Chapter 1

Mathematics Involved in Electromagnetic Theory

Gradiant of a scalar function:

If $(x,y,2 )beascdarfunctlonthen'a—i E(b a—¢ iscalled the gradient of the scalar function ¢ .
And isdenoted by grad ¢ .
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Geometrical Meaning of Gradient, Normal:
If asurface ¢(X, Y, z) = ¢ passesthrough apoint P. The value of the function at each point on the surface is

the same as at P. Then such asurface is called alevel surface through P. For example, if ¢(x, y, z) represents

potential at the point P, then equipotential surface ¢(, y, z) = c isaleve surface,
Two level surfaces can not intersect.
Let the level surface pass through the point P a which the value of the function is ¢ . Congder another level

surface passing through Q, where the value of the functionis ¢ +dg .
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If Q liesonthe leve surface of P, then d¢ =0
Equation (1) becomes, V¢-di =0, then V¢ is perpendicular to dr (tangent)
Hence, V¢ isnorma to the surface ¢(X,y, z) =c

The Divergence:
From the defnition of v we congtruct the divergence:
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Observe that the divergence of avector function v isitself ascaar v .y

Gemetrical interpretation :

The name divergenceiswell chosen, for v . isameasure of how much the vector v oreads out (diverges)
from the point in question. For example, the vector function in figure (a) has alarge (positive) divergence (if
the arrows pointed in, it would be alarge negative divergence), the function infigure (b) has zero divergence,
and thefunction in figure () again has a postive divergence.
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TheCurl:
From the defintion v we construct the curl:
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Notice that the curl of avector function vy is, like any cross product, a vector. Carl of a scalar does not
exid.

Geometrical interpretation :

The name curl is also well chosen, for VxV isameasure of how much the vector v ‘curls around’ the
point in question. Thusthe three functionsin figure (a) have a substantia curl, pointing in the zdirection, as
the natural right-hand rule would suggest.
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Product rules.
(i) V(fg)=f V g+gVf

() Vx(AxB)=(BY)A -(AV)B+A(V.8)-B(VA)

Problem-1: Find thegradients of thefollowing functions:

2,,3,4

@ f(xy,z)=x*+y’+z* (b) f(x,y,2)=x*y’2" (c) f(x,y,z)=€"sin(y)In(2)

Problem-2: Let ‘1’ bethe separation vector fromafixed point (x',y",z') tothepoint (x,y, z) andlet ‘r’
beits length. Show that

(@ V(r*)=2r (b) V(/r)=-F/r* (c)whatisthegenerd formula V (r")?

Problem-3: Cdculatethedivergence of thefollowing vector functions
(@ Vv, = X*% +3xz%y — 2x22 (b) v, = XyX + 2yzy + 3zxZ
(€) V, =y*X+ (2xy+ 22) V+2yzz

~
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Problem-4: Thevector function, V = = computeits divergence.

The gradient, the divergence, and the curl arethe only first derivatives we can make with v ; by applying v
twice we can construct five species of second derivatives. Thegradient VT isavector, so we cantakethe
divergence and curl of it.

(1) Divergenceof gradient: ?.(?T) =VT (Laplacian of T)

(2) Curl of gradient: Vx(VT)=0

(3) Gradient of divergence: 6( V .\7) (Thisisnot same aslaplacian)
(4) Divergenceof curl: 6.(%\7) =0

(5) Curl of curl: Vx(VxV)=V(VV)-V¥

Problem-5: Calculatethe Laplacian of thefollowing functions:

(@ T,=x*+2xy+3z+4 (b) T,=sinxsinysinz

(c) T.=e>sindycos3z (d) v=x°X +3xz°y — 2xz7
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Problem-6: Calculatethelineintegral of thefunction v = y*X + 2x(y +1)§ fromthepoint a= (1, 1, 0) tothe

point b=(2, 2, 0), dong the paths (1) and (2) in thefollowing figure. What iscﬁ v.dl for theloopthat goesfrom
‘a to‘b’ aong (1) and returnsto‘a aong (2)?

Y

Problem-7: Caculatethesurfaceintegral of v = 2xzX +(x+2) ¥ + y(z2 - 3) Z over fivesides (excludingthe

bottom) of the cubical box (sde 2) infigure. Let “upward and outward” be the positivedirection, asindicated
by thearrows.
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Problem-8: Cdculatethevolumeintegrd of T = xyz* over theprisminfigure.

