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Singular values and vectors
Properties
Application: Low-Rank Approximation

Singular Value Decomposition

Singular Value Decomposition

For each matrix Y € R™X™ there exists orthogonal matrices
U € R™*™ V € R™ ™ and a diagonal matrix

3 := diag(o1,...,0p) € R™*",  p = min(m,n),

where
01> 02> ...2 0,20,
such that
Y=UxVT.
Here:

» Singular valuesof Y : oy, t=1,...,p
> Left singular vectors : columns of U = [uj uz2 ... um]
» Right singular vectors : columns of V' = [v1 v2...vn]
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Singular Value Decomposition

Case: m =4, n = 2, rank(Y) =2

» Full SVD
X X X X X X]|[x o0 X X
X X| _|x x X X||0 Xx X X
X X|  |x x X x||0 O
X X X X X X|[|0 o0
Y U > vT
» Reduced SVD
X X X X x 0 X X
X X . X X 0 X X X
X x| [x X
X X X X
Y U )| vT
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Singular Value Decomposition

Singular Value Decomposition

> Assumption: m > n
» Case m < n: consider SVD of YT
YT=USVT = Y=V3UT
» Singular values are real and non-negative
» Convention

> Omax = 071 largest singular value
> Omin = On smallest singular values
» ordered according to magnitude

012022...20,20
» Numerical computation of SVD is backward stable
Y + AY = U VT with |AY ||s = O(eps)
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Singular Value Decomposition

Singular Value Decomposition — Geometry

T

oUy

Quelle: Trefethen & Bau

Mapping of unit sphere S = {x : ||z||]2 = 1} under Y
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Singular Value Decomposition — Geometry

T

oUy

Quelle: Trefethen & Bau

Mapping of unit sphere S = {x : ||z||]2 = 1} under Y

» Singular values: lengths o1, o2 of principal semiaxes of Y'S.
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Singular Value Decomposition

Singular Value Decomposition — Geometry

T

oUy

Quelle: Trefethen & Bau
Mapping of unit sphere S = {x : ||z||]2 = 1} under Y
» Singular values: lengths o1, o2 of principal semiaxes of Y'S.

> Left singular vectors: unit vectors {u1,u2} in direction of
principal semiaxes of Y'.S
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Singular Value Decomposition Smgu,'”. vallies ame vesiers
Properties
Application: Low-Rank Approximation

Singular Value Decomposition — Geometry

T

g1U AS

Quelle: Trefethen & Bau
Mapping of unit sphere S = {x : ||z||]2 = 1} under Y
» Singular values: lengths o1, o2 of principal semiaxes of Y'S.

> Left singular vectors: unit vectors {u1,u2} in direction of
principal semiaxes of Y'.S

» Right singular vectors: unit vectors {v1,v2} € S, preimages
of principal semiaxes of Y'S, so that Yv; = oju;.
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Singular Value Decomposition

Singular Value Decomposition — Geometry

Rotate by V7

—

Stretch along axis

Rotate by U

05
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Singular Value Decomposition

Properties

Let Y = U X V7T be an SVD of Y € R™X™ with singular values
012 ...2042 0441 = ... = 0p = 0. We then have:

» Yv; = ou;, Yiu; = v, i = 1,...,n.

» Rang(Y) = d = number of singular values not equal to
zero.

> IY]l2 = 01 = Omax

> IYlle = \Jo? +...+ 02

> Y7l = & if Y € R™X™ regular

» k2(Y) = ||[Y|l2]|Y Y2 = ZL it Y € R™*™ regular

> k2(Y) = |[Y]2)[YF|l2 = 22 = 7=, if Y regular
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Singular Value Decomposition

Properties

Let Y = U X V7T be an SVD of Y € R™*™ with singular values
012 ...2042> 0441 =...= 0p = 0. We then have:

» The strictly positiv singular values are the roots of the strictly
positiv eigenvalues of YT Y

{oili=1,...,d} = {Y/NO@TY)|i=1,...,d}

» The singular values are equal to the absolute values of the
eigenvalues of Y if Y = Y 7.

m
» For Y € R™"*™ it holds |det(Y)| = [] o3
i=1
» The pseudo inverse YT € R™X™ s defined as
Yt =vEtuT
where £+ = diag(o7 ',...,0,,0,...,0) € R*™*™
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Singular Value Decomposition

Properties — Low-Rank Approximation

Let Y = U X VT bean SVD of Y € R™*™ with singular values

012 ...20420441=...=0y,=0. For
k < d = Rang(Y) define
Y, =U%, VT
where ¥ = diag(o1,...,0%,0,...,0) € R™*™ We then
have:

» Rang(Y) = k.

» The distance between Y, and Y in the 2-norm is
1Y — Yill2 = okq1.

» Y} is the best approximation of Y of rank < k

Y —Yi|2 = i Y — Bj|2.
IY = Yills = min_|[Y — Bl
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Singular Value Decomposition

Image Compression

Singular values decomposition of Y
Y=UxVT
can be written as

T

p
T T T
Y =) oiu;v; =o1u1v; +02U20; +...+OpUp Y,

=1
where p = min(m, n).
Approximation of matrix Y of rank k, k < p, is
k
Y. = > oiu; viT
=1
and ||Y — Yk“z = Ok+1-
Data compression:
= Memory requirement of Y} is k(m + n) vs. mn for Y.
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Singular Value Decomposition

Image Compression

Consider black and white picture I(x,y) as a matrix Y: matrix
entries correspond to the gray-level of the pixels.

