases, N(A) = 2(n —r — 1)(n — 2)!
Required probability

2n-r-1D(n-2)! 2n-r-1)
B n! - nn-1)

(i) If they form a ring, then the no. of possible arrangement is (n-1)! which is obtained by
keeping the place for any person fixed and arranging the remaining (n-1) persons.

For the favorable cases, we fixed the places for A and B, with r individuals between them and then
remaining (n-2) persons can be arranged in (n-2)! ways.

(n—-2) 1
m-1)! n-1

Required probability = ,it is independent of .
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RULE-III:

Subpopulations and Groups: Consider a subpopulation of size ‘r’ from a given population of size ‘n’, let
the no. of the groups of size r be x.

Now the r elements in a group can be arranged in r! ways. Hence x.r! ordered samples of size r.

~x.rl =),

So,x = (:)

Application :

1. Each of the 50 states has two senator. Find the prop. of the event that in a committee of 50
senators chosen randomly -

(a) A given state is represented.

(b) All states are represented.

100

50 ) ways & since 50 senators are chosen randomly

Solution: We can choose a group of 50 senators in (

50 all possible outcomes are equally likely.
(a) There are 100 senators and 98 not from the given state.

Required probability = P[the given state is not represented] ¢

G

100
50

=1

(b) All states will be represented if one senators from each state is selected. A committee of 50 with
one senator from 50 states can be selected in 2 X 2 X ... X 2 ways.

50 times
250
Required probability = 1555
50

2. If n balls are placed at random in n cells, find the probability that exactly one cell remains
empty.

Solution: N =n"

Since k balls can be chosen in (;) ways which are to be placed in the specified cells and the remaining

(r-k) balls can be placed in the remaining (n-1) cells in (n — 1)" % ways.
k

Required prob.= (rk)(n(n%l)r_k = (]:) (%) (1 B %)

r—k
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3. If n balls are placed at a random order in n cells, find the prob. that exactly one cell remains
empty.

Solution: N = n™

For the favorable cases, the empty cell can be chosen in n ways and the two balls to be kept in the same
cell can be chosen in (72‘) ways.

Consider the two balls as a single ball or entity, then (n—1) entities can be arranged in (n-1) cells in
(n-1)! ways.

n(})(n-1)!

So, the required prob. = -

4. A closent contains n pairs of shoes. If 2r shoes chosen at random (2r < n). What is the prob.
that there will be:

(a) No complete pair

(b) Exactly one complete pair

(c) Exactly two complete pair among them.

Solution: (a)

n 22r
required prob.= (zzz—n
2r

(b)

(D)2

Required prob.= o
Gr

(G)-2

Req.prob.= o
(zr

5. A caris parked among N cars in a row, not at either end. On the return the car owner finds
that exactly r of the N places are still occupied. What'’s the prob. that both neighbouring
places are empty?

G

G

Solution: Required Prob.=
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RULE —IV:

The no. of ways in which a population of n elements can be divided into K-ordered parts of which 1%
contains 7y, 2" contains r, elements and so on is

k

n!
—— , where rp=n
! a1l

i=1
Application:

1. In a bridge table, calculate the prob. that
(a) Each of the 4 players has an ace
(b) One of the player receives all 13 spades.

Solution:
(a) In a bridge table 52 cards are partitioned into four equal groups and the no. of different hands is
(52) (39) (26) (13)
13/\13/ \13/\13
For the favorable cases, 4 aces can be arranged in 4! ways and each arrangement represents one
possibility of given one ace to each player and the remaining 48 cards can be distributed equally among

(12) (1) () (37) weos
4 (15)G) GG
(GGG

52!
(131)%

the 4 players in

Required prob.=

(b)

391
ICEDE
521

30

Required prob.=
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2. Ina bridge hand of cards consists of 13 cards drawn at random WOR from a deck of 52 cards.
Find the prob. that a hand of cards will contain

(a) yq clubs, ¥, spades, Y3 diamonds

(b) y aces

(c) ¥4 aces and y; kings.

Solution: (a)

(GG lanmye)

prob.= (i;
(b)
4 48
Prob.= %
(c)
o)) la )

(3)

3. 4 cards are drawn at random from a full deck of 52 cards. What’s the prob. that

(i) They are of different denominations?
(ii) They are of different suits?
(iii) Both?
Solution:
(i) In a deck of cards there are 13 denominations and 4 suits.

For favorable cases select a group of 4 denominations from 13 and then choose one card from each of
the 4 denomination.

So, no. of favorable cases = (143) (i)4.

()
(%)

Required prob.=
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(i)
()
required prob.= ;—2
)
(iii) For favorable cases, selecting 4 denominations from 13 and then taking one card from the
1t denomination in 4 ways from the 4 suits. Then taking 2" from the 2" denomination in 3
ways & so on.

(143) X 41

%)

4. From a deck of 52 cards are drawn successively until an ace appears. What is the prob. that

Required probability =

the 1% ace will appear
(a) Atthe nth draw,
(b) After the nth draw.

Solution:

(a) For the favourable cases, at the nth draw an ace can occur in 4 ways and the first (n-1) cards are
to be taken from 48 non-ace cards which can be done in (48),,_; ways.

4% (48),

~ Required prob.=
auredy (52),

(b) For the favorable cases, 1°* n cards contain no ace.

(48)n
(52)n

5. (Spread of Rumours) In a town of (n+1) inhabitants, a person tells a rumour to a second

~ Req prob.=

person, who in turn, repeats it to a third person, etc. At each step the receipt of the rumour is
chosen at random from n people available.

(i) Find the prob. that the rumour will be told r times without

(a) Returning to the originator.

(b) Being repeated to any person.

(ii) Do the same problem when at each step the rumour is told by one person to a gathering
of N randomly chosen individuals.

Solution:

(i) Since any person can tell the rumour to any one of the n available persons in n ways, total
possible cases = n'.
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(a) The originator can tell the rumour to anyone of the remaining n persons in n ways & each of the
(r-1) receipts of the rumour can tell to anyone of the remaining (n—-1) persons without returning
to the originator in (n-1) ways.

(b)

n(n—1)"1
Req.prob.= —
(n)y
Req.prob.= —

(i)
(a)

(b)

n!
{N'}*(n —rN)!

(W)

(M)

()N}

6. 5 cards are taken at random from a full deck. Find the probability that

(a) They are different denominations?

(b) 2 are of same denominations?

(c) One pair if of one denomination & other pair of a different denomination and one odd?
(d) There are of one denomination & two scattered?

(e) 2 are of one denomination and 3 of another?

(f) 4 are of one denomination and 1 of another?
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Solution : (a)

(b)

(O

P(b) =~1
(5)

()

(d)

SIEISIG)

Pd)= (552)

(e)

(5)EE)EG)
(5)

P(e) =

(f)
(DEEE
(5)

P(f) =
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RULE-V:

e Occupancy Problem: In many situations it is necessary to treat the balls indistinguishable, e.g., in

statistical studies of the distribution of accidents among week days, here one is interested only
in the number of occurrences and not in the individual involved.

Such an example is completely described by its occupancy numbers 7,1, ..., 1;,; where, 1, denotes the
number of balls in the kth cell.

Here we are interested in number of possible distribution, i.e., the number of different n-tuples
(ry, 79, e, i) such thatry + 1, + -+ 1, =1 (1r; = 0).

e Theorem 1: The number of different distributions of ‘r’ indistinguishable balls in n cells, i.e., the
number of different solution of the above fact is

!

e Theorem 2: The number of different distribution of ‘r’ indistinguishable balls in the n cells in
which no cell remains empty is

r—1
(n — 1)'
Ex: r distinguishable balls are distributed into n cells and all possible distributions are equally likely. Find
the prob. that exactly m cells remain empty.

n
Solution: The m cells which are to be kept empty can be chosen from n cells in (m) ways and r

indistinguishable balls can be distributed in the remaining (n-m) cells so that no cell remain empty is in

(n r;ll_ 1) ways.

No. of favorable cases = (::l) (n 1;11_ 1)

() o - t)

"

~ Required prob. =
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e Application:
1. Show that r indistinguishable balls can be distributed in n cells i.e., the no. of different
solution (rq, 75, ...,7,) suchthat {ry + ry + -+ 1, =r}is (n + : B 1), where r; > 0.

Solution : Denoting the choices of 14, i.e., 0, 1, ....., rin the indices, we get the factors x4+ x4+
x").
The no. of different solutions (14,15, ....,1;,) of

n
Zn =r,wherer; =2 0is

i=1
= The coefficient of x” in

O+ x4+ x™) (O xt e+ xT)

n times

1_x1’+1 n
(=)

= The coefficient of x” in the expression (1 — x"*1)" (1 — x)™

= The coefficient of x” in

= The coefficient of x” in

{1 —nx"t + (n)xzr+2 + }{1 + nx + (721) x% 4+ (Z) x" + }

2
_<n+r—1)
= . .

2. Show that the no. of different distributions of r indistinguishable balls in n cells where no cell
. .. m—1
remains empty is (r _ 1).
Hints:

The coefficients of x” in (x + x2 + -+ x™)"

= The coefficient of x” in x™ (11_’; )

= The coefficientof x" ™ in (1 —x")*(1 —x)™"
_Mm+r—-—n-1_ (-1
B ( r—n ) B (n . 1)'
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STUDY MATERIALS ON BASIC ALGEBRA
TOPIC : COMPLEX NUMBERS (DE’ MOIVRE’S THEOREM)

A complex number z is an ordered pair of real numbers (a,b): a is called Real
part of z, denoted by Re z and b is called imaginary part of z, denoted by Im z.
If Re z=0, then z is called purely imaginary; if Im z =0, then z is called real. On
the set C of all complex numbers, the relation of equality and the operations of
addition and multiplication are defined as follows:

(a,b)=(c,d) iff a=b and c=d, (a,b)+(c,d)=(a+c,b+d), (a,b).(c,d)= (ac-bd,ad+bc)

The set C of all complex numbers under the operations of addition and
multiplication as defined above satisfies following properties:

» For z,,2,,2:€C, (1) (z1+2p)+z3=21+(z,+25)(associativity), (2)z,+(0,0)=z,,
(3) for z=(a,b)eC, there exists —z=(-a,-b)eC such that (-z)+z=z+(-
2)=(0,0), (4)z1+2,=2,+2;.

» For z,,2,,2:€C, (1) (z1. 2,).23=2,.(2».25)(associativity), (2)z;.(1,0)=z;, (3)
for z=(a,b)eC,z#(0,0), there exists ieC such that zézi.z:l,

(4)21.22222.21.
» For Z1,2,,23€C, Zl.(Zz+23):(21.22)+(21.23).

Few Observations

(1) Denoting the complex number (0,1) by i and identifying a real complex
number  (a,0)  with  the real number a, we  see
z=(a,b)=(a,0)+(0,b)=(a,0)+(0,1)(b,0) can be written as z=a+ib.

(2) For two real numbers a,b , a*+b*=0 implies a=0=b; same conclusion need
not follow for two complex numbers, for example, 1°+i*=0 but
1=(1,0)#(0,0) =0 and i=(0,1) #(0,0) (= denotes identification of a real
complex number with the corresponding real number).

(3) For two complex numbers z,,z,, ;2,=0 implies z;=0 or z,=0.

(4)i*=(0,1)(0,1)=(-1,0) =-1.

(5) Just as real numbers are represented as points on a line, complex numbers
can be represented as points on a plane: z=(a,b)<P: (a,b). The line
containing points representing the real complex numbers (a,0), a real, is
called the real axis and the line containing points representing purely
imaginary complex numbers (0,b) =ib is called the imaginary axis.



(6) The plane on which the representation is made is called Gaussian Plane or
Argand Plane.

Definition 1.1 Let z=(a,b) =a+ib. The conjugate of z, denoted by z , is (a,-b)
=a-ib.

Geometrically, the point (representing) z is the reflection of the point
(representing) z in the real axis. The conjugate operation satisfies the following
properties:

Wi=2 , QL ¥z =5 +5 Otz = 74+ %, ()(2) =2, (4) 24222
Rez, z-z=2i Im(z)

Definition 1.2 Let z=(a,b) =a+ib. The modulus of z, written as |z|, is defined as

va? + b2.

Geometrically, |z| represents the distance of the point representing z from the
origin (representing complex number (0,0) =0+i0). More generally, |z; — z,|
represents the distance between the points z; and z,. The modulus operation
satisfies the following properties:

_ |Z1]

|z

Zq
Z3

(1) |z +z] Szl +zal, Q) |z1.22] = |z4]. |2, ] (3)
(4) ||Z1| - |Zz|| < |z, — z,|

GEOMETRICAL REPRESENTATION OF COMPLEX NUMBERS: THE
ARGAND PLANE

Let z=a+ib be a complex number. In the Argand plane, z is represented by the
point whose Cartesian co-ordinates is (a,b) referred to two perpendicular lines
as axes, the first co-ordinate axis is called the real axis and the second the
imaginary axis. Taking the origin as the pole and the real axis as the initial line,
let (r,8) be the polar co-ordinates of the point (a,b). Then a=r cos 8, b=r sin 6.
Also r=vVa? + b?=|z|. Thus z=a+ib=|z|(cos 6+isin 8): this is called modulus-
amplitude form of z. For a given z+0, there exist infinitely many values of 8
differing from one another by an integral multiple of 2m: the collection of all
such values of 8 for a given z+0 is denoted by Arg z or Amp z. The principal
value of Arg z , denoted by arg z or amp z, is defined to be the angle 6 from the
collection Arg =z that satisfies the condition -m <6 <m. Thus
Arg z={arg z+2nm: n an integer}. arg z satisfies following properties:
(1) arg(z,z,)=argz,+argz,+2km, where k is a suitable integer from the set{-1,0,1]



such that - < argz;+argz,+2km < m, (2) arg(z—l) = argz;-argz,+2km, where Kk is
2
a suitable integer from the set{-1,0,1] such that -m < argz;-argz,+2km < m.

Note An argument of a complex number z=a+ib is to be determined from the
relations cos 8=al|z|, sin 8= b/|z| simultaneously and not from the single
relation tan 8=b/a.

Examplel.1l Find arg z where z=1+i tang?”.

»Let 1+itan3?”:r(cos 6+i sin 8). Then r’= seczg?” . Thus r = - secg?” > 0. Thus
coSs O=- 0033?”, sin 8=-sin 3?” Hence 6= n+3?”. Since 8>, arg z= 0-2 7r=—2?”.

Theorem 1.1 (De Moivre’s Theorem) If n is an integer and 6 is any real number,
then (cos 0+i sin 8)"=cos n B+isinn @. If nzg, g natural, p integer, |pland g are

realtively prime, 8 is any real number, then (cos 8+i sin 8)" has g number of
values, one of which iscosn 8+isinn@.

Proof: Case 1: Let n be a positive integer.

Result holds for n=1: (cos 6+i sin 8)'= cos 1 6+i sin 1 6. Assume result holds
for some positive integer k: (cos 8+i sin 8)= cos k 8+i sin k 6.Then (cos +i
sin 8)***=(cos 6+i sin 8)*(cos 8+i sin 8)=( cos k 8+i sin k 6)( cos O+i sin )=
cos(k+1) @+isin(k+1) 6. Hence result holds by mathematical induction.

Case 2: Let n be a negative integer, say, n=-m, m natural.

. n_ N. m_ 1 . 1
(cos B+i sin 8)'=(cos B+isin @) = oSBT — cosmBTIstnmd (by case 1)

= C0S m@-isin m@=cos(-m) g+isin(-m) 6= cos n +i sinn 6.
Case3: n=0: proof obvious.

Case 4 Let n:§, q natural, p integer, |p|and g are realtively prime.

4
Let (cos@ +isinfB)a= cos ¢@+i sing. Then (cos@ + isind)P= (cos ¢@+i
sin ). Thus cos p B+isin p 8= cos g @+i sin q ¢. Thus q ¢=2km+p 0, that is,

:an+p 9. an;-p 9)+isin(2kn;-p 0

2
Hence (cos@ +isinf)i= cos( ), Where

k=0,1,...,q-1 are the distinct g values.



Some Applications of De’ Moivre’s Theorem

(1) Expansion of cos n 6, sin n @ and tan n 8 where n is natural and @ is real.
Cos n@+i sin n@=(cos B+isin B)"=cos" +7C cos™* Gisin 6+2C cos™
20 i%sin?0+...+i"sin"@=  (cos" B-2C cos"? O sin?O+...)H(RC cos”
L 9sin 0-2C cos"® Osin30+...). Equating real and imaginary parts, cos
n = cos" 6-2C cos"? 6 sin?6+... and sin n B=1C cos™" Hsin B-2C cos™
3 0sin36+...

(2) Expansion of cos" 8 and sin" @ in a series of multiples of 8 where n is
natural and 6 is real.

Let x = cos @ + isinf. Then x"=cos n O+isin n #, x'= cos n f-isin n .

Thus (2 cos 9)”:(x+i)”
=(X+=) + TC(X" =)t =2 cos n §+7C(2 cos(n-2) O)+...

Similarly, expansion of sin" 8 in terms of multiple angle can be derived.

(3) Finding n th roots of unity
To find z satisfying z"=1=cos(2km)+isin(2km), where k is an integer.
Thus z=[ cos(2km)+isin(2km)]""=cos(::") + isin (?) k=0,1,....n-1;
replacing k by any integer gives rise to a complex number in the set A={
cos(%) + isin (2"7”)/ k=0,1,...,n-1}. Thus A is the set of all nth roots of
unity.
Examplel.2 Solve xX®+x°+x*+x+x%+x+1=0

7_
»We have the identity x6+x5+x4+x3+x2+x+1:%11. Roots of x’-1=0 are cosZkT” +
isin@, k=0,1,...,6. Putting k=0, we obtain root of x-1=0. Thus the roots of

. . 2k . . 2k
given equation are 0037” + isin T” k=1,...,6.



Examplel.3 Prove that the sum of 99 th powers of all the roots of x’-1=0 is
zero.

»The roots of x’-1=0 are {1,a, @°,..., a°}, where a=c0527”+isin27”. Thus sum of
99" powers of the roots is 1+ a*+(a?)?® + -+ (@®)*° =1+ a®+(a®°)? + - +
(a®)b= 1—a—0 since a®%7=1 and a®° #1.

Examplel.4 If the amplitude of the complex number % is -, show that z lies
on a circle in the Argand plane.

o z—i_x*+x+y?-y . y-x-1 : ..
»Let z=x+ly. Then ——= iy TR By given condition,
y—-x—-1 _ . ipe s 2 2 ) .
Frrryay & On simplification, (x+1)*+(y-1)°=1. Hence z lies on the circle

centred at (-1,1) and radius 1.

Examplel.5 If A,B,C represent complex numbers z;,z,,z3 in the Argand plane
and z,+z,+z;=0 and |z, |=|z,| = |z3|, prove that ABC is an equilateral triangle.

»Z1+2,=-23. Hence |z; + z,|% = |z3|%, that is, |z;|*+|z,|?+221.2,=|23]%. By
given condition, |z;||z,|cos 8=|z,|?, where O is the angle between z; and
z,.Thus cos 9:-%, that is, =120°. Hence the corresponding angle of the triangle

ABC is 60°. Similarly other angles are 60°.

Examplel.6 Let z and z; be two complex numbers satisfying z—

Prove that z lies on the imaginary axis.

z—1 |z—1|

z+1 _| +1|°

» zl—— By given condition, 1 = If z=x+iy, x=0. Hence.

Examplel.7 complex numbers z;,2,,z; satisfy the relation z,%+z,*+25°-212,-2,25-
Z3Z]_:O |ff |Zl - Z2| = |Z2 - Zgl = |Z3 - Z1|.

» 0=2,°+2,°+23%-2125- 2525252, = (21 ¥ W2z, +WZ3) (2, #W?Z,+Wz3), where w stands for
an imaginary cube roots of unity. If z;+wz,+W°z;=0, then (z1-2,)=-W*(z5-2,);
hence |z, — z,|=|w?||z, — z3|=|z, — z3]|.similarly other part.



Conversely, if |z; — z,| = |z, — z3| = |z3 — 7], then z1,2,,23 represent vertices
of an equilateral triangle. Then z,-z,=(z5-z,)(cos 60°+isin60°), z;-z,=(z5-2,)( cOS
60%+isin60° ); by dividing respective sides, we get the result.

Examplel.8 Prove that |z, + z,|? + |z; — z3|* = 2(|z,|* + |2,|?), for two
complex numbers z,,z,.

»lzy + 2312 = (21 + 2) (71 + 23)=1z1|2 + |2,1242  z12,;  similarly |z, —
Z,|%=|z1|? + |2,1%-2 z12,; Adding we get the result.

Examplel.9 If cosa+cos f+cos y=sina+sin f+sin y=0, then prove that (1) cos
3a+cos3 B+cos 3y=3cos(a + B+7y), (2) X cos?a=Y sin*a=3/2.

»Let Xx=cos a+i sina, y= cos f+i sinf, z= cos y+i siny. Then x+y+z=0. Thus
x*+y*+7°=3xyz. By De’ Moivre’s Theorem, (cos 3 a+ cos 3 B+c0os 3 y)+i(sin
3 a+ sin 3 B+sin 3y)=3[ cos(a + B + y)+isin(e + S + y)]. Equating, we get
result.

Let Xx=cos a+i sina, y= cos S+i sinB, z= cos y+i siny. Then x+y+z=0. Also
%+%+§= 0; hence xy+yz+zx=0. Thus X°+y*+z°=0. By De’ Moivre’s
Theorem, cos 2 a+cos2 f+cos2 y=0. HenceY cos?a=3/2. Using sin® a=1-
cos® a, we get other part.

Examplel.10 Find the roots of z"=(z+1)", where n is a positive integer, and
show that the points which represent them in the Argand plane are collinear.

Let W=Z:—1.Thenz=ﬁ.Now z"=(z+1)" implies w"=1.Thus, W=COSZan+

, . 2km
lsin T,k=0,. . .,1’1-1.

1
SO Z: 2k 2k kzl,...,n-l

cos—+isin—
n n

-—% — écot %" Thus all points z satisfying z"=(z+1)" lie on the line xz-%.



TOPIC : THEORY OF EQUATIONS

An expression of the form agx"+a,;x"*+...+a,.1x+a,, where ap,as,...,a, are real or
complex constants, n is a nonnegative integer and x is a variable (over real or
complex numbers) is a polynomial in x. If a;#0, the polynomial is of degree n
and ayx" is the leading term of the polynomial. A non-zero constant a, is a
polynomial of degree 0 while a polynomial in which the coefficients of each
term is zero is said to be a zero polynomial and no degree is assigned to a zero
polynomial.

Equality: two polynomials agx™+a;x"*+...+as.x+a, and bex"+b X" +...+b,.
1X+b, are equal iff ag=by,a;=b,...,a,=D.

Addition: Let f(X)= agx"+a; X" .. +anX+an, g(X)= box™+b X" +...+b,. X +by.
the sum of the polynomials f(x) and g(x) is given by

m+1

f(X)+g(X)= apX"+.. . FanmaX™ +(@nm+bo)X .. . H(as+by), if m<n

= (ap+bg)X"+...+(a,+by), if m=n
= boX™ .. . Abmn X+ (Dmnta0)X ™. . .+ (bm+an), if m>n.

Multiplication: Let f(x)= agx™+a;x"+...+ap1x+a,, g(X)= box"+b X" +...+by.
1X+b,. the product of the polynomials f(x) and g(x) is given by

f)g(X)=Cox™ M X™ " . 4+emen Where  ci=agbita;biit...+aiby.  Co=agh#0;
hence degree of f(x)g(x) is m+n.

Division Algorithm: Let f(x) and g(x) be two polynomials of degree n and m
respectively and n=m. Then there exist two uniquely determined polynomials
g(x) and r(x) satisfying f(x)=g(x)g(x)+r(x), where the degree of g(x) is n-m and
r(x) is either a zero polynomial or the degree of r(x) is less than m. In particular,
if degree of g(x) is 1, then r(x) is a constant, identically zero or non-zero.

Theorem 1.1 (Remainder Theorem)If a polynomial f(x) is divided by X-a,
then the remainder is f(a).

»Let q(x) be the quotient and r (constant)be the remainder when f is divided by
x-a. then f(x)=(x-a)q(x)+r is an identity. Thus f(a)=r.



Theorem 1.2 (Factor Theorem)If f is a polynomial, then x-a is a factor of f
iff f(a)=0.

» By Remainder theorem, f(a) is the remainder when f is divided by x-a; hence,
If f(a)=0, then x-a is a factor of f. Conversely, if x-a is a factor of f, then
f(x)=(x-a)g(x) and hence f(a)=0.

Examplel.1 Find the remainder when f(x)=4x°+3x?+6x°+5 is divided by 2x+1.
»The remainder on dividing f(x) by x-(-l):x+l IS f(-1)=6. If q(x) be the
quotient, then f(x):q(x)(x+§)+6—"(")
Is divided by 2x+1.

(2x+1)+6. Hence 6 is the remainder when f

Theorem 1.3 ( Fundamental Theorem of Classical Algebra)
Every polynomial equation of degree>1 has a root, real or complex.

Corollary A polynomial equation of degree n has exactly n roots, multiplicity
of each root being taken into account.

Corollary If a polynomial f(x) of degree n vanishes for more than n distinct
values of x, then f(x) =0 for all values of x.

Polynomial equations with Real Coefficients

Theorem 1.4 1f a+ib is a root of multiplicity r of the polynomial equation
f(x)=0 with real coefficients, then a-ib is a root of multiplicity r of f(x)=0.

Note: 1+i is a root of x*-(1+i)x=0 but not so is 1- i.

Examplel.2 Prove that the roots of L+ 2 42 = Zareall real.
x—1 x—-2 x-3 x

» The given equation is 11*x42 — 3—-5 (*). Let a+ib be a root of the

polynomial equation (*) with real coefficients. Then a-ib is also a root of
1 4 9 1 4 9

“ N + = + + =-
(*).Thus (a- 1)+lb'(a 2)+ib (a—3)+ib 5 and (a-1)-ib (a-2)-ib (a—3)-ib >

Subtracting, 2|b[ - 1=0 which gives b=0. Hence

1)2+b2 (a=2)2+b2%2  (a- 3)2+b2
all roots of given equatlon must be real.




Examplel.3 Solve the equation f(x)=x"+x*-2x+6=0 , given that 1+i is a root.

» Since f(x)=0 is a polynomial equation with real coefficients, 1-i is also a root
of f(x)=0. By factor theorem,(x-1-i)(x-1+i)=x*-2x+2 is a factor of f(x). by
division, f(x)=( x*-2x+2)(x*+2x+3). Roots of x*+2x+3=0 are -1++/2i. Hence the
roots of f(x)=0 are 1+i, -1++/2i.

Theorem 1.5 If a+Vb is a root of multiplicity r of the polynomial equation

f(x)=0 with rational coefficients, then a-v/b is a root of multiplicity r of f(x)=0
where a,b are rational and b is not a perfect square of a rational number.

Since every polynomial with real coefficients is a continuous function from R to
R, we have

Theorem 1.6 (Intermediate Value Property) Let f(x) be a polynomial with real
coefficients and a,b are distinct real numbers such that f(a) and f(b) are of
opposite signs. Then f(x)=0 has an odd number of roots between a and b. If f(a)
and f(b) are of same sign, then there is an even number of roots of f(x)=0
between a and b.

Examplel.4 Show that for all real values of a, the equation
(x+3)(x+1)(x-2)(x-4)+a(x+2)(x-1)(x-3)=0 has all its roots real and simple.

»let f(x)= (x+3)(x+1)(x-2)(x-4)+a(x+2)(x-1)(x-3). Then lim,__q f(x)=00,
f(-2)<0, f(1)>0, f(3)<0,limy_c f(x)=00. Thus each of the intervals
(—0,-2),(-2,1),(1,3),(3, ) contains a real root of f(x)=0. Since the equation is
of degree 4, all its roots are real and simple.

Theorem 1.7 (Rolle’s Theorem) Let f(x) be a polynomial with real
coefficients. Between two distinct real roots of f(x)=0 ,there is at least one real
root of fP(x)=0.

Note:

(1) Between two consecutive real roots of f)(x)=0, there is at most one real
root of f(x)=0.

(2) If all the roots of f(x)=0 be real and distinct, then all the roots of f(x)=0
are also real and distinct.



Examplel.5 Show that the equation f(x)=(x-a)+(x-b)*+(x-c)*+(x-d)*=0, where
a,b,c,d are not all equal , has only one real root.

» Since f(x)=0 is a cubic polynomial equation with real coefficients, f(x)=0 has
either one or three real roots. If « be a real multiple root of f(x)=0 with
multiplicity 3, then « is also a real root of f(x)=3[(x-a)’+(x-b)?+(x-c)*+(x-
d)?]=0, and hence a=a=b=c=d (since a,a,b,c,d are real), contradiction. If f(x)=0
has two distinct real roots, then in between should lie a real root of f®(x)=0,
contradiction since not all of a,b,c,d are equal. Hence f(x)=0 has only one real
root.

Examplel.6  Find the range of values of k for which the equation
f(x)=x"+4x%-2x>-12x+k=0 has four real and unequal roots.

» Roots of fP(x)=0 are -3,-1,1. Since all the roots of f(x)=0 are to be real and
distinct, they will be separated by the roots of fP(x)=0. Now lim,._,_, f (x)=c0,
f(-3)=-9+k, f(-1)=7+k, f(1)=-9+k lim,_, f(x)=c0. Since f(-3)<0, f(-1)>0 and
f(1)<0, -7<k<9.

Examplel.7 If c4,Cy,...,c, be the roots of x"+nax+b=0, prove that (c;-C,)(Ci-
Cs)...(c1-Cn)=n(c," " +a).

» By factor theorem, X"+nax+b=(Xx-c;)(X-C,)...(x-C,).Differentiating w.r.t. X,
N(X"+a)= (X-Cy). .. (X-Cr)+(X-C1)(X-Cg). .. (X-Cp)+. .. H(X-C2)(X-C3). .. (X-Cp).

Replacing x by c; in this identity, we obtain the result.

Examplel.8 If a is a double root of f(x)=x"+px"*+...+p,=0, prove that a is
also a root of p;x"+2p,x"+. .. +np,=0.

» Since a is a double root of f(x)=0, both f(a)=0 and f*(a)=0 hold. Thus a"+p;a"
Lt . +ps=0 (1) and na"+(n-1)p;a"*+...+pn1=0(2). Multiplying both side of (1)
by n and both side of (2) by a and subtracting, we get p;a"'+2p,a”
2+...+np,=0.Hence the result.

2 n
Examplel.9 Prove that the equation f(x):1+x+%+...+%:0 cannot have a
multiple root.

2 n
» If a is a multiple root of f(x)=0, then l+a+—+.+—=0 and
° . !

(n_1)|=0;it thus follows that %:o, so that a=0; but 0 is not a root of

given equation.

a

2
1+a+%+. A+

Hence no multiple root.

10



Descartes’ Rule of signs

Theorem 1.8 The number of positive roots of an equation f(x)=0 with real
coefficients does not exceed the number of variations of signs in the sequence
of the coefficients of f(x) and if less, it is less by an even number.

The number of negative roots of an equation f(x)=0 with real coefficients does
not exceed the number of variations of signs in the sequence of the coefficients
of f(-x) and if less, it is less by an even number.

Examplel.10 If f(x)=2x3+7x%-2x-3 , express f(x-1) as a polynomial in x. Apply
Descartes’ rule of signs to both the equations f(x)=0 and f(-x)=0 to determine
the exact number of positive and negative roots of f(x)=0.

» Let g(x)=f(x-1)=2x>+x>-10x+4. By Descartes’ Rule, g(x)=0 has exactly one
negative root, say, c. Thus g(c)=f(c-1)=0; hence c-1(<0) is a negative root of
f(x)=0. Since there are 2 variations of signs in the sequence of coefficients of
f(-x)and since c-1 is a negative root of f(x)=0, f(x)=0 has two negative roots.
Also, f(x)=0 has exactly one positive root ,by Descartes’ rule.

Relations between roots and coefficients

Let cy,...,c, be the roots of the equation apX"+a; X"+ . +a, x+a,=0. By factor
theorem,

aoX"+a; X"+ . +anX+an=ag(X-C1)(X-Co). . .(X-Cn).

Equating coefficients of like powers of x,a;=as(— Y. ¢;), a=ap). €1 C5.....,an=a (-
1)"c;C,...c,. Hence

a a a
D clz-a—;,z Cy Cy :a—z,. .., C1Cy.. .cn=(-1)”a—:)‘.

Examplel.11 Solve the equation 2x*-x*-18x+9=0 if two of the roots are equal
in magnitude but opposite in signs.

» Let the roots be -a, a, b .Using relations between roots and coefficients,
b:(—a)+a+b:% and —azbz—g. Hence a’=9, that is, a=+3. Hence the roots are

3,-3, 5.
2
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SETS AND FUNCTIONS

A set is a collection of objects having the property that given any abstract (the thought of
getting 100%marks at the term-end examination) or concrete (student having a particular
Roll No. of semester Il mathematics general) object, we can say without any ambiguity
whether that object belongs to the collection (collection of all thoughts that came to one’s
mind on a particular day or the collection of all students of this class) or not. For
example, the collection of ‘good’ students of semester Il will not be a set unless the
criteria of ‘goodness’ is made explicit! The objects of which a set A is constituted of are
called elements of the set A. If x is an element of a set A, we write XEA, otherwise X¢A.
If every element of a set X is an element of set Y, X is a subset of Y, written as X €Y. X
is a proper subset of Y if X €Y and YE&X, writtenas X & Y. For two sets X = Y iff (if
and only if, bi-implication) X €Y and YCSX. A set having no element is called null set,
denoted by @.

Examplel.l a#{a} (a letter inside envelope is different from a letter without envelope!),
{a}e{a.{a}}, {a}<{a.{a}}, @ cA(the premise xe @ of the implication X @ = x€ A is

false and so the implication holds vacuously ), ACA, for every set A.
Set Operations: formation of new sets

Let X and Y be two sets. Union of X and Y, denoted by XUY, is the set {a| aeX or aeY
or both}. Intersection of X and Y, denoted by Xn'Y, is the set {a| aeX and aeY}. The set
difference of X and Y, denoted by X-Y, is the set {a] aeX and a& Y}. The set difference
U-X is called complement of the set X, denoted by X', where U is the universal set. The
symmetric set difference of X and Y, denoted by XA4Y, is the set (X-Y) U(Y-X). For any
set X, the power set of X, P(X), is the set of all subsets of X. Two sets X and Y are
disjoint iff Xn'Y = @. The Cartesian product of X and Y, denoted by X X Y, is defined as
the set {(x,y)| XxeX, yeY} [ (x,y) is called an ordered pair. Two ordered pairs (x,y) and
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(u,v) are equal, written (x,y) = (u,v), iff x =uand y = v]. If we take X = {1,2} and Y =
{3}, then X XY = {(1,3),(2,3)} #{(3,1),(3,2)} =Y X X. Thus Cartesian product between

two distinct sets are not necessarily commutative (Is@ X {1} = {1}X @ ?).
Laws governing set operations
For sets X, Y, Z,

> ldempotent laws: XU X = X, XNX =X

» Commutative laws: XUY = YUX, XNY = YN X

» Associative Laws: (XUY) UZ = XU(YU2Z), (XNY)NZ=XN(YN Z)

> Distributive laws: Xu(YNZ) = (XU Y) Nn(XuZ), XNn(YUZ) = (XNY) U(XNZ)
» Absorptive laws: XN(XUY)=X, Xu(XNY)=X

» De’ Morgan’s laws: X-(YUZ) = (X-Y) N(X-Z), X-(YNZ) = (X-Y) U(X-2)

Examplel.l Let A, B, C be three sets such that AnNB = ANC and AUB = AU C, then
prove B = C.

» B = BU(ANB) = BU(ANnC) = (BUA) n(BUC) (distributivity of U overn) =
(CUA) Nn(BUC) = Cu(AnB)=CuU(An C) =C.

Examplel.2 AAC = BAC implies A = B: prove or disprove.

NOTE: Proving will involve consideration of arbitrary sets A,B,C satisfying the given
condition, whereas disproving consists of giving counter-examples of three particular sets
A,B,C that satisfies the hypothesis AAC = BAC but for which the conclusion A = B is

false.

NOTATION: N,Z,Q,R,C will denote set of all positive integers, integers, rational

numbers ,real numbers and the complex numbers respectively.



A function from a set A to a set B, denoted by f: A—B, is a correspondence between

elements of A and B having the properties:

v' For every xXeA, the corresponding element f(x) € B. f(x) is called the image of x
under the correspondence f and x is called a pre-image of f(x). A is called domain
and B is called the codomain of the correspondence. Note that we differentiate
between f, the correspondence, and f(x), the image of x under f.

v For a fixed x€A, f(x) € B is unique. For two different elements X and y of A,

Images f(x) and f(y) may be same or may be different.
In brief, a function is a correspondence under which

> both existence and uniqueness of image of all elements of the domain is guaranteed
but
> neither the existence nor the uniqueness of pre-image of some element of

codomain is guaranteed.

Examplel.7 Prove that f(ANB) <f(A) nf(B) ; give a counterexample to establish that the

reverse inclusion may not hold.

» Y€ f(ANB)=>y = f(x), xe AnB=y = f(x), xe A and xeB=yef(A)and yef(B) =>ye
f(A) Nf(B). Hence f(ANB) <f(A) Nf(B). Consider the counter example: f: R—R,f(x) = X,
A={2}, B={2}.

Examplel.3 Let f: R—R, f(x) = 3x>-5. f(x) = 70 implies x = #5. Thus f'{70} = {-5,
53}.Hence f[f*{70}] = {f(-5), f(-5)} = {70}. Also, f'({-11}) = @ [x€ f*({-11})=3x*-5=-
11=x%=-2].

A function under which uniqueness of pre-image is guaranteed is called an injective

function. A function under which existence of pre-image is guaranteed is called a

surjective function. Put in a different language, f: A—B is injective iff a;, a,€A, f(a;) =
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f(a,) implies a; = a,. f is surjective iff codomain and range coincide. A function which is

both injective and surjective is called bijective .

NOTE: The injectivity, surjectivity and bijectivity depends very much on the domain and
codomain sets and may well change with the variation of those sets even if expression of
the function remains unaltered e.g. f:Z—Z, f(x) = x* is not injective though g:N—Z, g(x)

= x% is injective.

Examplel.4 f: R-R, f(x) = x* — 3x+4. f(x1) = f(X,) implies (X1-X;)(X1+X»-3) = 0. Thus (1)
= f(2) though 1#2; hence f is not injective [Note: for establishing non-injectivity, it is
sufficient to consider particular values of x]. Let yeR and x& f*{y}. Theny = f(x) = x* —
3x+4. We get a quadratic equation x> — 3x+(4-y) = 0 whose roots, considered as a
quadratic in X, give pre-image(s) of y. But the quadratic will have real roots if the
discriminant 4y-7>0, that is , only when y>7/4. Thus, for example, f*{1} =@. Hence f is

not surjective.

If f:A—B and g:B—C, we can define a function gof:A—C, called the composition of f and
g, by (9of) () = g(f(a)), a€A.

Examplel.5 f:Z -»Z and g: Z —>Z by f(n) = (-1)" and g(n) = 2n. Then g.f: Z - Z,
9oND(N)=9((-1)" = 2(-1)" and (fog)(n) = (-1)*". Thus gof # f,g. Commutativity of
composition of functions need not hold.



LINEAR ALGEBRA

MATRICES

Definition: A rectangular array of mn elements a;; into m rows and n columns, where the

elements a; belong to a field F, is called a matrix of order mxn over F. It is denoted by

a11Q12 0 Qp di1  dqz2°"" dqp
[ai]lmxn OF by l : : ]orby ( : : ) F is called field of

A1Qmy A ami Amz A
scalars. In particular, if F be the field R of real numbers, a matrix over R is said to be a
real matrix. The element a;; appearing in the i th row and j th column of the matrix is said
to be ij th element. If m=1, the matrix is said to be a row matrix and if n =1, it is called a
column matrix. If each element of a matrix is 0, it is called a null matrix and denoted by
Omxn. If m=n, matrix is called a square matrix. Two matrices [aj]mxn and [bjj]oxq are equal
iff m =p, n=q and a; = b; for each i and'j. A square matrix whose elements on the
principal diagonal are all equal to 1 and all the elements off the main diagonal are 0 is
called identity matrix and is denoted by I,,. If A = [a;j]mxn, then transpose of A, denoted by
A", is defined as AT = [bij]nxm,Where bj = a;, for each i and j. A square matrix is a

diagonal matrix if all the elements not lying on the main diagonal are zero.

OPERATION ON MATRICES

Equality of matrices [aj]m«n=[bijloxq Iff M=p, n=q and a;; = b;, for each ij.
Multiplication by a scalar for a scalar ¢, c[ajj]mxn = [Caijlmxn

Addition two matrices [aij]mxn , [Dijloxq are conformable for addition iff m = p and n = q

and in that case

[@ij]mxnt [Di]mxn = [@ij70ij]mxn



Multiplication two matrices [ajj]mxn , [Dijloxq @re conformable for multiplication iff n = p.

in that case
[@i]mxn [Oijlnxg = [Cilmxar Cij =25=1 a;sbg;.

ALGEBRA OF MATRICES

1. Matrix addition is commutative and associative.

2. Matrix multiplication is NOT commutative.

3. Matrix multiplication is associative. Let A = [ajjlmxn, B = [bijlixps C = [Cijlpxq- Then

AB = [dilmp, Where dij = YR_; ajby;. Thus (AB)C = [ej]mxg Where e =
P _1dishsj = Xb_  XR_q aybys ¢s;. Again, BC = [filng, Where fj = X7_, byecy;.

Thus A(BC) = [gilmq Where gy = X7 @y fu=Sies $0, Ggubuecy; = €, for all

I,J. hence A(BC) = (AB)C.

Matrix multiplication is distributive over addition.

(AN =A

(A+B)" = AT+B".

(AB)" = B'AT (supposing A,B are conformable for product). Let A = [a]mm, B =

[biflnp. AB =[Cijlmxp, Where cij = XE_; aiycby; . SO (AB)" =[dij]pxm, dj =

N o o Bk

Ci=Xre1 Qjichii- B = [ilpxn » AT = [fijlxm Where e;; = by, f; = a;. Hence BTAT =
[gij]pxm’ where gij =Z?=1 eisfsjzz:?:l ajsbsizdij-

Symmetric and skew-symmetric matrix

A square matrix A is symmetric iff A = A". A square matrix A is skew-symmetric iff
A=-AT,

Results involving symmetric and skew-symmetric matrices

(1) If A and B are symmetric matrices of the same order, then A+B is symmetric.



(2) If A and B are symmetric matrices of the same order , then AB is symmetric iff AB
= BA.
» if AB is symmetric, then AB = (AB)" = B'AT = BA. If AB = BA, then AB = BA
=B'A" = (AB)', so that AB is symmetric.

(3) AAT and A"A are both symmetric.

(4)A real or complex square matrix can be uniquely expressed as the sum of a

symmetric and a skew-symmetric matrix.

» let A be a square matrix. then A can be expressed as A = %(A + A7) + % (A —
AT) where i(A + AT) is symmetric and %(A — AT) is skew-symmetric.

Uniqueness can be proved.
DETERMINANT

Let M stand for the set of all square matrices over R. We define a function det: M—-R

inductively as follows:

Step 1 det X= allz(-1)1+1a11, if X= [3.11]1)(1. det X = (—1)1+1a11det(a22)+

a1 a12)

(_1)1+2a21d€t(a12)' if XZ[aij]2x2= (azl az,

Step 2 let us assume the definition is valid for a square matrix of order n: thus for X=
(@i)nxn » det X=Xr_ (=1)**"a,, detX;,., where X;, is a matrix of order n-1, obtained
from X by deleting the first row and r th column. We now consider X = (jj) n+1)x(n+1)- We
now define det X =Y"*1(—1)*"q,, detX,,, where Xy, is a matrix of order n, obtained
from X by deleting the first row and r th column. By assumption, detX,, can be
evaluated for all r. so the definition is valid for a square matrix of order (n+1).



Hence by induction, for a matrix X = (@j)mwn we define det X
=", (D™ a,, detX,,, where X, is a matrix of order n-1, obtained from X by

deleting the first row and r th column.

Following this definition , we can define det X, for any X eM.

ai1 Qg2 Qg3
az1 Q2 Qp3|, det X = (-1)1+13.11X11+(-1)1+2a12X12+(-
az1 Az Az

1)%a;3X13, where X, is the determinant of the matrix obtained by deleting the first row

Example 2.1 for the matrix X=

and r th column of A. now Xy = (-1)*2aydet(ass)+(-1)*axsdet(as,) = azpasz-arsas.

Similarly value for X, and Xy3 can be found and finally value of det X can be calculated.

Properties of determinants

aj1 Aqz Q3
Az1 Az Az
asz; 4azz QAzs

(1)det X = det X", where X = . By actual calculation, we can verify

the result.
NOTE: By virtue of this property, a statement obtained from an established result
by interchanging the words ‘row’ and ‘column’ thoroughly will be established.
(2)Let A be a matrix and B is obtained from A by interchanging any two rows
(columns) of a matrix A, then detA = - det B.
(3) If A be a matrix containing two identical rows (or columns), then det A = 0. Result
follows from (2).
(4) If elements of any row of a determinant is expressed as sum of two elements, then

the determinant can be expressed as a sum of two determinants.



a1 aq2 aq3
Ay +p Aaz+q az+r

asq as; ass

az1 Az Q3|+

az1 dzp Azz

Example:  det

i1 Aq2 Qg3
det

a;; Q12 dg3
p q T |, which can be verified using definition and earlier properties.
dz1 043z dzs

det

(5) If elements of any row of a determinant is multiplied by a constant, then the
determinant is multiplied by the same constant

a1 a2 aq3 a;1 Qg Qg3
Example: det |€az1 CaAzz Cazz|=cdet |21 Q2 QAz3|, which can be verified
asq as; ass az1 Az dAzz

using definition and earlier properties.
(6) In an nxn matrix A if a scalar multiple of one row(column) be added to another
row(column), then detA remains unaltered.

a 2 Aq3

» det |az1 t+caz; az;tcas; azst+cass az1 Az Q3|+

az1 dzp dAzz

i1 Qg2 Qg3
= det

asq as, ass
aiq Ay ai3
det[ca31 cas; cassl,[byproperty (4)]

asq as; aszs

a1 A1 Q43 ai1 Qg Qg3
=det|@21 Q22 QAzz|+cdet|A31 A3z Aazz|, [by property(5)]
az1 Az A3z az1 dzp dAzz

=det|@21 Q22 az3|+c.0, [by property(3)]

=det|az1 az; azs

(7)In an nxn matrix A, if one row(column) be expressed as a linear combination of

the remaining rows(columns), then detA = 0.



