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Mirror Symmetry For Zeta Functions
Daqing Wan

ABSTRACT. In this paper, we study the relation between the zeta function
of a Calabi-Yau hypersurface and the zeta function of its mirror. Two types
of arithmetic relations are discovered. This motivates us to formulate two
general arithmetic mirror conjectures for the zeta functions of a mirror pair of
Calabi-Yau manifolds.
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1. Introduction

In this section, we describe two mirror relations between the zeta function of
a Calabi-Yau hypersurface in a projective space and the zeta function of its mirror
manifold. Along the way, we make comments and conjectures about what to expect
in the general case.

Let d be a positive integer. Let X and Y be two d-dimensional smooth pro-
jective Calabi-Yau varieties over C. A necessary condition (the topological mirror
test) for X and Y to be a mirror pair is that their Hodge numbers satisfy the Hodge
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Symimetry:

(1) R (X) = hd=Hi(Y), 0 <i,j <d.
In particular, their Euler characteristics are related by
(2) e(X) = (=1)%e(Y).

In general, there is no known rigorous algebraic geometric definition for a mirror
pair, although many examples of mirror pairs are known at least conjecturally.
Furthermore, it does not make sense to speak of “the mirror” of X as the mirror
variety usually comes in a family. In some cases, the mirror does not exist. This is
the case for rigid Calabi-Yau 3-folds X, since the rigid condition 221 (X) = 0 would
imply that A1 (Y) = 0 which is impossible.

We shall assume that X and Y are a given mirror pair in some sense and are
defined over a number field or a finite field. We are interested in how the zeta func-
tion of X is related to the zeta function of Y. Since there is no algebraic geometric
definition for X and Y to be a mirror pair, it is difficult to study the possible sym-
metry between their zeta functions in full generality. On the other hand, there are
many explicit examples and constructions which at least conjecturally give a mirror
pair, most notably in the toric hypersurface setting as constructed by Batyrev [1].
Thus, we shall first examine an explicit example and see what kind of relations can
be proved for their zeta functions in this case. This would then suggest what to
expect in general.

Let n > 2 be a positive integer. We consider the universal family of Calabi-Yau
complex hypersurfaces of degree n+ 1 in the projective space P". Tts mirror family
is a one parameter family of toric hypersurfaces. To construct the mirror family,
we consider the one parameter subfamily X of complex projective hypersurfaces
of degree n+ 1 in P" defined by

_ n+l +1 N
flay,--- ,$n+1)—$? +---+mz+1+)\$1~-~xn+1_0,

where X € C is the parameter. The variety X is a Calabi-Yau manifold when X
is smooth. Let p,+1 denote the group of (n + 1)-th roots of unity. Let

G={(C  Gar)IGT = 1,G - Govr = 1 oy = (L (n+ 1)Z)" 7Y,

where p,,+1 is embedded in G via the diagonal embedding. The finite group G acts
on X, by

(C1se 5 Cnrr) (@, ng) = (G121, Gk 1 Tngn)-
The quotient X, /G is a projective toric hypersurface Yy in the toric variety Pa,
where PA is the simplex in R" with vertices {e1,--- ,e,, —(e1 +---+e,)} and the

e;’s are the standard coordinate vectors in R"”. Explicitly, the variety Yy is the
projective closure in Po of the affine toric hypersurface in G, defined by

1

L Tp

Assume that X is smooth. Then, Y) is a (singular) mirror of X,. It is an
orbifold. If W) is a smooth crepant resolution of Yy, then the pair (X, W) is
called a mirror pair of Calabi-Yau manifolds. Such a resolution exists for this
example but not unique if n > 3. The number of rational points and the zeta
function are independent of the choice of the crepant resolution. We are interested
in understanding how the arithmetic of X is related to the arithmetic of W), in
particular how the zeta function of X is related to the zeta function of W). Our
main concern in this paper is to consider Calabi-Yau manifolds over finite fields,
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although we shall mention some conjectural implications for Calabi-Yau manifolds
defined over number fields.

In this example, we see two types of mirror pairs. The first one is the generic
mirror pair {Xa, Wy}, where X, is the generic member in the moduli space of
smooth projective Calabi-Yau hypersurfaces of degree (n 4 1) in P" and W) is
the generic member in the above one parameter family of Calabi-Yau manifolds.
Note that X, and Y, are parameterized by different parameter spaces (of different
dimensions). The possible zeta symmetry in this case would then have to be a
relation between certain generic property of their zeta functions.

The second type of mirror pairs is the one parameter family of mirror pairs
{Xx, W)} parameterized by the same parameter A. This is a stronger type of
mirror pair than the first type. For A € C, we say that W, is a strong mirror
of X. For such a strong mirror pair {X,, Wy}, we can really ask for the relation
between the zeta function of X, and the zeta function of Wy. If Ay # Ag, W)y,
would not be called a strong mirror for X,, although they would be an usual
weak mirror pair. Apparently, we do not have a definition for a strong mirror
pair in general, as there is not even a definition for a generic or weak mirror pair
in general.

Let [F, be a finite field of ¢ elements, where ¢ = p” and p is a prime. For a
scheme X of finite type of dimension d over F,, let #X (IF,) denote the number of
Fq—rational points on X. Let

Z(X,T) = exp<§: T?k#xank)) €1+ TZ|[T]]
k=1

be the zeta function of X. It is well known that Z(X,T) is a rational function in
T whose reciprocal zeros and reciprocal poles are Weil g-integers. Factor Z(X,T)
over the p-adic numbers C,, and write

Z(X,T) = [J(1 = s )*!
i
in reduced form, where the algebraic integers a; € C,. One knows that the slope

ordg(cy) is a rational number in the interval [0,d]. For two real numbers s; < sg,
we define the slope [s1, s3] part of Z(X,T) to be the partial product

(3) Z[Sl’sZ](X, T) = H (1 _ OéiT):tl.

s1<ordg(a;)<sz

For a half open and half closed interval [sy, s2), the slope [s1,52) part Z,, 5,)(X,T)
of Z(X,T) is defined in a similar way. These are rational functions with coeffi-
cients in Z, by the p-adic Weierstrass factorization. It is clear that we have the
decomposition
d
Z(X,T) = HZ[i,i+1)(X7 7).
i=0
Our main result of this paper is the following arithmetic mirror theorem.

THEOREM 1.1. Assume that X\ € Iy such that (Xx, W) is a strong mirror
pair of Calabi-Yau manifolds over ;. For every positive integer k, we have the
congruence formula

#X)\(Fq"’) = #Y)\(Fq"’) = #W)\(]Fq"") (HlOd qk)'
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Equivalently, the slope [0,1) part of the zeta function is the same for the mirror
varieties {X)\, Y)\, W)\}

Zio1y(Xx,T) = Zio1y(Ya, T) = Zjo,1y (W, T).

We now discuss a few applications of this theorem. In terms of cohomology
theory, this suggests that the semi-simplification of the DeRham-Witt cohomology
(in particular, the p-adic etale cohomology) for {Xy, Yy, Wy} are all the same. A
corollary of the above theorem is that the unit root parts (slope zero parts) of their
zeta functions are the same:

Z10,0/(Xx, T) = Zjo,0/(Y\, T) = Zjo,0)(W, T).

The p-adic variation of the rational function Zjgo/(Xx,T) as A varies is closely
related to the mirror map which we do not discuss it here, but see [4] for the case
n < 3. From arithmetic point of view, the p-adic variation of the rational function
Zj,01(Xx,T) as A varies is explained by Dwork’s unit root zeta function [5]. We
briefly explain the connection here.

