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The concept: “periodic approximation”

e Approximate the dynamical system by a periodic one.
* Notion originally introduced by Halmos.
o Katok & Stepin:

= relate the rate of approximation of an automorphism by periodic approximation
to the type of spectra the automorphism has

Our goal:

Use this concept to develop a numerical method to approximate the
spectral decomposition of the Koopman operator.

Class of dynamical systems:
measure-preserving maps on compact domains.
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Periodic approximation: Discretization

1. Partition domain into sets

1. Elements of equal measure P A\

2. Diameter shrinks to zero ”{{T A)

3. Each partition is a refinement ST TS
(subdivision) of the previous yd A 04A)

2. Solve bipartite matching problem to v .

get discrete map T, // 4
1. Solution guaranteed by Hall’s () o
marriage problem o \-C L - -

_ p(X)

(P i) = ——
[ayey q(n)
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Periodic approximation: Hall Marriage Problem

HaII s Marriage Problem

| Perfect matching iff for any

. subset of nodes B on the left,
- its cardinality is less than the

trim edpges to

| & | abtain bijection I P, . . . .
’ | — cardinality of the union of their
| r | e :
\ . ' ' neighbors, Ng(B).
| ! | { \ ‘|‘
\ { . J \ / ' / |B‘ S |NG(B)
Pa r: P, 7: INe(B)| = ) ( > 1)
’ - v -~ keB \I:p(T(pw.s)Npy 1 >0)
("n - (.pn x .p,.-- E:' ("n - (,'Pn X .P”- El a(n)
: q(n)
= ((T(p |
= g{:}l‘(\)Z, (I L] ]pnlj
G, = (P, x P..E) » T,:P,— P, = > 1=1B|
Bi-partite matching keB

algorithm Tn is a permutation => unitary



Discretization overview (1)

continuous case:

N[

XX, M) i={g: X C | [gll<oo}, lgll= (fx lo@)2du)

U: L?(X, M, p) — L*(X, M, pn)

(Ug)(z) :=goT(z)

B — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — — —



Discretization overview (2)

discretization of the automorphism:

Tn:’Pn ’—)'Pn

T, is a periodic approximation

discretization of the observable:
q(n)

Wng)(@) = gn(2) := Y gn,jXpy ; ()
j=1

dn,j ‘= “ﬂ()ﬁc% fx g(m)Xpn,j (z)dp



discrete case:

| I
| I
| I
I (n) 1 z€p I
2 . . a(n) ) = n,J
: Ln(X’ M7 F”) . {g’n : X —C | Ej:l CJXpn,j (:l:), CJ € C}a Xpn,j (:I:) . {0 T ¢ pn,j :
| I
I unL%(XvMa”)HL%(X’Ma“) I
I I
I q(n) |
| (Ungn) (z) := Z gn,jXT—l( . (z) |
- n pn,g)
| e I
I q(n) i0 |
| Ungn = z € ””"Sn,en LI |
I k=1 ’ I
I Sn,Dgn = Z Sn,en,kg'n. I
| on,keD |
. l”“ ? « < w— Y ‘
Uyt i = ¢ “Uy k LSu.c?.,.,-,.!lu = Un.k (U".k! .‘_/u}
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A),

Ln (

An))

\\ ﬂ

- TLN™

<

=

o

k
lim »  dy(T'(A), T,(An)) =0
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Spectral convergence results

N

(2) Utg = / e dSyg = Zam"w'(b: + / e*?d8] g, kel
s S

=1

(i) For some interval D C 5, if g € L*(X, M, i) has no nonzero modes ay in (2) corresponding
to eigenvalues on boundary dD = D\ intD, then:

lim ||Spg — Su.pgnl =0
=00

(ii) Define:

(11) Pon(0: 95) :=

On, 2, (In” XD,

where

(I _’ = [On J 1. 0" J) 0(._) = —?T-+- _j‘

It follows that:

lim / P(0)panll: g, )dl = / w(0)p(#; g)dd, for every ¢ € D(S).
S S

7,00 00

12
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Basic outline of numerical method

e (Class of dynamical systems:
Volume preserving maps on the d-torus

e Two steps:
= 1. Construct periodic approximation.
= 2. Compute spectral projections of the periodic map.

