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Economic Production Quantity EPQ in its classical version does not include a scenario of
imperfect quality items. However, many researchers have considered this situation. We
consider a manufacturing process that generates non-conforming items until proper
adjustment of the process is reached. The time to perform the adjustment is treated as a
fixed value and a random variable. Items produced after the adjustment period is always
conforming and the demand rate for the produced items is constant. The process stops
when the production of conforming items is sufficient to cover the demand, and then the
cycle is repeated uninterrupted. Other considerations such as maximum allowable
shortage, inspection errors, defective items processing and Taguchi’s quality loss
function approach are incorporated as extensions. We determined the optimal production
quantity and maximum allowable shortage that result in minimum expected total cost.
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CHAPTER 1

INTRODUCTION AND LITERATURE REVIEW

1.1 Literature Review

We have divided this review into three areas: economic production quantity model with
imperfect quality items and inspection errors, optimum economic production quantity
model and shortage, and optimum process parameters and economic production quantity

model with quality loss function.

1.1.1 Economic production quantity model with imperfect quality items and
Inspection errors:

The economic order quantity EOQ model of Harris [1] is the foundation of modern-day

inventory models. Many recent research papers have integrated areas of quality control,

production systems, and process targeting together. This is because, today, a successful

business needs to produce the proper quantity with high quality at a reasonable cost.

Economic Production Quantity EPQ and EOQ models have been extended by introducing
the assumption of imperfect quality items and inspection errors. Two types of errors are
committed in the inspection process. A Type | error is committed when a conforming

item is classified as non-conforming and a Type Il error is committed when a non-



conforming item is classified as conforming. Inspection errors are traced back to 1952

when Bennett and Jacobson studied their influences on quality control systems.

Study of EOQ for items with imperfect quality was conducted by Salameh and Jaber [2].
Papachristos and Konstantaras [3] extended their work by assuming that imperfect items
are withdrawn from the end of the planning horizon. Liao [4] considered imperfect
production processes that require production correction and maintenance in his research.
The production process is performed both under a Type | state (out-of-control state) and a
Type 1l state (in-control state). Gary and Gong [5] studied the impact of random machine
breakdowns on the EPQ model for a product subject to exponential decay and under a
non-resumption inventory control policy. Darwish [6] generalized the EPQ model by
considering a relationship between the setup cost and the production run length and their
relationship to process deterioration, and learning and forgetting effects. Chakraborty and
Chaudhuri [7] proposed production lot sizing with process deterioration and machine
breakdown. They presented a generalized economic manufacturing quantity model for an
unreliable production system in which the production facility may shift from an ‘in-
control’ state to an ‘out-of-control’ state at any random time and may ultimately break
down. Seung et al. [8] extended the EPQ model by considering imperfect-quality items,
two-way imperfect inspection, and sales return. Chung et al. [9] presented a two-
warehouse inventory model with imperfect quality production processes. Leopoldo et al.
[10] focused on the EPQ model with the rework process at a single-stage manufacturing
system with planned backorders. Wen and Hog [11] investigated an EOQ inventory

model for imperfect items under a one-time-only discount, where the defectives can be



screened out by a 100% screening process and then sold in a single batch by the end of

screening.

Liao et al. [12] integrated maintenance and production programs with the EPQ model for
an imperfect process involving a deteriorating production system with an increasing
hazard rate, and imperfect repair and rework upon failure (out of control state). Yuan et
al. [13] worked on optimization of the finite production rate model with processing the
defective items, rework and stochastic machine breakdown. Lin et al. [14] studied the
impact of inspection errors, imperfect maintenance, and minimal repairs on an imperfect
production system. Khan et al. [15] extended the work of Salameh and Jaber [2] by
incorporating inspection errors. Sana [16] developed a production-inventory model of
imperfect quality products in a three-layer supply chain. Wang et al. [17] investigated
integrating the acquisition of input materials, material inspection, and production
planning, where Type | and Type Il inspection errors are allowed, and the unit acquisition
cost is dependent on the average quality level. Widyadana and Wee [18] considered a
production-inventory model with deteriorating items with random machine breakdown
and stochastic repair time. In the same area, Gwo [19] studied an optimum policy for a
production system with major repair and preventive maintenance. Liao and Sheu [20]
presented an EPQ model for a randomly failing production process with minimal repair
and imperfect maintenance. Liu and Zheng [21] introduced fuzzy economic order
quantity model with imperfect items, shortages, and inspection errors. Tolgari et al. [22]
studied an inventory model with imperfect items and inspection error under inflationary

conditions. Seung et al. [23] investigated both internal and external effects of defective



production and delivery from imperfect production and inspection processes in a stable

production and inventory system, and subsequent defective returns and disposing.

1.1.2 Optimum economic production quantity model and shortage:

The assumption of shortage allowance and backordering make EPQ models more
realistic and hence more practical. Wee et al. [24] developed an inventory model for
items with imperfect quality and shortage backordering. Later Cheng and Chih [25]
investigated an imperfect production system with allowable shortages for products sold
with free minimal repair warranty. They sought to minimize the total cost per item
through optimal determination of the production run length and the time length when
backorder is replenished. Eroglu and Ozdemir [26] proposed an EOQ model with
defective items and shortages. To deal with the uncertainties and randomness of defective
percentage and shortages occurring in real-life situations, the order inventory model with
a mixture of shortages and imperfect items was presented and investigated in the fuzzy
environment by Li and Zhang [27]. Jaber and EI Saadany [28] discussed the production,

remanufacture, and waste disposal model with lost sales.



1.1.3 Optimum process parameters and economic production quantity

model with quality loss function:

Economic selection of process parameters has been an important topic in modern
statistical process control. The optimal mean setting has a significant impact on
production, the expected total profit/cost, defective fraction, and inspection/reprocessing
cost. However, few papers have discussed the incorporation of the Taguchi’s quality loss
function [29] into the EPQ model. Tsou [30] proposed the use of the EOQ model with
Taguchi’s cost of poor quality. His model considered a situation where the process
parameters are known. Chen and Lai [31] discussed EMQ, optimum process mean, and
economic specification limits setting under a rectifying inspection plan model. Later
Chen and Khoo [32] extended the work of Chen and Lai by considering a serial
production system. Wang and Yeh [33] studied utilizing an approximate solution to
obtain the optimal solution for a production and inspection model. Jeang [34] developed
the simultaneous determination of production lot size and process parameters under

process deterioration and process breakdown.

1.2 The General View of the Model

1.2.1 Machine adjustment period:
One essential step that must be taken before or while running a production process is to
ensure that all machines, equipment and tools used are properly adjusted. As it is

common that laborers and technicians do not know, in advance, how much time the



machine adjustment takes, the machine adjustment period is a random variable. In some
chemical processes, the chemical composition is properly adjusted during the machine
adjustment period. . In practice there are examples where machines, equipment, and tools

can be adjusted while the production is running such as:

- Manufacturing or repairing parts and items of equipment by using a variety of
machine tools and performing the following processes; the initial planning of the
work, selecting the material, laying out the work to be machined, determining the
machines to be used and proper machining sequences, setting up the work on the
machine, performing necessary machining operations, and performing precision
handwork to fit, finish, and assemble machined parts and equipment, Fig. 1.1 and

1.2.



Figure 1.1: A Kurt Vise is used as an adjustment tool in Milling Techniques



Figure 1.2: A fly cutter and an off-the-shelf brazed carbide lathe tool which is used in the surface finish



Figure 1.3: An electric arc furnace and the machines used in the steel making process.


http://upload.wikimedia.org/wikipedia/commons/a/a4/Allegheny_Ludlum_steel_furnace.jpg

- Steel production provides an example of adjusting the chemical composition by
adjusting furnace and machine parameters. In steel production iron is smelted from its ore
which contains some carbon. To produce the desirable type of steel, iron must be melted
and reprocessed by adjusting the furnace and machine parameters to change the carbon

content to the desired amount, at which point other elements can be added, Fig. 1.3.

1.2.2 General model description:

In this thesis we consider an inventory system with a constant demand rate D. In
traditional EPQ models it is assumed that items produced are of perfect quality. However,
product quality in this model is not always perfect and is usually a function of the
production process. The demand of the produced item is continuous and constant and all
demands must be met (production rate > demand rate). Also, the production rate is finite

at a fixed rate.

The behavior of the inventory level in our model is illustrated in Fig 1.4. When
production starts, the inventory level will increase at a rate P(1 — d) — D. Within the
screening/adjustment time t, the lot is inspected and the machines are adjusted. A product
which is outside the specification limits will be detected and processing the defective
items will be stopped. Then, production continues at a rate P — D. After the production
period ends, the inventory level decreases at a rate D and this is one complete cycle of

length T

Several extensions to the existing models have been proposed in this thesis. They are
classified into different models in which each model takes some considerations into

account (Table 1.1).
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Figure 1.4: The inventory level during a production cycle.
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Table 1.1: The models discussed in this thesis.

Chapter The Adjustment Decision Cases
# Machine Period Variable(s)
2 Deterministic Q T\_Nf c<as§§ oafntja;e ;re;ted
. P P
Stochastic t has a probability
density function.

Three cases of t are treated :

3 Deterministic Q and S, t<TyTo<t<Tp
andt >Tp
Stochastic t has a probability
density function.
Taguchi’s quality loss function is
N introduced.
4 Deterministic Q and Spax The product’s quality distribution
is normal.
Two types of errors are
committed in the inspection
process.