Let B be the parameter variety of A such that (X, Wy) form a strong mirror
pair. Let ® : X, — B (resp. ¥ : W) — B) be the projection to the base by
sending X (resp. W)) to A. The pair (®, ¥) of morphisms to B is called a strong
mirror pair of morphisms to B. Each of its fibres gives a strong mirror pair of
Calabi-Yau manifolds. Recall that Dwork’s unit root zeta function attached to the
morphism & is defined to be the formal infinite product

Zunit(®,T) = H Z0,0] (X, TN € 1+ TZ,[[T]),
xe|B|

where | B| denotes the set of closed points of B over [F;. This unit root zeta function
is no longer a rational function, but conjectured by Dwork in [5] and proved by
the author in [11][12][13] to be a p-adic meromorphic function in 7. The above
theorem immediately implies

COROLLARY 1.2. Let (&, W) be the above strong mirror pair of morphisms to
the base B. Then, their unit root zeta functions are the same:

Zunit(q)a T) = Zunit(q/a T)
If X is in a number field K, then Theorem 1.1 implies that the Hasse-Weil zeta

functions of X and Y, differ essentially by the L-function of a pure motive M, (\)
of weight n — 3. That is,

(X, 8) = C(Yn, s)L(Mp(N),s —1).

In the quintic case n = 4, the pure weight 1 motive My(A) would come from a
curve. This curve has been constructed explicitly by Candelas, de la Ossa and F.
Rodriguez-Villegas [3]. The relation between the Hasse-Weil zeta functions of X
and W), are similar, differing by a few more factors consisting of Tate twists of the
Dedekind zeta function of K.

Theorem 1.1 motivates the following more general conjecture.

CONJECTURE 1.3 (Congruence mirror conjecture). Suppose that we are given
a strong mirror pair {X,Y} of Calabi-Yau manifolds defined over IF,. Then, for
every positive integer k, we have
#X(Fp) =#Y(F ) (mod ¢*).
FEquivalently,
Zioy (X, T) = Zpo 1) (Y, T).
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Equivalently (by functional equation),
Za1,a(X,T) = Za-1,qY,T).

The condition in the congruence mirror conjecture is vague since one does not
know at present an algebraic geometric definition of a strong mirror pair of Calabi-
Yau manifolds, although one does know many examples such as the one given
above. Thus, a major part of the problem is to make the definition of a strong
mirror pair mathematically precise. For an additional evidence of the congruence
mirror conjecture, see Theorem 6.2 which can be viewed as a generalization of
Theorem 1.1. As indicated before, this conjecture implies that Dwork’s unit root
zeta functions for the two families forming a strong mirror pair are the same p-adic
meromorphic functions. This means that under the strong mirror family involution,
Dwork’s unit root zeta function stays the same.

Just like the zeta function itself, its slope [0,1) part Zjo1)(Xx,7) depends
heavily on the algebraic parameter A, not just on the topological properties of X.
This means that the congruence mirror conjecture is really a continuous type of
arithmetic mirror symmetry. This continuous nature requires the use of a strong
mirror pair, not just a generic mirror pair.

Assume that {X,Y} forms a mirror pair, not necessarily a strong mirror pair.
A different type of arithmetic mirror symmetry reflecting the Hodge symmetry,
which is discrete and hence generic in nature, is to look for a suitable quantum
version Zg(X,T) of the zeta function such that

Zo(X,T) = Zo(Y,T)"V",

where {X, Y} is a mirror pair of Calabi-Yau manifolds over [F, of dimension d. This
relation cannot hold for the usual zeta function Z(X,T') for obvious reasons, even
for a strong mirror pair as it contradicts with the congruence mirror conjecture for
odd d. No non-trivial candidate for Zg(X,T) has been found. Here we propose a
p-adic quantum version which would have the conjectural properties for most (and
hence generic) mirror pairs. We will call our new zeta function to be the slope zeta
function as it is based on the slopes of the zeros and poles.

DEFINITION 1.4. For a scheme X of finite type over ¥, write as before

Z(X,T) = [[(1 = s T)*!
in reduced form, where a; € C,,. Define the slope zeta function of X to be the two
variable function

(4) Sp(X,u,T) = [[(1 = werdaledT) =1,
Note that
a; = ¢l g,

where §; is a p-adic unit. Thus, the slope zeta function S, (X, u,T') is obtained from
the p-adic factorization of Z(X,T) by dropping the p-adic unit parts of the roots
and replacing ¢ by the variable u. This is not always a rational function in u and
T. It is rational if all slopes are integers. Note that the definition of the slope zeta
function is independent of the choice of the ground field I, where X is defined.
It depends only on X ® [F, and thus is also a geometric invariant. It would be
interesting to see if there is a diophantine interpretation of the slope zeta function.
If we have a smooth proper family of varieties, the Grothendieck specialization
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theorem implies that the generic Newton polygon on each cohomology exists and
hence the generic slope zeta function exists as well.

If X is a scheme of finite type over Z, then for each prime number p, the
reduction X ® I, has the p-adic slope zeta function S,(X ® Fp,u,T). At the
first glance, one might think that this gives infinitely many discrete invariants for
X as the set of prime numbers is infinite. However, it can be shown that the
set {Sp(X ® [F,u,T)|p prime} contains only finitely many distinct elements. In
general, it is a very interesting but difficult problem to determine this set {S,(X ®
F,,u,T)|p prime}.

Suppose that X and Y form a mirror pair of d-dimensional Calabi-Yau mani-
folds over IF,. For simplicity and for comparison with the Hodge theory, we always
assume in this paper that X and Y can be lifted to characteristic zero (to the
Witt ring of Fq). In this good reduction case, the modulo p Hodge numbers equal
the characteristic zero Hodge numbers. Taking u = 1 in the definition of the slope
zeta function, we see that the specialization S,(X, 1,T') already satisfies the desired
relation

d d
Sy(X,1,T7) = (1 —T) ) = (1 - 7)== = g (v, 1,T)(=V".
This suggests that there is a chance that the slope zeta function might satisfy the
desired slope mirror symmetry

(5) Sy(X,u,T) = S, (Y, u, T) D"

In section 7, we shall show that the slope zeta function satisfies a functional equa-
tion. Furthermore, the expected slope mirror symmetry does hold if both X and Y
are ordinary. If either X or Y is not ordinary, the expected slope mirror symmetry
is unlikely to hold in general.

If d < 2, the congruence mirror conjecture implies that the slope zeta function
does satisfy the expected slope mirror symmetry for a strong mirror pair {X,Y},
whether X and Y are ordinary or not. For d > 3, we believe that the slope zeta
function is still a little bit too strong for the expected symmetry to hold in general,
even if {X,Y} forms a strong mirror pair. And it should not be too hard to find
a counter-example although we have not done so. However, we believe that the
expected slope mirror symmetry holds for a generic mirror pair of 3-dimensional
Calabi-Yau manifolds.

CONJECTURE 1.5 (Slope mirror conjecture). Suppose that we are given a generic
mirror pair {X,Y} of 3-dimensional Calabi-Yau manifolds defined over IF,. Then,
we have the slope mirror symmetry for their generic slope zeta functions:

1
S,(Y,u,T)

A main point of this conjecture is that it holds for all prime numbers p. For
arbitrary d > 4, the corresponding slope mirror conjecture might be false for some
prime numbers p, but it should be true for all primes p = 1 (mod D) for some
positive integer D depending on the mirror family, if the family comes from the
reduction modulo p of a family defined over a number field. In the case d < 3, one
could take D = 1 and hence get the above conjecture.