C1031 + C2Q31 C1Qyp + C2A33  €1A33 + C2A33
» det az1 az; azs

asq asy ass
A1 Az Az az1 Az dzz
=c,det|@z1 Az  Azz|+codet|@z1  azz  ax3|=0.
az1 Az dzgz az1 Az dzz

1 a b?+c?+bc
1 b c*+a’+ca
1 ¢ a*+b?*+ab

Example: Prove without expanding the determinant =0

1 a b%?+c?+bc 1 a b?+c? 1 a bc
»1 b c?+a*+cal=|1 b c?+a?|+|1 b ca
1 ¢ a*+b%>+ab 1 ¢ a®+b? 1 ¢ ab
1 a —a? e a’ abc
=1 b —-b%+—|b b? abc
abc
1 ¢ —c? c c? abc
1 a a? e |® a’ 1
=-11 b b2|+==|p b2 1[0,
C
1 ¢ c? c c* 1

Cofactors and Minors :

Let A = [ajj]mxn- Mij, minor of the element a;, is the determinant of the matrix obtained by
deleting i th row and j th column of the matrix A. Ay, cofactor of the element a;;, is
defined as (-1)"IM;;.

Theorem: For a matrix A=[a]sxs, @ilAxt ai2Akat aisAxs = det A, if i=k and = 0, if i#k.

» apAntanpAptA = an(-1)Mdet [ 22] +ay,(-1)*det [ 23] +ay5(-

as; asz1 dzs

1)“3det[ 21 ] detA, by definition. Also,

10



a a a a
a11A21ta12 A Ta13 A= 311(‘1)2+1det [12 13] +a12('1)2+2det [11 13] +ays(-

Az, dzs az1 dszs

243 a;p g2

1)7det
asz1 dzp

a;; Q12 Ag3
=det lan a1z a13] (by definition of determinant) = 0 (by property (3)).
az1 04z d4zs

Similarly other statement can be proved.

Multiplication of determinants

Theorem: If A and B are two square matrices of the same order, then
det(AB) = detA.detB= det A".det B

2bc — a? c? b?
c? 2ca — b? a’?

b? a? 2ab — c?

Example: prove =(a*+b>+c3-3abc)?

» we have =- (a’+b*+¢>-3abc). Now

a T Q

a b clla b c
b ¢ allb ¢ a
c a bllc a b

Q a T

C
a
b
2bc — a? c? b?

c? 2ca — b? a?
b? a? 2ab — c?

—a =b -—c
c a b
b C a

c
al.
b

o o Q

Q a o

0 (a—b)?> (a-——c)?
Example: Prove that [(b — ¢)? 0 (b — ¢)?|=2(a-b)*(b-c)*(c-a)>.
(c—a)? (c—b)? 0

1 1 1 1 1 1|1 1 1
»Wehave|a b c|=(b)(b-c)(c-a). Now 2la b <cl|la b ¢
a’? b? c? a’® b? c?lla® b* c?
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a’> b* c*l|I1 1 1
=-2la b cfla b ¢
1 1 1lla® b* ¢?
a2 b2 T | 0 (a—b)*> (a—-c)?
=|-2a —-2b —2c||la b c|=[-0c)? 0 (b — c)?|.
1 1 1 lla® b?2 c*l |(c=a)? (c—-b)? 0

Definition: If A=(a;) be a square matrix and A; be the cofactor of a; in det A, then
det(A) is the adjoint of det A.

Theorem: If A=(ajj)sxs, then det(Aj)=[det (ai,-)]z, if det (a;j)#0.

a;q A2 aAz| Ay A Ags
»laz1 Az Az3|[Ay; Ay Ajz
azy Aazz azzllAz; Ay Asz

11411 + a12415 + ay3413  a11415 + a4, +a4345; 0
= 0 detA 0
0 0 detA4

= (det A)®. Hence det(A;j)=[det (ay)]?, if det (a;)#0.

bc —a?* ca—b?* ab— c?
ca—b?* ab—c%* bc—a?
ab —c%* bc—a® ca-—b?

Example: Prove =(a*+b*+c3-3abc)?

a b c bc —a? ca—b?* ab-—c?
»wehave b ¢ a =-(a3+b3+c3-3abc). NOW |ca — b? ab —c? bc — a?
c a b ab —c? bc—a?* ca-b?
a b clla b cl|
=adjlb ¢ al|=|b ¢ a| =RHS
c a bllc a b
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Adjoint of a square matrix

Definition Let A = (a;) be a square matrix. Let A; be the cofactor of a; in detA. The
adjoint of A, denoted by Adj A, is defined as (Aij)T.

Theorem: Let A be a square matrix of order n. then A. (Adj A) = (Adj A).A = |All,.

» the i,j th element of A.(Adj A) is ainAqjtaiAt...FainAy which equals 0, if i#) and
|Al0 - 0

00 - A

equals |A], if i=j. Hence A. (Adj A) = = |All,. similarly other part.

Definition: A square matrix is singular if |A|=0 and is non-singular if |A|#0.

Definition: A square matrix of order n is invertible if there exists a matrix B such that
AB=BA = |,. B is called an inverse to A. If C be an inverse to A also, then AC = CA =
I using associativity of product of matrices, it is easy to verify that B = C. So inverse of
a square matrix , if it exists, is unique. Note also that since AB and BA both are to be

defined, A must be a square matrix.
Theorem: An nxn matrix A is invertible iff it is non-singular.

» Necessity let A, be invertible. Then there exists By, such that AB = BA = I,. then
|A||B|=|AB|=|L,|=1 so that |A|#0.

Sufficiency Let |A] #0. we know that A.(Adj A) = (Adj A).A = |A]| l,. hence
A.[ﬁ (Adj A)]= [ﬁ (Adj A)]A =1, proving the result.
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Theorem: If A,B be invertible matrices of the same order, then AB is invertible and
(AB)'=B'A",

» |AB| = |A||B|#0, hence AB is invertible. Using associativity,

(AB)(B*A™ = I,=(B*A™)(AB).

Theorem: If A be invertible, then A is also invertible and (A" = A.

» From AA™ = A"A = |, it follows from the definition of inverse that (A™)™ = A.
Theorem: If A be an invertible matrix, then A" is invertible and (A")* = (A™)".

» AL(ADH = (A'A)'=1," = 1, = (AAYHT = (ADHT.AT. Hence (A = (A™M)".

Orthogonal matrix

Definition: A square matrix A of order n is orthogonal iff AA™ = I,,.
Theorem: If A is orthogonal , then A is non-singular and |A|=%1.
» |A|? = |A||AT| = |AAT| = |I,,| = 1 implies |A| = +1 # 0.
Theorem: If A be an nxn orthogonal matrix, then ATA =1,

» AAT = 1,>AT(AAT) = AT, =(ATA)AT = AT (ATA-I)AT = O=(ATA-L)[AT(AN =0

(A is orthogonal=A is non-singular=A" is non-singular=A" is invertible) =2ATA = I,,.
Theorem: If A and B are orthogonal matrices of the same order, then AB is orthogonal.
»(AB)(AB)" = (AB)(B'AT) = A(BBNAT =(Al,)A" = AA" = |,

Theorem: If A is orthogonal, A™'is orthogonal.

» (A A =ADA) = (ATA) =17 =1,

Note: If A be an orthogonal matrix, A" = A™.
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Rank of a matrix

Definition Let A be a non-zero matrix of order mxn. Rank of A is defined to be the
greatest positive integer r such that the determinant of the matrix formed by elements of
A lying at the intersection of some r rows and some r columns is nonzero. Rank of null

matrix is defined to be zero.
Note: (1) O<rank A< min{m,n}, for a non-zero matrix A.

(2) for a square matrix A of order n, rankA < n or =n according as A is singular or

non-singular.
(3) Rank A = Rank A",

Elementary row operations

An elementary operation on a matrix A over a field F is an operation of the following

three types:

> Interchange of two rows(columns) of A
» Multiplication of a row (or column) by a non-zero scalar ¢ eF

» Addition of a scalar multiple of one row (or column)to another row(or column)

When applied to rows, elementary operations are called elementary row operations.

Notation: interchange of i th and j th row will be denoted by R;;. Multiplication of i th row
by ¢ will be denoted by cR;. Addition of ¢ times the j th row to the i th row is denoted by
Ri+CRj.

Definition: An mxn matrix B is row equivalent to a mxn matrix A over the same field F

iff B can be obtained from A by a finite number of successive elementary row operations.
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Note Since inverse of an elementary row operation is again an elementary row operation,

If B is row equivalent to A, then A is also row equivalent to B.
Definition: An m x n matrix is row reduced iff

e The first non-zero element in a non-zero row is 1 and

e each column containing the leading 1of some row has all other elements zero.

0 1 0 O
Example: |0 0 1 2
1 00 O

Definition: An m x n matrix A is row reduced echelon matrix iff

e A s row reduced
e Each zero row comes below each non-zero row and

o |f first r rows are non-zero rows of Aand if the leading element of row | occurs in

column k;, then k;<k,<...<k,.

0 1 3
Example: |0 0 1
0 0 O

Algorithm which row-reduces a matrix to echelon form

Step-1: suppose that j; column is the first column with a nonzero entry. Interchange the

rows so that this nonzero entry appears in the first row, that is, so that a, ; #0
Step-2: for each i>1, apply the operation Ri—-a;; R; + a,; R;.
Repeat steps 1 and 2 with the submatrix formed by all the rows excluding the first.

Theorem: For a given matrix A , a row-reduced echelon matrix B equivalent to A can be

found by elementary row operations.
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0 0 1 0O 0 1
Example: [ ]R[ ] [1 3 0 +—>[1 3 0]

2 6 212 6 0

130R—>
0 0 o0l™

0 0 1
0 0 O

—_
R3—2R,

001]

130]

Theorem: If a matrix A is equivalent to a row-reduced enhelon matrix having r non-zero
rows, then Rank A =r.

Example: Find the rank of the matrix A= |2 4 4

0 0 5

12—1]

» First Method: rank A> 1, since det[1] = 1#0. Though det[é ﬂ =0, det[é _41]#)'

Hence rank A> 2. Since det A=0, rank A is not equal to 3. hence rank A = 2.

1 2 -1 1 2 0 1 2 0
Second Method:AR—> [0 0 6 " [0 0 6] [0 0 6]
2Ry 0. s |R*sRsfo o slRsERlo 0 o0
1 2 0
—> 0 0 1| Hencerank A=2.
0O 0 O

SYSTEM OF LINEAR EQUATIONS
A system of m linear equation in n unknowns X1,Xs,...,x, is of the form
a11X1+apXot.. . FanX, = by
anX1tanXot. . . FaX, = b,

amiX1+tamaXot...FamnXn = b, Where a;;’s and b;’s are given elements of a field.
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An ordered n-tuple (cy,C,,...,cn) is a solution of the system if each equation of the system
Is satisfied by x;=ci,...,x, = C,. a system of equation is consistent if it has a solution;

otherwise it is inconsistent.

Matrix representation Let A = (@i)mxn, X = (Xj)nxa and B = (b)ma.then the system can be

a1 QA by
written as AX = B. The matrix | : ¢ | is called the augmented matrix,
Am1 Am2 """ Amn bm

denoted by (A,B).

Definition: two systems AX=B and CX=D are equivalent systems if the augmented

matrices (A,B) and (C,D) are row equivalent.

Theorem: if AX = B and CX = D are equivalent systems and if (eq,e,,...,e,) be a solution
of AX = B, then (ey,e,,...,en) is also a solution of CX = D. If one of two equivalent

systems is inconsistent, then the other is also so.

Ex : Solve, if possible, the system X;+2X, — X3 = 10, -X;+X,+2X3 = 4, 2X;+X, — 3X3 = 2,

1 2—1 10 1 2 -1 10 1 2 -1 10
» [—1 1 —>+ 0 3 1 14f~—> [0 3 1 14]
2 1—3 il 1 -3 210 -3 —1 -18

1 2 -1 10
—0 3 1 14
lo o 0 -4

3Xy,+Xx3 = 14, 0 = -4, which is inconsistent. Thus the given system is inconsistent.

. Thus the given system is equivalent to x;+2x, — X3 = 10,

Theorem: a necessary and sufficient condition that a given system of linear equations
AX=B is consistent is that rank A = rank(A,B).
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Solution of a system of linear equations having same number of variables as that of

equations in which coefficient matrix is nonsingular
METHOD 1: Cramer’s rule
Let
Ay Xg+apXot. .. FaX, = by
Ao X1 FaxnXot. . . FanXy = b,
an1Xytan2Xot. .. +apnX, = by

be a system of n linear equations in n unknowns where det A= det(a;})nx#0.Then there

det 4 det 4 .
S X, = =" where A, is the
detA detA

exists a unique solution of the system given by x; =

nxn matrix obtained from A by replacing its i th column by the column [by b,...b.]", i =

1,2,...n.

X1Q11 Q120 Qyp X1Q11 F X0y + -+ X0 Q1 Qg A
» X;detA =det | = det : :
X1Ap1 Ap2 -t Qpp X1Qpq + XoQpo + -+ XpQpn  Apo -t QApn
by apz: ain

=det A,. Similarly others.

=det[ : :

bn App " Appn

19



Example: let us consider the system x+2y-3z =1, 2x —y+z =4, x+3y = 5.

1 2 =3
Determinant of the coefficient matrix = |2 —1 1 |=-22#0. By Cramer’s rule,
1 3 0
1 2 -3 1 1 -3 1 2 1
4 -1 1 2 4 1 2 -1 4
x=15_3 0l-p y=11 5 _0l-7 ;=1 3 5l_q
—-22 —-22 —-22

METHOD 2: Matrix Inversion method

Let A = (@jj)n, X = [xl,..,xn]T, B=[b1,b2,...,bn]T. Then the above system of linear

equations can be written as AX=B,
where detA #0. Thus A™ exists and X = A™B.

Example2.12 3x+y =2, 2y+3z =1, x+2z2 = 3.

3 1 0] X 2
LetA=|0 2 3 ,X:[y],B = [1 . detA#0.
1 0 2 z 3
2 X
15 15 15 1
A'1:;Ade: 2 2 _Z[ X=A'B=|-1[. Thus the solution is
detA 15 15 15
N\ L S 1
15 15 15

x=1y=-1z=1.
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EIGEN VECTOR AND EIGEN VALUE CORRESPONDING TO A SQUARE
MATRIX

Let A be an nxn matrix over a field F. A non-zero vector x €F" is an eigen vector or a
characteristic vector of A if there exists a scalar a€F such that Ax = cx holds. Thus (A-
clp) x = O holds. This is a homogeneous system of n equations in n unknowns. If det(A-
cly) # 0, then by Cramer’s rule, x = 0 will be the only solution .Since we are interested in

non-zero solution, det(A-cl,)=0 equation is called the characteristic equation of A.
A root of the above equation equation in a, is called an eigen value of A.

1—a

4 5Ea|=0, or,

Example: let A = Ll} g] The characteristic equation is |

a’-6a-7 = 0.thus eigen values are -1,7. The eigenvector [;C’] corresponding to the
eigenvalue -1 is given by Lll g] [;] =1 [;] . Thus 2x+3y = 0, 4x+6y = 0. Thus
x =-3y/2.hence the eigenvector corresponding to -1 is [;]:k [_23] where k#0. Similarly
eigenvector corresponding to eigenvalue 7 can be found.

Theorem: The eigen values of a diagonal matrix are its diagonal elements.

Theorem:If ¢ is an eigen value of a nonsingular matrix A,then ¢™ is an eigen value of A™.

Theorem: If A and P be both nxn matrices and P be non-singular, then A and P*AP have

the same eigen values.
Theorem: To an eigen vector of A, there corresponds a unique eigen value of A.

» If possible, let there be two distinct eigen values c¢; and ¢, of A corresponding to an
eigen vector x. Thus Ax = C;x = Cyx. hence (c;-C;) x = 0; but this is a contradiction since
a;7a, and x s non-zero vector.
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Theorem: (Cayley Hamilton theorem)
Every square matrix satisfies its own characteristic equation.

2 1

Ex: let Az[3 5

]. Verify that A satisfies its characteristic equation. Hence find A™.

» The characteristic equation is x* — 7x+7 = 0. Now A%-7A+7l =O can be verified by

actual calculation. Hence Cayley Hamilton theorem is verified. Hence A[—%(A—

75|21, Thus At = —1 (4 - 71,)=1 [_53 _21]

REAL QUADRATIC FORM

An expression of the form }; ; a;;x;x; (i,j = 1,2,...,n) where ajare real and a;; = aj;, is said
to be a real quadratic form in n variables x1,X,,...,x,. the matrix notation for the quadratic
form is gTAg, where x = [X1 X2 ... x,]", A = (@ij)nxn- A is @ real symmetric matrix

since a;; = a;; for all i,j. A is called the matrix associated with the quadratic form.

Example2.27 x;X,-XoX3 is a real quadratic form in three variables X,X,,X3. The associated

0 1/2 0
matrix is [1/2 0 —1/2].
0 =1/2 0
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Definition: A real quadratic form Q=x"Ax is

(1) Positive definite if Q>0 for all x#O

(2) Positive semi definiteif Q>0 for all x#O

(3) Negative definite if Q<0 for all x£0

(4) Negative semidefinite if Q<0 for all x#O

(5) Indefinite if Q>0 for some x#O and Q<0 for some other x#O

Example: consider the quadratic form Q(Xi,X2,Xs) = X12+2Xo2+AX5>+2X1Xo-4XoX5-2X3X1 =
(X1+X2'X3)2+(XZ-X3)2+2X3220 and Q=0 Ol’lly when X1+Xo-X3= Xo-X3 = X3 = 0, that is, when

X1=X,=X3 = 0. Thus Q is positive definite.

For a real quadratic form Q=X"AX where A is real symmetric matrix of rank r(<n), there

exists a non-singular matrix P such that P'AP becomes a diagonal matrix

I,

—L_p of rank r, where 0<m<r. thus by a suitable transformation X=PY,

o

where P is nonsingular, the real quadratic form Q transforms to y:°+...+ym’-Yms1 ...y

where 0<m<r<n. this is called normal form of Q.
Theorem: A real quadratic form of rank r and index m is

(1) Positive definite, if r = n,m=r

(2) Positive semidefinite, if r<nm=r
(3) Negative definite, ifr=nm=0
(4) Negative semidefinite, if rn,m=0
(5) Indefinite, if r<n,0<m<r
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Example: Reduce the quadratic form 5x*+y*+14z-4yz-10zx to its normal form and show

that it is positive definite.

5 0 =5
» The associated symmetric matrix is A=| 0 1 —2]. Let us apply congruent
-5 -2 14

operations on A to reduce it to the normal form.

R3+R1 c3+c1 5 0 0 R3+2R, 50 0 C3+2C, 500
A o 1 -2{—|0 1 =-2|—|0 1 O
0 -2 9 0 0 5 0 0 5
LRy \/— 0 0 \; vac [1 00
ERE 1 0|—— 0 1 0]. The normal form is x*+y*+z°.the rank of the
0 0 V5 0 0 1

quadratic form is 3 and its signature is 3. Thus the quadratic form is positive definite.
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Mathematics Learning Centre, University of Sydney 1

1 Functions

In this Chapter we will cover various aspects of functions. We will look at the definition of
a function, the domain and range of a function, what we mean by specifying the domain
of a function and absolute value function.

1.1 What is a function?

1.1.1 Definition of a function

A function f from a set of elements X to a set of elements Y is a rule that
assigns to each element x in X exactly one element y in Y.

One way to demonstrate the meaning of this definition is by using arrow diagrams.

X Y X Y

TR 5 S 5

2 2 6

3 3 3 3

4 - 2 4 —> 2
f: X — Y is a function. Every element g : X — Y is not a function. The ele-
in X has associated with it exactly one ment 1 in set X is assigned two elements,
element of Y. 5 and 6 in set Y.

A function can also be described as a set of ordered pairs (z, y) such that for any z-value in
the set, there is only one y-value. This means that there cannot be any repeated x-values
with different y-values.

The examples above can be described by the following sets of ordered pairs.

F = {(1,5),(3,3),(2,3),(4,2)} is a func- G = {(1,5),(4,2),(2,3),(3,3),(1,6)} is not

tion. a function.

The definition we have given is a general one. While in the examples we have used numbers
as elements of X and Y, there is no reason why this must be so. However, in these notes
we will only consider functions where X and Y are subsets of the real numbers.

In this setting, we often describe a function using the rule, y = f(z), and create a graph
of that function by plotting the ordered pairs (x, f(x)) on the Cartesian Plane. This
graphical representation allows us to use a test to decide whether or not we have the
graph of a function: The Vertical Line Test.
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1.1.2 The Vertical Line Test

The Vertical Line Test states that if it is not possible to draw a vertical line through a
graph so that it cuts the graph in more than one point, then the graph is a function.

T |
\
\
\
} x
0 \ 7
|
\
| \
’ |
This is the graph of a function. All possi- This is not the graph of a function. The
ble vertical lines will cut this graph only vertical line we have drawn cuts the
once. graph twice.

1.1.3 Domain of a function

For a function f : X — Y the domain of f is the set X.

This also corresponds to the set of z-values when we describe a function as a set of ordered
pairs (z,y).

If only the rule y = f(z) is given, then the domain is taken to be the set of all real x for
which the function is defined. For example, y = /2 has domain; all real x > 0. This is
sometimes referred to as the natural domain of the function.

1.1.4 Range of a function

For a function f : X — Y the range of f is the set of y-values such that y = f(x) for
some z in X.

This corresponds to the set of y-values when we describe a function as a set of ordered
pairs (z,y). The function y = /x has range; all real y > 0.
Example

a. State the domain and range of y = /& + 4.

b. Sketch, showing significant features, the graph of y = v/ + 4.



Mathematics Learning Centre, University of Sydney 3

Solution

a. The domain of y = /x + 4 is all real x > —4. We know that square root functions are
only defined for positive numbers so we require that z +4 > 0, ie x > —4. We also
know that the square root functions are always positive so the range of y = v/x + 4 is
all real y > 0.

The graph of y = vz + 4.

Example

a. State the equation of the parabola sketched below, which has vertex (3, —3).
Ny

X
—S

2 0 2 4 6 8

b. Find the domain and range of this function.

Solution

a. The equation of the parabola is y = ”2%6%.

b. The domain of this parabola is all real x. The range is all real y > —3.

Example

Sketch 22 4+ y? = 16 and explain why it is not the graph of a function.
Solution

2? + y? = 16 is not a function as it fails the vertical line test. For example, when z = 0
y = +4.
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The graph of 22 + 3? = 16.

Example

Sketch the graph of f(z) = 3z — 2% and find

a. the domain and range

b. f(q)
c. f(z?)
d. L@HRZI@) p o4 g,

Solution

Y

The graph of f(z) = 3z — 2%

a. The domain is all real x. The range is all real y where y < 2.25.

b. f(q) =3¢ —¢*
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c. f(z2) =3(a?) — (22)° =322 — 2*

d.
R -J@) _ BREH - @) - (@) - ()
h h

_ 6+3h—(h*+4h+4)-2
N h
B —h?—h
B h
= —h-1

Example

Sketch the graph of the function f(x) = (z — 1)® + 1 and show that f(p) = f(2 — p).

Illustrate this result on your graph by choosing one value of p.

Solution

The graph of f(z) = (z —1)*+ 1.

f2-p) = (2-p—-17+1
= (1-p?*+1

= (p-1°+1
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VT

L=

2 0 2 4

The sketch illustrates the relationship f(p) = f(2 — p) for p = —1. If p = —1 then
2-p=2—(-1)=3 and f(-1) = f(3).

1.2 Specifying or restricting the domain of a function

We sometimes give the rule y = f(x) along with the domain of definition. This domain
may not necessarily be the natural domain. For example, if we have the function

y:$2 for 0<2<2

then the domain is given as 0 < z < 2. The natural domain has been restricted to the
subinterval 0 < z < 2.

Consequently, the range of this function is all real y where 0 < y < 4. We can best
illustrate this by sketching the graph.

417

The graph of y = 22 for 0 < x < 2.



Mathematics Learning Centre, University of Sydney 7

1.3 The absolute value function

Before we define the absolute value function we will review the definition of the absolute
value of a number.

The Absolute value of a number x is written || and is defined as
lz] =z if 2 >0 or |z] = —z if 2 < 0.
That is, |4| = 4 since 4 is positive, but | — 2| = 2 since —2 is negative.

We can also think of |z| geometrically as the distance of = from 0 on the number line.

2= =4 -

-2 o‘ | 4
More generally, |z — a| can be thought of as the distance of = from a on the numberline.

&~ la—x1=1lx—-al -

a X

Note that |a — z| = |z — a.

The absolute value function is written as y = |z|.
We define this function as
+x ifx>0
Y= '
—x ifr <0
From this definition we can graph the function by taking each part separately. The graph

of y = |z| is given below.

Ny

y=-=x x<0

The graph of y = |z|.
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Example

Sketch the graph of y = |x — 2.
Solution

For y = |z — 2| we have

+(r—2) whenz—2>0 or x>2

y:
—(r—2) whenz—2<0 or x<2
That is,
rz—2 forx>2
y:

—x+2 forx<?2

Hence we can draw the graph in two parts.

BN

The graph of y = |z — 2|.

We could have sketched this graph by first of all sketching the graph of y = = — 2 and
then reflecting the negative part in the x-axis. We will use this fact to sketch graphs of
this type in Chapter 2.

1.4 Exercises

1. a. State the domain and range of f(z) = v9 — a2
b. Sketch the graph of y = /9 — 2.

U(x +h) — ¢(x)
h

3. Sketch the following functions stating the domain and range of each:

a. y=vr—1

2. Given ¢(x) = z* + 5, find, in simplest form,

h 0.
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b. y = |2z
c. y=—4
d. y=|2z] — 1.

4. a. Find the perpendicular distance from (0,0) to the line z +y + k =0
b. If the line z +y + k = 0 cuts the circle 2% + y* = 4 in two distinct points, find the

restrictions on k.

5. Sketch the following, showing their important features.
1 x
a. Yy = (5)
b. 3% = 22

6. Explain the meanings of function, domain and range. Discuss whether or not y? = 23

is a function.

7. Sketch the following relations, showing all intercepts and features. State which ones
are functions giving their domain and range.

a. y=—V4—2a?

b. |z| -yl =0
c. y=2a3
d. y:ﬁ,x;ﬁo
e. |yl ==

8. If A(z) = 2?42+ %, x # 0, prove that A(p) = A(3) for all p # 0.

1
p
9. Write down the values of x which are not in the domain of the following functions:
a. f(z) = Va2 —4x
b. g(z) = 25

10. If ¢(z) = log (;”Tl), find in simplest form:

a. ¢(3) + ¢(4) + ¢(5)

5
b. ¢(3) + o(4) + 6(5) + - -- + o(n)

+¢
+¢
11. a. If y = 2% + 2z and z = (2 — 2)?, find y when z = 3.
b. Given L(z) =2z + 1 and M(z) = 2? — x, find
P L(M()
i M(L(x))
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12. Using the sketches, find the value(s) of the constants in the given equations:

My

13. a. Define |a|, the absolute value of a, where a is real.

b. Sketch the relation |z| + |y| = 1.

14. Given that S(n) = 525,
Hence show that S(n) — S(n—1) = W

)(@2n+1)

find an expression for S(n — 1).
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2  More about functions

In this Chapter we will look at the effects of stretching, shifting and reflecting the basic
functions, y = 2%, y = 2*, y = 1, y = |z, y = a”, 2* + y* = r?. We will introduce the
concepts of even and odd functions, increasing and decreasing functions and will solve
equations using graphs.

2.1 Modifying functions by shifting
2.1.1 Vertical shift

We can draw the graph of y = f(z) 4+ k from the graph of y = f(z) as the addition of
the constant £ produces a wertical shift. That is, adding a constant to a function moves
the graph up k units if £ > 0 or down k units if £ < 0. For example, we can sketch the
function y = 2% — 3 from our knowledge of y = 2% by shifting the graph of y = 22 down
by 3 units. That is, if f(z) = 2? then f(z) — 3 = 2? — 3.

We can also write y = f(z) — 3 as y + 3 = f(x), so replacing y by y + 3 in y = f(x) also
shifts the graph down by 3 units.

2.1.2 Horizontal shift

We can draw the graph of y = f(x — a) if we know the graph of y = f(z) as placing the
constant a inside the brackets produces a horizontal shift. If we replace z by  — a inside
the function then the graph will shift to the left by a units if a < 0 and to the right by a
units if a > 0.
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For example we can sketch the graph of y = — from our knowledge of y = % by shifting

T—2
this graph to the right by 2 units. That is, if f(z) = % then f(x —2) = x%

Note that the function y = ﬁ is not defined at x = 2. The point (1, 1) has been shifted
to (1,3).

2.2 Modifying functions by stretching

We can sketch the graph of a function y = bf(x) (b > 0) if we know the graph of y = f(x)
as multiplying by the constant b will have the effect of stretching the graph in the y-
direction by a factor of b. That is, multiplying f(z) by b will change all of the y-values
proportionally.

For example, we can sketch y = 222 from our knowledge of y = 22 as follows:

y Ty

2T 27 (1,2)

1t (1,1) 11

[~

J=

-1 0 1 -1 0 1

The graph of y = z*.
e graph of y =z The graph of y = 222, Note, all the y-

values have been multiplied by 2, but the
x-values are unchanged.

We can sketch the graph of y = £22 from our knowledge of y = 22 as follows:
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(1,1)

1 0

The graph of y = 22.

=

The graph of y =

(1,1/2)

X

;2% Note, all the

y-values have been multiplied by %, but
the x-values are unchanged.

2.3 DModifying functions by reflections

2.3.1 Reflection in the z-axis

13

We can sketch the function y = — f(z) if we know the graph of y = f(x), as a minus sign
in front of f(z) has the effect of reflecting the whole graph in the z-axis. (Think of the

r-axis as a mirror.) For example, we can sketch y = —|z| from our knowledge of y = |z|.
’ ¥
27 X
1
1,,
X
1 —>
-1 0

The graph of y = |z|.

The graph of y = —|z|. Tt is the reflec-
tion of y = |x| in the z-axis.

2.3.2 Reflection in the y-axis

We can sketch the graph of y = f(—=x) if we know the graph of y = f(z) as the graph of

y = f(—x) is the reflection of y = f(x) in the y-axis.
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For example, we can sketch y = 37* from our knowledge of y = 3*.

=

-1 0 1 -1 0 1

The graph of y = 3°.
srap Y The graph of y = 37%. It is the reflection

of y = 3" in the y-axis.
2.4 Other effects

We can sketch the graph of y = |f(x)| if we know the graph of y = f(z) as the effect of the
absolute value is to reflect all of the negative values of f(z) in the z-axis. For example,
we can sketch the graph of y = |#? — 3| from our knowledge of the graph of y = 2% — 3.

Fy

b=

b=

Th h of y = 2% — 3.
e graph ory = The graph of y = |22 — 3|. The negative

values of y = 22 — 3 have been reflected
in the x-axis.

2.5 Combining effects
We can use all the above techniques to graph more complex functions. For example, we

can sketch the graph of y = 2 — (z+1)? from the graph of y = 2% provided we can analyse
the combined effects of the modifications. Replacing = by  + 1 (or z — (—1)) moves the
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graph to the left by 1 unit. The effect of the — sign in front of the brackets turns the
graph up side down. The effect of adding 2 moves the graph up 2 units. We can illustrate
these effects in the following diagrams.

X
—7

=

1 0 1 2 -1 0

Th h of y = 2.
e graph of y = x The graph of y = (z + 1)2. The graph

of y = 2% has been shifted 1 unit to the
left.

X
_2 1 f f —

-2 -1 0

The graph of y = —(x + 1)?. The graph
of y = (z + 1)? has been reflected in the
T-axis.

The graph of y = 2— (x+1)?. The graph
of y = —(x + 1)? has been shifted up by
2 units.

Similarly, we can sketch the graph of (x—h)?+(y—k)? = r? from the graph of 22432 = r%.
Replacing x by = — h shifts the graph sideways h units. Replacing y by y — k shifts the
graph up or down k units. (We remarked before that y = f(z) + k could be written as

y—k=f(x).)

For example, we can use the graph of the circle of radius 3, 22 + y? = 9, to sketch the
graph of (z — 2)? + (y +4)? = 9.
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Ty

The graph of 22 + y*> = 9.

This is a circle centre (0,0), radius 3.

I

(5.4

2-7

The graph of (z —2)% + (y +4)* = 9.

This is a circle centre (2, —4), radius 3.

Replacing x by x — 2 has the effect of shifting the graph of z? + y* = 9 two units to the
right. Replacing y by y + 4 shifts it down 4 units.

2.6 Graphing by addition of ordinates

We can sketch the graph of functions such as y = |z| + |z — 2| by drawing the graphs of
both y = |z| and y = |z — 2| on the same axes then adding the corresponding y-values.

16
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y

4.

y=lx-2l
y = lIxl
X
2 0 2 4 6~
y

4.

2_
X
2 0 2 4 6

The graph of y = |z| + |z — 2|
At each point of = the y-values of y = |z| and y = |z — 2| have been added. This allows
us to sketch the graph of y = |z| + |z — 2.

This technique for sketching graphs is very useful for sketching the graph of the sum of
two trigonometric functions.

2.7 Using graphs to solve equations

We can solve equations of the form f(z) = k by sketching y = f(z) and the horizontal line
y = k on the same axes. The solution to the equation f(x) = k is found by determining
the x-values of any points of intersection of the two graphs.
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For example, to solve |x — 3| = 2 we sketch y = |z — 3| and y = 2 on the same axes.

Ny

(1,2) (5,2)

The z-values of the points of intersection are 1 and 5. Therefore | — 3| =2 when z =1
or x = 5.

Example

The graph of y = f(z) is sketched below.

1

(ER))

For what values of k does the equation f(z) = k have

1. 1 solution
2. 2 solutions

3. 3 solutions?

Solution

If we draw a horizontal line y = k across the graph y = f(x), it will intersect once when
k > 0 or k < —4, twice when £k = 0 or kK = —4 and three times when —4 < k < 0.
Therefore the equation f(x) = k will have



Mathematics Learning Centre, University of Sydney

1. 1solutionif k >0or k < —4
2. 2solutionsif k=0o0or k = —4

3. 3 solutions if —4 < k£ < 0.

2.8 Exercises

1. Sketch the following:

a. y=a? b. y =32 c. y=—a° d. y=(z+1)3
2. Sketch the following:

a. y=1 b. y=-4 c. y=-=>=2 d. y:%“—i—Q
3. Sketch the following:

a. y=21° b. y=|23-2] c. y=3—(x—1)73
4. Sketch the following:

a. y=|z b. y=2z—2 c. y=4-—|z|

5. Sketch the following:

a. 22+1y*=16 b. z*+ (y+2)?=16 c. (z—12+(y—3)2=16

6. Sketch the following:

a. y=+9—a? b. y=4/9—(x—1) c. y=v9—2a2-3

-1 1
7. Show that — = + 1.
r—2 x-2
r—1
Hence sketch the graph of y = 5
x J—

8. Sketch y = .

9. Graph the following relations in the given interval:
a. y=|z|+x+1for —2 <z <2 [Hint: Sketch by adding ordinates]
b. y=|z|+ |z —1] for =2 <2 <3
c. y=2"+2""for —2<zx <2
d. [x—y|=1for -1 <z <3.

10. Sketch the function f(z) = |#? — 1] — 1.

19
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11.

12.

13.

14.

15.

16.
17.
18.

19.

Given y = f(z) as sketched below, sketch

a. y=2f(v)

b. y=—f(v)

c. y=f(-x)

d. y=f(z)+4

e. y=f(z—3)

f. y=fzx+1)—2
g y=3-2f(r—-3)
h. y=|[f(z)]

Ty

=

15

By sketching graphs solve the following equations:

a. [2z| =4
1
bo m—_l
c. 3=z
d. z2=1

Solve |z — 2| = 3.
a. algebraically

b. geometrically.

The parabolas y = (z — 1)? and y = (2 — 3)? intersect at a point P. Find the
coordinates of P.

Sketch the circle z2 4+ y? — 2x — 14y + 25 = 0. [Hint: Complete the squares.] Find
the values of k, so that the line y = k intersects the circle in two distinct points.

Solve é = 1, using a graph.
Find all real numbers x for which |z — 2| = |z 4 2|.
Given that Q(p) = p* — p, find possible values of n if Q(n) = 2.

Solve |z — 4| = 2.
a. algebraically

b. geometrically.
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2.9 Even and odd functions
Definition:
A function, y = f(x), is even if f(x) = f(—x) for all z in the domain of f.

Geometrically, an even function is symmetrical about the y-axis (it has line symmetry).

The function f(x) = 22 is an even function as f(—x) = (—z)? = 22 = f(z) for all values
of x. We illustrate this on the following graph.

N

The graph of y = x2.

Definition:

A function, y = f(x), is odd if f(—z) = —f(zx) for all x in the domain of f.

Geometrically, an odd function is symmetrical about the origin (it has rotational symme-
try).

The function f(z) = x is an odd function as f(—x) = —z = —f(z) for all values of x.
This is illustrated on the following graph.

The graph of y = .
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Example

Decide whether the following functions are even, odd or neither.

Solution

1.

22

s 1 1 1
g(—x) = 2(—x) = Tor op —9(x)

Therefore, the function ¢ is odd.

3.
flow) = ()’ = (~a)’ = " —a”

This function is neither even (since —z® — 22 # 23 — 2?) nor odd (since —x3 — 22 #

—(2® — 27)).
Example

Sketched below is part of the graph of y = f(x).

[y

=

Complete the graph if y = f(x) is
1. odd

2. even.
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Solution

Ny

I=

y = f(z) is an odd function.

y = f(z) is an even function.

2.10 Increasing and decreasing functions

Here we will introduce the concepts of increasing and decreasing functions. In Chapter 5
we will relate these concepts to the derivative of a function.

Definition:

A function is increasing on an interval I, if for all @ and b in [ such that a < b,

fla) < f(b).

The function y = 2% is an example of a function that is increasing over its domain. The
function y = 2? is increasing for all real z > 0.
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/

X
—7

0

The graph of y = 2*. This function is
increasing for all real z.

1

o) [~

fla) 1~

The graph of y = 2. This function is

increasing on the interval z > 0.

Notice that when a function is increasing it has a positive slope.

Definition:

A graph is decreasing on an interval [, if for all a and b in [ such that a < b,

f(a) > f(b).

24

The function y = 277 is decreasing over its domain. The function y = 22 is decreasing on

the interval x < 0.

k4

\\\\\\\\\\

-1 0

The graph of y = 27*. This function is
decreasing for all real x.

77777777 fla)

)

X
—7

The graph of y = 2%, This function is
decreasing on the interval z < 0.

Notice that if a function is decreasing then it has negative slope.

2.11 Exercises

1. Given the graph below of y = f(z):
a. State the domain and range.
b. Where is the graph
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i increasing?
ii  decreasing?
c. if k is a constant, find the values of k such that f(z) = k has
i no solutions
ii 1 solution
iii 2 solutions
iv 3 solutions

v 4 solutions.

d. Is y = f(x) even, odd or neither?

Ny

2. Complete the following functions if they are defined to be (a) even  (b) odd.

Y Ny
X
O — 7
X
0 7
y=[(z) y =g(z)
3. Determine whether the following functions are odd, even or neither.
a. y=2*+2 b. y=+V4— 22 c. y=2° d. y=2°+3x
o f 1 1 x
e. = == . = . = — = —
y x2 y xz _ 4 g y 1'2 ‘I‘ 4 y ..'L'3 ‘l‘ 3

i y=2"+2" j. y=lz—1+|z+1]

4. Given y = f(z) is even and y = g(x) is odd, prove
a. if h(z) = f(x) - g(x) then h(x) is odd
b. if h(z) = (g(z))? then h(z) is even

25
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c. if h(z) = ——=, g(x) # 0, then h(x) is odd
d. if h(z) = f(z) - (g(x))? then h(x) is even.

5. Consider the set of all odd functions which are defined at x = 0. Can you prove that
for every odd function in this set f(0) = 07 If not, give a counter-example.
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3 Piecewise functions and solving inequalities

In this Chapter we will discuss functions that are defined piecewise (sometimes called
piecemeal functions) and look at solving inequalities using both algebraic and graphical
techniques.

3.1 Piecewise functions

3.1.1 Restricting the domain

In Chapter 1 we saw how functions could be defined on a subinterval of their natural
domain. This is frequently called restricting the domain of the function. In this Chapter

we will extend this idea to define functions piecewise.

Sketch the graph of y = 1 — 22 for z > 0.

2Ty

\E

The graph of y = 1 — 22 for z > 0.

Sketch the graph of y =1 — z for z < 0.

I

The graph of y =1 — z for z < 0.
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We can now put these pieces together to define a function of the form

1—2% forz>0
f(z) =

11—z forz<0

We say that this function is defined piecewise. First note that it is a function; each value
of  in the domain is assigned exactly one value of y. This is easy to see if we graph the
function and use the vertical line test. We graph this function by graphing each piece of
it in turn.

2Ty

The graph shows that f defined in this way is a function. The two pieces of y = f(x)
meet so f is a continuous function.

The absolute value function

z forxz>0
f(z) =

—x forz <0

is another example of a piecewise function.

Example

Sketch the function

22 +1 forx>0
f(x) =

2 forz <0
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Solution

e

-2 -1 0 1

This function is not continuous at x = 0 as the two branches of the graph do not meet.

Notice that we have put an open square (or circle) around the point (0,2) and a solid
square (or circle) around the point (0, 1). This is to make it absolutely clear that f(0) = 1
and not 2. When defining a function piecewise, we must be extremely careful to assign
to each x exactly one value of y.

3.2 Exercises

1. For the function

1—22 forz>0
f(z) =

1l—2 forxz<O

evaluate

a. 2f(=1)+ f(2)
b. f(a?)

2. For the function given in 1, solve f(z) = 2.

3. Below is the graph of y = g(x). Write down the rules which define g(z) given that
its pieces are hyperbolic, circular and linear.
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Ny

4. a. Sketch the graph of y = f(x) if
—V4 =22 for -2<2<0
flx) =

x?—4 forx >0

b. State the range of f.

c. Solve
i f(x)=0
i f(z)=-3.
d. Find k if f(z) = k has
1 0
i1

i 2 solutions.

5. Sketch the graph of y = f(z) if

1—|z—1] forz>0
fz) =
|z + 1 for x <0

6. Sketch the graph of y = g(z) if

2
713 forz < —1

g(x) =4 2 for -1 <z <1

22 forx >1

WJ‘ =

30
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7. McMaths burgers are to modernise their logo as shown below.

My

Write down a piecewise function that represents this function using (a) 4 (b) 3 (c) 2
pieces (i.e. rules that define the function).

8. a. The following piecewise function is of the form

ar’+b for0<x <2
flz) =

cx+d forax>2

4P
4.4)
2 1
‘ X
4 i) 0 2 4 7
_2 14
—4g

Determine the values of a, b, ¢ and d.
b. Complete the graph so that f(x) is an odd function defined for all real =, z # 0.

c. Write down the equations that now define f(z),  # 0.
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3.3 Inequalities

We can solve inequalities using both algebraic and graphical methods. Sometimes it is
easier to use an algebraic method and sometimes a graphical one. For the following
examples we will use both, as this allows us to make the connections between the algebra
and the graphs.

Algebraic method Graphical method

1. Solve 3 —2z > 1.
This is a (2 Unit) linear inequality. y
Remember to reverse the inequality
sign when multiplying or dividing

by a negative number. (L)

3—2x > 1
—2x -2 \

> X
r < 1 0 1 2 7
When is the line y = 3 — 22 above or
on the horizontal line y =1 7 From the
graph, we see that this is true for x < 1.
2. Solve 22 — 42+ 3 < 0. Let y = 2% — 4z + 3.

This is a (2 Unit) quadratic inequal- T

ity. Factorise and use a number line.
¥ —4r+3 < 0

(x=3)(z—1) < 0

The critical values are 1 and 3,
which divide the number line into
three intervals. We take points in
each interval to determine the sign
of the inequality; eg use z = 0,
xr =2 and x = 4 as test values.

When does the parabola have negative
y-values? OR When is the parabola un-
AR SR der the z-axis? From the graph, we see
2 3 4 that this happens when 1 < z < 3.

positive negative | positive

|
|
1

10

Thus, the solution is 1 < = < 3.
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3. Solve =4 < 1.
This is a 3 Unit inequality. There
is a variable in the denominator.
Remember that a denominator can
never be zero, so in this case x # 4.
First multiply by the square of the

denominator
r—4 < (x—4)>2x#4
r—4 < 22 -8x+16
0 < 22 =91 +20
0 < (z—4)(x—5)

Mark the critical values on the num-
ber line and test x = 0, x = 4.5 and
Tz = 6.

positive ; neg ;positive
: e |
0 1 2 3 4 5 6
Therefore, x < 4 or x > 5.
4. Solve xr — 3 < %.
Consider x — 3 =1 2 #£0.
€T

Multiply by z we get
* =3z = 10
22 -3z —-10 = 0
(x=5)(x+2) = 0
Therefore, the critical values are
—2, 0 and 5 which divide the num-
ber line into four intervals. We can
use x = =3, r = —1, x = 1 and
x = 6 as test values in the inequal-
ity. The points © = —3 and z =1
satisfy the inequality, so the solu-
tionisz < —2or 0 <z < 5.