Reworked items are perfect.

5 Deterministic Q and Sy qx

Stochastic

The two types of errors are
random.
Further processed items are sold
at a reduced price at a secondary
market.
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CHAPTER 2

THE OPTIMAL LOT SIZE UNDER MACHINE

ADJUSTMENT PERIOD

In this chapter we treat the adjusting machine period, t, as a deterministic value and a
random variable and the order quantity size, Q, as the decision variable. Accordingly ,
two cases of t are treated in this model. They are cases where the adjusting machine
period ends before the completion of the production period, t < Tp , (Fig. 2.1), and it

takes longer than the production period, t > Tp , (Fig. 2.2).

Fig. 2.1 shows the situation where the production is running and machines are being
adjusted, and some defective items are produced. When the adjustment reaches the
desired level, the production becomes always perfect and that leads to the increase of the
slope from P(1 —d) — D to P — D. Unlike Fig. 2.1, Fig. 2.2 shows no change in the slope
during the production period and that is because machine adjustment takes place during

the entire production period.
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Figure 2.1: The relationship between the inventory level and time when < Tp .
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Figure 2.2: The relationship between the inventory level and time when t > Tp.
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2.1 The case where t is deterministic:

When t is a fixed value, the total costs are separately set for the two cases, namely, t <

Tp,and t > Tp.

2.1.1 Thecaseoft < Tp

In this case, the total inventory, I, during one cycle can be computed as the area under the

graph in (Fig. 2.1), and is given by
I'=t.Z/2+T.(Z+ Lnax)/2 +Tp. Ipax/2 = [Ty Z + (T — ) Lpaxl/2

where, the cycle length T = T, + Tp, the production period Tp = %, the demand during a
production cycle, T.D = Q - t.P.d, Q=P.Tp, Z is the inventory level at the end of the
adjustment period and is given by; Z = t.(P X (1 —d) — D) and I,,,,, IS the maximum

inventory during a cycle and is given by;
Ipax = Q—t.P.d—D =T,
And thus:

P(Q—dPt)?+D (—Q?+dP?t?)
2P(Q—dPt)

IQIt <Tp) = (2.1)

The cost per cycle is the sum of setup cost, A4, the manufacturing cost, CQ, the process

adjustment cost per cycle and the screening cost r.t.P.d+Aq.t, and the holding cost, h:

A+CQ+rtP+Ast+hTI(Q/t) (2.2)

The total annual cost, for a given adjustment time, is obtained by multiplying Eg. 2.2 by

the number of cycles per year 1/ T=D/(Q-t.P.d),

16



TCY(Qt <Tp) =

AD cQD rtPDd AgtD

P(Q-dPt)?+D (—Q2+dP2t2))
Q-t.P.d Q-tPd Q-tPd  Q-tP.d

2P(Q—dPt)

+ h( (2.3)

where, t is the process adjustment period and is assumed to be constant and P(1 — d) >
D. The convexity of the total cost per year can be demonstrated by finding the second
derivative of TCY(Q):

d’TCY(Q) DQRA+tQ2F+dPR2r+2C+ht—dht))) 0
Q0 Q—dPo)? >

Then the production quantity, Q is obtained by setting TCY (Q) to zero and solving for

Q. Thus,

Q" =d.P.t + \[—DP(—ZA +t(—24,-dPRr+dQ2C+ht—dht))) (2.4)

If t = 0, the formula for Q* is reduced to

2AD

Q"= (2.5)

D
h(1-3)

which is the traditional EPQ formula with a finite production rate.

2.1.2 Thecaseoft >Tp

If we follow the same procedure used in the first case, we can compute the average

inventory level as the area under the graph in Fig. 2.2 and it is given by:

— — — — — 2pn2
I(Qlt > Tp) =( D+(1-d)P)Q +( D+(1-d)P)“Q (26)

2P 2 D P2
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The total annual cost, for a given adjustment time, is obtained by multiplying Eq. 2.2 by

the number of cycles per year % =

Q(1-ad)
TCY(Q|t = Tp) =
AD cCD , rDd Ag D (-D+(1-d)P)Q , (-D+(1-d)P)?Q?
Q(1-d) ' 1-d ' 1-d + P(1-d) th ( 2P + 2D P2 ) (2.7)

Eq. 2.7 is a convex function, but it has no closed form solution for the optimal Q. It is
useful to know in advance which case applies, which can be achieved by dividing both

sides of Eq. 2.4 by P;

_ dP.t++/~DP(~2A+t(~24, -d P2 r+d(2C+h t—d h ))))

Tp P

(2.8)

For feasibility purposes, Q > t.P .d.

2.2 The case where t is a random variable:

It may happen that the machine adjustment period is a random variable where it finishes
before the end of production period or takes a longer time than usual. In this model, t is

treated as a random variable and has some probability density function f(t).

In such a situation the total costs must be calculated over the total cycles based on

renewal theory;

E[TC(Q)] _ TC1(Q+TC(Q)+ .. +TCn(Q) 2.9)
E[T(Q)] T1(Q)+T2(Q)++Tn(Q) '

18



According to renewal theory the formulation of this model is obtained as follows:

P(Q-dPt)?+D(-Q%+dP?
2D P

E[TcQIt)] _

Q )
TR —<f0P[A+CQ+rth+Adt+h ]f(t)dt+

f%oo[A+CQ+rQ d+A, 2+

Q5o
h(— (—1+d)Q2((—1+d)P+D)(P((—1+d)Q—D)+QD))] F(O)dt )+ (J-OP[Q th] F(O)dt +

2P2D?2

Q(lD—d) f%oof(t)dt) (2.10)

where the limits of the first and second integrals indicate the scenarios of, t < Tp, and

,t = Tp, respectively.

2.3  Numerical Examples:

2.3.1 Example I:

Consider the following data:

25,000 units per year
$1 per unit

20,000 units per year
$ 4 per unit/year

$ 5 per unit

1 hour

$ 50 per hour

$ 100 per order
0.0455

QAxx TSSO T

By using Eq. 2.8 to determine which case is applicable, we get:

Tp = 041<t

Therefore the case, t > T, applies.
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Then the total annual cost is given by Eq. 2.7 as follows:

2,095,337.87 o
TCY(Q) = 10576218 + =——-——+ 4(0.08Q + 5.96 x 1077?)

This function is convex as Fig. 2.3 shows and its minimum is attained at Q* = 2,554.13
units and TCY(2,554.13) = $107,387. Note that T, = Q/P = 0.102 < 1 = t. Hence

the assumption is valid.

Table 2.1 shows the effect of t on the optimal lot size. As the adjustment time increases,
more defectives are generated and hence a larger lot size is needed. Once t exceeds a

certain value, 0.1779, the lot size becomes constant.
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Figure 2.3: The convexity of t > Tp for the data given in Example I.
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Table 2.1: The effect of t on the optimal lot size.

Adjustment Period t Lot Size Q*
0.000 2236.1
0.025 2638.2
0.050 2994.2
0.075 3318.2
0.100 3618.2
0.125 3899.4
0.150 4165.4
0.175 4418.8
>0.1779 4447.5
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2.3.2 Example II:
Suppose that the adjustment period is a uniform random variable where f(t) = 1/8,
0 <t < 8. Substituting the data of Example | into Eq. 2.10 gives the following function

shown also in Fig. 2.4:

E[TC(Q)] _ 100 +5.05Q + 1.47 x 1075Q% + 1.24 x 1071°Q3 — 5.70 x 10716Q*

E[T(Q)] 4.77 x 1075Q + 5.69 x 10-12Q2

The optimal lot size is given byQ* = 2,612.37 and the corresponding cost is $107,349.

Table 2.2 shows the effect of  and A; on Q*.

As r is fixed and A, goes up, there is a slight increase in Q*, indicated by the results
across the rows. Likewise, as the results in the columns indicate, when A, is fixed and r

increases, Q™ increases at a constant rate as well.
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Figure 2.4: The plot of calculations of Example 11 where t is a random variable.
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Table 2.2: The effect of r and A4 on Q*

Ad

30.00

40.00 50.00 60.00

70.00

80.00

0.50

1.00

1.50

2.00

2.50

3.00

2,607.00
2,612.19
2,617.40
2,622.64
2,627.92

2,633.23

2,607.09 2,607.19 2,607.28
2,612.28 2,612.37 2,612.46
2,617.49 2,617.58 2,617.68
2,622.74 2,622.83 2,622.92
2,628.01 2,628.11 2,628.20

2,633.32 2,633.41 2,633.51

2,607.37
2,612.55
2,617.77
2,623.01
2,628.29

2,633.60

2,607.46
2,612.64
2,617.86
2,623.11
2,628.38

2,633.69
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CHAPTER 3

THE OPTIMAL LOT SIZE UNDER MAXIMUM

SHORTAGE ALLOWANCE

In this chapter we extend the models in Chapter 2 by allowing for a shortage. A shortage
cost is incurred if units of inventory are not available on demand. It includes the cost of
lost sales, loss of goodwill, overtime payments, customer dissatisfaction, and special
administrative efforts resulting from inability to meet the demand. There are two types of
shortage costs: (1) one- time shortage cost per unit short, independent of the duration of

the shortage, 7, and (2) shortage cost per unit short per unit time, 7.

