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“anonical Form-I

Representation in Canonical forms

>al form
rdan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

Many techniques are available for obtaining state space representations of transfer
functions.

STATE SPACE REPRESENTATIONS IN CANONICAL FORMS

Consider a system defined by,

y™ + a1y + -+ an—19 + any = bou™ +b1u(™=D 4 4 by 1d + bnu

where 'u’ is the input and ’y’ is the output. This equation can also be written as,

Y(s) _ bos™+b18™ 14 dby_15+bm
(s) = s"tars" +-tan_15+tan

d
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

TE SPACE REPRESENTATIONS IN CANONICAL FORMS

o The process of converting Transfer Function to State-Space form is NOT
unique.

o Various realizations are possible which are equivalent.(i.e, their properties do
not change)

o However, one representation may have advantages over others for a particular
task.

o In what follows, we shall present the state space representations of the
systems defined by different canonical forms.

V. Sankaranaray Control system




Canonlcal Form-1I
Canonical Form II

Diagonal Canonical form

Jordan Canonical form

entation in Canonical forms

OUTLINE

© REPRESENTATION IN CANONICAL FORMS
o Canonical Form-I
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Canonical Form-I
. . . Canonical Form II
Representation in Canonical forms A A
Diagonal Canonical form
Jordan Canonical form

TRANSFER FUNCTION TO STATE SPACE

ONI Forwm 1

Y(s) _ bos™+b1s™ 1t dbyn g 5+bm
o We have, U(s) —  s"tars" 4 +a, 15+an
Y(s) _ Y(s) _ X(s)
o Let 755y = X5 X TG
o Thus,
Y (s
X((S)) bos™ +b1s™ 4+ bm—15 + b
X(s) _ !
U(S) - sn+a1$n71+...+an,18+an
]
) To T ey
> — a Ay —1— anT
datn a1 "har T
A"z (t) dn—lg L
= ut)—a——= a1 — —anx
dtn VT "ra /
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

TRANSFER FUNCTION TO STATE SPACE

CANONICAL ForMm I

Representation in Canonical forms

2 n—1
Let 1 =z ; w2 = % 3 T3 = flt2 T &n = flitn,f
T 0 1 0 0 zl 0
iy 0 0 1 0 2 0
— 53 4 u
1
Tn —anp —Qp—1 - s —ai x'n 1
o Case-1: If m=n—1[. ‘(ii;n—ﬁ = % = Ty
‘We know that,
Y(s) = X(s)(bos™ +b1s™ "+ o+ bp_15+bm)
dn—1gp dn—2y dx
',y(t) = b dt” 1+b1dtn2+"‘+bn ld +bn$
y(t) = boxn +bixpn—1+- -+ bpx

o’
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Canonical Form-I
. . . Canonical Form II
Representation in Canonical forms A A
Diagonal Canonical form
Jordan Canonical form

TRANSFER FUNCTION TO STATE SPACE

AL FORM 1
1
T2
y= [bn bp—1 - bO] : + [0]w
T,
o Case-2: If m =n,
dmzx @ a1z i
— = ult)—a1——— — - —An—1— — an<T
dtm Vdtn—1 K7
a1l dm—lg
y(t) = bo(u(t) =y — - —anT) +le + -+ bmx
=g dx
y(©) = (b1 —abo) o= + - + (bn-1an-1b0) 2 + (bn — anbo) + bou |
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Canonlcal Form-1I

nonical Form II
D gonal Canonical form
Jordan Canonical form

W= bn —anbo 1 bp—1 —an—1bp 1 .- by —ai1bo + [bo]’u,

Tn
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Canonical Form-I
. . . Canonical Form II
Representation in Canonical forms A A
Diagonal Canonical form
Jordan Canonical form

TRANSFER FUNCTION TO STATE SPACE

MPLE-1

: : _ _ 5s247s49
Consider a transfer function, G(s) = B 187465132
Y(s) _ Y(s) o X(s) _ 55247540
Let Tts) = X(s) X T(s) = 53485246542
Thus,
Y(s) 2
= 5 7 9 1
X0 sT+Ts+ (1)
X(s) 1 @)
U(s) T s34+ 8s2+6s+2
From eq(2), U(s) = X (s)[s + 852 + 65 + 2]
¢ = d3w+8d2w+6dx+2
* T ds dt? at
A’z ®) 8d2z dz 5
— = u(t)—8—% —6— — 2z
dt3 dt? dt
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