(Notice that we had to include 0 as
one of our critical values.)

Let y = 4.

Ny

N T

*
-1

y = ﬁ is not defined for x = 4. It
is a hyperbola with vertical asymptote
at x = 4. To solve our inequality we
need to find the values of x for which
the hyperbola lies on or under the line
y =1. (5,1) is the point of intersection.
So, from the graph we see that ﬁ <1
when z < 4 or x > 5.

Sketch y = z — 3 and then y = %. Note
that second of these functions is not de-
fined for x = 0.

For what values of x does the line lie
under the hyperbola? From the graph,
we see that this happens when z < —2
or 0 <z <5.

33
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Example

Sketch the graph of y = |22 — 6].

Hence, where possible,

a. Solve
i |20—-6]=2z
i |22 — 6] > 22
i [22— 6] =2 +3
iv [2z—-6]<z+3
v [2z—6]=x—-3

b. Determine the values of k for which |2z — 6| = = + k has exactly two solutions.

34

Solution
2r — 6 for x > 3
fz) = |22 — 6| =
—(22 —6) forx <3
[y 7 _
=12x -6l y=2X// 2
J e _-"9,12)
10.0¢ i -7
P -
P
/ // -~
PP -
(14) A —
5.01 ] - T
/Ji/ ke e
I S UK o
y:x/-}-}/// // /_//// x
t = t t - . t t t ——>
/-4,.96 -2.00 // 2.60 4.00 6.00 8.00 10.00
/// //// 3
ST T Y EXS
///,/'/' -5.0
e
S
T
e
-
-10.07
a. i Mark in the graph of y = 2x. It is parallel to one arm of the absolute value graph.

It has one point of intersection with y = |2z — 6| = =2z + 6 (z < 3) at x = 1.5.

ii ~ When is the absolute value graph above the line y = 227 From the graph, when

T < 1.5.
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il

iv

v

y = x + 3 intersects y = |2z — 6| twice.

To solve |2z — 6| = x + 3, take |20 — 6| = 20 — 6 = 2 + 3 when = > 3. This gives
us the solution x = 9. Then take |2z — 6] = —2x + 6 = 2 + 3 when x < 3 which
gives us the solution x = 1.

When is the absolute value graph below the line y = x + 37

From the graph, 1 <z < 9.

y = = — 3 intersects the absolute value graph at z = 3 only.

. k represents the y-intercept of the line y = x + k. When k = —3, there is one point of

intersection. (See (a) (v) above). For k > —3, lines of the form y = = + k will have
two points of intersection. Hence |2z — 6| = x + k will have two solutions for & > —3.

3.4 Exercises

1.

Solve
a. 22 <dx
4
b. 171’3 <1
c. 5= >—1
a. Sketch the graph of y = 4x(z — 3).
b. Hence solve 4z(x — 3) < 0.
a. Find the points of intersection of the graphs y =5 —z and y = %.
b. On the same set of axes, sketch the graphs of y =5 — x and y = %.
c. Using part (ii), or otherwise, write down all the values of « for which
4
d—x > —
x
a. Sketch the graph of y = 2.

Solve 2% < %
Suppose 0 < a < b and consider the points A(a,2%) and B(b,2°) on the graph of
y = 2%. Find the coordinates of the midpoint M of the segment AB.

Explain why
20  2b atb
> 272

Sketch the graphs of y = x and y = |z — 5| on the same diagram.
Solve |z — 5| > z.
For what values of m does mx = |z — 5| have exactly

1 two solutions

il no solutions

Solve 5x? — 6z — 3 < [8z].
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4 Polynomials

Many of the functions we have been using so far have been polynomials. In this Chapter
we will study them in more detail.

Definition

A real polynomial, P(z), of degree n is an expression of the form
P(x) = put™ + pu12™ t + ppox™ 2 4o+ pox® + pra+ po

where p, # 0, po, p1, - - -, pn are real and n is an integer > 0.

All polynomials are defined for all real x and are continuous functions.

We are familiar with the quadratic polynomial, Q(z) = az? + bz + ¢ where a # 0. This
polynomial has degree 2.

The function f(z) = \/x + x is not a polynomial as it has a power which is not an integer
> 0 and so does not satisfy the definition.

4.1 Graphs of polynomials and their zeros
4.1.1 Behaviour of polynomials when |z| is large

One piece of information that can be a great help when sketching a polynomial is the
way it behaves for values of x when |z| is large. That is, values of z which are large in
magnitude.

The term of the polynomial with the highest power of x is called the leading or dominant
term. For example, in the polynomial P(x) = 2° — 32* — 1, the term z° is the dominant

term.

When |z| is large, the dominant term determines how the graph behaves as it is so much
larger in magnitude than all the other terms.

How the graph behaves for |z| large depends on the power and coefficient of the dominant
term.

There are four possibilities which we summarise in the following diagrams:

N [y J Ty
X X
/ N\
1. Dominant term with even power and 2. Dominant term with even power and

positive coefficient, eg y = 2. negative coefficient, eg Q(z) = —z2.
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Iy 7 N Ty
X X
/ N
3. Dominant term with odd power and 4. Dominant term with odd power and
positive coefficient, eg y = 3. negative coefficient, eg Q(z) = —x3.

This gives us a good start to graphing polynomials. All we need do now is work out what
happens in the middle. In Chapter 5 we will use calculus methods to do this. Here we
will use our knowledge of the roots of polynomials to help complete the picture.

4.1.2 Polynomial equations and their roots

If, for a polynomial P(z), P(k) = 0 then we can say
1. z =k is aroot of the equation P(x) = 0.

2. x =k is a zero of P(zx).

3. kis an z-intercept of the graph of P(x).

4.1.3 Zeros of the quadratic polynomial

The quadratic polynomial equation Q(z) = az? + bx + ¢ = 0 has two roots that may be:
1. real (rational or irrational) and distinct,

2. real (rational or irrational) and equal,

3. complex (not real).

We will illustrate all of these cases with examples, and will show the relationship between
the nature and number of zeros of Q(z) and the z-intercepts (if any) on the graph.

1. Let Q(z) = 2% — 4z + 3.
We find the zeros of Q(x) by solving the [y
equation Q(x) = 0. 3

2’ —dz+3 = 0
(x—1)(x—=3) = 0
Therefore z = 1 or 3. 1t
The roots are rational (hence real) and
distinct. —

N

ro-
N
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2. Let Q(z) = 2* — 4z — 3.
Solving the equation Q(x) = 0 we get,
2’ —4r—3 = 0
4+ /16412

Tr =

2
Therefore = 2++/7.
The roots are irrational (hence real) and
distinct.

3. Let Q(z) =2 — 4z + 4.
Solving the equation Q(

v —dx+4 =

(r—2)* =

Therefore z = 2.
The roots are rational (hence real) and
equal. @Q(z) = 0 has a repeated or dou-
ble root at x = 2.

) =0 we get, \

o o’y

0

Notice that the graph turns at the dou-
ble root = = 2.

4. Let Q(z) = x* —4x + 5.
Solving the equation Q(z) = 0 we get, (¥

v —4r+5 = 0 T
4++/16 — 20

r = 3

2
Therefore + = 2+ +v—4.
There are no real roots. In this case the
roots are complex. 1

X
—

Notice that the graph does not intersect
the z-axis. That is Q(z) > 0 for all real
x. Therefore () is positive definite.
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We have given above four examples of quadratic polynomials to illustrate the relationship
between the zeros of the polynomials and their graphs.

In particular we saw that:

i if the quadratic polynomial has two real distinct zeros, then the graph of the polyno-
mial cuts the x-axis at two distinct points;

ii  if the quadratic polynomial has a real double (or repeated) zero, then the graph sits
on the z-axis;

iii if the quadratic polynomial has no real zeros, then the graph does not intersect the
xr-axis at all.

So far, we have only considered quadratic polynomials where the coefficient of the z?
term is positive which gives us a graph which is concave up. If we consider polynomials
Q(x) = ax?® 4+ bz + ¢ where a < 0 then we will have a graph which is concave down.

For example, the graph of Q(z) = —(2? — 4x + 4) is the reflection in the z-axis of the
graph of Q(z) = 2? — 4z + 4. (See Chapter 2.)

[y ) .
0 2 4
-1
-3
X /7
The graph of Q(r) = 2? — 4x + 4. The graph of Q(r) = —(z* — 4z + 4).

4.1.4 Zeros of cubic polynomials

A real cubic polynomial has an equation of the form

P(z) = az® + b2® + cx +d
where a # 0, a, b, ¢ and d are real. It has 3 zeros which may be:
i 3 real distinct zeros;
ii 3 real zeros, all of which are equal (3 equal zeros);
iii 3 real zeros, 2 of which are equal,

iv. 1 real zero and 2 complex zeros.

We will illustrate these cases with the following examples:
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1. Let Q(z) = 32 — 3z.

Solving the equation Q(x) = 0 we get:. lfy
32° =3z = 0
3z(z—1)(z+1) = 0
Therefore © = —1 or 0 or 1 5
The roots are real (in fact rational) and -1 0 1
distinct.
-1+
2. Let Q(z) = 3.
Solving Q(x) = 0 we get that 3 = 0. 17[7\y
We can write this as (z — 0)® = 0.
So, this equation has three equal real
roots at z = 0. x
-1 0 1
—1+
3. Let Q(z) = 23 — 22
Solving the equation Q(z) = 0 we get, ll‘y
22—z =0
?*z—-1) = 0
Therefore z = 0 or 1. ‘ /N
The roots are real with a double root at -1 0 1
x = 0 and a single root at =z = 1.
-1+

The graph turns at the double root.

4. Let Q(z) = 2° + z.
Solving the equation Q(z) = 0 we get, 1Iy
?+r =0
z(z*+1) = 0
Therefore z = 0.
There is one real root at =z = 0.
2?2 +1 = 0 does not have any real solu-
tions.

b=

-1+

The graph intersects the z-axis once
only.
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Again, in the above examples we have looked only at cubic polynomials where the coeffi-
cient of the 2 term is positive. If we consider the polynomial P(x) = —x3 then the graph
of this polynomial is the reflection of the graph of P(z) = 2 in the z-axis.

[N ™

=

-1+ 14

The graph of Q(x) = 3. The graph of Q(z) = —z3.

4.2 Polynomials of higher degree

We will write down a few rules that we can use when we have a polynomial of degree > 3.
If P(z) is a real polynomial of degree n then:

1. P(x) =0 has at most n real roots;

2. if P(z) = 0 has a repeated root with an even power then the graph of P(x) turns at
this repeated root;

3. if P(x) = 0 has a repeated root with an odd power then the graph of P(x) has a
horizontal point of inflection at this repeated root.

For example, 1. tells us that if we have a quartic polynomial equation f(z) = 0. Then

we know that f(z) = 0 has < 4 real roots.

We can illustrate 2. by the sketching f(z) = z(x — 2)?(x + 1). Notice how the graph sits
on the z-axis at x = 2.

L=

The graph of f(x) = z(z + 1)(z — 2)%
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42

We illustrate 3. by sketching the graph of f(z) = x(x — 2)3. Notice the horizontal point

of inflection at z = 2.

4.3 Exercises

1. Sketch the graphs of the following polynomials if y = P(x) is:

[y

The graph of f(x) = x(z — 2)3.

a. z(z+1)(x —3)
b. z(z +1)(3 — )

c. (x+1)*(zx—3)

d. (z+1)(z2 — 42 + 5)

2. The graphs of the following quartic polynomials are sketched below. Match the graph
with the polynomial.

ay=1s'b.y=2"-lc.y=at+1d. y=1-2re.y=(z—-1)*f y=(x+1)*

11

v

111

vi
Ty

=
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3. Sketch the graphs of the following quartic polynomials if y = C'(x) is:
. x(r—1)(z+2)(z+3)

o QP

=

8

|

—_
—_ ~—

. x(z+1)(2? — 4z +5)
. 2?(2? — 4z +5).

= I T B oV
=
_|_
—_
w
w
|
=

4. By sketching the appropriate polynomial, solve:
a. 12 —4r—-12<0
b. (z+2)(z—-3)(5—2)>0
c. (z+2>%*5-12)>0
d. (z+2)35—1z)>0.
5. For what values of k will P(z) > 0 for all real z if P(x) = 2* — 4z — 12 + k?

6. The diagrams show the graph of y = P(z) where P(x) = a(z — b)(x — ¢)%.

In each case determine possible values for a, b, ¢ and d.

a. b. c.
N / ‘Jy )
4

43

2.-8)

0.8)

=

T
minimum as marked. Use the graph to answer the following questions.

a. State the roots of f(z) = 0.

b. What is the value of the repeated root.

c. For what values of k does the equation f(z) = k have exactly 3 solutions.

The graph of the polynomial y = f(x) is given below. It has a local maximum and
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Solve the inequality f(z) < 0.
What is the least possible degree of f(z)?
State the value of the constant of f(z).

For what values of k is f(z) + k > 0 for all real z.
N (0.78,3.23)

R oo A

) -1 1 2

—10+
(~1.28,9.91)

The graph of the polynomial y = f(x)

4.4 Factorising polynomials

So far for the most part, we have looked at polynomials which were already factorised. In
this section we will look at methods which will help us factorise polynomials with degree
> 2.

4.4.1 Dividing polynomials

Suppose we have two polynomials P(z) and A(x), with the degree of P(z) > the degree
of A(z), and P(x) is divided by A(z). Then

where @Q(x) is a polynomial called the quotient and R(x) is a polynomial called the
remainder, with the degree of R(z) < degree of A(z).

We can rewrite this as

P(z) = A(z) - Q(x) + R(x).

For example: If P(x) = 223+ 42+ 3 and A(x) = x — 2, then P(x) can be divided by A(z)
as follows:
22° + 4a+ 12
x—2‘2x3+0x2+ 4o — 3

223 — 4x?
A2 + 4dx— 3
422 — 8x
120 — 3
120 — 24

21
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The quotient is 222 + 42 + 12 and the remainder is 21. We have

This can be written as

Note that the degree of the "polynomial” 21 is 0.

20 +4r — 3 = (v — 2)(20% + 4z + 12) + 21.

20% 4+ 4z + 3

xr — 2

4.4.2 The Remainder Theorem

If the polynomial f(z) is divided by (x — a) then the remainder is f(a).

Proof:

Following the above, we can write

f(z) = Alz) - Q(x) + R(x),

where A(z) = (x — a). Since the degree of A(x) is 1, the degree of R(z) is zero. That is,
R(z) = r where r is a constant.

flx) = (z—-a)Qx) +r

fla) = 0-Q(a)+r

= r

where 7 is a constant.

21

=22 +dr+ 124+ ——

x—2

So, if f(z) is divided by (z — a) then the remainder is f(a).

Example

45

Find the remainder when P(z) = 32* — 2® + 30z — 1 is divided by a. 4+ 1, b. 2z — 1.

Solution

a. Using the Remainder Theorem:

Remainder

Remainder

P(-1)
3—(=1)—30—1
—27

1
P(—

()

1, 1, 1
3(5)" — (5)°+30(5)
3 1
2 415-1
16 8+ >

1
14—

16

1
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Example

When the polynomial f(z) is divided by x? — 4, the remainder is 5z + 6. What is the
remainder when f(z) is divided by (z — 2)?

Solution
Write f(z) = (22 —4) - q(z) + (5z + 6). Then
Remainder = f(2)

0-¢(2) + 16
16

A consequence of the Remainder Theorem is the Factor Theorem which we state below.

4.4.3 The Factor Theorem

If x =ais a zero of f(x), that is f(a) =0, then (z — a) is a factor of f(z) and f(x) may
be written as
f(x) = (z = a)q(x)

for some polynomial ¢(x).

Also, if (x — a) and (x — b) are factors of f(z) then (z — a)(z —b) is a factor of f(z) and
f(@) = (z —a)(z = b) - Q(x)

for some polynomial Q(z).
Another useful fact about zeros of polynomials is given below for a polynomial of degree
3.
If a (real) polynomial
P(z) = az® + ba® + cx + d,

where a # 0, a, b, ¢ and d are real, has exactly 3 real zeros «, 5 and ~, then
Px) = a(z — a)(z — ) (z —7) (1)

Furthermore, by expanding the right hand side of (1) and equating coefficients we get:
i
b
a+pfB+y=——
a
ii c
af +ay+fy=—;
iii

d
afy=—-.
a
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This result can be extended for polynomials of degree n. We will give the partial result
for n = 4.

If
P(z) = az* + bx® + ca® + dr + e

is a polynomial of degree 4 with real coefficents, and P(x) has four real zeros «a, (3, v and
0, then

P(z) = a(z — a)(z = B)(z —7)(z =)

and expanding and equating as above gives

afyd = ‘£
a

If a = 1 and the equation P(z) = 0 has a root which is an integer, then that integer must
be a factor of the constant term. This gives us a place to start when looking for factors
of a polynomial. That is, we look at all the factors of the constant term to see which ones
(if any) are roots of the equation P(z) = 0.

Example

Let f(z) = 42® — 82? — 2 + 2

a. Factorise f(z).

b. Sketch the graph of y = f(x).

c. Solve f(x) > 0.

Solution

a. Consider the factors of the constant term, 2. We check to see if £1 and +2 are solutions
of the equation f(z) = 0 by substitution. Since f(2) = 0, we know that (z — 2) is a
factor of f(x). We use long division to determine the quotient.

472 — 1
x—QMﬁ — 82— +2
433 — 8x?
—T+2
—x+2

flz) = (v—2)(4a®—1)
(x — 2)(2z — 1)(22 + 1)
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Iy

=

The graph of f(x) = 42 — 82? — z + 2.

c. f(:c)z()when—%gxg or x > 2.

N[

Example

Show that (z — 2) and (z — 3) are factors of P(z) = x* — 19z + 30, and hence solve
23 — 19z + 30 = 0.

Solution
P(2) =8—-38+430=0and P(3) =27—57+30 = 0so (z —2) and (x — 3) are both
factors of P(z) and (x — 2)(z — 3) = * — 5z + 6 is also a factor of P(x). Long division
of P(x) by x* — bz + 6 gives a quotient of (x + 5).
So,
P(x) =2* =192 + 30 = (z — 2)(z — 3)(z + ).
Solving P(x) =0 we get (z — 2)(xz — 3)(z +5) = 0.
That is, x =2 or x =3 or x = —5.
Instead of using long division we could have used the facts that

i the polynomial cannot have more than three real zeros;

ii  the product of the zeros must be equal to —30.
Let a be the unknown root.

Then 2-3-a = —30, so that a = —5. Therefore the solution of P(z) = 2* — 192+ 30 = 0
ilsr=2o0orx=3o0rx=-5.
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4.5 Exercises

1.

When the polynomial P(z) is divided by (z — a)(x — b) the quotient is Q(x) and the
remainder is R(x).

a.

b.

Explain why R(z) is of the form maz + ¢ where m and c are constants.

When a polynomial is divided by (z — 2) and (x — 3), the remainders are 4 and 9
respectively. Find the remainder when the polynomial is divided by x> — 5z + 6.
When P(z) is divided by (z — a) the remainder is a®. Also, P(b) = b*. Find R(z)
when P(z) is divided by (z — a)(xz — b).

Divide the polynomial f(z) = 2z* 4+ 1323 + 1822 + x — 4 by g(z) = 2? + 5z + 2.
Hence write f(z) = g(x)q(x) 4+ r(x) where g(x) and r(z) are polynomials.

Show that f(z) and g(z) have no common zeros. (Hint: Assume that « is a
common zero and show by contradiction that o does not exist.)

For the following polynomials,

1
i
il

a.

b.

e

factorise
solve P(z) =0
sketch the graph of y = P(z).
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5 Solutions to exercises

1.4 Solutions

1. a. The domain of f(z) = V9 — 2?2 is all real x where —3 < z < 3. The range is all
real y such that 0 <y < 3.

b.
4T
2,,
‘ ‘ ‘ ‘ X
4 2 0 2 4
The graph of f(z) = 9 — 22
2.
Y(@+h)—v@)  (x+h)?*+5—(2*+5)
h n h
P+ 2zh+h*+5—-2—5
n h
B h? + 2zh
a h
= h+2zx
3. a. b.
MY y
41 4l
2t 2
I I x I I x
0 1 ‘ 3 57 2 0 2 7

The graph of y = v/x — 1. The domain
is all real £ > 1 and the range is all real
y > 0.

The graph of y = |2z|. Its domain is all
real z and range all real y > 0.
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c.

y |

\

7 |

\

\

\

0 | } 1
2 4 6 8 X

\

\

\

\

\

\

\

The graph of y = ﬁ. The domain is all real x # 4 and the range is all real y # 0.
d.
Ny
4!
ol
‘ ‘ X
) 0 2 7
-1

The graph of y = |2z| — 1. The domain is all real z, and the range is all real
y=> -1

4. a. The perpendicular distance d from (0,0) tox +y+k=01is d = ]%|

b. For the line z+y-+k = 0 to cut the circle in two distinct points d < 2. ie |k| < 2v/2

or —2¢/2 < k < 2v/2.

5. a. b.
y Yy
4+ 2
5 X
) 2 ke
x
-2 0 2 2

The graph of y = ()" The graph of 42 — 2.

3

6. y? = 2% is not a function.
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The graph of y = —v/4 — 22. This is a
function with the domain: all real x such
that —2 < o < 2 and range: all real y
such that —2 <y < 0.

=

2+

The graph of y = 23. This is a function
with the domain: all real x and range:
all real y.

52

Ny

The graph of |z| — |y| = 0. This is not
the graph of a function.

The graph of y = li—l This is the graph
of a function which is not defined at x =
0. Its domain is all real z # 0, and range
isy =+1.

The graph of |y| = z. This is not the graph of a function.
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93

8.
1 1 1
A=) = ()P 424
(p) (p) (%)2
= Loy
P? >
1 2
= £§-+-2%—p
= A(p)
9. a. The values of z in the interval 0 < z < 4 are not in the domain of the function.
b. z =1 and z = —1 are not in the domain of the function.
10. a. ¢(3) + &(4) + ¢(5) = log(2.5)
b. ¢(3) + ¢(4) + ¢(5) + -+ ¢(n) = 1og(%)
11. a. y = 3 when z = 3.
b.i L(M(z))=2(z*—z)+1
i M(L(z)) =42 + 2z
12. a. a =2, b= 2 so the equations is y = 222 — 2.
b. a=5,b=1s0 the equation is y = 2’5.
13. b.
Ty

The graph of |z| + |y| = 1.

14. S(n —1) = 22

2n—1

Hence

n n—1
2n+1 2n—1
ni2n—1)—2n+1)(n —1)
2n—1)(2n + 1)
2n? —n— (2n* —n —1)
2n—1)(2n + 1)
1
2n—1)(2n + 1)

S(n)—Sn—-1) =
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2.8 Solutions
1. a. b
N A
2 2+
11 1
‘ ‘ X ‘ ‘ X
_‘1 0 i 7 —‘1 0 i
The graph of y = 22.
srap Y The graph of y = %
C d.
Fy X 2 P}
\1 —7
1
1 + EN
-2 -1 0
The graph of y = —z2.
srap Y The graph of y = (z + 1)%.
2. a. b
y y }
2 2 |
\
\
\
|
—é 0 é X — 0 2‘ il ?A
\
\
2] 2/ }
\

The graph of y = %

The graph of y = ﬁ

54
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The graph of y = |x|.

c. d.
y b
24 44
| | x\ 7777777777 }K
-2 0 27
) ‘ X
- -2 \ 0 27
The graph of y = =2.
srap V== The graph ofy:%H—l—Q.
3. a b.
y Ny
1 4l
x\
7 2
‘ ‘ -~
2 0 2 -
The graph of y = 2. The graph of y = |23 — 2|.
c.
\ y
4\
2,,
‘ ‘ X
0 2 \ 4
The graph of y =3 — (z — 1),
4. a b.
N Y
4 4
24 26
-2 0 2 0 2 4

The graph of y = 2|z — 2|.
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c.
/ry
2l
| | x\
Z4 ) 0 2 S
The graph of y = 4 — |x|.
9.
a b.
b
2
2 4 :
Th h of x? 2 = 16.
¢ graph ot 74y The graph of 2% + (y + 2)? = 16.
c.
) 2

The graph of (z — 1)? + (y — 3)? = 16.
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3 0] s

The graph of y = V9 — 22 The graph of y = /9 — (z — 1)

X
3 —7

The graph of y = V9 — 22 — 3.

7.

1 N 1+ (-2 z-1
r—2 -2 -2
/[\y :

|
2] |
|
<fi*777: 77777777
X
2 0 2 b
|
|
|
|
|
The graph of y = i—:%
8.
™o
\
\
21|
|
,,,,,,,,,, A
\
\ X
-2 0 } 2 47
\
\
\
DA \

The graph of y = 2.
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o8

9. a b.
7 7
4] 4]
24 2]
| | x\ | | x\
) 0 o -2 0 2
The graph of y = |z| + 2z + 1 The graph of y = |z| + | — 1]
for —2 < x < 2. for —2 <z < 3.
C d.
1y A
4.
2
51
X
‘ X ) 0 2
-2 0 2
The graph of y = 2% + 277 -2
for —2 <z <2,
The graph of |z — y| =1 for
1<z <3.
10.
1y
4
2]

L=

—i \/0 é
1

The graph of f(z) = |z? — 1| — 1.
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11. a. b.
1y / 4
2|
| HEN
3 0 1.5
X
-3 0 15 7
DA
-2
The graph of y = 2f(z). The graph of y = — f(z).
(¢ d.
Y vy
2,
4 I
—1\5
2
‘ X
3 0 27
The graph of y = f(—x). The graph of y = f(z) + 4.
e f.
Ny 1
‘ ‘ X
-4 2 0 7
N
0 3 45 7
D+
—2+
4t

The graph of y = f(z — 3). The graph of y = f(z + 1) — 2.
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g. h.
y y
4,,
6L
4,,
) X
-3 0 2
2,,
The graph of y = | f(z)].
X
0 2 4 17
The graph of y = 3 — 2f(x — 3).
12. a. b.
Ty My
2l
‘ N
5 =2 0 2 4
ol
‘ ‘ X
-2 0 2 -
x = —2 and © = 2 are solutions of the 2 =1 is a solution of 5 = —1.
equation |2x| = 4.
C d.
Ny Y
21
1
1l
o i rd
X
0 1 -

r = 0 and x = 1 are solutions of the r = 1is a solution of 22 = 1.
x

equation 2% = 22

13.

1

a. For x > 2, |x — 2| = © — 2 = 3. Therefore = 5 is a solution of the inequality.

(Note that = 5 is indeed > 2.)

Forz < 2, |t —2| = —(v —2) = —z + 2 = 3. Therefore z = —1 is a solution.

(Note that z = —1 is < 2.)
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b.
Y
4,,
2
‘ ‘ X
-2 0 2 4 7
The points of intersection are (—1,3) and (5, 3).
Therefore the solutions of |z — 2| =3 are z = —1 and x = 5.

14. The parabolas intersect at (2, 1).

15.

m(1,7)

y = k intersects the circle at two distinct points when 2 < k < 12.

16.

(L1

The point of intersection is (1,1). Therefore the solution of % =lisxz=1.

61
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17.
v
4,,
‘ ‘ X
-4 -2 0 2 4
The point of intersection is (0,2). Therefore the solution of |z — 2| = |x + 2] is x = 0.

18. n=—-1orn=2.

19. a.

b.
2.11
1. a

b.

C.

For x > 4, |x — 4] = © — 4 = 2x when z = —4, but this does not satisfy the
condition of x > 4 so is not a solution.

For # <4, |z —4| = —z +4 =2z when z = 3. x = 3 is < 4 s0 is a solution.
Therefore, z = 3 is a solution of |z — 4] = 2x.
1y
(4/3,8/3)
2,,
X
f —
2 4 6

The graph of y = |z — 4| and y = 2z intersect at the point (3, 3). So the solution
of [z —4] =2z isz=3.

Solutions

. The domain is all real z, and the range is all real y > —2.

i —2<zx<0orzxz>2
1 z<-2o0orl0<z<?2
1 k<=2

ii  There is no value of k for which f(z) = k has exactly one solution.
iii k=2o0rk >0



Mathematics Learning Centre, University of Sydney 63

iv k=0
v —2<k<0

d. y = f(x) is even

2. a. b.

=

I=

t t t t
0 0

y = f(x) is even.

y = f(z) is odd.

a b.
I
Al as wa
y = g(x) is even. y = g(x) is odd.
3. a. even b. even c.  neither d. odd e. odd
f. even g. even h. neither i. even j- even
4. a
h-z) = f(-z) g(-z)
= fl@)-—g(z)
= —f(z) g(z)
= i)

h(—z) = (g9(-2))"

Therefore h is even.
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f(==)
hl=e) = g9(—)
@)
—g(x)
W
9(x)
= —h(z)
Therefore h is odd.
d.
h—z) = f(=z)-(9(—2))*
= f(z)- (—g(z))
f(zx) - (g(x))?
h(x)

Therefore h is even.

5. If f is defined at x =0

f(0) = f(-0) (since 0 = —0)
= —f(0) (since f is odd)
2f(0) = 0 (adding f(0) to both sides)

Therefore f(0) = 0.

3.2 Solutions

1. a. 2f(-1)+f(2)=201—-(-1)+(1—=(2)*) =4+ (-3) =1.
b. f(a*)=1- (a®*)* =1 — a* since a® > 0.

2. You can see from the graph below that there is one solution to f(z) = 2, and that
this solution is at v = —1.

41——%

20
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%H for x < 1
3. gz) =9 V1—2a2 for -1 <z<1
-1 forz > 1

4. a. The domain of f is all real x > —2.

Ny

b. The range of f is all real y > —4.
c.i f(r)=0whenz=—-2oraz=2.
i f(z

) = —3 when x = 1.
d. i  f(z) =k has no solutions when k£ < —4.
)=

ii  f(z) =k has 1 solution when —4 < k < —2 or k > 0.

iii  f(z) = k has 2 solutions when —2 < k < 0.

) =
5. Note that f(0) =

AE*

6. The domain of g is all real z, x # —2.

65
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Ny

2+

|
|
|
|
|
|
|
|
|
|
|
|
|
|
4 2 2 4
|
|
|
|
|
|
|
|
|
|

The range of g is all real y < 0 or y > 2.

7. Note that there may be more than one correct solution.
a. Defining f as

z+6 forxz< -3

—x for -3 <2 <0

fz) =

T for0 <ax<3

—r+6 forz >3
gives a function describing the McMaths burgers’ logo using 4 pieces.
b. Defining f as
rz+6 forx < -3
flz) =1 |z| for -3 <z <3
—x+6 forx>3
gives a function describing the McMaths burgers’ logo using 3 pieces.
c. Defining f as
3—|z+3| forx<0
3—|x—3| forz>0
gives a function describing the McMaths burgers’ logo using 2 pieces.
8 a. Herea=1,b=—4,c=2and d = —4. So,
22 —4 forO<az<2
flz) =
20 —4 for x > 2

b. Defining f to be an odd function for all real z, x # 0, we get
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Ny
H
2,,
‘ X
4 2 0 2 4 7
o+
48
c. We can define f as follows
2z +4 for x < —2
4—2% for —2<z<0
f(z) =
2?2 —4 forO<az<2
20 —4 forx > 2
3.4 Solutions
1. a. 0<xr <4
b. -3<p<1
c.r<—4or—-3<x<3dorzx>4
2. a. The graph of y = 4z(x — 3) is given below
Ny
5,,
‘ X
4 i) 0 2 4
_5&

b. From the graph we see that 4z(z — 3) < 0 when 0 < z < 3.

67
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3. a. The graphs y =5 — z and y = 2 intersect at the points (1,4) and (4,1).
b. The graphs of y =5 —z and y = 2

c. The inequality is satisfied for xt <0 or 1 <z < 4.

4. a. The graph of y = 2.

My
5,,
X
4 2 0 2 4 7
b. 27 < % when z < —1.
c. The midpoint M of the segment AB has coordinates (%£2, 2%2“2[7).
Since the function y = 2% is concave up, the y-coordinate of M is greater than
a+b
F(457)- So,
a b
2942 S 9ot
My B
5 M
/ \ \ X
—4 -2 0 2 4 7
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-5 10

X
e :

b. |z — 5| >z for all z < 2.5.

c. i ma = |z — 5| has exactly two solutions when 0 < m < 1.

ii ma = |z — 5| has no solutions when —1 <m < 0.

6. —1<z<3

4.3 Solutions

1. a. b.
Ny Y
5
3
) 0 2 -
A
-2 )
50
-5+
The graph of P(z) = z(z + 1)(z — 3). The graph of P(x) = z(z 4+ 1)(3 — ).
c d. ,
) 0 I R T
A
- ) 0 5
-10+ -5¢
The graph of P(z) = (z + 1)*(x — 3). The graph of

P(x) = (z + 1)(2* — 4z + 5).

2. a.iv. b. v. c. i d. iii. e. il f. vi.
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3. a
Ny
5 L
‘ X
VI VALK
The graph of
P(z) =z(z — 1)(z + 2)(x + 3).
c.
N
50
X
) 0 p -
-5+

The graph of P(z) = 2?(x — 1)(z — 3).

e.
Ny
20t
X
2 0 2 7
20t
The graph of P(z) = (z + 1)*(x — 3).
g- .
20+
10+
X
-2 0 2 7

The graph of
P(x) =x(z + 1)(2? — 42 + 5).

70

_

The graph of

P(zx) =xz(z — 1)(x + 2)(3 — x).

<

20t

104

-2

0 2

The graph of P(z) = (z + 1)*(x — 3)%

v

20+

20+

The graph of P(z) = (z 4+ 1)3(3 — x).

-2

X
—7

0 2

The graph of P(z) = 2%(z* — 4x + 5).
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/ry
5
X
-2 0 2 4 6
-5
-15
2?2 —4r — 12 < 0 when —2 < z < 6.
y
10T
X
_ 0 2 4 6
20+

(x+2)(z—3)(5—2) >0whenz < —2o0r3 <z <b5b.

1

40+

20r

X
—7

-2 0

T

(z+2)%(5 —x) > 0 when z < 5.

5. a2 —4x — 12+ k > 0 for all real x when k = 16.

6. a.
b.
c.
d.
e.
f.
7. a

8

. The roots of f(z) =0are z = -2, x =0 and z = 2.
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4.5

b.

e.

=

xr = 2 is the repeated root.

c. The equation f(z) = k has exactly 3 solutions when k = 0 or k = 3.23.
d.

f(z) <0 when =2 < 2 < 0.

The least possible degree of the polynomial f(x) is 4.
Since f(0) = 0, the constant in the polynomial is 0.
f(z) + k>0 for all real z when k > 9.91.

Solutions

Since A(z) = (z — a)(x —b) is a polynomial of degree 2, the remainder R(z) must
be a polynomial of degree < 2. So, R(x) is a polynomial of degree < 1. That is,
R(z) = mz + ¢ where m and ¢ are constants. Note that if m = 0 the remainder
Is a constant.
Let P(z) = (22 = 52 + 6)Q(x) + (mx + ¢) = (z — 2)(x — 3)Q(x) + (mzx + ¢).
Then

P2) = (0)(=1)Q(2)+ (2m+c)

= 2m+c
= 4
and
P3) = (1)0)Q3)+ Bm+c)
= 3Im+c
9
Solving simultaneously we get that m = 5 and ¢ = —6. So, the remainder is
R(z) = bz — 6.
Let P(x) = (z —a)(z — b)Q(z) + (mx + ¢).
Then
P(a) = (0)(a—0b)Q(a)+ (ma+ c)
= am+c
= a2
and

Pb) = (b—a)(0)Q(b) + (mb+c)
= bm—+c
= b
Solving simultaneously we get that m = a + b and ¢ = —ab provided a # b.
So, R(z) = (a + b)x — ab.

20 +132° + 182  + v — 4 = (2® + 50 +2)(22° + 32 — 1) — 2

b. Let a be a common zero of f(x) and g(z). That is, f(a) = 0 and g(a) = 0.
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Then since f(x) = g(z)q(x) + r(x) we have

fle) = gla)g(a) +r(a)
= (0)g(a) + () since g(a) =0
= r(a)
0 since f(a) =0
But, from part b. r(x) = —2 for all values of x, so we have a contradiction.

Therefore, f(z) and g(x) do not have a common zero.

This is an example of a proof by contradiction.

3. a.i Pla)=2>—2>-10x—-8=(z+1)(z+2)(x —4)

i x=-1,z=—-2and z =4 are solutions of P(z) = 0.
iii
Y
10
T I *
%) 0 2 4 6
204
The graph of P(z) = 2% — 2% — 10z — 8.
b.i P(z)=2%—12*—- 162 — 20 = (z + 2)*(z — 5).
ii x=—-2and z =75 are solutions of P(z) = 0. z = —2 is a double root.
iii
™ / x

The graph of P(z) = 2® — 2% — 16z — 20.

c. i Pz)=23+42%-8 = (2+2)(2%+210—4) = (24+2)(z—(—=1+/5)) (z—(—1—/5))
ii 2=-22=-1++5andx=—1—+/5 are solutions of P(x) = 0.
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il

1

il

i

1l

—10}

The graph of P(r) = 23 + 422 — 8.

The zeros are ©t = —2, z = —1 + /5 and z = —1 — /5.

Plx)=a23—2>+2—-6= (v —2)(2*+ 2+ 3). 22+ 2+ 3 = 0 has no real
solutions.

x = 2 is the only real solution of P(z) = 0.

Y

‘ X

10}

The graph of P(z) = 2® — 2* + x — 6.

There is only one real zero at x = 2.

P(r) =223 —322 =11+ 6 = (x + 2)(z — 3)(2x — 1).

X

:—2’:1;‘:

1
2

5 and x = 3 are solutions of P(z) = 0.

Ty
ol

NP

The graph of P(x) = 223 — 322 — 11 +6.



DIFFERENTIAL CALCULUS
CHAPTER | : REAL NUMBER SYSTEM

Definition 1.1 By Real Number System we mean a non-empty set R, two binary
operations addition and multiplication (denoted by + and . respectively) and an
order relation < defined on R which satisfy the following axioms I, Il and 111 :

l. Algebraic Properties:

Forall a,b,cinR,

(1)a+(b+c)=(at+b)+c, a.(b.c)=(a.b).c (associativity),

(2)atb=b+a,a.b=b.a (commutativity)

(3)there exists 0,1 in R, 01, such that a+0=a,a.1=a (existence of identity
for addition and multiplication)

(4)forall ain R ,there is (-a) in R such that a+(-a)=0; for all a (#0) inR,
there exists a-1 in R such that a.a-1-=1~(existence of inverse under
addition and multiplication)

(5)a.(b+c)=a.b+a.c (distributivity of .‘over +)

A system that has more than one element and satisfies these five axioms is called a
FIELD. The basic algebraic properties of R can be proved solely on the basis of
these field properties. (Field properties will be discussed in detail in a later
semester.)

II. ORDER PROPERTIES:
(1)forabinR, eithera<borb<a
(2)ifa<b.and b <a, then a=b
(3)ifa<bandb<c,thena<c
(4)if a<bthena+c <b+c
(6)ifa<band 0 <c, thenac <hc

A field satisfying above five properties is called an ordered field. Most of the
algebraic and order properties of R can be established for any ordered field (like

Q).
1. The Completeness Axiom:
Differentiation of Real Numbers and Rational Numbers

1




Let @ =S € R. If areal number M satisfies s < M for all s € S, then M is called
an upper bound of S and S is called bounded above.

If a real number M satisfies (1) M is an upper bound of S and (2) no real number
less than M is an upper bound of S, then M is the LEAST UPPER BOUND of S or
SUPREMUM of S, writtenas l.u.b.S or sup S .

EXx: sup {%:n € N}=0,sup{2n:n € N } does not exist, sup
{1,2,3}=max{1,2,3}.

The Completeness Axiom for R states that:
Every nonempty subset S of R that is bounded above has a least upper bound in R.

That is, if a nonempty subset of real numbers has an upper bound, then it has a
smallest upper bound in R.

Definition: A number is called an algebraic number.if it satisfies a polynomial
equation a,x™ + a,_;x" 1+ - ....+a,;x +.ay= 0 where the coefficients a, ,
7 P , 4, , are integers, a,, #.0,andn = 1. A real number which is not
algebraic (like m, e) is called a transcendental number.

Note: Rational numbers are algebraic numbers since a rational number x = % :
m, n are integers and n_# 0.satisfies the equation nx —m = 0.

Theorem: Suppose.that ay ; a4, ............ , 4, are integers and r is a rational
number satisfying the polynomial equation a,x™ + a,,_;x™ 1 + - .....+a,x +

a, = 0 whereiay,a, # o0, andn > 1. Write r = g, where p, g are integers

having no common factors and g # 0. Then q divides a,, and p divides a,.

Ex: \/2 cannot represent a rational number.

»BYy theorem above, the only rational numbers that could possibly be solutions of
x?—2=0are +1 and +2. But none of the four numbers +1 and +2 are
solutions of the equation. Since v/2 represents a solution of x2 —2 =0, V2
cannot represent a rational number. Note: In , division of an integer p
by an integer q is defined iff there exists unique integer r such that p = gr holds.




For p + 0, division of p by 0 is undefined because there does not exist any
integer r such that p = 0.r holds. Division of 0 by 0 is undefined because for
any integer r, 0 = 0.r holds and uniqueness of r is violated.

The absolute value function and the greatest integer function

For a € R, absolute value of a, denoted as |a|, is defined to be the distance
between (the points representing) 0 and a:

la| = a,ifa =0,

=—q,if<0.

The absolute value function satisfies the following properties:

(1) lal = I-al, (2)la + bl < lak$ b, (3) lab| =
lallbl,
@ 5| =5iarb =0, (5) |lal = Ibl| < la - b|

Note: |a — b| gives distance between the (points representing) real numbers a and
b. Hence the statement b-lies between a + 1 and a — 1 can be equivalently put as
la—b|<1.

The greatest integer function is defined on the set R of real numbers as follows:
for real numberasatisfying m < a <m+ 1, (m an integer), [a] = m.
Thus, forexample, [a] = —1,for —1 <a <0,

=0 ,for 0<ax<1

1 ,for 1<a<?2

CHAPTER 2: SEQUENCES OF REAL NUMBERS




Definition: A sequence (in R) is a function a: N — R, a(N) is called the n th term
of the sequence and denoted by a,, . The sequence a is often denoted by

{a;, ay, ... ... , a,} or ,more compactly, by (a,,). We must distinguish between a
sequence (a,) and its range set {a, }: the range set of (1,1/2,1/3,...) is
{1,1/2,1/3,...}; that of (1,1,1...) is {1}. We shall use the terms

‘bounded’, unbounded’, ‘bounded above’ and ‘bounded below’ for a sequence iff
its range set (as a subset of R) has the corresponding property. (1/n) is bounded,
(n?) is bounded below but not above, (—n?) is bounded above but not below,
((=1)™n) is neither bounded above nor bounded below.

Note: A fraction increases when either the numerator is increased and/or the
denominator is decreased.

Ex: Verify whether the following sequences are bounded above and/or bounded

below: @ (22), )
(o), (3) (ay) where ap =¥ + 1 - V7, (4)

1

1
(a,) where a,, = ==ttt

3n+4+=
Solution: (1) 3 2nts 2( — ) =24 3(3;4) <= + = = 1, for all natural

number n. Thus 0 < = 2n+3

< 1, for all natural n; hence( — ) IS bounded.

3n—-1

(2)0 < |(-1)"3E
bounded.

| <3--= < 3for all natural n: hence (( 1Hn s 1) is

(3)0 < ay=—p—

(n+1)3+(n+1)

5 < — for all n (justify!): hence (a,,) is bounded.

11
3n3+n3

—_ <2 =1 forall natural n: hence (b,,) is bounded.

(4) 2\3 Vvn2+1 n

= <bp <
Definition: A sequence (a,,) is convergent iff there exists a € R such that for
every € > 0, there exists natural number (¢) , in general depending on €, so that
n > m implies |a,, — a| < €. In this case, we say (a,) convergesto a as

n — oo or aisalimitof (a,) and write lim,,_.(a,) = a. A sequence that is
not convergent is called divergent.




Ex: Consider the sequence a = (a,,), where a,, = b forall n. Then
lim(b, b, ....,b) = b, since forany e > 0, |a, —b| =0 < eforall n > 1.

Note that every constant sequence (b,b,...) is convergent to b.
Ex: Consider the sequence (a,), where a,, = (—1)", n natural .

lim(a,) # 1 since the open interval (0.5, 1.5) containing 1 does not contain all
the infinite number of terms of the sequence with odd suffix . lim(a,) # =1 since
the open interval (-1.5 ,-0.5) containing -1 does not contain all the infinite humber
of terms of the sequence with even suffix.

If a+1,-1, let €e =min{|la —1|,|a+ 1|}. Then (a —€,a + €) does not
contain any term of the sequence. Hence (a,,)diverges.

Ex: If a, =% for all natural
then lim,,_,,(a,) = 0: forany e > 0, |a, = 0| <€ <n >§ &n=> E] +1=
m

Note: Observe the direction of implication sign carefully.

Note: If lim,, . (a,) = a, thenthe.inequality ||a,| — lal| < |a, — al, n natural,
shows that lim,,_,, |a,,| = |a]..Converse may not hold as can be seen from the
counter example ((=1)™).

Theorem: A convergentsequence is bounded.