There are three cases to be considered. The adjustment period can take place during the
shortage period, can take place within the production period, or can exceed the
production period. We consider t as a fixed value (Section 3.1) and as a random variable

(Section 3.2).
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3.1 The case where t is deterministic:

In Section 3.1.1 we discuss the case of t < To where To is the period that starts with the
resumption of the production cycle and ends when the shortage is zero as shown in
Figure 3.1. In Section 3.1.2 we discuss the case of To <t < Tp where Ty is the production

period. Finally, in Section 3.1.3, we disuses the case of t > Ty.

3.11 Thecaseoft <T,
In this case we assume that the adjustment and/or screening is completed before
satisfying the shortage. So, during the interval T, the shortage is initially satisfied at a

rate P(1 — d) — D, and after t it is satisfied at the rate P — D, as shown in Fig. 3.1.

The quantity produced in a production cycle, @Q, is used to replenish the shortage, S,
build up inventory up to level Imax, and satisfy the demand during the production interval

D T,. In addition, some items are discarded, which is equal to t. P. d. Hence:

Q = Spax + Imax + DTp + t.P.d (3.1)

The total inventory is the area above the horizontal axis in Figure 3.1 which is given by:

I'= Inax(Ty + T3)/2 (3.2)

Note that T1 = Imax/(P — D), T2 = Imax/D and T, = Q/P Substituting T1 and T into (3.2) and

Imax from (3.1) into (3.2) we get

= (P(—Q+Smax)+d P2t+QD)?

TO = TP — Tl = %— ;m_a; = Sma;jgp t (34)
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The average shortage S over the cycle T is the sum of the two areas, T, and T3, divided
by T:

P(SZax+2 d D Spax t+d D(D+(—=1+d)P) t?)

§= 2(P-D)(Q-dPt)

(3.5)

The average shortage cost during the cycle T is:
AT S+ 7 Spax
Therefore, the total annual cost is given by:

AD CQD  rtPDd AgtD
o-tpP.d Q-tPd Q-tPd = Q-tP.d

TCY(QrSmaxlt < TO) =

((P(—Q+5)+dp2t+QY)2) ~ (P(s,znax+2 d D Spax t+d D(D+(—1+d)P) tz)) 4 Smax D
2P(Q—dPt)(P-Y) 2(P-D)(Q-d Pt) Q-t.P.d

(3.6)
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Figure 3.1: The relationship between the inventory level and time when t < T,.
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3.1.2 Numerical Example:

Let us consider the following data:

t = 0.15 hour

P = 25,000 units per year
T = $1 per unit

D = 23,000 units per year
h = $ 4 per unit/year

C = $ 5 per unit

t = 0.15 hour

Ay = $ 50 per hour

A = $ 100 per order

/i = $ 5/unit/year

i = $0.3

d = 0.0455

The optimal values of the order quantity and the maximum shortage permitted areQ*=
16,367.6 units and S, .= 357.585 units with minimum cost of $118,124.8. The plots of
TCY versus Q at S,,,5x = Smax and TCY versus S,,,,, at Q = Q* are shown in Fig. 3.2 and

3.3, respectively.

Note that 0.15 = t < T, = 0.264, therefore this case applies. Table 3.1 and Fig. 3.4 show

the effect of increasing t on Q, S,,,4, and TCY.
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Figure 3.2: The behavior of Q as Sy, is fixed for t<To.
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Figure 3.3: The behavior of S, as Q* is fixed for ¢t < T, .
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Table 3.1: The effect of increasing t on Q, S,,4, and TCY for t < T, .

t Q Smax TCY

0 4,847.11 111.01 116,107.42
0.05 10,382.7 253.48 117,081.03
0.1 13,760.7 319.24 117,671.45
0.15 16,367.62 357.58 118,124.8
0.2 18,528.74 380.08 118,499
0.25 20,384.53 391.71 118,818.69
0.3 22,011.17 395.20 119,097.76
0.4 24,748.8 383.846 119,344.42
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It is obvious from Table 3.1 and Fig. 3.4 that as t increases both Q and S,,,, increase as
well, and as a result, TCY goes up. Indeed as t increases more units are discarded and
hence Q should increase to compensate for these units. However, when t > 0.3, S,,4x

decreases. Fig. 3.5 shows the interaction of Q, S,,., and TCY.
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Figure 3.4: The behavior of Q and S,,,, ast increases for case of t < T
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Figure 3.5: Three dimensional plot of Q, S;,qx and TCY fort < Tp .
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3.13 Thecaseof Ty < t <Tp

In this case t extends beyond the shortage period but ends before end of production.
Therefore t exceeds T, = _Smax__ and the inventory increases at slope of P(1 —d) —

P(1-d)-D

D, then the slope changes to P — D until the end of production period, Fig. 3.6.

The total inventory, I, during one cycle is given by the area under the graph above the

horizontal axis and is given by
Z
I = Tl'f + (Tp—t).(Z + Ipagx) /2 + Tp.Lnax/2

Thus, the average inventory level is obtained as follows:

I_((Q'Smax)lTo <t< TP) =

D (Smax+t((—1+d)P+D))?  (Smax+d Pt+Q(—1+§))2 , (=Q+P )((-1+2 A)P?t+Q D+P(—Q+2 Spax+t D))
( (=1+d)P+D ' D T P2 ) (3.7)
2(Q-dPt) '

The average shortage S over the cycle T is the sum of two areas of T, and T, divided by

T:

l STZ,me(l—d) _ Srznaxp(l_d)
T 2(P(1-d)-D)D 2 (Q-t.P.d) (P(1—d)-D)

S= (3.8)
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Figure 3.6: The relationship between the inventory level and time when Ty < t < Tp.
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Therefore, the total annual cost per cycle can be obtained as follows:

AD CQD , rtPDd AgtD
Q-t.p.d Q-tPd Q-tPd Q-tP.d

TCY(Q, Smax|To = t <Tp) =

2
D
D( (Smax+t((—1+¢71)P+D))2 . (Sm“"+d P”Q(‘“F)) (-Q+P t)((—1+2 d)P2t+Q D+P(—Q+2 Smax+t D))\

\ (-1+d)P+D ! D p2
h 2(Q-dPt) +
~ S%fmx p (1_d) N~ Smax D
2 (Q-t.p.d) (P(1—-d)-D) Q-t.P.d (3'9)

3.1.4 Numerical Example

Considering the data given in section 3.1.2 where t = 3.5 hours, we find that the optimal
values of order quantity and maximum shortage permitted are obtained at Q*= 99,531.95
units and S;,4,= 1,507.24 units with a minimum cost of $ 121,295.57 .The plots of TCY
versus Q at S,,0x = Smax and TCY versus S,,,,, at Q = Q* are shown in Fig. 3.7 and 3.8,
respectively. Also, we see that the condition T, < t < Tp is satisfied such that 1.75 <
3.5 < 3.98, and hence this case applies. Table 3.2 and Fig. 3.9 show the effect of

increasing t on Q, S,,4, and TCY.

The second case shows that as t increases, S,,4, , @ and TCY. This can be justified from

the first case. Fig. 3.10 shows the interaction of Q, S,,,, and TCY.
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Figure 3.7: The behavior of Q as Sy,q, is fixedfor To < t < Tp.
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Figure 3.8: The behavior of S,,4, as Q* isfixedforTo < t <Tp .
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Table 3.2: Shows the effect of increasing t on Q, S;a aNd TCY for To < t < Tp.

t Q Smax TCY
0.5 27,646.1 407.27 119,942.68
1.25 48,040.15 721.18 121,800.64

2 65,936.22 994.96 123,019.75
2.75 82,950.68 1254.58 124,013.40
35 99,531.95 1507.24 124,896.26
4.25 115,864.26 1755.9 125,715.46

5 132,039.14 2002.03 126,494.39
5.75 148,107.73 2246.46 125,007.48
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Figure 3.9: The behavior of Q and S, as tincreases forcase of To < t < Tp.
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Figure 3.10: Three dimensional plot of Q, S;ax aNd TCY for To < t < Tp .

44



3.15 Thecaseoft >Tp

In this section we consider the case where t is longer than the production period.
Therefore, the inventory level keeps increasing at a rate of P(1 —d) — D during the
production period, as shown in Fig. 3.11.

The total inventory, I, during one cycle can be computed as the area under the graph in

Fig. 3.11 and is given by:

T (P((_1+d)Q+Smax)+Q D)z
1((Q Smanlt 2 Tp) = —— i (3.10)

The shortage cost occurs over the time intervals, Ty, and, Ty, during the cycle T.

Smax

) = ——max (Time to eliminate a backorder)
P(1-d)-D

T, = 5";% (Time to build a backorder of S,,,,, )

The average shortage, S, over the cycle T is the sum of two areas divided by T

C l Srznaxp(l_d) _ Srznaxp
S= T 2(P(1-d)-D)D _ 2 Q(P(1-d)-D) (3.11)
Therefore, the total annual cost per cycle can be obtained as follows:
TCY(Q, Smax|t = Tp) =
AD €D  rDd n Ag D n (_ (P((—-1+d)Q+Smax)+Q D)Z)
Q1-d) 1-d 1-d P(1-d) 2P Q ((-1+d)P+D)
A SZax P v Smax D
T 2era-a-n T Toa-a) (3.12)
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The plot in Fig. 3.11 is similar to the graph of the classical version of EPQ where the
slope is (P — D), and hence TCY is a convex function, (A. Elsayed and O.Boucher,
1985). Thus, if we treat this case similar to the classical version of EPQ except for a

slope of P(1 — d) — D, then we can prove its convexity easily.

