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1. Special Theory of Relativity

1.1Galilean Transformations

’
S ij
A
>
x’y’Z’/t ! ! /
ANy, 2 1)
4 1
Vt X jlr AN [
0 »
X ,;;
! ,
¥ X

A frame S' which is moving with constant velocity v relative to an inertial frames S,
which is itself inertial.

F'=r—-vt, x'=x—vt, y'=y, z'=z, t'=t
The above transformation of co-ordinates from one inertial frame to another and they are
referred as Galilean transformations.
And inverse Galilean transformation is given by

x=Xx'+vt, y=y', @z' tN

The velocity transformation is given

v, - dr . dr' S,
r:r+vt:>—:v+d— =>u =v +tu
t t
. D d’r d’r
The acceleration transformation is given =
e’ dt’

It is found that acceleration measured on both frame is same. So it is inertial frame.

When velocity transformation is analyzed as u'=c where c is velocity of light.
u=c+v.

It is seen velocity of light is depended on the reference frame which is physically not

accepted. So for high velocity v = ¢ Galilean transformation is not adequate.

So for velocity u = ¢ there is need for different transformation, which is given by Lorentz

transformation.
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1.2 Lorentz Transformation

1.2.1 Postulates of Special Theory of Relativity

(1) There is no universal frame of reference pervading all of space, so there is no such
thing as “absolute motion”.

(i1) The law of physics are the same in all frames of reference moving at constant velocity
to one another.

(i11) The speed of light in free space has the same value for all inertial observers.

1.2.2 Derivation of Lorentz Transformation

Lorentz transformation have to such that

(a) It is linear in x and x’ so that a single event in frame S corresponds to a single event
in frameS'.

(b) For lower velocity it reduces to Galilean transformation.

(c) The inverse transformation exists.

Let us assume

x' =k(x—vt), x=k(x'+vt"), y'=y and z' =z

Put the value x' =k (x—vr) in x = k(x"+ vr) one will get

1_ 2
x =k*(x—vt)+kvt' and t‘zkt+( k Jx
kv
Now, x = ct inSframeand x = ct' inS' frame

2
k(x—vt)=ckt+[l_k ]cx
kv

Solving these equation for & then

Head office

fiziks, H.No. 23, G.F, Jia Sarai,

Near lIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com

Email: fiziks.physics@gmail.com

Branch office

Anand Institute of Mathematics,
28-B/6, Jia Sarai, Near IIT

Hauz Khas, New Delhi-16



fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

Lorentz Transformation | Inverse Lorentz Transformation
. Xx—vt X'+ vt
X = X =
V2 V2
1-— 1-—
C C
y' =y y =y
Z' =z z = Z'
VX ,owx!
- t+72
f'= C t= C
Y 1V
2 T
C C

1.3 Consequences of Lorentz Transformation
1.3.1 Length Contraction
In order to measure the length of an object in motion, relative to observer, the position of

two end points recorded simultaneously, the length of object in direction of motion

appeared smaller to observer. 4 y'
ly=x"y—x",, [ =x, —Xx,
x,=x' =y (x —vt)—y(x,—vr)
(x'z—x'l)=}/(x2 _xl) . = .
(xv _xv )= x2 _xl
s VI-vi/¢? . S
2 2
(xz_xl): l_v_z (x'z_x'l) =>1=1, l_v_z
c ¢

Thus / </,, this means that the length of rod as measured by an observer relative to

which rod is in motion, is smaller than its proper length.
Such a contraction of length in direction of motion relative to observer is called Lorentz

Fitzgerald contradiction.
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1.3.2 Time Dilation

When two observers are in relative uniform motion and uninfluenced by any gravitational
mass, the point of view of each will be that the other's (moving) clock is ticking at
a slower rate than the local clock. The faster the relative velocity, the greater the
magnitude of time dilation. This case is sometimes called special relativistic time
dilation.

A clock being at rest in the S' frame measures the time t, and t, of two events

occurring at a fixed positionx'. The time interval Az measures from S frame appears

slow (At,) from S frame i.e. to the observer the moving clock will appear to go slow.
At'=t,—t'\ =AMty => At =t) -1, = 7(1'2"‘%)—7(11 +%)
c c

:}At: t‘z_t'l — Ato

2 2
Al
C C

Aty — Proper time, At — time interval measured from S frame Af > At

1.4 Relative Velocity
There is one inertial frame S, S’ is another inertial frame moving with respect to S in

x -direction and A is another inertial frame which is moving with respect to S’ with

velocity component(u;,u; U, ) g g’ y
L > L (4 ' ’
. dxl . dyl . dZV v (uxauyauz)
So, u' =— u' =—— u', =—
dt' Yoodr! dt'

The velocity component of 4 from S frame is given by

d

ux — _x R u = ﬂ 5 uz — % X
dt Yodt dt

From the inverse Lorentz Transformation,

'

VX
x=y(x+vt') ,y=yz=z t=7(t'+—2) where y =
C
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Differentiating both sides, we get

dx:}/(dx'+vdt'), dy=dy', dz=dz',
dx'
dx dx'+vdt' a u
U= =7 dx' |~ de':ux:
dt dt'+ S 1+—
c ¢ dt'
dy'
dy ' dr

Similarly u' = —% - - !
yu,

1.5 Relativistic Mass

s = ) uz_—
Vi ) 12V -
C2 7/ 02 7/

dt = ;/(dt Y j
C

The mass of a body moving at the speed v relative to an observer is larger than its mass

when at rest relative to the observer by the factor =
1%

2
C

1-—

Thus m=

where mj, is rest mass of body and m is observed mass.

Relativistic Momentum

o<
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1.6 Relativistic Second Law of Motion

dp d d| myyv
__() 0

=—= my
dt dt

1.7 Relativistic Energy

Einstein suggested if m 1is relativistic mass of body then relativistic energy £ is given

by
m002
E=mc and FE=
V2
e
Rest Energy

If rest mass of particle is m, then rest mass energy is given by m, c’

Relativistic Kinetic Energy

myc
K =mc® —myc® =K =0 gy 2

Relationship between total Energy and Momentum

2

o m,c and p= myv
1_L2 l—ﬁ
C2 C2
= E> =mjc* + p*c?
1/2
=F= (m§c4 + pzcz)
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1.8 The Doppler Effect in Light

The Doppler Effect in sound evidently varies depending on whether the source, or the

observer, or both are moving, which appears to violate the principle of relativity: all that

should count is the relative motion of source and observer. But sound waves occur only

in a material medium such as air or water, and this medium is itself a frame of reference

with respect to which motions of source and observer are measurable. Hence there is no

contradiction. In the case of light, however, no medium is involved and only relative

motion of source and observer is meaningful. The Doppler Effect in light must therefore

differ from that in sound.

We can analyze the Doppler Effect in light by considering a light source as a clock that

ticks v, times per second and emits a wave of light with each tick. We will examine the

three situations shown in figure given below.

1.8.1 Transverse Doppler Effect in Light

The observer is moving perpendicular to a line between him and the light source. The

proper time between ticks 1s¢, =1/v,,, so between one tick and the next time

t=ty/\N1-v*/c?
elapses in the reference frame of the observer.

The frequency he finds is accordingly

1-v?/c?

14 (transverse) = % = .
0

—VVVVVWWA—>

WH

—~VVVWVVWA—>
—VVVVWWWAA—>

The observed frequency v is always less than the source frequencyv,.
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1.8.2 Observer and Source Moving Apart

The observer is receding from the light source. Now the observer

—VVVVWVAA—>
travels the distance v¢ away from the source between ticks,

—VVVVWVVA—>
which mean that the light wave from a given tick takes vt/c O—

—VVVVV A~
longer to reach him than the previous one. Hence the total time

—VVWVWWAA\—>

between the arrivals of successive waves is
T=t+v—l:t l+v/c :tox/1+v/0x/1+v/c:t0 1+v/c
¢ C\1-v2/2 Al+viedi—v/e L)

and the observed frequency is

. 1 1 [1-v/c l1-v/c
v(receding) = —=— =V,
T t, Vl+v/c l+v/c

the observed frequency v is lower than the source frequency v,. Unlike the case of

sound waves, which propagate relative to a material medium, it makes no difference
whether the observer is moving away from the source or the source is moving away from

the observer.

1.8.3 Observer and Source Moving Together

The observer is approaching the light source. The observer here

f . —VVVWVAA—>
travels the distance vt toward the source between ticks, so each
light wave takes v¢/c less time to arrive than the previous one. M
, : EAAMAANA >
In this case T =t —vt/c and the result is

~\V\VV VWA
) /1
v(approachlng) =V, 1+ v;c
—vice

The observed frequency is higher than the source frequency. Again, the same formula

holds for motion of the source toward the observer.

Head office Branch office

fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 8




fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

1.9 Four Vectors and Relativistic Invariance

e Four position vector ds =(dx,dy,dz,icdt)

. ds (dx dy dz icdt dx dy dz icdt
e Four velocity vector - —_— u=yl — =

¢ \dr'dc’de dr dt’dt dt’ dt
uzy(ux,uy,uz,ic) :u=}/(&,ic)

e Four momentum — Four Energy vector

. - 3 2 . b
P =y (myu,imyc) = (mu,imc) = (P, lmcc j =>p= (P»%J

e Four Force: F= }/(I?,icc;—mj
t

Four Dimensional Space Time Continuums

The square of interval is represented as
St :(xz _x1)2 +(y2 _J’1)2 +(Zz _Zl)2 _Cz(tz _tl)

S122 =”1§ _Cz(tz _tl)z

2

(i) Space like Intervals: Time separation between the two events is less than the time
taken by light in covering the distance between them.
r
> (f 2 1 )
c
(if) Time like intervals: Time separation between two events is more than the time taken
by light in covering the distance between them
I
S (t 21 1)
c
(iii) Light-like intervals: Time separation between two events is equal to time taken by

light in covering the distance between them

r
172 = (tz - tl)
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Example: Determine the length and the orientation of a rod of length /; in a frame of

reference which is moving with v velocity in a direction making & angle with rod.