»Let lim(a,) =a. Correspondingto &€ = 1, there exists positive integer m

such that a,,—al <1, thatis a—1<a,<a+1 forall
n = m. Letm = min{ay, a,, ... ... ,Qm-1,a — 1} and
M=max{a,, a,, ... ... ,Am_1,a + 1}. Thenm < a,, < M for all natural n. Hence

(a,,) 15 bounded.

Theorem: (Limit Theorem for Sequences) Let lim,,_,.,(a,) = a and
lim,,_, . (b,) = b.




Then (1) lim,_,(a,+b,) =a+b, (2) lim(ra, =ra, (3)

n—>00
lim (a,b,) = ab, 4) ifa+0, thenameN
n—oo

suchthata, # 0forall n>m and lim,_ (ai) = %

n

Note: Combined applications of different parts ensures that lim(a,, — b,) = a—>b
and lim(a,/b,) =a/b if b+0.

Note: Note that it is possible that lim(a,,) = a and lim(b,,) = b, a,, < by, , for all
natural n and yet a = b. Consider the sequences (a,), (b,) where.a;; = 0 and
b, =1/n forall n.

Theorem: If (x,) and (y,,) are convergent sequences of real-numbers and if
Xn <y, forall n = m (m fixed natural number), then lim(x;,)<lim (y,,) .

Theorem: (Sandwich Theorem) Let (a,,), (b,,), (c,,).be sequences and c € R be
such that a, < b,, < c,,,foralln > m and lim(a,,) = lim(c,) = c. Then
(by) =c.

Ex: Let |a| < 1. Then lim(a,) = 0.

» If a = 0, the result is obvious. Let'a # 0. Let 11 + h. Then h > 0 and

lal
L= (1+ h)™ =1 + nh > nhfor all natural n. Hence 0 < |a|" < ﬁ Since

lal™

lim(i) = 0, by Sandwich Thorem, lim(]a|™) = 0. Hence lim(a,) = 0.
1
Ex: Let a > 0. Then' lim(ar) = 1.
» If a = 1, nothing remains to prove.
1
Let @> 1. Then ar > 1 for all natural n.

1
Let b, = an — 1 for natural n. then= (1 + b,)"* =1+ nb,, + - ... +(by)" >
nb,, ,

sothat 0 < b, < a/n forall n.

By Sandwich Theorem, lim(b,,) = 0, so that, lim(ar) = 1.

6




If 0<a<1,let b=1/a sothat lim (i;) = lim (bﬁ) =1,since b > 1and
an

hence lim(an) = 1.

Ex: lim(nn) = 1.

1 1
»Since (ar) = 1 for all n, we can write n» = 1 + k,, where k,, = 0 for all'n-,

Hence n= (1+ k)" > @(kn)2 + 1.

Thus 0<k, < \/% . Thus lim(k,) = 0and so lim(n»r) = 1.

Example2.11 Leth, = Tt for natural n. clearly a,, < b,, < c,

n n2

for all natural n , where bn = Y1 and c, =

n2&n  n2+n

i o - Since lim(a,) = lim(c,).=1,50 lim(by,) = 1.

n —
k=1pn241

EXx: Use Squeeze Theorem to verify whether-following sequences converge:

(nn—z),((m)n%)_

»1l<nn?< l< (n')n2 < (n")n2 = nn for all natural n.

Note: Every convergent sequence is bounded. The converse may not hold :
consider ((—1)™). We now consider a class of sequences for which convergence is
equivalent to boundedness.

Definition: A'sequence a: N = R or (a,,) is monotonically increasing iff a is
monotonically increasing function, that is, a,, < a,,,., for all natural n. A sequence
a:N —R or (a,) is monotonically decreasing iff a is monotonically decreasing
function, that is, a,, = a,,,, for all natural n . A sequence is monotonic iff it is

either monotonically increasing or monotonically decreasing.

Theorem : A monotonically increasing sequence is convergent iff it is bounded
above.




Ex: Consider (a,), wherea,, =1+ % + % + -+ % for natural n. (a,) is

1
n—1=1+

monotonially increasing. Also a,, <

2 (1 — zin) < 3 for all natural n. Thus (a,,) is convergent.

n(n 1) nn-— 1)(n 2)..1 1

nTL

Ex: Consider (a,), where a,, = ( ) :
_|_

Now, @, =1+ n-+ et

1 1 1 1 2 n—1
1414+~ (1——)+--.+—(1——)(1——)...(1— )
2! n n! n n n
<1414+ 4=
2! nl

<3.

Thus 2<a,<3, forall n.

Hence (a,,) is bounded.

Also  a,,, =1+1+21(1——)+ A= (1) (1-=%) . (1-

+1 n+1 n+1
n-—1 1 1 2 n-1 n
)t () () (- m) (1-:5)
Thus a,,,; is sum of (n +2) summands whereas an is that of (n + 1) summands
and each summand (from beginning) of a, ., is greater than or equal to the
corresponding summand of a,. Hence (a,,) is monotone increasing. Thus (a,,) is

convergent. If we denote lim(a,) by e, then 2 < e < 3since2 < a, <3 forall
n.

Ex:.Consider the sequence (a,), wherea, =1 + i + % + -+ % for all n. Clearly

(a,,) is monotonically increasing. For each n, a,n = 1 + i + G + i) + -+

21’11

(oot +gm) 21+ 4244
21141

that a, < M, forall n. Thus (a,) is unbounded above and hence is not
convergent.

=1+ E.Hence thereisno M such




Ex: Consider the sequence (a,,), where a,, =1 + ziz + -+ n—lz . Clearly (an) is

1

monotonically increasing. Also, foreachn, a, =1 + Lilyy =
1.2 2.3 (n—-1)n

1 1 1y _, 1 .
1+ (1 - 5) + -+ (— — ;) =2 ~< 2. S0 (a,) is bounded above. Hence

n-—1
(a,,) is convergent.

Ex: Consider the sequence (a,,), where a,, = 1 + zip + -+ nip for each.n.clearly
(a,,) is monotonically increasing. We have seen in two examples above. that
(a,,) is divergent if p = 1 and convergent if p = 2. This implies.that (a;,) is

divergent if p < 1 and convergent if p > 2, because for each n, 0.< % < nip if

- 1 1 .
pSlWhlIeO<n—pS§ if p>2.
PROPERLY DIVERGENT SEQUENCES

Definition: Let (a,) be a sequence of real numbers. (a,) tends to co as n tends to
oo, written as lim,,_,, (a,,) = oo iff for every M > 0, there exists natural number
m such that n = m implies a,, > M. Similarly, a sequence (b,,) of real numbers
tends to —oo as n tends to co , written.as lim,,_, ., (a,,) = —oo iff for every M > 0,
there exists natural number m such-thatn > m implies a,, < —M.

CAUCHY’S GENERAL PRINCIPLE OF CONVERGENCE

Theorem: A sequence (ay) of real numbers is convergent iff for every € > 0,
there exists positive.integer m such that for p,q = m, p, g natural number,
|ap — aq| < & _holds.

Ex:Verify that the sequence (a,) where a,, = 1 + % + -+ % n natural, does not
converge.

»If (a,) converges, then correspondingto & = % there exists m such that

1 . 1
|ap - aq| < Efor all p, q = m. In particular, |a,,, — an,| < 5 But |aym — Al =

1 1 1 icti
— 4.+ —>"=2 contradiction.
m+1 2m ~ 2m 2




CHAPTER 3: INFINITE SERIES OF REAL NUMBER

Definition: An infinite series, or, for short, a series of real numbers is an
expression of the form a; + a, + -+ a,, + -+ or, in more compact notation
Y.r=1 ai, Where a,, is real number , for all n. The sequence (4,,), where 4,, = a; +
a, + -+ a, , is called the sequence of partial sums corresponding to-the series

D1 A

Definition: We say .7, ay is convergent iff lim(4,,) existsas real number, that
Is, iff the sequence of partial sums of the series is convergent. If lim,,_,(4,) =
A, then A is the sum of the series )., a;, and we write A = Y..°_; a,. An infinite
series ).p—, a; that is not convergent, is divergent. In particular, we say the series
Yir=q @i divergesto oo orto —oo accordingas.lim(A,) = oo or lim(4,) =

—00,

Note: The convergence of a series is not affected by changing finite number of its

terms, although its sum may change'by doeing so. If },;°_;a; and b; + b, + -+

by + Y r=m+1 Ax b€ two series obtained by changing first m number of terms, and
if (4,)) and (B,,) be the carresponding sequences of partial sums, then for n >

m, A, = By + Xre, ag=Dre, by. Thus (4,,)converges iff (B,)converges and if

they converge to A and Brespectively, A =B + Y7L, ax — Xreq b

Ex: (Geometric Series) For the series Y, a® (a real),

1—-a™

, If a#1 and
—-a

An=a1+a2+"'+an_1=
Ay=nif a=1.

If -1<a<1, lim(4,)= ﬁ Hence the series Y, a® converges for —1 < a <
1.

If a=>1, then4, > n+ 1foralln(since a,a? ...,a" *are > 1); hence (4,)
and thus ¥, a* diverges to oo.

10




If a=-1, 4,, =1 and A,,.; = 0 for all n and hence ¥, a” is divergent.

Finally, if a < —1, then lim(4,,) = o and lim(A,,+,;) = — « ; hence Y a*
Is divergent to —co.

Ex: (Exponential Series) We have seen earlier that the sequence (4,,) given by
A, =1 +%+%+ +% IS convergent to a real number e,2 < e < 3. Thus

e=14+4+1p iy
1! 2! n!

Ex: (Harmonic series and its variants) As seen in example 2.17, 1.4 zip + -+ nir) +
-... Is divergent for p < 1 and convergent for p > 1. It.can be shown that the
sequence of partial sums and hence the series Z(—l)k‘li converges.

Note: Since convergence of a series is defined in terms of convergence of its
sequence of partial sums, many results about convergence of a series follows from
the corresponding results on sequences.

» The sequence of partial sums of a convergent series is bounded.

> Let Ya,=A, by =B.Then X(ay +b,) =A+B ,)(ray) =rA. If
a, < by, forall k, then A'< B.

> (Sandwich Theorem) If.(a;),(by), (ci) are sequences of real numbers such
that a, < b, < ¢, for each k, and furtherif ), a;, = A = Y ¢, then
Yb,=A4A.

Theorem: If )} a, is canvergent, then lim(a;) = 0. In other words, if lim(ay)
does not exist or is not equal to zero, then ). a,, is divergent. Converse may not

hold: consider Z% :

Ex: 2,?=1(—1)"‘1kip is divergent if p < 0 since |(—1)k‘1kip| > 1 forall k.

TESTS FOR CONVERGENCE : series of non-negative terms

Theorem: (Comparison Test) Let (ay), (by) be sequences of non-negative real
numbers such that a;, < b, forall k = m, m natural. If ) b, is convergent, then
Y. a; isconvergentand Y a, < ). b,. If X a, diverges, then ) by is divergent.

11




) 2k4k . ) 2
Ex: Y= is convergent since

kyk 2\k 2\k.
g = 2 (g) for all natural k and (g) is
convergent.

W R

1 . . 1
Ex: > ——is convergent since —= <
(1+k2%2+k%)3 (1+k2+k%)3 k

convergent.

1 1.
— for all natural k and }. — is
3 k3

Theorem: (Limit Form of Comparison Test) Let (ay), (b;) be sequences of
positive real numbers such that  lim,,_, (?) = L (# 0). Then), a; is
k

convergent iff ) by is convergent. If lim,,_, (Z—’;) = 0 and if Y..by.is convergent,
then Y a,is convergent. If lim,,_, (Z—’;) = oo and if ) b, is-divergent, then )’ a,is
divergent.

2k+

k. . i 2\k .
Sy, IS convergent by Comparison Test since ), (g) IS

Ex: The series )

ag

convergent and lim,,_,, (b—) = 1(# 0).
k

Ex: Y sin (%) diverges by comparison test since Z% Is divergent and

sin (%)

1
n

lim,,_,q =1(# 0)

Theorem: (D’ Alembert’s Ratio Test) Let ) a; be a series of positive real numbers

and let limy,_,, (a""“
ag

) =.x. Then ) a; converges if x < 1 and )’ a; diverges if

x> 1.

Theorem:(Cauchy’s Root Test) Let ), a; be a series of positive real numbers and

1
let Ilim a,k = x. Then ), a; converges if x < 1 and ), a;, diverges if x > 1.

Theorem: (Raabe’s Test) Let ) a; be a series of positive real numbers and let
limy o0 ke
x <1

ag

— 1) = x .Then Y a; converges if x > 1 and Y’ a; diverges if

ak+1
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Ex: Use comparison Test to verify whether the following series converge:
n+1

W25 QL 7@ i

»Compare the series respectively with (1) n—lz 2> % and
1

©) ey

Note: While testing convergence of a series ), a,, by comparison test, the series-s
constructed by considering heighest power of n present in numerator and
denominator separately .

ALTERNATING SERIES : LEIBNITZ TEST

Definition: A series of the form ).(—1)"a,,, where a;, > 0 for-all positive integer
n, is an alternating series.

Theorem: (Leibnitz Test) An alternating series ),(—1)"a,, is convergent if the
sequence (a,,)of positive terms is monotonically decreasing and lim,,_,,(a,,) = 0 .

Ex:14 »(—1)" ﬁ converges by Leibnitz Test.

CHAPTER 4

LIMIT OF A REAL VALUED FUNCTION OF A REAL VARIABLE

Definition: Let f:R - Rand c € R.

A real number L is the LEFT( hand) LIMIT of f atc, written as lim,_._ f =L,
iff for every € > 0, there exists § > 0 such thatc — § < x < c implies |f(x) —
Ll < e.

13




A real number L is the RIGHT( hand) LIMIT of f at ¢, written as lim,._,., f = L,
iff for every € > 0, there exists § > 0 such that c < x < ¢ + & implies |f(x) —
Ll < e

A real number L is limit of f at ¢, written as lim,_,. f = L, iff
(1) lim,_._ fexistsand (2)lim,_ ., f existsand (3) lim,_._ f = L.

Ex: Prove that lim,_,, 5x = 10.

»lLete >0 begiven.|5x—10|<e<=|x—2|<§=5<:0<|x—2|< 5,6 >
0 . Hence the result.

Note: Observe the direction of implication sign carefully.

Ex: lim,_q x2sin §=0

»Let e > 0 be given. |xzsin§— 0| < € & |x?| |sin§| <|x?|<eex]*’<ee
x| <Ve=86<0<|x—-0|<6.

Ex: Let f:R - R, f(x) = [x].

lim,_,, f = 0 since for any.e > 0, there exists § = 1/2 > 0 such that
0<x<0+1/2 implies |f(x) —L|=|0 — 0] < €. Similarly,
lim,_,_ f = —1. Henece lim,s, f does not exist.

1
Ex: Let g:R >R, g(x) = ex, x # 0, g(0) =0.

1

1 -
As x - 0+, ey andso ex - o .
1 1 1
AS.x —>0 —, —=- > and so ex =— — 0.
e x

So lim g does not exist while lim g =0 .

x—0+ x—0—

Theorem: (Sequential criteria of limits) Let f: R — R and ¢ be a real number.
Then the following are equivalent:

14




) limy,c f = L,

(2) for every sequence (x,,) of real numbers that converges to ¢ such that x, # ¢
for all n, the sequence (f (x,,)) converges to L.

Theorem: (Divergence criteria) Let f: R — R and ¢ be a real number.

lim,_,. f # L iff there exists a sequence (x,,) of real numbers that converges to c
such that x,, # ¢ forall n, lim(x,) = ¢ but lim(f(x,)) # L (either_lim(f (x,))
does not exist or exists but not equal to L).

Alternatively, lim,_. f does not exist iff there exist sequences-.(x,)and (y,) of
real numbers, x,,y, #c, foralln, lim(x,) = lim(yy) =c ,but

lim(f(x,)) # lim(f (x)) .

Ex: lim,_,, sin (i) does not exist in R.

» The sequences (x,,) and (y,,) both converge to Q where x,, = % and y, =

1
(2n+1)7

but (sin (xi)) = (sinnm) tends.to-0 whereas (sin(y,)) = (sin(2n +
1) g) converges to 1.

Theorem: (Limit Theorem of Functions) Let f,g:R - Rand b € R. If
lim,_.f =L andlimyy, g =M, then lim, .(f+g)=L+M, lim, .(f —
g)=L—M, limu.(fg)=LM, lim,,.(bf)=bL.If Leth:R —

R ,h(x) # 0 forall realx belongingto (¢ —6,c + &), forsome § > 0, and if

lim, . h = H.# 0, then lim(%) = =.

Note: If .p.be a'polynomial, then lim,_.p = p(c) for any real c.

Theorem: (Squeeze Theorem) Let f,g,h:R = Rand c e R. If f(x) < g(x) <
h(x) for all real x ,x # ¢, and if lim,._. f = L =lim,_.h, thenlim,_.g=1L.

Some Extensions of Limit Concept

Definition: LetlLetf:R — Rand c € R. ftendsto co as x — ¢, written as
lim,_,. f = oo, iff for every real M, there exists § > 0 such that for all x
satisfying 0 < |x —c| < 6, f(x) > M holds.

15




Definition: Let f:R - Rand c € R. ftendsto —oo as x — ¢, written as
lim, . f = —oo, iff for every real M, there exists 6 > 0 such that for all x
satisfying 0 < |x — c| < 6, f(x) < M holds.

- 1
Ex: hmx_)ox—2 = oo,

1 1 1 1 1
))LetM>0.x—2>M<=X2<E<= _\/_ﬁ<x<\/_ﬁ<= O<|X—O|<\/—M—5

Hence the result.

Definition: Let f: R — R. A real number L is a limit of f as x.—(oo, written as
lim,_ f = L, iff for any given € > 0, there exists K suchthat x > K implies

f@) - Ll <e.

Definition: Let f: R = R. f tends to oo as x tends to-co, written as lim,._,,, f = o,
Iff given any real M, there exists K such thatx > K.implies f(x) > M.

Example4.8 Evaluate the following-limits or show that they do not exist:

2 : Vx—
@ limyrs 250 @ limeooy 52 @limeno T2 (0> 0, (4) limyo 22

(x>0)
sULetM > 1> M exf<-——c0<x—1<——=5(0).

Hence lim,_q, xle = oo.

(2)LetM>0x—\/+_2>M<=\/—_>M<=\/_< C0<x—0<—=46
Hence limx_)o+%

Vx—5 64
3 513 Al v < cﬁ<ecf<e<=x>——
M.
Hence limx_,oox/%z

16




Continuous Functions

Definition: Let f: R — R and let ¢ be a real number. f is continuous at c iff
lim, ., f,lim,._ fand f(c) exists and lim,_,., f = lim,._ f = f(c). If f
IS continuous at every real ¢, f is continuous on R.

Theorem: Let f,g: R — R be continuous at c € R and k be a real constant.
Then the functions f + g, f — g, f.g, kf are continuous at c, where the
functions are defined as follows:

f+9x) =fx)+gx),
f =9 = f(x) —gx),
(f.9)(x) = f(x). g(x),
(kf)(x) = kf (x) for x € R.
The functlon defined by ( ) (x) = |s continuous at c if g(x) # 0 for all
xin (c—6,c+6)forsome6>0.

Ex: Every constant function f: R .= R, f (x) = c (c real constant) is continuous
on R.

Ex: Every polynomial function f(x) = agx™ + a;x™" 1 + .-+ a, is
continuous on R!

Definition: f:'R — R has removable discontinuity at c iff lim,_., f =
lim,_, . f-=lim,_, fexists but either f(c) does not exist or exists but
different from-the limiting value lim,_, f.

f: R = R has discontinuity of first kind at c iff both lim,_., f and lim,_._ f
existbut lim,_ ., f # lim,_._f.

f:R — R has discontinuity of second kind at c iff at least one of lim,_,., f and
lim,_,._ f does not exist.

Ex: Check the continuity of the following functions at the indicated points:

(1) f) = [x] + [-x] at x =0, @) f@) =1z atx=0,

17




2
B f()=2—x1<x<2 =x—x7,x>2atx=2,

4)  f(x) =[x]ato, (5) f(x) = %x +0; £(0) =0 at 0.

» (1) limy_,o_ f=lim,_o_ (=1 + 0)=-1=lim, ¢, (0 + (=1))=lim,_,o, f #
0 = £(0).

Hence f has removable discontinuity at 0.

1 1 1
(2) x=>0>1/x>—-0=ex->0=214+ex—>12>a/(1+ex) -0,
1 1
x> 0+> 1/x > 00 = ex > 00 = x/(1+ex) - 0.

Thus lim,_q, f = lim,_,_ f = f(0). Hence' f is continuous at 0.
2
(3) lim, . £ = lim (x=2) = 0; limg,_f= lim (2 -x) =0 and

x—-2+
f(2) = 0. Hence f is continuous at x =.2.
(4) flim] ~(x - 0+) f =0 #~=1=."[lim] +(x - 0-) f; hence f
has discontinuity of first kind at 0.
(5) lim,_,,, fdoes not exist-as real number; hence f has discontinuity of

second kind at 0.

Theorem: If f: R — R beteontinuous at c and g: R = R be continuous at f(c),
then g0f,defined by (g0f)(x) = g(f (x)) for real x, is continuous at c.

Ex: f:R—>R, f(x)=sinxandg:R >R, g(x)= x? are continuous on R;
hence fogiR - R, (fog)(x) = sin(x?) is continuous on R.

Theorem: .If f “is continuous at c and f(c) # 0, then there exists § > 0 such
that f(x) ‘has the same signas f(c) forall x in (c — §,c +9).

Theorem: (Bolano’s Intermediate Value Property) Let f: R — R be continuous
and a,b be real numbers, a < b, suchthat f(a) # f(b). Letk be areal
number between f(a) and f(b). Then there exists c in [a, b] such that

f(c) = k.

Note: Continuity is sufficient but not necessary for the conclusion in the above
theorem to hold: for example, let us define
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ftR - R, f(x) =x,if x < 1;
= x—1,if 1 <x, satisfies IVP but is discontinuous at 1.

Corollary: If f(a) and f(b) are of opposite signs, then there exists c in (a,b) such
that f(c)=0.

7 16

EXx: Prove that > 4+ + = 0 has a solution between 1 and 2.
x—1 xX—2 x—3

»letf(x) =5(x —2)(x —3)+7(x — D (x —3) + 16(x — 1)(x.— 2).f, being a
polynomial function, is continuous at any real number and hence'on {1,2]. Also
f(1) > 0and f(2) < 0. Thus there exists c in (1,2) such that f(¢) = 0, that is

>+ +2% =0 hasasolution in (1,2).

c—-1 c—2 c-3

Ex: Show that the equation cos x = x has solution in (0, %).

»Let f(x) = cos x —x,x € [0,7]. £(0) > 0.and £(5) < 0; also f is continuous
on [0,~]. Hence there exists ¢ in (0,) such that f (c) = 0; ¢ is a solution of the

given equation.

Theorem: Let f: R — R be continuous-and a, b be real numbers, a < b. Then
there exist c,d in [a, b] _such that f(c) = max{f(x):x € [a,b]} and
f(d) = min{f(x):x €[a,b]}.

Note: The result may not hold if we consider a discontinuous function or a non-
closed interval.

Let f:R = R, f(x) =1 for x # 0;

X

=1lat x=0.
So fuis discontinuous at 0. There does not exist ¢ in [—1,1] such that

f(c) = max{f(x):x € [-1,1]}.(0,1) - R, f(x) = x does not have either
maximum or minimum on (0,1).
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CHAPTER 5

DERIVATIVE OF A REAL VALUED FUNCTION OF A REAL
VARIABLE

Definition: Let f:[a,b] = R,a < ¢ < b. The left (hand) derivative of f atc,

L_f(), provided the limit exists, The

right(hand) derivativeof f at c, denoted by £ (c+), is equal to lim, . UG O

X=C

denoted by £ (c-), is equal to lim,,_,._

provided the limit exists.

Ex: Let f:R - R, f(x) = c, creal constant. f is derivable at »aiff f™®(a)

exists and in that case f(l)(S)—hmx_,sL’;(S) li

c=C
My g == 0. Ingeneral,
derivative of a constant function defined on an interval at'any point of its domain

of definition is zero.

Ex: Letf:[0,2] o R, f(x) =x?>+x,0 <x<I;
=2, at x=1;
=2x3—x+1,forl <x<2.

= 5 while

3— -_—
>>f(1)(1 +) = lim, 4, (x;_f(l) i 2x3-x+1)-2

x41— X—
x2+x-2

f(l)(l =) = lim,_,,_ f(x) f(l) = lim

x—>1— xX—

=3.Since 5=fWA+) #
f)-£@) _

xX—2

f® (1 -) =3, f.isnotderivable at 1. Since fM(2 ) = lim

3_y—
lim 2222 = lim(2x2 + 4x + 7) = 23, so f is differentiable at 2 and
x—2— X—2 xX—2—

fM(2) =23

Theorem: If f:[a, b] — R be differentiable at c,a < ¢ < b, then f is continuous
at c.

ol [f (1) = £(©)] =lim,.c |22 (x ~ )| =
lim,, L2HED - fim, L (x — ) = FM(c) = 0. Hence limf(x) = f(c): thus
- X—=C

f is continuous at c.
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Note: Converse may not hold: Consider f:[-1,1] = R,f(x) = |x|.f is
continuous at 0 but not differentiable at 0 .

Ex: Let f(x +y) = f(x) + f(y) for all real x, y. Let £(5) = 2 and fM(0) = 3;
prove that f () (5) = 6.

»2=f(5)=f(5+0)=f(5) + f(0) ; hence £(0) = 0. Now fV(5) =

f(5+h’2—f(5) ~ lim,_g f(5)+f(hh)—f(5) =f(h)’—lf(0) = FW(0) = 3.

lirnh—>0

Definition: Let f: [a, b] = R. f is (monotonically) increasing on [a, b] iff x;, x, €
[a, b], x; < x, Imply f(x;) < f(x,). f is (monotonically).decreasing on [a, b] iff
X1,%5 € [a,b],xq < x, IMply f(x;) = f(x;). f ismonotonic iff f is either
increasing on [a, b] or decreasing on [a, b]. f. 1s:strictly increasing iff x;, x, €

[a, b], x; < x, Imply f(x;) < f(x,). Similarly strictly decreasing function is
defined.

Theorem: Let f: [a, b] — R be a differentiable function. Then
(1) f/ is nonnegative throughout.[a,b] iff £ is monotonically increasing on [a, b],

(2) f/ is positive throughout [a, b] implies f is strictly increasing on [a, b].

asinx+bcosx

Ex: Prove that f(x) = N ————— (a, b, c,d are constants) is either

monotonically-increasing on R or monotonically decreasing on R.

» FAO)=—29"2 >0 forall x if ad — bc = 0 and < 0 for all x if
(esinx+d cos x)?

ad —bc < 0.
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CHAPTER 6
SUCCESIVE DIFFERENTIATION

Definition: Let f: [a, b] — R be differentiable on [a, b]. Then fM):[a,b] —» Risa
function . This function £ may again be differentiable at every point of [a, b],
the function (f )M is denoted by f®and called second order derivative of. f,
£@ in its turn, may have derivative at every point of [a, b], which is denoted by
£® | called third order derivative of f. The process may be continued.

Ex: Lety = x™, x > 0,m rational. Show that,y™ = m(m — 1)... (m'—n +
1)x™~" for natural n.

» y( = mx™~1, Result holds forn = 1. Let y™ =m(m —=1)..(m —n +
1)x™™, for some natural n. Then y@*D = (y™YD =mim - 1) ..(m —n +
1)(m — n)x™ "1, Thus if the result holds for n itholds for n + 1. Thus , by
mathematical induction , the result holds for-all natural n .

Ex:Let y = ——. Then y( = D me

ax+b (ax+b)nt1

Ex: Lety = Inx. Then y® =%~ Hence y™ = (y()=1D = (x~1)(n-1 =
(-1)"" 1 (n-1)!

xn

Ex: Lety = sin x, Toprove: y™ = sin(=- + x) (n natural).

yW = cosx = sin(% + x). Result holds for n = 1. Let y(™ = sin(? + x) for

some natural m. Then y™+1 = cos (? + x) = sin (g + % + x) =

(m+1)m
2

sin( + x). Hence the result holds by induction.
Ex: Let y = e“*sin bx.
Then y(1) = e**(a sin bx + b cosbx).

Leta = r coso, b=rsing,—m< 0 <m.
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Thenr = va? + b? and @ satisfies cos 8 = a/randsin0 =b/r,— 1 < 6 <.
Thus y = e®rsin(bx + 0).

Hence y(™ = e®r" sin(bx + n 8) = e**(a? + b?)"? sin(bx + n 0).

_ _ 1 1 _ A B . - .
Ex:Let y=——= e i Tz Equating coefficients of like powers
of x in the identity 1 = A(x + 2) + B(x — 2), we get A = % and B = —i. Hence

=l -1 (n) = E™

4(x 2 x+2) Thus y 4 [(x —2)n+1 (x+2)"+1]

Ex: Lety = xx?.Prove y®)(0) = 5!

—1)551
»y=1- x_-lu Thus y® =22 Hence y®)(0) = 51

(x+1)6

Theorem: ( Leibnitz’s Theorem) Let f, g be twa functions possessing n th order
derivatives, then f g is differentiable n times-and

(Fg)™ = (g) Fg 4 (’11) FOD @y ( ) FOIgO 4ot ( ) Fg.

Proof: (fg)® = fWg + fg.= (5)fPg + (1) g®. Thus the result holds for

n=1.

Let (Fg)™ = (T)f Mg+ () f M VgD + o 4 (M) f g™ 4. 4
()fg™

Then (£g)m+1) = ((fg)™)®
- [(Tg)f(m)g + (T)f(m—l)g(l) — (’:)f(m—r)g(r) I (Z) fgm)
— [(T(r)l)f(m+1)g + (T(;l) f(m)g(l)] + .. [(T:) f(m—r+1)g(r) + (T:) f(m—r)g(r+1)]
+ .4 [(Z) f(l)g(m) + (Z) fg(m+1)]

_ (m(-)l-l)f(m+1)g + (m;rl)f(m)g(l) 4o (m:l)f(m—rﬂ)g(r) 4o g
(m+1)fg(m+1)
m+1 ’
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since (™) + (") =(""") )holds. Thus result holds by mathematical
induction.

Ex: Lety = sin(m sin™1x).
Prove that (1) (1 —x2)y® —xyM + m?2y =0,

2) (1 —x2)y™*2 — 2n + Dy — (n?2 —m?)y™ =0,

m

Wepmwi

» yD = cos(m sin~1x).

Squaring and cross multiplying, (1 — x2)(y™)? = m?cos?(m'sin=tx) =
m?(1 — y?) (from given expression).

Hence 2yMy@ (1 — x?) — 2x(yM)? = m?(=2y)y).

Since for the given expression y™ is not identically-zero and the relation is to hold
for all x, cancelling 2y™ from both sides, we obtain (1 — x?)y® — xy® +
m?y = 0.

Next applying Leibnitz’s Theorem (remembering that n th order derivative of sum

and difference of a finite number of functions is sum or difference of their n th
order derivatives), we get

(1= x)(y@)™ + (DR V(=2x) + (3)(yP)"2(=2)] -
()™ + (@@ +m?y™ = 0; simplifying we obtain the result.
CHAPTER 7
MEAN VALUE THEOREMS

Theorem:(Rolle’s Theorem) If f:[a, b] — R is continuous on [a, b] and
differentiable on (a, b) and if f(a) = f(b), then there is ¢ € (a,b) such that

f'e)=0.

Ex: If f(x) = x3 + px + q for x € R, where p,q € R and p > 0, then f has a
unique real root. To see this, note that if f had more than one real root, then there
would be a,b € Rwitha < band f(a) = f(b) = 0. Hence , by Rolle’s Theorem,
there would be ¢ € (a, b) such that f/(c) = 0. But f/(x) = 3x? + p is not zero
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for any x € R since p > 0. On the other hand, lim,_,_,, f = —oo and lim,_,, f =
0. Thus f takes on negative as well as positive values. Hence f(c) = 0 for some
c € R, since f has the IVP on R. Thus f has a unique real root.

Ex: Consider f:[0,1] — R defined by f(x)=x, x € [0,1) and f(1)=0. Then fis
differentiable on (0,1) and f(0)=f(1)=0 but f is not continuous on [0,1]. Note that
f'(c)=1 = 0 for 0<c<1.

Ex: Consider f:[-1,1] —R defined by f(x)=|x|. Then f is continuous on [-1,1] and f(-
D=f(1)=1. f'(x)=1for x>0, =-1, for x<0 and f '(0) does not exist:. There does not
exist ¢, -1<c<1, such that f'(0)=0.

Ex: Consider f:[0,1] — R defined by f(x)=x for x € [0,1). Thenf.is continuous on
[0,1]and differentiable on (0,1) but f '(c)=1 = 0 for every ¢ € (0,1). Note that f(0) =
f(1).

Theorem: (Lagrange’s Mean Value Theorem). If f:[a,b] —R is continuous on [a,b]
and differentiable on (a,b), then there exists'¢c.e(a,b) such that f(b)-f(a)=(b-a)f
'(c).

Proof: Consider F:[a,b] — R defined by F(x)=f(x)-f(a)-s(x-a), where s = %.
Then F(a)=0 and by our choice of constant s, F(b)=0. So Rolle’s Theorem applies
to F and, as a result, there exists ¢ < (a,b) such that F/(c)=0, that is, f '(c)=s, as

desired.

Note: If we write b=a+h, then the conclusion of MVT may be stated as follows:
f(a+h)=f(a)+hf'(a+6h) for some 6<(0,1).

Corollary: (Mean Value Inequality) If f:[a,b] — R is continuous on [a,b] and
differentiable on (a,b),and if m,M &R are such that m < '(x) < M for all x (a,b),
then m(b-a) < f(b)-f(a) < M(b-a).

Corollary: Let | be an interval containing more than one pointand f: | - R be any
function. Then f is a constant function on I if and only if f/ exists and is identically
zeroon I.
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Proof: If f isa constant function on I, then it is obvious that f/exists on I and
fl(x)=0forallx 1.

Conversely, if f/ exists and vanishes identically on I, then for any X, , X, €l with
X1 < Xp, We have [X; , Xp]< I and applying MVT to f on [X; , X,], we obtain [f(X,)-
f(X1)]=(X2 — x)f/(c) (forsome c € (x1,x,) 1) =0andhence f(x;) = f(xy).

Note: The MVT or the Mean Value Inequality may be used to approximate a
differentiable function around a point. For example, if m is natural and £ (x) = vx

forx € [mym+1],thenVvm+1—vm=f(m+1)— f(m) = f/(C)=$ for
1 1
<Vvm+1-vm< S (For example,

some ¢ € (m,m+ 1). Hence

2Vvm+1
by putting m = 1, §=1+§<1+%<\/§<1+
1_3
2 2

Corollary: Let I be an interval containing more than-one point and f: | > R bea
differentiable function. Then (1) f' is nonnegative throughout 1 iff f is
monotonically increasing on I, (2) f ' isipositive throughout | implies f is strictly
increasing .

Proof: Let X;, X, € I with X, <X, ..Then [X;, X,] < | and we can apply MVT to
the restriction of f to [x;, Xp] to.obtain [f(x,)-f(x1)]=(Xx>— x1)f '(c ) for some
¢ € (x1,x3) . Thus f(xz). =1(x,) iff f'(c) > 0.

Note: f:R - R, f(x).=x2 is strictly increasing on [—1,1] but f/(0) = 0.

Theorem: (Cauchy’s MVT) Let f,g: [a,b] — R are continuous on [a,b] and
differentiable on (a,b), then there is ¢ € (a,b) such that
g(C)(F(b)-f(2)= F(c)(g(b)-(a))

Proof: Consider the function F:[a,b] — R defined by F(x)= f(x)-f(a) - s[g(x)-g(a)],
_ f(b)-f(a)

wher = .
ere gb)—g(a)

Theorem: (L Hospital’s Rule for % Indeterminate Form) Letc € Rand f, g: (¢ —
r,c) — R be differentiable function such that lim,._,._ f = 0 and lim,_,._ g = 0.
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Suppose g (x) # 0 forall x € (c —r,¢) and lim,_,._ LG Then

gD (x)
fe0 _

hmx_)c_ Fx)

Here L can be a real number or oo or — o

Note: L’Hospital’s Rule for % Indeterminate Form is also valid for right (hand)
limits. The statement is similar to that given above. Combining the two cases
follows L Hospital’s Rule for(two-sided)limits of % Indeterminate Form, which we
may state as follows:

Theorem: Letce Rand D = (c —r,c) U (c,c + r) for some ».> 0. Let
f,g: D — R be differentiable functions such that limx_)cf = 0Qand lim,_.g = 0.

P ACI

Suppose g (x) # 0 forall x € D and lim,_,, ——— o o=

=-L. Then lim,,_,, —=

Here L can be a real number or oo or —

L’Hospital’s Rule for% Indeterminate Formare also valid if instead of considering

limits as x — ¢, where c is a real number, we consider limits as x — oo or as
x — —oo. For example, a statement-for limits as x — —oo would be as follows:

Theorem: Let a be real numberand f, g: (—,a) — R be differentiable functions
such that lim,_,_o, f = 0 andlim,_,_. g = 0. Suppose g™ (x) # 0 forall x in

D) fx)
(1)( ) g(x)

(—o0,a) and lim g5 = L. Then lim,_,_, = L. Here L can be a real

number or oo or =,

Theorem: (L Hospital’s Rule forg Indeterminate Form) Let I be an interval [a, ¢)

where a'is real and either c is real witha < corc = oo. Let f,g: I = R be
differentiable functions such that lim,_,._|g(x)| = o. Suppose g™ (x) = 0 for

) : fo) _
ey = L. Thenlim,_,._ o = L. Here L can be a real

all x € I and lim,_, ._

number or co or —oo,
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Theorem: (Taylor’s Theorem) Let n be a nonnegative integer and f: [a, b] — R be
such that f(, £ ..., f™ exist on [a, b] and further £ is continuous on
[a, b] and differentiable on (a, b). Then there exists ¢ € (a, b) such that
_ ™M@ F )
fOy=f@+b-a)fP@+-+@b-a)y'—=+@b-a)y*'—7=.

(n+1)!

Proof: For x € [a,b], let P(x) = f(a) + f®(a)(x — a) + L2 ( ) (x —a)? £+

I (x — @)™, Consider F: [a, b] - R defined by F(x) = f(x) —P(x).~

n!
f(b)—P(b)
(b_a)n+1 '

F(b) = 0. So Rolle’s Theorem is applicable to F on [a, b].and;asa result, there is
c; € (a,b) such that fl(c;) = 0. Next, fM(a) = PM(q) and'so fP(a) = 0 as
well. Now Rolle’s Theorem applies to the restriction of F®) to [a, ¢;], and so there
is ¢, € (a, ;) such that F)(c,) = 0. Further., ifn>1, then F®(a) = 0 and so
there exists c; € (a, c,) such that F®) (c3) =:0. Continuing this way, we see that
there is ¢ = c,4, € (a, c,y) such that F™*Y(¢) = 0. Now P+ s identically
zero, since P is a polynomial of degree'n.:In‘particular, P+ (¢) = 0. Hence
FO*D () = s(n + 1)!, which,«in turn, yields desired result.

s(x —a)™!, where s = Then F(a) = 0 and our choice of s is such that

Note: (1)Note that the Lagrange®s MVT corresponds to the case n=0 of Taylor’s
Theorem.

(2) In statement of Taylor’s Theorem , the point a was the left end point of
the interval on which f was defined. There is an analogous version for right
endpoint: if f is.as in the statement of Taylor’s Theorem then there exists ¢ €

(a b) such'that F(a) = F(b) + FO(b)(@—b) + -+ L (”)( —p)" +

f(n+1)(c)
(n+1)!

f:1 > Rissuchthat f, @ ..., f™ existonand f™*Vexists at every

interior point of I, then for any x € I, x # a, there is ¢ between a and x such that

(a= b)™*1. Similarly, it can be proved that if I is any interval, a € I,and

FG) = £(@)+ FO@) 0= @) + o+ LoD (e ayn 4+ Lm0
a)n+1.
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The last expression is sometimes referred to as the Taylor formula for f
around a. The polynomial given by P,(x) = f(a) + fP(a)(x —a) + - +
f<"><a>(

n!

x —a)™ is called the n th Taylor polynomial of f around a.The

(n+1)
difference R,,(x) = f — P, f(nﬂ;c) (x — a)™*?! is called Lagrange form

of remainder after n terms.

(3) Usually, the n'"* Taylor polynomial of f around a.provides a
progressively better approximation to f around a as n_increases. For

example, let us revisit the estimate of v2 obtained from Lagrange’s MVT and
see what happens when we use Taylor’s Theorem.

Thus let m be natural and f:[m,m + 1] = R ,f(x) = +/x. Applying Taylor
formula for £ around m, withn = 1, we have f(x) = f(m) + f®(m)(x —

@)
m) + —— ! (C) (x — m)? for some c between m and x.

In particular, for x = m+ 1, wegeta/m + 1 =+vm +o=- Wfor some
c E(mm+1).

For example, by puttingan'="1, we obtain 1 + -z < V2 <1 + EQE

162
and hence

DeV2<1+ % — ﬁ = 35/24, where in the last inequality we have used

the estimatew/2 < 3/2. The resulting bounds 11/8 and 35/24 are, in fact,
better.thanthe bounds 4/3 and 3/2 obtained using MVT.

Taylor’s Infinite Series: Let f be a function possessing derivatives of all orders in

[a, a4+ h])-for some h > 0. The n th Taylor Polynomial around a for different
positive integers n are given by

fla+h)=f(@+hfP(a+ch) =f(a)+R,

fla+h)=f(@+hf®(a)+ Z—Tf(z)(a +coh) = f(a) + hf P (a) + R,
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fa+h) = f@+hfO@+2 @@ +% @+ csh) = f(a) +
BFO@+2 FD(@) + Ry, ot

f@a+h) = f(@)+hfD(@) + 5 fP (@) +++ s fOD (@) + 2 f ™ (a +

n—1)!

f m=(a) + R, ... where

enh) = (@) + hf D (@) + 5 fO(@) + -+ s
C1,Cgy vy Cpy .. ArE N general different real numbers lying strictly between 0 and 1.

Let us denote f(a) + hf D(a) + f @ (q) 4 -+ + — = f m=(a)by.S,. Thus

f(a+ h) =S, + R, where (S,,) is the sequence of partial sums corresponding the
infinite series of real numbers

f(@) +hf D@ +5 fP (@) + -+ s
then Lim(S,) = f(a + h) and we can write

FOD(gy4e..  If Lim(R,) =0,

n—-1
(n—1)!
Note: Let f be a function possessing derivatives of all orders in [0, h] for some

h > 0and let lim (’;—T £ (¢, h))="0. Then the Taylor’s infinite series
corresponding to f about 0is :

fla+h) =f(a)+hfD)+ %f(z)(a) ST FO-D(q) + -

f(h)—f(0)+hf(1)(0)+ f(z)(0)+ e 1),f(" D(0) + - is called

Maclaurin’s infinite series.

Ex: (The Exponential Series) f:R —» R, f(t) = et, possesses derivatives of every
order'in'[0,«] for an arbitrarily fixedx and R,, = %lf(") (c,x) » Oasn —
oo sinece lim (%T) = 0 and e“** is bounded for all positive integer n (since

0 <c, <1limplies1 < er® < e*). Thus e* can be expanded in Maclaurin’s
infinite series and

2 xM

X
= 1+x+or+.t—+-
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Ex: (The sine and cosine series) Let f(x) = sin x, then £ (x) = sin (nz—” + x)
for all natural number n. Thus f possesses derivatives of all orders in [0, x]. Also
R, = %sin (%ﬂ + cnx) — 0asn — oosince lim (D;—T) = 0 and |sin (nz—n +

Cnx)| < 1forall n. Thus sinx can be expanded in Maclaurin’s infinite series

. x3 x5
smx=x——+——"-
31 5!

CHAPTER 8
FUNCTIONS OF SEVERAL REAL VARIABLES

Let f: R? - R be a real-valuedfunction of two independent real variables: we shall
often write z = f(x, y) where x, y are independentreal variables and z is the
dependent real variable. Just as we represent function.of a single real variable by a
planar curve in two-dimensional plane, similarly a.real-valued function of two
independent real variables is represented-by a surface in the three-dimensional
space.

Definition: Let f: R> - Rand(a,b) € R?.  Areal number L is limit of f as
(x,y) = (a,b), writtenas.lim, ,y_,ap) f = L, if and only if for every € > 0,

there exists § > 0'such.that 0 < /(x —a)2 + (y — b)2 < & implies |f(x,y) —
Ll < e.

Ex: lim(x’y)_)(o’o) Xy X2ty? =0

x2 y2

»ket.e> 0 be given.

x%—y? x2—y? . x2—y2
|xyxZ+y2 — 0| <e < |xllyl| 7| <€ < Ixllyl < e (since | 75| < 1 for real
xy)

e x| <Ve |yl <Ve e x? +y% <e?(sincex? >0,y2>0)=0<
J(x—0)2+ (y—0)2< e=245(say). Hence the result.

31




Definition: Let f: R? - R and (a, b) € R?. f is continuous at (a, b) iff
lim 3y @by f = f(a, b).

Note: f is continuous at (a, b) iff for any two sequences (x,) — a and (y,) — b,
the sequence f (x,, y,,) should converge to f(a, b).

Ex: Let f:R? - R, f(x,y) = =2 for (x,y) # (0,0) and £(0,0) = 0.

x2+y2

lim 5y (0,0y / dO€S Not exist since for sequences (%) and (%) (both of which tend

11 1 1 1
to0as n - o), f (;,;)=5 =2 as n-— oo, whereas for the sequences (;) and
1 1

-1
,—):—— = =-@s.n — o. Hence
n 2 2

(—2)(both of which tend to 0 as 7 — o), f (=
f is not continuous at (0,0).

