
MEEN 618: 
ENERGY AND VARIATIONAL METHODS

Read: Chapter 5

Clapeyron's, Betti's, and Maxwell's Theorems

CONTENTS

 Principle of superposition
 Clapeyron's Theorem
 Elasticity problems, uniqueness
 Betti's Reciprocity Theorem
 Maxwell's Reciprocity Theorem



THE PRINCIPLE OF SUPERPOSITION
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The principle of superposition is said to hold for a problem if the 
responses (i.e., displacements)  under two sets of boundary conditions 
and loads are equal to the sum of the responses obtained by applying 
each set of boundary conditions and loads separately. 

Then if
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and the solution is

We say that the principle of superposition holds.



Application to Beams
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The displacement field of a beam subjected to two different 
loads
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THE PRINCIPLE OF VIRTUAL DISPLACEMENTS
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Consider the beam shown in the figure. It can be viewed as a 
superposition of two different loads.
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CLAYPERON’S THEOREM
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Theorem: The strain energy stored in a linear elastic body 
is equal  to one-half of the work done by external forces on 
the body: 1

2 EU V

Proof: We begin with the strain energy stored in a linear 
elastic body 



USES OF CLAYPERON’S THEOREM
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Solution:   By Clayperon’s Theorem,
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USES OF CLAYPERON’S THEOREM
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BETTI’S RECIPROCITY THEOREM

Consider a linear elastic body undergoing small strains.
Let       be the work produced by     . Then, we apply force

,  which produces work     .   When force       is applied, 
force       does additional work because its point of 
application is displaced due to the deformation caused by 
force      .  Let us denote this work by       , which is the 
work done by force      in moving through the displacement 
produced by force      . Thus, the total work done is
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When the order of application of the forces is reversed, 
we obtain
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BETTI’S & MAXWELL’S RECIPROCITY THEOREMS

The work done in both cases should be the same because 
at the end the elastic body is loaded by the same pair of 
external forces. Thus we have
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This is known as Betti's reciprocity theorem. 

Let       be the displacement of point 1 produced by unit 
force      in the direction of force       and        be the 
displacement of point 2 produced by unit force      in the 
direction of force      . Then by Betti’s reciprocity theorem 
we have
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This is the Maxwell's reciprocity theorem. 
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where W21 is the work done by force F2 due to the application of force F1. The
work done in both cases should be the same because at the end the elastic body
is loaded by the same pair of external forces. Thus we have

W = W̄ or W12 = W21. (4.6.24)

Equation (4.6.24) is a mathematical statement of Betti’s (1823–1892) reci-
procity theorem. The formal statement of Betti’s (1823–1892) reciprocity the-
orem and its proof as applied to a three-dimensional linear elastic body is
presented next.

Theorem 4.6.2: If a linear elastic body is subjected to two different sets
of forces, the work done by the first system of forces in moving through the
displacements produced by the second system of forces is equal to the work done
by the second system of forces in moving through the displacements produced
by the first system of forces:
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f (2) ·u(1) dΩ+

∫
Γσ

t(2) ·u(1) dΓ, (4.6.25)

where u(1) is the displacement produced by body forces f (1) and surface forces
t(1), and u(2) is the displacement produced by body forces f (2) and surface forces
t(2). The left-hand side of Eq. (4.6.25), for example, denotes the work done by
forces f (1) and t(1) in moving through the displacement u(2) produced by forces
f (2) and t(2).

Proof: The proof of Betti’s reciprocity theorem is straightforward. Let W12

denote the work done by forces (f (1), t(1)) acting through the displacement u(2)

produced by the forces (f (2), t(2)). Then
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Using Hooke’s law σ
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Since Cijk` = Ck`ij , it follows that
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One can trace back to show thatW21 is equal to the right-hand side of Eq. (4.6.25).
This completes the proof.

During the proof we have also established the equality∫
Ω
σ

(1)
ij ε

(2)
ij dΩ =

∫
Ω
σ

(2)
ij ε

(1)
ij dΩ,

(4.6.27)∫
Ω
σ(1) : ε(2) dΩ =

∫
Ω
σ(2) : ε(1) dΩ.