Again the condition in the slope mirror conjecture is vague as it is not presently
known an algebraic geometric definition of a mirror family, although many examples
are known in the toric setting. In a future paper, using the results in [10][14], we
shall prove that the slope mirror conjecture holds in the toric hypersurface case if

(6) SP(X7U7T) =
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d < 3. For example, if X is a generic quintic hypersurface, then X is ordinary by
the results in [8][10] for every p and thus one finds

—T)(1 —uT)ON (1 — 7)1 (1 — u3T)
1-T)1—uT)(1—uT)(1—u3T)

This is independent of p. Note that we do not know if the one parameter subfamily
X is generically ordinary for every p. The ordinary property for every p was
established only for the universal family of hypersurfaces, not for a one parameter

subfamily of hypersurfaces such as X. If Y denotes the generic mirror of X, then
by the results in [10] [14], Y is ordinary for every p and thus we obtain
(1—-T)(1—uT)(1 —u?T)(1 —uT)
(1 —=T)(1 —uT)0L(1 — u2T)101(1 — 43T)"
Again, it is independent of p. The slope mirror conjecture holds in this example.
Remark: The slope zeta function is completely determined by the Newton
polygon of the Frobenius acting on cohomologies of the variety in question. The
converse is not true, as there may be cancellations coming from different cohomology
dimensions in the slope zeta function.
For a mirror pair over a number field, we have the following harder conjecture.

CONJECTURE 1.6 (Slope mirror conjecture over Z). Let {X,Y} be two schemes
of finite type over Z. such that their generic fibres {X ® Q,Y ® Q} form a usual
(weak) mirror pair of d-dimensional Calabi-Yau manifolds defined over Q. Then
there are infinitely many prime numbers p (with positive density) such that

Sy (X @F,,u,T) = S,(Y @ Fp,u, )V

Remarks. If one uses the weight 21log, |ov;| instead of the slope ord,«;, where
| - | denotes the complex absolute value, one can define a two variable weight zeta
function in a similar way. It is easy to see that the resulting weight zeta function
does not satisfy the desired symmetry as the weight has nothing to do with the
Hodge symmetry, while the slopes are related to the Hodge numbers as the Newton
polygon (slope polygon) lies above the Hodge polygon.

In practice, one is often given a mirror pair of singular Calabi-Yau orbifolds,
where there may not exist a smooth crepant resolution. In such a case, one could
define an orbifold zeta function, which would be equal to the zeta function of the
smooth crepant resolution whenever such a resolution exists. Similar results and
conjectures should carry over to such orbifold zeta functions.

In the appendix, D. Haessig (my student at UC Irvine) proves some additional
congruence results for the strong mirror pair (X,,Y)), some of which is used in
Section 7.

Sy(X@F,,uT)= a

S,(Y @) u,T) =

d

2. A counting formula via Gauss sums

Let Vi,---,V,, be m distinct lattice points in Z". For Vi = Vi, -, Vig),
write

V

2V =g gl

n

Let f be the Laurent polynomial in n variables written in the form:
m
flxe, - zn) = Zajxv-7,aj eF,,
j=1

where not all a; are zero. Let M be the n X m matrix

M:(Vlv"' 7Vm)7
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where each Vj is written as a column vector. Let Nj denote the number of [F,-
rational points on the affine toric hypersurface f = 0 in GZ. If each V; € Z;o, we
let Nt denote the number of [F-rational points on the affine hypersurface f = 0 in
A", We first derive a well known formula for both N 7 and Ny in terms of Gauss
sums.

For this purpose, we now recall the definition of Gauss sums. Let [F, be the
finite field of ¢ elements, where ¢ = p" and p is the characteristic of ;. Let x be
the Teichmiiller character of the multiplicative group FZ. For a € F;, the value
x(a) is just the (g—1)-th root of unity in the p-adic field C, such that x(a) modulo
p reduces to a. Define the (¢ — 2) Gauss sums over I, by

Glk)= Y x(@) Q" (1<k<q-2),
aG]FZ
where (, is a primitive p-th root of unity in (Cp and Tr denotes the trace map from
[F, to the prime field [F,.

LEMMA 2.1. For all a € F, the Gauss sums satisfy the following interpolation
relation

where
G0)=q¢q—-1, Glg—1)=—

Proof. By the Vandermonde determinant, there are numbers C(k) (0 < k <
q — 1) such that for all a € [F,, one has

U SN

It suffices to prove that C(k) = G(k) for all k. Take a = 0, one finds that C(0)/(q—
1) = 1. This proves that C(0) = ¢ — 1 = G(0). For 1 < k < g — 2, one computes
that

G(k) = 3 x(@7"¢" = —F(a—1) = Clh).
ae]].‘?;
Finally,
— Tr(a) _ ) C(q - 1) _
0= Z q_1q+ p— (g—1).
aE]Fq

This gives C(q — 1) = —q = G(¢ — 1). The lemma is proved.

We also need to use the following classical theorem of Stickelberger.
LEMMA 2.2. Let 0 < k < q—1. Write
k=ko+kp+ - +k_1p "
in p-adic expansion, where 0 < k; < p—1. Let o(k) = ko + - -+ + kr—1 be the sum
of the p-digits of k. Then,
o (k)

ord,G(k) = Py
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Now we turn to deriving a counting formula for Ny in terms of Gauss sums.
Write W; = (1,V;) € Z""". Then,

m m

: Vi, .

xof = E ajz"Vi = E a;zoxy
i=1 =1

where x now has n + 1 variables {xq,- - ,2,}. Using the formula
S o th={q-1, if (¢— 1)k and k>0,
telF, q, if k=0,

one then calculates that

gN; = Z C;Fr(mof(w))
w0, anelly

= Z ﬁ C;H(aﬂﬂwj)

ro. ,MEEJ j=1k;=0 q—1

qg—1 qg—1 m G(kj)
_ J N kL Wit Ak W,
= (11 -1 x(@)") > xl@ )

o, ,Tn EFQ
(q _ 1)s(k)qn+1—s(k) m ‘
® N (¢—1)m I x(@)* G(kj),
ST, kW, =0(mod g—1) q

Jj=1

where s(k) denotes the number of non-zero entries in ki Wi + -+ - + kp, Wi,
Similarly, one calculates that

* Tr(x T
gN; = 3 (Trlwof (@)
onFq,xl,“',xn,EF;

G-t Y [

S
(a— 1" 1

© o=@ Y T Tabon),

m
S k;W;=0(mod g—1) (¢—1)

=1

We shall use these two formulas to study the number of [F,-rational points on
certain hypersurfaces in next two sections.

3. Rational points on Calabi-Yau hypersurfaces

In this section, we apply formula (7) to compute the number of IF -rational
points on the projective hypersurface Xy in P" defined by

1 1
f(x1, o Tngr) =$7f+ +-~-+xﬁil—|—/\x1--~xn+1 =0,
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where A is an element of F;. We shall handle the easier case A = 0 separately. Let

M Dbe the (n+2) x (n + 2) matrix

1 1 1 1 1
n+1 0 0o .- 0 1
(9) M= 0 n+l 0 .- 0 1
0 0 0 -+ n+1 1
Let k = (k1,--- , kyyo) written as a column vector. Let Ny denote the number of

[F,-rational points on the affine hypersurface f = 0 in A" By formula (7), we
deduce that

qNy = Z

Mk=0(mod g—1)

g—1 s(k)qn+27s(k) nt2 ,
(L Gt

Jj=1

where s(k) denotes the number of non-zero entries in Mk € Z""?. The number of
[F,-rational points on the projective hypersurface X, is then given by the formula

e gty 2
qg—1 :q_1+ Z (q— 1)n+3—s(k) HG e,
Mk=0(mod q—1)

If k=(0,---,0,g —1), then Mk = (¢—1,---,¢— 1) and s(k) = n + 2. In this
case, the corresponding term in the above expression is —(q — 1)™ which is (—1)"~1
modulo q. If k = (0, ...,0), then s(k) = 0 and the corresponding term is ¢"**/(q—1)
which is zero modulo g.