Definition: Let f: R?> - R and (a, b) € R%. The partial derivative of f with respect

to first independent variable x at (a, b), denoted by £, (a, b), is defined by

f(a+h,b)—f(ab)
h

f with respect to second independent variable y at (a, b), denoted by f, (a, b), is

f(a,b+h)—f(a,b)
h

limy,_,, , provided the limit exists. Similarly the partial derivative of

defined by lim,,_,, , provided the limit exists.

Ex: Find £,(2,1) and £, (2,1)for(xy) = i:: , if they exist.

1

. 1
»fx(2,1) = hmh_)o m — X

Definition: The partial derivatives f, (x,y) and f, (x, y)of the function f(x, y) are ,
in‘turn, functions of x and y. Thus, if the associated limits exist, we may define
partial derivatives of higher order for f s follows :

(a+h,b)—fx(a,b)

. fx
fex(@,b) = lim,, o ZEHDE0)

fy(a+h,b)-fy(a,b)
h

fx(a,b‘l'h)_fx(a'b)
h )

fry(a, b) = limy_,q  fyx (@, b) = limy, g
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. fy(a,b+h)—f,(a,b)
fyy(a, b) = limy_g > h S

0%f 0%f 0%f

_or _of _0*f _ _ —
Here fi="T" =5 Ta=502 fow =55, x=50n hy =57

ay
Ex: Ifu = In(x3 + y3 + z3 — 3xyz), prove that

2 2 2
(1)—+ +a”— 3 2 24T 0 3/(x+y +.2)?

0z  x+y+z' ox2 = 9y? 9z

» x3+y3+2z3—3xyz==(x+y+2)(x + 0y + 0w?2)(x + Wy + 02).
Thusu = In(x +y + 2) + In(x + 0wy + w?z) + In(x + w?y +wz), where w is
an imaginary cube roots of unity. Now

ou 1 1 1
dx x+y+z xtwy+tw?z  x+wlytwz

ou 1 ) w? ou 1 w? )

dy  x+y+z x+wy+w?z x+wly+wz'dz  x+y+z Cxtwy+w?z @ x+wly+wz

Thus —+—+

Qu__3 , since 4 +.w+ w? = 0. Similarly the other part
0z x+y+z

cn be proved :
Homogeneous functions : Euler’s Theorem

Definition: f: R?> —» R isshomogeneous of degree n iff (tx,ty) = t™f(x, y) for all
x,y and for every positive..t .

2

flx,y) = xzxj’y is homogeneous of degree 0; f(x,y) = xy + x is not

homogeneaus.

Theorem: (Euler’s Theorem for two independent variables) If f is a homogeneous

function of degree n having continuous partial derivatives, then X~ a—f + y— =nf.

3+y3

Ex: If u=tan"?== prove that

du Ju .
(1) x£+y£— sin 2u,
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(2) x*— + ny + y a—u = (1 — 4sin2u)sin 2u.

3+y3.

xx_y Is homogeneous of degree 2 and

» u 1S not homogeneous but v = tan u =

. . . d d . . .
partial derivatives i and % exist and are continuous at all points except at

(0, O)' hence we can apply Euler’s Theorem on v at all points other than (0,0). We

dv ou dv ou ou ou

getx—+ya = 2v; Oor, x——+yd—a——25mucosu or, xa—+yay=

2
Differentiating partially w.r.t. x and y respectively, a_ +gx a—“ +y aial; =

0%u 6u
2c052u —, X
ox ' 0xdy

and y respectively and addmg,

ya ~ = 2cosZu— Multiplying-the equations by x

ou ou
(2 cos 2u =1) (x£+y@) =

0%u 0%u 0%u

207U o'u 20°u

x 0x? T ny 0x0y Tty dy?2
sin2u(2 cos 2u — 1)

= (1 — 4sin2u)sin 2u.

Ex: Ifu = xf (i) +g (%) and f, g have continuous partial derivatives, prove that

9%u 5 0%u
o A

= 0.
0x0y dy?

0%u

2

xXc— 4+ 2x
0x2 y

» xf ( ) and g ( ) are homogeneous functions of degree 1 and 0 respectively and

G[X;EC;)] N a[xf( N — xf ( )

the functions.have continuous partial derivatives; hence

ale(%)1  alg(2)l : ,
and ai") + a(y") = 0. From first relation, f( ) + xf(l)( )(( —y)/x*) +

xf® ( )( ) xf( ) gD (%) (— %) +g® G) (;) = 0. Differentiating the

relations w.r.t x and y respectively and multiplying by x and y and adding , we
obtain required relation.
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Definition: Let f: R* — R possess partial derivatives f,, f, at (a,b).f is
differentiable at (a,b) iffforall hand k,f(a+ h,b+ k) — f(a,b) =
fx(a,b)h+ fy(a,b)k + A(h,k)h + B(h, k)k, where lim, x),0,0) A(h, k) =
0 =limp ky-(0,0) B(h, k). df(a,b) = fx(a,b)h + fy(a,b)k is called total
differential of f.

CHAPTER 9
APPLICATIONS OF DIFFERENTIAL CALCULUS
TANGENTS AND NORMALS TO A PLANE CURVE
Equation of the tangent to a curve in Cartesian form

The equation of tangent to a planar curve whose equation is given in Cartesian
explicit formy = f(x) ata point P : (a, b) on the.curveis givenby: y — b =

dy
- X —a).
dxl(a,b) ( )

The equation of normal to y = f(x) atapoint P : (a, b) (that is, a line through
(a, b) perpendicular to the tangent.at P) is given by: y — b = — dy; (x —a)

dxl(a,p)

(In both cases, we assume-that'the line is not parallel to the y-axis; otherwise, the
equation is y = b.)

If the equation of the.curve is in the implicit form f(x,y) = 0, we calculate
d_y —_— — f_x
dx fy

If the.equation of the curve is in the parametric form x = f(t),y = g(t), then

dy
ay _ _ar
dx dx*

dt

Let T and G be the points of intersection of the tangent PT drawn at P with the x-
axis and N be the foot of the perpendicular from P on the x-axis. Then subtangent

atPIisNT = dly and subnormal at P is NG = yz—z (NT and NG are the signed

dx
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distance from N to T and G and may be positive or negative). Length of the tangent
PT is the absolute length PT intercepted on the tangent line by the curve and the x-

y/1+y%
Y1

Angle between two straight lines

dy

axis and is given by , Where y; = —

If both lines are parallel to y-axis, angle between the lines is 0.

If one of the line is parallel to the y-axis while the other one has angle of
inclination 6 # g then the angle between the lines is E — 9|.

If none of the lines is parallel to the y-axis, then the angle between them is tan-

mp—mq

1+m2m1
Angle between two curves at their point(s) ofintersection

Angle of intersection of two curves is the angle-between the tangents drawn to the
two curves at their point of intersection.

Rule of finding equations of tangents to arational algebraic curve at the origin:
A rational algebraic curve of n.th.degree is a curve whose equation is of the form

(a1 + byy) + (azx? ¥byxyF c¥%) + -+ (apx™ + byx™ ly + -+ k,y™) =
0, where at least oneof a,;b,,, ... ... ,ky, , 1S nonzero.

The equations.of tangent(s) to a rational algebraic curve at (0,0) are obtained by
equating to zero the terms of the lowest degree in the equation.

Ex: Show that at any point of the curve x™*" = k™~"y2" the m th power of the
subtangent varies as the n th power of the subnormal.

m n m
»(subtangent)™ = (%) x™ and (subnormal)™ = (m—+n) ad

2n

(using given

am+n

equation of the curve).Hence the result.

Ex: Prove that the curves ax? + by? =1 and Ax? + By? =1 intersect
1 1 1

. 1
orthogonally if i i
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»Let (h, k) be a point of intersection of the two curves. Then x? + by? = Ax? +

2 -
By? = 1, whence k—z =272 Also, for the first curve, 2 (b, k) = — 22 and for the
h b dx bk

2

second curve,dy/dx(h, k) = —Ah/Bk. Product of slopes of tangents is Zzzz =

A B-b
42 222 — —1. Hence the result.
bB a—-A

Ex: Show that the points of the curve y? = 4a(x + asin E) where the tangents are
parallel to the x-axis lie on the curve y? = 4ax .

»Let (h,k) be a point on the curve y? = 4a(x + asing ) where the tangents are
parallel to the x-axis. Thus k? = 4a(h + a sin %). Since tangent to the curve at

(h, k) is parallel to x-axis, Z—z(h’k) = 0, that is, sing = 0;:hence k? = 4ah. Thus

(h, k) lieson y? = 4ax .

Ex: In the curve x™y™ = a™*™", prove that the portion of the tangent intercepted
between the axes is divided at the point of contact into two segments which are in a
constant ratio.

» Let the tangent at (h, k) to the curve.meet the co-ordinate axes at A and B
respectively. From the equation of the curve, minx + nilny = (m+n) lna.

; . . EZ ___]nk . : I =
Differentiating , R A\ The equation of tangent at (h, k) is y—k
mk . mx ny _
—— (x — h), thatis, R + R 1.

(m+n)h (m+n)k

Thus A: ( ,O) and B: (0,
(ratio independent of (h, k) .

). It can be easily seen that AP: PB::n:m

Equation of the tangent to a curve in Polar form

If the equation of the curve is in polar form r = f(8), 6 is the vectorial angle of a
point (r, 8) on the curve and ¢ is the angle between the radius vector and the
tangent vector and if p is the length of the perpendicular dropped from the pole to

the tangent at (r, ), then tan go=% : Z—; IS to be calculated from the equation
a6

r = f(0) of the curve and evaluated at (r,6) ), p = r sin ¢.
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Angle of intersection between two curves whose polar equations are given

Let the two curves whose equations are r = f(8) and r = g(8) intersect at
P: (r,0) and let @1 and @2 be the angles made by the tangent vector at P with the
radii vector at P of r = £(0) and r = g(8) respectively. Then tang, = r/f®(0)

and tang, = /g™ (6) at P. Thus tan(p; — @,) = —i P2

1+tanetange,
gives the angle of intersection |¢@,; — ¢, | of the two curves at P.

If p be the length of the perpendicular dropped from the pole onto.the tangent to

11 A far)\?
the curve r = f(0) at P: (r, 8), then we have the result e AT (E) :
Ex: Prove that the normal at any point (r, 8) on the curve r®= a™cos n 6 makes
an angle (n + 1) 6 with the initial line.

» Given equation of the curve isn Inr = n ln a 4 Incos nf. Thus ;Z—g =

—n tann6 which gives tan ¢ = — cot n 6. Thus.p = % + n6. Let Y be the angle
that the tangent makes with initial line. Theny — % Is the angle made by the
normal with the initial line. Nowyp =60+ ¢ =(n+1) 6 + % Thusy — g =

(n + 1) 6 is the angle made by the normal with the initial line.

Ex: Show that the curves r™.= a"cosn 8 and r™ = b"cos n 8 intersect
orthogonally.

dr
dao

—n tan n@;which gives tan ¢, = —cot nf, that is, ¢, = /2 + nf. Similarly, for

T

the second curve, ¢, = n6. Thus the angle between the curves is |¢; — @,| = >

»Taking natural lagarithms and differentiating w.r.t. 8, for the first curve g

Pedal equation from Cartesian and Polar Equation

A relation between p, the length of the perpendicular from a given point O to the
tangent at any point P on a curve and r, the distance of P from O is called pedal
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equation of the curve w.r.t. O. When nothing is mentioned, O is to be taken as the
origin or pole according as the equation is Cartesian or polar.

(A) Pedal Equation from Cartesian
Let f(x,y) =0 .............. (1) be the Cartesian equation of the curve.
The equation of tangent at (x,y) being f,.X + f,Y — (xf + ¥f,) =0,
2 (xfx+ny)2
we have p* = TREARE e (2)
Alsor2=x2+vy% ... (). E

Eliminating x, y from (1),(2) and (3), we obtain the pedal equation.
(B) Pedal Equation from polar
Let f(r,8) = 0 be the polar equation. We have tan.¢ = é andp =

dae
r sin ¢. We obtain pedal equation from these equations after eliminating

6 and ¢.

Ex: Find the pedal equation of the asteroid x2/3+y?/3 = q2/3,a > 0.

1 1

»The equation of tangent at a point (x3, y;) to the curve is xxl_5 + yyl_§ = as.
Thus

wIN

4

a3 2
P’ = === (axy)i.r? =x*+y* =
X3 +y3
2
(x2/3 + y2/3)3 - 3x2/3y2/3(x2/3+y2/3) = a? — 3(axy)3 = a® — 3p?. Thus the
pedal equation is#2+3p? = a?

2 2
Ex: Find the pedal equation of ellipse Z—Z + Z—Z = 1 with respect to one of its foci.

»Let (ae, 0) be the focus and P: (h, k) be any point on the ellipse. Equation of
2
tangentat Pisy — k = —Zz—Z(x — h). Here, k? = b%(1 — %) = b%? —h?(1 -

e?) =(a’—x)(1—e?>)andr? = h®> + k? = (x —ae)* + y? = (a — ex)?.
Thus r = a — ex. Now (p)? = square of the perpendicular from (ae, 0) to the

(b%aex—a’b?)?  a’b*(a—ex)? b?r? b?  a+ex
ngentat P = = = . Thus == =
tangent at aty? 4+ hix? a%y?+b*x? a4?—e2x? 2 -
2a-r 2a
=——1.
T r
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2 2
Ex: Find the pedal equation of ellipse % + Z—Z = 1 with respect to the centre.
»The parametric equation of the ellipse is x = a cos@,y = b sing. Thus, r? =
x? +vy?% = a’cos2¢ + b*sin2¢. Equation of the tangent at (a cosg, b sing) is

X cosQ
+
a b

required pedal equation.

] b 2p?
228 = 1. Herep = - . Hence =
b2 p

, = a® 4+ b? —r?isthe
cos2@+a?sin2e

Ex: Find the pedal equation of the asteroid x = a cos3 8,y = b sin3 8 with
respect to the origin.

»Equation of the tangent at any point ‘6 is xsinf + ycos6 = asinf cosH.
Thus p = asinf cos 8. Now r2 = x2 + y? = a?(cos6 0 +sin60) =
a?{(cos2 6 + sin2 0)3 — 3 sin2 O cos2 6} = a?(1 =3p?/a?) = a® — 3pZ.

Ex: Find the pedal equation of the parabola y? = 4a(x + a) with respect to the
vertex.

»The vertex is at (—a, 0). Let P: (h, k) be.any point on the parabola.
r’=(h+a)>+k?*=(h+a)*+dah+4a® .......................... (1)
Equation of tangent at (h, k) isky'= 2a(x + h) + 4a*

The length of the perpendicular.from (—a, 0) on the tangent at (h, k) isp =

2a(h—a)+4a? _ 2a(h+a)

e TER 2)
Also k?=4a(h+a) ........coooviiiiiiiiiin, (3) Eliminating h,k from

(1), (2) and.(3)., we get the required equation.
CHAPTER 10
CURVATURE

Let L be a fixed line of reference, I" be a planar curve in the plane of L, A is a fixed
point on I" with reference to which arc length is measured and P,Q be two points
onI'. Let arc AP= s and arc AQ=s+As so that arc PQ is As. Let the tangents to I" at
P and Q respectively make angles y and y+Ay with L respectively. Thus tangent
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rotates through an angle Ay for a change As in arc length. The curvature (rate of

Ay _dy

bending of the curve) k of I" at P is defined as lim,g _, T

Circle: a special case

Let PQ be an arc of a circle of radius r subtending an angle Ay (in radian) at the
centre of the circle and let As be the arc length of the arc. Then As=rAy and thus
curvature of the circle at P is

k = % = lim, % = % independent of the point P on the circle: The radius of

the circle r = % This prompts the following general definition :

Circle of curvature, radius of curvature

Let I' be a planar curve, P be a point on the curve such that the curvature k of I at

P is non-zero. The circle C satisfying the following properties is called the circle of
curvature of I" at P; its centre and radius.are called centre of curvature and radius of
curvature of I" at P:

e The radius of the circle is'1/k
e C passes through Pand has the same tangent as C at P

e An arc of C containing P and the circle lies on the same side of the tangent at
P

Note For a point P'onI" ,curvature of I" at P is equal to the curvature of its circle of
curvature at.P",

Formulae forfinding radius of curvature p

> Intrinsic Equation s = f(¥): p = L

dy
3
AYS 2
»> Cartesian Equation f(x,y) = 0: p = (”yﬂ,yl =2y, =22
2
3
2 2\2
> Polar Equationr = f(6): p = rz(:;r—;l):r
1~ "'2

dr

» Pedal Equationp = f(r):p = "
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EXx: Find the radius of curvature of the curve y = xe — x at its point of local
maximum.

»y; =e—x(1l—x)=0givesx =1(e—x # 0 foranyreal x). y,(1) = —e —
1 < 0. Thus curve has local maximumat (1,e — 1). Thusp = | —e| = e.

Ex: Prove that the radius of curvature of the curve x = a cos3 6,y = a sin3 6, at
the point ‘6’ is p = 3a sin fcosH.

3asin?6 cosé deo sec?0 1 4

» - = = - = —_ _

Y1 3aco0s%0sin @ tan@,yz sec20 dx —3acos20 sind 3a sec-b.cosec ¢

sec30 ]
Thus p = |—= = 3a sinfcos 6.
——sec*0 cosecO
3a

Ex: In th n — gncos n 6, verify th A a?

x: In the curve r™ = acos n 0, verify that p = EVEL o T

ndr

»Thenn Inr = Ina™ + Incos né. ——5 = —ntan n@. Thus tan ¢ =

tan (g + ne). Taking particular solution, ¢ = >4 ng. Thus = r sing =
r cos n@ . eliminating cos n#@, the pedal.equation of the curve is

n 2

n+l _ m ] .. _dr a _a™r?*  r
r**% = a*p. Differentiating w.r.t.p,. p = T = GO~ D = e Dp

Ex: Show that at any point of the cardioide r = a(1 — cos 8), p is numerically
equal to EVZar.

» 1 =a(l—"cosB). 1, =asind, r,=acosh. r*+rf = a*[(1— cosh)?+

3
sin26] = 2a(1 = cosf) = 4a’*sin? g. Thus (r? + r{)z = 8a3sin3 g. Also
r? + rf'— rry = 6a®sin? g. Hence p = 4?asing = %\/Zar (from equation of the
curve).

Newton’s Method of finding radius of curvature

Let I" be a planar curve, P and Q be two points on I'. Let C be a circle through P
and Q, and having common tangent with I" at P. If Q approaches P along I, the
limiting position of C is identical to the circle of curvature to I" at P. A few
important results coming out of this considerations are as follows:
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(1) If a curve passes through the origin and the x-axis is tangent at the origin to
the curve, then lim .,y (o, 0) equals the radius of curvature of the curve at

the origin.

(2) If a curve passes through the origin and the y-axis is tangent at the origin to
the curve, then lim .,y (o, 0) 52 equals the radius of curvature of the curve at
the origin.

(3)If a curve passes through the origin and if ax+by—0 Is tangent at.the.origin to

2
the curve, then - \/ a? + b2 lim, (o, 0 py equals the radius of curvature

of the curve at the origin.

Ex: Show that the radii of curvature of the curve y%(a. — x) = x?%(a + x) at the
origin are ++/2a.

»Equating to zero the lowest degree terms of the given equation a(y + x)(y —

x) = x3 + xy?, the tangents at the origin of the given curve are y + x = 0 and

y —x = 0. The radius of curvature of the branch of the curve to whichy —x =0
IS a tangent,

B e x?ry? 1 : (2 +yHa(y+x) _
p= 2 12 + (_1)2 hm(xy)—>(0,0) y=x 4 E\/i lim x3+xy? -

(x,y)—(0,0)

v2a lim M =V2a,since _lim > (= slope of the tangent
(x)-(0,0) 1+(Y) (x,y)~(0,0) X

y —x = 0 at the origin)= 1. Similarly , the radius of curvature of the other branch
of the curve corresponding to the tangent y + x = 0 is —/2a.

Co-ordinates of Centre of Curvature: Equation of Circle of Curvature, The
centre of curvature (x, y) of a curve whose Cartesian equation is given is given by

2
Y2

derivative calculated from the given equation of the curve and y, # 0.

& yy ) where y, and 1y, are the first and second order
2

Ex: Find the equation of the circle of curvature of 2xy + x + y = 4 at (1,1).
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»From the given equation of the curve, (y1)(1,1) = —1 and (¥;)(1,1) = 4/3. Thus

p= % X =5/2,y = 5/2. Hence the equation of the circle of curvature at (1,1)

is (x —5/2)2 + (y — 5/2)2 = 9/2.

Let I" be a planar curve, P: (x,y) be a point on I where y,, y, existand y, # 0,
and C: (x,y) be the corresponding co-odinate of the centre of curvature of I".at P.
Locus I of C corresponding to the locus I" of P is called evolute of I'and I"is
called involute of I .

Ex: Find the equation of the evolute of the parabola y? = 12x.

V3 3
6 3 36 73 _ 2(1+3) y3
» = —_-= — = —— = — —, — R — — ]
1=5= @2 33 7 Hence x = x ] y v
2x2
X—6

Thus x = Y= —3/36¥. Substituting these values in the given equation of
parabola, we get 8152 = 4(x — 6)3. Changing to current co-ordinates, the
equation of the envelope is 81y°=4(x-6)3.81 y? = 4(x — 6)3

Ex: Show that the evolute of the asteroid x2/2 + y2/3 = a?/3is (x + y)?/3 +
(x — y)?/3 = 2a?/3,
»Let x = acos360,y = a sin3 6 be:a point on the asteroid. x = acos3 6 +

2 2
3asin2 6cos 0,y =.a sin38 4+ 3acos2 Osin 6. Thus (x + y)3 + (x — )3 =

2a?/3,

Ex: Find the equation of the evolute of the hyperbola xy = a?.

3 3

»y = a2/x,y(1) = —a2/x2,y(2) = 2a2/x3. Thus x = 37x + Zy?, Y = 373/ Zx?
Hence f+y=$(x+y)3and f—y:—ﬁ(x—y)3.Thus(f+

P)s — (£ = )5 = (40)*".
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CHAPTER 11
RECTILINEAR ASYMPTOTES

Let I' be a planar curve whose Cartesian equation is given and let L be a line whose
equation is ax+by+c=0. Let P:(a, ) be an arbitrary point on I', whose

. . . |aa+bf+c aa+bf+c .
perpendicular distance from L is T | If N tends to zero when either

|| or |B] or both tend to oo, then L is a rectilinear asymptote (or asymptote, in
short) of T'.

Ex: x = —1 is an asymptote of y = x—il since lim)y |, \/% = lyl}an% = 0. The

circle y = +V1 — x2 does not have any asymptote since for-an arbitrary point
P: (a, f) onthe curve, |a| < 1 and |B] < 1 and hence neither|a| nor |B] tends to

oo, Similarly, x = % is an asymptote to y = tan x.

THEOREM: y = mx + c is an asymptote to.a planar curve I': f(x,y) = 0 if and
only ifm = llm|x|_>Oo and ¢ = limy|0 (¥ = mx) [ (x,y) is apoint of I'].

Determination of asymptotes not parallel.to the y-axis of an algebraic curve

Let I be a planar algebraic curve whose equationis  (ap,y™ + a;y™" 1x + -+ +
ApXx™) + (byy™ 1 + by ik A by x™ ) o (oY X)) +dy =

which may be written asx”fn( )+x” e 1( )+ +f0( ) 0,

.......................... (2) where f, ( ) Is a homogeneous polynomial of
degree r..If.(1) has an asymptote with (unknown) slope m, then m = lim, |, %
Dividing.(2) by x™ and passing to limit as |x| — oo, we get f,,(m) =0
............................ (3) whose roots give slopes of possible asymptotes not

parallel to y-axis. Let m, be aroot of f,,(m) = 0. Corresponding c value of
y=mx+cisgivenbyc = lim|x|_,oo(y —mx).Lety —myx = kq; thenc =

limy|»e0 k1. Thus’;’ = m, +—. From (2) we get x™f;, (ml + ’;1) =
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X" e (m1 + chl) + - (m1 kl) = 0. By Taylor’s Theorem (fi’s are

polynomials and hence satisfy all conditions of Taylor’s Theorem),

" fulmy) + 2 fn“>< D+ £ @) + o |+ 20 [fug () +

5 fuoa P (my) + e 1(2)(m1) o]t =0 (4)

2x2
Arranging in descending powers of x, we get x"f,(m;) + x™! [k1 fn(l) (my) +
faca )|+ 672 [ £P (my) + ki £, (my) + fuma ()| + 0520,

Since f,(m;) =0 (m; isarootof f,(m) =0, dividingby. x™! and
taking limitas |x| - oo, we get ¢ £ (my) + £E4(m) =0 ... (5),

Jn—1(mq) 1 fn—1(my) -
or, ¢; =-— f,gl;(mll) o if fPmy) £ 0. Thusy = myx — fél)l(mll) is an

asymptote if £ (m,) % 0.

If fn(l) (my) =0 but f,_,(m;) # 0, then noc value can be obtained from (5);
hence there will be no asymptote corresponding to m,.

Iffn(l) (my) =0 and f,_,(my) = 0, then (5) becomes an identity which is not
acceptable since corresponding to-a given slope m,, infinite number of ¢ values is
not possible. From (4)'by dividing by x™~2 and allowing |x| — oo, we have

fn(z)(ml) + ¢y f2my) + fr_p(my) = 0 from which two values of c,are

obtalned. If the roots ¢;, ¢y, are real and distinct, corresponding to the slope my,
there are two asymptotes: y = myx + c;;and y = myx + ¢4,. If the roots are real
and equal, say ¢; 1, then there is one asymptote y = m;x + ¢, corresponding to

m,. If'the roots are conjugate complex, no asymptote corresponding to slope m,.

Similarly we proceed, if necessary, to higher powers of c; .

Note Real roots of f,,(m) = 0 determines asymptotic directions. It may be that
m,is aroot of f,,(m) = 0 but all the corresponding values of ¢ may be complex:
then there is no asymptote with slope m,. If y=myx+c¢; and y=mx +
c, are asymptotes to the same curve, then m is a multiple root of f,,(m) =10 .
Summarising, an algebraic curve of degree n can have at most n asymptotes.
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Determination of asymptotes parallel to the y-axis of an algebraic curve

Let F(x,y) =y™g(x) +y™ g1 (x) + -+ gm(x) =0, where g,gy,..,dm
are polynomials in x, be the equation of a rational algebraic curve . Dividing by
y™and letting y — oo(since F has asymptote parallel to y-axis, lim,,|_,. x should
exist), we get g(k) = 0 if lim)),|_,., x = k. Thus the vertical asymptotes to

F(x,y) = 0 are obtained by equating to zero the coefficient of the heighest power
of y. No vertical asymptote to the curve exists if the coefficient of highest power of
y is a constant or not resolvable in real linear factors.

L2 itten | L) (2 )4 (21)= ich i
Ex: — — 23 = 1 can be written in the form (a + b) (a b) + (=1)= 0, which is
of the form F, + F, = 0, where F, can be written as product-of.two real linear

factors = +2 2 —2 suchthat =+2 = 0and = —2= 0.represent two non-
a b a b a b a b

parallel lines; hence the asymptotes are given by 2 + % =0 and 2 — % = 0.

Ex: The parabola y? = 4ax has no asymptote parallel to the y-axis; the
equation can be written in the form  x2f, (%) +xfi (%) = 0, where f,(m) =

m,, f1(m) = —4a. f,(m) = 0 givesm = 0; c, if it exists, correspondingtom = 0
is given by cf,(1)(0) + f,(0) =.0,that’is, c¢.0 —4a = 0, contradiction. Hence
no asymptote non-parallel to y-axis-either: thus no asymptote to the curve.

CHAPTER 12
ENVELOPE OF AAFAMILY OF CURVES

A point P(a, b).is a singular point of a curve f(x,y) = 0if f(a,b) =0, f,.(a,b) =
0 and £, (a,b) = 0 holds simultaneously. In contrast P is an ordinary point of the
curve f(x,y) = 0 if at least one of f,(a, b) and f, (a, b) is not equal to zero.

Let f(x,y,a) = 0 be a family of curves, where « is a parameter (corresponding to
each value of a, there is a curve) . The characteristic points of the family of curves
f(x,y,a) = 0 are those ordinary points which are lying on each curve

f(x,y,a) = 0 of the familyand at those points Z—i = 0 holds simultaneously.
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Ex: The characteristic points of the family of circles (x — a)? + y% = a? (a is the
parameter)can be obtained by solving simultaneously f(x,y, @) = (x — a)? +

y? —a?and 0f/da = —2(x — a) = 0, which give the two points (a, +a). Also
df /0y(a,+a) = +2a is not equal to zero; hence (a, +a) are ordinary points and
hence are characteristic points of the family.

Characteristic points may not exist for a family of curves : for the family x2 +
y? = a? of concentric circle, there is no characteristic point.

The envelope of a family of curves f(x,y, a) = 0 (« parameter)is the-locus of
isolated characteristic points of the family.

Note: If f(x,y,a) = 0and df/da(x,y,a) = 0 both hold-for.a point where
fx = 0and f, = 0, then the point is a singular point and, therefore, not a
characteristic point.

EXx: Let us consider the family of curves x cos. & + y sin @ = a sin acos a, where
a is the parameter, a fixed. The characteristic points are obtained by solving the

equations x cos @ + y sin @ = a sin acos.@-and -x cosec a cot a +
y sec atan a = 0 simultaneously.

The envelope, that is, the locus Of characteristic points is obtained by eliminating a
and is given by x?2/3 + y213 =a?/3,

Ex: y = mx + a/m,m parameter. Differentiating partially w.r.t. the parameter m,
we get 0= x -.a/m?, that is, m = i\/g. Substituting in the given equation, y =
+2+/ax, thatis, y2 = 4ax.

Ex: Find the envelope of circles described on the radii vectors of the parabola
y2. = 4ax as diameter.

»Let P: (at?, 2at) be an arbitrary point on the parabola and O be the origin.
Equation of circle with OP as one of its diameter is (x — 0)(x — at?) + (y —
0)(y — 2at) = 0, that is, x% + y? — 2ayt — at?x = 0. Differentiating
partially w.r.t. t, —2ay — 2atx = 0, thatis, t = —y/x. Substituting in the
equation, ay? + x(x? + y?) = 0 is the required envelope.
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Case of two parameters

Let f(x,y,a,p) =0 --—---- (1) be the equation of a 2-parameter family of curves

where the parameters «a, 8 are connected by g(a, ) = 0------- (2). For a fixed

point (x, y) on the envelope, from given relations, we have Z—f + Z; Z—ﬁ = 0 and
of

dg , dgdp _ﬁ 2a _ Of /09

pyoln 36 da = 0. Ellmlnatlng from the last two relations, we have 35 = oo

oa

--------- (3). Eliminating a, 8 from (1),(2) and (3), we obtain the required
envelope.

2 2
Ex: Find the envelope of the family of co-axial ellipses % + i—zz 1 where the
parameters a,b are connected by a? + b2 = ¢2, ¢ fixed.

2 2
»Differentiating partially w.r.t. a, —2% - 22’—3% = (0 and 2a + Zb% =0
x2 y2 x2+y2
- ab X — b2 —a2pZ _ 1
Equating values of —, we get b4, _ thati IS, =5 =45 =-. Hence

a’ = xc,b? = yc .Since a? + b2 ='c?, the requwed envelope isx +y = c.
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STUDY MATERIALS ON INTEGRAL CALCULUS

DEFINITE INTEGRAL

Let f be a real valued continuous function defined on a closed and
bounded interval [a,b]. Let us choose a partition (collection of finite
number of points of [a,b] including a and b) P = {a = Xo,X1,Xo,...,Xxn=b} of

[a,b] (for example: {0,1/2,1} is a partition for [0,1]).

Let §: = Xr-Xr-1, T' = 1,...,n and § = max{d:| r = 1,2,...,n}. Choose an arbitrary
point ¢.€(xr-1,%r) for all r and consider sum of areas of rectangles .7 f (c,)d,.
It can be seen that this sum approaches more closely the actual area under
the curve if we make width of the rectangles smaller , that is, if we increase
number n of points of subdivision (sum of areas of two rectangles on
4,gives a better approximation to the area under the curve than

area of a single rectangle).

Definition: f: f(x)dx = lim,_,, Y1 f(c,)6,, provided the limit exists

independent of choice of points of subdivision x; and that of c;,

for all i. It can be proved that for a continuous function f defined
over a closed bounded interval [a,b], f: f(x)dx exists in above

sense.

Simpler equivalent expression for calculating f: f(x)dx:

We can make choices of x; and ¢; suitably so as to obtain equivalent simpler

expression of fab f(x)dx.



> Let us choose xi’s equi—spaced that is , §1 =62 = (b-a)/n.
Thenf f(X)dX - llmn—>oo n f( T')
> Let us choose ¢ = a+rh, r = 1,...,n, where h = (b-a)/n. Thenfff(x)dx =

llmn_>Oo Tfla+r —) = lim;_o h X7 f(a + rh).
. 1 . 1 r .
As a special case, | f(x)dx = lim,_q =~ f (Z) = lim_, h YT f(rh)

Example: From definition, calculate [ 01 x%dx.

(nh)(nh+h)(2nh+h)
6

» [ x%dx = limyoh $(rh)? = limy_q = 1/3, since nh =

holds, for every positive integer n and the corresponding h.

Fundamental Theorem of Integral Calculus

Theorem: If fab f(x)dx exists and if there exists a function g:[a, b]>R

such that g:(x) = f(x)(suffix denotes order of differentiation) on [a, b], then
J2 Fx)dx = g(b) - g(a).

NOTE: g is called a primitive of f. A function f may not possess a
primitive on [a,b] but ff f(x)dx may exist ; in that case, f; f(x)dx can not
be calculated using fundamental theorem. Primitives of f on [a, b] are given

by the indefinite integral [ f(x)dx : that is the reason why we consider

indefinite integrals.

Example fol x*dx exists, since x2 is continuous on [0,1]. Also
3

gx)=[ xzdx=x? +c is a primitive of x2 on [0,1]. Hence Fundamental

. 1 1 1
Theorem gives | xzdx=(§+c)—c=§.



Note | 01 x*dx is independent of ¢ though [ x*dx involves c.

PROPERTIES OF DEFINITE INTEGRALS

We assume below that the definite integrals exist and whenever we consider
f(f f(x)dx , a primitive g to f over [a,b] exists, so that we can apply

Fundamental Theorem. For a<b, we define fba f (x)dx = - ff f(x)dx .

. ff f(x)dx = f: f(x)dx + fcb f(x)dx (irrespective of relative algebraic
magnitude of a,b,c)

Example f31x2dx+f14x2dx=

— [Px?do+ [} xPdx == (9—2) + (5 —3) = L=/ x%dx.

. foaf(x)dx = anf(a — x)dx

Example fOn/Z sinx dx=f0n/2 cos x dx

. foa f(x)dx = foa/ 2 f(x)dx + foa/ 3 f(a — x)dx. In particular, if f(a-x) = f(x)for
all x in [0,a], then [ f(x)dx = 2 [\"/* f (x)dx and if f(a-x) = - f(x) for all x in
[0,a], then [ f(x)dx= 0.

. fona f(x)dx =n foa f(x)dx, if f(a+x) = f(x), n natural.

S F@dx = [[{f(x) + f(—x0)}dx. I fis even,[” f(x)dx =2 [ f(x)dx. If £
is odd, [° f(x) dx=o.

Example f_ll x3 cos 2x dx=0, f_11 x* cos 2x dx= 2f01 x* cos 2x dx



REDUCTION FORMULA

In this chapter, we study how to decrease complexity of some integrals in a
stepwise manner by the use of recurrence relation that we derive generally

using integration by parts formula.

. Let I, = [ sin™x dx , n natural.

I, = [sin®™ !xsinx dx = sin®x(-cos x)- (n-1) [ sin™ 2x cosx (—cosx) dx=

sin®1x(-cos x)+(n-1) [ sin™ ?x(1 — sin®x)dx= -sin®x cos x+(n-1)In-2-(n-1)Is.

sin™ 1xcos x n n-1

In-o.

hence I,=—
n n

sin™ 1xcos x

T/, n-1 n-1
| /2 i Jn—2 = _Jn—z-
n n

If we denote Jn = fOn/ Zsin™x dx, then Jn = — 0
n

By repeated application of the reduction formula, it can be proved that J,=

n-1 n-1n-3 1 n-1n-3 11w . .
— Jpo=...=——...=.Jp =——..-.—, if n is even natural and J,
n n n-2 2 n n-2 2 2

n—-1n-3 2 n—1n-3 2 . .
=———..2J;=——...5, if nis odd natural.

n n-2""3 n n-2""3

Let In = [ tan™x dx , n natural.

n-—1
Then In= [ tan™ ?x. tan’*x dx = [tan™ %x.(sec’x — 1) dx = t‘m_l x_
I_,.
T t n-—1 s 1
Also, Jn = [ /* tan™x dx= - |0/4-Jn_2= — — Ju

Let In = [ sec™x dx , n natural. Then I = [ sec™ ?x.sec?x dx = sech2x tanx —

(n-2) [ sec™ 2x.(sec’x — 1) dx = sect2x tan x — (n-2)(In-In-2). Hence I

secn—2

x tan x , n-2

n-1 Tp-1 N2



4.

I = [x™(1 = x)"dx =

m+1 n-1

sin

. . - X COoS X
Let Imn = [sin™x cos™xdx = [(sin™xcos x) cos™ *xdx = — +
n-1 . . sin™*lx cos™ 1x  n-1 _ .
— [ cos™ 2xsin™x sin*x dx = + — [ cos™%xsin™x (1 —
m+1 m+1 m+1

2 sin™t1lx cos™1x = n-1 n—1 .

cos“x)dx = + Imno- —1I . Transposing and
) m+1 m+1 T MU p &

simplifying, we get a reduction formula for Im .

cos™x cosnx

. m - .
Let Imn = [cos™xsinnx dx= - ——J cos™ x sinx cosnx dx = -

n
cosMxcosnx m _ . m _ . .
— - ;f cos™ 1x sinnx cos x dx+;f cos™ 1xsin(n — 1) x dx [ since

. . . cos™x cosnx
COS NX sin X = sin nx cos X — sin(n-1)x] = — —Im n+ Ip—1n-1-

Transposing and simplifying, we get a reduction formula for Iin.

Illustrative examples
I, = [2 x™ sinx dx and n>1, show that In+ n(n-1)In-z = n(g)"‘1
Vs T s
»l, = (—x" cosx)|0/2 +nf l2xn1cosxdx = n [x"‘l sinx|0/2 —(n-

15N On/ 2x"2sinx dx] = n(g)”‘l-n(n-l)ln_z. Hence the proof.

—x)”+—fx [1—(1—x)](1—x)"1dx =

(1 —x)" + —( mn-1 — Imn). Hence Imn can be obtained.

m+1
— T[/Z m : _ i l _ i
.Im = [ /?cos™xsinmxdx . From 5 above, Im = Iy = S+
1 1 1 1 1 1 .
‘[z(m D 5 Im- 2] = %+—22(m—1)+2_21m—2' Repeating the use of the

Zm

S+ Z e+

reduction formula, it can be proved that I, =

2m+1



IMPROPER INTEGRAL

When we consider the definite integral ff f(x)dx in earlier standards, we

implicitly assume two conditions to hold: (a) f is continuous on [a, b] or, to

that matter, at least the limit f: f(x)dx = lim,_,, Y1 f(c,)d, exists

independent of choice of points of subdivision x; and that of ¢;, for alli and

(b) the interval [a,b] is bounded. We want to extend the definition of

ff f(x)dx when either (a) or (b) or both are not met. This extended

definition of definite integral is referred to as Improper Integrals.
Improper integrals can be of two types: (a) Type 1: interval of integration is
unbounded, (b) Type 2: integrand has a finite number of infinite

discontinuities in the interval of integration.

Definition of TYPE I improper integral faoo f(x)dx, f_aoo f(x)dx and
/2 f(odx

Let the function f be integrable in [a ,B], for every B>a. If limg_,, ff f(x)dx
exist finitely, we define faoo f(x)dx = limg_,q ff f(x)dx and we say faoo f(x)dx
exists or converges; otherwise faoo f(x)dx diverges. Similarly, [© f(x)dx =
limg_,_o [ ; f(x)dx (provided the limit exists) and ffooo f(x)dx =
f_aoo f(x)dx + faoo f(x)dx, a is any real, provided faoo f(x)dx and f_aoo f(x)dx

exist separately.



Example: f =, [ oojf The range of integration of the integrals are

adx 1 adx . .
unbounded. For a>1, fl = =1 —aand fl 5 2(va-1). Since lim (1 —
%)= 1 exists but lim,_ e (2(\/— — 1)) does not exist, hence the improper
integral [ 100% converges and | 1003_; diverges.(compare areas below the
curvesy = 1/x2 and y = 1/+/x in diagram below)

Definition of TYPE II improper integral

Let f have an infinite discontinuity only at the point a (that is,
lim, ., f(x) = o orlim,_,_ f(x) = ) and is continuous in (a, b].Then
we define f; f(x)dx = lim,_q, f:+c f(x)dx ,0<c<b-a, provided the limit
exists. Similarly, if f has an infinite discontinuity only at the point b and is
continuous in [a, b), then we define ff f(x)dx = limq_o, f;_c f(x)dx,
o<c<b-a, provided the limit exists. If f has an infinite discontinuity at d,

a<d<b, and is otherwise continuous in [a,b], we define ff f(x)dx =

fad f(x)dx + f; f(x)dx, provided both of fad f(x)dx and f; f(x)dx exist

separately.
Example: f & =, Iy = "% The integrands have an infinite discontinuity at
x=0. For o<a<1, f —dx = 2(1 —+/a) and fldx = 1 — 1. Since lim,_,y; 2(1 —

Va) = 2 exists but lim,_, o, (— — 1) does not exist, so f converges whereas

fo x—f diverges. (Compare areas between x = a,0<a<1, and x = 1, below the

curvesy = 1/x2and y = 1/4/x in diagram above)



co dx T

Example: [ -—— =—

» The integrand is continuous everywhere but the interval of

+9x2
1 ra dx
integration is unbounded. Let a>o be fixed. f = —— =
4+9x2 970 xz_l_(z)
3
1 _13 a dx 1 m _w
~tan . Thus llma_)oof CTeE s

TL'

0 vo-— x2 2

Example: f

» The integrand has an infinite discontinuity at x = 3 and is continuous on

a dx . a dx
[0, 3). Let o<a<3. Then fo = = sin‘'(a/3) . So limg_3_ f 0 o =
. - a 77.'
lim,_;_ sin 1(5) == Hencef W >

Note : we can apply standard methods of integration, in particular method

of substitution, only to a proper integral and not directly to an improper

integral. Thus if we substitute z=1/x directly in the improper integral f oz

we get a value -2 of the integral whereas it can be checked from definition

that the improper integral diverges.
TESTS FOR CONVERGENCE OF IMPROPER INTEGRALS

TYPE I INTEGRAL

Theorem: (Comparison test) Let f and g be integrable in [a, B], for every

fx)

B>a. Let g(x)>o0, for all x =za. If limy_ == 0

= c#0, then the integrals

faoo f(x)dx and faoo g(x)dx either both converge or both diverge. If ¢ = 0 and

faoo g(x)dx converges , then faoo f (x)dx converges.



Theorem: (pn Test) Let f be integrable in [a, B], for every B>a. Then
faoo f(x)dx converges if lim,_ . x*f(x) exists with u>1 and faoo f(x)dx
diverges if lim,._,,, x*f (x) exists and #0 with u < 1.

dx
eX+1

. . 1
Example: fooo converges by comparison test , since 0<— for all

X

. e . 1 oo dx
X=>0, lim,_, prawie limy_,,——= = 1and [ o x converges (need to prove!).

1+e

Example: | Ooo e~*"dx converges by p Test since lim,_o,(x2e™") = 0 (verify
using L’Hospital’s rule) , u = 2>1 and e " is continuous, and hence

integrable, in [0,B] for B>o0.

x3/2
3x2+5

3/
X /2 . . . 1
T dx diverges, since lim,_,(x /2 (

Example: fooo )) = 1/3, u = Vo<1

3/

e
3x2+5

and is continuous, and hence integrable, in [0,B] for B>o0.

TYPE IT INTEGRAL

Theorem: (Comparison test) Let f and g be integrable in [c, b], for every c,
a<c<b. Let g(x)>0 , for all x, a<x<b. Iflim,_ %#&0, then f(ff(x)dx and

fabg(x)dx both converge or both diverge. If limxﬁa+% = 0 and

fab g(x)dxconverges, then ff f(x)dx converges.

Theorem: (u Test) Let f be integrable in[c, b], for every ¢, a<c<b. Then

f: f(x)dx converges if lim,_,,(x —a)* f(x) exists for 0 <u <1 and

f: f(x)dx diverges if lim,._,,, (x — a)*f(x) exists (#0) for u=>1.



Example: f converges , since lim,_,q, (x — 0)2 = 1, for u<1

(1+ )\/_ (1+x)\/_

and is continuous, and hence integrable, in [c,1]for o<c<1.

1
(1+x)Vx

Example: fll/z\/% converges, since lim,_;_(1 —x)l/z = 1, for

Jx(1-x)

is continuous, and hence integrable, in [1/2, c]for

u=%<1and

x(1-x)

1/2<c<1.

THE GAMMA AND BETA FUNCTIONS
Definition (Gamma function) For n>0, I'(n) = | 000 e *x" 1dx.

NOTE: Gamma function is an improper integral of type I. If o<n<1, I'(n) is
also an improper integral of type II. We shall assume convergence of the

gamma function in our course of study.
Definition (Beta function) For m, n>0, f(m,n) = [ 01 x™ 11 —x)" tdx

NOTE: Beta function is an improper integral of type II if either m or n or

both lies between 0 and 1 strictly; otherwise it is a proper integral.