TRANSFER FUNCTION TO STATE SPACE

Letxlzx;xgz%;xngl%
T 0 1 0 T 0
2| = | O 0 1 z2| + |0 w(t)
I3 —2 —6 =8| |z3 1

From eq(1), Y(s) = X(s)[5s% + 7s + 9]

d’z
y(t) = 5W+7f+9x
y(t) = bxzz+ Tr2 + 911
z1
y = [9 7 5] |z +[0u
z3
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

TRANSFER FUNCTION TO STATE SPACE

Representation in Canonical forms

E> PLE

2
Consider a transfer function, G(s) = 25-+7s£9

T 52425415
Let
X(s) 1
U(s) = s24+2s+15
dx dx
— = —1l5z—2— t
a2 =2 +ul®)
Let x1 =z ; x2 = 7;:
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

TRANSFER FUNCTION TO STATE SPACE

Representation in Canonical forms

EXAMPLE-2

Y (s) 2
= 5 7 9
X(s) s”+Ts+
d2
y(t) = 5ﬁ+7f+9x
dzx dx
= 5(—1bx —2— t 7T— 49
( x dt+u())+ dt-‘rx
dx
= —66x —3— + bu(t
e —3— +5u(?)
y = [-66 -3] [ﬁjﬂm
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

entation in Canonical forms

OUTLINE

© REPRESENTATION IN CANONICAL FORMS

@ Canonical Form II

V. Sankaranarayanan Control system



Canonical Form-I
Canonical Form II
Diagonal Canonical form

Representation in Canonical forms

Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

CANONICAL ForwMm IT

Y(s) _ bos™+b1s™ " by _154bm

e We have, 505§ = = ntarsnThfap_1stan

Y (8)[s"+a1s" T 4 an—15+an] = U(s)[bos™ +b18™ "+ - 4y _15+bm]

Case-1:If m=n—1

o Replacing m with n — 1 and dividing the equation with s™ and rearranging it,
we get,

Y(s) = %[boU(s) —a1Y(s) + %[blU(s) —a2Y(s) + %[ .-
+1[bn_1U(s) — an¥ ()] -]
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

Representation in Canonical forms

Forwm IT

o Now, let us define the states and output as follows,
Xn(s) = <[oU(s) —ar¥(s) + Xn1(s)] = Y(5)
Xn-1(8) = ~[1U(s) — aa¥(s) + Xn2(s)
Xn-2(5) = —[2U(s) — as¥(s) + Xno(s)
X1(s) = Z[Bu-1U(s) — an¥ ()]
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Canonical Form-I
Canonical Form II
Diagonal Canonical form

Representation in Canonical forms

Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

CANONICAL ForMm II

o Since Xn(s) = Y(s), replacing Y (s) by Xn(s) and rewriting the state
equations, we get
Xn(s) = %[boU(s) — a1Xn () + Xn_1(5)]
Xp_1(s) = %[blU(s) a2 Xn(s) + Xn2(s)]
Xp_a(s) = é[bQU(s) — a3 Xn(s) + Xn_3(s)]
Xi(s) = %[bn_lU(s) — anXn(s)]
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNC

NONICAL ForM II

o Applying Inverse Laplace Transformation on both sides, we get

Tn = bou—ai1zn +Tp-1
Tp-1 = biu—asxp+Tp-2
Tn—2 = bou—a3xTn+Tn_3

T2 = bp—2u—anTn + 11

T1 E bn—lu — AnTn

o The output equation becomes, y = x,,
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

NONICAL ForwMm II

o Summing up all the results into one vector matrix differential equation, we
get7
o ... ... 0 —an
T1 1 0 cee 0 —ap—1 1 bp—1
o 5 . 3 5 T2 bn—2
= : : : : o u
Tn : I . Tn bo
0 1 —ai
1
x2
y = [0 0 1] + [0]u
In
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Canonical Form-I
. : N Canonical Form II
Representation in Canonical forms N 3 N
Diagonal Canonical form
Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

IPLE OF CANONICAL Forwm IT

2
o Consider a transfer function, % =G(s) = %

o We can see that the order of the numerator is less than that of the
denominator and differs by 1. Hence, this falls under Case-1.