Thus, we obtain the congruence formula modulo ¢:

n+1—s(k) n+2

Ny—1 *

e it G DS ( f e H G(k Yz,

q Mk=0(mod ¢g—1) q
where " means summing over all those solutions k = (kl, coo L kpgo) with 0 <
k/’zgq_lvk#(oa70)7andk7&( --,0,9— 1)

LEMMA 3.1. Ifk # (0,---,0), then H"+2 G(k;) is divisible by q.

Proof. Let k be a solutlon of Mk = 0(mod g — 1) such that k # (0,---,0).
Then, there are positive integers (g, - - - , ¢,_1 such that

kit A kg2 = (g — 1),
<pky >4+ < phoya >= (¢ — )4,

<p Ty > 4 < p T ko >= (¢ — 1)l_1,
where < pk; > denotes the unique integer in [0,q — 1] congruent to pk; modulo
(¢ — 1) and which is 0 (resp. ¢ — 1) if pky = 0 (resp., if pk; is a positive multiple of
g — 1). By the Stickelberger theorem, we deduce that

n+2 E O'(k/’j) 1 r—1 r—1
ordeG — :q_lg(q—l)&:;&.

Since ¢; > 1, it follows that
n+2

r—l
ord, H G(k Z > 1
z:O
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with equality holding if and only if all ¢; = 1. The lemma is proved.
Using this lemma and the previous congruence formula, we deduce

LEMMA 3.2. Let A € F: We have the congruence formula modulo q:

n+2

* 1
#XA(Fq) =1+ (*1)”‘71 + E (](T—U(H G(kj))X()\)k"+2.
MEk=0(mod q—1) j=1

s(k)=n+2

4. Rational points on the mirror hypersurfaces

In this section, we apply formula (8) to compute the number of IF -rational
points on the affine toric hypersurface in GZL defined by the Laurent polynomial
equation

1
glxy, - xzp) =214+ + 2+ ——— + A =0,
ml PR xn

where A is an element of FZ. Let N be the (n+ 1) x (n + 2) matrix

11 --- 1 1 1
10 --- 0 -1 0
(10) Nolo1 o0 -1 0
o0 --- 1 =10

Let k = (k1,- -+ , kny2) written as a column vector. By formula (8), we deduce that
n+2

Ny =(q-1" Y L (T Glexnne,

Nk=0(mod ¢—1) (q N 1) j

where k = (ky, -+, kny2) with 0 < k; < g — 1.
The contribution of those trivial terms k (where each k; is either 0 or ¢ — 1) is
given by

1 = n+2\ (=1

— > (~9)°(¢— 1)"+2‘S( ) = :
qg—1 = s q—1

Since
—1) -1 n+1 + (=1)" B

(g -1+ S S Z D CUT s 1)(-2) 7 (modg?),

qg—1 qg—1

we deduce

LEMMA 4.1. For )\ € F;, we have the following congruence formula modulo q:

n+2

<H G(kj))x(N)Fm+2,

/ 1

Ny=m+DED"t+ > PRy

NEk=0(mod g—1)

! . .. .
where Y means summing over all those non-trivial solutions k.

5. The mirror congruence formula

THEOREM 5.1. For A € F,

#X\(Fy) =N, +1 - n(—=1)""* (mod q).

we have the congruence formula
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Proof. If k is a non-trivial solution of Nk = 0(modg — 1), then we have
ki =ko ==k, = kpi1(modg — 1)
and
k1 + -+ knt1 + knto = 0(modg — 1).

Since k is non-trivial, we must have

0<k‘1:k‘2:-~':kn+1 <q-—1,
kl +"'+kn+2 = (7’L+1)k‘1+k’n+2 = (ﬂ+1)k2+kn+2 = EO(modq—l).
This gives all solutions of the equation Mk = 0(modg — 1) with k; = -+ = k41,

0 < k1 < g—1 and s(k) = n+ 2. The corresponding terms for these k’s in
(Ny —1)/(g— 1) and N; are exactly the same.

A solution of Mk = 0(mod g — 1) is called admissible if s(k) = n + 2 and its
first k + 1 coordinates {k1,--- ,k,t1} contain at least two distinct elements. The
above results show that we have

Ny—-1 n—1 * n—1
S U (N = (e DD

n+2

3 ﬁ(ﬂ G(k;))x(V)*+ (mod g).

admissible k j=1

This congruence together with the following lemma completes the proof of the
theorem.

LEMMA 5.2. If k is an admissible solution of Mk = 0(mod g — 1), then

n—+2

ordy ([ G(%))) > 2.

Proof. If k is an admissible solution, then < pk >,---,< p" "'k > are also
admissible solutions. For each 1 <7 <n + 1, write

(n+ Dk; + kpvo = (¢ — 1),
where ¢; is a positive integer. Adding these equations together, we get
(m+1) (k1 + -+ k) + (0 + Dkngo = (¢ = Dl + -+ + L)
Thus, the integer
k144 kngo _ b4+l
q—1 n+1
It is clear that ¢ = 1 if and only if each ¢; = 1 which would imply that k&1 = --- =

kn41 contradicting with the admissibility of k. Thus, we must have that ¢ > 2.
Similarly, for each 0 <1i < r — 1, we have

< pikl >4+ < pikn—l-Q >= (q - 1)]2;
where j; > 2 is a positive integer. We conclude that

n+2

ord, (T] G(k;) = Jot I
j=1

r

> 2.

The lemma is proved.
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6. Rational points on the projective mirror

Let A be the convex integral polytope associated with the Laurent polynomial
g. It is the n-dimensional simplex in R" with the following vertices:

{617"' 7en7_(el ++en)}7

where the e;’s are the standard unit vectors in R".

Let P be the projective toric variety associated with the polytope A, which
contains Gnm as an open dense subset. Let Yy be the projective closure in [PA of
the affine toric hypersurface g = 0 in GZ. The variety Y) is then a projective toric
hypersurface in IPA. We are interested in the number of Fq—rational points on Y.

The toric variety P has the following disjoint decomposition:

]PA = U ]P)A,‘H
TEA
where 7 runs over all non-empty faces of A and each P . is isomorphic to the torus

GiimT. Accordingly, the projective toric hypersurface Y, has the corresponding

disjoint decomposition
Y\ = U Yar Yar=YanPa,.
TEA

For 7 = A, the subvariety Y) A is simply the affine toric hypersurface defined by
g=01in G . For zero-dimensional T, Y\ - is empty. For a face 7 with 1 < dim7 <

m*
n — 1, one checks that Y) ; is isomorphic to the affine toric hypersurface in Gfng
defined by
1+x1+"'+$dim‘r =0.
For such a 7, the inclusion-exclusion principle shows that
Yy . F)= dimT—1 _ dim7—2 L. -1 dim7—1 )
#Vr(He) = q 1 )¢ ot (D) dimr — 1
Thus,
1 imT imT
#Var(Fy) = g((q — 1T 4 (—p)dimT),

This formula holds even for zero-dimensional 7 as both sides would then be zero.
Putting these calculations together, we deduce that

#Y)\(]Fq) — N; _ (q - 1)” —‘rq- (_]_)n+1 n Z é((q N 1)dim‘r + (_1)dim7+1),
TEA

where 7 runs over all non-empty faces of A including A itself. Since A is a simplex,
one computes that

. . n+1l _ 1 n_ 1
Z((q _ 1)d1m7- + (_1)(11n1r+1) — q — q(q )
TEA q—1

This implies that
— 1" 1 n+1 n_ 1]
(= 1"+ ()" g1
q q—1
This equality holds for all A € ¥, including the case A = 0. Reducing modulo g,
we get

(12) #Y\(F,) = Ny+1-— n(—=1)""! (mod gq).
This and Theorem 5.1 prove the case A # 0 of the following theorem.