Properties of Gamma and Beta functions

. For any a>o, fooo e~ x""ldx = I'(n)/ar.

» let 0<c<d. consider the proper integral I = | Y e-axyn-1qdx. Let y = ax.

n—1 1 rad

.idy=— e Yy"1dy. Thus lim I =

an Jac

)asc—>0+

Then I = faacde‘y d

aqn—1

and d— oo.

10



. '(nh+1))=nTl(n)

» Let o<c<d. using integration by parts on the proper integral 1 =
fcd e *x"dx , we get I = (— ;C_x) 14 + nfcd e *x"ldx =

(Z—TCL — Z—Z)+ nfcd e *x™" 1dx, which tends to nI'(n) as ¢— o+ and d— oo (by

use of L’Hospital’s rule). Hence the result.

I'(1) = 1 (can be verified easily)
4 T'(n+1) = n!, for a natural n (follows from property 2 and 3)
B(m,n) = B(n,m) (follows using a substitution y = 1-x after passing to a
proper integral)
B(m,n) =2 On/ 25in?™=19 cos?"~10 d@ (follows using a substitution x = sin26
after passing to a proper integral)

B(%,%)zn (follows from definition)

rm)r(n)
r(m+n)

B(m,n) =
Q)= vm

For o<m<1, I'(m) I'(1-m) = 7 cosec(m 1)

00 _ 2 VT
Example: [ e™dx= -

» The range of integration of the given integral is unbounded but the
2 1
integrand is continuous everywhere. For 0<a, | Oa e dx = % [ Oa y ze Vdy

(substituting y = x2 in the proper integral ). Thus lim,_,, [ Oa e ¥ dx =

1. z 1 100 _, 1 1 1
= lim foa y ze ydy=5f0 e Vyz 1dy=—F(—)=\/E/2.

2 ag—> o0 2 2

11



Example: f 7 dx.

(1- X6)6
» The integrand has an infinite discontinuity at x = 1.Let o<c<1.
Substituting x3 = sin 6 in the proper integral f % , fOC (1_i:)1/6 =
—fsm " c0s®371 0 sin/310 d6. Since lim,_;_ fo o 6)1/6 ,8(5/3 1/3) =

. r(g)r(g = % r G) r (1 — g) = 2—17ncosec(g).

DOUBLE INTEGRAL

Let f(x,y) be a bounded function of two independent variables x and y
defined over a closed rectangular region R: as<x<b; c<y<d. we take
partitions {a = Xo,Xi,...,Xr-1,Xr,...,Xn = b} of [a,b] and {c = yo,y1,...,¥s-1,¥sy-..,¥ym =
d}. These partitions divides the rectangle R into mn number of
subrectangles Rj(1<isn, 1<jsm). Let us choose arbitrarily ( a; ;) €
Rij where a; € [x;_1,x;] and B; € [y;_4,¥;], 1<i<n, 1<j<m. the volume of the
parallelepiped with base Ry and altitude f(a;, 8;) is f(a;, ;) (Xi-Xi-1) (yj-yi-1)-
Yijf(anBi)x; —xi-)(¥; —yj—1) , sum of the volumes of all the
parallelepipeds erected over all of the Rjj’s, gives an approximation of the
volume enclosed by the curve and the planesx=a,x=b,y=c,y=dand z =
0. The approximation can be improved by increasing number of

subrectangles into which R is divided into. Thus the limit
limmﬁoo’n_,oo Zi,jf(ai,ﬂj)(xi — xi—l)(yj - yj—l)’ pI'OVided it eXiStS, gives the

volume and is represented by [f, f(x,y)dxdy.

12



NOTE: Every continuous function is integrable over any rectangle.

Theorem: (equivalence of double integrals with repeated

integrals) If [[, f(x,y)dxdy exists over a rectangle R: a<x<b; c<y<d and

ff f(x,y)dx exists for each value of y in [c,d], then the repeated integral

fcd dy f(f f(x,y)dx exists and is equal to [f, f(x,y)dxdy.

Example: Evaluate [f, sin(x + y)dx dy over R:osxsg, osysg.

Sol: sin(x+y) is continuous on R, so the double integral [f, sin(x +

y)dx dy exists . Evaluating given double integral in terms of repeated

integrals,

JI, sin(x+y)dxdy = fon/z dx fon/z sin(x + y)dy = fon/z[—cos(x + y)|gdx =

T

Jg(cosx + sinx) dx= 2.

EVALUATION OF AREA
Cartesian co-ordinate

It has already been seen that area of the region bounded by the curve y =
f(x), lines x = a, x = b and y = 0 is given by f(f f(x)dx, provided it exists.
Similarly area of the region bounded by the curve x = g(y), linesy =c¢,y =d

and x = 0 is given by fcd g(y)dy, provided it exists. We can define F:[a,b]—> R

by F(t)=[] f(x)dx ,astsb.

13



Example: Find the area of the bounded region bounded by the curves y =
x2 and x = yz.
Sol: On solving the given equations of the curves, the point of intersection

of the two curves are (0,0) and (4,4). Thus required area = f: Vaxdx —

f4ﬁdx.

0 4

Example: Find the area of the loop formed by the curve y2 = x(x-2)2

Sol: The abscissa of points of intersection of the curve with the x-axis are
given by y = 0, that is, x = 0,2,2. For x<0, no real value of y satisfy the
equation. Hence no part of the curve exist corresponding to x<o.
Corresponding to each x-value satisfying 0<x<2, there exist two values of y,
equal in magnitude and opposite in sign. Thus between x = 0 and x = 2, the
curve is symmetric about the x-axis and a loop is formed thereby. For x>2,
y— oo as x— oo. the required area = 2 foz(x — 2)v/xdx (by symmetry of the

curve about x-axis).

Example: Prove that area included in a circle of radius r unit is wr2 square

unit.

Sol: We can choose two perpendicular straight lines passing through the

centre of the circle as co-ordinate axes. With reference to such a co-ordinate
system, equation of the circle is y = £Vr? — x2.Curve is symmetric about the

axes .Thus required area = 4 Or Vr? — x? dx.

14



Polar Coordinates:

The area of the region bounded by the curve r = f(@) , the radius vector

0 = a,0 = B is given by%ffrzde.
Example: Find the area enclosed by the cardioide r = a(1+ cos 0)

Sol: As 6 varies from 0 to %, r decreases continuously from 2a to a. When

0 further increases from%to m, I decreases further from a to 0. Also the

curve is symmetric about the initial line (since the equation of the curve

remains unaffected on replacing 6 by — ). Hence the area enclosed by the

c rve—2a—2f”(1+ 0)%do
urve = 2.— [ cos :

Example: Find the area enclosed by the cardioide r = a(1+ cos 8) and r =

a(1- cos 9)

Sol: The vectorial angle corresponding the points of intersection of the

curves are 6 = %and 9=-§. Because of the symmetry of the curves about the

e eie 17 m 14 _ . . a? 7/, 2
initial line, 6 = 7, =-—and 6 = m, required area is 4.— J, "*(1 = cos 6)* de.

15



AN INTRODUCTION TO STATISTICS

"Status"-"State"->"Statistics".

STEPS AT A GLANCE :
Collection of Data-> Summarisation of Data-> Analysis of Data-> Interpretation of Data
towards a VALID DECISION.

WHAT IS THE MAIN PROBLEM IN STATISTICS?

Given a sample(a set of outcomes),we are to say(infer) about the population or the
model.Statistics primarily deals with situations in which the occurrence of some event can't. be
predicted with certainty.

WHAT ARE THE MAJOR OBJECTIVES OF STATISTICS?

1. To make inference about a population from an analysis of information contained in the
sample data.

2. To make assessments of the extent of uncertainty involved in these inferences.

A third objective,no less important,is to design the process & the extent of sampling so that the
observations from a basis for drawing valid & accurate inferences.

GIVE THE DEFINITION OF STATISTICS?

"STATISTICS" is a science of decision making on the basis of sample observations drawn from
a population under uncertainty. That is, it is a mathematical discipline concerned with
collection of data,summarisation of data,analysis of data & interpretation of data toward a
valid decision.

Encyclopaedia Americana :-

As a name of a field of study, Statistics refers to the science & arts of obtaining & analysing
quantitative data with a view to make sound inferences in the face of uncertainty.
Encyclopaedia Britannica:-

As is commonly understood now a days, Statistics is a mathematical discipline concerned with
the study of masses of quantitative data of any kind.

WHAT IS THE MEANING OF THE TERM 'STATISTICS'?

As a singular noun it refers the science of collecting,analysing & interpreting numerical data
relating to an aggregate of individuals. As a plural noun it denotes the numerical & quantitative
information,e.g., labour statistics,vital statistics.

IS STATISTICS A SCIENCE?

Any Science has for its objectives the formulation of laws for explaining phenomena in some
part of the real world with a deterministic view-point.

As Kendall explained ," Statistics is the branch of scientific method which deals with the data
obtained by counting or measuring the properties of population of natural phenomena".
Indeed, we can call Statistical Methodology as Scientific Method. It is noted that STATISTICS
is sometimes called the study of variation, i.e., a population or group without any variation &
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uncertainty is no interest to Statistics. So, Statistics is the scientific methodology which deals
with the collection,classification & tabulation of numerical facts as a basis for
explanation,description & comparison of social phenomena.

DEFINE THE TERMS: STATISTICAL DATA,POPULATION,SAMPLE.

Statistical Data:- The numerical data or measurements obtained in case of an enquiry into a
phenomenon,marked by uncertainty & variability,constitute Statistical Data. Uncertainty &
variability are two major characteristics of Statistical data. Not all quantitative data is
statistical data. Example of statistical data--Suppose we study the 'Heights of students in a
particular college'.Here we can't predict the height of an individual with certainty & there will
be variation in heights of students. Counter Example:--Multiplication table in a tabular form is
a quantitative data,but since there is no uncertainty & variability involved in the data so it's not
a Statistical Data.

Population:- A set or group of observations relating to a phenomenon under statistical
investigation is known as statistical population or simply population. However,the term
'‘population’ implies an aggregate or collection of measurements on a given variable(s).
Population is said to be finite or infinite according to whether the set contains a finite or
infinite number of observations.

Example-Measurements of heights in your college.

Note that: I. The characteristics of a population are called parameters. II.A population contains
finite or infinite no of observations on a given variable(s).

Sample :- The set of data actually collected through a process of observation from selected
items of any source is called a Sample. However, "Sample" is a subset of population or a true
representation of population.

Example- Measurements of heights of students of Statistics department in your college.

Note that:- I. The characteristics of sample are called as Statistic. II. A sample is taken in order
to gather information about a population.

WRITE DOWN THE DRAWBACKS OF STATISTICS?

Limitations of Statistics: I. Statistics deals with quantitative data only. II. Statistical law holds
good only for aggregate of items or average individuals. It may not true for a particular
individual or item. III. Inadequate knowledge of data interpretation may lead to invalid
decision.

There are some sayings: "There are there kinds of lies--lies,white lies & Statistics" , "Figure
won't lie,but liars figure" , "Statistics is like a clay of which you can make a god or a devil".

COMMENT ON THE FOLLOWING: "In a study of ages & professions of deceased
men, it was found that the profession with the lowest average age of death was
'student’ .So it appears that student profession is very dangerous."

It is obvious that every professional must have some basic education & it happens that the
average age of every professional men must be higher than the age of the students. But it can
happen that profession with lowest age of death was student . So the given statement is TRUE.
But the conclusion made from the fact is incorrect . It can never be told that the student
profession is dangerous. To conclude properly,we must have data for computing the
proportions or percentages of deceased men in different professions. Therefore the conclusion

2



made here is absurd.

This is an example of the situation where inadequate information takes into bad decisions.
Statistics is a science of DECISION MAKING. So,wrong data interpretation will show some
absurd decision,might be harmful for society.

EXPLAIN THE STATEMENT : "Blindly using any data happened to be available
can lead to misleading information & bad decision."

There are two kinds of people: Some of them believe that the inferences based on statistical
data are very reliable & trusty. And others don't believe statistical results at all,they think it as a
damned lies. But the fact is statistics is sometimes misused either deliberately or often due to
lack of knowledge. Making conclusions based on inadequate information,deliberate
manipulation & personal bias may lead to bad decision. Statistics are not to be blamed for all
these. Statistical methods are most danger tool in the hand of non-experts.Lastly Statistics is
like a clay of which you can make a god or a devil.

MEASURES OF CENTRAL TENDENCY

A Frequency Distribution corresponding to a variable specifies the values the variable takes
and the frequencies or the number of times each variate value is taken.

Following are the marks obtained by 60 students in an examination:

22,47,9,42,31,17,13,15,18,13,2,21,27,38,15,0,33,10,34,29,26,16,25,33,36,10,24,2,26,19,14,36,18,
25,21,33,35,25,18,28,25,17,38,10,3,31,24,3,12,16,33,18,26,29,27,29,28,35,26,27.

Here the variable is the ‘number of marks’. The data in the above form is called raw or
ungrouped data. This representation of the data does not furnish any useful information
and is rather confusing to mind. To make the data more compact and understandable, we
arrange the data from the array in ascending or descending order of magnitude to obtain a
Frequency Table. Take each mark from the data and place a bar( | ) or tally mark against the
number when it occurs. Tally marks are recorded in batches of five, the fifth occurrence is
shown by putting a cross tally(/) on the first four bars ||||/. We get the following frequency
table of marks:

Frequency Table of Marks in an Examination
Marks: 0 2 3 9 10 12 13 14 15 16 17 18
Tally marks:| | I | TN I | I I |l 1]

Frequency: 1 1 2 1 3 1 2 1 2 2 2 4

Marks: 19 21 22 24 25 26 27 28 29 31 33 34
Tally marks:| I |l |l I I . el 1l



Frequency: 1 2 2 2 4 4 3 2 3 2 4 1

Marks: 35 36 38 42 47
Tally marks: || || || | |
Frequency: 2 2 2 1 1

If the identity of the individuals about whom a particular information is taken
is not relevant , nor the order in which the observation arise, then the first real step
of condensation of data is achieved by arranging the data into groups:

Frequency Table of Marks in an Examination

Marks Tally Marks No.of Cumulative Cumulative
(Class) students frequency(less frequency(greater
(frequency) than) than)

0-5 /1] 4 4 60

6-10 / 1 5 59

11-15 /1111 7 12 58

16-20 [ 11 23 52

21-25 /1111 6 29 45

26-30 ;///I /117111771 ] 16 45 29

31-35 [ ]] 7 52 23

36-40 v 6 58 12

41-45 / 1 59 5

46-50 / 1 60 4

This type of representation of frequencies is called a grouped frequency distribution. The
groups 0-5, 6-10,... are called classes; 0 and 5 are called the lower limit and upper limit of
the class 0-5 respectively. The difference 5-0=5 between the upper and lower limits of a class is

called the width of the class. The value OTJFS=2.5 which lies midway between the lower and the

upper limits is called the mid-value or central value of the class. The less-than
cumulative frequency (greater-than cumulative frequency resp.) corresponding to a
class is the total number of observations less than or equal to the upper limit (greater than or
equal to the lower limit) of the class. Following points need be kept in mind while classifying
given data:

Classes should be clearly defined and should not lead to any ambiguity
Classes should be exhaustive( each of given value should be included in one of the
classes)

Classes should be mutually exclusive and non-overlapping

Classes should be of equal width



e Number of classes should neither be too large nor too small; preferably it
should lie between 5 and 15.

NOTE: A variable, which can take any numerical value within certain range , is called a
continuous variable. Consider frequency distribution of the continuous variable of ages in
years of students in a college. We cannot arrange the data in age groups 16-20,21-25 etc. since
there can be students having ages between 20 and 21 years. If the original ‘inclusive’ class

intervals( of the form [a,b]) are ,say, 16-20,21-25,..., we calculate the adjustment %(lower limit

of succeeding class-upper limit of a class)= %(21-20):.5 and change the class intervals to

‘exclusive’ type([a,b)): 15.5-20.5, 20.5-25.5,.... It is understood that age of students whose age
is > 15.5 and < 20.5 are included in the class interval 15.5-20.5.

Comparison of Frequency Distributions

It is frequently necessary to compare two frequency distributions. If they are of different types,
a precise comparison is difficult and is usually not required. If they are of same type, a
comparison can be made in terms of values of the following four types of measures:

» Measure of location or central tendency gives a single value around which largest
number of values of the variate tend to cluster.

» The scale parameter or measure of dispersion gives the degree of scatter about
the central value. It measures variability or lack of homogeneity of data.

» Measure of skewness measuring degree of departure from symmetry

» Measure of Kurtosis measuring degree of ‘flatness’ of the ‘top’ as compared with the
‘normal’ curve.

Characteristics of a good measure of Central Tendency

v" It should be based on all observations

It should not be affected much by extreme values

It should be rigidly defined

It should be easily understandable and easy to calculate

It should be amenable to algebraic treatment

It should be least affected by fluctuation of sampling: if a number of samples of same
size are drawn from a population, the measure of central tendency having minimum
variation among the different calculated values should be preferred.

ANENENE NN

Different Measures of Central Tendency

= Arithmetic Mean

= Geometric Mean

= Harmonic Mean

= Median and Quartiles
= Mode



Arithmetic Mean

If a variate X takes values xi,...,xn, then the A.M. of the set of observations x,...,Xs, is defined by

X = % If the variate-values are not of equal ‘importance’, we may attach to them ‘weights’
W1,...,Wn as measures of their importance; the corresponding weighted mean is defined by

f _ Wix1++wnpxn
Wi++wn

. . . . . L X1+-+frx
In particular, if the variate-value x; occurs f; times, x. occurs f, times,..., then X = Ty inn f1+ +;" =
S,

%Z'f fixx, where N=f,+...+f, is the total frequency.

Note the A.M. of a grouped or continuous frequency distribution is computed by above
formula where x’s denote the mid-values of the corresponding class intervals.

Example 1.1 Find the A.M. of following frequency distribution:
X1 2 3 4 5 6 7
f:5 o9 12 17 14 10 6

» Computation of Mean

X f fx

1 5 5

2 9 18 1 299
3 12 36 Thus x = EZ? fuxe ==
4 17 68

5 14 70

6 10 60

7 6 42

Total |73 299

Example 1.2 Find the A.M. of following frequency distribution:

Marks: 0-10 10-20 20-30 30-40 40-50 50-60
No. of students: 12 18 27 20 17 6
» Computation of Mean
Marks No. of students(f) Mid- fx
point(x)

0-10 12 5 60

10-20 18 15 270

20-30 27 25 675




30-40 20 35 700
40-50 17 45 765
50-60 6 55 330
Total 100 2800

2800
~ 100

AM.= % = =37 fixy 28.

Change of origin and scale

Let x and u be two variates related by u=?. Then Y fx =Y af + Y hfu. Thus x = Zz—j;x =a+
heli=a+ ha

Thus mean is dependent on both change of origin a and scale h.

Example 1.3 Find the A.M. of following frequency distribution:

Marks: 0-10 10-20 20-30 30-40 40-50 50-60
No. of students: 12 18 27 20 17 6

x—300

> Let us take the origin a=300 and scale h=50 so that u= =

Properties ol A.M.

e Algebraic sum of deviations of a set of variate values from their arithmetic mean is zero.
> Y filx; — X)=Y fix; — XY, f;=Nx-Nx =0, where N=}, f;.

e (Mean of the combined distribution) If x7,..., X, be the A.M.s of k distributions with
respective frequencies n,...,nx, then the mean x of the combined distribution of

frequency N=Y n, is given by: fz% YK nx,.

Example 1.4 The average salary of male employees in a firm was Rs. 5200 and that of females
was Rs. 4200. The mean salary of all the employees was Rs. 5000. Find the percentage of male
and female employees.

> Let n; and n. denote respectively the number of male and female employees and x; and
X, denote their average salary (in Rs.). Then 5000(n;+n2)=5200 n;+4200 n. implying
n;:n.::4:1. Thus percentage of male and female employees in the firm is 80% and 20%
respectively.

Geometic Mean



If n positive values xi,...,xn occur fi,...,f, times respectively, then geometric mean(G.M.) G of the
1

set of observations is defined by G=[x; /1 ... x,/»]¥, where N=Y" f..

Harmonic Mean

Xfi

The harmonic mean H of n non-zero variate values x; with frequencies f; is given by H=

Relation between A.M., G.M. and H.M.

If A,G,H stand for the A.M., G.M. and H.M. respectively of a finite series of positive values of a
variate, then it can be proved that A> G > H.

MEDIAN

Mean can not be calculated whenever there is frequency distribution with open
end classes. Also the mean is affected to a great extent by presence of extreme
value in the set of observations. For instance, if salary of 8 persons be Rs.
150,225,240,260,275,290,300 and 1500, the mean salary is Rs. 405, which is not a good
measure of central tendency because out of the 8 people, seven get Rs. 300 or less.

Median of a finite set of variate values is the value of the variate which divides it into two
equal parts. It is the value which exceeds and is exceeded by same number of observations.
Median is thus a positional average.

In case of ungrouped data, if the number of observations is odd then median is the middle
value after the values have been arranged in ascending or descending order of magnitude. In
case of even number of observations, there are two middle terms and median is taken to be the
arithmetic mean of the middle terms. Thus , median of the values 25,20,15,35,18, that is, of
15,18,20,25,35 is 20 and the median of 8,20,50,25,15,30, that is, of 8,15,20,25,30,50 is
(20+25)/2=22.5.

In case of discrete frequency distribution, median is obtained as follows:

e Find N/2, where N=) f;.
e Find the cumulative frequency (less than type) just greater than N/2
e The corresponding value of the variate is the median.

Example 1.5 Obtain the median for the following frequency distribution:
X: 1 2 3 4 5 6 7 8 9
f: 8 10 11 16 20 25 15 9 6

» Calculation of Median

X f c.f.
1 8 8
2 10 18




3 11 29

4 16 45

5 20 65

6 25 90

7 15 105

8 9 114

9 6 120=N

N/2=60. The c.f. just greater than N/2 is 65 and the value of x corresponding to 65 is 5. Thus,
median is 5.

In case of grouped frequency distribution, median is obtained as follows:

Let us consider the grouped frequency distribution:

Class intervals frequency cumulative frequency
X1-Xo f1 F,
Xo— X3 fo F»
Xp — Xp+1 fp Fp
Xn — Xn+1 fn Fn

where Fi=Y%_, f;. Let the smallest c.f. greater then N/2 is Fp. Then the median class is x, —
Xp+1. We assume that frequency of a class is uniformly distributed over the class interval. Let
the c.f. for the class just above the median class be ¢ . Thus (N/2-c) is the frequency of the
interval between the median and the lower limit of the median class . the length of the interval

N
corresponding to the frequency (N/2-c) is ZTC I, where f is frequency of the median class, I is

N
the length of the class interval of the median class . Hence the median is Lo+ZTC I, where Lo is

lower limit of the median class.
Properties of Median

e Median is a positional average and hence is not influenced by extreme values
e Median can be calculated even in the case of open end intervals

e Median can be located even if the data is incomplete

e It is not a good representative of data if the number of observations is small
e Itis not amenable to algebraic treatment

e It is susceptible to sampling fluctuations



Quartiles are thsose variate values which divide the total frequency into four equal parts;
deciles and percentiles divide into ten and hundred equal parts respectively. Suppose the
values of the variate have been arranged in ascending order of magnitude, then the value of the
quartile having the position between the lower extreme and the median , is the first quartile Q.
and that between the median and the upper extreme is the third quartile Q5. The median is the
second quartile Q., is the fifth decile D5 and the fiftieth percentile Pso. For a grouped frequency
distribution, the quartiles, deciles and percentiles are given by

iN
4

—-C
Qi=l+ - h,i=1,2,3
jN

Dj= 1+ﬁf‘ch, i=1,0,9

kN

Pi= 1+F°f‘ch, k=1,....99

where | is the lower limit of the class in which the particular quartile/decile/percentile lies, f is
the frequency of the class , h is the width of this class, C is the cumulative frequency upto and
including the class preceding the class in which the particular quartile/decile/percentile lies
and N is the total frequency.

Example 1.6 Calculate the three quartiles for the following frequency distribution of the
number of marks obtained by 49 students in a class:

Marks No. of students Marks No. of students
5-10 5 25-30 5
10-15 6 30-35 4
15-20 15 35-40 2
20-25 10 40-45 2

Cumulative Frequency Table

Class Frequency Cumulative Frequency(less than)
5-10 5 5}

10-15 6 11

15-20 15 26

20-25 10 36

25-30 5 41

30-35 4 45

10



35-40 2 47
40-45 2 49=N
The cumulative frequency immediately greater than N/4=49/4 is 26; hence to find Q;,

49

11
5= 15.47 marks.

4
15

L=15, h=15-10=5, C=11, f=15. Thus Q= 15+

4-9_11

For median, N/2= 24.5 . Thus the median class is 15-20. Median = 15+ 5=19.5 marks.

2
15

To find Qs3, we have 3N/4=147/4 . Hence Qs lies in the class 25-30. L=25, C=36,f=5,h=5. Hence

147

—-36
Q3=25+--—5 =25.75.

Example 1.7 In a factory employing 3000 persons, in a day 5% work less than 3 hours, 580
work from 3.01 to 4.50 hours, 30% work from 4.51 to 6.00 hours, 500 work from 6.01 to 7.50
hours, 20% work from 7.51 to 9.00 hours and the rest work 9.01 or more hours. What is the
median hours of work?

» Calculation for Median Wages

Work Hours No. of employees(f) Less than c.f. | Class Boundaries
Less than 3 5/100 X 3500=150 150 Below 3.005
3.01-4.50 580 730 3.005-4.505
4.51-6.00 30/100 X 3000=900 | 1630 4.505-6.005
6.01-7.50 500 2130 6.005-7.505
7.51-9.00 20/100 X 3000=600 | 2730 7.505-9.005
9.01 and above | 3000-2730=270 3000 9.005 and above

N=3000. The c.f. just greater than N/2=1500 is 1630.the corresponding class 4.51-6.00, whose
class boundaries are 4.505-6.005, is the median class. Hence

median:1+§ (g — c):4.505+% (1500 — 730)=4.505+1.283=5.79(approx.).

Example 1.8 An incomplete frequency distribution is given as follows:

Variable Frequency Variable Frequency
10-20 12 50-60 ?

20-30 30 60-70 25

30-40 ? 70-80 18
40-50 65 Total(N) 229

11



Given that the median value is 46, determine the missing frequencies.

> Let the frequency of the class 30-40 be f; and that of 50-60 be f.. Then f,+f.=229 -
(12+30+65+25+18)= 79.
Since median is given to be 46, 40-50 is the median class. Using formula for median , we
get

46=40+

114.5—(12+30+f;)
65

x 10. Hence f,;= 33.5= 34(approx.). Hence f.=45.

Mode

Let us consider the following statements: The average height of an Indian is 5°6”; the average
size of shoes sold in a shop is 7; an average student in a hostel spends Rs. 750 per month. In all
the above statements,the average referred to is mode. Mode is the value of the variate which
occurs most frequently in a set of observations and around which the other members of the set
cluster densely. In other words, mode is the value of the variable which is predominant in the
given set of values. In case of discrete frequency distribution, mode is the value of the variable
corresponding to maximum frequency. In the following distribution:

X1 2 3 4 5 6 7 8

f:4 o9 16 25 22 15 7 3

value of x corresponding to maximum frequency viz. 25 is 4. Hence mode is 4.

In any one of the following cases, mode is determined by the method of grouping:

e If the maximum frequency is repeated
e If the maximum frequency occurs in the very beginning or at the end of the distribution
e If there are irregularities in the distribution

Example 1.9 Find the mode of the following frequency distribution:
Size(x): 1 2 3 4 5 6 7 8 9 10 11 12
Frequency: 3 8 15 23 35 40 32 28 20 45 14 6

» The distribution is not regular since the frequencies are increasing steadily upto 40 and
then decrease but the frequency 45 after 20 does not seem to be consistent with the
distribution. We cannot say that since the maximum frequency is 45, mode is 10. Here
we locate mode by the method of grouping as explained below:

12



Size

x)

10
11

12

The frequencies in column (i) are the original frequencies. Column (ii) is obtained by
combining the frequencies two by two.If we leave the first frequency and combine the
remaining frequencies two by two, we get column (iii).Combining the frequencies two by two
after leaving the first two frequencies results in a repetition of column (ii). Hence, we proceed
to combine the frequencies three by three , thus getting column (iv). The combination of
frequencies three by three after leaving the first frequency results in column (v) and after

(6)) (i)
3

11
8
15

38
23
35

75
40
32

60
28
20

65
45
14

20
6

Frequency

(iii)

23

58

72

48

59

leaving the first two frequencies results in column (vi).

(iv)

26

98

8o

65

)

46

107

93

(vi)

73

100

79

Analysis Table
Column No. | Maximum Frequency(1) Value or combination of values of x
giving max. frequency in (1) (2)

(1) 45 10

(i) 75 5,0

(iii) 72 6,7

(IV) 98 47576

(V) 107 5)6’7

(vi) 100 6,7,8

13



Mode for Continuous frequency distribution

Mode=1+—2-/*_p
ode 2fm=f1—f2

Where 1 is the lower limit of the modal class(class having maximum frequency), fn is the
maximum frequency, f; and f. are the frequencies of the classes preceding and following modal
class.

Example 1.10 The median and mode of the following wage distribution are known to be Rs.
3350 and Rs. 3400 respectively.Find the values of f;,f,,f5:

Wages (in Rs.) No. of employees Wages (in Rs.) No. of employees

0-1000 4 4000-5000 f5
1000-2000 16 5000-6000 6
2000-3000 f; 6000-7000 4
3000-4000 f, Total 230

> Calculation for median and mode

Wages (in Rs.) frequency(f) less than c.f.
0-1000 4 4

1000-2000 16 20

2000-3000 fs 20+f;
3000-4000 f, 20+f3+f,
4000-5000 f5 20+f5+f,+1;5
5000-6000 6 26+f5+f,+f5
6000-7000 4 30+f3+f,+f;=N

N=30+f;3+f;+f5=230 . Thus f3+f;+f5=200.

Since median is 3350, which lies in 3000-4000, 3000-4000 is the median class. Using median
formula,

3350:3000+%[115—(2o+f3)]. Thus f3=95-0.35f,.

Mode being 3400, modal class is 3000-4000. Using formula for mode,

1000(f3—f3) . hence 3400-3000  f,+0.35f,—95

00=3000+ = )
34 3 2fa—fa—fs ’ 1000 2f3—(200—f3)

Thus f,=100. Hence f3=95-0.35x100=60,
fs=40.

14



Note: For a symmetrical distribution, mean, median and mode coincide. If the distribution is
moderately asymmetrical, they obey the following empirical relationship: mode = 3
median — 2 mean

MEASURES OF DISPERSION

A measure of central tendency alone is not enough to have a clear idea about the data unless
all observations are almost the same. Moreover two sets of observations may have the same
central tendencies whereas variability of data within the sets may vary widely . Consider

Set A: 30 30 30 30 30
Set B: 28 29 30 31 32

SetC: 3 5 30 37 75

All the three sets have same mean and mode; but the amount of variation differs widely
amongst the sets.

Characteristics of an ideal measure of dispersion

e It should be rigidly defined

e It should be easily understandable and easy to calculate

e It should be based on all observations

e It should be amenable to further mathematical treatment
e It should be least affected by fluctuation of sampling

Different measres of dispersion

Range: Range is the difference between the maximum and the minimum values of the variate.
It is easily understood and easy to calculate but depends only on the two extreme values which
themselves are subject to sampling fluctuation; hence range is not a reliable measure of
dispersion.

Quartile Deviation: quartile deviation or semi-interquartile range is given by %(Qg'Q1),

where Q; and Qs are the first and the third quartiles of the frequency distribution. Quartile
deviation is definitely a better measure than the range as it makes use of 50% of data. But
since ignores the other 50% of data, it cannot be regarded as a reliable measure.

Mean Deviation If x;|f;, i=1,...,n be the frequency distribution, then mean deviation from A
(usually mean, median or mode) is defined by s= % ~ofilx — Al YR, fi=N.

15



Since mean deviation is based on all the observations, it is a better measure of dispersion as
compared to range and quartile deviation. But use of absolute value renders it useless for
further mathematical treatment.

Example 2.1 Calculate Q.D. and M.D. from mean, for the following data:

Marks: 0-10 10-20 20-30 30-40 40-50 50-60 60-70
No. of students: 6 5 8 15 7 6 3
» Calculation for Q.D. and M.D. from mean
Marks | Mid- f d=(x-35)/10 |{d |x — x| |flx—x| |c.f. (less)
value

0-10 5 6 -3 -18 28.4 170.4 6
10-20 | 15 5 -2 -10 18.4 92.0 11
20-30 | 25 8 -1 -8 8.4 67.2 19
30-40 |35 15 0 0 1.6 24.0 34
40-50 | 45 7 1 7 11.6 81.2 41
50-60 |55 6 2 12 21.6 129.6 47
60-70 | 65 3 3 9 31.6 94.8 50
Total -8 659.2

(1) Here N=50, N/4=12.75, 3N/4=37.25

The c.f.(less than) just greater than 12.75 is 19. Hence the corresponding class 20-30 contains

Q..
Q1=20+§(12.75-11):22.19

The c.f.(less than) just greater than 37.25 is 41. Hence the corresponding class 40-50 contains

Qs.
Qs=40+-(37.25-34)=44.64.

Hence Q.D. = %(Q;»,—Ql): %(44.64-22.19):11.23.
(2) = AR2Sd _35+ 1OX( D - = 33.4 marks. Thus M.D. (from mean) :%Zflx—

_; 659.

xX|= 2—13 184

Standard Deviation, Variance

For the frequency distribution x;|fi, i=1,...,n, S.D. ¢ is defined by: o= \/ %Z fi(x; — )%, where x

is the A.M. of the distribution (non-negative value of the square root is considered). o2 is called
the variance.
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Note 5= 5. fi(x; — A)*= X fi(6 = T + X = A’ =0 8 fil b — 0)*+(F-A)+2(0-A) (x-D)}
=%Z filx; — f)2+(f-A)2%Z fi+2(x-A) %Z fi(x; — %)%= 02+(%-A)2, where d=x-A.

Thus s2 is least when d=o0.that is, when x=A. Thus M.D. is least when A=x and S.D. is least
value of M.D.

Note (1) o °= (Nfi(-D? = (SfCE+F-26% ) = (Lfid + FLfi -

2
_1 1 — _ 1 1 . . .
2% Y fixi =2 f; x?+x2-2%x% = ~2 i x? — (EZ fixl-) . This expression is often used for

calculation of o2.

(2)If n, and n. are the sizes, X; and x; be the means and o, and g. be the S.D. s of two

series, then the S.D. ¢ of the combined series of n;+n. observations is given by:
1 — _ — _ NiX1+NnyXxy .

o2=——|n (62 + d?)+ny(a? + d?)], where d;=x7-%, d2=%-x and x=ﬁ is the mean of
1 2 1 2

the combined series.

Example 2.2 For a group of 200 candidates , the mean and S.D. of scores were found to be
40 and 15 respectively. Later on it was discovered that the scores 43 and 35 were misread as 34
and 53 respectively. Find the corrected mean and S.D. corresponding to the corrected figures.

> Let x be the given variable. Given n=200, ¥=40 and o=15. Now 40= J?:%OZ X; gives
Y x;=8000.
02:%2 x?-x2 gives Y. x?=200(225+1600)=365000.
Corrected ), x;=8000-34-53+43+35=7991, corrected mean :%:39.995
Corrected Y, x?= 365000-342-532+432+352=364109
2 (39.995)2=224.14. Thus corrected o=v224.14=14.97.

200

Corrected o2=

Example 2.3 The first of two samples has 100 items with mean 15 and s.d. 3.if the whole
group has 250 items with mean 15.6 and s.d. v13.44. find s.d. of the second group.

» Here n;=100,X;=15, 0:=3, n=N;+N>=250, X=15.6, 0=V13.44

_ N1X1+NnyXy

gives x,=16. Hence d,=x;-¥=15-15.6=-0.6, d»=X,-¥=16-15.6=0.4
1
n{+n,

nitn,

From o2= [n,(c + d?)+ n, (o + d3)], 5.=4.
Moments

The r th (raw) moment of a variable x about any point A , denoted by ,uﬁ, is given by
INACEOY
:ur_N i\Xi ) .
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The r th (central) moment of a variable x about mean x , denoted by u,, is given by
1 _
ﬂrzﬁz:fi(xi - x)r.

In particular, uo=-¥. f;(x; = ©)°=x ¥, fi=1, iy == % f; (x; = ©)1=0, ==, fi(x; — %)?= 0.

Relation between raw and central moments

tr=x % fit — D) =2 L fi(x; — A+ A— B)'=- % fi(d; + A — X)T, where di=xi-A.

N
_ 1 1 1 — 3
% =A+—=Y. fid; =A+ 1y . Hence p. =~ fi(d; — u)" ==% fi(d} — CT d~*py + CFd] 72 (u))? -...+(-
D ()"
=Hf-CT g i+ C b () 2t (1) ()
2 3

In particular, on putting r=2,3,4 and simplifying, we get u,=u,’ —,u{ s M3 =p3/-3pka/ 11/ "‘2#{ ,

2 4
a=ith — dphpl ol -3p
Effect of change of origin and scale on Moments
Let u=%. Then ¥ = A + hu. Thus x-x=h(u-u). Thus p,(x) =%Zfi(xi —x)7 =%Zfi{h(ui -
w}" =hr, (w).
Symmetrical and Skew Distributions

A distribution is symmetrical when the frequencies are symmetrically distributed about the
mean , that is, when the values of the variate equidistant from mean have equal frequencies.
For example, the following distribution is symmetrical about its mean 5:

X: 1 2 3 4 5 6 7 8 9
f: 3 4 6 9 10 9 6 4 3
It can be seen that if n is odd, %Z’f fi(x; — X)™ =0 since all the terms cancel in pairs, n being odd

2
and fi=fy, fo=fu,.... Thus u,=0 , for n odd. Hence for a symmetrical distribution, 8; = % = 0.
2

Thus B, is a measure of departure from symmetry.

Also for a symmetrical distribution, the mean, median and mode coincide. Further, in the case
of such distribution, median lies halfway between the two quartiles.

Skewness means lack in symmetry. It indicates whether the frequency curve is inclined more to
one side than the other, that is , whether the frequency curve has a longer tail on one side.
Skewness is positive if the curve is more elongated to the right side, that is, if the mean of
the distribution is greater than the mode; in the reverse case, it is negative. Skewness gives an
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idea about the direction in which also the extent to which the distribution is distorted from the
symmetrical distribution.

For distribution of moderate skewness, an empirical relation holds: mean-mode= 3(mean-
median).

Karl  Pearson’s coefficient of skewness is given by : coefficient of

mean—mode 3(mean—median)
skewness= =

standard deviation standard deviation

It is a pure number since the numerator and denominator have the same dimension. It has
value zero for a symmetrical distribution.

Q3+01—-20Q;

Bowley’s measure of skewness is %0
371

Example 2.4 Find out a coefficient of dispersion based on quartile deviation and a measure
of skewness from the following table giving wages of 230 persons:

Wages(in Rs) f c.f. Wages(in Rs) f c.f.
140-160 12 12 220-240 50 157
160-180 18 30 240-260 45 202
180-200 35 65 260-280 20 222
200-220 42 107 280-300 8 230

» Here N/2=115 and the 115 person has a wage in the class 220-240. Hence median=Q.=

220+ 1155_0107 20 = Rs. 223.20. Similarly, Q.=180+ 375730 20=Rs. 195.71,
Q3=240+ Mx 20=Rs. 246.88. It can be shown that mean=Rs. 220.87, S.D.= Rs.
34.52.

Coefficient of dispersion based on quartile deviation= =—= L= _SU7 _5.1156.

Q3+0Q; 442.59

mean—-mode 220.87-233.00
Measure of skewness = > ais, - 0-3514

- +
Second measure of skewness=M

=- 0.07446.

Pearson’s g and y- Coeficients

= 3:]’1 VB, B2 = g,)’zzﬁz'S

The values of the two coefficients 3, 5, enable us to know whether the given distribution is
symmetrical and whether it is relatively more or less flat than the normal curve. ; gives a
measure of departure from symmetry. Kurtosis measures whether the given frequency curve is
relatively more or less flat —topped compared to the normal curve (to be studied later). For a
normal distribution , ,=3. Curves with values of 8, less than 3 are called Platykurtic whereas
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those with values of 8, greater than 3 are called Lettokurtic. Curves with S,value equal to 3 are
called Mesokurtic.

BASIC PROBABILITY THEORY

Basic Terminology

Random Experiment : If in each trial(repetition) of an experiment conducted under
identical conditions, the outcome is not unique , but may be any one of possible outcomes, then
such an experiment is called a random experiment. Examples of random experiments are:
tossing a coin, throwing a die, selecting a card from a pack of playing cards etc. in all these
cases, there are a number of possible outcomes which can occur but there is an uncertainty as
to which of them will actually occur.

A piece of Information: A pack of cards consists of four suits called Spades, Hearts and
Clubs. Each suit consists of 13 cards, of which nine cards are numbered from 2 to 10, an ace, a
king, a queen and a jack(or knave).Spades and clubs are black-faced cards while hearts and
diamonds are red-faced cards.

Outcome: result of a random experiment is called an outcome.

Sample Space, Events: The collection S of all possible outcomes of a random experimepernt
is called sample space of the random experiment; any subset of S is an event; a singleton subset
of S is an elementary(simple) event. For example, in an experiment which consists of throwing
a six-faced die, possible outcomes are 1,2,3,4,5,6. Thus sample space of this experiment is
{1,2,3,4,5,6}, {1} is an elementary event; getting an even number, {2,4,6} is an event of this
experiment.

Exhaustive Events: events E,,...,Ex of a random experiment with sample space S are called
exhaustive iff S = E,U ... UEk. in the case of throwing of a die, getting even points( that is, 2,4, or
6) and getting odd points (that is, 1,3, or 5) are exhaustive events.

Equally Likely Events: Events are equally likely if there is no reason to expect any one of
them compared to others. In the trial of drawing a card from a well-shuffled pack of cards, any
of the 52 cards may appear, so that the 52 elementary events are equally likely.

Exclusive Events: Events are exclusive if the occurrence of any one of them precludes the
occurrence of all others. On the contrary, events are compatible if it is possible for them to
happen simultaneously. For instance, in the rolling of two dice, the cases of the face marked 5
appearing on both dice are compatible.

Favourable Events: The trials which entail the happening of an event are favourable to the
event. For example, in the tossing of a dice, the number of favourable events to the appearance
of a multiple of 3 are two viz. getting 3 and 6.

20



Classical (a priori) definition of probability

If a random trial results in n exhaustive, mutually exclusive and equally likely outcomes, out of
which m are favourable to the occurrence of an event E, then the probability of occurrence of E

, denoted by P(E), is given by P(E):%.

It is clear from definition that 0<p<i1. Since the number of cases in which event A will not
-m

happen is n-m, the probability q that the event A will not happen is given by P(4) :nTzl-%:l—
P(A).

An event A is certain to happen if all the trials are favourable to it and then the probability of
its happening is unity; for an event which is certain not to happen, the probability is zero.

Example 3.1 Find the chance that if a card is drawn at random from an ordinary pack, it is
one of the court cards.

» Court cards are kings, queens, jacks and their number in a pack of 52 cards is 12, so that
the number of favourable events is 12. Hence the probability is 12/52=3/13.

Example 3.2 What is the chance that a leap year selected at random will contain 53
Sundays?

> A leap year which contains 366 days has 52 Sundays corresponding to 52 weeks and 2
more days.There are following seven possibilities: (1) Sunday, Monday, (2)
Monday,Tuesday,(3) Tuesday, Wednesday, (4) Wednesday, Thursday, (5) Thursday,
Friday, (6) Friday , Saturday, (7) Saturday, Sunday. Out of these seven possibilities,
there are two favourable outcomes, namely (1) and (8). Thus the required probability is

2/7.

Example 3.3 An urn contains 9 balls, two of which are red, three blue and four black.Three
balls are drawn from the urn at random. What is the chance that (1) three balls are of different
colours, (2) two balls are of the same colour and third is different, (3) the balls are of the same
colour?

> (1) Three balls can be drawn from 9 balls in C3=84 ways and these are equally likely,
exhaustive and mutually likely cases. A red ball can be drawn in 2 ways, a blue in 3 and a
black in 4 ways, so that three differently coloured balls can be drawn in 2 x 3x 4=24
ways. Hence the probability is 24/84=2/7.

(2)two blue balls can be drawn in C3 ways and then a red or black ball in 6 ways so that
the two blue balls and a different coloured ball can be drawn in 6xC;=18 ways. Two
black balls and a different coloured ball can be drawn in 5xC;=30 ways. Similarly the
number of ways in which two red balls and a different coloured ball can be drawn in
7xC2=7 ways. Thus the number of ways two balls of same colour and a ball of different
colour can be drawn is 18+30+7=55. Thus required probability is 55/84.
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(3)Three blue balls can be drawn in 1 way and 3 black balls in C5 or 4 ways so that the
corresponding probability is 5/84.

Limitation of Classical Definition
This definition breaks down in the following cases:

e If the various outcomes of the random experiment are not equally likely
e If the number of exhaustive outcomes of the random experiment is infinite or unknown

Von Mises’s statistical (or empirical) definition of probability

If trials be repeated a great number of times under essentially same conditions, then the limit
of the ratio of the number of times that an event happens to the total number of trials, as the
number of trials increases indefinitely, is the probability of the happening of the
event,provided the ratio approaches a finite and a unique limit.