As the production time is shorter than t, then the activity of adjusting the machine
terminates with the end of production and one may substitute T, for t. For a feasible

solution the condition Q > 0 must be met.

3.1.6 Numerical Example:

We use the same data given in examples of previous two cases. We find that at t = 6.9
hours, t = Tp. Therefore at any value of t which meets the condition t > 6.9, the lot size
Q and maximum shortage allowed S,,,, become constant. Using Eq. 3.12, we find that
the optimal values of order quantity and maximum shortage permitted are obtained at
Q*=7,761.91 unit and S, ,,,= 91.3051 unit with a minimum cost of $ 122,332. Fig. 3.12
shows the behavior of maximum shortage allowed S,,,,, for the three cases of t. Fig. 3.13

shows the interaction of Q, S,,,, and TCY.
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Figure 3.11: The relationship between the inventory level and time when t > Tp.
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Figure 3.12: The behavior of maximum shortage allowed S,,,,, for the three cases of t.
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3.2 The case where t is random variable:

In Chapter 2 we treated t as a random variable where the order quantity Q is the only
decision variable. In this section the optimal shortage S,,,,, allowed is a decision variable

too and t has some probability density distribution f(t).

3.2.1 Model Formulation:
As t is a random variable, the three cases considered separately earlier are combined

based on the renewal theory. The limits of integrals refer to the period at which each case

may occur. Note that t < T, implies that ¢ < 2™ 7S

which in turn simplifies to t <

Smax
P(1-d)-D’

The total cost can be expressed as the sum of the following: ordering cost, A, the
manufacturing cost, CQ, the process adjustment cost per cycle and the screening cost

r.t.P.d + Ag.t, the average shortage cost,# T S + 7 S,,4,, and the holding cost, TIh.

Therefore, the expected total cost is obtained as follows:
E; [TC(Q' Smax)] =
[RA+CQ+TtPd+Agt++TTh+RT S+ T Spap) f(H) dt (3.13)

The expected cycle length is determined as follows:

b;
0-tPd

BIT@Sna)] = | 7@ de (3.14)

ai

50



where a, and b, are the lower and upper bounds of each integral, the index i refers to the

case number.

Thus the expected total cost per cycle is obtained as follows:

Z?:l E{[TC(Q,Smax)]
Z?:l Ej [T(stmax)]

(3.15)

The objective of Eq. 3.15 is to find the optimal values of Q and S,,,, such that the total

cost per year is minimized. This model cannot be valid for any value of S,,,,, > 0. One

condition that must be satisfied is T, < Tp Or _Smax £ ihys:
P(1-d)-D P

[P(1-d)-D]

Smax < LT (3.16)

3.2.2 Numerical Example:

Suppose that the adjustment period, t, is a uniform random variable where f(t) = 1/8,
0 <t < 8. We found that the optimal values of order quantity and maximum shortage
permitted are obtained at Q*= 9,822.8 units and S, .= 123.69 units with a minimum
cost of $ 122,193.01. Let us consider that t is exponentially distributed, with f(t) =
1.25 e~ 125t where the expected value of ¢ is %25 . We found that the optimal values of
order quantity and maximum shortage permitted are obtained at Q*= 24,349.5 units and

Shax=407.96 units with a minimum cost of $ 120,520.35.

The plots of TC versus Q at S,,,x = Smax and TC versus S,,,, at Q = Q* for both

distributions are shown in Fig. 3.14 and Fig. 3.15, respectively.
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Figure 3.14: The behavior of Q at S,,ax = Smax IS fixed. Blue is uniform and Red is exponential.
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Figure 3.15: The behavior of S,,,,, at @ = Q™ is fixed. Blue is uniform and Red is exponential.
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CHAPTER 4

THE OPTIMAL LOT SIZE AND SHORTAGE
ALLOWANCE UNDER PROCESSING THE DEFECTIVE
ITEMS WITH TAGUCHI’S QUALITY LOSS FUNCTION

AND INSPECTION ERRORS

In this chapter we describe the results of incorporating the Taguchi’s quality loss function
and inspection errors into our model. Also, we will address the processing the defective
items situation and study how these aspects will affect the model’s decision variables.

The machine adjustment period ¢ is treated as a fixed value.

4.1 Taguchi’s Quality Loss Function Approach:

Since 1960, Taguchi methods have been used for improving the quality of Japanese
products with great success. During the 1980s, many companies finally realized that the
old methods for ensuring quality were not competitive with the Japanese methods. The
old methods for quality assurance relied heavily upon inspecting products as they rolled
off the production line and rejecting those products that did not fall within a certain

acceptance range. To measure quality, Taguchi defines a Quality Loss Function. The
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quality loss function is a continuous function that is defined in terms of the deviation of a
design parameter from an ideal or a target value.

This function penalizes the deviation of a parameter from the specification value that
contributes to deteriorating the performance of a product, resulting in a loss to the
customer. The product’s quality distribution is assumed to follow a normal distribution
function and the loss function given in our model is referred to as “nominal is best”. But

there are also expressions for cases when higher or lower values of parameters are better.

4.1.1 Model Formulation:
Taguchi’s quality loss function approach can be used to determine the economic impact
of the quality characteristic, X, as it deviates from the target value, u:

1 —(X-p?
e 202

g(x) =

Taguchi’s quality loss function L(X) is defined as follows:

L(x) = K(X — p)? LSL < X < USL

where K is Taguchi loss parameter

A= (USL —p) = (u— LSL)
Thus, the amount of loss is expressed as follows:

USL 1 —x-w?

e 207 K(X—u)?dx

(Q —t.P.d)

LS, O 2T
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The defective items will be sent to the storehouse for the reworking process. We assumed
that there is a negligible inventory holding cost associated with the storehouse. Once the
non-conforming items are reworked, they become as good as new (Fig. 4.1). We assume
that there are two different rework costs: one is for items produced below the
specification limits, R;, and the other one is for items produced above the upper

specification limits, R;;.

Rework Process Cost = (t.P.d) (RL fOLSL g wdx + Ry f;;Lg(x; ,u)dx)
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Process

Below the
specification limits
Classifying Defective
Items

Above the
specification limits

> Rework Process <t

Products as Good as New

Figure 4.1: Flow chart of the rework process.
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4.2  Committing Inspection Errors with Processing the defective items

Processing:

Two types of errors are committed in the inspection process. Type | error, eq, is
committed when a conforming item is classified as non-conforming and Type Il error, e,,
is committed when a non-conforming item is classified as conforming. Both types of
errors are assumed to be known. The apparent conforming items fraction can be
determined as follows:

1-d)(1—e)+de,=1—-e;—d(l—e;—e,)=1—-d 4.1)
where,

d=e, +d(1l—e; —ey) (4.2)

Apparent defective items are sent to the processing the defective items plant which has an
inventory holding cost of, 4. Once defective items are processed, they become as good as
new and are sent back to the original plant to meet the demand.

This situation yields three different cases of the process adjustment time, t. The three

cases and their sub-cases are shown in Table 4.1.

Each case will be discussed in Sections 4.2.1, 4.2.2 and 4.2.3, which are followed by
formulation and numerical examples in Sections 4.3.1 and 4.3.2. We assume t to be

provided.
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Table 4.1: The three cases and their subcases with respect to t

Case
Number

Case Status

Sub-cases

1. Shortage is not met while processing the defective
items

2. Shortage is met before Processing the defective items is
completed

3. Time for processing the defective items exceeds Tp

4. Processing the defective items reaches the cycle end

zone

1. Shortage is met before processing the defective items is
completed

2. Time for processing the defective items exceeds Tp

3. Processing the defective items reaches the cycle end

zone

t>Tp

1. Time for processing the defective items exceeds Tp
2. Processing the defective items reaches the cycle end

Zzone
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421 TheCaseoft<T,
The sub-cases of Pg:
In all the four sub-cases of this case,t lapses before meeting the shortage. We address the

four subcases as follows:

1. Shortage is not met while processing the defective items:

The production starts at a rate of P(l —d )—D, and an inventory of apparent defective
items is built up at a rate of Pd. During,T,, processing the defective items are processed
at a rate of P, ,and then the processed items are used to meet the shortage at a rate of P, +
P — D. Subsequently, the rest of the production period continues with a slope of P — D.
Once the production stops, the inventory level decreases until the end of cycle with a

slope of D (Fig. 4.2).