Solution:

Proper length of the rod in the direction of moving frame/ =/ cos@, the length

2
measured in the moving frame /, =/, cos®,|1 _v_2 and /[, =1/,sin@
c

2 2
7| = \/102 cos’ H(I—V—ZJ+Z§ sin® @ = 0\/cosz 9(1 —V—ZJ +sin” 0
c ¢

[ysin@

[ 2
[y cos @ l—v—2
c

Example: A cube of density p, in rest frame is moving with velocity v with respect to

[
tan9'=ll= = tan®'=ytan® = 6'=tan"' (y tan6)

observer parallel to one of its edge. What is density measured by observer?

Solution:
In rest frame —2 = P, and from moving frame p = M3 Where m = ——0
Vs volume V2
1=
c
{ P 2
LY v y
and relativistic volume V = (IOZO ) N 1——2 =V, 1——2 )
c c
m,
2
1-— o "
m,
p = ¢ > — 0 > :> p = 02 70 = po
Vo.1- v v 1—— 0
0 02 VO 1 - > 02
C
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Example: A spaceship is moving away from the earth with velocity 0.5c fires a rocket
whose velocity relative to space is 0.5¢ (a) Away from earth (b) Towards the earth.

Calculate velocity of the rocket as observed from the earth in two cases.

Solution:
(@) u'=0.5¢, v=0.5c =u= u;:}}vzo.gc
1+—
C
(b) u'=-0.5¢, v=0.5¢c > u= —0.5c+0.5¢  _ 0
(0.5¢)(0.5¢)
e R—
C

Example: Show that the rest mass of particle of momentum p and kinetic energy

2.2 2
. pc =T
T given by my =——
8 Y M 27¢*
Solution: E=E,+E, > E=T+my’
22 2
-T
E*=p’c’+mic' = m — P e
r . 0 27¢?

Example: A 7 -meson at rest mass m,, decays into p-meson of mass m,, and neutrino of
mass m, . Find the total energy of x -meson.

Solution: E, =m_c*, Ef, = pflc2 +mzc4, E!=plc’ +mc

From conservation of energy E =E, +E, and from conservation of momentum
B,=-P,=P

Using Efl—Ef:(mfl—mf)c“ and E, =E, +E,

E*—E* (m,-m)c? m. —m’)c’
One will get —“— =( pm) :>EH—EV:—( . )
E +E, m_ m,
E —L[mz +m? —mz]c2
T om g # Y
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Example: The rate of a clock in spaceship Suryashakti is observed from earth to be % at

the rate of the clock on earth.

(a) What is the speed of spaceship Suryashakti relative to earth?

(b) If rate of clock in spaceship Akashganga is observed from earth to be % at the rate of

the clocks on earth. If both Aakashganga and Suryashakti are moving in same direction
relative to someone on earth, then what is the speed of Aakashganga relative to
Suryashakti?

Solution: (a)

From the time dilation Az =

Velocity of Suryashakti is %c

(b) Similarly

At, 3
At, = —=2 —v—é - :>v2=—c
f V2 13 - 169 c 13
el
o2
Velocity of Akashganga with respect to Suryashakti is given v = BERuE
v,V
-2t
c
4 12
Hence both are moving in same direction = A =——c
412 g
513
. . .. 8
Velocity of Aakashganga with respect to Suryashakti is — Tl c
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Example: In the laboratory frame a particle P at rest mass my is moving in the positive

x-direction with speed of f—; . It approaches an identical particle Q moving in the negative

. . 2
x-direction with a speed of ?c .

(a) What is speed of the particle P in the rest frame of the particle Q.
(b) What is Energy of the particle P in the rest frame of the particle Q.

Solution: (a) u, 2., v=2c oy =Y _3.
19 5 14 %Y 5
2
c
2
) v =X =g _5, >
2
o
CZ

. i 2
Example: The mass m of moving particle is o

N

, where m is its rest mass. Then what

Solution: mass m =

is linear momentum of particle?
2m, m c
0 0 —=v=1
v 2
2

m, N I
SRRE
I — 1
c
m m 1

P: 0 V== 0 )(—C:}P:—

Example: A distant galaxy in constellation Hydra is receding from the earth at 6.12 x 10’
m/s by how much is a green spectral line of wavelength 500 nm emitted by this galaxy

shifted towards the red at spectrum.

= 22500, 020 _G1Sum v =0204e, 4, =500
1-0.204

which is orange part of spectrum. The shiftis A — 4y =115 nm.

Solution: 1 =4,
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Multiple Choice Questions (MCQ)

Q1. In a system of units in which the velocity of light ¢ =1, which of the following is a
Lorentz transformation?
(a) x'=4x,y=y",z"'=z,t'=0.25¢
(b) x'=x—-0.5t,y=y",z'=z,t' =t+x
(c) x'=1.25x-0.75¢t,y = y,z' = z,t' =0.75¢ —1.25x
(d) x'=1.25x-0.75t,y' = y,z' = z,t' =125t - 0.75x

Q2. A circle of radius 5 m lies at rest in x - y plane in the laboratory. For an observer moving
with a uniform velocity v along the y direction, the circle appears to be an ellipse with an

equation

2 2

X .Y

25 9

The speed of the observer in terms of the velocity of light ¢ is,

9¢ 3¢ 4c 16¢
(3)2—5 (b) ? (c) ? (d 2—5

Q3.  An electron is moving with a velocity of 0.85¢ in the same direction as that of a moving
photon. The relative velocity of the electron with respect to photon is
(a) ¢ (b) —c
(c) 0.15¢ (d) =0.15¢

Q4.  The area of a disc in its rest frame S is equal to 1 (in some units). The disc will appear
distorted to an observer O moving with a speedu with respect to S along the plane of the
disc. The area of the disc measured in the rest frame of the observer O is (cis the speed

of light in vacuum)

N R A
C C C C

Head office Branch office

fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 14




fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

Q5. A light beam is propagating through a block of glass with index of refraction ». If the
glass is moving at constant velocity v in the same direction as the beam, the velocity of
the light in the glass block as measured by an observer in the laboratory is approximately
(a)u=5+v(1—i2j (b)u:ﬁ—v(1—i2j

n n n n

c 1 c
(c)u:—+v(l+—2j (d)u==

n n n

Q6.  If fluid is moving with velocity v with respect to stationary narrow tube .If light pulse
enter into fluid in the direction of flow. What is speed of light pulse measured by
observer who is stationary with respect to tube?

c Y 4 . -

(a) c (b) — G N (d) = —"¢
n . nlqm

nc c

Q7. A light beam is emitted at an angle §, with respect to the x'in S frame which is moving
with velocity ui .Then the angle 6 the beam makes with respect to x axis in S frame
@) 0=6, (o) 4%

c
cosé’o—i-z 1+L:OS‘9°
(c) cos@ = - = (d) cos@ = < -
1+—cos¥, cosd, +—
c c
Q8.  The relativistic form of Newton’s second law of motion is
2 2
(a) po_me v (b F="N¢ "V Ve' —v™ dv
et =yt odt c dt
mc’ dv c’ v dv
© F=r——"3— d F=m————
(02 - ) dt c dt
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Q9.  Two particles each of rest mass m collide head-on and stick together. Before collision, the
speed of each mass was 0.6 times the speed of light in free space. The mass of the final
entity is

(A) 5m /4 (B) 2m (C) 5m /2 (D)25m/8

Q10. According to the special theory of relativity, the speed v of a free particle of mass m and
total energy E is:

mc’ 2F mc’
(a)v-cwfl— Z (b) v—\/;(l+ Z j

©) v=c 1—(’";j (d)v=c(l+mECZ)

QI11. The velocity of a particle at which the kinetic energy is equal to its rest energy is (in

terms of ¢, the speed of light in vacuum)

(a) /3¢ /2 (b) 3¢/ 4 (c) v/3/5¢ (d) /2

Q12. In the laboratory frame, a particle P of rest mass m, is moving in the positive x direction

with a speed of %c. It approaches an identical particle Q, moving in the negative x

direction with a speed ofgc . The speed of the particle P in the rest frame of the particle
Qis

7 13 3 63
(a) gc (b) gc (©) gc (d) %C

Q13. The energy of the particle P in the rest frame of the particle Q is

1 ) 5 ) 19 ) 11 )
a) —m,c b) —m,c c) —m,c d) —m,c
@ —m, (b) -y (©) 15 (@ 5,
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Q14. If u(x,y,z,t) = f(x+i,b’y—vt)+g(x—iﬁy—vt),wherefand g are arbitrary and twice
differentiable functions, is a solution of the wave equation
o’u 0’u 1 o’u

+ = then [ is
ox* oy ot o

(a) [1 —Kj (b) [1 —Kj ©) (1 —V—] (d) [1 —V—J
C C C C

QI15. A relativistic particle of mass m and velocity %2 is moving towards a wall. The wall is

moving with a Velocitygé. The velocity of the particle after it suffers an elastic collision

is v z with v equal to
(a) c/2 (b) ¢/5 (c) e/7 (d) c/15
(All the velocities refer to the laboratory frame of reference.)
Q16. The momentum of an electron (mass 7 ) which has the same kinetic energy as its rest

mass energy is (c is velocity of light)

(a) 3me (b) \2me (c) me (d) me/2
Q17. A particle of mass M decays at rest into a mass less particle and another particle of mass

m . The magnitude of the momentum of each of these relativistic particles is:

(a) %x/MZ _4m? (b) %x/MZ +4m>

©) ﬁ(w —m?) (d) ﬁ(w +m’)

Q18. Consider a beam of relativistic particles of kinetic energy K at normal incidence upon a
perfectly absorbing surface. The particle flux (number of particles per unit area per unit

time) is J and each particle has rest mass m,. The pressure on the surface is

JJK(K +myc?)
@ = (b) e
©) J(K+mocz) ) Jw/KiK+2m0c2 )
C C
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Multiple Select Type Questions (MSQ)

Q19. A particle of mass m, =3kg moving at velocity of u, =+4m/sec along the xaxis of
frame S, approaches a second Particle of mass m,=1kg, moving at velocity
u, =—3m/sec along the axis after the collision the m, has velocity U, =+3m/sec along

the x axis then which of the following is correct

(a) The velocity of m,is U, =+2m/sec
(b) The momentum of the system before collision and after collision is 9%kg —m/sec

(c) If the observer S who has velocity v = +2m/sec relative to S frame the momentum

measured before collision is +1kg —m/sec

(d) If the observer S who has velocity v =+2m/sec relative to S frame the momentum

measured after collision is —1kg —m/sec
Q20. A rod of length / lies in plane with respect to inertial frame K . The length inclined at

angle of 6, with respect to horizontal as shown in figure below. If rod is moving in

. o . . . 1
horizontal direction with speed v with respect to observer if y = - .then
v
' 1 -
By y: o2
|
|
|
|
|
L
[, cos 6,
(a) The length appeared to observer ——
4
. V' cos’ @
(b) The length of Rod appeared to observer is l—c—2
(c) The angle that rod makes with the horizontal is tan™' (y tan 6, )
. . . t
(d) The angle that rod makes with the horizontal is tan™' ( an 6, j
4
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Q21.