Axiomatic definition of Probability

To an event A(that is, a subset of sample space S) is assigned a real number P(A), called
probability of A, satisfying the following properties:

e (Axiom of non-negativity)P(A)=0

e (Axiom of certainty) P(S)=1

e (Axiom of Additivity) If {As} is any finite or infinite sequence of disjoint events, then
P(U?=1Ai) = 7i1=1P(Ai)-

Note P, the probability function, is otherwise unspecified except it is to satisfy above three
axioms.

Notation for two events A,B of a sample space S,AUB={x€S: x€A or xeB}, ANB={x€S: x€A
and xeB},A = { x€S: x¢A}, A-B={x€S: x€ 4 and x¢B}, AUB can be denoted by A+B, if A and B
are disjoint; AAB=(4 NB)+(An B).

Example 3.4 Let A,B,C are three arbitrary events. Find expression for the following events:

(1)Only A occurs, (2) Both A,B but not C, occur, (3) All three events occur, (4) At least one
occurs, (5) At least two occur, (6) one and no more occurs, (77) two and no more occur, (8) none
occurs.

> (1) AnBnC, (2) AnBNnC, (3) AnNBNC, (4)AUBUC, (5) ANBNC)U(ANBNC) U
(ANBNCO)U(ANBNC), (6) ANBNC)UANBNC)UANBNC), (7)) (AnBNC)U
(AnNBNnC)U(ANBNC(C),(8)AuBUC.

Some Theorems on Probability

Theorem3.1 Probability of impossible event is zero: P(@)=o0.
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» S=SUQ@ and S, @ are disjoint events. Using axiom of additivity, P(S)=P(S U
?)=P(S)+P(®); hence P(@)=o0.

Note: P(A)=0 does not necessarily mean A is impossible event. In case of continuous
random variable X, the probability at a point is always zero: P(X=c)=o0.

Theorem3.2 P(A)=1-P(A).

> 1=P(S)=P(AU A)=P(A)+P(4) (since An A=0).
Corollary 0<P(A)=1-P(A); hence 0<P(A)<1.
Lemma For two events A,B, P(An B) = P(B) — P(ANB)

> ANB(cS A)and An B(CS A) are disjoint events and B=Bn S=BN(AuU 4)=(4 n B)U
(A N B); hence by axiom of additivity, P(A n B) = P(B) — P(A N B).

Corollary (1) If ACB, then P(4 n B) =P(B)-P(A), (2) P(A) <P(B).

Theorem3.3 (Addition Theorem of Probability) If AB are any two events,
P(AUB)=P(A)+P(B)-P(4 N B).

> AUB=AU(A N B) and A, A n B are disjoint. Hence P(AUB)=P(A)+ P(4 N B)= P(A)+P(B)-
P(A N B).

Generalising , for three events A,B,C, we have
P(AUBUC) =P(A) + P(B) + P(C)—P(ANB)—P(BNC)—P(CNA)+P(ANBNC).

Example 3.5 If p.=P(A), p-=P(B), p3s=P(4 N B), express the following in terms of p1,p2,ps: (1)
P(AUB), (2) P(4 U B), (3)P(A NB),(4) P(AU B)

> (1) P(AUB)=1-P(AU B)=1-[P(A)+P(B)-P(ANB)]=1-p:-po-ps.(2) P(A U B)=P(4 N B)=1-
P(A NB)=1-ps. (3) P(4 NB)=P(B)- P(A NB)=p.-ps.(4) P(4 U B)=P(A)+P(B)- P(A NB)=1-
P1+P2-( P2-P3)=1-p1+Ps.

Example 3.6 It two dice are thrown, what is the probability that the sum is (1) greater than 8,
(2)neither 7 nor 11?

» (DIf X denotes the sum on the two dice, then we want P(X>8). The required event can
happen in the following mutually exclusive cases: X=9, X=10,X=11,X=12. Hence by
addition theorem on probability, P(X>8)=P(X=9)+P(X=10)+P(X=11)+P(X=12). In a
throw of two dice, the sample space contains 62=36 points. The number of favourable
cases can be enumerated as:

X=9:(3,6),(6,3),(4,5),(5,4)
X=10: (476)a(634)’(515)
X=11: (5,6),(6,5)
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X=12:(6,6).
Thus P(X>8)=— + = + = + ==,
36 36 36 36 18
(2)Let A denote the event of getting the sum of 7 and B denote the event of getting the
sum of 11 with a pair of dice.
X=7:(1,6),(6,1),(2,5),(5,2),(3,4),(4,3)
X=11: (516)1(675) o
Required probability= P(A n B)=1-P(AUB)=1-[P(A)+P(B)] (since A and B are disjoint
events)=1—l -7
6 18 9
Example 3.7 Two dice are tossed. Find the probability of getting an even number on the

first die or a total of 8.

» Let A be the event of getting an even number on the first dice and B be the event that the
sum of points obtained on the two dice is 8. The events are represented by the following
subsets of the sample space S:

A={2,4,6} X {1,2,3,4,5,6}, B={(2,6),(6,2),(3,5),(5,3),(4,4)}- Here ANB={(2,6),(6,2),4,4)}
Required probability is P(AUB)=P(A)+P(B)-P(ANB)=32 + — — —==.
Example 3.8 An integer is chosen at random from first two hundred natural numbers. What

is the probability that the integer is divisible by 6 or 8?

» Sample space of the random experiment is {1,2,...,200}. The event A ‘ integer chosen is
divisible by 6’ is given by {6,12,...,198}; the event B integer chosen is divisible by 8’ is
given by {8,16,...,200}. LCM of 6 and 8 is 24. Hence a number is divisible by 6 and 8 iff
it is divisible by 24. Thus A n B={24,48,...,192}. Hence required probability is

33 25 8 1

P(AUB)=P(A)+P(B)-P(AHB)=E + 200 EZZ
Example 3.9 The probability that a student passes Physics test is 2/3 and the probability that
he passes both Physics test and English test is 14/45.The probability that he passes at least one

test is 4/5. What is the probability that he passes English test?

> Let A be the event that the student passes the Physics test and B be the event that he
passes English test. Given P(A):g, P(AnB)= g, P(AUuB)= g. We want P(B). From
P(AUB)=P(A)+P(B)-P(ANB), we get P(B):g.
Example 3.10 An investment consultant predicts that the odds against the price of a certain
stock will go up during the next week are 2:1 and the odds in favour of the price remaining the

same are 1:3.What is the probability that the price of the stock will go down during the next
week?
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> Let A denote the event ‘ stock price will go up’ and B be the event ‘stock price will remain
same’. Then P(A)= —, P(B)= —. Thus P(AUB)=P(A)+P(B)=;+; = —. Hence the

7 5

12 12°

probability that the stock price will go down is given by P(4 N B)=1- P(AUB)=1-

Example 3.11 An MBA applies for a job in two firms X and Y. The probability of his being
selected in firm X is 0.7 and being rejected at Y is 0.5. The probability of at least one of his
applications being rejected is 0.6. What is the probability that he will be selected in one of his
firms?

> Let A and B denote the events that the person is selected in firms X and Y respectively.
Then P(A)=0.7, P(B)=0.5. Thus P(4)=1-0.7=0.3, P(B)=1-0.5=0.5 and 0.6= P(4A U B)=
P(A)+ P(B) — P(A n B). The probability that the person will be selected in one of the
twofirms X or Y is given by: P(AUB)=1- P(An B)=1-[ P(4) + P(B) — P(A U B)]=1-
(0.3+0.5-0.6)=0.8.

Example 3.12 Three newspapers A,B and C are published in a certain city. It is estimated
from a survey that 20% read A, 16% read B, 14% read C, 8% read both A and B, 5% read both A
and C, 4% read both B and C, 2% read all three. Find what percentage read at least one of the
papers?

> Let E,F,G denote the events that a person reads newspapers A,B and C respectively.

Then we are given: P(E)=->, P(F)= —, P(G)= —, P(ENF)= —, P(ENG)= —

100’ 100’ 100 100 100’
4 2
P(GNF)= o P(ENFNG)= o0
The required probability that a person reads at least one of the newspapers is given by
P(E U F U G)=P(E)+P(F)+P(G)- P(EnF)- P(EnG)- P(GNF)+ P(ENF N G)= 13—;)=o.35.

Example 3.13 A card is drawn from a pack of 52 cards. Find the probability of getting a king
or a heart or a red card.

> Let A,B and C denote the event ‘card drawn is a king’, ‘card drawn is a heart’ and ‘card
drawn is a red card’ respectively. Then A,B,C are not mutually exclusive.
ANB: card drawn is king of hearts ; n(AnB)=1
Bn C=B( since BSC): card drawn is a heart ;n(Bn C)=13
AN C: card drawn is a red king; n(An C)=2
AN B N C= An B: card drawn is the king of hearts; n(An B n C)=1.

4 13 26 1 13 2
Thus P(A)= 5—2, P(B)= 5—2, P(C)= 5—2, P(AﬂB)= 5—2, P(Bn C)= 5—2, P(An C)= 5—2, P(An BN
C)= 5—12 Thus required probability is P(A U B U C)=P(A)+P(B)+P(C)- P(AnB)- P(Bn C)-
P(AN C)+ P(ANB N C)= 1—73
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Conditional Probability

In many situations we have the information about the occurance of an event A and are required
to find out the probability of the occurrence of another event B. This is denoted by P(B/A). For
example, if we know that a card drawn from a pack is black, we may need to calculate the
probability that it is the ace of spade.

Let us take the problem of throwing a fair die twice. Suppose same number of spots do not
appear in both the throws and we are required to find the probability that the sum of number
of spots in the two throws is six.

A patient comes to a doctor with his family history that his elders suffered from high blood
pressure. He wants to know the probability of the event that he will also suffer from high blood
pressure.

Definition Let A and B be two events. The conditional probability of event B supposing
event A has occurred, is defined by P(B/A)—P(ADB) if P(A)>o0.

Note Let B,,...,Bx be mutually exclusive events. The conditional probability of U¥ B; given that
PI(UYB)n4]_Sf P(BinA)
P@A) P4

R . Ulf B;
event A has occurred is given by P( " ) =

Example 3.14 If a card drawn from a pack is black, represented by event A, find the
probability of the event B that the card drawn is ace of spade .

» Number of black cards in a pack of 52 cards is 26. P(A)=26/52=1/2. Out of 26 black
cards, only one is ace of spade. The event ANB contains only one point; thus P(A N B) =

1
P(ANB) g5 1
P(4) % 26

— Hence P(B/A)=——=

Example 3.15 An experiment is conducted by throwing a fair dice twice. Let A be the event
that same number of spots do not turn up in two throws and B be the event that sum of the
spots is 6. Find P(B/A).

> Aincludes all 36 points of the sample space except (1,1),(2,2),(3,3),(4,4),(5,5) and (6,6).
Thus P(A)=30/36=5/6. Points favourable to event B are (1,5),(2,4),(3,3),(4,2),(5,1).
Points common to A and B, that is AnB , are (1,5),(2,4),(4,2),(5,1). Thus P(AnB)=4/36.

4

Thus P(B/A)= % —:0.133.
36
Example 3.16 10% of patients feel they suffer and are really suffering from TB, 30% feel they
suffer but actually do not suffer, 25% do not feel they are suffering but are suffering and
remaining 35% neither feel nor suffering from TB. Find the probility of events Ei,E.,E3E,,
where E;: person who suffers from TB and feels he suffering from TB, E.: person has TB and

does not feel, E5:person feels he has TB and does not suffer from TB, E4: person feels and has
TB.
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> Let us define events: A: person feels he has TB, B: person suffers from TB. P(AnB)=0.1,
P(An B)=.3, P(A NB)=.25, P(4 n B)=.35. Thus P(A)= P(AnB)+ P(AN B)=0.1+0.3=0.4,
P(B)= P(AnB)+ P(4 nB)=.10+.25=.35, P(4)= P(4 NB)+P(4 N B)=0.25+0.35=0.6,P(B)=
P(An B)+ P(4 Nn B)=0.3+0.35=0.65. Hence

(4nB)
P(E.)=P(B/A)= PP(Af === 0.25, P(E)=P(B/A)=

P(E,;)=P(A/B) = 0.286.

P(BNA)
P(4)

=0.417,P(E3)= P(A/B)=0.462,

Example 3.17 There are two lots of manufactured item. Let one contain 40 pieces whereas lot
two contains 50 pieces.it is known that former lot contains 25% defective pieces and the later
one 10%. We flip a coin and select a piece from a lot one if it turns with head up; otherwise we
select a piece from lot 2. Find the probability that a selected piece will be defective.

> Let A,B stand for the event ‘piece is selected from lot 1" and ‘piece is selected from lot 2.
Since the probability of turning head up=1/2, we have P(A)=1/2 and P(4)=1/2. Lot 1 has
10 defective and 30 non-defective pieces; lot 2 has 5 defective and 45 non-defective
pieces. Given P(B/A)=1/4, P(B/A)=1/10. Thus P(AnB)=P(B/A)P(A)=1/8, P(ANB)=
P(B/A) P(A)=1/20. Hence the probability that the selected item is defective is P(ANB)+
P(4 NB)=0.175.

Independent Events

If we draw two cards from a pack of cards in succession, then the results of the two draws are
independent if the cards are drawn with replacement and are not independent if the cards
are drawn without replacement.

Definition An event A is independent of another event B iff P(A/B)=P(A). This definition is
meaningful when P(A/B) is defined, that is, when P(B)+o.

Theorem3.4 If two events A and B are such that P(A) #0, P(B) #0 and A is independent of B,
then B is independent of A.

P(AnB)

= P(A) = P(A N B)=P(A)P(B) =P(B/A)= 2405 _PWPE)_p g

> P(A/B)= P(A)=> P(4) P(4)

Theoremg3.5 If A,B are events with positive probilities, then A and B are independent iff
P(A n B)=P(A)P(B).

Theorem3.6 If A and B are independent, then (1) A and B, (2) Aand B , (3) 4, B are
independent.

> Since A and B are independent, P(4 n B)=P(A)P(B). P(An B)=P(A)- P(4 n B)=P(A)-
P(A)P(B)=P(A)P(B). P(An B)=P(A U B)=1-P(AUB)=1-[P(A)+P(B)- P(A N B)]=1-P(A)-
P(B)+P(A)P(B)=[1-P(A)][1-P(B)]=P(4)P(B).
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Example 3.18 If A n B = @, then show that P(A)<P(B)
> A=(ANB)U(ANB)=0 U(ANnB)=AnB=AcB= P(A)<P(B).
Example 3.19 Let A and B be two events such that P(A)=3/4, P(B)=5/8. Show that (a)
P(AUB)Z 2, (b)s < P(ANB) <=.
> () ACAUB =2< P(A) < P(AUB).
(b) AN BCSB=P(A N B) <P(B)= g Also, P(AU B) = P(4) + P(B) —P(ANB) < 1>+
>—1< P(ANB) =< P(ANB)
BAYES’ THEOREM

Theorem3.7 If E;E.,....En are mutually disjoint events with P(Ei;)+#0(i=1,...,n), then for any
arbitrary event A which is a subset of U7 E; such that P(A)>o0,

P(Ei)P(Eii) P(Ei)P(Eii)

Z?P(Ei)P(Eii) - P@)

P(Ei/A)=

Example 3.20 Suppose that a product is produced in three factories X,Y, and Z. It is known
that factory X produces thrice as many items as factory Y and that factory Y and Z produces
same number of items. 3% of the items produced by each of the factories X and Z are defective
and 5% of those manufactured in Y are defective. All the items in the three factories are stocked
and an item of the product is selected at random. (1) What is the probability that the item
selected is defective? (2) if an item selected at random is found to be defective, what is the
probability that it was produced in factory X,Y,Z respectively?

> Let the number of items produced by factories X,Y, and Z be 3n,n,n respectively. Let
E.,Eo,E5 be the events that the items are produced by factory X,Y and Z respectively and

let A be the event that the item being defective. Then P(El):3niz+n:0.6, P(E.)=0.2,
P(E3)=0.2. Also, P(A/E.)= P(A/E3)=0.03, P(A/E.)=0.05(given).
(1) The probability that an item selected at random from the stock is defective is given

by P(A)=Y3P(ANE)=Y3 P(El-)P(Eii):.6 X .03+.2X.05+.2X.03=.034.

(2) By Bayes’ rule, the required probabilities are given by :

P(EDP(E) _ 6X.03 P(E)P(5) _ 2X.05
P(A) .034 P(A) 034

PEPG) 3

P4 17

P(E./A)= =0 P(E2/A)= = P(Ba/A)=
Example 3.21 In 2002 there will be three candidates for the position of the principal —Mr. x,
Mr. y and Mr.z—whose chances of getting the appointment are in the ratio 4:2:3 respectively.
The probability that Mr. x if selected would introduce co-education in the college is 0.3. The
corresponding probabilities for Mr. y and Mr.z are 0.5 and 0.8. (1) What is the probability that
there will be co-education in 2003? (2) if there is co-education in 2003, what is the probability

that Mr. z is the principal?
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> Let us define the events
A: introduction of co-education, E;: Mr. x is selected as principal

E.: Mr. y is selected as principal, E5: Mr. z is selected as principal.

P(E.)=4/9, P(E2)=2/9, P(E3)=3/9, P(A/E.)=3/10, P(A/E;)=5/10, P(A/E3)=8/10.

(1) The required probability that there will be coeducation in the college in 2003 is
P(A)=P[(ANE.)U (AN E;) U (AN E3)]= P(ANE.)+ P(ANE.)+ P(ANEs)
4 3 2 5 3 8 23
=P(E)P(A/E)+ P(E2)P(A/E2)+ P(Eg)P(A/Eg)=;. — + 5.+ . —=—.
(2) The required probability is given by Bayes’ rule:
P(ES)P(%)_%X%_lz

PA) % T 23

P(E3/A)=

RANDOM VARIABLES

In many random experiments, we are interested not in knowing which of the outcomes has
occurred but in the numbers associated with them. For example, when n coins are tossed, one
may be interested in knowing the number of heads obtained. When a pair of dice are tossed,
one may seek information about the sum of points. Thus, we associate a real number with each
outcome of a random experiment. In other words, we are considering a function whose domain
is the set of all possible outcomes and whose range is a subset of the set of reals.

Definition Let S be the sample space associated with a given random experiment. A real-
valued function X: S— (—o0, ) is called a one-dimensional random variable(r.v.).

Notation If x is a real number, the set of all weS such that X(w)=x is denoted by X=x. Thus
P(X=x)=P{w: X(w)=x}. Similarly P(X < a)= P{w €S:X(w) € (—»,a] },
P(a<X<b)=P{w:X(w)€(a,b]}

Example 4.1 Consider the random experiment of tossing a coin. Then S={w,w.}, w;=H,w.=T.
Define X:{wi,w2}—{0,1} by X(w;)=1, X(w2)=0. X is ar.v.

A function X:S—R2is a two-dimensional random variable.

Example 4.2: If a dart is thrown at a circular target, the sample space S is the set of all points
w on the target.By imagining a co-ordinate system placed on the target with the origin at the
centre, we can consider a two-dimensional random variable X which assigns to every point w of
the circular region , its rectangular co-ordinates (x,y)

Example 4.3 If a pair of dice is tossed , then S={1,2,3,4,5,6}X{1,2,3,4,5,6} .Let X be the
random variable defined by X(i,j)=max{i,j}. Then

P(X=1)=P{(i,j)):X(i,))=1}=P{(1,1)}=1/36, P(X=2)=P{(1,2),(2,2),(2,1)}=3/36.
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Distribution Function

Definition Let X be a random variable(r.v.). The function F : (-o,0)—[0,1] defined by
F(x)=P{t: X(t)<x} is the distribution function (d.f.) of the r.v. X.

Note: To emphasize the r.v. X, we sometimes denote F(x) by Fx(x).

Properties of Distribution Function

(1) If Fis the d.f. of the r.v. X and if a<b, then P(a<X<b)=F(b)-F(a).
» The events a<X<b’ and X<a are disjoint and their union is the event X<b. Hence,
by addition theorem of probability,
P(a<X<b)+P(X<a)=P(X<b). Hence the result.

Corollary: P(a<X<b)=P{(X=a) (a<X<b)}=P(X=a)+ P(a<X<b) =
P(X=a)+ [F(b)-F(a)]. When P(X=a)=0, the events
a<X<b and a<X<b have same probability F(b)-F(a)
(2) 0<F(x) <1. If x<y, then F(x) <F(y).
Discrete Random Variable

A r.v. which can assume only at most countable number of real values is a discrete random
variable. Example of discrete random variable are marks obtained in a test, number of
accidents per month etc.

Probability Mass Function

If X is a one-dimensional discrete r.v. taking at most a countable number of values x;,X»,..., then
the probabilistic behaviour of X at each x; is described by its probability mass function.

Definition If X is a discrete r.v. having distinct values xi,X»,..., then the function px(x), or
simply p(x), defined by p(x)=P(X=xi)=pi, if x=x; and =0, if x+x;, i=1,2,... is called probability
mass function(p.m.f.) of r.v. X.

Note (1)The set {(x1,p1),(X2,p2),...} specifies the probability distribution of the r.v. X.
(2)P(xi)=0, foralliand X7’ p(x;) = 1.

Example 4.4 Let S={H,T} be the sample space corresponding to the random experiment of
tossing of a ‘“fair’ coin. Let X be the r.v. defined by X(H)=1, X(T)=0. X has only two distinct
values, namely, 0 and 1. The corresponding p.m.f. is given by: p(1)=P(X=1)=P(H)=1/2,
p(0)=1/2.
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Example 4.5 A r.v. X has the following p.m.f..
Xi: 0 1 2 3 4 5 6 7
pi: 0] k 2k ok 3k k2 ok2  7k2+k

(1)Find k, (2)Evaluate P(X<6),P(X>=6) and P(0<X<5), (3) If P(X<a)>1/2, find the minimum
value of a, (4) determine the p.d.f. of X.

> (1) Since , k+2k+2k+3k+k2+2k2+7k2+k=1 giving 10k2+9k-1=0, which gives
k=1/10 or -1. Since p-=k cannot be negative, -1 is rejected and k=1/10.

(2)P(X<6)=P(X=0)+P(X=1)+...+P(X=5)=1/10+2/10+2/10+3/10+1/100=81/100. Now
P(X>=6)=1-P(X<6)=1-81/100=19/100.

(3) P(X<a)>1/2. By trial, we get a=4.
(4) The p.d.f. of X is given by:

X: 0 1 2 3
F(x)=P(X<x): 0] k=1/10 3k=3/10 5k=5/10
X: 4 5 6 7
F(x) 8k=4/5 8k+k2 8k+3k2 gk+10k?

Example 4.6 If p(x)=x/15, x=1,2,3,4,5; =0, elsewhere be the p.m.f. of a r.v.X. Find (1) P{X=1
or2}, (2) PL< X <2|X > 1}

> (1) P{X=1o0r 2}=P(X=1)+P(X=2)=1/15+2/15=1/5.

P{(%<X<§)0(X>1)} _ P((X=1lor2)n(Xx>1)) _ P(X=2) % _1

P(X>1) P(X>1) T 1-P(x=1) 1_% 7"

(3)P{§<X<§|X>1}=

Example 4.7 An experiment consists of three independent tosses of a fair coin. Let X=the
number of heads, Y=the number of head runs,Z=the length of head runs, a head run being
defined as consecutive occurrence of at least two heads, its length then being the number of
heads occurring together in three tosses of the coin. Find the probability function of (1)X, (2) Y,
(3)Z,(4)X+Y and (5)XY.

» Elementary Event Random Variables
X Y Z X+Y XY
HHH 3 1 3 4 3
HHT 2 1 2 3 2
HTH 2 0 0 2 o
HTT 1 0 0 1 o
THH 2 1 2 3 2
THT 1 0 0 1 o
TTH 1 0 0] 1 0]
TTT 0] 0] 0] 0] 0]

W
=



3
(1)Obviously X is a r.v. which can take the values 0,1,2, and 3. p(3):P(HHH):G) :%,
p(2)=P(HHT UHTHUTHH )=P(HHT)=P(HTH)+P(THH)=1/8+1/8+1/8=3/8. Similarly
p(1)=3/8, p(0)=1/8.

(2) probability distribution of Y: p(0)=5/8, p(1)=3/8.

(3)probability distribution of Z: p(0)=5/8, p(1)=0,p(2)=2/8,p(3)=1/8.

(4) probability distribution of U=X+Y:p(0)=1/8, p(1)=3/8,p(2)=1/8,p(3)=2/8,p(4)=1/8.

(5) probability distribution of V=XY: p(0)=5/8,p91)=0,p(2)=2/8,p(3)=1/8.
Continuous Random Variable
Definition A r.v. X is continuous iff X takes all values between two unequal real numbers.
Probability Density Function

Consider a small interval (x, x+dx) of length dx about x. Let f(x) be any continuous function of
x so that f(x)dx represents the probability that X falls in the infinitesimal interval (x, x+dx).
Symbolically, P(x< X < x + dx)=fx(x)dx. fx is called probability density function (p.d.f.) of the
r.v. X.

The probability for a variate value to lie in the interval [a,b] is P(a<X<b)= f: fx(x)dx.
The p.d.f. f(x) of a r.v. X has the properties:

f(x)>o, ffooo f(x)dx=1 (since f_oooo f (x)dx gives total probability), P(X=c)= fcc fx(x)dx=0(where ¢
is any value of the variate X)

Various measures of central tendency, dispersion, skewness and kurtosis for
continuous probability distribution

The formulae for these measures in case of discrete frequency distribution can be easily
extended to the case of continuous probability distribution by simply replacing pi=fi/N by
f(x)dx, xi by x and summation over ‘i’ by integration over the specified range of the variable X.

Let f(x) be the p.d.f. of ar.v. X, [a,b] being the range of X. Then
AM. 2= xf(x)dx, p,(central)= [ (x — )" f (x)dx, pl(about x=A)=[7 (x — A)"f (x)dx

Median is the point which divides the total area into two equal parts: if M be the median, then

[ f(odx = [, fF()dx = 1/2.

Mode is the value of x for whixh f(x) is maximum. Mode is the solution of f/(x)=0 and {//(x)<o0,
provided it lies in [a,b].

32



Example 4.8 The diameter of an electric cable , say X, is assumed to be a continuous
random variable with p.d.f. f(x)=6x(1-x), 0<x<1. (1) Check that f(x) is a p.d.f., (2) determine
the median b of the distribution.

> (1) fol f(x)dx =1 (by direct calculation); hence f(x) is p.d.f. of rv. X. (2)
P(X<b)=P(X>b)=6 fobf(x)dx =6 fblf(x)dx: b=1/2, lying in [0,1].

Example 4.9 Suppose that the life in hours of a certain part of radio tube is a continuous
random variable X with p.d.f. given by f(x)=100/x2, when x>100; =0, elsewhere. (1) What is
the probability that all of three such tubes in a given radio set will have to be replaced during
the first 150 hours of operation?(2)What is the probability that none of the original tubes will
have to be replaced during the first 150 hours of operation?(3)what is the probability that a
tube will last less than 200 hours if it is known that the tube is still functioning after 150 hours
of service?

> ()p=P(X<150)=] 110500 f(x)dx = | llosoo%dx = § By compound probability theorem, the

probability that all three of original tubes will have to be replaced during the first 150
hours =p3=1/27.

(2)The probability that a tube is not replaced during the first 150 hours of operation is
P(X>150)=1-P(X<150)=1-p=2/3. By compound probability theorem, the probability
that none of the three tubes will have to be replaced during the first 150 hours
=q3=8/27.

(3)Probability that a tube will last less than 200 hours given that the tube is still

200100
.. . P(150<X<200) Jis0ozdX 1.3
functioning after 150 hours is P(X<200|X>150)=2¢ )_ts0a2 7 _ 1y3_ 408,

P(X>150) feogzdx 62

Example 4.10 The amount of bread (in hundreds of pounds) x that a certain bakery is able
to sell in a day is found to be a numerical valued random phenomenon with a probability
function specified by the p.d.f. f(x) given by f(x)=kx, 0<x<5; =k(10-x), 5<x<10; =0, otherwise.
(1) find the value of k such that f(x) is a p.d.f., (2)what is the probability that the number of
pounds of bread that will be sold tomorrow is (a) more than 500 pounds, (b) less than 500
pounds and (c¢) between 250 and 750 pounds? (3) Denoting by A,B,C the events that the
pounds of bread sold are as in (2)(a),(2)(b) and (2)(c) respectively, find P(A|B),P(A|C). Are (1)
A,B independent, (2) A,C independent?

> (1)ff°oof(x)dx:1 gives k=1/25.
(2)@P(5< X <10)=[, 5= (10 — x)dx=0.5
(b)P(0< X < 5) = [ —xdx =0.5
5 1 7.5 1

(P(255 X <7.5) = [, —xdx+ [ —~ (10 — x)dx=3/4

2.525

(3)From (2)(a),(b),(c), P(A)=0.5, P(B)=0.5, P(C)=3/4. The events AnNB and An C are

given by: ANB=0, An C:5<X<7.5. Thus P(ANB)=0,P(ANC)= % ff% (10 — x)dx=3/8.
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P(A)P(C)=1/2 X 34=3/8=P(ANC), P(A)P(B)=1/4+ 0 =, B are not independ P(AnN B).
Thus A,C are independent and A,B are not independent.

Expectation of a r.v.

Let the r.v. X take values xi,...,xn with probabilities px,...,pn. Let X take value x; , fi number of

times; let N=f;+...+f,. Mean of X is given by W = %xl + -+ ];V—”xn. Let N— oo. Using the

statistical definition of probability, limiting value of mean of X , X = p;x; + = + ppxy,.
Definition Expectation of X, E(X)=}1 p;x;.

Thus E(X) may be regarded as the limiting value of the average value of X realized in N random
experiments as N— oo. Generalising, if f(X) is a function of X, f(X) will take values f(x.),...,f(xn)
with frequencies fi,...,f, and the average value of f(X) in N experiments is %f(xl)+...+ %f(Xn) and
as N—- oo, this approaches to E(f(X))=pf(x1)+...+pnf(xn). In particular, /,tﬂ (a)=E[(X-a)"],u, =
E[(X — X)"], pp = E[(X — X)2]=0".

Example 4.11 What is the expectation of the number of failures preceding the first success
in an infinite series of independent trials with constant probability p of success in a trial?

» If X denotes the number of failures preceding the first success , we find that X takes the
values 0,1,2,3,... with probabilities p,qp,q2p,q3p,..., where q=1-p. Thus probability
density function is f(x)=q'p, r=0,1,2,.... Hence
E(X)=0.p+1.qp+2.92p+3.93p+...=pq(1+29+3q2+...)=pq(1-q)2 (since q<1)=q/p = 1/p-1.

Properties of Expectation

1. Addition Theorem of Expectation: If XY are r.v., then E(X+Y)=E(X)+E(Y).

2. Multiplication Theorem of Expectation: If X,Y are independent r.v., E(XY)=E(X)E(Y).

3. If Xiisar.v. and a,b are constants, then E(aX+b)=aE(X)+b, provided all the expectations
exist.

4. If X>o0,then E(X) >o.

5. If X,Y are r.v. and X(t) >Y(t), forall t, then E(X) =E(Y), provided all expectations exist.

Example 4.12 Let X be a r.v. with the following probability distribution:
X: -3 6 9
P(X=x): 1/6 12 1/3

Find E(X) and E(X2) and using laws of expectation, evaluate E(2X+1)2.

1 11

> E(X)=Xxp(x)=(-3): + 65+ 9-=—,
E(2X+1)2=4E(X2)+4E(X)+1=209.

E(X2)=Y x?p(x) = 2. Then
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Example 4.13 Two unbiased dice are thrown. Find the expected values of the sum of
numbers of points on them.

» The probability function of X(sum of number of heads on two dice) is
X: 2 3 4 12
P(X=x): 1/36 2/36 3/36 1/36
E(X)=Y px = 31—6(2 +64+12420+30+42+40+36+30+22+12) = 3—16252=7.

SOME IMPORTANT DISTRIBUTIONS

Binomial Distribution

Let a series of n trials be performed in which occurance of an event is called a ‘success’ and its a
non-occurrence is called a ‘failure’.Let p be the probability of a success and q=1-p is the
probability of a failure. We shall assume that trials are independent and probability p of
success is same in every trial. The number of successes in n trials may be 0,1,2,...,n and is a
randam variate. The probability of x succeses and n-x failures in a series of n independent trials
in a specified order(say) SSFSFFF... FSF (S represents success and F represents failure) is
given by compound probability theorem: P(SSFSFFF... FSF)=P(S)...P(F)=p..p(x factors)q...q(n-
x factors)=pxqn-x. But x successes in n trials can occur in C} ways and the probability for each
one of these ways are same, viz. pxqt*. Hence the probability of x successes in n trials in any
order is given by the addition theorem of probability by the expression Cy p*q»*. The
probability distribution of the number of successes so obtained is called Binomial
probability distribution, for the obvious reason that the probabilities of 0,1,...,n successes
viz. g0, C1'prq™?, C3p2q™2,...,p» are the successive terms of the binomial expansion of (q+p).

Definition A random variable X is said to follow binomial distribution with parameters n and
p, written as X~B(n,p), if it assumes only non-negative values and its p.m.f. is given by
P(X=x)=p(x)= Cpp*q"*, x=0,1,...,n, q=1-p; =0,0otherwise. A random variable which follows
binomial distribution is called a binomial variate.

For a binomial distribution, following conditions must hold:

e Number of trials n is finite
e Trials are independent
e Probability of success p is constant for each trial

e EKach trial results in one of two mutually exclusive and exhaustive outcomes, termed
‘success’ and ‘failure’
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Example 5.1 Ten coins are tossed. Find the probability of getting at least seven heads.

» P=q=1/2, n=10. The probability of getting x heads in a random throw of 10 coins is

X 10—x 10
p(x)= C}° (%) (1) =CL0 (%) , X=0,1,...,10. Hence probability of getting at least 7

2

10
heads is P(X>7)= p(7)+p(8)+p(9)+p(10)= G) [C}O+ 3%+ C3° + Cld) = %.
Example 5.2 A and B play a game in which their chances of winning are in the ratio 3:2.
Find A’s chance of winning at least three games out of the five games played.

> Let p be the probability that A wins the game. N=5,p=3/5, q=2/5. The probability that
x 5—x
out of 5 games played, A wins ‘X’ games is given by:P(X=x)= C; (g) (E) , X=0,1,...,5.

The required probability that A wins at least three games is given by
ro5—1
P(X=3)=%?_3 Cf == 0.68.

Example 5.3 A multiple-choice test consists of 8 questions with 3 answers to each
question(of which only one is correct). A student answers each question by rolling a balanced
die and checking the first answer if he gets 1 or 2, the second answer if he gets 3 or 4 and the
third answer if he gets 5 or 6. To get a distinction, the syudent must secure at least 75% correct
answers. If there is no negative marking, what is the probability that the student secures a
distinction?

> Since there are three answers to each question, out of which only one is correct, the
probability of getting a correct answer to a question is p=1/3,s0 that q=2/3. The
probability of getting r correct answers in a8-question set is P(X=x)=p(x)=

c8 G)x (z)g_x, X=0,1,...,8.

Hence the required probability of securing a distinction (that is, to get correct answers

. ) ) 1 6 2 8—6
to at least 6 out of 8 questions) is given by: p96)+p(7)+p(8)= C& (g) (‘) +

3
0N’ /2 8-7 1 8 2 8-8
() G) +G) () oo
Example 5.4 The probability of a man hitting a target is ¥4. (1) if he fires 7 times , what is

the probability of his hitting the target at least twice? (2) How many times must he fire so that
the probability of his hitting the target at least once is greater than 2/3?

» p=probability of the man hitting the target =1/4, q=1-p=3/4-.
X 7—x
p(x)=probability of getting x hits in 7 shots=C/ G) (3) , X=0,1,...,7.

4

(1) Probability of at least 2 hits=1-[p(0)+p(1)]=1-[C] G)O (3)7‘0 +c7 (1)1 (3)7‘1]_43

4 4 4 78192
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n
(2) Probabilty of at least one hit in n shots=1—p(0)=1—(%) . It is required to find n such

3\ _2 o1 3\ . . . . ors
that 1—(;) >2s that is, §>(Z) . Taking logarithms on both sides and simplifying,
0.4771

0.1250

n>

=3.8. Thus required number of shots is 4.

Example 5.5 In a Binomial distribution consisting of 5 independent trials, probabilities of 1
and 2 successes are 0.4096 and 0.2048 respectively. Find the parameter ‘p’ of the distribution.

> Let X~B(n,p) where n=5, p(1)=0.4096, p(2)=0.2048. P(X=x)= C2p*(1-p)5%, X=0,1,..,5.
5(1-p) _

Given p(1)= CPp'(1-p)5* = 0.4096,p(2)= C;p2(1-p)52=0.2048. Dividing, we get YV op

2,

p=0.2.

Moments of Binomal Distribution

n

n
w=EX) = Z xCip*q" T =mp ) CZip g =nmp(q+p)"! = np.
1

x=0

Thus mean of Binomial distribution is np. It can be verified that yé =n(n-1)p2+np,
pz(central)=npq, us=npq(q-p).

Note If X~B(n,p), then mean=np, variance=npq. Hence variance<mean for a Binomial variate.

Example 5.6 The mean and the variance of a binomial distribution are 4 and 4/3
respectively. Find P(X>1).

» Let X~B(n,p). Then np=4, npq=4/3. q=1/3.p=1-q=2/3. Hence n=4/p=6. Thus
6
P(Xz1):1-P(X:o)=1-qn=1-(§) =0.99863.
Poisson Distribution
Poisson Distribution is a limiting case of Binomial Distribution under the following conditions:

e n, the number of trials, is indefinitely large, that is, n— o
e D, the constant probability of success for each trial is indefinitely small, that is, p—0
e np=A(say) is finite.

Definition A r.v. X is said to follow a Poisson distribution if it assumes only non-negative

—Ay X
values and its p.m.f. is given by p(x,y):P(X:x):%, X=0,1,...,A>0; =0,0therwise.

A is known as the parameter of the distribution; we write X~P(A) to denote X is a Poisson
variate with parameter A.

Following are some examples of Poisson variate:
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e the number of typographical errors per page in typed material

e the number of defective screws per box of 100 screws

e the number of bacterial colonies in a given culture per unit area of microscope slab
e the number of deaths in a district in one year by a rare disease

Moments of Poisson Distribution
= E(X) =\, 1} =E(X2)= A2+ A, o =pt, — (u)2= N, pz= A,

Example 5.7 Find the probability that at most 5 defective fuses will be found in a box of
200 fuses if experience shows that 2 percent of such fuses are defective.

» n=200, p=probability of defective fuses=2%=.02. Since p is small, we may use oisson
distribution. A =mean number of defective pins =np= 200(.02)=4. Thus required

probability =P(X<5)=¥5_,

4
—e4[1+4+ +2 +4 + £ 8.
x! 120

Example 5.8 Six coins are tossed 6400 times. Using Poisson distribution, find the
approximate probability of getting six heads r times.

6
» The probability of getting six heads in one throw of six coins (a single trial) is p= G) ,

6
assuming head and tail are equally probable. A =np=6400 (l) =100. Thus required

—10 1007

probability of getting 6 heads r number of times is P(X=r)== , I=0,1,2,...
Example 5.9 In abook of 520 pages, 390 typographical errors occur. Assuming Poisson law
for the number of errors per page, find the probability that a random sample of 5 pages will
contain no error.

» The average number of typographical error per page in the book is A=390/520=0.75.
Using Poisson probability law,the probability of x errors per page is given by
e Mx -07 x
P(X=x)=2 < Sx('o 75) , X=0,1,2,.... The required probability that a random sample of
5 pages wﬂl contaln no error is given by [P(X=0)]5=(e075)5=€375.

Normal Distribution

Definition A r.v. X is said to have a normal distribution with parameters u (called ‘mean’)
and o 2(called ‘variance’) if its p.df. is given by the probability law:

f(x; u, 0) =ﬁexp{—z(xaﬂ) } —00 < x < 00,—00 <y <0o,0>0.

Note (1) When a r.v.is normally distributed with mean u and standard deviation o, it is
customary to write X~N(u, 02). If X~N(y, 02), then Zz%~N(o,1); Z is called corresponding
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standard normal variate. The p.d.f. of standard normal variate Z is given by @(z) =
72

Ee‘? —o0 < z < 0. The corresponding distribution function, denoted by ®(z)=P(Z< z) =
2

z 1z X
f_OO@(U) du = Ef_we 2 du.
Few Properties of distribution function of standard normal variate

o D(-z)=1- O(z)
e P(a<X<h)= cD(”jT") - @(‘fT"), where X~ N(y, o2).

Chief Characteristics of the Normal Distribution and Normal Probability curve

_(x=pw)?

The normal probability curve with mean u and s.d. o is given by f(x)= 202 -00 < x < 00,

1
ovzm C
The curve has the following properties:

e The curve is bell-shaped and symmetrical about the line x= u
e Mean,median and mode of the distribution coincide

e As x increases numerically, f(x) decreases rapidly, the maximum probability
[p(X)]maxza;m occurring at x= p.

e f1=0,p,=3

e Since f(x) (being probability)=o0, for all x, no portion of the curve lies below the x-axis

e x-axis is an asymptote to the curve f(x)

® Ur41=0,T=0,1,2,...

e mean deviation about mean=4 o/5 (approx.), quartile deviation=2 ¢ /3(approx.)

e Area property: P( pu—o<X<u+0)=06826  P( pu—-20<X<u+22o0)=
0.9544,P(u— 30 <X <pu+30)=P(—3<Z<3)=09973.

Example 5.10 For a certain normaldistribution, the first moment about 10 is 40 and the
fourth moment about 50 is 48. What is the arithmetic mean and s.d. of the distribution?

> u{(about X=10)=40. Thus mean=1o+u{:50. Also ,uﬁ(about X=50)=48, that is, us=48(
since mean =50). But for a normal distribution with s.d. o, 14=3 04=48 giving o=2.

Example 5.11 X ~N(12,4). (a) Find the probability of (1) X>20, (2)X<20, (3)0<X< 12. (b)
Find x such that P(X>x)=0.24.

> (a) For X=20, Z= 2212

0.4772=0.0228.
P(X<20)=1- P(X>20)=1-.0228=.9722.
P(0<X< 12)=P(-3<Z<0)=P(0< Z < 3)=0.49865.

=2, Thus P(X = 20)=P(Z = 2)=0.5-P(0 <Z < 2) =0.5-
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(b)When X=x, Zz%zzl(say).GivenP(X>x):P(Z>zl):0.24;thus P(0<Z<z1)=0.26. From
normal table, z;=0.71(approx..) Hence x_lezo.71 giving x=14.84.

Example 5.12 The mean yield for one-acre plot is 662 kilos with s.d. 32 kilos. Assuming
normal distribution, how many one acre plots in a batch of 1000 plots would you expect to
have yield (1) over 700 kilos,(2)below 650 kilos and (3) what is the lowest yield of the best
100plots?

» If the r.v. X denotes the yield (in kilos) for one-acre plot, then X~ N(u, 02), with u = 662,

0=32.
(1) The probability that a plot has a yield over 700 kilos is given by P(X>700)=P(Z>1.19)
[z=M = 1.19] = 0.5-P(0<Z<1.19)=0.5-0.3830=0.1170. Hence in a batch of 1000

plots, the expected number of plots with yield over 700 kilos is 1000 x 0.117=117.

(2) Required number of plots with yield below 650 kilos isgiven by 1000 x
650—662

P(X<650)=1000 X P(Z<—o.38)[z=T] =1000 x P(Z>0.38)=1000 X [0.5-
P(0< Z <0.38)]=1000[0.5-0.1480]=352.

100

(3) The lowest yield , say, x,of best 100 plots is given by:P(X>x)=——=0.1. When X=x,

1000
Z:x_:;z:zl (say) such that P(Z>z:)=0.1= P(0<Z< z:)=0.4=z,=1.28(approx.) (from

normal tables). Thus x=662+32z,=702.96. Hence the best 100 plots have yield over
702.96 kilos.

Example 5.13 The marks obtained by a number of students for a certain subject are
assumed to be approximately normally distributed with mean value 65 and s.d. 5. If 3 students
are taken at random from this list, what is the probability that exactly 2 of them will have
marks over 70?

» Let the r.v. X denote the marks obtained by the given set of students in the given subject.
Given that X~ N(u,02), with u = 65, o0=5. The probability that a randomly selected
student from the given set gets marks over 70 is given by p=P(X>70)=P(Z>1)=0.5-
P(0<Z< 1)=0.5-0.3413=0.1587. Since this probability is same for each student of the
set, the required probability that out of 3 students selected at random from the set,
exactly 2 will have marks over 70, is given by the binomial probability law: C3p2(1-p)=3
x (0.1587)2 x (0.8413)=.06357.
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CORRELATION & REGRESSION

Often we come across situations in which our focus is simultaneously on two or more possibly
related variables . If change in one variable affects a change in the other variable, the variables
are said to be correlated. If increase in values of one variable results in increase in the
corresponding values of the other variable, variables are said to be positively correlated; if
increase in one variable results in decrement of values of the other variable, variables are
negatively correlated. Correlation is said to be perfect if deviation in one variable is followed by
a corresponding and proportional deviation in the other variable.

Scatter Diagram

It is simplest diagrammatic representation of bivariate data. Thus for the bivariate distribution
(x1,y1), i=1,...,n; if the values of the variables X and Y are plotted along the x-axis and y-axis
respectively in the x-y plane, the diagram of dots so obtained is known as scatter diagram.
From the scatter diagram, we can form a fairly good, though vague, idea whether the variables
are correlated or not: if the points are very close to each other, we should expect high
correlation between the variables.