5 Singular Values, Melencolia |

10

10%*

3

10

10°

10

10°

0 50 100 150 200 250 300 350

Depending on the area of application: Principal Component
Analysis (PCA), Proper Orthogonal Decomposition (POD),
Karhunen-Loéve Decomposition.
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Singular Value Decomposition E,
A Low-Rank Approximation

Image Compression

k =1, compression = 0.00548

k =20, compression = 0.11
. i T 7 : .

k =40, compression = 0.219
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Singular Value Decomposition

Image Compression

Gatlinburg Conference: J.H. Wilkinson, W. Givens, G. Forsythe,
A. Householder, G. Henrici, F.L. Bauer (von links nach rechts)
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Preliminaries
Proper Orthogonal Decomposition Parametrized Problems

SVD & POD

We consider the problem of approximating all spatial vectors

{y;}j=, of Y simultaneously by a single, normalized vector as well

as possible. This problem can be expressed as
n

(P1)  max 3 (. wan [ subject to (st) [ullZ =1
wER j=1

Solution: uq solves (P') and arg max(P') = o2 = A;.
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Proper Orthogonal Decomposition Parametrized Problems

SVD & POD

We consider the problem of approximating all spatial vectors
{y;}j=, of Y simultaneously by a single, normalized vector as well

as possible. This problem can be expressed as
n

(P') max |(yj,u)rm|? subject to (s.t.) ||uf|Zm =1
Solution: uq solves (P') and arg max(P') = o2 = A;.

Find second vector, orthogonal to uq, that describes {yj}?zl as
well as possible

n
(P?) max > |(yj, u)rm|?
uEij:]_

st. ||ul|lZm =1, (u,u1)rm =0

Solution: ug solves (P?) and arg max(P?) = o2 = Xs.
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SVD & POD

Theorem

Let Y = [y1,-..,Yn] € R™*™ be a given matrix with rank

d < min{m,n}. Further, let Y = UXV7T be the singular value
decomposition of Y, where U = [u1,...,uy,] € RM*™,

V = [v1,...,0,] € R®™™™ are orthogonal matrices and the
matrix X € R™*™ contains the singular values. Then, for any
£e{1,...,d} the solution to

P4 max Z Z | (55 i) |2

UL geeey U e 'L 1 .7 1

st. (@i, Uj)rm = 035, 1 < 4,5 < £
is given by the singular vector {u;}¢_,, i.e., by the first £ columns
of U. Moreover,

4 £
argmax(P%) = > o2 = Y A\
=1
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Optimality of the POD basis

Theorem

Suppose that U? € R™*? denotes a matrix with pairwise
orthonormal vectors i; and that the expansion of the columns of
Y in the basis {'&i}‘.i_l be given by

Y = U4C?, with CE = (i, y)rm, 1 <3< dy1<j < n.
Then for every £ € {1, ...,d} we have
lY —U*B|lr < |lY — U*CH|Ir

where || - || denotes the Frobenius norm, the matrix U* denotes
the first £ columns of U, B¥ the first £ rows of B and similarly for
U* and C*.

S. Volkwein. Model Reduction Using Proper Orthogonal Decomposition.
Skript Universitat Konstanz, 2010.
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A POD Approach

Proper Orthogonal Decomposition (POD) (or Karhunen-Loéve
expansion) approach:

» POD Spaces

xPOD _ arg inf H’u, —IIx u” 2
N Y L2(Egrain; X
N spaces X v Cspan{u(p)|t€EZtrain } (Btrain;X)

> "Best" approximation error
EROD = ||u — HXIF\,,ODu”Lz(Etrain;X)
Note:
> Xllf,OD are hierarchical,
» Weaker norm over Eirain,

» Optimization can be solved using "method of snapshosts."
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A POD Approach — Method of Snapshots

1. Form correlation matrix CFOP ¢ RMrain XNtrain given by

POD _ _1

Mtrain

(u(“:rain)’ u(“‘grain))X’ 1 <4,5 < Nirain-
2. Solve for eigenpairs (QPOD”“ € R7erain, \PODE ¢ R, ),
1 < k < Ngrain, from

POD _,POD,k _ yPOD,k,,POD,k
c Y = APODAPODE,

(pPOPH#)TX pPODk — 1,

3. Arrange eigenvalues in descending order

APOD,I 2 APOD,]. Z ... 2 APOD’ntrain 2 0.
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A POD Approach — Method of Snapshots

4. POD Basis functions

Mtrain
‘IIPOD’k = Zl wyl:LOD’ku(“:;?ain)’ 1 S k S Ntrain-
m=

= POD reduced basis space
XEPOD = span{¥¥FOPn 1 <n < N}, 1< N < Npax

= Error bound: define Nihax as the smallest IN such that

—POD Mtrain POD .k
EP =) Y. APODR < epolmin-
kE=N+1
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A POD Approach — Method of Snapshots

Since (PPOD:n gPODnY o — 5 0 1 < n,m < Ngpain, it
follows that

(‘I’POD’n =)§" =¢", 1< n < Npax,
and hence Z € RVXN s given by

7, — [\I,POD,l \I,POD,2 . \I,POD,N].

Note:
> Nirain AN _solves and n%rain X-inner products to form C
» Solve for largest Nyax eigenvalues/eigenvectors of C

= higher parameter dimensions prohibitive because of large n¢yrain.
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