Example 4.6.4

Consider a cantilever beam of length L subjected to two sets of loads: a uniformly distributed
load of intensity q0 throughout the span, as shown in Fig. 4.6.6(a), and a concentrated load
F at the free end, as shown in Fig. 4.6.6(b). Verify Betti’s reciprocity theorem, that is, the
work done by the point load F in moving through the displacement wq(0) produced by q0 is
equal to the work done by the distributed force q0 in moving through the displacement wF (x)
produced by the point load F .

F
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(a) Load system 1 (b) Load system 2
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0q

L

Fig. 4.6.6: (a) A cantilever beam under uniformly distributed load. (b) A cantilever beam
with a point load at its free end.

Solution: From Eqs. (4.6.5) and (4.6.6), the expression for deflection of the cantilever beam
with uniformly distributed load q0 alone is

wq0(x) =
q0L

4

24EI

[
3− 4

( x
L

)
+
( x
L

)4
]
. (1)

and the expression for deflection of the cantilever beam with the point load F at the free end
alone is

wF0 (x) =
FL3

6EI

[
2− 3

( x
L

)
+
( x
L

)3
]
, (2)

The work done by the load F in moving through the displacement due to the application of
the uniformly distributed load q0 is

WFq = Fwq0(0) =
Fq0L

4

8EI
.
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The work done by the uniformly distributed q0 in moving through the displacement field
wF (x) due to the application of point load F is

WqF =

∫ L

0

FL3

6EI

[
2− 3

( x
L

)
+
( x
L

)3
]
q0 dx =

Fq0L
4

8EI
,

which is in agreement with WFq.

Example 4.6.5

Use Betti’s reciprocity theorem to determine the deflection at the free end of a cantilever
beam with distributed load of intensity q0 in the span between x = a and x = L, as shown in
Fig. 4.6.7. The deflection wF (x) due to a point load F at the free end (acting upward) is

wF (x) =
FL3
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[
3
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−
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]
. (1)

Figure 4-6-7
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Fig. 4.6.7: A cantilever beam with uniformly distributed load on a portion of the beam.

Solution: The work done by the point load F in moving through the displacement due to the
application of the uniformly distributed load q0 is

WFq = Fwq0(L). (2)

The work done by the uniformly distributed load q0 in moving through the displacement field
wF (x) due to the application of point load F is

WqF =

∫ L

a
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6EI

[
3
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−
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)3
]
q0 dx =

Fq0
24EI

(
3L4 − 4La3 + a4) . (3)

By Betti’s reciprocity theorem, we have WqF = WFq. Hence, the deflection at the free end of
the beam due to the distributed load is

wq0(L) =
q0

24EI

(
3L4 − 4La3 + a4) . (4)

4.6.5 Maxwell’s Reciprocity Theorem

An important special case of Betti’s reciprocity theorem is given by Maxwell’s
(1831–1879) reciprocity theorem. Maxwell’s theorem was presented in 1864,
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whereas Betti’s theorem was given in 1872. Therefore, it may be considered
that Betti generalized the work of Maxwell. For the sake of completeness,
Maxwell’s reciprocity theorem is presented here, although it is a special case of
Betti’s theorem.

Consider a linear elastic solid subjected to force F1 of unit magnitude3

acting at point 1, and force F2 of unit magnitude acting at a different point 2
of the body. Let u12 be the displacement of point 1 produced by unit force F2

in the direction of force F1, and u21 be the displacement of point 2 produced
by unit force F1 in the direction of force F2, as shown in Fig. 4.6.8. Then from
Betti’s theorem it follows that

F1 · u12 = F2 · u21 or u12 = u21, (4.6.28)

where u12 and u21 are the magnitudes of of the vectors u12 and u21, respectively.

F1

°

• °

F2

•

(a) (b)

°•°• 11

2 2

12u

21u

Fig. 4.6.8: Configurations of the body discussed in Maxwell’s theorem.

Equation (4.6.28) is a statement of Maxwell’s theorem. Maxwell’s theorem
states that the displacement of point 1 produced in the direction of force F1

by unit force acting at point 2 is equal to the displacement of point 2 in the
direction of force F2 produced by unit force acting at point 1. We now consider
two examples of the use of Maxwell’s theorem.

Example 4.6.6

Consider a cantilever beam of length L and constant EI and subjected to a point load F0 at
the free end [see Fig. 4.6.9(a)]. Use Maxwell’s theorem to determine the deflection at x = a
from the free end. Use the following data: E = 24 × 106 psi, I = 120 in4, F0 = 1, 000 lb,
a = 36 in, and b = 108 in.