Karl Pearson’s coefficients of correlation

Let (xi,yi),i=1,...,n be a bivariate distribution of two r.v.s X and Y. Correlation coefficient
between X)Y , usually denoted by r(X,)Y) or by rxy, is a numerical measure of linear

Cov(X,Y)’ where Cov(X,Y)=E[{X-

ox0y

! - 1 - 11 _ 1 _
200 =07 =28 =X of == X0 -y =1Lyl -y

relationship between them and is defined as : r(X,Y)=

Note r(X,Y) is independent of units of measurement of X,Y.
Karl Pearson’s correlation coefficient is based on the assumptions:

e There is a linear relationship between the r.v.s, that is, if the paired observations of both
the variables are plotted on a scatter diagram, the plotted points will approximately be
concurrent

e The variations in the two variables follow the normal law.

Limits for value of correlation coefficient

1wn _ _
cov(XY) = 7li1(xi—0)i-y) o2 = (X a;b;)?

1 o1 _ % (Zaiz)(zbiz)’
[FIi-025 372

Schwartz inequality, (¥, a;b;)? < (X a?)(X b?). Hence r2<1. Thus -1< r < 1.

r(X,Y)= where ai= xi-X, bi= yi-y. Now by

Ox0y

Note if r=+1, correlation is perfect and positive; if r=-1, correlation is perfect and negative.
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Effect of change of origin and scale of reference on correlation coefficient

X-a Y-b hk . . .
If U=—V=—o, then ryy, = T Tuv Hence if h,k are of the same sign, then ry, = ryy; if h,k
are of opposite sign, ryy = —1yy.

Note r is independent of origin a,b.

Note two independent variables are uncorrelated; converse may not hold.

Cov(X)Y)

» If X)Y are independent, Cov(X,Y)=0; hence r(X,Y)= =0. Two uncorrelated

ox0y
variables may not be independent:

X: -3 -2 -1 1 2 3

Y: 9 4 1 1 4 9

XYy: -27 -8 -1 1 8 27

r(X,Y)=0 but X,Y are dependent: Y=X2.

Example 6.1 Calculate the correlation coefficient for the following heights(in inches) of
fathers (X) and their sons(Y):

X: 65 66 67 67 68 69 70 72
Y: 67 68 65 68 72 72 69 71

> Calculation for correlation coefficient

X Y X2 Y2 XY
65 67 4225 4489 4355
66 68 4356 4624 4488
67 65 4489 4225 4355
67 68 4489 4624 4556
68 72 4624 5184 4896
69 72 4761 5184 4968
70 69 4900 4761 4830
72 71 5184 5041 5112
544 552 37028 38132 37560

_ 1 544 _ 1 552

X=—ZX=—=68,Y=—ZY:—=69

n 8 n 8
Cov(xY) ZYXY-XY 5 X 37560-68 X 69

r(X,Y)= = =0.603.

o JGere)Gavr)[FEe e
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Short-cut Method

X Y U=X- V=Y-69 | U2 V2 uv
68

65 67 -3 -2 9 4 6
66 68 -2 -1 4 1 2
67 65 -1 -4 1 16 4
67 68 -1 -1 1 1 1
68 72 0 3 0 9 0
69 72 1 3 1 9 3
70 69 2 0 4 0 0
72 71 4 2 16 4 8
TOTAL 0 0 36 44 24

1X24=3, o} =1%U? - U?=1 X 36=4.5 of =13 V2 -

n n

J =0, 7 =0, Cov(U,V)= % YUV — TV

—2_1 _ _Cov(U,V)_ 3 _
V=2 X44=5.5. Thus ruv= o —m—0.6o3.

Example 6.2 A computer while calculating correlation coefficient between two variables X
and Y from 25 pairs of observations obtained the following results: n=25, X = 125, X? =
650, Y = 100,Y Y? = 460, Y XY = 508. It was however later discovered at the time of checking
that he had copied down two pairs as (6,14),(9,6) while the correct values are (8,12),(6,8).
Obtain the correct value of correlation coefficient.

» Corrected ) X =125-6-8+8+6=125,corrected ). Y =100-14-6+12+8=100
Corrected Y, X?=650-62-82+82+62=650, corrected Y, Y2=460-142-62+122+82=436,
Corrected ), XY=508-6 X 14-8 X 6+8 X 12+6 X 8=520.

Corrected X :% x 125=5, Corrected 17:% X100=4.

Cov(X,Y)= %Z XY — XY=4/5. 62=1, 62=36/25. Hence corrected rxy=0.67.

Regression Analysis

Regression Analysis is a mathematical measure of the average relationship between two or
more variables in terms of the original units of data.

If the variables in a bivariate distribution are related, the corresponding points in the scatter
diagram will cluster round some curve called’ curve of regression’. If the curve is a straight line,
it is called ‘line of regression’ and there is said to be linear regression between the variables.

The line of regression is the line which gives the best estimate to the value of one variable for
any specific value of the other variable. Thus ‘line of regression’ is the line of best fit and is
obtained by principle of least squares.

Let us suppose that in the bivariate distribution (xi,yi), i=1,...,n, X is independent and Y is
dependent variable. Let the line of regression of Y on X be Y=a+bX (1). (1) represents a family
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of straight lines for different values of a and b. The problem is to find a and b corresponding to
the line of ‘best fit’.

According to the principle of least squares, we have to find a,b so that E=Y1(y; — a — bx;)? is

minimum. From the principle of maxima and minima, 0— =-2Y%y; —a—bx;) and
0= 5 = —2XYx(y; —a—bx;) which gives 1yi=na+b erxi (2), Xixy; =aXix+
b X1 x{(3)

Equations (2) and (3) are known as normal equations for estimating a and b. From (2), on
dividing by n, we get y = a + bx(4) Thus the line of regression of Y on X passes through (x, ¥).

Now A(say)=Cov(X.Y)=, S x;y; =7y = L xyi=A+iy. (5)

1 _ 1 —
oZ = ;le-z — i ;inz = o +x2.(6)

From (3),(5) and (6), A+xy=ax+b(cZ + x2). From (4) and (6), A=bg? giving b=A/c?.
Since the regression line of Y on X passes through (X, ¥) and has slope b=A/a#, its equation is

Y-y = A/o(X-%), that is, Y-y —r—(X X).
Similarly the equation of line of regression of X on Y is given by X-f=rZ—X(Y—37).
Y

Note In case of perfect correlation r=+1 and in that case the equations of two regression lines
coincide: =2=4%%
Oy ox

Regression Coefficients

byx= r:—y and bxy= rZ—X are called regression coefficient of Y on X and of X on Y respectively.
X Y

Properties of regression coefficients

. A A A . .
e byx bxy=r2. Thus r=+./byybyx. Since r=_ bYX:E’ bxy=a—12/, it may be noted that sign of

correlation coefficient is same as that of regression coefficients, since the sign of each
depends on that of A. Thus, if the regression coefficients are positive, r is positive; if the
regression coefficients are negative, r is negative. Hence the sign to be taken before the
square root is that of the regression coefficients.

e If one of the regression coefficients is >1, then the other must be <1: byx bxy=r2<i; if

1
byx=—>1, then bxy<1.
bxy
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e Regression coefficients are independent of change of origin but not of scale: if U:X—;la,

v:yk;”, then bxy=%buv.

Example 6.3 Obtain the equations of two lines of regressions for the following data. Also
obtain the estimate of X for Y=70.

X: 65 66 67 67 68 69 70 72
Y: 67 68 65 68 72 72 69 71
> Let U=X-68, V=Y-69. Then U =0,V = 0,02 = 4.5,0% =5.5, Cov(U,V)=3,r(U,V)=0.6.
Since correlation coefficient is independent of change of origin, r=r(X,Y)=r(U,V)=0.6.
X=68+U=68, Y=69+V=69,0y=0,=V4.5=2.12, 0y = 0,=V5.5=2.35.
Equation of line of regression of Y on X is: Y-Y:rZ—Y(X—)? ), or, Y=0.665 X+23.78
X
Equation of line of regression of X on Y is: X-X :rZ—X(Y—Y), or, X=0.54Y+30.74
Y
To estimate X for given Y, we use line of regression of X on Y.If Y=70, estimated value of

X is given by X=0.54 X 70+30.74=68.54.

Example 6.4 In a partially destroyed laboratory, record of an analysis of correlation data, the
following results only are available: Variance of X=9, Regression equations: 8X-
10Y+66=0,40X-18Y=214. What are values of(1) X, Y, (2)rxy, (3) oy?

> (1)Since (X,Y) is the point of intersection of the lines of regression, solving given

equations of lines of regression simultaneously, we get X=13, Y=17.

(2) Comparing given equations of regression lines Y=18—0X +i—2, X=2y +%, we get

40
8 4 18 _ 9 9 3 o .
byx=5 =% bXY:E = -5+ Hence r2= byx. bXY:E' Hence r=1_. Since both the regression

. . oy 3
coefficients are positive, r=-=0.6.

o 4 3 o o« .
(3)we have be=r.é ; hence = ?Y, giving oy, =4.

Example 6.5 Find the most likely price in Mumbai corresponding to the price of Rs. 70 at
Kolkata from the following;:

Kolkata Mumbai
Average price 65 67
Standard Deviation 2.5 3.5

Correlation coefficient between the prices of commodities in the two cities is 0.8.

45



» Let the prices (in Rs.) in Kolkata and Mumbai be denoted by X and Y respectively. Given
X=65,Y=67, 6y=2.5, 0y=3.5, r=0.8. We want Y corresponding to X=70.
Line of regression of Y on X is: Y-Y= r.?(X-)? ) ,or, Y=67+0.8 X z;E(X-65).
X .

When X=70, Y=67+0.8 X %(70—65)=72.6.

Thus most likely price in Mumbai corresponding to the price of Rs .70 in Kolkata is Rs.
72.60.

Example 6.6 Can Y=5+2.8 X and X=3-0.5Y be the estimated regression equations of Y on X
and of X on Y respectively?

» Line of regression of Y on X is: Y=5+2.8X ;thus byx=2.8
Line of regression of X on Y is:X=3-0.5Y; thus bxy=-0.5
This is not possible, since the regression coefficients byx, bxy must be of the same sign.
Hence given equations can not be taken as lines of regression.

Curvilinear Regression

In many situations, variables X and Y may be related non-linearly. Extending the method of
finding regression lines using method of least square, we like to fit a parabolic curve
Y=a+b:X+b-X2 to the given set (x1,y1),(X2,y2),...,(Xn,yn) of n observations.

Using principle of least squares, we have to determine the constants a,b;,b. so that E=Y7(y; —
a — byx; — b,x?)? is minimum. Equating to zero the partial derivatives of E w.r.t. a,b;,b., we
obtain the normal equations :

O0E 0E

=2 Yy —a—byx;—byx}) , 0= —=-2XY1x;(yi—a—byx;—byx{)

0= b,

0E
0= = —2 31 xF(yi — a — byx; — byxP).

Simplifying, Xy, =na+ by Xxi+ by Xxf, Zxyi = aXxi+ by Zxf + b, Xx7, Tafyi = aXxf +
b Y x? + b, Y. x!'. Solving these equations simultaneously, we get a,bs,b. corresponding to the
curve of best fit.

Example 6.7 For 10 randomly selected observations, following data were recorded:
Overtime hours(X): 1 1 2 2 3 3 4 5 6 7
Additional units(Y): 2 7 7 10 8 12 10 14 11 14

Fit a parabolic curve to above data using method of least squares.

Serial X Y X2 X3 X4 XY X2Y
No.

1 1 1 1 2 2

2 7 1 1 1 7 7

3 7 4 8 16 14 28
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4 2 10 4 8 16 20 40

5 3 8 9 27 81 24 72

6 3 12 9 27 81 36 108

7 4 10 16 64 256 40 160

8 5 14 25 125 625 70 350

9 6 11 36 216 1296 66 396

10 7 14 49 343 2401 98 686
Total 3 95 154 820 4774 377 1849

Corresponding normal equations are: 10a+34b:+154b>.=95,34a+154b;+820b.=377,

154a+820b:+4774b2=1849. Solving , a=1.80,b:=3.48,b.=-0.27. Thus regression equation of Y
on X is: Y=1.80+3.48X-0.27X2,

INDEX NUMBERS

An index number may be defined as a measure of the average change in a group of related
variables over two different situations. The group of variables may be the prices of a specified
set of commodities, the volumes of production in different sectors of an industry, the marks
obtained by a student in different subjects and so on. The two different ‘situations’ may be
either two different times or two different places.

The most commonly used index number is the index number of prices. Let po and p: denote
the prices of a commodity in suitable units in two different situations denoted by ‘0’and ‘1’. Any
change in the price of the commodity from ‘0’ to ‘1’ may be expressed either in absolute or
relative terms. The absolute change is p:-po; the relative change is given by p./po, which is
called a price relative. The problem is to combine these various individual changes in prices
and get a measure of the overall change in the prices of the set of commodities. A price index
number is a sort of average of these individual price relatives, and it measures the price
changes of all the commodities collectively.

Although different commodities may have peculiar characteristics in their price fluctuations, it
has been empirically found that , taken as a whole, the distribution of price relatives is bell-
shaped with a marked central tendency, provided the base period is in the recent past. Hence
we are justified in taking an appropriate measure of central tendency in combining the
different price relatives.

Let us denote by poi the price of i th commodity in the base period and by p.i the price of this
commodity in the current period (i=1,...,k). If we use the arithmetic mean of price relatives for

_2iP1i/Poi
k

constructing the index number, then o= is a simple or unweighted index number.
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Choice of weights

The commodities included in the index number are not all of equal importance. For instance,
in constructing a wholesale price index for India, ‘rice’ should have greater importance than
‘tobacco’. So the problem of weighting different commodities included in the index number
according to their importance deserves attention. If we ignore weights, we get an
inappropriately weighted index. If w; be the weight attached to the price relative for the i th
commodity, then we get the weighted A.M.

-
Pii,,,.

Io:= ;‘:L - Choosing different weight system, we get different index numbers:

e Choosing wi=qoi (the base period quantities) we get Laspeyres’ index: Io1=§i51i20i.
iPoi4oi

e Choosing wi=qsi (the current period quantities) we get Paasche’s index: Iolz—gizliz“'
iPoi41i

e  Choosing wi=(qui+qoi)/2, we get Edgeworth-Marshall index: Io,=222i(1:+d00
2iPoi(q1i+qoi)

e Fisher’s ‘ideal’ index: Io:= JMM
2iPoidoi ZiPoid1i
Example 7.1 Table below gives the wholesale prices (p) and quantities produced (q) of a
number of commodities in Delhi. Calculate Laspeyres’, Paasche’s, Edgeworth-Marshall and
Fisher’s index numbers for the year 1985 , with the year 1982 as base.

Commodity 1982 1985
P q p q
Rice 277.92 1.1 366.67 6.2
Wheat 176.25 106.0 186.58 116.9
Jowar 151.00 4.2 182.57 5.5
Barley 121.83 2.4 181.25 1.0
Bajra 156.75 13.1 155.75 6.1
Gram 273.00 1.0 498.83 0.6

> Let poi,qoi and pii,q:ii denote the prices and quantities for 1982 and 1985,
respectively. Then

i P0iq0i=22241.229, ¥}, P1;q0;=23921.766, X, P0i91:=24399.034, X.; P1:91:=26519.314.

, _ 23921.766 3
Thus Laspeyres Inex=——"--—x 100=107.56
Paasche’s Index%iii‘iiz x 100=108.69
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50441.08
46640.263

Edgeworth-Marshall Index= x 100=108.15

and Fisher’s ‘ideal’ index number=v107.56 x 108.69=108.12.

TIME SERIES ANALYSIS

Time series is a series of observations recorded at different points or intervals of time.
Maximum temperature of a place for different days of a month, yearly production of coal for
last 20 years, monthly sales figure of some product are examples of time series data.

Let y: denotes the value of the variable y at time t (t=1,..,n).In case the figures relate to n
successive periods (and not points of time), t is to be taken as the mid-point of the t th period.

Components of time series

A graphical representation of a time series shows continual change over time, giving us an
overall impression of haphazard movement. A critical study of the series will, however, reveal
that the change is not totally haphazard and a part of it, at least, can be accounted for. The
systematic part which can be accounted for may be attributed to several broad factors:
(1)secular trend, (2)seasonal variation, (3)cyclical variation. Separation of the different
components of a time series is of importance, because it may be that we are interested in a
particular component of the systematic variation or that we want to study the series after
eliminating the effect of a particular component. It may be noted that it is the systematic part
of the time series which may be used in forecasting.

Secular Trend or trend of a time series is the smooth, regular, long-term movement of the
series if observed long enough. Sudden or frequent changes are incompatible with the idea of
trend .

Seasonal variation

Seasonal variation stands for a periodic movement in a time series where the period is not
longer than one year. It is the component which recurs or repeats at regular intervals of time.
Example of seasonal fluctuation may be found in the passenger traffic during the 24 hours of a
day, sales of a departmental store during the 12months of a year etc. The study and
measurement of this component is of prime importance in certain cases. The efficient running
of any departmental store , for example, would necessitate a careful study of seasonal variation
in the demand of the goods.

Cyclical Fluctuation

By cyclical fluctuation we mean the oscillatory movement in a time series, the period of
oscillation being more than a year. One complete period is called a cycle. The cyclical
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fluctuations are not necessarily periodic, since the length of the cycle as also the intensity of
fluctuations may change from one cycle to another.

Irregular Fluctuation

This component is either wholly unaccountable or are caused by such unforeseen events as
wars, floods, strikes etc.

Estimation of secular trend in a time series by elimination of seasonal and
cyclical fluctuation

In order to measure the trend , we are to eliminate from the time series the other three
components. If the period of seasonal fluctuations be a year, then the yearly totals or tearly
averages will be free from the seasonal effect. Thus, in determining the trend from monthly
data, it is customary to start with the yearly totals or averages, which are free from seasonal
effects. The monthly trend values can be obtained from the annual trend values by
interpolation.to eliminate the other two components, viz. the cyclical and the irregular, we may
consider the following methods:

Method of moving averages

The simple moving average of period k of a time series gives a new series of arithmetic means,
each of k successive observations of the time series. We start with the first k observations. At
the next stage, we leave the first and include the (k+1)th observation. This process is repeated
until we arrive at the last k observations. Each of these means is centered against the time
which is the mid-point of the time interval included in the calculation of the moving average.
Thus when k, the period of moving average, is odd, the moving average values correspond to
tabulated time values for which the time series is given. When k is even,the moving average
falls midway between two tabulated values. In this case, we calculate a subsequent two-item
moving average to make the resulting moving average values correspond to the tabulated time
periods.

The interpolation ofsimple moving averages is very simple. A k-point moving average may be
interpreted as the estimated value for the middle of the period covered from successive linear
curves fitted through the first k points, through the 2nd to the (k+1)th values and so on, and
lastly through the last k points.

Consider the first k points yy,...,yk. Let the origin be shifted to the middle of the period so that
Y. t;=0. The normal equations for fitting a curve Y=a+bt through yy,...,yx are

Yyi=ka+bY t;, X t;y; =aXt; +bX t}

So that a = % =y,b= % Hence the estimated value for the middle of the period covered
;that is, for t=0, from the curve Y=a+bt is @, which is the first moving average value. Similarly
it can be shown that the estimated value from the fitted linear curve through y.,...,yx+1 would be

1 .
;Z{-‘;}l yi, the second moving average value and so on.
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A moving average with a properly selected period will smooth out cyclical fluctuations from the
series and give an estimate of the trend. The central problem in this method is thus the
selection of an appropriate method which will eliminate all fluctuations that d raw the series
away from the trend.

Example 8.1 Apply 3-year moving average to the following data on production of cements.
Plot the data and the trend values on the same graph.

Year: 1992 1993 1994 1995 1996 1997 1998 1999
Output(in ‘000 tons) 1542 1447 1552 2102 2612 3195 3597 3567
> Determination of trend values by 3-yearly moving average
year Output(in ‘000 | 3-yearly 3-yearly moving
tons) moving total average(Trend
values)
1992 1542 . .
1993 1447 4541 1513.7
1994 1552 5101 1700.3
1995 2102 6266 2088.7
1996 2612 79009 2636.3
1997 3195 9344 3114.7
1998 3537 10299 3433.0
1999 3567 - -

Example 8.2 Work out the trend values by 4-yearly moving average from the following data
on production of iron ore( in ‘000 tons)

Year: 1983 84 '8 86 87 88 89 90 91 ‘92 ‘03
Production: 110 125 118 134 121 132 145 155 159 148 162
> Year production 4-yearly 4-yearly 4-yearly(centered)
moving total moving average moving average
1983 110
1984 125
487 121.75
1985 118 123.125
498 124.5
1986 134 125.370
505 126.25
1987 121 129.620
532 133.00
1988 132 135.625
553 138.25
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1989 145 143.000

591 147.75

1990 155 149.750
607 151.75

1901 159 153.870
624 156.00

1992 148

1993 162

Example 8.3 Calculate the trend values by the method of moving averages from the following
data on quarterly production(in ‘000 tons):

year
Quarter 1995 1996 1997
) | 15 15 20
1I 19 22 21
111 21 23 25
IV 18 20 20

Is it possible to find the trend value for the first quarter of 1998 by the above method? Justify.
Year Quarter Production 4-Quarter  4-Quarter 4-Quarter(centered)

(in’000 tons) moving total moving average moving average

I 15 -—-=
1995 II 19 —_—
73 18.25
III 21 18.250
73 18.25
IV 18 18.625
76
1 15 19.00
78 19.250
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1996 I 22 19.50

80 19.750
III 23 20.00
85 20.625
IV. 20 21.25
84 21.125
I =20 21.00
86 21.250
1997 I 21 21.50
86 21.500
III 25 21.50

v 20  —m—

It is not possible to find the trend values for the 15t quarter of 1998 by the moving average
method since there is no specific mathematical equation which can be used for interpolation or
prediction purposes.

Method of mathematical curves

The trend values obtained by the method of moving averages , even though fairly smooth, is
not representable by a simple mathematical formula.Since there does not exist any
mathematically expressed trend equation, the method fails to achieve the main objective of
trend analysis, that is, the interpolation and extrapolation of trend values.Therefore, attempt is
made to fit the observed time series with a fairly simple mathematical curve. The fitting of
mathematical curve has two parts: (1) determination of the appropriate trend curve, (2)
determination of unknown parameters involved in the equation. From the graphical
representation of the given time series , an investigator may guess the nature of the which fits
the data best. The method is subjective in this sense. Determination of unknown constants
appearing in the trend equation can be done by method of least squares.

Example 8.4 Following table gives the number of hospital beds in West Bengal for the years
1979 to 1986. Plot of year versus no. of beds suggest that a linear trend will be appropriate to fit
to the given data. The necessary data are done in table below:

Year No.of beds | t=2(year- tyt t2 Ti=ao+a;t
mid-period)

1979 55477 -7 -388339 49 55938
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1980 | 58045 -5 -290225 25 57365
1981 58448 -3 -175344 9 58792
1982 59876 -1 -59876 1 60219
1983 61894 1 61894 1 61646
1984 63734 3 191202 9 63073
1985 | 64667 5 323335 25 64500
1986 65319 7 457233 49 65927
Total 487460 0 119880 168

Since Y t =0, the normal equations are 487460=8a,, 119880=168a; so that a,=60932.5,
a;=713.57. The linear trend equation is , therefore, Tt=60932.5+713.57t.

Example 8.5 table below shows the data on passenger-kilometer(millions) for Indian
Railways during 1983 to 1989. Fit a quadratic trend :

Year Pass-Kilo T=year- tyt t2y; t2 t4
1986
1983 6096 -3 -18288 54864 9 81
1984 6379 -2 -12758 25516 4 16
1985 6774 -1 -6774 6774 1 1
1986 7327 0 0 0 0 0
1987 7516 1 7516 7516 1 1
1988 7863 2 15726 31452 4 16
1989 8427 3 25281 75843 9 81
Total 50382 (o} 10703 201965 28 196

Here ¥ t =0,). t3=0. Hence the normal equations are

0=Y y=7a,+28a;, 10703=Y yt=a, Y, t?, 201965=28a,+196a;. Solving, a,=7176.63, a:;=5.20,
a.=382.25. Thus trend equation is Ti=7176.63+5.20t+382.25t2.

Quadratic Trend fitted to the data

Year T=year-1986 aot at? Trend Ti=ao+a-t+a;t2
1983 -3 -1146.75 | 46.80 6076.68

1984 -2 -764.5 20.80 6432.93

1985 -1 -382.25 5.20 6799.58

1986 o} (o} 0 7176.63

1987 1 382.25 5.20 7564.08

1988 2 764.5 20.80 7061.93

1989 3 1146.75 46.80 8370.18
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LINEAR PROGRAMMING
CHAPTER |
Mathematical formulation of Linear Programming Problem

Let us consider two real life situations to understand what we mean by a
programming problem. For any industry, the objective is to earn maximum profit
by selling products which are produced with limited available resources, keeping
the cost of production at a minimum. For a housewife the aim is to buy provisions
for the family at a minimum cost which will satisfy the needs of the family.

All these type of problems can be done mathematically by formulating a problem
which is known as a programming problem. Some restrictions or constraints are to
be adopted to formulate the problem. The function which is to be maximized or
minimized is called the objective function. If in a programming problem the
constraints and the objective function are of linear type then the problem is called a
linear programming problem. There are various types of linear programming
problems which we will consider through some examples.

Examples

1. (Production allocation problem) Four different type of metals, namely, iron,
copper, zinc and manganese are required to produce commaodities A, B and
C. To produce one unit of A, 40kg iron, 30kg copper, 7kg zinc and 4kg
manganese are needed. Similarly, to produce one unit of B, 70kg iron, 14kg
copper and 9kg manganese are needed and for producing one unit of C, 50kg
iron, 18kg copper and 8kg zinc are required. The total available quantities of
metals are 1 metric ton iron, 5 quintals copper, 2 quintals of zinc and
manganese each. The profits are Rs 300, Rs 200 and Rs 100 by selling one
unit of A, B and C respectively. Formulate the problem mathematically.
Solution: Let z be the total profit and the problem is to maximize z(called
the objective function). We write below the given data in a tabular form:



Iron Copper | Zinc | Manganese | Profit

per unit
in Rs
A 40kg |30kg | 7kg 4kg 300
B 70kg 14kg | Okg 9kg 200
C 60kg 18kg | 8kg Okg 100
Available | 1000kg | 500kg | 200kg | 200kg
guantities—

To get maximum profit, suppose x; units of A, x, units of B and x5 units of
C are to be produced. Then the total quantity of iron needed is (40x; +
70x, + 60x3)kg. Similarly, the total quantity of copper, zinc and
manganese needed are (30x; + 14x, + 18x3)kg , (7x; + 0x, + 8x3)kg
and (4x; + 9x, + Ox3)kg respectively. From the conditions of the problem
we have,
40x, + 70x, + 60x3 < 1000
30x; + 14x, + 18x3 < 500
7x1 + O0x, + 8x3 < 200
4x, + 9x, + Ox3 < 200

The objective function is z = 300x; + 200x, + 100x5 which is to be maximized.
Hence the problem can be formulated as,

Maximize z = 300x; + 200x, + 100x5
Subject to
40x; + 70x, + 60x3 < 1000
30x; + 14x, + 18x3 < 500
7x1 + Ox, + 8x3 <200
4x; + 9x, + 0x3 < 200

As none of the commodities produced can be negative, x; = 0,x, = 0,x3 = 0.



All these inequalities are known as constraints or restrictions.

2. (Diet problem) A patient needs daily 5mg, 20mg and 15mg of vitamins A, B
and C respectively. The vitamins available from a mango are 0.5mg of A,
1mg of B, 1mg of C, that from an orange is 2mg of B, 3mg of C and that
from an apple is 0.5mg of A, 3mg of B, 1mg of C. If the cost of a mango, an
orange and an apple be Rs 0.50, Rs 0.25 and Rs 0.40 respectively, find the
minimum cost of buying the fruits so that the daily requirement of the
patient be met. Formulate the problem mathematically.

Solution: The problem is to find the minimum cost of buying the fruits. Let z be
the objective function. Let the number of mangoes, oranges and apples to be
bought so that the cost is minimum and to get the minimum daily requirement
of the vitamins be x;, x,, x5 respectively. Then the objective function is given

by
z=0.50x; +0.25 x5, + 0.40 x5

From the conditions of the problem

0.5x1 + OxZ + 05x3 > 5
X1+ 2x, + 3x3 =20

x1 + 3%, + x3 =15 and
X1 =20,x,=20,x3=>0
Hence the problem is
Minimize z = 0.50 x; + 0.25 x, + 0.40 x5 .
Subject to 0.5x; + 0x, + 0.5x; =5
X1 +2x, + 3x3 =20
X+ 3x,+ x3=15

and X1 > O,XZ = O,X3 >0



3. (Transportation problem) Three different types of vehicles A, B and C have
been used to transport 60 tons of solid and 35 tons of liquid substance. Type
A vehicle can carry 7 tons solid and 3 tons liquid whereas B and C can carry
6 tons solid and 2 tons liquid and 3 tons solid and 4 tons liquid respectively.
The cost of transporting are Rs 500, Rs 400 and Rs 450 respectively per
vehicle of type A, B and C respectively. Find the minimum cost of
transportation. Formulate the problem mathematically.

Solution: Let z be the objective function. Let the number of vehicles of type
A, B and C used to transport the materials so that the cost is minimum be
X1, X5, X3 respectively. Then the objective function is = 500x; + 400x, +
450x5 . The quantities of solid and liquid transported by the vehicles are
7x, +6x,+3x3 tons and 3x; + 2x, +4x; tons  respectively.
By the conditions of the problem, 7x; + 6x, + 3x3 = 60 and 3x; + 2x, +
4x3 = 35. Hence the problem is
Minimize z = 500x; + 400x, + 450x;
Subject to 7x; + 6x, + 3x3 = 60

3x; + 2x, + 4x3 = 35

And x;,x,,x3 =0

4. An electronic company manufactures two radio models each on a separate
production line. The daily capacity of the first line is 60 radios and that of
the second line is 75 radios. Each unit of the first model uses 10 pieces of a
certain electronic component, whereas each unit of the second model uses 8
pieces of the same component. The maximum daily availability of the
special component is 800 pieces. The profit per unit of models 1 and 2 are
Rs 500 and Rs 400 respectively. Determine the optimal daily production of
each model.

Solution: This is a maximization problem. Let x;,x, be the number of two
radio models each on a separate production line. Therefore the objective
function is z = 500x; + 400x, which is to be maximized. From the
conditions of the problem we have x; < 60, x, <75, 10x; + 8x, < 800.
Hence the problem is

Maximize z = 500x; + 400x,



Subject to x1 <60
Xy =75

10x; + 8x, < 800
And X1,%X; =0

. An agricultural firm has 180 tons of Nitrogen fertilizers, 50 tons of
Phosphate and 220 tons of Potash. It will be able to sell 3:3:4 mixtures of
these substances at a profit of Rs 15 per ton and 2:4:2 mixtures at a profit of
Rs 12 per ton respectively. Formulate a linear programming problem to
determine how many tons of these two mixtures should be prepares so as to
maximize profit.

Solution: Let the 3:3:4 mixture be called A and 2:4:2 mixture be called B.
Let x; , x, tons of these two mixtures be produced to get maximum profit.
Thus the objective function is z = 15x; + 12x, which is to be
maximized. Let us denote Nitrogen, Phosphate and Potash as N Ph and P
respectively.
Then in the mixture A, g = %h S % = k,(say).

= N =3k, ,Ph =3k, ,P = 4k,

= x; = 10k, .
Similarly for the mixture B, N = 2k, ,Ph =4k, ,P = 2k,k,

= x, = 8k,.

Thus the constraints are %xl + %xz < 180 [since in A, amount of nitrogen

3y 3 - 3 1 2 1
= = — — - < - - <
ok M = To x4] Similarly —X tox < 250 and cX1 Tt X <

220 . Hence the problem is
Maximize z = 15x; + 12x,

Subject to ix1 + lx2 < 180
10 4

3 1
Exl +5x2 < 250
2 1
Exl +ZX2 < 220

And X1,%; = 0.



6. A coin to be minted contains 40% silver, 50% copper, 10% nickel. The mint
has available alloys A, B, C and D having the following composition and
costs, and availability of metals:

% % % Costs per
silver | copper |nickel |Kg

A 30 60 10 Rs 11

B 35 35 30 Rs 12

C 50 50 0 Rs 16

D 40 45 15 Rs 14

Availabil Total 1000 Kgs

ity of

metals —

Present the problem of getting the alloys with specific composition at
minimum cost in the form of a L.P.P.

Solution: Let x4, x5, x3 x4, Kg s be the quantities of alloys A, B, C, D used
for the purpose. By the given condition x; + x, + x3 + x, < 1000 .

The objective functionis z = 11xy + 12x, + 16x5 + 14x,

and the constraints are 0.3x; + 0.35x, + 0.5x5; + 0.4x, < 400 for
silver

0.6x; + 0.35x, + 0.5x3 + 0.45x, < 500 for
copper

0.1x; + 0.3x, + + 0.15x, < 100 for
nickel

Thus the L.P.Pis Minimize z = 11x; + 12x, + 16x5 + 14x,
Subject to 0.3x; + 0.35x, + 0.5x3 + 0.4x, < 400
0.6x; + 0.35x, + 0.5x3 + 0.45x, < 500
0.1x; + 0.3x, + + 0.15x, < 100
xq + X, +  x3+ x, <1000
And x;,x,,x3=>0



7. A hospital has the following minimum requirement for nurses.

Period | Clock time | Minimum
(24 hours | number of
day) nurses

required

1 6A.M- 60
10A.M

2 10A.M- 70
2P.M

3 2P.M- 60
6P.M

4 6P.M- 50
10P.M

5 10P.M- 20
2AM

6 2A.M- 30
6A.M

Nurses report to the hospital wards at the beginning of each period and work for
eight consecutive hours. The hospital wants to determine the minimum number of
nurses so that there may be sufficient number of nurses available for each period.
Formulate this as a L.P.P.

Solution: This is a minimization problem. Let x;,x,, ...... ,Xg be the number of
nurses required for the period 1, 2, ...... , 6. Then the objective function is
Minimize, z =x; + x, + ...+ x, and the constraints can be written in the

following manner.

x; hurses work for the period 1 and 2 and x, nurses work for the period 2 and 3
etc. Thus for the period 2,

X, +x5 = 70.
Similarly, for the periods 3, 4, 5, 6, 1 we have,
X, +x3 = 60

X3 +x4250



X4+X5220
X5+x6230

x6+x1260,xj20,j:1,2, ...... ,6

Mathematical formulation of a L.P.P

From the discussion above, now we can mathematically formulate a general Linear
Programming Problem which can be stated as follows.

Find out a set of values x;,x,, ... ... , X, Which will optimize (either maximize or
minimize) the linear function

Z = C1X1 + CrXo + -+ Cnxn

Subject to the restrictions

a11X1 + a12X2 + e+ alnxn(S=2)b1

alel + azzxz + R + aann(S=2)b2

am1x1 + amzxz + *°° G + amnxn(SZZ)bm

And the non-negative restrictions x; =0,j =1,2,...... ,n where a;;, ¢, b; (i =
1,2,.... ,m, j=1,2,.....,n) are all constants and x;,(j =1,2,...... ,n) are

variables. Each of the linear expressions on the left hand side connected to the
corresponding constants on the right side by only one of the signs <, = and > ,is
known as a constraint. A constraint is either an equation or an inequation.

The linear function z = cyx; +cyx, + ...+ ¢, x, 1S Known as the objective
function.

By using the matrix and vector notation the problem can be expressed in a compact
form as

Optimize z = ¢Tx subject to the restrictions Ax <=> b, x > 0,



where A = [a;;] is a m x n coefficient matrix.,

c = (cqy,Cy e v ,c,)T is a n-component column vector, which is known as a cost

X = (X1, X5, e e ,x,)T is a n-component column vector, which is known as
decision variable vector or legitimate variable vector and

b = (by, by, ... ... ,b,,)T is a m-component column vector, which is known as
requirement vector.

In all practical discussions, b; = 0 Vi. If some of them are negative, we make them
by multiplying both sides of the inequality by (-1).

If all the constraints are equalities, then the L.P.P is reduced to
Optimize z = ¢Tx subjectto Ax =b,x = 0.
This form is called the standard form.

Feasible solution to a L.P.P: A set of values of the variables, which satisfy all the
constraints and all the non-negative restrictions of the variables, is known as the
feasible solution (F.S.) to the L.P.P.

Optimal solution to a L.P.P: A feasible solution to a L.P.P which makes the
objective function optimal is known as the optimal solution to the L.P.P

There are two ways of solving a linear programming problem: (1) Geometrical
method and (2) Algebraic method.

A particular L.P.P is either a minimization or a maximization problem. The
problem of minimization of the objective function z is nothing but the problem of
maximization of the function (—z) and vice versa and min z = —max(—z) with
the same set of constraints and the same solution set.

Graphical or Geometrical Method of Solving a Linear Programming Problem

We will illustrate the method by giving examples.



Examples
Solve the following problems graphically.

1. Maximize z = 150x + 100y
Subjectto 8x + 5y < 60
4x +5y <40,x,y=>0.

12

g P 8x+5y=60

4x+5y=40

3

0 * \\\ 7 \\ 10 -

Z=1150

Z=450
The constraints are ueateu as equations along with the non negativity relation. We

confine ourselves to the first quadrant of the xy plane and draw the lines given by
those equations. Then the directions of the inequalities indicate that the striped
region in the graph is the feasible region. For any particular value of z, the graph of
the objective function regarded as an equation is a straight line (called the profit
line in a maximization problem) and as z varies, a family of parallel lines is
generated. We have drawn the line corresponding to z=450. We see that the profit
z is proportional to the perpendicular distance of this straight line from the origin.
Hence the profit increases as this line moves away from the origin. Our aim is to
find a point in the feasible region which will give the maximum value of z. In order
to find that point we move the profit line away from origin keeping it parallel to
itself. By doing this we find that (5,4) is the last point in the feasible region which
the moving line encounters. Hence we get the optimal solution z,,,, = 1150 for
=5y=4.



Note: If we have a function to minimize, then the line corresponding to a particular

value of the objective function (called the cost line in a minimization problem) is
moved towards the origin.

2. Solve graphically:
Minimize z = 3x + 5y
Subjectto 2x + 3y > 12

—-x+ y< 3
X < 4
y < 4
A
-X+y=3
6
4
3
2x+3y=12 7-30
-3 0 4 6 10

Here the striped area is the feasible region. We have drawn the cost line
corresponding to z=30. As this is a minimization problem the cost line is moved

towards the origin and the cost function takes its minimum at z,,;,, = 19.5 for
=15y=3.

In both the problems above the L.P.P. has a unique solution.



z=4

X+y=2

Solve graphically:
Minimizez =x+y
Subjectto 5x + 9y < 45

x+ y = 2

y< 4 ,xy =0

Here the striped area is the feasible region. We have drawn the cost line
corresponding to z=4. As this is a minimization problem the cost line
when moved towards the origin coincides with the boundary line
x + y = 2 and the optimum value is attained at all points lying on the
line segment joining (2,0) and (0,2) including the end points. Hence there
are an infinite number of solutions. In this case we say that alternative
optimal solution exists.

y=4

5x+9y=45

v



4. Solve graphically
Maximize z = 3x + 4y
Subjectto x— y >0
x+ y=1
—x+3y<3,x,y=0

A

z=12

L . >
-3 0 aye1 4
The striped region in the graph is the feasible region which is unbounded.. For any
particular value of z, the graph of the objective function regarded as an equation is
a straight line (called the profit line in a maximization problem) and as z varies, a
family of parallel lines is generated. We have drawn the line corresponding to
z=12. We see that the profit z is proportional to the perpendicular distance of this
straight line from the origin. Hence the profit increases as this line moves away
from the origin. As we move the profit line away from origin keeping it parallel to
itself we see that there is no finite maximum value of z.

Ex: Keeping everything else unaltered try solving the problem as a minimization
problem.



5. Solve graphically
Maximize z = 2x — 3y
Subjectto x+ y < 2

x+y=4
x,y =0

x+y=4
X+y=2 y

v

0
It is clear that there is no feasible region.

In algebraic method, the problem can be solved only when all constraints are
equations. We now show how the constraints can be converted into equations.

Slack and Surplus Variables

When the constraints are inequations connected by the sign “ < “, in each
inequation a variable is added on the left hand side of it to convert ind sidet into an
equation. For example, the constraint

x1—2x2+7X3S4

is connected by the sign <. Then a variable x, is added to the left hand side and it
Is converted into an equation

X1 —2x, +7x3+x, =4

From the above it is clear that the slack variables are non-negative quantities.



If the constraints are connected by “ > ““ |in each inequation a variable is subtracted
from the left hand side to convert it into an equation. These variables are known as
surplus variables. For example,

X1 — 2%y +7x3 =4
Is converted into an equation by subtracting a variable x, from the left hand side.
X1 — 2%, +7x3 — x4 =4
The surplus variables are also non-negative quantities.

Let a general L.P.P containing r variables and m constraints be

Optimize z = ¢;x; + Cxy + - oo+ Cp Xy
subjectto a;;x; + ajoxy, + o+ AipXy, <=2 b;, i =12, ... ... ,m, x; =2 0,j =
1,2, ... .. T,

where one and only one of the signs <, =, > holds for each constraint, but the signs
may vary from one constraint to another. Let k constraints out of the m be
inequations (0 < k < m). Then introducing k slack or surplus variables

Xyl » Xpg2 y vee ons ,Xn ,n =1+ k, one to each of the inequations, all constraints can
be converted into equations containing n variables. We further assume that n > m.
The objective function is similarly accommodated with k slack or surplus variables
Xyl r Xpgn » eee ons , X5, , the cost components of these variables are assumed to be
zero. Then the adjusted objective function is

Zgg = C1X1 + CoXy + i+ Xy + 0xpp; + 0x45 + -+ ... + Ox,, , and then the
problem can be written as

Optimize z,; = cTx subjectto Ax = b,x = 0,

where A is an mxn matrix , known as coefficient matrix given by

_ T - - -
where a; = (ayj, azj, . ... ,@,j) is acolumn vector associated with the vector
xj , ] = 1,2, ...... ,yn.



b = (by, by, ... ... ,b,,)T is a m-component column vector.
The components of b can be made positive by proper adjustments.

It is worth noting that the column vectors associated with the slack variables are all
unit vectors. As the cost components of the slack and surplus variables are
all zero, it can be verified easily that the solution set which optimizes z,, also
optimizes z. Hence to solve the original L.P.P it is sufficient to solve the standard
form of the L.P.P. So, for further discussions we shall use the same notation for
Z,q and z.

Problems

1. Transform the following Linear Programming Problems to the standard
form:
(i) Maximize z = 2x; + 3x, — 4x;
Subjectto 4x; + 2x, — x3 < 4
—3x; +2x, +3x3 =6
X1+ %, =3x3=8,x20,j=1,23.

Solution: First constraint is < type and the second one is a > type, so

adding a slack and a surplus variable respectively, the two constraints

are converted into equations. Hence the transformed problem can be

written as

Maximize z = 2x; + 3x, — 4x3 + 0x, + Oxg

Subject to 4x; + 2x, — x5 + x4 =4
—3x; + 2x, + 3x3 — X5 =6

X1+ x5 — 3x3 =8,x20,j = 1,2,3,4,5.
(i) Maximize z = x; — x, + x5
Subjectto x; + x, —3x3=> 4
2x1 —4x, + x3 = =5
Xg+ 2%, —2x3<3,x20,j =123,



Solution: The problem can be transformed as
Maximize z = x; — x5 + x3 + 0x, + Ox5 + Oxg

Subjectto x; + x, —3x3 + x4 = 4
2x1 —4x, + x3 — X5 = -5
X1 + 2x2 - 2x3 - x6 = 3

X =0, =123456.

X4,Xs are surplus and x, is a slack variable. Making the second
component of b vector positive , the second equation can be written as
—2x1 +4x; — x5 + X5 =5

and in that case the surplus variable is changed into a slack
variable.

2. Express the following minimization problem as a standard maximization
problem by introducing slack and surplus variables.
Minimize Z=4x; —x, + 2x5
Subjectto 4x; + x, —x3 < 7
2x1 — 3%, + x3 <12

X1+ X + x3 = 8

4x, + Txy—x3 216 ,x,20,j =123

Solution: After introducing slack variables in the first two constraints and a

surplus in the fourth, the converted problem is, Minimize
z* =(—2z) = 4x; — x, + 2x53 + 0x, + Ox5 + Ox¢

Subjectto 4x; + x, —x3+ x4 =7
2x1 — 3%, + X3 + x5 =12
X1+ x; + x3 = 8
4x, + 7xy — x5 —x =16 , x,20,j=

1,2,..,6.

Writing the above problem as a standard maximization problem

Maximize z* = (—z) = 4x; —x, + 2x3 + 0x, + Oxg + Ox,

SUbjECt tO 4x1 + x2 - X3 + x4 7
2x1 - 3x2 + x3 + x5 —_— 12
X1 + Xy + X3 == 8

4x, + 7xy —x3 —x4=16 ,x; =20,j=1,2,..,6.



Variable unrestricted in sign

If a variable x; is unrestricted in sign, then it can be expressed as a difference of

two non-negative variables, say, xj/,xj// as x; = xj/ — xj//, xj/ > O,xj// >0 .If
/ /! e/ ] _ e ./ /!

x;p > x;’, thenx; >0, if x; = x;° , then x; = 0and if x; < x;7, thenx; <O .

Hence x; is unrestricted in sign.
3. Write down the following L.P.P in the standard form.
Maximize z = 2x; + 3x, — X3

Subjectto 4x; + x,+x3=> 4
7x; + 4x; —x3 <25, x; =20,j =1,3, x, unrestricted
in sign .

Solution: Introducing slack and surplus variables and writing x, = xé — xé/,

where xé >0, xé/ >0,
the problem in the standard form is

Maximize z = 2x; + 3x£ — 3x£/ — x3 + 0x4 + Oxg

Subjectto 4x; + xé— xé/ + x3 — x4 = 4
7x1 + 4xé—4xé/—x3 + x5 = 25 ,

xl.xé,xé/,xg >0 .
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