Q22.

A train of rest length L, and of velocity vx is passes a station. At ¢, =1, two light pulses

are sent from the train’s mid point, O, towards the points 4 and B. At the moment ¢',
two spectators sitting at points A and B receive the light pulses. The

(a)The time to reach light pulse O to A and O to B in the train frame is same and given

L
by —2
ch

(b) The distance traveled by the light pulse from O to A , as seen at the frame of

reference of the station is L 1+5 where [ = Y
2\N1-8 c

(c)The distance traveled by the light pulse from O to B, as seen at the frame of reference

of the station is ﬂ ﬂ where [ Y
2\1-p c

(d) The time needed for the light pulses to travel from point O to point B, as seen in the

. L, |1-
station’s frame. Is (Af) =t, -1, ==2 =5 where S =%
B 2c\ 1+ c

The rod of proper length /, and two toy train A and B moving with respect table with

speed 0.5¢ .rod and toy train A moving in same direction but toy train B moving in
opposite direction, then which one of the following observation is correct?

(a) The length of rod measured by observer attached the frame with toy train 4 is 0.866 [,
(b) The length of rod measured by observer attached the frame table is .866/
(c) The length of rod measured by observer attached the frame table is /,

(d) The length of rod measured by observer attached the frame with toy train B is 0.6 /,

Head office Branch office

fiziks, H.No. 23, G.F, Jia Sarai,

Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 19

Anand Institute of Mathematics,



fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

Q23. A particle with mass m and total energy E, travels at a constant velocity /' which may
approach the speed of light. It then collides with a stationary particle with the same mass
m , and they are seen to scatter elastically at the relative angle & with equal kinetic
energies. then which of the following are correct.
E, +mc’
(a) cos 9 _ O—m‘:z
2 E,+3mc
: E, +mc’
(b) sin (gj = 0—mcz
2 E,+3mc
(c) From point of view of classical mechanics 6 ~ %
(d) From point of view of relativistic mechanics 6 = 0
Q24. If particle of rest mass m, has momentum Z\Emoc then
(a) The velocity of particle is 242¢
. . . W22
(b) The velocity of particle is V2e
(c) The total energy is 3m,c’
(d) Kinetic energy is 2m,c’
Q25. If The rate of a clock in spaceship “Fiziks” is observed from earth to be % of the rate of
the clocks on earth then
e : . 4c
(a) The speed of spaceship “Fiziks ” relative to earth is ?
(b) The speed of spaceship “Fiziks ” relative to earth is 35_c
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(c) The rate of clock in spaceship “Akashganga” is observed from earth to be % of the

rate of the clocks on earth. If both Aakashganga and “Fiziks” are moving in the same

direction relative to someone on earth, then the speed of Aakashganga relative to “Fiziks”

1S —c¢
17

(d) The rate of clock in spaceship “Akashganga” is observed from earth to be % of the

rate of the clocks on earth. If both Aakashganga and “Fiziks” are moving in the opposite

direction relative to someone on earth, then the speed of Aakashganga relative to “Fiziks”

.8
1S —c

17
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Q26. Consider the decay process 7~ — 7~ +v,_ in the rest frame of the 7. The masses of the
", 7 and v, are M_ M _and zero respectively. Then which of the following is correct?
ey 5 MERIEE
a € €ncr, ormw 1S —m———

gy 20
M:-M:;
b) The velocity of 77 is | ——= |¢
v o Qg
M2 _M2

c¢) The velocity of v, is | ———— |c
© e e

. (m2-m)
(d) The magnitude of energy of v, is KTE
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Q27. A particle of rest mass m, moves with kinetic energy ¢ disintegrate into two photon
with momentum p, and p, and energy E and E, respectively. Assume photon carries
momentum p, moves in same direction and other photon in opposite direction. Then
which of the following is correct
(a) The magnitude of momentum p, is m,_c
(b) The magnitude of momentum p, is m,c

2
(c) The total kinetic energy of both the photon is 7,
2
. myc
(d) The value of energy E,is Z

Q28. A shooter fires a bullet with velocity u in the x direction at a target. The target is moving
with velocity v in the x direction relative to the shooter and is at a distance L from him
at the instant the bullet is fired. If , =IW1-v*/c* and y, =1W1-u”/c’

(a) The time that bullet is fired will it take to hit the target in the target’s frame of
reference is L(l —uv/c? )/(u —v)
(b) The time that bullet is fired will it take to hit the target in the target’s frame of
reference is y, L(l —uv/c’ )/(u —v)
(c) The time that bullet is fired will it take to hit the target in the bullet’s frame of
reference is ¥, L(l — uv/cz)/(v —u)
(d) The time that bullet is fired will it take to hit the target in the bullet’s frame of
reference is 7, L(l —uv/c? )/(v —u)
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Q29.

Q30.

Q31.

Q32.

Q33.

Q34.

Q35.

Q36.

Numerical Answer Type Questions (NAT)

An Event occurs in S frame at x =6x10°m andinS x =6x10°m,t =4sec the relative

velocity is ..............

Two events separated by a (spatial) distance 9x10°m, are simultaneous in one inertial
frame. The time interval between these two events in a frame moving with a constant
speed 0.8 ¢ (where the speed of light3x10%m/sec )is ...............

In a certain intertial frame two light pulses are emitted at point 5km apart and separated
in time by Susec. An observe moving at a speed v along the line joining these points

notes that the pulses are simultaneous. Therefore v is..................... c.

A monochromatic wave propagates in a direction making an angle 60° with the x -axis

. 4c
in the reference frame of source. The source moves at speed v:? towards the

observer. The direction of the (cos @ ) wave as seen by the observer s ............

A 7’ meson at rest decays into two photons, which move along the x-axis. They are both
detected simultaneously after a time, #=10. In an inertial frame moving with a velocity
v=.6c in the direction of one of the photons, the time interval between the two
detections is ........... sec

A rod of proper length /y oriented parallel to the x-axis moves with speed 2¢/3 along the
x-axis in the S-frame, where c is the speed of the light in free space. The observer is also
moving along the x-axis with speed c¢/2with respect to the S-frame. The length of the

rod as measured by the observeris................... A

If the half-life of an elementary particle moving with speed 0.9c in the laboratory frame is
5x107* s, then the proper half-life is x107° S.(C =3x10°m/s )

The muon has mass 105 MeV/c* and mean life time 2.2 ps in its rest frame. The mean

distance traversed by a muon of energy 315 MeV before decaying is approximately
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Q37. The recently-discovered Higgs boson at the LHC experiment has a decay mode into a
photon and a Z boson. If the rest masses of the Higgs and Z boson are 125 GeV/c® and
90 GeV/c® respectively, and the decaying Higgs particle is at rest, the energy of the
photon will approximately be ..................

Q38. A particle of rest mass mhas momentum 5mc then velocity of the particle is
............... c

Q39. The velocity of a particle at which the kinetic energy is equal to its rest energy is (in
terms of ¢, the speed of light in vacuum) ....................... o

Q40. If particle of rest massm, have kinetic energy is m,c’ then total energy is given by
............... m,c’

Q41. If particle of rest massm, have kinetic energy is m,c® then velocity is given by
............... c

Q42. A cosmic particle of rest mass m,move with speed .5¢ with respect to Earth .A
spaceship moving in opposite direction with same speed .5¢ The mass of the cosmic
particle observed by the observer whose frame is attached to space ship is .............. m,

Q43. A particle of rest mass m moving with speed % decays into two particles of rest masses
%m each. The daughter particles move in the same line as the direction of motion of the
original particle. The velocities of the daughter particles............... c

Q44. TItis found that pions are radioactive and they are brought to rest half life is measured to
be 1.77x10*sec. A collimated pion beam, leaving the accelerator target at speed of
0.99¢, it is found to drop to half of its original intensity .............. meter from target .