(11) #¥\(F,) = N} —

g9
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THEOREM 6.1. For every finite field 'y, with X € IF,, we have the congruence

formula

#X\(Fy) = #Y5\(Fy) (mod g).
If furthermore, X € I, such that g is A-regular and Wy is a mirror manifold of
X, then

#YV(Fy) = #Wi(F,) (mod g).

Proof. For the first part, it remains to check the case A = 0. The proof is
similar and in fact somewhat simpler than the case A # 0. We give an outline.
Since A = 0, we can take k,42 = 0 in the calculations of Ny and Ny. One finds
then

n+2
#XoFy) =1+ Y (71 HG
Mk=0(mod g—1) q\q
s(k)=n+2
where " means summing over all those solutions k = (ky,--+ , kn11,0) with 0 <
ki <q¢—1and k # (0,---,0).
Similarly, one computes that
n+2

* __ n—1 !
N;=n(-1)""'+ >

Nk=0(mod q—l)

G(k
(q -1) H
where 3" means summing over all those non-trivial solutions k with k, o = 0. By

(12), we deduce

wF)=1+ 3 #

NE=0(mod q—l) j=1
As before, one checks that
* nt2 / nt2
> (JI 6k = > (IT G+5))(mod ¢*)
Alks(f;c()mt;dJrg 1) j=1 Nk=0(mod ¢—1) j=1

The first part of the theorem follows.
To prove the second part of the theorem, let A* be the dual polytope of A.
One checks that A* is the simplex in R" with the vertices

(n+1e Ze] i =1,. —zn:ej.
j=1

This is the (n + 1)-multiple of a basic (regular) simplex in R". In particular, the
codimension 1 faces of A* are (n + 1)-multiples of a basic simplex in R™ 1. By
the parrallel hyperplane decomposition in [7], one deduces that the codimension
1 faces of A* have a triangulation into basic simplices. Fix such a triangulation
which produces a smooth crepant resolution ¢ : Wy — Y. One checks [2] that for
each point y € Yy (IF,), the fibre ¢~!()) is stratified by affine spaces over [,. Since
the fibres are connected, it follows that the number of [F;-rational points on ¢~1())
is congruent to 1 modulo ¢. Thus, modulo g, we have the congruence

#MF)= Y o'W EF)= D 1=#N(EF,).
yevadF,) yevadF,)

The proof is complete.
In terms of zeta functions, the above theorem says that the slope [0,1) part of
the zeta function for X equals the slope [0,1) part of the zeta function for Y.
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The above elementary calculations can be used to treat some other examples
of toric hypersurfaces and complete intersections. In a joint work [6] with Lei Fu,
we have proved the following partial generalization.

THEOREM 6.2. Let X be a smooth connected Calabi-Yau scheme defined over
the ring W(IF,) of Witt vectors of F,. Let G be a finite group of W-morphisms
acting on X. Assume that G fixes the non-zero global section of the canonical
bundle of X. Then, for each positive integer k, we have the congruence formula

#(X @ Fy)(Fy) = #(X/G @ Fy)(Fye)(mod ¢*).

7. Applications to zeta functions

In this section, we compare the two zeta functions Z(X,,T) and Z (Y, T),
where {X,Y)} is our strong mirror pair.

First, we recall what is known about Z(X,,T). Let A € [F, such that X is
smooth projective. By the Weil conjectures, the zeta function of X over [, has
the following form

P\, T)D"
(1-T)1-4qT)---(1—q"'T)’

where P(\,T) € 1+ TZ[T) is a polynomial of degree n(n"™ — (—1)")/(n + 1), pure
of weight n — 1. By the results in [8][10], the universal family of hypersurfaces of
degree n + 1 is generically ordinary for every p (Mazur’s conjecture). However, we
do not know if the one parameter family X of hypersurfaces is generically ordinary
for every p. Thus, we raise

(13) Z(Xx,T) =

QUESTION 7.1. Is the one parameter family Xy of degree n + 1 hypersurfaces
in P" generically ordinary for every prime number p not dividing (n + 1)?

The answer is yes if p = 1 (mod n + 1) since the fibre for A = 0 is already
ordinary if p =1 (mod n + 1). It is also true if n < 3. The first unknown case is
when n = 4, the quintic case.

Next, we recall what is known about Z(Yy,T). Let A € IF, such that g is
A-regular. This is equivalent to assuming that (—\)"T! # (n + 1)"*!. Then, the
zeta function of the affine toric hypersurface g = 0 over I in G has the following
form (see [15])

n—1
Z(g,T) = Q1) T - gT)D (),
i=0
where Q(\,T) € 1+ TZ[T) is a polynomial of degree n, pure of weight n — 1. The
product of the trivial factors in Z(g,T) is simply the zeta function of this sequence
(¢" 1" + (-1
P
(From this and (11), one deduces that the zeta function of the projective toric
hypersurface Y, has the form

L k=1,2,-.

QT
1-T)1=qT)--(1—q"'T)

(14) Z(YVa,T) =

By the results in [10][14], this one parameter family Yy of toric hypersurfaces is
generically ordinary for every n and every prime number p.
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Now, we are ready to compare the two zeta functions Z(X,,T) and Z(Y),T).
Let now A € [F, such that X is smooth and g is A-regular. The above description

shows that

Z(X)\v T) _ P(Av T) )(71)"

Z(Yx\vT) Q(/\’T)
To understand this quotient of zeta functions, it suffices to understand the quotient
POAT)/QAT).

LEMMA 7.2. Assume that (n+1)|(¢—1). Then the polynomial Q(\,T) divides
P(\T).

Proof. Since (n + 1)|(¢ — 1), the finite map X, — Y} is a Galois covering
with Galois group G, where G = (Z/(n + 1)Z)"~! is an abelian group. For an
f-adic representation p : G — GL(V,), let L(Xx,p,T) denote the corresponding
L-function of p associated to this Galois covering. Then, we have the standard
factorization

Z(X5,T) = [T (X0, 7),

where p runs over all irreducible (necessarily one-dimensional) ¢-adic representa-
tions of G. If p =1 is the trivial representation, then

L(X»,1,T) = Z(Y, T).
For a prime number ¢ # p, the {-adic trace formula for Z(X,,T) is

2(n—1)
Z(X5,T)= [] det( — TFrob|H'(Xy ® F,, Q)"
i=0

where Frob, denotes the geometric Frobenius element over ;. Since X, is a smooth

projective hypersurface of dimension n — 1, one has the more precise form of the
zeta function:

I — TFroby|H" 1 (X\ © F (="
(15) 25, 1) = S~ TEvob ™ (X, & By, Q)0
(1-T)1=q¢T)---(1—q"'T)
Similarly, the ¢-adic trace formula for the L-function is
2(n—1)

L(Xa,p.T) = ] det(Z = T(Frob, ® 1)|(H'(Xx 0 F,, Q) @ V,)$) V"
=0
For odd i #n —1,

Hi(X)\ & ]anQé) = Ov (HZ(XA ® ]an Qé) @ ‘/p)G =0.
Foreven i =2k #n—1with0 <k <n-—1,
H* (X @ Fy, Q) = Qu(—h), (H*(Xx0F, Q) e V,)7 =0

for non-trivial irreducible p. This proves that for irreducible p # 1, we have

L(Xx, p,T) = det(I — T(Frob, @ 1)|(H" (X, © F,,Q,) @ V,)¢)=1".
Similarly, taking p = 1, one finds that