14
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1. Construct periodic approximation

Basic idea:

e Partition the d-torus into boxes and define grid points

e Evaluate map at grid points

e Construct neighborhood graph

e Solve bipartite matching problem

e Solution of bipartite matching is a candidate periodic discrete map.

15
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2. Compute spectral projection

Basic idea:

e Use the Koopman operator of discrete map to approximate spectral projections.
e Discrete Koopman operator has a permutation structure.

e Find cycle decomposition of the permutation.

e Once the cycle decomposition is known, spectral projections can be computed
with the FFT algorithm.

Matlab routine:
e Uses David Gleich MatlabBGL graph library to find periodic approximation.
e Code will be made public simultaneously with the papers.

16
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Cat map

* Arnold’s cat map:

T(xy.x0) = (221 + 22,27 + x2) mod 1

*An example of an Anosov diffeomorphism
*Has “Lebesgue spectrum”
*The following observables give the following densities:

D i [Dpe \
.(II(J.%J.'Z) . (:.....llv.’..11+.r¢) - /)(0-01) . —)Lv
e o) — G2mi(2xy4x3) 1 _(2mi(5x,+3x32)) - , v 1 (5 e £
ga(x,72) = € + 5¢€ = p(0:g2) = 5= (3 + cosf
R ) — L2Fmi(21, 0.!‘,1) fl’z-‘l’)(r)Yl +3x2)) 1 ,2-‘”(13.!7] | '0, R Jll\ '.gl 10 _) _H 1 .. 0)0
g3lxy,22) = ¢ A o 2 3 4 ze o= plligs) = 5; {_m + 5 costl + 5 cos2 }

18
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Cat map: some results

g1(zr1,T0) = eicp(i27r(2x1 + x3))

0; 1) = —

n=250

19
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Cat map: some results

g1(zr1,T0) = eicp(i27r(2x1 + x3))

0; 1) = —

n=500

Im A

Re A

20
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Cat map: some results

g1(zr1,T0) = eicp(i27r(2x1 + x3))

0; 1) = —

n=1000

Im A
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Cat map: some results

g1(zr1,T0) = eicp(i27r(2x1 + x3))

0; 1) = —

n=2000

Im A
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Cat map: some results

go(x1,29) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 (/5
p(0;g92) = 9 (1 + cos 9)

n=250

Im A

23
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Cat map: some results
go(x1,29) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 /5
p(0; g2) = 9 (1 + cos 9)

n=500

Im A

Re A
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Cat map: some results
go(x1,29) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 /5
p(0; g2) = 9 (1 + cos 9)

n=1000

Im A

Re A
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Cat map: some results
go(x1,29) = exp(i2w(2x1 + x2)) + exp(i27(5x1 + 3x2))

1 /5
p(0; g2) = 9 (1 + cos 9)

n=2000

Im A

Re A
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Cat map: some results
g3(1,T2) = exp(i2w(2x1 + x2)) + exp(i27(bx1 + 3x2)) + exp(i27(13x1 + 8x2))

1 /21 1 1
p(0;g3) = ( + 0 cos 0 + 5 cos 26)

2w \ 16 8

n=250

27



Cat map: some results
g3(1,T2) = exp(i2w(2x1 + x2)) + exp(i27(bx1 + 3x2)) + exp(i27(13x1 + 8x2))

1 /21 10 1
p(0;g3) = 5 (16 + 3 COSH+§C082@>

n=500
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Cat map: some results
g3(1,T2) = exp(i2w(2x1 + x2)) + exp(i27(bx1 + 3x2)) + exp(i27(13x1 + 8x2))

1 /21 10 1
p(0;g3) = 5 (16 + 3 COSH+§C082@>

n=1000
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Cat map: some results
g3(1,T2) = exp(i2w(2x1 + x2)) + exp(i27(bx1 + 3x2)) + exp(i27(13x1 + 8x2))