Q45. A rod is moving with a speed of 0.8¢ with respect to stationary observer in a direction
at60° to its own length. The length of the rod observed by the observer is [
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Solution
MCQ

Ans. 1: (d)
Ans. 2: (c)
Solution: 3=5 l—é =V :ﬁ

c 5
Ans. 3: (b)
Ans. 4: (a)

Solution: Area of disc from S frameis 1 i.e. 7a> =lor 7a-a=1

C

2 2 2
Area of disc from S’ frameis 7a-b =7z'a-a\/1—u— =1‘\/1—u— =\/1—u—

2
M2
where b=a l-—.
C

Ans. 5: (a)
Vi, c v c v o
Solution: Now u = —— = (v+—}(l+—} =(v+—j(1——+ o j
v-c n cn n cn cnm
1+—
c n
= v——2+ i +£—L+i = u ——+v(l—ij
en n® nont o oon’ n n’
Ans. 6: ()
Solution: u' =< and u =" +,V
n 1_|_ ﬂ
C2
c 1+
u= —<
e —
nc
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Ans. 7: (c)
Solution: u_ = TV ~ = ccosty +u ~= ccosb, +u cu, =ccos,, Vv=u
l+uv/c™ 1+ccosGu/c™ 1+cosQul/c
cosf, +2
u
cosf =—~ = cosf = ¢
¢ 1+Ecos(90
c
Ans. 8: (c)
Solution: P=L:F:d—P=m@-;+mv(—lj- : 3/2-_22‘)@
V2 dt dt v 2 Vv climdt
1-— = 1- &
c? ch c?
dv 1 V7 2 d
Spem® L |, e | dy
t V2 Vv (Cz _vz) dt
- -
C C
Ans. 9: ()
Solution: From conservation of energy
2 2 2 2 .
me L, M o m,c’ = e Since v =0.6c = m, =5m/2
v’ v’ v?
c q c
Ans. 10: (¢)

2 2 2\2 2 2 4 5 \2
Solution: E = —2 :>1_v_:(mc ] :>V_:1—mE—f:>v:c 1_(171; ]

Ans. 11: (a)

Solution: K.E =mc” —m,c”, rest mass energy = m,c’

K .E.=rest mass energy = mc” —m,c’ = myc’ = mc’ =2m,c’

1 2 2
™ 2 =2myc® = —2=41-2 =1:>4v—2=3:>v=£c
- =Y ‘ ‘ ’
c? c?
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Ans. 12: (c)
Solution: u | =ic, v="c u, =— +,V _3e
19 5 uyv 5
1+
c
Ans. 13: (b)
2
Solution: £ = 0 :émoc2
v2
o
Ans.14: (c)

. 0u Ou 10u ofe nio s 2
Solution: e +8y2 =c_28t2 =[f (x+lﬂy—vt)+g (x—zﬁy—vt)](l—ﬂ )
VZ vz 1/2

=C—zf"(x+iﬂy—vt)+g"(x—iﬂy—vt) =p :(l—c—zj

Ans. 15: (b)

|
N>
<
Il
=
:<
Il
=
S
Il
|

Solution: v=—< the speed of particle with respect to wall is

u +v c
y 5

A
1+-2

c

Ans. 16: (a)

Solution: Kinetic energy 7 =mc” and T'=E—-mc® E =2mc’
E2:p202+m204
p= V3me

Ans. 17: (c)

Solution: From conservation of momentum mass less particle and particle of mass m have same

momentum p and from conservation of energy. Mc® =/ p’c* +m’c* + pc

p=j(M2—m2)
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Ans. 18: (d)

Solution: From conservation of energy

5 ) > JK(K +2mc’
K+mc™ =4 pc”+m,c” so momentum p =

c

If particle flux (number of particles per unit area per unit time) is J then pressure

p_t
A
P:J,/K(K+2m0c2)

c

MSQ
Ans. 19: (a), (b) and (c)
Solution: mu, + myu, =mU, + m,U, =4+9%kg—m/sec So U, =+2m/sec
The velocity of particle with respect to observeron S frame is u, = u, —v = 2m/sec
similarly
u, ==5m/sec U, =0m/sec U, =1m/sec

Hence S is inertial frame of reference so mu, + m,u, = mU, +m,U, = lkg —m/sec

Ans. 20: (b), (c)

Solution: Ax = L) ,Ay=1,sin g,
4

2 2
I=(Ax) +(ay) =1, 1—VC£’—2$‘9

Ay

tand = =y tan g,
Ax v 0
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Ans. 21: (a), (b) and (d)

Solution: (a) In the train’s frame of reference, At' =t/ —t, where ¢ is the time point when the

pulse leaves point O, and ¢/, is the time when the light pulse reaches 4.

L
Now, At'=t, -1, =—"
2c

Notice that the two light pulses are received simultaneously by 4 and B in the frame of

reference of the train.

(b) We define events in § - the station frame, and S’ - the train’s frame.

Events S’ frame S frame
Pulse left O (té,xé) (tO’xO)
Pulse reached A4 L ¢
(t;,xé+_0j (£45x4)
2
Pulse reached B (t; b _%J (tB,xB)

. 4 v
Using the Lorentz transformation, where f =—.
t=y|t'+=x'
a

c

Therefore, the distance the light pulse has to travel in the laboratory frame is:

i ’ ’ 4 ! ! L L
(AX)A =X, X0 :7(XA+ﬂCtA)_7(x0+ﬂCt0) :7/(AX +ﬂCAt):7/(7o+ﬂCZ_ZJ

L, L, 1+
7S A=,
L, 1-p8
By means of the same treatment, we find:  (Ax) =x,-x,=— | ——
B 2\1+ 8
(d) The time needed for the light to travel from O to B in the station’s frame of
: ! ’ ﬂ ! ! L ﬂ L
reference is (Af), =1, -1, = 7{1‘3 -1, +;(x3 -xp)| =7 2—2—??‘) =
(At) =tB—tO=ﬂ =5
5 2¢\ 1+ 5
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Ans. 22: (b), (d)
Solution: The relative speed between toy train B and rod is zero so no change in length of rod
from observer attached with toy train B

The relative speed between rod and table is u = 0.5¢ so observer attached with table will

2
see length contraction / =/, /1—”—2 =.866
c

. o u+v
The relative speed between rod and toy train A is u =

uv
1+—£%
c

where u' =0.5¢,v=0.5¢ so

u= % will see length contraction as /=, l—u—2 =0.6/,

Ans. 23: (a), (c), (d)

Solution: As the elastically scattered particles have the same mass and the same kinetic energy,

: 0 . e o
their momenta must make the same angle 5 with the incident direction and have the
same magnitude. Conservation of energy and of momentum given
2 0
mc” +E,=2F, Dy =2pcos 5

where E, p are the energy and momentum of each scattered particle. Squaring both sides

of the energy equation we have m’c* + E; + 2E;mc’ = 4([9202 + mzc4)

22 2 2 4
E —
E; +2E,mc’ =3m’c* = P TR
2( 0 2( 0
cos”| — cos”| —
2 2
-m*c* E, +mc’
= cos 0N 2
, —mc’ E +3mc ) E, +3mc
) . T
(c) v<<c,E,=mc cos( j \/7 giving 0~ B
(d) v—c,E, >>mc’ cos(z]zl giving 6 =0.
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Ans. 24: (b), (c), (d)

2

i 2+/2
Solution: p =2+2m,c = mOV2 \é_c

v

1=

c

2 4 2.2 2 4 2 4 2

E*=p’c +myct =8mic’ +mict =9mic* = E =3m,c
. . 2

Kinetic T =3myc® —m,c* = 2myc

Ans. 25: (a), (¢)

Solution: For spaceship Fiziks 5= = SO V= %
%
e
. 12
Speed of Akashganga with respect to earth 13 = = u= 1123C
u
)5
. . .. 4c u+v 8¢
For Velocity of Akashganga with respect to Fiziks v=-—u, = =—
1+ u—zv 17
c

Ans. 26: (a), (b), (d)
Solution: T otV

. 2 _
From conservation of energy M ¢c" =E_+E, .

E2 =p’c*+M:c" and E2 = p’c’ since momentum of 7~ and v, is same.

Mz 4
Mc*=E,+E,, Mc' =B -E> = E -E, =—*
M
2 M2 +M?)c? M?-M?2)c?
E -E, = M,c and E_+E, =Mtc2 =E_ :u, and E, =u
M, 2M, 2M,

2 2 2
Velocity of 7= E =(MT+M”)C = M = 1_ﬁ - AM M
s T 2M V2 (MT2+M£)2

T

V2 4M>M? Vi OME M 2MAME —AM M} (Mf —Mij
:_:1_—3_: T b T T T T = — c.

o (mremry € (M2 +M2) A\ MM
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Ans. 27: (a), (d)

2 2
. . L. mc . Sm,c
Solution: If kinetic energy of particle is 7 = —2— then total energy is £ =T +m c’ = ——and
PR 2 2 2 4 3m,c
momentum1s E° = p°c" +mjc” = p= 2
. 3m,c
Then from conservation of momentum p, — p, = T
5m c*

o

And from conservation of energy E, + £, = p,c+ p,c = , D, =myC
Ans. 28: (a), (d)

and the bullet have to travel

Solution: The speed of bullet with respect to target u, = V_W
|

2
vZ
distance from target reference L, = L,/1-— = Ly,
c

C
So time of that bullet hit the target from reference of target L 7L (1 —uv/c’ )/(u —v)

u,

and the bullet have to travel

The speed of target with respect to bullet u, = 4o
1-—

2
I/l2
distance from target reference L, =L,/1-— =Ly,
C

c
So time of that bullet hit the target from reference of target L_ 7,L (1 —uv/c? ) / (u - v)

ut
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NAT
Ans. 29: 0
vt
_ x4y 0
1—
c2
Ans. 30: 40
Solution: x, —x, =9x10°mand ¢, —t, =0. Then
t+—x 11+Lx
[t = 22 _ e . Y L, = _'_L(xz_xl)_L(xz_xl)
2 2 2 N 2 2 2 ol 2
== 1-=§ 1 - g —
c c ¢ c c
Put v=0.8¢c =1t,—t =40sec
Ans. 31: 0.3
Solution: At =0, t; —t =5us, xy—x; = Skm v=2

t;+( j z'+(‘”j' {(f_t;)_cvz(x;_x;)LO

2 2 l_é
U U C

-6
= 5x107° —L2><5><103 =0 3%:%:10_9 = p=3x108xcx107° =03 ¢
C C X
Ans. 32: 0.928
Solution: v=£, u. =ccos60° =£, u' =csin60° =£c
5 27 2
c 4
+—c 1
Now u 2 5 =— 0sf =—
146 3¢ 14 1
2 5¢°
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Ans. 33: 15

1+0.6

=10 p =10x2=205€c,

Solution: ¢, =¢,

t, =
Ans. 34:
Solution: u = e +,v u, =£,v=—£ u, =<
u.v 3 2 4
1+
C
2 2
=0 1-2x —0871, 1=1, 1= =097
C @
Ans. 35: 2.18
¢ 2
Solution: # =—=— 1, =tx,[1-25 S4,=5x10"x\[19 =2.18x10"s
v C
|| AR
C2
Ans. 36: 1.86
Solution: Since £ =315MeV and m, =105 MezV .
C
2 2
E=mc®=E=—C" =315=—2_ =3]5= 1052 — v =0.94c.
-2 - -
c C C
t . N
Now, t = —2—, t0:2.2w:>t:22><10 =1t=6.6 us