Solution: By Maxwell’s theorem, the displacement wBA at point B (x = a) produced by
unit load at point A (x = 0) is equal to the deflection wAB at point A produced by unit
load at point B. We are required to find w(0) = wBAF0. Thus, we must determine wAB (which,

3It is not necessary to make forces to be unity, because they appear on both sides of the
equality and thus get canceled.
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Fig. 4.6.9: A cantilever beam with a point load at the free end.

presumably, is easier to compute by some way than to compute w(0) directly). Let wB and
θB denote the deflection and slope, respectively, at point B owing to a load F = 1 applied at
point B. Then the deflection at point A due to load F = 1 is [see Fig. 4.6.9(b)]

wAB = wB + θBa (1)

and the required solution is

w(0) = wBAF0 = wABF0 = F0 (wB + a θB) . (2)

The values of wB and θB can be computed using Eq. (4.6.6) as

wB =
b3

6EI

[
2− 3

x̄

b
+
( x̄
b

)3
]
x̄=0

=
b3

3EI
, (3)

θB = −dw
dx

∣∣∣
x̄=0

=
b2

2EI

[
1−

( x̄
b

)2
]
x̄=0

=
b2

2EI
. (4)

Therefore, we have

w(0) = F0 (wB + a θB) = F0

(
b3

3EI
+

b2a

2EI

)
=
F0b

2

6EI
(3a+ 2b)

=
1, 000× (108)2

6× 24× 106 × 120
(3× 36 + 2× 108) = 0.2187 in. (5)

Example 4.6.7

Consider a simply supported beam subjected to a point load FB at point B. The load pro-
duces deflections wAB, wCB, and wDB at points A, C, and D, respectively [see Fig. 4.6.10(a)].
Determine the deflection wB at point B produced by loads FA, FC, and FD [see Fig. 4.6.10(b)].

Solution: A unit load acting at point B produces displacements wAB/FB, wCB/FB, and
wDB/FB at points A, C, and D, respectively. But, by Maxwell’s theorem, wAB/FB , wCB/FB ,
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The principle of minimum total potential energy is derived from the prin-
ciples of virtual displacements by assuming that the constitutive and strain–
displacement relations hold. The total potential energy is expressed in terms
of the displacements of the solid continuum, and the principle of minimum
total potential energy yields the equations of equilibrium and force boundary
conditions as the Euler equations in terms of the displacements. In contrast,
the principle of minimum total complementary energy is derived from the prin-
ciples of virtual forces using the equilibrium and strain–stress relations. The
total complementary energy is expressed in terms of the stresses of the solid
continuum, and the principle of minimum complementary energy gives the kine-
matic relations linking the stresses to displacements and geometric boundary
conditions as the Euler equations.

Castigliano’s Theorem I is derived directly from the principle of minimum
total potential energy and Castigliano’s Theorem II is derived from the principle
of minimum complementary energy. They are complementary to each other,
although both can be used to determine point displacements and forces in bars,
beams, and frames. The energy theorems of Betti and Maxwell are derived
independent of the principles of virtual work or the minimum principles. They
can also be used to determine point displacements and forces.

Figure 4.7.1 shows the inter-relationship between various principles and
methods presented in this chapter. A catalog of important formulas from this
chapter are also presented here.

Principle of virtual displacements and the associated Euler equations
[see Eqs. (4.2.2), (4.2.5), and (4.2.6)]

δW = δWI + δWE = 0. (4.7.1)

∇ · σ + f = 0 in Ω; n̂ · σ − t̂ = 0 on Γσ. (4.7.2)

Unit dummy-displacement method [see Eq. (4.2.7)]

F0 · δu0 =

∫
Ω
σ : δε0 dΩ. (4.7.3)

The principle of minimum total potential energy and the associated
Euler equations [see Eqs. (4.3.5) and (4.3.18)]

δΠ ≡ δ(U + VE) = 0. (4.7.4)

µ∇2u + (λ+ µ)∇(∇ · u) + f = 0 in Ω, and t− t̂ = 0 on Γσ. (4.7.5)

Castigliano’s Theorem I [see Eq. (4.3.22)]

∂U

∂ui
= Fi. (4.7.6)
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Virtual work principles
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Fig. 4.7.1: A flow chart of various energy principles and methods.