@ On cross multiplication, we get
Y (s)[s% + 852 + 65 + 2] = U(s)[5s% + 7s + 9]

o dividing the equation with s® and rearranging it, we get,

Y(s) = %(w(s) _8Y(s) + %(7U(s) —6Y(s) + %(2U(s) —ov(s)))
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

XAMPLE OF CANONICAL ForM II-CAS

o . The state equations and output equation can be defined as

3 = bu—8rz+z2=1y
o = Tu—6x3+ x1
1 = Y9u— 2zx3

e Summing up all the results and formulating them in the matrix form, we get,

T 0 0 =2| |z 9
T9 = 1 0 -6 xo| + |7| w
T3 0 1 =8| |z3 5
1
y = [0 0 1] |z2]| +[0u
z3
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

Forwm IT

Case-2:If m =n

Y(s)[s" + a1s" L+ Fan_1s+ an] = U(s)[bos™ + b1s” L4+ bp_1s+ bn]

o Dividing the equation with s™ and rearranging it, we get,

Y(s) =boU(s)—aoY(s)+ %[blU(s) —a1Y(s) + ]:[ S %[bnflU(s) —
an-1Y(s) + 5 [bnU(s) = anY ()] -]
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

o Now, let us define the states and output as follows,
Y(s) = boU(s)+ Xn(s)
1
Xn(s) = <[biU(s) =~ a1¥(s) + Xn_1(s)]
1
Xn-1(s) = <[b2U(s) —a2Y(s) + Xn—2(s)]
1
X1(s) = [baU(s) —an¥ (s)]
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

Representation in Canonical forms

CANONICAL ForM II

o Substituting boU(s) + Xn (s) in the place of Y (s) in state equations, we get,
Xa(s) = ~[b1— a1b0)U(s) ~ a1Xn(s) + Xn-1(5)]
Xn-1(s) = ~[(b2 — azbo)U(s) — a2Xn(s) + Xn-2(5)]
X2(s) = b1~ an-150)U(s) — an-1Xn-1(s) + X1 ()]
X1s) = ~l(bn — anbo)U(s) — anXn(s)]
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Canonical Form-I

Canonical Form II

Diagonal Canonical form
rdan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

ANONICAL FOrM II

o Applying Inverse Laplace Transformation on both sides, we get
Tn = (bl _albO)u_alxn + Tn—1
Tn—1 = (b2 —a2bo)u —asxn +xTn_2
Ep—2 = (b3 —asbo)u —azTn +Tn—3
22 = (bn—1—an—1bo)u—an_1x1
21 = (bn —anbo)u — anxn
o The output equation becomes, y = bou + xn,
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

JANONICAL ForwMm IT

o Summing up all the results into one vector matrix differential equation, we
get7
1 o --- -+ 0 —an 1 b bn : Z”b“ b
T2 1 0 0 —an_1 z9 n—1 n—100
bn—1 —an—1bo
= + U
z o --- - 1 —a T :
" ! n by — a1bo
T1
2
y = [0 0 1] + [bo]u
Tn
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Canonical Form-I
. : N Canonical Form II
Representation in Canonical forms N 3 N
Diagonal Canonical form
Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

IPLE OF CANONICAL Forwm IT

2
o Consider a transfer function, % =G(s) = %

o We can see that the order of the numerator is equal to that of the
denominator. Hence, this falls under Case-2.

@ On cross multiplication, we get
Y (s)[s% + 25 + 15] = U(s)[5s2 + 7s + 9]

o dividing the equation with s and rearranging it, we get,

Y(s) = 5U(s) + %(7U(s) _ov(s) + %(QU(S) —15Y(s)))
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Canonical Form-I
. : N Canonical Form II
Representation in Canonical forms A N
Diagonal Canonical form

Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

o . The state equations and output equation can be defined as

y = bu+x2
T = Tu—2y+z
1 = Yu— 15y

o Substituting y = 5u + x2 in state equations and rearranging them we get,

Ty = —3u—2xo+ X1
1 = —66u— 15z9

o Summing up all the results and formulating them in the matrix form, we get,
&1 {0 —=15] |z —66
5= b ]

y = [0 1] Bﬂ-ﬁ-[?»]u
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Canonical Form II
Diagonal Canonical form
Jordan Canonical form

entation in Canonical forms

OUTLINE

© REPRESENTATION IN CANONICAL FORMS

e Diagonal Canonical form
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

Representation in Canonical forms

D1AGONAL CANONICAL FORM

Consider the transfer function defined by equation

Y(s) _ bos™+b1s™ 4 dbpy_15+bm
U(s) —  s"4ais®14--da,_1s5+an

Assumption: Denominator polynomial involves only distinct roots.