2
-2 ,/1—§
c? 9

Now the distance traversed by muon is vt = 0.94¢x 6.6 x10°==1.86km .
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Ans. 37: 301

Solution: 5 = By +Z,
From conservation of momentum 0=P + P, = P =—P, = |P1| = |P2|
Now E, =E, +E, = E, +E, =M, ¢’
E;H =P’c’ +0 and E;E =P’ +M§Bc4
= (B, =By, (., + By, )=Mc" 2 |R=|P]

2 4 2 2
M Mjc

.. _ 2
:EZB_EPH_MHB& Vv, “E, +E, =M c
M:c? (MZH -M: )cz
=2E, =M, ¢’ -——2—=E, = - s
MHB MHB
4
~E, - 125%125-90%x90 0—4230.1G€V
Y 2x125 c
Ans. 38: 0.99
my 100
=S5mc v=,—
o 101
1-tg
¢
Ans. 39: 0.866

Solution: K.E =mec® —m,c’, rest mass energy = m,c’
K .E.=rest mass energy
2 2 2
mc” —myc” =mc

2 2
mc” =2myc

) - ¢’ =2myc’ :;2
1-Y h-Y

¢’ ¢’
Ans. 40: 2

Solution: E =T +myc*, E=m,c’ +myc’ =2m,c’
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Ans. 41: 0.866
2
Solution: E =myc’ +m,c’ =2m,c’ = M€ =, v zgc
%
=
Ans. 42: 1.66
U, +v

0.5¢+0.5¢ c 4c

Solution: Speed of cosmic particle with respect u, = =

I+
CZ
u,=0,u.=0 u = Ju. +u'y2 +L[y2 :ﬁ,m: M
5 u?
1_7
CZ
Ans. 43: 0.33
Solution: Using conservation of momentum
. c 2m
givenm, =m,v=—,m, :?,vl =g
my -2 2.my, 1_i='33c
2 2
-~ o
¢’ ¢’
Ans. 44: 39
. AT 8
Solution: Ar= =, ATt=1.77%x10"sec v=0.99¢ ,
jik
62

At=1.3x10"sec
Ans. 45: 0.916

2
v

Solution: / =1/, _,/1—

2
New length /= \/(0.310 ) +(%J =1,1/0.09+0.75 =0.916 [,

wy L (05)x(05)¢ T1425 5

vx At =0.99¢x1.3x107" sec =39m.

c—2=locosé’ 1-(0.8)° :>lx=lo><%><0.6:0.3 l, and [, =1 sinf=

3

2

1,3

2
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2. Modern Physics
2.1 Black Body Radiation

A black body is an idealized physical body that absorbs all incident electromagnetic

radiation, regardless of frequency or angle of incidence.

A black body in thermal equilibrium (that is, at a constant temperature) emits

electromagnetic radiation called black body radiation.

When an object is heated, it radiated electromagnetic energy as result of thermal agitation
of electrons in its surface .the intensity of radiation depends on its frequency and on the

temperature, the light it emits ranges over the entire spectrum.

An object in thermal equilibrium with its surrounding radiates as much energy it

absorbers. A Black body is perfect absorber as well perfect emitter of radiation.
2.1.1 Wien’s Distribution Law

Wien's approximation (also sometimes called Wien's law or the Wien distribution
law) is a law ofused to describe the spectrum of thermal radiation (frequently called
the blackbody function). The equation does accurately describe the short wavelength
(high frequency) spectrum of thermal emission from objects, but it fails to accurately fit

the experimental data for long wavelengths (low frequency) emission.

The law may be written as

hv
2m? kT
e

2
c

1(v,T)=

where /(v,T) is the amount of energy per unit surface area per unit time per unit solid

angle per unit frequency emitted at a frequency v .

T is the temperature of the black body, / is planks constant, ¢ is the speed of light,

k, 1s Boltzmann’s constant .
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. . . 2he*
This equation may also be written as /(4,7) = fl; e Mot

Where I(A,T) is the amount of energy per unit surface area per unit time per unit solid

angle per unit wavelength emitted at a wavelength A.
2.1.2 Rayleigh’s Energy Density Distribution

Total energy per unit volume in the cavity in the frequency interval from v to v +dv is

&k, T Vi dy

3
C

given by u(vydv =

But above relation does not describe the experimental trend at higher frequency. The
equation does accurately describe the long wavelength (short frequency) spectrum of
thermal emission from objects, but it fails to accurately fit the experimental data for
short wavelengths (high frequency) emission.

8rk,T

edi

In term of wavelength the energy density is given by u(A)dA =

T

II Rayleigh- Jeans
{
/I //-\Vbserved
/ N

/ ~—

Ix10%  2x10™  3x10™  4x10"

Spectral energy density, u(v)dv

Frequency,v(Hz)
Fig: Comparison of the Rayleigh-Jeans formula for the spectrum of the radiation from
a blackbody at 1500 K with the observed spectrum. The discrepancy is known as the
ultraviolet catastrophe because it increases with increase frequency. This failure of
classical physics led Planck to the discovery that radiation is emitted in quanta whose

energy ishv .
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2.1.3 Planks Radiation Formula

T =1800K

>

47

o

[P]

ho)

>

on

S

2

5 T =1200K

= \

S

13}

O

o ~—

/0] N—

0 2x10" 4x10™ 6x10" Hz

H_J
Visible light

Frequency, v

Fig: Blackbody spectra. The spectral distribution of energy in the radiation
depends only on the temperature of the body.

With assumption that radiation has discrete energy analogous to oscillator which is given

by
E =nhv where n=0,1,2...

Total energy per unit volume in the cavity in the frequency interval from v to v+dv is

given by

3
8h 1%
& Mk

u(v)dv =

where for high frequency (low wavelength) 11 will approach to Wien’s distribution and

for low frequency(high wavelength) it will approach to Raleigh- Jeans formula.
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2.2 Photo Electric Effect

In the photoelectric effect, electrons are emitted from solids, liquids or gases when they

absorb energy from light. Electrons emitted in this manner may be called photoelectrons.

The photoelectric effect requires photons with energies from a few electron volts to over
IMeV in high atomic number elements. Study of the photoelectric effect led to important
steps in understanding the quantum nature of light and electrons and influenced the

formation of the concept of wave-particle duality. It also led to Max Planck's discovery of

quantized energy and the Planck Relation(E =hv), which links a photon's frequency

with its energy. The factor /4 is known as the Planck constant.

Experimental observation

’—wxm—{lh——@—

Fig: Experimental observation of the photoelectric effect

1. Because electromagnetic wave is concentrated in photons and not spread out, there

should be no delay in the emission of photoelectron as light falls on the matter.

2. All photons of frequency v have the same energy so changing the intensity of
monochromatic light beam will change the number of photoelectrons not their
energies.

3. The higher the frequency v, the greater the photon energy (E = hv) and so the more

energy the photoelectron have.
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2.2.1 Threshold Frequency and Work Function

For a given metal, there exists a certain minimum frequency of incident radiation below
which no photoelectrons are emitted. This frequency is called the threshold frequency or

critical frequency (v, ).

There must be minimum energy ¢ for an electron to escape from a particular metal

surface; this energy is known as work function which is given by ¢ = hv;.

Einstein equation of photoelectric effect
E = hv, E=hv

i KE o = hv —hvy

@KE =0

g Metal

Fig. If the energy hv, (the work function of the surface) is needed to remove

Ommy

an electron from a metal surface, the maximum electron kinetic energy will

be hv — hv, when light of frequency v is directed at the surface.

When a metal is irradiated with light, electron may get emitted. Kinetic energy of

photoelectron observed when irradiated with a light of frequency v >v,

o

, wherev, is
threshold frequency is given by KE,  where KE = hv—hy,
This maximum kinetic energy is equivalent to Stopping potential ¥, which is energy

required to stop electron which contain maximum kinetic energy.

Then eV, =hv—hy, which is known as Einstein equation.
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Fig: Maximum photoelectron kinetic energy KE,x versus

frequency of incident light for three metal surfaces.

31 Frequency=v A, Lightintensity
= Constant 5 = Constant
=
8 VI >V >V3
=| 21 =
£ g
5 o
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g o
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Retarding Retarding potential

Fig: Photoelectron current is proportional to  Fig: The extinction voltageV,, and hence the
light intensity I for all retarding voltages. The maximum photoelectron energy, depends on
extinction voltage v, which corresponds to the the frequency of the light. When the
maximum photoelectron energy, is the same retarding potential is V = 0, the photoelectron
for all intensities of light of the same current is the same for light of a given

frequency v. intensity regardless of its frequency.
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Example: When light of a given wavelength is incident on metallic surface ,the stopping
potential for the photoelectrons is 3.2} .if a second light source whose wavelength is
double that of the first is used , the stopping potential drop to 0.8V .

(a) Calculate the wavelength of first radiation
(b) The work function and the cutoff frequency of the metal.
Solution: Let us assume work function of metal is given by ¢.

For wavelength 4, and 4, stopping potential is given by V. =3.2) andV, =0.8 where
A =21.

(b) Eliminating 4, from (i) and (ii) g=e(V, -2V, )=3.84x10""J

Cutoff frequency v :% =5.8x10"

Example: Ultraviolet light of wavelength 350nm and intensityl W /m? is directed at potassium
surface.
(a) Find the maximum kinetic of photoelectrons
(b) If 0 .5% of incident photons produce photoelectrons, how many are emitted per
second if the potassium surface has area of l1cm’

Solution: It is given hc =1.24x10°eV.m and work function of potassium is 2.2eV’

-6
(a) Energy of photon is /¢ = 1:24>10_eV.m

2 3502107 =3.5¢V =5.68x107"J
X

he

Maximum kinetic energy is given by E_ = = ¢p=3.5elV =22elV =13eV

max

(b) No. of photon that reach the surface per second is given by

. _Elt _(p/A).A_ (W/m*)x10"m’
" E E, 5.68x107"°J / photon

p

=1.76x10"

No of photo electron is n, =n,x0.005=8.8x 10" photo electrons/second .
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Example: In a photoelectric experiment, it was found that the stopping potential decreases from
1.85 V to 0.82 V as the wavelength of the incident light is varied from 300 nm to 400 nm.
Calculate the value of the Planck constant from these data.