1 /21 10 1
p(0;g3) = 5 (16 + 3 COSH+§C082@>

n=2000
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Chirikov Standard map

e Chirikov-Taylor map:

ry, + o+ K Sill(')ﬂ'.’l'l)

S . mod 1
r9 + K sin(2mwx,)

T(xy.12) = l

e Model of a kicked rotor.
* Has mixed spectra?
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K=0.00 |
= [27/3 ~0.02,27/3 + 0.02]

1
xr) = sin(27x, ) cos(2mxs) +sin(wxs) + ——— — 1
g(x) (2mzy) (2mx) (7z2) sm{:rrf) 1

32
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K=0.05

o =312

i il
XN :i s " SRS P :,05
= [27/3 ~0.02, 27 /3 + 0.02]
w=0

1

g(x) = sin(2xzx, ) cos(2nzs) + sin(wzs) + ——— — 1

sin(rz?) + 1

33
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K=0.10

o =312

real
1 .
I ,‘ i
RN /// B ~
08
07 B B 7
T, e S
06 = .06 06 -
X 05 E X" 05
04 . = e
03 / T 3 —
e = -0.05
02 o v 2
01§ A s \\ o 1
ot A

X

w=0

g(x) = sin(2xz, ) cos(2x:

Ta) + sin(wzs) +

= [27/3 ~0.02,27/3 + 0.02]

1

1

sin(mx?) +

-1

34



1 I

Chirikov Standard map: some results

g
K=0.15 e

X

D = [21/3 ~0.02, 27 /3 + 0.02]

w=0
1

r) = sin(27x, ) cos(27wxs) +sin(mzs) + ——— — 1
g(r) ( 1) ( 2) (mza) 5111(1r;1‘.'1°') 1

35
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real imag
{ 015 i \
/ os| ‘ / !
. 01
- Vi o8
005 o7 05
= \

N | BN
— oo AP - o oo WP A "
= [27/3 ~0.02,27/3 + 0.02]

o =312

w=0
1

g(x) = sin(27z; ) cos(2rzs) + sin(7zs) + ———— — 1
sin{wxy) + 1
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Chirikov Standard map: some results

K=0.25
D = [2n/3 ~0.02,27/3 + 0.02]
: : : 1
g(x) = sin(2xz,) cos(2nxs) + sin(wzs) + -1

sin(mx?) 4 1
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08 J \ re 08 : T

07 04 07 :

7 B

> .
L N

-0.05
03 008 03
K_ O 3 O N f/ ‘ : N - P N
— 3 z 3 o
. 0.1 ;(‘ / s 015 0.1 ,vf{/ ' h 015
0 - 0 -
[ 02 06 8 1 o 02 04 06 08 1
X
1

= [27/3 ~0.02,27/3 + 0.02]

o =312

w=0
1

xr) = sin(27x, ) cos(27 +sin(wzs) + —————— — 1
g(x) (2mzy) (2mx) (7z2) sm{:rrf)+l
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\; 7 / | 7
(L -~ e
03 / W / .o-?s
K=0.35 By 7

= [27/3 —0.02, 27 /3 + 0.02]

w=0

1
_q(.’lf) . sill(‘Z‘K;l‘-l)CO"[o 2) - Sill(:’ng) + W —1
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Conclusions

e Asymptotic convergence of the spectra is guaranteed in a weak-sense.
* Method can deal with continuous spectra.
* Method is only tractable for low dimensional maps.

Associated papers (in preparation):
= Theory: “A finite dimensional approximation of the Koopman operator with convergent
spectral properties” N. Govindarajan, R Mohr, S. Chandrasekaran, |. Mezi¢.

= Numerical method: “A convergent numerical method for computing Koopman spectra
of volume-preserving maps on the torus” N. Govindarajan, R. Mohr, S. Chandrasekaran,
l. Mezié.

= Generalization to flows: “On the approximation of Koopman spectral properties of
measure-preserving flows ” N. Govindarajan, R. Mohr, S. Chandrasekaran, |. Mezi¢.
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