I — TFrob,|(H" X\ @ F ey ="
(16) Z(Y)\,T) _ det( rObq|( ( A ® Q’n@lé)) ) ]
(1-=T)A—=qT)--- (1 =¢"'T)
Comparing (13)-(16), we conclude that
P(A\,T) = det(I — TFrob,|[H" ' (X) © F,, Q,)),
QA T) = det(I — TFrobg|(H" ' (Xx © Fy, Q,)).
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Furthermore, the quotient
PAT)
QAT)

= [[ det( = T(Frob, @ 1)|(H" (X, @ F,, Q) @ V,,)9)
p#1

is a polynomial with integer coefficients of degree "(nn_ii;l)) — n, pure of weight
n — 1. The lemma is proved.
This lemma together with Theorem 6.1 gives the following result.
THEOREM 7.3. Assume that (n+1)|(q—1). There is a polynomial R,(\,T) €
(™ —(~1)")

1 + TZ[T) which is pure of weight n — 3 and of degree — —n, such that
P(AT)
= R,(\, qT).
Qo) ~ )

We conjecture that the condition (n 4+ 1)|(¢ — 1) is not necessary in the above
lemma and theorem. In the appendix, D. Haessig proved this divisibility in the
case (n+1,¢—1) =1 and n+1 is a prime. In particular, the divisibility conjecture
is always true if (n + 1) is a prime.

The polynomial R, (A, T) measures how far the zeta function of Y) differs from
the zeta function of X. Being of integral pure weight n—3, the polynomial R,,(\, T)
should come from the zeta function of a variety (or motive M, (\)) of dimension
n — 3. It would be interesting to find this variety or motive M,,(A) parameterized
by A. In this direction, the following is known.

If n =2, then n — 3 < 0, Ma()) is empty and we have Ro(\,T) = 1. If n = 3,
then n —3 =0 and

18

Rs(\,T) = [J(1 — a;(M)T)
i=1
is a polynomial of degree 18 with «;(\) being roots of unity. In fact, Dwork [4]
proved that all a;(A) = %1 in this case. Thus, R3(\,T) comes from the the zeta
function of a zero-dimensional variety M3(\) parameterized by A. What is this
zero-dimensional variety M3(A)? For every p and generic A, the slope zeta function
has the form S,(Yy,u,T) =1 and

1
(1 —=T)2(1 —uT)20(1 — u2T)2"
Note that Y, is singular and not a smooth mirror of X, yet. Thus, it is not
surprising that the two slope zeta functions S,(Xx,u,T) and S,(Yx,u,T) do not

satisfy the expected slope mirror symmetry.
If n=4,thenn—3=1and

Sp(Xn,u,T) =

200
Ry(A\T) = H(l —ai(AN)T)

i=1
is a polynomial of degree 200 with a;(\) = /g. Thus, M4()) should come from
some curve parameterized by A. This curves has been constructed explicitly in a
recent paper by Candelas, de la Ossa and F. Rodriguez-Villegas [3]. For every p
and generic A, we know that S,(Y,u,T) = 1, but as indicated at the beginning of
this section, we do not know if the slope zeta function of X, for a generic A has the
form
(1 —-T)(1 —uT) (1 —uT)0(1 — u3T)

1-T7)1—-uT)(1—-u?T)(1—u3T)

Sp(X)\,’U,,T) =
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For general n and A € K for some field K, in terms of /-adic Galois represen-
tations, the pure motive M, ()\) is simply given by

M,(N) = (PH (X0 K, Q) aV,)%) eQ,-
p#1
where @é ) denotes the Tate twist. If A is in a number field K, this implies that
the Hasse- Well zeta functions of X, and Y) are related by

C(Xnx,5) = C(Ya, s) L(Mn(A),s — 1).

8. Slope zeta functions

The slope zeta function satisfies a functional equation. This follows from the
usual functional equation which in turn is a consequence of the Poincare duality
for ¢-adic cohomology.

PROPOSITION 8.1. Let X be a connected smooth projective variety of dimension
d over IF,. Then the slope zeta function S,(X,u,T) satisfies the following functional
equation

(17) Sp(X, u, Sy (X, u, T)(—u®/2T)),

1
T)
where e(X) denotes the the £-adic Euler characteristic of X.

Proof. Let P;(T) denote the characteristic polynomial of the geometric Frobe-
nius acting on the i-th f-adic cohomology of X @ [F,. Then,

2d
Z2(X,T) = [[ P(T) V"
=0

Let s;; (j = 1,---,b;) denote the slopes of the polynomial P;(T"), where b; is the
degree of P;(T') which is the i-th Betti number. Write

by
T) =] -wuT).
j=1
Then, by the definition of the slope zeta function, we have
(X, u,T) HQ )0

For each 0 <4 < 2d, the slopes of P;(T') satisfies the determinant relation

Z Sij = —bi.
Jj=1 2
Using this, one computes that

Qi(z) = (~1/T)" lb/Z‘H W),

Replacing T by u?T, we get

1 71 zb /2 d Sij
Ql(udT) udT H 7).
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The functional equation for the usual zeta function Z(X,T') implies that d — s;;
(j =1,---,b;) are exactly the slopes for Pyq_;(T). Thus,
1 =1 b b2
Qi(ud—T) = (ud—T) w2 Qaq_i(T).

‘We deduce that
2d

1 =1 b, b2 (D)
Sp(XﬂhW) Zg(de—i(T)(W) u®i/?) :
Since b; = byg_;, it is clear that
2d
;1 d
;(—1) 551 = §€(X)

We conclude that
1 d
Sp(X,u, =) = Sp(X,u, T)(=T) Xy 26X),
The proposition is proved.

In the rest of this section, we assume that X is a smooth projective scheme
over W(IF,). Assume that the reduction X ® [F, is ordinary, i.e., the p-adic Newton
polygon coincides with the Hodge polygon [9]. This means that the slopes of P;(T)
are exactly j (0 < j < i) with multiplicity h/*~7(X). In this case, one gets the
explicit formula

d
(18) Sy (X @F, u,T)= H(1 Ty,
j=0
where
(19) e;(X) = (=1) Y (=) (X)),
=0

If X and Y form a mirror pair over the Witt ring W(IF,), the Hodge symmetry
h7(X) = h74=(Y") implies for each j,

d

e;(X) = (1) Y (1)WY = (—1) e, ().

i=0

We obtain the following result.
PrOPOSITION 8.2. Let X and Y be a mirror pair of d-dimensional smooth

projective Calabi-Yau schemes over W (). Assume that both X @ Fy and Y @ F,
are ordinary. Then, we have the following symmetry for the slope zeta function:

Sp(X @Fy,u,T) = S,(Y @ Fy,u, 7).
The converse of this proposition may not be always true. The slope mirror

conjecture follows from the following slightly stronger

CONJECTURE 8.3 (Generically ordinary conjecture). Let d < 3. Suppose that
{X,Y} form a generic mirror pair of d-dimensional smooth projective Calabi-Yau
schemes over W (IF,). Then, both X @ F, and Y @ ¥, are generically ordinary.

For d < 3, it should be possible to prove this conjecture in the toric hypersurface
case using the results in [10][14]. For d > 4, we expect that the same conjecture
holds if p = 1 (mod D) for some positive integer D. This should again be provable
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in the toric hypersurface case using the results in [10]. But we do not know if we
can always take D = 1, even in the toric hypersurface case if d > 4.