Solution: The maximum kinetic energy of a photoelectron is K = % -

and the stopping potential is V = Ko _ L
e le e

If V,,V, are the stopping potentials at wavelengths A4, and 4, respectively,

L R ) le_Vz_hc(L_L]

_/116 e Le e ~ A A
or.  poVizh) _ o(1.85/ = 0.827)
1 1 1 1
Cl ——— Cl - _ o
[/11 izj (300><10 m  400x10 mJ
1.03eV

= =4.12x10 eV -5

(3x108m/sxlx107m_lj
12

Example: A monochromatic light of wavelength A is incident on an isolated metallic sphere of

radius @ . The threshold wavelength is A, which is larger than A . Find the number of

photoelectrons emitted before the emission of photoelectrons will stop.
Solution: As the metallic sphere is isolated, it becomes positively charged when electrons are
ejected from it. There is an extra attractive force on the photoelectrons. If the potential of

the sphere is raised to V, the electrons should have a minimum energy ¢ + el to be able

to come out. Thus, emission of photoelectrons will stop when

E:(p+eV =E+eV or,V:E LN
A Ao e A 4

The charge on the sphere needed to take its potential to V'is QO = (47zgoa)V.

The number of electrons emitted is, therefore, n = 2 dreal = dre al (l - LJ
e e e A A
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2.3 Compton Scattering

Compton scattering is an inelastic scattering of a photon by a free charged particle,
usually an electron. It results in a decrease in energy (increase in wavelength) of the
photon (which may be an X-ray or gamma ray photon), called the Compton Effect. Part
of the energy of the photon is transferred to the scattering electron. Inverse Compton
scattering also exists, in which a charged particle transfers part of its energy to a photon.

This experiment give experimental prove of particle aspect of photon (light).

o+
Pl

Incident photon p=0

E=hv Target
p= hv/c electron

Slcattered
(a) electron

The scattering of photon of energy #v by an electron rest mass m, . After scattering
photon scattered at angle ¢ and electron scattered at angle € . The scattered photon have

energy v and electron have energy E .
The vector diagram of the momenta and their components of the incident and scattered
photon and scattered electron shown in vector diagram

From the conservation of energy

Y sing
loss in photon energy = gain in electron energy ¢
]’lV — hV =KF > /e
cos @
The momentum of photon is given p = E_ v P P
¢ ¢ psin @
From conservation of momentum in x direction
h hv'
ro z—vcos¢+pcost9
c c
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'

Conservation of momentum in y direction 0= sing — psind
C

From above two equation

hv ' . .
pcosé’z—v——vcos¢ and ps1n9:—vs1n¢
c c c

!’

Squaring and adding one will get p2c? = (hv)* = 2(hv)(v')cosd + (V') ....... 6))

Kinetic energy of electron is given hv—hv' = =/ p°c* + mic* —m,c’
pre? = () =2 )mv' )+ (W'Y + 2moc? (hv —hv') ... (i)

Equating equation (i) and (ii) 2moc? (hv - hv') = 2(hv)(hv')(l —cos ¢)

(1-cos¢) where vig and L=L,
c A cl &

h

mocC

A—A=

mocC

A =2 =Ac(1-cosp) where Ac =——=1 =2.46x10""m

Value of AL =4 — A for different scattering angle ¢ shown in figure

<AL >
p=0°
@ =45°

0] [P
2 2
= =
2 2

Wavelengltt Wavelengltk

<— AL —> AL
¢ =90° ¢ =135°

z 2
k= ks
& 2

Wavelengltk Wavelenglth
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Example: X-ray of wavelength10.0 pm are scattered from a target

(a) Find the wavelength of the X-rays scattered through 45°
(b) Find the maximum wavelength present in the scattered X-rays

(c) Find the maximum kinetic energy of the recoil electrons .

It is given that (Where Ac = =2.46x10""m)

moycC
Solution: (a) A —A=A4 (1-cos@) A =A+A (1-cosg) =10.7 pm

(b) A =4+, (1-cosg) is maximum for =7 A, =A+24=14.9pm

(c) Kinetic energy of electron is given by Av—hv' = KE = %—%
: o he  hc s

For maximum kinetic energy KE = T =6.54x10""J

Example: In a Compton scattering prove that tan & :,Sli where 6 and¢ are the angle of
— —Co0s
Py ¢

recoil of electron and scattering angle of photon .

Solution: From conservation of momentum
. . ' .
Wewill get  psind=—sing ... (A)
c
pcos9=ﬂ—hv os¢ (B)
ch
tan @ = (hv /c)§1n¢ =tan @ :ﬂ =tand = ,Sm¢ proved
(hv/c)—(hv /c)cos¢ L.—cosgb A _cosg
1%

Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 47




fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

Example: Show that the maximum kinetic energy transferred to proton when hit by photon of

energy hvis k= hv .
m c
1+—-2
2hv
Solution: i L h(l——cozsqﬁ)
vV v mc
P
' hv hv
Kinetic energy KE = hv—hv = hv — _ 2
1 dcesd) - S
y¢ hv(1—cos ¢)
. . . hv
For maximum kinetic energy (¢ = ;;) Kmax — i
1+ ¢
2hv

Example: High energy photons (y —rays) are scattered from electrons initially at rest. Assume
the photons are backscattered and their energies are much larger than the electron’s rest-

mass energy, E >> m c’.

(a) Calculate the wavelength shift
(b) Show that the energy of the scattered photons is half the rest mass energy of the
electron, regardless of the energy of the incident photons.
(c) Calculate the electron’s recoil kinetic energy if the energy of the incident photons is
150 MeV.

Solution: (a) In the case where the photons backscatter (i.e., d =), the wave length shift
becomes

Aﬂ:ﬂ/—lz—ﬁ—@—ame%:ZE

m,c m,c
The numerical value of A is easy to obtain by making use of 7ic =197.33x10™"° MeV m

and mc’ =0.511 MeV :

4h  4x3.14x197.33x107°MeVm

Al = 5 =48x10"m
m,c 0.511MeV
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(b) Since the energy of the scattered photons E’is related to the wavelength A’ by
E'= %, equation ) yields

2 2
, he he m,c m,c

A A+2h/(m,c) B m,c?A/(he)+2 B mc’|E+2’

where FE = % is the energy of the incident photons. If £ >> m c” we can approximate by

. mc’ 2m. c’ m.c’ (mcz) m,c
E'=——/11+ ;j N z92=0.25MeV

(c) If E=15MeV the kinetic energy of the recoiling electrons can be obtained from the

conservation of energy

K,=E-E'=150MeV —0.25 MeV =149.75 Mel’
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2.4 Bohr Atomic Model

In atomic physics, the Bohr model, introduced by Niles Bohr in 1913, depicts the atom
as small, with a positively charged nucleus surrounded by electrons that travel in circular
orbits around the nucleus-similar in structure to the solar system, but with attraction
provided by electrostatic forces rather than gravity.

He suggested that electrons could only have certain classical motions:
1. Electrons in atoms orbit the nucleus.

2. The electrons can only orbit stably, without radiating, in certain orbits (called by Bohr
the "stationary orbits"): at a certain discrete set of distances from the nucleus. These
orbits are associated with definite energies and are also called energy shells or energy
levels. In these orbits, the electron's acceleration does not result in radiation and energy
loss as required by classical electromagnetic.

3. Electrons can only gain and lose energy by jumping from one allowed orbit to another,

absorbing or emitting electromagnetic radiation with a frequency v determined by the
energy difference of the levels according to the Planck relation:

AE=F —F =hv
where & is Planck’s constant. The frequency of the radiation emitted at an orbit of
period T is as it would be in classical mechanics; it is the reciprocal of the classical orbit

) 1
eriod: v =—
P IE

2.4.1 Bohr Quantization Rule

The significance of the Bohr model is that the laws of classical mechanics apply to the
motion of the electron about the nucleus only when restricted by a quantum rule. The

angular momentum L is restricted to be an integer multiple of a fixed unit:

L =nh where n=1,2,3... and

n is called the principle quantum number , and 7% =2i. The lowest value of n is 1this
T

gives a smallest possible orbital radius of 0.5924° known as the Bohr radius.
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2.4.2 Hydrogen Atom

A hydrogen atom is an atom of the chemical element hydrogen. The electrically neutral
atom contains a single positively charged proton and a single negatively charged electron
bound to the nucleus by the Coulomb force. According to Bohr electron revolve about the
nucleus in different quantized circular orbits whose angular momentum is given by

L=nh where n=1,2,3... . The electron is held in a circular orbit by electrostatic

attraction. The centripetal force is equal to the Coulomb force.

where m, is the electron's mass, e is the charge of the electron, k, = 1s Coulomb's

4re,
constant and v is velocity of electrons in orbit.
. . . . Y ke’
This equation determines the electron's speed at any radius: v= |-
m,r

It also determines the electron's total energy at any radius:

Fe myv’ 0 ke’
2 r
. . ke’
Putting the value of v one will get £ = — ;
r

The total energy is negative and inversely proportional to ». This means that it takes
energy to pull the orbiting electron away from the proton. For infinite values of r, the
energy is zero, corresponding to a motionless electron infinitely far from the proton. The

total energy is half the potential energy,

From the quantization the angular momentum

L =nh=m,r=nh
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ks

Substituting the expression for the velocity gives an equation for 7 in terms of 7 :

ke mr =nh

So that the allowed orbit radius at any 7 is:

242
r, =% =7 =0.53x10""m (Forn=1)
k,em

e e

The smallest possible value of r in the hydrogen atom is called the Bohr radius 7 .

The energy of the "™ level for any atom is determined by the radius and quantum number:
ke (k&) m 136
E —— ee _ \Te e . e

= V
! 2r, 2h°n? n?

The combination of natural constants in the energy formula is called the Rydberg energy
. . . (keez )2 me

R, whichis givenby R, =——+5—

2h

This expression is clarified by interpreting it in combinations which form more natural

units: m ¢’ is the rest mass energy of the electron (511 keV’) .