From Fig 4.2, the total shortage S, is computed as follows:

S = t.(Smax+v2+v3) + Ts.(2y2+Y3) + Vlz(P_D) + Shax (43)
2 2 2 2D

where,

tPd
V1i=Tp—(t+T),v2=v1(P—D),y3=T(Ps+P—D)and T, = —

Therefore Eq. 4.3 can be rewritten as follows:

g — d?P*t2D+dP3Pg t? D—Pg Q?D?+P P Q D(Q+t D)+P?Ps(S% nax—Q t D+Smaxt D) 44
- 2P2P, D (4.4)
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Figure 4.2: The relationship between the inventory level of conforming and defective items and the time when
the shortage is not met while processing the defective items.
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Also, the total inventory level is obtained as follows:

2 (P-D) 2D '

where,

Inax = Q — D-Tp — Smax
Therefore Eqg. 4.5 can be rewritten as follows:

QD2 QD2
I — (Q_Smax_T) + (Q_Smax_T (4 6)
2(P-D) 2D '

Also, we compute the total inventory level of defective items as follows:

__ dPt*+PgT?

I > (4.7)
We may come up with a relationship that governs the value of t. from Fig. 4.2:
t<T, and t+T, <T,
Thus, t < Smex and t < —Smax 4.8
(P-D) (P-D)(1+59) “9

2. Shortage is met before Processing the defective items is completed:

Once the apparent defective items are sent for processing, shortage is met while defective

items are being processing (Fig. 4.3).

From Fig. 4.3, the total shortage S, is computed as follows:

S — t-(ZSmax_.Bl) (Smax_ﬁl)z S‘rznax
2 2(P+Ps—D) 2D

(4.9)

62



where, §; = t.[P(1—d) — D]
Thus,

g = (=1+d)d P2t2D+Ps(Smax+t D)2+ P(S21qx+2 d Smax t D+t2D((-1+d)Ps+d D)) (4.10)

2(P+Ps—D)D

We compute the total inventory level as follows:

| = BE(P+Ps=D) | [Tp=(t+T5)l[Bo(P+Ps—D)tImax] | linax

> 5 D (4.11)
where,
S —
,82 — Ts __ “max 181
P+P,—D
Thus,
2
[ = 1 (Smax+Q(_1+g)) + (—d P*t+P,(Q—P £))((—1+d)P*t—Q D+P(Q+t D))
2 D P2p;
\ 2
d P t(=P+D)+P(S —P+D
(dPt(—P+ )*2- s(Smax+t (=P+ )))) (4.12)
Py“(P+P;—D)
We compute the total inventory level of defective items as follows:
dPt?+ P T2
Is = fss (4.13)
We may come up with a relationship that governs the value of t. from Fig. 4.3:
t<T, and To<t+T, <Tp
Thus,
S S Q
t < —— and — 2 <t< - 4.14
P(1-d)-D (P—D)(1+%j) P[1+%j] (4.14)
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Figure 4.3: The relationship between the inventory level of conforming and defective items and the time when
shortage is met before processing the defective items is completed.

3. Processing the defective items exceeds Tp:

64



This sub-case assumes that processing the defective items takes a longer time such that

the production stops before processing the defective items is completed (Fig. 4.4).

It is obvious from Fig. 4.4 that the total shortage,S, is the same as the second case which

is given in Eqg. 4.10.

We compute the total inventory level as follows:

I =

2 - - - _ _ 2
a -(P‘;Ps D) + (Ts+t=Tp).[2Inax 2(T5+t Tp).(Ps—D)] +Irggx (415)

where,

=T, — Smax=F1
a=Tp— [t+ P+PS_D] and

Ipax =t.[P(1=d) = D]+ (Tp —t).(P+ P, = D) + (t + Ts — Tp).(Ps — D) — Spax

Thus,
N 0 Ps Smax +dPtD+PStD)2
1 Smax—t(1—d-D 1
[ =@ matUodDhop L p _py 4 Ps +2(=4 e+
2P P+P;—D 2D 2 P
dPt dPt Ps Smax+d Pt D+P; t D

P—S)(—(—%+t+P—S)(PS—D)+ 2(Q - - ) (4.16)
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max

P,+P-D

R R

Figure 4.4: The relationship between the inventory level of conforming and defective items and the time when
processing the defective items exceeds Tp and when t is small.
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The formula for the total inventory level of defective items is the same as in the previous

two sub-cases.

Also we notice that:

t<T, and Tp S t+T, <T— e
Thus,
Smax Q Q_Smax
< — and — <t < —r 4.17
P(1-d)-D P[1+—l;:] D[1+—l;;i] ( )

4. Processing the defective items reaches the cycle end zone:

This sub-case is valid only for P, — D < 0, because when P, — D > 0, the previous case
is valid. Here we assume that processing the defective items reaches the end of the cycle

where the shortage zone has not been met (Fig. 4.5).

From Fig 4.5, the total shortage, S, is computed as follows:

_ t@Smax—B1) | Smax—B? | 1 N e T e
§= 2 + 2(P+Ps—D) *3 [(t +Ts = Tp) PS—D] (% —D)+ 2 [T

(t + T1[2Smax — (T = (¢ + Ty))D] (4.18)
Thus,

(d P+Pg)t

1 Q Q d P+Ps)t D (Smax+t((-=1+d)P+D))?
5=;((—P—+3)(25max—3+( )
S

Ps ) P+Ps—D

+t(2Smax +

(d P t D+PS(—Q+Smax+t D))?

t((-1+d)P+ D)) — D)

) (4.19)
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max

N kbl

Figure 4.5: The relationship between the inventory level of conforming and defective items and the time when
processing the defective items reaches the cycle end zone and when ¢ is small.
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We compute the total inventory level as follows:

_ 1 _lhax _I_y%nax (4.20)
2 Ps¢+P-D 2 D-—P;

where,
Imax = t.[P(1=d) = D] + (Tp = t). (P + P, = D) — Spax
Thus,
1 Q(P+Ps—D 1 1
I =3 (Spax + (d P+ Pt - 2L b%PWFD+_&H) (4.21)

The total inventory level of defective items can be obtained from Eqg. 4.13. We may come

up with a relationship that governs the value of t. from Fig. 4.5:

t<T, and T—M < 4T < T
Smax Q—Smax Q
Thus, t < —"=— and —=<t< . 4.22
P(1-d)-D D[1+—ij] D[1+—I;j] (4.22)

Formulation and numerical example:

The total cost can be stated as the sum of the following costs divided by T : ordering cost,
A, the manufacturing cost, CQ, the process adjustment cost per cycle and the screening
cost, r.t.P.d+ Az.t, the production cost, QuCp, Taguchi’s quality

~(X=m? .
loss,Q f;ﬁLﬁe 202 K(X — u)?dx, rework process cost, and the defective items
inventory holding cost of TI,h.

Therefore, the total cost per cycle is obtained as follows:
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usL 1 —X-w?

+DuCp+D fi —=e 2t KX~

AD tPdD AgtD
TCY;j(Q Smax) = "5+ CD +——+=

(t.p.d)D
Q

LSL e} = ~ = ~
widx + (RL o 9Gswdx + Ry [, 9(x; ,u)dx) +Th+Lh+ TS+ TSy

(4.23)
where the index i refers to the case number and j refers to sub-case number.

The objective of Eq. 4.23 is to find the optimal values of Q and S,,,, such that the total

cost per cycle is minimized.

To illustrate how to apply the four sub-cases, let us consider the following numerical

example. Consider the following data:

P = 25,000 units per year
D = 23,000 units per year
P,= 1,500 units per year
r = $1 per unit

h = $ 4 per unit/year

hs = $ 2 per unit/year

C = $ 5 per unit

Cp=$ 3 per unit

Az = $ 50 per hour

A =$ 100 per order

= $ 5 per unit/year
7=$0.3

R, = $ 4 per unit

Ry =$ 6 per unit

k=5
o =0.05
USL =5.2
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LSL =438

K=$%120
6’1 = 62 = 002
d = 0.0455

Table 4.2 shows the optimal values of Q and S,,,, as well as TCY;; at two different
values of t for the four sub-cases and their subjected constraints. For our example, the
decision maker in terms of costs would choose the second sub-case where the shortage is
met before processing the defective items is completed because it yields the minimum

cost.
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Table 4.2: The optimal values of @ and S,,,, as well as TCY;; at two different values of ¢ for the four sub-cases.

TCY,,

t= 0.01

t=20.1

TCY;,
Subject to

t < Smax i,
T (P-D)a+EY
N

Q = 3,325.9 units
Smax = 105.97units
TCY;, = $ 468,718

Q = 7,354.93 units
Smax = 412.27 units
TCY;, = $469,851

TCY,,
Subject to

t Smax
— P(1-d)-D
Smax ‘ < t

(P—D)(1+%';1) N P(1+%§)

Q = 4136.65 units
Smax = 4.08 units
TCY,, = $468,139

Q =7,728.43 units
Smax = 40.8 units
TCY]_,Z = $ 468,526

TCY, 4
Subject to

t Smax
— P(1-d)-D

-S
QPd st< i n;a;
P(1+5) D(1+55)
S S

Q = 515.333 units
Smax = 4.08 units
TCY, 3 = $473,164

Q = 5,153.33 units
Smax = 40.8 units
TCY, 3 = $478,270

TCY, 4
Subject to

S
< mc\lx
— p(1-d)-D

Q—Smax Q
P.d st
D(1+P—S)

Q = 478.187 units
Smax = 4.08 units
TCY;, = $472,671

Q =4,741.07 units
Smax = 87.5289 units
TCY;, = $ 469,217
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422 TheCaseof To <t<Tp

We address three subcases under this case, where t is always performed after meeting the
shortage, which takes place at the beginning of the cycle, i.e., t > T,. However, we

assume that ¢ ends before the end of the production or, t < T).
The three sub-cases of Py:
1. Shortage is met before processing the defective items is completed:

In this scenario the production starts with a rate of P(1 — d) — D, while inventory level

of defective items is being built at a rate of Pd till the end of ¢. Then the processed items
will be sent to the inventory which is given by the slope P, + P — D. Once all the
defective items have been processed and consumed, the inventory level continues at a
rate of P — D. Finally, the production stops and the inventory level starts decreasing with

a slope of D (Fig. 4.6).