9. Appendix (by C. Douglas Haessig)

The purpose of this appendix is twofold. First, we demonstrate that under
certain conditions we may extend the Arithmetic Mirror Theorem (Theorems 1.1
and 6.1). Second, we apply this extension to the study of the quotient of the zeta
functions of X, and Yj.

As in the introduction, with A € C we may define a family of complex projective
hypersurfaces X in P¢ by

x?“—i—---—l—xﬁﬂ—i—)\wr“ﬂﬁnﬂ =0.
With the group
G:= {(Clv' .- 7<’ﬂ+1)|<i € Cv<?+1 = 17C1 ce 'Cn+1 = 1}

we may define the (singular) mirror variety Yy as the quotient X /G where G acts
by coordinate multiplication. It turns out that Y) is a toric hypersurface and may
be explicitly described as the projective closure in Pa of the affine toric hypersurface

1
g1, ..., xn) =21+ +x,+ ——+A=0.
X1 Ty

Note, Pa is the toric variety obtained from the polytope in R™ with vertices
{e1,...,en,—(e1 + -+ + e,)}, where the e; are the standard basis vectors of R™.
From this description of Y}, if we let F, denote the finite field with ¢ elements of
characteristic p, it makes sense to discuss F x-rational points of X and its mirror
Yy when the parameter X lies in [F,.

When the ged(n +1,¢* — 1) = 1, there are no (n + 1)-roots of unity in the field
Fgr. Viewing G as a group scheme over Z, this means there are no F x-rational
points of G. This leads one to suspect a direct relation between the I »-rational
points of X and Y):

THEOREM 9.1. For every positive integer k such that ged(n +1,¢% — 1) = 1,
we have the equality #Xx\(Fgr) = #Y\(Fyr).

If W), is a smooth crepant resolution of Y}, then there is a rational map from Wy
to Y which is injective on rational smooth points. Thus, if none of the IF »-rational
points on Y) are singular points, we see that #Y)(F,x) = #W(F ). Consequently,
we have:

COROLLARY 9.2. Suppose the singular locus of Yx contains no Fx-rational
points. If ged(n+1,¢" —1) = 1, then we have #Xx(Fyx) = #Y\(Fyr) = #Wa(Fyr).

Next, when ged(n + 1, ¢" — 1) > 1 we may prove:

THEOREM 9.3. Let d := ged(n +1,¢* —1) > 1. Then

(1) #X\(Fyr) =0 mod d,
(2) if n+1 is a power of a prime £, then, writing A = —(n + 1)¢ in the new
parameter i, we have

1yt =1

0 otherwise

#X\(Fyx) =0 mod(td) and #Yr\(Fpr) = { mod({).

Thus, combining Theorems 1.1 and 9.3 with the Chinese Remainder Theorem yields:
COROLLARY 9.4. Suppose n+ 1 is a power of a prime £ and ged(n+1,q) = 1.

Set X\ = —(n + 1), If Y™t #£ 1, then for every positive integer k, we have

#X\(Fyr) = #Y5(F ) modulo(tq").
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Before discussing the proofs of Theorems 9.1 and 9.3, let us apply Theorem 9.1
to the quotient of the zeta functions of X and Y.

9.1. Application to zeta functions. From Theorem 7.3, when (n+1)|¢g—1
then the quotient of the zeta functions of X and Y), when raised to the (—1)"
power, is a polynomial of specified degree. As mentioned in Section 7, we conjecture
that the divisibility (n 4+ 1)|¢ — 1 is unnecessary and may be removed without
disturbing the conclusion. Evidence for this is the following:

THEOREM 9.5. Let n+ 1 be a prime such that ged(n+ 1,q) = 1. Let k be the
smallest positive integer such that ¢* = 1 modulo n+1. Assume X is non-singular
and X"t # (—(n+1))"*L. Then there are positive integers p1, ..., ps, each divisible
by k, and polynomials Q1,...,Qs € 1 + TZ[T] which are pure of weight n — 3 and
irreducible over 7., such that

(Z(X)\/]anT)>(1)ﬂ _ Ql(qka)pl/k . Qs(qk:Tk)ps/k

Z(YVA/Fq,T)
Furthermore, p1 + -+ + ps = W —n. (Note, the polynomials Q; depend
onn and \.)
PRrROOF. For every nonnegative integer s and j = 1,...,k — 1, we have ged(n +

1,¢***7 — 1) = 1. So, by Theorem 9.1, we have #X\(Fynvs) = #Y2(Fyonss) for
every s > 0and j =1,...,k — 1. This implies
#XAF k) roges
o) ZOO/ELT) ey Rt T (Z(XA/IFqk,Tﬂ)
ZNED)  expy,,, P \ZW/Fp T
where the first equality uses the previous sentence and the second equality is simply

definition. By Theorem 7.3, there exists a polynomial R, (A\,T) € 1 + TZ[T] of
n(n"—(~1)")
n+1

1/k

— n, pure of weight n — 3, such that
Z(X\[Fyr, T)
Z(Yx/F g, T)

Combining this with (20) shows us that

(=n"
(Z(X,\/Fq,T)> — Ro(\, " TF)*,
Z(Yr/Fq,T)

Therefore, factorizing R,(A\,T) = Q1(T)"*---Qs(T)P< into irreducibles over Z
proves the theorem. O

degree

(-1)"

As a side remark, for n + 1 = 5, Theorem 9.5 explains the form of the zeta
function of Z(X,/F,,T) found in [3].

We note that, for the quintic (n+1 = 5), it follows from [3, Equation 10.3] and
[3, Equation 10.7], in which they empirically compute the zeta functions of X and
W, that for X smooth,

Z(X\/F,,T)

- R ka,,)\ QO/kR ka’)\ 30/k
2R, T) Alq ) 5(q )

where k is the smallest positive integer such that ¢* = 1 modulo 5 and the R’s are
quartic polynomials over Z which are not necessarily irreducible. Note, k = 1, 2
or 4. Furthermore, they have constructed auxiliary curves A and B, both of genus
4, whose zeta functions experimentally correspond to R4 and Rpg, respectively. It
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would be interesting to find these “auxiliary varieties” for general n 4+ 1 and see
how they fit into the framework of mirror symmetry (if at all).

9.2. The proof of Theorem 9.1. Without loss, we will write ¢ instead of ¢*
in the following proof.

9.2.1. Formulas for X\(F,) and Y\(F,) in terms of Gauss sums. Define the
Gauss sums G(k) as in Section 2. Also, let M be the (n + 2) X (n + 2)-matrix
defined in Section 3.

Define the set

E:={kecZ"0<k; <q—1and Mk =0 mod(q—1)}.