2
ke

1€
= a = —— 1s the fine structure constant .
hic 137

1
R==—(mc*)a’*=(1.097x 10" m™"
S(me)a=( )

For nuclei with Z protons, the energy levels are (to a rough approximation):

2

n
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2.4.3 The Structure and Spectra of Hydrogenic Atoms
Atomic Spectra
The spectrum of atomic hydrogen arises from transitions between its permitted states.

e FEach element has a characteristic line spectrum

e When an atomic gas is excited by passing electric current, it emits radiation. The
radiation has a spectrum which contains certain specific wavelength, called Emission

line spectrum.

e When while light is passed through a gas, gas absorb light of certain wavelength
present in its emission spectrum. Resulting spectrum is called Absorption line

spectrum.

e The number, intensity and exact wavelength of the lines in the spectrum depend on
Temperature, Pressure, Presence of Electric field, Magnetic field, and the motion of

the source.

Spectral series

When an electric discharge is passed through gaseous hydrogen, the H, molecules
dissociate and the energetically excited H atoms that are produced emit light of discrete
frequencies, producing a spectrum of a series of 'lines'.

: Q! 1 1
(i) Lyman Series: ;. = R[———j ; n=2,3,4.. (In U.V. region)

2 2
1 n

Where, R is Rydberg constant ( 1.097x 10" m™)

. 1 11
(ii) Balmer Series: ) = R[z—z ——zj ; n=3,4,5.. (In Visible region)
n

n=3 forH, Line, n=4 for H,Line, n=5 forH, Line,

. 1 1 1
(iii) Paschen series: 7 = R(3—2——2j ; n=4,5,6 (Near Infra Red)
n
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. .1 1 1
(iv) Bracket Series: zzR(4—2——2j; n=>35,6,7.. (Infra Red)
n
1 1 1
(v) Pfund Series: Z:R 5—2——2 ; n=6,7, 8. (Far Infra Red)
n

If mass of nucleus is not considered as very heavy then reduce mass will take in to
S m,m,
account which is given by u=-—"-— where m,and m  are mass of electron and
m,+m,
nucleus respectively.

e Correction in Energy due to Reduced Mass

£ - ,u(—132.6)
m,n

e Correction in Rradius of the orbit

2
- = m,n”(a,)
U

e Variation of Rydberg constant with respect to Atomic Mass

R
27 me’ Fom o
R for infinitely heavy nucleus: R, = N
Olé
2 2 4
R for nucleus of mass M: R = ﬂhf ¢ R, He
R
= Rm = = H'
m
1+—¢ A —>
m

n

e Spectral Wavelength for Hydrogen like atoms

2 2
l’lf n

i

% = RZ* (L —LJ where R is Red berg and Z is atomic number.
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2.4 X-radiation (composed of X-rays) is a form of electromagnetic radiation. X-rays

have a wavelength in the range of 0.01 to 10 nanometers, corresponding to frequencies in

the range (3x10'® Hz to 3x10'" Hz) and energies in the range 100 eV to 100 keV. The

wavelengths are shorter than those of UV rays and longer than of gamma rays.

When the electrons hit the target, X-rays are created by two different atomic processes:

1. X-ray fluorescence: If the electron has enough energy it can knock an orbital

electron out of the inner electron shell of a metal atom, and as a result electrons

from higher energy levels then fill up the vacancy and X-ray photons are emitted.

This process produces anemission spectrum of X-rays at a few discrete

frequencies, sometimes referred to as the spectral lines.

The spectral lines generated depend on the target element used and thus are called

characteristic lines. Usually these are transitions from upper shells into K shell

(called K lines), into L shell (called L lines) and so on.

2. Bremsstrahlung (breaking radiation): electromagnetic theory predicts that an

accelerated electric charge will radiate electromagnetic waves, and a rapidly

moving electron suddenly brought to rest is certainly accelerated.
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X- ray spectra of tungsten and molybdenum at 35KV accelerating potential.

tungsten,35kV

molybdenum, 35 kV

Analysis:

An electron of initial kinetic energy K is decelerated during an encounter with heavy
target nucleus .the electron interacts with the charge nucleus via the coulomb field ,
transferring momentum to the nucleus . the accompanying deceleration of the electron
lead to photon emission . the target nucleus is so massive that the energy it acquires

during the collision can safely be neglected .

If K is the kinetic energy of the electron after the electron then energy of photon is given
by hv = K — K ‘and photon (X- ray ) wavelength is given by % =K-K

The shortest wavelength photon would be emitted when an electron loses all the kinetic

. . , he
energy in one deceleration process so K =0 and — =K

min

Since K =elV the energy acquired by the electron in being accelerated through the

potential difference V' so e =K=elV

‘min

-6
he Ny :l.24><10

And A, =— min V.m
eV V
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Example: Find the maximum frequency in the radiation from an x-ray machine whose

accelerating potential 50,000V.

-6 -6
Solution: A_. _L2axlo, - =%V.m =2.48x107""
V 50x10"V
8
Vo == =10 o110 1
A 2.48x10

‘min

Example: Show that the frequency of K ,X-ray of a material equals the sum of the frequencies

of K ,and L, X-rays of the same material.

Solution:
E
The energy level diagram of an atom with one « ©
o K
electron knocked out is shown in figure . 4
A 4
Energy of K, X-rayis E, =E; —E, g L
. EM \ 4 A 4
Energy of K, X-rayis E, =E; —E,, Figure

and Energy of L, X-rayis E, =E, —E,,
Thus, Ey =Ey +E, orhve =hvg +hv, or, vy =vg +v,

2.5 Wave Particle Duality
Wave-Particle Duality: Postulates that all particles exhibit both wave and particle
properties. A central concept of quantum mechanics, this duality addresses the inability
of classical concepts like "particle" and "wave" to fully describe the behavior of
quantum-scale object.
List of experiments which explain particle nature of light wave .

Photoelectric effect

Compton Effect

Pair production
List of experiments which explain wave nature of particle

Davisson —Germen effect (diffraction due to electrons)

Young double slit Interference due to electrons
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2.5.1 De Broglie Wave

In quantum mechanics, the concept of matter waves or de Broglie waves reflects
the wave—particle duality of matterThe de Broglie relations show that
the wavelength is inversely proportional to the momentum of a particle and is also
called de Broglie wavelength.

The wavelength of the wave associated with a particle as given by the de Broglie relation

h h
ﬂ, = —= —
p mv
. m, . )
For relativistic case, the mass becomes m = where mg 1S rest mass and v is
V2
1-8
c

velocity of body.
2.5.2 Uncertainty principle

“It is impossible to determine two canonical variable simultaneously for microscopic
particle”. If ¢ and p, are two canonical variable then AgAp, > 5

where, Aq is the error in measurement at ¢ and Ap, is error in measurement at p, and

h is Planck’s constant (i=h/2x).

Important uncertainty relations:

e AX-AP, > 5 (X 1s position and p_ is momentum in x direction )

o AE-At Zg (E is energy and ¢ is time).

e AL-AO Zg (L is angular momentum, € is angle measured)
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2.5.3 Superposition Principle

According to de Broglie, matter waves are associated with every moving body. These
matter waves moves in a group of different waves having slightly different wavelength.
The formation of group is due to superposition of individual wave.

Analogy: If y, (x,t) and t//z(x,t) are two waves of slightly different wavelength and

frequency.
w, = Asin(kx - ot)
v, = Asin|(k + dk)x — (o + do)]
Y=y, ty,

=24 cos(%—%] sin(kx— wt) — The velocity of individual wave is known as Phase

e

velocity which is given as v, = N

The velocity of amplitude is given by group velocity v, which is given by Cc{z’_i) .

_do

o

The relationship between group and phase velocity is given by

dw dv
Vg=E=Vp+k d]: vph
dv
v,=v, <4 d/;j

/)
VV\/ t

Due to superposition of different wave of slightly different wavelength resultant wave

moves like a wave packet with velocity equal to group velocity.
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Example: Calculate the group and phase velocities for the wave packet corresponding to a
relativistic particle.

Solution: Recall that the energy and momentum of ta relativistic particle are given by

2
E':}']/lc2 =—mOi 5 , p =mV=—m02v ;
Nl=v/c vli-vi/c

where m, is the rest mass of the particle and ¢ is the speed of light in a vacuum.
Squaring and adding the expressions of E and p , we obtain E* = p°c’ + m_c*, hence
E=cyp’+mjc’

Using this relation along with p* +mjc*/ (l -7/ cz) and , we can show that the group

velocity is given as follows

—d—E—i(c p2+mzcz)—L—v
== ot = =
 dp dp NI +m§c2

The group velocity is thus equal to the speed of the particle,
v, =V

The phase velocity can be found from and:

Vo =E/p=cyl+mic’ | p’
which, when combined with p = mv/1=v*/c* ,leads to \[l+mic’/ p*> =c/v,

hence
E 2 2
Y .

p p v
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Example: Use the uncertainty principle to estimate: (a) the ground state radius of the hydrogen
atom
(b) the ground state energy of the hydrogen atom

Solution: (a) According to the uncertainty principle, the electron’s momentum and the radius of

its orbit are related by rp ~ 71, hence p ~#/r . To find the ground state radius, we simply

need to minimize the electron-proton energy

- 2
2m, Admeyr 2mr”  4rneyr

2 2 2 2
E(r)=p—e—h e

with respect to 7 :

dE n’ e
O=—=—-——+ 5
dr m,ry,  4rg,r

e

This leads to the Bohr radius

4rgyh’
r, = —=53nm
m,e

(b) Inserting we obtain the Bohr energy;

2 2 2 2
Blr)=-T— ¢ m(e J:—13.6eV

C2mrl 4mey,  2n?\ 4zsy
The results obtained for ryand E(r,), as shown in , are indeed impressively accurate

given the crudeness of the approximation
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MCQ (Multiple Choice Questions)

