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summary of Topics

1. Normal and shear stress distributions in beams
2. Deflections in beams — Focus on 2"d order method
3. Deflections in beams using superposition

4. Energy methods — Castigiliano’s Theorems
— Find reactions in indeterminate system
— Find deflections
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Parallel Axis Theorem
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Equation (1):
dV
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1.
2.
3.
4.
.
6.

Draw FBD

Equilibrium for external forces and couples
Find external moment M(x) for each section
Integrate moment-curvature equation
Apply boundary and continuity equations
Solve for unknowns
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Boundary Gonditions

. v=0 pin joint
fixed — . o .
end — o _, IjF
dx
’ . roller
constrained 0 av 0 simple Y o
rotation x dx support | —_ e
end M=
end V=0
double roller
mo| e | U =
X :
end M0
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Calculate the beam
deflections.

M
< > < >
L/2 L/2
P
B C D
r
Po M
L A A A A A b 0
| )
T Mox® M,
- v = ;:1.]."'? (ﬁf‘a 4Lx 4 :!32} n = j% 1_,|" — E-.II'J
v=gir(a—z) v'=35(2e-2) 0<r<a v = fSL'*—SL:u—:r:E) My L? ML
11_'{;(313—&} v=22 g<a<lL op = *J:::JE[ Op = EUI

2E1 pol

55 = 22 (3L — a) G = 22 NN ﬁﬂﬁfg B




Determine the degree of static indeterminacy
Break the problem into statically determinate subproblems
Write compatibility equations

Write force deformation equations

a k~ W0 DN PF

Substitute force-deformation equations into the compatibility
equations and solve for unknown reactants.

6. Write superposition equations.
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Energy Methods

» From thermodynamics: W) = AT + AU

W = (Force) * (Displacement) = AU
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Energy Methods
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Energy Methods

If we want to find the displacements at the location of an applied force:

oU oU
A(A) = E 0(4) = M

If we want to find the displacements where no force or couple is applied:

- |5 0= [,
8Pp |, _, 8Pp |, _

If we have an indeterminate system and want to find the reactions:

_ oU oo SU
v(4) =0 E—O v'(A) =0 M:Q
PURDUE
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F2019 Problem 1

I-t

.

A iﬂ' C (neutral _Z

auxis)
L/2

cross section B

Figure 1
For the cantilever beam shown in the above figure:
a) Determine the reactions at the wall.
b) Determine the normal stress at point A of cross section B.
¢) Determine the shear stress at point H of cross section B.

d) Show the state of stress at point H on the differential stress element shown below.

Note: P=25N, L=1m, b=003m. I-=5%36
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Example 10.14

Determine the maximum shear stress acting on the section a-a of the cantilevered
beam below.

2 kN 4 kN

250 mm l 300 mm

20 mim =
IT-‘LI mm
20 mm v
&
o -
50 mm
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$2019 Prohliem 3

The uniform, linearly elastic beam shown in the figure supports a triangularly distributed load.
1) Write the equations of equilibrium and 1dentify whether the structure 15 statically determinate or
mdeterminate.
Using the second-order method:
2) Determine the bending moment M(x) of the beam (as a function of the reactions at A).
3) Determine the slope v'(x) and deflection v(x) of the beam.
4) Indicate the boundary conditions at supports A and B.
5) Solve for any constants of integration.
6) Write a system of three equations to determine the reactions at A and B, that 1s Ra, M, and Rz.
Note: do not solve for the reactions.
7) Sketch the deflection curve.
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F2019 - Problem 2

-~

The beam BCD 1s fixed to the wall at B and supported by a roller at C. An external moment My 1s
applied at C. The beam has Young’s modulus E and second moment of area I.
a) Draw a free-body diagram of the entire beam, and write down the equilibrium equations.

b) Use the second-order (or fourth-order) integration method to find the slope v'(x) and deflection
w(x) of each segment of the beam. These can be left in terms of the unknown support reactions.

¢) Write down the relevant boundary conditions and continuity conditions for the beam.

d) Use the boundary/continuity conditions to determine the reactions at B and C 1n terms of My
and L.

¢) Determine the deflection at the free end D. Sketch the deflection curve over the length of the
beam. The sketch does not need to be exact; show enough detail to indicate the boundary

conditions.
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F2017-Problem 1

The cantilever beam AD of the bending stiffness E7 1s subjected to a concentrated moment M, at C.
The beam is also supported by a roller at B. Using Castigliano’s theorem:

a) Determine the reaction force at the roller B.
b) Determine the rotation angle of the beam about = axis at the end A.

Ignore the shear energy due to bending. Express your answers in terms of My, E, and /.

I L L
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Practice Problem 1

Find the vertical displacement at the middle of the bar using Castigliano’s method.

Neglect shear bending energy due to shear forces.
%
z M = _MO + MB — O

ZF =F,=0 » Determinate

< >

/A
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Practice Problem 1

Find the vertical displacement at the middle of the bar using Castigliano’s method.
Neglect shear bending energy due to shear forces.
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Practice Problem 1

L
2 L
—;}Z) <E11> f(MO + Ppx) (x)dx + <Ell>—! <M0 + Pp (g)) (%) dx
0
2
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