From Fig. 4.6, the total shortage S, is computed as follows:

_ _([d-1)PShax
T 2D((d-1)P+D)

(4.24)

We compute the total inventory level as follows:

= %92- (P(l _ d) _ D) n Ts.[ZG(P(l—d)—§)+Ts.(Ps+P—D)] n (Tp—;t+TS) [(9 (P(l _ d) _

2
D) + Ty(Py + P = D)) + Iypqy | + 22 (4.25)
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where,

Thus,

j Smax S d P t(P+Ps—D)

d P t(2(t——2 ) (1-d)P-D)+———FH ——

_ (1-d)P-D Ps 1. Smax _
I = 27 +2(t i D) ((1 d)P D)+
QD

(Q-Smax—5" dPt S
Eme el 1 2@ =20 — Spar + (- TZE (1 - d)P - D) +
dPt(P+Ps—D) QD
— 7 ) (4.26)

The total inventory level of defective items can be obtained from Eq. 4.13.

The lower and upper bounds of t are:

To<t<Tp and To<t+T, <Tp
Thus,
S Q S Q
— M Jt<= and max <t< - 4.27
P(1-d)-D P [P(1-d)- D](1+ ) P[1+%1] ( )
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Pd

t T

5

Figure 4.6: The relationship between the inventory level of conforming and defective items and the time when
shortage is met before processing the defective items is completed.
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2. Processing the defective items period exceeds Tp:

This sub-case assumes that processing the defective items continues after the production

has been completed (Fig 4.7).

The total shortage, S, is obtained from Eqg. 4.18. We compute the total inventory level as
follows:

[ = %92_(1:(1 —d)-D) +§ (Tp — t)[26.(P(1—d) — D) + (Tp — t). (P + P —
D)] + %(Ts —(Tp - t)) [ZImax - (T = (Tp - t)) (Ps = D)] t oD Imax (4.28)

where,

_ _ Smax
0=t P(1-d)-D" and

Imax =t.[P(1=d) = D]+ (Tp = t).(P + P, = D) + (t + Ts — Tp).(Ps — D) — Spax

Thus,
I=2C-pet-—r 51 )P +P,— D) +=(t ———)2((1 —d)P —
=1 G- Q-2 + (G~ ) ) +3 (= ) (A= d)
© PSSmax+[iPt:D+P5tD) 1 APt dPt
D) + L ot t SO H SO D) +2(Q -
Ps Smax+d Pt D+Pgt D
P ) (4.29

The total inventory level of defective items can be obtained from Eq. 4.13.

The lower and upper bounds of t are:

To<t<Tp and Tp S t+T, <T— e
Thus,
Smax Q Q Q—Smax
——<t<-= and — <t < —F= 4.30
P(1-d)-D P P(1+—‘;j) D(1+—‘;,'j) (4.30)
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Figure 4.7: The relationship between the inventory level of conforming and defective items and the time when
processing the defective items exceeds Tp and t is between Ty and Tp.
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3. Processing the defective items reaches the cycle end zone:

This sub-case is valid for P, — D < 0, because when P, — D > 0, the previous case is
valid. Here we suggest that processing the defective items reaches the end of the cycle

where the shortage zone has not been met (Fig 4.8).

From Fig 4.8, the total shortage, S, is computed as follows:

S =
1 SPhax 1 Imax 2 1
5 m‘F;[(t + T —Tp) _DTPS] (D = P) + [T = (t + T)I[2Smax —
(T — (¢ +Ty))D] (4.31)
where,
Ipax =t.[P(1=d) = D] + (Tp — t). (P + P, — D) — Spax
Thus,
_ 1o Shax 4, APt Qvn 2 Q@ (dPHP)LDy
5= 2 ( (-1+d)P+D + (=t Ps +5) (2 Snax =5 F Ps )
(d Pt D+Ps(—Q+SZ,qx+t D))?
P2(PoD) ) (4.32)

We compute the total inventory level as follows:

1 N 1 1 ax
=262 (P(1-d)-D)+ S(Tp = O2hpax = (Tp =) (P + P = D)] + T (4.33)
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2 2
_ 1 (Smax+f((—1+d)P+D)) (Smax+d P t+Q(—1+%))
Thus, I'= 2™ (-1+d)P+D P—D

(-Q+P t)((—1+2d)P2t+Q(PS+D)—P(Q—25max+PS t—t D))
PZ

The total inventory level of defective items can be obtained from Eq. 4.13. The lower and

(4.34)

upper bounds of t are:

To<t<Tp and T—E <t 4T, <T
Thus,
s Q Q=S Q
— I <<t <= and —IE <t < - 4.35
P(1-d)-D P D(1+%;i) D(1+%;i) ( )

Formulation and numerical example:

By referring to Eq. 4.23 we can obtain a model for each sub-case. To illustrate how to

apply the three sub-cases, let us consider the data given in Subsection 4.2.1.

Table 4.3 shows the optimal values of Q and S,,,, as well as TCY;; at two different

values of t for the four sub-cases and their subjected constraints. For our example, the
decision maker in terms of costs would choose the second sub-case where processing the

defective items exceeds, T, because it yields the minimum cost.
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Figure 4.8: The relationship between the inventory level of conforming and defective items and the time when
processing the defective items reaches the cycle end zone and t is between Ty and Tp.
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Table 4.3: The optimal values of @ and S,,,,, as well as TCY ;; at two different values of ¢ for the three sub-cases.

t=05

t=1

Smax = 186.242 units
Q = 25,766.7 units
TCY,, = $470,765

Smax = 385.848 units

Q = 51,533.3 units
TCY,, = $473,712

Smax = 84.8247 units

Q = 23,790.2 units
TCY,, = $470,720

Smax = 179.661 units

Q = 47,590.3 units
TCY,, = $472,855

Smax = 170.067 units

Q = 23,705.3 units
TCY,3 = $470,475

Smax = 353.481 units

Q = 47,410.7 units
TCY2’3 = $ 4‘73,057

TCY, ;
TCY,,
Subject to
Smax 2
pP(1-d)-D st< P
Smax %
[p(l_d)_p](ug) 1+g
TCY,,
Subject to
Smax 2
pP(1-d)-D st< P
Q Q—Smax
Pd st< Pd
P(1+P—S) D(1+P—S)
TCY,;
Subject to
Smax oy <2
P(1-d)-D P
Q_qux <t Q
D(1+%§) h D(1+%:)
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423 TheCaseoft > Tp
This case discusses the situation where t is large, t > Tp such that during the production
period the inventory is built at a rate of (1 — d) — D, before its slope changes to P, — D.

Finally, the inventory level decreases at a rate of D.
The two sub-cases of Py:

1. Processing the defective items exceeds Thp:

The total shortage,S, is obtained from Eqg. 4.18. We compute the total inventory level

from Fig. 4.9 as follows:

15 3 1 Thax
1=20%(P(1—d)=D)+3Ty [2lnax — Ts . (D — P)] + (4.36)

2D
where,

N Q d A Smax .
Imax = Tp.[P(1—d) = D] +7=(D = R) = Sax and § =T — Pli-d)_p * TUs:

(@-d Q=Smax—%)?

_10Q_ _ Smax 2 —A\p —
I= 2 (P (1—d)P—D) (A-d)P-D)+ 2D +
5 dQ(=Ps+D) . ,Q(1-d)P-D) , d Q(-Ps+D)
d Q(_ Pg +2( SmaxT P B Pg )) (437)

2 Pg

EqQ. 4.13 becomes:

(4.38)

where, T, = —

One condition must be satisfied which is:
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t=Tp=1 and Tp <Tp+T, <T —2n

Also, it may be noticed that as,

Smax 1 d 1 _Smax
Tp+T, <T— —+——)<
pls< p ~GtE TP =D
And therefore,
14 1 o (4.39)
P P; D

In other words condition 4.39 is satisfied only if P and P. are very large quantities, and d

and D are small enough. The data given in Subsection 4.2.1 do not satisfy condition 4.39.

2. Processing the defective items reaches the cycle end zone:

This sub-case is valid for P, — D < 0. Here we consider a case where processing the

defective items continues while the shortage zone has not been met (Fig. 4.10).
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Figure 4.9: The relationship between the inventory level of conforming and defective items and the time when

t=>Tp.
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The total shortage,S, is obtained from Eq. 4.32. We compute the total inventory level as

follows:
= 1—’%1?" + L Iinax (4.40)
2P(1-d)-D 2 Ps—D
where,
Imax = Tp-[P(1 —d) — D]
Thus,
_ —((-1+d)P+P5)Q?((—1+d)P+D)
I = 2P2(Po—D) (4.41)
Also, it may be noticed as,
Q Smax
t:Tp:; and T_TSTP+TS<T

the condition 4.39 might not be satisfied.
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Figure 4.10: The relationship between the inventory level of conforming and defective items and the time when
processing the defective items reaches the cycle end zone and t = Tp.
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The lower and upper bounds of t for each case and sub-case are summarized as follows:

Thecaseof t < T,

1. Shortage is not met while processing the defective items:

t<T, and t+T, <T,
S. S.