Therefore, the transfer function can be written as ,

Y(s) bos™ +b1s™ L 4+ 4 b_15+ bm
U(s) (s+p1)(s+p2) (s +pn)
o c2 cn

+ ot
s+p1 s+p2 S+ pn

if m = n, bg = constant,
0

-
g
AN

s
o
5
Il
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

T1 —p1 0 0 a5l 1
T2 0 —p2 0 ) 1
= aP u

e, 0 0 s —pnd |lxn 1
x1
€2

y = [a e - cu]| .| +bou

Tn,

V. Sankaranarayanan Control system



Canonical Form-I
. . . Canonical Form II
Representation in Canonical forms A n
Diagonal Canonical form
Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNC

s+1

o Consider, the system defined by transfer function, P

o Step-1: Rewrite the transfer function as, %
o Step-2: Split the transfer function into Partial fractions

[&=)
s+3 LT
Here, m <n,..bp=0

o Step-3: Compare the obtained partial fraction form with

bo + + Sj";2 4o B, we get...

s+p1
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Representation in Canonical forms o
P Diagonal Canonical form

Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

EXAMPLE FOR DIAGONAL CANONICAL FORM
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Representation in Canonical forms

Diagonal Canonical form
Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

X2 () % (e
2
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anonical Form-I
nonical Form II
Dlagona] Canonical form
J

ntation in Canonical forms

dan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION S

VIOLATION OF ASSUMPTION

e Previously in Diagonal form, the denominator polynomial involves only
distinct roots.

o What if the denominator polynomial involves multiple roots e
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Canonical Form-I

nonical Form II
Diagonal Canonical form
Jordan Canonical form

entation in Canonical forms

OUTLINE

© REPRESENTATION IN CANONICAL FORMS

e Jordan Canonical form
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Canonical Form-I
. . . Canonical Form II
Representation in Canonical forms N 3 A
Diagonal Canonical form

Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

VIOLATION OF

o Previously in Diagonal form, the denominator polynomial involves only
distinct roots.

o What if the denominator polynomial involves multiple roots e
v

JORDAN CANONICAL FORM

o To deal with multiple roots, Diagonal Canonical Form must be modified to
Jordan Canonical form.

o Consider, the equation

Y (s) _ bos™ + b1s™ L4 4 by_15+ b
U(s) (s+p1)(s+p2)---(s+pn)
o Let, p1 = p2 = p3. )
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Canonical Form-I
. . . Canonical Form II
Representation in Canonical forms N 3 A
Diagonal Canonical form

Jordan Canonical form

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

CONTINUATION OF JORDAN C g AL FORM...

Then the factored form of Egg becomes

Y (s) _ bos™ + bis™ 14 4 b_15+bm
U(s) (s+p1)3(s+pa) - (s+pn)

The partial fraction expansion of this last equation becomes

Y (s c c c c c
Y) _ g4 St T
U(s) (s+p1)®  (s+p1)? s+p1  s+ps s+ pn
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

—Pp1 0 0 0
T . : il 1
. 0 p1 0 . 0 s 1
3| = 0 0 —p i - 0o ||%] 4+
} 5 goo 0
In Tn, 1
L O 0 0 —Dn
)
)
y = [a c2 es en] |3
Tn
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Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

MPLE FOR JORDAN CANONI

Consider, the system defined by transfer function, %

Step-1: Rewrite the transfer function as, %

Step-2: Split the transfer function into Partial fractions

(=3)
Gigr toad T 5iz
Here, m <n, .".bg =0
Step-3: Compare the obtained partial fraction form With

c1 c2 c3 ca
bo + (s+p1)3 + Gro? T s¥p T stpa 5+p 5 e (oo
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Canonical Form-I
Canonical Form II
Diagonal Canonical form
Jordan Canonical form

Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

EXAMPLE FOR JORDAN CANON

-1 0 0
] . asil 1
To = 0 -1 0 x| + |1| w
9.33 . T3 1
0 0 —2
x1
y = [4 -3 3]|x2|+[0u
z3
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Representation in Canonical forms

STATE SPACE REPRESENTATIONS OF TRANSFER FUNCTION SYSTEMS

L ECENC
2
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