Principle of virtual forces and the associated Euler equations [see
Eqs. (4.4.5) and (4.4.10)]

δW ∗ = δW ∗
I + δW ∗

E = 0. (4.7.7)

ε− 1
2

[
∇u + (∇u)T

]
= 0 in Ω; u− û = 0 on Γu. (4.7.8)

Unit dummy-load method [see Eq. (4.4.11)]

δF0 · u0 =

∫
Ω
ε : δσ0 dΩ. (4.7.9)

The principle of minimum total complementary energy and the as-
sociated Euler equations [see Eqs. (4.5.2) and (4.5.5)]

δΠ∗ ≡ δ(U∗ + V ∗
E) = 0. (4.7.10)

C∗ : σ − 1
2

[
∇u + (∇u)T

]
= 0 in Ω; u− û = 0 on Γu. (4.7.11)
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Castigliano’s Theorem II [see Eq. (4.5.13)]

∂U∗

∂Fi
= ui. (4.7.12)

Clapeyron’s Theorem [see Eq. (4.6.10)]

1
2

∫
Ω
σ : ε dΩ = 1

2

[∫
Ω
f · u dΩ +

∮
Γ
t · u dΓ

]
. (4.7.13)

Betti’s Reciprocity Theorem [see Eqs. (4.6.25) and (4.6.27)]∫
Ω
f (1) ·u(2) dΩ+

∫
Γσ

t(1) ·u(2) dΓ =

∫
Ω
f (2) ·u(1) dΩ+

∫
Γσ

t(2) ·u(1) dΓ. (4.7.14)

∫
Ω
σ(1) : ε(2) dΩ =

∫
Ω
σ(2) : ε(1) dΩ. (4.7.15)

Maxwell’s Reciprocity Theorem [see Eqs. (4.6.28)]

F1 · u12 = F2 · u21 or u12 = u21. (4.7.16)

Problems

Principle of Virtual Displacements (Sections 4.2 and 4.3)

4.1 Use the principle of virtual displacements to determine the governing equations and
natural boundary conditions associated with the problem in Problem 3.4.

4.2 Use the principle of virtual displacements to determine the governing equations and
natural boundary conditions associated with the problem in Problem 3.5.

4.3 Use the principle of virtual displacements to derive the equations governing the Tim-
oshenko beam theory with the von Kármán nonlinear strain. Use a distributed axial
load f(x) and transverse load of q(x), and assume that the displacement field is given
by

u1(x, z) = u(x) + zφx, u2 = 0, u3(x, y, z) = w(x). (1)

and the only non-zero strains are

εxx(x, z) =
du

dx
+

1

2

(
dw

dx

)2

+ z
dφx
dx

, 2εxz(x) = φx +
dw

dx
. (2)

Here u and w are the axial and transverse displacements of a point (x, y, 0) in the beam
and φx is the rotation of a transverse normal line about the y-axis. Your answer should
be expressed in terms of the area-integrated quantities, that is, the stress resultants of
Eq. (11) of Example 3.4.2:

Nxx =

∫
A

σxx dA, Mxx =

∫
A

σxxz dA, Qxz = Ks

∫
A

σxz dA. (3)
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Virtual work principles

Principle of virtual displacements
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Fig. 4.7.1: A flow chart of various energy principles and methods.

Principle of virtual forces and the associated Euler equations [see
Eqs. (4.4.5) and (4.4.10)]

δW ∗ = δW ∗
I + δW ∗

E = 0. (4.7.7)

ε− 1
2

[
∇u + (∇u)T

]
= 0 in Ω; u− û = 0 on Γu. (4.7.8)

Unit dummy-load method [see Eq. (4.4.11)]

δF0 · u0 =

∫
Ω
ε : δσ0 dΩ. (4.7.9)

The principle of minimum total complementary energy and the as-
sociated Euler equations [see Eqs. (4.5.2) and (4.5.5)]

δΠ∗ ≡ δ(U∗ + V ∗
E) = 0. (4.7.10)

C∗ : σ − 1
2

[
∇u + (∇u)T

]
= 0 in Ω; u− û = 0 on Γu. (4.7.11)
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