Thus: t < —2ex and t < —mex
(P-D) (P-D)(1+59)

2. Shortage is met before processing the defective items is completed:

t<T, and To<t+T, <Tp
Thus,
Smax Smax Q
< and — <t < _
P(1-d)-D (P—D)(1+g) P[1+g]
3. Processing the defective items exceeds Tp:
t<T, and Tp St+T, <T— 2
Thus,
Smax Q Q_Smax
< 70— and — <t < —
P(1-d)-D P1+54] D1+57]
4. Processing the defective items reaches the cycle end zone:
t<T, and T—M <t 4 T < T
Smax Q—Smax Q
Thus: t < —— and —-<t< <
P(1-d)-D D[1+%1] D[1+%1]
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TheCaseof To <t <Tp

1. Shortage is met before processing the defective items is completed:

To <t<Tp and To<t+T, <Tp
Thus, ——max < ¢ < £ and Smax __ opc 9
P(1-d)-D P [P(l—d)—D](1+%j) P[1+%§]

2. Processing the defective items exceeds Tp:

To<t<Tp and Tp S t+T, <T— e
S Q Q Q—Smax
Thus, /- <t <= and — <t < —=
P(1-d)-D P P[1+%§] D[1+—I;;i]

3. Processing the defective items reaches the cycle end zone:

To<t<Tp and  T-TE<t4+T<T
S Q Q=S Q
Thus: —/& <t <= and —IELSt< -
P(1-d)-D P p[1+24 p[1+22

Byl Byl

Thecaseof t > Tp

1. Processing the defective items exceeds Tp:

t=Tp=1 and Tp < Tp+ Ty < T —me

2. Processing the defective items reaches the cycle end zone:

t=T,=2 and T < Ty + T < T
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CHAPTER 5

THE OPTIMAL LOT SIZE WITH RANDOM
INSPECTION ERRORS AND PROCESSED ITEMS SOLD

AT ASECONDARY MARKET

In this chapter we treat models discussed in Chapter 4 as if the inspection errors are
random variables. Moreover, we assume that defective items that are further processed

will be sold at a reduced cost at a secondary market.

5.1 Random Inspection Errors and Processed Items Sold at

a Secondary Market:

5.1.1 Random Inspection Errors:

Assuming that inspection errors are fixed or constant is not always a valid assumption.
Random inspection errors are more likely to take place in practice such that the fractions
of Type I and Il errors are calculated according to some probability distribution. That is,
e; (a probability of conforming item is classified as non-conforming) and e, (a
probability of non-conforming item is classified as conforming) are randomly distributed.
The expected value of defective items is taken as follows:

N

d=el+d(1—€1—ez)
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Thus,
E(d) = E(ey) + d[1 — E(e;) — E(e)] (5.1)
and

V(d) =V(ey) +0—d?V(e)) —d?V(ey) (5.2)

We assume both types of inspection errors are normally distributed then,

e;~ N(uq, 04) and e, ~ N(u,,0,) . Hence, Eq. 5.1 and 5.2 become,
E(d) = py +d(1— py — 1) (5.3)
V(d) = 0,2 —d? 0,2 — d? 0,2 (5.4)

Therefore, the expected value of E (d) is given by Eq. 5.3 and its variance is given by Eq.

5.4.

In this case e; + e, = e, is also a normal random variable with the probability density

function given as:

—(e—E(d))?

e (5.5)

1
g(e) =V(d)—\/ﬁe
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5.1.2 Further Processed Items Sold at a Secondary Market:

When apparently defective items are detected, they are sent for further processing. In this
model, the processed items are not perfect as new and therefore will be sold at a reduced
cost at a secondary market. Also, we assume that the items processing starts after ¢ ends.
This makes the behavior of further processed items inventory level completely
independent of the behavior of apparently perfect items inventory level. Thus, the

behavior of further processed items inventory level always follows the graph in Fig. 5.1.
The average inventory level of processed items is obtained from Fig. 5.1 as follows:

_ Y2 p E(Q)+:T 2P
I =2 (22C ¢ (5.6)

One condition must be satisfied to ensure that the adjustment machine period and items

processing period will not exceed the cycle length. That is,

t+T, <T (5.7)
Thus,
- t PE(d) < Q-tPE(d) (5.8)
P, D

We also observe that the behavior of the apparently perfect items inventory level as t
varies, is exactly what we obtained in Chapter 3, except that the inspection errors are

random variables.
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" Comax

PE(d)

t T
Figure 5.1: The behavior of the further processed items and the inventory level.
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5.2 The case when t is deterministic:

There are three cases to be considered. In Section 5.2.1 we discuss the case of t < Tp,
where To is the period that starts with the resumption of the production cycle and ends
when shortage is zero, as shown in Fig. 3.1. In Section 5.2.3 we discuss the case of To <t
< T, where Tp is the production period. Finally, in Section 5.2.5, we consider the case
where t>Tp.

Total cost per cycle is obtained as follows:

TCY(Q' Smax) =

AD rtPE(d)D AgtD UsL 1 -(x;g)Z 5
Q—tPE(d)+CD+Q—tPE(d) Q_tpE(d)+DHCP+DfLSL A K(X — p)*dx
(t.P.E(d))D

LSL o e A
0tPE@) (RL fo gl wdx + Ry fUSLg(x; ,u)dx) +Ih+ I, h+ TS+ T Spy, (5.9

521 Thecaseoft <T,

By referring to Fig. 3.1 where we replace d by E(d), we calculate the average inventory

as follows:

(P(=Q+Smax)+E(d) P?t+QD)?

I'= 2P(Q-E(d) P t)(P-D) (5.10)
Also, the average shortage is calculated as follows:
_ _ 2 3 3 _ 3 2
& = “P(hax+2 B(@d) D Smax t+E(d) DD+(=1+E(D)P) £) (5.11)

2(D-P)(Q-E(d) P t)
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5.2.2 Numerical Example:

Let us consider the following data:

P = 25,000 units per year
D = 23,000 units per year
P-= 1,500 units per year
r = $1 per unit

h = $ 4 per unit/year

he = $ 2 per unit/year

C = $ 5 per unit

Cp=$ 3 per unit

Ay = $ 50 per hour

A =$ 100 per order
7= $ 5 per unit/year
7=$0.3

R, = $ 4 per unit

Ry = $ 6 per unit

u=>5

o =0.05

USL =5.2

LSL =438

K=$%120

;= 0.02

u, =0.03

d = 0.0455

The optimal values of the order quantity and the maximum shortage permitted when t =
2 hours are Q*= 131,730 units and S,,,,= 1,601.64 units with a minimum cost of
$490,002. The plots of TCY versus Q at S,,5x = Smax and TCY versus S, at Q = Q*

are shown in Fig. 5.2 and 5.3 respectively.

Note that 2 =t < T, = 2.38 which means that this case applies. Table 5.1 and Fig. 5.4

show the effect of increasing t on Q, S,,4, and TCY.
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Figure 5.2: The behavior of Q as S;,q, is fixed.
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500000 |

Smax

10000 20 000 30000 40000 50000 60 000
Figure 5.3: The behavior of S,,,,, as Q* is fixed.

96



Table 5.1: The effect of increasing t on Q, S;,qx and TCY

t Q Smax TCY
0 4,847.11 111.01 468,007
0.4 58,943.48 1,430.28 477,511
0.8 83,357.05 1,694.17 481,739
1.2 102,099 1,756.4 484,959
1.6 117,872 1,713.07 487,650
2 131,730 1,601.64 490,002
2.4 144,214 1,441.38 492,109
2.8 155,649 1,243.79 494,029
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Figure 5.4: The behavior of Q and S,,4x as tincreases for case: t < Ty
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Figure 5.5: Three dimensional plot of Q, Sy, @and TCY
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It is obvious from Table 5.1 and Fig. 5.4 that as t increases both Q and S,,,, increase as
well, and as a result, TCY goes up. Indeed as t increases more units are discarded and
hence Q should increase to compensate for these units. However, at t > 2, S,,,,,, J0€s

down. Fig. 5.5 shows the interaction of Q, S,,,, and TCY.

523 Thecaseof To < t <Tp

Referring to Fig. 3.5, the average inventory level is obtained as follows:

D( (Smax+t(- 1+E(d))P+D))2I(Smax"'E(d)P“‘Q( 1+ﬁ))2 (=Q+P t)((-1+2 E(d) )P%t+Q D+P(-Q+2 Spax+t D))
7 (-1+E(d))P+D D p2
I = O EDP D (5.12)

Also, the average shortage is calculated as follows:

& _ 1 ShaxP(1-E(@) _ Sax P (1-E(d))
°Tr 2(P(1-E(@)-D)D 2 (Q-t.P.E(Q)) (P(1-E(d))-D) (5.13)

Therefore, total cost per year is obtained from Eq. 5.9.

5.2.4 Numerical Example:
Let’s consider the data given in section 5.2.2. This case applies for any value of t > 2.8
hours, and this aspect can be derived from Eqg. 5.8 as follows:

LEPE@ _Q-tPE@)
2 D

Thus:

Q>t.D (1 +—= PE(d) + PE(d)) and this yields that =>t.

