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Summary of Topics

1. Normal and shear stress distributions in beams

2. Deflections in beams – Focus on 2nd order method

3. Deflections in beams using superposition

4. Energy methods – Castigiliano’s Theorems

– Find reactions in indeterminate system

– Find deflections



Distribution of Strains and Stresses
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Parallel Axis Theorem

X = x

Y = y − 𝑑𝑂𝐵



Finding Angles and Deflections
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Bending in Indeterminate Beams

1. Draw FBD

2. Equilibrium for external forces and couples

3. Find external moment M(x) for each section

4. Integrate moment-curvature equation

5. Apply boundary and continuity equations

6. Solve for unknowns



Boundary Conditions



Superposition Method

Calculate the beam 
deflections.



Statically Indeterminate Beams Using 

Superposition Method

1. Determine the degree of static indeterminacy

2. Break the problem into statically determinate subproblems

3. Write compatibility equations

4. Write force deformation equations

5. Substitute force-deformation equations into the compatibility 

equations and solve for unknown reactants.

6. Write superposition equations.



Energy Methods

▪ From thermodynamics:

W = Force ∗ Displacement = Δ𝑈



Energy Methods

ത𝑢 =
1

2
[σ𝑥 ε𝑥 − αΔ𝑇 + σ𝑦 ε𝑦 − αΔ𝑇 + σ𝑧 ε𝑧 − αΔ𝑇 + τ𝑥𝑦γ𝑥𝑦 + τ𝑥𝑧γ𝑥𝑧 +τ𝑦𝑧γ𝑦𝑧]

W = Δ𝑈



Energy Methods

If we want to find the displacements at the location of an applied force:

If we have an indeterminate system and want to find the reactions:

𝑣 𝐴 = 0 𝑣′ 𝐴 = 0
δ𝑈

δ𝐴𝑦
= 0

δ𝑈

δ𝑀𝐴
= 0

Δ 𝐴 =
δ𝑈

δ𝑃𝐴
θ 𝐴 =

δ𝑈

δ𝑀𝐴

If we want to find the displacements where no force or couple is applied:

Δ =
δ𝑈

δ𝑃𝐷 𝑃𝐷=0

θ =
δ𝑈

δ𝑃𝐷 𝑃𝐷=0



F2019 Problem 1



Example 10.14



S2019 Problem 3



F2019 – Problem 2



F2017 – Problem 1



Practice Problem 1
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෍𝑀 = −𝑀0 + 𝑀𝐵 = 0

෍𝐹 = 𝐹𝐴 = 0 Determinate

Find the vertical displacement at the middle of the bar using Castigliano’s method. 
Neglect shear bending energy due to shear forces.



Practice Problem 1
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Find the vertical displacement at the middle of the bar using Castigliano’s method. 
Neglect shear bending energy due to shear forces.
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Practice Problem 1
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Practice Problem
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