You candothethreeintegralsinany order. Let’'sdo ‘X’ first: it runsfromOto (1-y); theny(itgoesfromOto
1); andfindly z (O to 3):

e 2[5 o 0oy oS

Soin.

Problem-9: Cdculate thelineintegral of thefunction v = x*% + 2yz § + y*z fromtheoriginto thepoint (1,
1, 1) by threedifferent routes:

@ (0,0,0) > (1.0,0) > (11.0) - (111
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(b) (0,0,0)>(0,0,1) > (0,1,1) - (1,1,2)
(c) Thedirect raight line.

Example-10: Let T = xy?, andtake point ‘a to betheorigin (0,0, 0) and ‘b’ thepoint (2, 1, 0). Check the
fundamental theoremfor gradients.

Problem-11: Check the fundamental theorem for the gradients, using T = x? + 4xy + 2yz°, the points
a=(0,0,0),b=(1,1,1) andthethree pathsinfigures(a), (b) and (c) are

@ (00,0)—(1.00) > (11.0) - (11.)

(b) (0,0,0) >(0,0,1) > (0,1,1) - (1,1,2)

(c) Theparabolicpath z= x?; y = x

Problem-12: Check thedivergencetheorem using thefunction
V=y’k +(2xy+22)9+(2yz)2
and the unit cube stuated at the origin hasshowninthefollowing figure.
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Problem-13: Suppose V = (2xz +3y? ) v+ (4yz2 ) Z . Check Stokes' theorem for the square surface shown
infigure.
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Problem-14: Test Sokes theoremfor thefunction V = (xy) X +(2yz) § +(3zx) 2, usingthetriangular shaded
areaof figure.

Problem-15: Evaluatetheintegra
J'Ow X €7dx
Formulasfor gradient divergence and curl for spherical coordinates.
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Problem-16: Compute the divergence of the function
= (rcosG)f+(rsin6)é+(rsinﬁcos¢)q3

Check the divergencetheorem for thisfunction, using as your volume theinverted hemispherical bowl of
radiusR, resting onthe xy-planeand centered at the origin (Figure)
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Problem-17: Find theformulasfor r,0,¢ intermsof X, y, Z.

Problem-18: Expresstheunit vector, f, 9, ¢ intermsof X, §, 2.




Problem-19: Expressthe cylinderical unit vectors § ¢, z intermsof X, ¥, Z . Invert your formulasto get
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%, 9, zintermsof § ¢, 2.

Problem-20: Check the divergencetheorem for thefunction

V=r2c0s0f+r?cos 0—r?cosOsing ¢

using asyour volume one octant of the sphere of radius R. Make sureyou includethe entire surface.
Ans. nR*/4.

Problem-21: Computethelineintegral of
V=6X+Yyz’y+(3y+2)2Z

along thetriangular path showninfigure. Check your answer using Stoke'stheorem.
Ans. 8/3.

Coordinate System:

Coordinatesystem |0, |0, |G, | h | h, | h ds dv
dxdy or
Cartesian X|ylz|1l]|1 1 dydz or dxdydz
dzdx
Spherical FlO|¢|1]|r |rsno|rdorsingds | r’singdrdode
Cylindrical plolzl1]p 1 rdodz pdpdodz

0 0 0
hivh, a(hszﬁ)ﬂ“a—%(mb%)ﬂ“a—%(ﬂfb%)
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7= L hh, a¢ |, hlh36¢]+a hh, o¢
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Dirac-delta function:
(A) One dimensional delta function:

0 for x= X, S(X'Xo)] }\
5(X_X°)_{oo for x=x, : «

X=X,

Properties of delta function:
(1) The deltafunctioniseven  §(—x)=65(x)

(2) 6(ax (x) (a=0)

3) j x)dx =1

Yok f(xo) if a<x,<b
% 0 elsewhere

4 I
(5) I5(a—x)5(x—b)dx:5(a—b)

©) 5[(x—a)(x—b)}:ﬁ[é(x—aﬁé(x—b)} (axb)
(7) 6(x2—a2):ﬁ[cS(x—a)+5(x+a)} (az0)

(8)I (x=x)dk=(-2)" (%) a<x<b

(B) Three dimensional delta function:

(1) The three dimensional form delta function in cartesian coordinates is
(T =T)=8(x=%)d(y-¥,)5(2-%)

(2) In spherical coordinate

o 1
5(r_r°):rzsin9

5(r—r,)8(0-6,)5(d—9,)