C

Therefore, any given value of ¢t > 2.8 hours is applicable on this model. Now let’s

consider t=15 hours. The optimal values of the order quantity and the maximum
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shortage permitted when are Q*= 244,084 units and S;,,,,= 1,865.98 units with minimum
cost of $503,210. The plots of TCY versus Q at S,,4x = Smax and TCY versus S,,,,, at

Q = Q™ are shown in Fig. 5.6 and Fig. 5.7, respectively.
Table 5.2 and Fig. 5.8 show the effect of increasing t on Q, S,,4, and TCY.

It is obvious from Table 5.2 and Fig. 5.8 that as t increases both Q and S,,,,, increase as

well, and as a result, TCY goes up. Fig. 5.9 shows the interaction of Q, S,,,4, and TCY.

525 Thecaseoft > Tp

Referring to Fig. 3.9, the average inventory level is obtained as follows:

T (P((~1+E(d))Q+Smax)+Q D)?
I'= 2 P Q ((-1+E(d))P+D) (5.14)

Also, the average shortage is calculated as follows:

c_ 1 ShaxP(1-E@) _ S2ax P
5= T 2(P(1-E(d))-D)D  2Q(P(1-E(d))-D) (5.15)

Therefore, total cost per cycle is obtained from Eq. 5.9.

The following conditions must be satisfied:

T+ T, <T

Q QE@ _e(- E(d)

) D

Thus: 4+ £ o 12£(@) (5.16)
PP D
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In other words condition 5.16 is satisfied only if P and P. are very large quantities, and
E(d) and D are small enough. So, when we refer to the data given in Section 5.2.2, we

find that this case does not apply.
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Figure 5.7: The behavior of §,,,, as Q™ is fixed.
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Table 5.2: The effect of increasing t on Q, S;,qx and TCY

t Q Smax TCY
3 162,394 1,240.98 494,934
4 198,929 1,519.18 499,190
5 244,084 1,865.98 503,210
6 292,901 2,241.92 507,220
7 341,718 2,617.86 511,231
8 390,535 2,993.8 515,241
9 439,352 3,369.74 519,253
10 488,169 3,745.68 523,264
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Figure 5.8: The behavior of Q and S,,,,, astincreases for the case of To < t < Tp
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Figure 5.9: Three dimensional plot of Q, S,,4x and TCY
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5.3 The Case when tis a random variable:

In this section we treat t as a random variable and hence some probability density
distribution f(t) must be defined. Section 5.3.1 considers model formulation and Section

5.3.2 provides a numerical example.

5.3.1 Model Formulation:

As t ,is a random variable, the three cases are combined based on the renewal theory,
according to Eq. 2.1. The limits of integrals refer to the period during which each case

may occur according to Table 5.3.

Thus:
-(x-w?

by
_ j usL 1 =
E/TC(Q,Smax)] = (A+CQ+rtPE(d)+Adt+QuCp+QfLSL =L KX -
a

w)?dx + (t. P. E(d)) (RL fOLSL gl wdx + Ry fUOZL g(x; /,t)dx) +TIh+TIhe + AT S +

7 Smax)f (t) dt (5.17)

Moreover, the expected cycle length is determined as follows:

b; .
BIT(@Snad] = | 25 Dypy ar (5.18)

where, a and b are the lower and upper bounds of each integral, the index i refers to the

case number. Thus the expected total cost per cycle is obtained as follows:

Y3 EilTC(Q,Smax)]
3 L EilT(Q.Smax)]

(5.19)
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The objective of Eq. 5.19 is to find the optimal values of Q and S,,,, such that the total

cost per cycle is minimized.

This model cannot be valid for any value of S,,,, > 0. The condition T, < Tp or

—Smax___ 2 st be satisfied, thus,
P(1-E(d))-D ~ P

Q [P(l_E(d))_D] (520)

Smax < P
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Table 5.3: The limits of integrals for the three cases.

a; bi
Smax
0 P(1-E(d))-D
Smax Q
P(1-E(d))-D P
Q
)2 (00}
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5.3.2 Numerical Example:

Let us consider the following data:

P = 25,000 units per year
D = 23,000 units per year
P-= 1,500 units per year
r = $1 per unit

h = $ 4 per unit/year

he = $ 2 per unit/year

C = $ 5 per unit

Cp=$ 3 per unit

Ay = $ 50 per hour

A =$ 100 per order
7= $ 5 per unit/year
7=$0.3

R, = $ 4 per unit

Ry = $ 6 per unit

u=>5

o =0.05

USL =5.2

LSL =438

K=$%120

;= 0.02

u, =0.03

d = 0.0455

When we use the above data, we discard the third case because the condition 5.16 is not
satisfied. Suppose that the adjustment period t, is a uniform random variable where
f(t) = 1/8, 0 <t<8. We find that the optimal values of order quantity and maximum
shortage permitted are obtained at Q*=219,250 units and S,,,,=2,284.71 units with a
minimum cost of $ 502,631. The plots of TC versus Q at S,,,4x = Smax @and TCY versus

Smax @ Q = Q" are shown in Fig. 5.9 and 5.10, respectively.
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Figure 5.10: The behavior of Q as Sy, is fixed.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this chapter we summarize the models proposed in the previous chapters and briefly
describe the results obtained from these models. Studies which can be undertaken in the
future and possible extensions to the proposed models are also discussed. This chapter is
divided into two sections; in Section 6.1 we summarize our work, and in Section 6.2 we

propose several ideas which could be considered as future extensions.

6.1 Summary:

The research discussed in this thesis investigated economic production quantity models
where items with imperfect quality are produced during the process adjustment period.
The main objective of these models is to find the allowed lot size quantity and 1shortage

that will result in @ minimum inventory and production cost.

In Chapter 1 we presented a literature review of the researches that are relevant to
our work. The issue of the process adjustment period has not been addressed in
the way we did in our research. Moreover, we found that there are not many
papers which address the concept of the process adjustment period. We
introduced the concept of the process adjustment period, during which all

machines, equipment and tools associated with the production process are
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properly adjusted while the production is taking place. In some chemical
processes, the machine adjustment period is the time taken for the attainmentofthe
proper chemical composition. Some practical real life examples such as milling
techniques, metal surface finishing and the steel making process are provided in
Chapter 1.

In Chapter 2 “The Optimal Lot Size under Machine Adjustment Period”” model is
discussed. The two cases considered are when the machine adjustment takes place
during the production period, t < Tp, and when the machine adjustment takes a
longer time such that it exceeds the production period ,t > Tp,. We treat the
machine adjustment period, t, as a deterministic value and a random variable and
the order quantity size as the decision variable, Q. We developed a mathematical
model representing each case. When t is a random variable the two cases are
combined mathematically, based on the renewal theory. Numerical examples for
t as a deterministic value and a random variable are provided for illustration
purposes. We also showed that the optimal production size increases as the

adjustment period increases, then at a certain value, it becomes constant.

In Chapter 3 we discussed “The Optimal Lot Size under Maximum Shortage
Allowance”. In this model three cases of the machine adjustment and screening
process, time for which is t, are considered. It may take place during the shortage
period, t < To, or could take place within production period, To <t < Tp, Or can
exceed the production period, t > T,. Moreover, t is treated as a fixed value and as
a random variable. A mathematical model was developed and a numerical
example is provided for each of the three cases of t. We showed that as t
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increases both Q and S,,,,, increase fort < Toand To <t<Tp, and as a result, TCY

goes up. For t>Tp, Q and S,,,,, become constant.

Chapter 4 titled “The Optimal Lot Size and Shortage allowance under Processing
the defective items with Taguchi’s Quality Loss Function and Inspection Errors”,
incorporates three contributions; processing the defective items , Taguchi’s
quality loss function and inspection errors. In processing the defective items , the
apparent defective items are sent to the recycling process plant which has an
inventory holding cost of h. Once defective items have been recycled, they
become as good as new and are sent back to the original plant to cover the
demand. In Taguchi’s quality loss function, the product’s quality distribution is
assumed to follow a normal distribution function and the loss function in our
model is referred to as “nominal is best”. Two types of errors are committed in the
inspection process. Type | error (e,) is committed when a conforming item is
classified as non-conforming and Type Il error (e,) is committed when a non-
conforming item is classified as conforming. Both types of errors are assumed to
be known. Processing the defective items yields four different cases of t which is
treated as a fixed value. The four cases and their sub-cases are shown in table 4.1.
We developed a mathematical model and provided a numerical example for each

case where the decision variables are Q and S,,,4-

116



In Chapter 5 another extension titled “The Optimal Lot Size with Random
Inspection Errors and Processed Items Sold at Secondary Market” is discussed. In
this extension the fractions of Type | and Il errors are randomly distributed and
the processed items are not defect-free and therefore will be sold at a reduced
price on a secondary market. Also, we assume that the processing of the items
starts after t has lapsed and t is treated as a fixed value and as a random variable.
In this model also three cases of the machine adjusting and screening process,
time for which is t, are considered. It may take place during the shortage period, t
< To, or could take place within the production period, To <t < T,, or can exceed
the production period, t > Tp. We developed a mathematical model and provide a

numerical example for each case where the decision variables are Q and S,
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6.2 Future Work:

The models that we have developed in this work can be extended in several ways as

shown below:

Integrating this model with design of control charts.

e Treating the adjusting machine period as a fuzzy.

e Incorporating the lead time and the stochastic demand.

¢ Incorporating more than one adjusting machine period into a cycle.

e Integrating this model with vendor selection problem in a supply chain.
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