For each k € Z"*2, define s(k) as the number of non-zero entries in Mk € Z"+2.
Next, define

E; :={k € E|not all ky,...,k,y1 are the same, but 0 < k12 < ¢ — 1}
Ey:={kcElk =ky=-=knt1,0<kpni2<q—1}
E; ={keE)0<k <q—1,s(k)=n+2}

anrl s(k) n+2 k
Sk = T yrra® HG X,

Now, Section 3 demonstrated that

#X,\( -‘rZSk-i-ZSk

keE, ke E>
Consider k € E. Suppose ki = --- = kniq = 0. If kpyo = 0, then Sj, =
Qn+1/(q - 1), else, if k402 = ¢ — 1, then S = (q — 1) . Similarly, suppose
ki =+ =kp1=q—1 Ifkn+2—0 then Sy, = (—1)"+1q™, else, if knyo = g — 1,
then Sy, = (—1)"¢" /(¢ — 1).
Next, notice
Fut oot hare
(n + l)kl + k'n_;,_g
(21) Mik=| (+Dkatkup | cgnt2

(n+ Dkny1 + kngo

If one of the rows equals zero, then we must have k; = 0 for some 1 < i < n+ 1.
Thus, if £ € F5 such that 0 < k1 < ¢—1, then all the rows of Mk must be non-zero;
that is, s(k) = n + 2. Putting this together with the last paragraph, we find that
for X\ # 0, then

n+1 _ 1 _ nl
(22) gy = LTI @m DT s g g

—1
q keEy kEE3

If A =0, then Section 2 tells us that k, 42 is forced to equal zero. Thus, in the
above calculations, we need to neglect all terms in which k&, 12 # 0. Doing this, we
obtain

n+1 1 —_1)"
#XO Z Sk +N0 ( 1)n+1qn+ ( )

keEy

—(g-n"
, :
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Let N} denote the number of F,-rational points on the affine (toric) variety
defined by

1
g(x1, ..o, Tp) ::x1—|—-~-+mn+x7—|—)\20.

1 ... xn
In the proof of Theorem 5.1, we saw that for A ;é 0
—1
(23) S RIS
q q(q — KeE;

Also, if A = 0, we may calculate that

— 1) -1 n—+1
NS‘ _ (q ) + (-1) + Z Si.
q q keE;

For ease of reference, recall from Section 2 that, for all A € F,), we have

— 1" 1" m—1
(-1", (1" a1
q q—1
9.2.2. Finishing the proof of Theorem 9.1. For A # 0, combining equations
(22), (23), and (24) yields

n+1 nam n+1 n
+ (-1 + (-1 —
#X\(Fy) — #YA(F) = > Se—(g—1)" (=1)"¢" +(-1) ¢
q—1
kEE;
Similarly, if A = 0, then

#X0(F,) — #Y0(F) = "[(-1)" + 1]+ Y S

keEy

(24) #YA(F,) = N} —

We may now prove Theorem 9.1 by demonstrating that the right-hand sides of the
above two formulas equal zero when ged(n+ 1, — 1) = 1.

LEMMA 9.6. If ged(n+ 1,9 — 1) = 1, then the right-hand sides are zero.

PROOF. Let k € E. Suppose k; # 0 for 1 < i < g— 1. Then, by (21), we see
that (n 4+ 1)k; = (n + 1)k; modulo ¢ — 1 for every 1 < i,j < g — 1. By hypothesis,
n+ 1 is invertible in Z/(q — 1), and so k; = k;. This means that, if k¥ € E; then at
least one of the first n + 1 coordinates must be zero.

Let 1 <4 < n. Suppose k € E; and its first i coordinates are zero. Then (21)
tells us that k, o is either zero or ¢ — 1. In the first case, we have k;11 = -+ =
knt1 = ¢ — 1 and s(k) = n + 2. In the second case, again we have k11 = -+ =
knt2 =q—1, but s(k) = (n+ 2) — i. This leads to the following formulas:

When ko =0 (first case): Sy = (_1)(n+1)—iqn
When k, 12 = ¢ — 1 (second case): Sy = (—=1)""%(q — 1)*"tg"+D—%

(Note, if A = 0, then k,o must be zero, and so, the second case never occurs.)
Permuting these zeros around in ("'H) ways among the first n+ 1 coordinates gives
us all possible points in Fy. That is, if we set

1
Ao Z (n + ) 1)t D=ign (counts first case)

and

n 1 ) . .
B:= Z (n + )(—1)"_’(q — 1)1_1q("+1)_1 (counts second case),
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then we have >, . Si, = A+ B for A #0, else >, . Sk = A for A = 0. Now, by
the binomial theorem, we see that

A=g"[(1 -1 = (1) = 1] = ¢"[(-1)" — 1]
and
B=(q—)7'(-D"(—(g=1) +g)" " = ¢"*" = (=1)"* (¢ — )"
= (= D7D+ (D) (g - D)
Thus, for A # 0, we have
> S =" l(-1)" -1+

keE,

(_1)n + (_1)n+1qn+1 + (q _ 1)7l+1
qg—1

which proves the lemma. O

9.3. The proof of Theorem 9.3. Let us recall what we will prove.

Theorem 9.3. Let d := ged(n +1,¢F —1) > 1. Then
(1) #X\(Fyr) =0 modulo d.
(2) Writing A = —(n + 1)¢ in the new parameter v, if n + 1 is a power of a
prime £, then

1 gt =1

0 otherwise

#X\(Fyx) =0 mod(td) and #Yr\(Fpr) = { mod().
ProOOF. Without loss, we will write ¢ instead of ¢* in the following proof. First,
let us prove the congruences on X,. We do this by gathering all the points of X
that have the same number of coordinates zero. For each 1 <+¢ <n —1, define M}
as the number of F,-rational points in Py.* which lie on the diagonal hypersurface
q

n+1 n+1 __
Tyt =0

Notice that the group

Gi(Fg) = {(Cir1s -+, Car1)IG € Fo, 1 = 11/H{(C, -, OIC =1}
acts freely on the set of points defining M. Since there are d := ged(n + 1,9 — 1)
many (n + 1)-roots of unity in F,, we have #G;(F,) = d"™'~"/d = d"~*. Conse-
quently, d"~* divides M;. Next, let Mg be the number of F,-rational points in P,
which lie on X . The group

G(Fy) = {(C s GG € By, G = 1,1+ Gon = /(G- QICT = 1)

acts freely on the points defining M{, and so #G(F,) = d" divides M. Putting
this together, we have

n—1
#XA\(Fq) = Mg + 2; ( ; )Mz :
1=
This proves the first part of the theorem since each M is divisible by d. If n 41
is a power of a prime ¢, then not only are the M} divisible by d, but each of the
binomial factors are divisible by #; this proves the congruence on X, in the second
part of the theorem.
We now assume n + 1 is a power of a prime ¢. Let us prove the congruence on
Y. With A = —(n + 1)¢, recall from (24) that
P M G D S i
Y\(F,) = N5 —
#Y( q) A q + q + q—1
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where N} is the number of Fy-rational points in A]ijl that satisfy

1+ F T —(n+ 1) =0

(25)
Il"'l‘n-‘rl:l

We claim that #Y,(F,) = N3 modulo ¢. Since ged(n+1,g—1) > 1, ¢ = 1 modulo
£. Using the fact that qq"_—11 =q" 1 +...+¢+1, we have: if £ is an odd prime (the
even case is similar), then
_lg-1)" + =" + ¢" 1 =-0+1+n=0 modulo(¥).
q q q—1
This proves the claim.

Since we now have #Y)(F,;) = Ny modulo ¢, we will concentrate on com-
puting N¥. Consider counting the points on (25) as follows: suppose a point
x = (T1,...,Tpt1) € A]?jl has two coordinates equal. Then we may permute
")

these two around in ( ways without changing the order of the other coordi-

nates. Thus, the orbit of the point z under this type of permutation contains ("'QH)

points contained in the affine toric variety defined by (25). Note that we are not
overcounting the points which have multiple pairs of coordinates being the same,
like (1,1,2,2,2). If all the coordinates of x are different then we may permute these
around in (n + 1)! ways.

Putting this together, we find, modulo £:

N3(F,) = #{z € A§j1| all coordinates are equal and x satisfies (25)}.

If all the coordinates are equal then we have the system (n+ 1)z — (n+ 1)) =0
and "' = 1. By hypothesis, n+ 1 is invertible in Fy, thus, we have = 1 for the
first equation, and so "1 = 1 for the second. Therefore,

1 ygntt=1
Ny = v ) modulo(¥).
0 otherwise
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