Q1. How is de-Broglie wavelength (/1) of an electron in the nth Bohr orbit related to the
radius R of the orbit?
37R
(a) nA=xR (b) nd= - (c) nA=2zR (d) nA=4rR
Q2.  The correct expression for the de-Broglie wavelength A of a particle (£ is the kinetic
energy) is
() A= (b) 4= —2
(E+2mocz) 1/E(E-i—mocz)
Cp E— @ 1=t
\/E(E+2m0c2) (E+mocz)
Q3. A particle of mass M at rest decays into two particles of masses m, and m,, having
nonzero velocities. The ratio of the de Broglie wavelengths of the particles, 4,/4,, is
(a) m,/m, (b) m,/m, ()1 (d) \m, /\m,
Q4. A proton has kinetic energy E which is equal to that of a photon. The wavelength of
photon is 4, and that of proton is A,. The ratio % is proportional to
(a) E2 (b) E1/2 (C) E—l (d) E—l/2
Q5. Electrons with de-Broglie wavelength A fall on the target in an X-ray tube. The cut-off
wavelength of the emitted X-rays is
2meA’ 2h 2m*c* A
(@) 4, = (b) 4, =— © Ay=—5— (@4 =4
mc h
Q6.  In a Compton - scattering experiment, photons with incoming momentum mc (m is the
mass of the electron) are scattered at an angle 90°. What is the magnitude of the
momentum of the scattered photon?
mc mc mc
a) mc b) — c) — d) —
(a) (b) 5 (c) 3 (d) 1
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Q7.  In photoelectric effect with incoming radiation of frequency v, with Ay, =8el, electrons
of energy 3el are emitted from a metal surface. The energy of the electrons emitted
from this surface when radiation with frequency 1.2v, is incident, is:

(a) 4.2¢eV (b) 5.2¢V (c) 3.6eV (d) 4.6¢eV

Q8.  Diagram shown here corresponds to observations made in photoelectric effect observed
with radiation of frequency v, and wavelength A, resulting in K as the maximum
kinetic energy of photoelectrons. The quantities shown on the x and y -axes in the
diagram are:

(a) x-axis:A; y-axis:E (b) x-axis:E_, ;y-axis: A
(c) x-axis:v; y-axis:E__ (d) x-axis:E__;y-axis:v

Q9.  The maximum kinetic energy of photoelectrons emitted from a surface when photons of
energy 6el fall onitis 4el . The stopping potential, in volt, is
(a) 2 (b) 4 (c) 6 (d) 10

Q10. In a photoelectric experiment anode potential is plotted against
plate current 13
(a) A and B will have same intensities while B and C will have -
different frequencies C
(b) B and C will have different intensities while A and B will }/—
have different frequencies V:
(c) A and B will have different intensities while B and C will have equal frequencies
(d) B and C will have equal intensities while A and B will have same frequencies.

Q11. In the following electronic transitions in a hydrogen atom, which transition emits the
minimum wavelength?

(a) n=2ton=1level (b) n=3ton=2level
(c) n=4ton=3level (d) n=5ton=4level
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Q12. What is the speed v, of the electron in the nth Bohr orbit of hydrogen atom, if v, is the
speed of the electron in the first Bohr orbit?
(a) vy (b) v’ Ok (@ =%
Q13. If elements with principal quantum number » > 4” were not allowed in rilature, the number
of possible elements would be
(a) 60 (b) 32 (c)4 (d) 64
Q14. Consider the spectral line resulting from the transition n =2 — n =1 in the atoms and
ions given below. The shortest wavelength is produced by
(a) hydrogen atom (b) deuterium atom
(c) singly ionized helium (d) doubly ionised lithium
QI15. A hydrogen atom and aLi"™" ion are both in the second excited state. If /,, and /,, are
their respective electronic angular momenta, and E,, and E,, their respective energies,
then
(a) I, > 1, and|E,; | > |E,| (b) I, =1,,and[E| <|E,,|
(c) I, =1, and|E, |>|E,,| (d)1, <1, and[E,|<|E,|
Ql6. X —rays are produced in an X —ray tube operating at a give accelerating voltage. The
wavelength of the continuous X —rays has values from
(a) 0 to oo (b)4,,, to owhere 4, >0
(c)0toA, , where 4 <o (d) 4,,to A, whereO<A . <A <o
Q17. Given that for an atom with nuclear charge Z the X -ray frequency for transition
between two low-lying states is v,. According to Moseley’s law, what is the
corresponding frequency v, for an atom with nuclear charge Z, approximately equal to
(ignoring shielding factor)?
@ v, =y é—? (b) v, =v, ;—l
2 2
(©) v, =y i—;z (d) v, =v, ;—122
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Q18. Which one is the single characteristic of the target element which occurs in Moseley’s
law for the frequencies of emitted X -rays?
(a) Density (b) Atomic weight
(c) Atomic number (d) Spacing between the atomic planes
Q19. For the X -ray spectrum due to transition between n =2 and n =1 states for large nuclear
charge Ze, we have frequencies v,,v,,v, for Z,=2,,Z, =Z,+1,Z, = Z,+ 2 respectively.
Moseley’s law implies which one of the following equations?
V, +V 1
(@) v, =(0—22) (b) v, :(Vovz)2
\/Z + \/Z (vov2)
C) \JV, =—7"— d) vy =———
(© i = Sy ey
NAT (Numerical Answer Type)
Q20. The de-Broglie wavelengths of a proton and an « - particle are equal. The ratio of their
velocities is..............
Q21. The potential energy of a particle of mass in is given by
E; 0<x<1
14 (x) = { 0 }
0; x>1
A, and A, are the de-Broglie wavelengths of the particle, when 0 <x <1 and x>1
. 3 . . . ﬂ‘l
respectively. ‘If the total energy of particle is2E,, then ratio PRI
2
. . . h ,
Q22. In Compton scattering, an incoming photon of wavelength A, = Ey ( h= Planck’s
mc
constant, m = mass of electron, ¢ = speed of light) is scattered by an electron at rest. If
the photon is scattered backward at angle of 180°, the momentum of the corresponding
scattered electron is.............. mc
Q23. In the Compton scattering process, at which scattering angle......... does the maximum
energy transfer to the electron occur
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Q24. X -ray of energy 50kel strikes an electron initially at rest. The change in wavelength of
the X -ray scattered at angle 90° is, approximately............. x10™" meter .

(Given, h=6.63x10"*J —s,m=9.11x10""kg)

Q25. In a photoelectric effect experiment, for radiation with frequency v, with Av, =8el,
electrons are emitted with energy 2el . if the incoming radiation of frequency 1.25v,
then the energy of photo electronis ...................

Q26. A threshold wavelength of a metal is 70004 . The work function is .............
(Given, velocity of light ¢ =3x10°m /s _and Planck’s constant = 6.624x10>*J —5)

Q27. The work function of a substance is 4el/ The longest wavelength of light that can cause
photoelectron emission from this substance is approximately................ x10°m

Q28. A beam of light has three wavelengths 4144 104, 4972;1 and 62161(21 with a total intensity
of 3.6x10°Wm™ equally distributed amongst the three wavelengths. The beam falls
normally on an area 1.0cm” of a clean metallic surface of work function 2.3eV . Assume
that there is no loss of light by reflection and that each energetically capable photon
ejects one electron. The number of photo electrons liberated in per
second .........co....... x10"

Q29. When a beam of 10.6e} photons of intensity 2.0 W /m’ falls on a platinum surface of
area 1.0x10™*m* and workfunction 5.6eV , 0.53% of the incident photons eject
photoelectrons. Takel eV =1.6x107"°J
(a) The number of photoelectrons emitted per second............... x10'".

(b) Minimum energy of photoelectron................... er.
(c) Maximum energies .............coeeeeueennnnn. eV

Q30. For He" which has one electron and a nuclear charge 2e, then the binding energy of the
first excited state with principal quantum number n =2is ......... (eV)

Q31. The shortest wavelength in Lyman series of hydrogen spectra is 91.2nm , the longest
wavelength in this series mustbe ................... nm
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Q32. lonisation potential for a hydrogen atom is 13.6e) . The ionisation potential for a
positronium atom where an electron revolves round a positron, is........... eV
Q33. An energy of 24.6 eV is required to remove one of the electrons from a neutral helium
atom. The energy in (e V) required to remove both the electrons from a neutral helium
atomis..............
Q34. The wavelength of the characteristic X-ray K, line emitted by a hydrogen like element is
0.32 12; The wavelength of the K ;line emitted by the same element will be...............
Q35. The recoil speed of a hydrogen atom after ii emits a photon in going fromn = 5 state to
n=1stateis ....... m/s.
Q36. As per Bohr model, the minimum energy in el required to remove an electron from the
ground state of doubly ionized Li atom (Z = 3) 1S b
Q37. K, wavelength emitted by an atom of atomic number Z, =11 is A. For atomic number
Zy =i, for an atom that emits K, radiation with wavelength 44 .
MSQ (Multiple Select Questions)
Q38. Which of the following is correct for Compton effect
(a) The energy of incoming X ray is approximately 20KelV
(b) The Compton shift is not dependent on energy of incoming X ray
(c) The wavelength of scattered X ray is less than wavelength of incoming X ray
(d) Maximum energy is transfer from X ray to electron at scattering angle 90° with
horizontal
Q39. For which of the following cases is the de-Brogile wavelength is same?
(a) Particle of mass m , kinetic energy K
(b) Particle of mass 2m , kinetic energy 2K
(c) Particle of mass 2m , kinetic energy g
(d) particle of % and kinetic energy K
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 67




fiziks

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

fiziks

Q40. Consider the following statements:

The maximum kinetic energy of a photoelectron depends on:
(a) frequency of incident radiation

(b) nature of photo emitter

(c) intensity of incident radiation

(d) on plate potential

Which of these statements are correct?

Q41. When photons of energy 4.25elV strike the surface of metal 4 ,, the ejected
photoelectrons have maximum kinetic energy 7,el’ and de Broglie wavelength A,. The
maximum kinetic energy of photoelectrons liberated from another metal B by photons of
energy 4.70eV is T,=(T,—1.50)eV . If the de Broglic wavelength of these
photoelectrons is A, =24, then
(a) The work function of 4 is 2.25eV (b) the work function of Bis 3.95 eV
(c) T,=2.00 eV (d) T, =2.75¢eV

Q42. The graph between the stopping potential (Vo)and (%) is shown in the figure ¢,,¢, and
¢, are work functions. Which of the following is/are correct?

V A
° Metall  Metal2 Metal3
¢,
(@) ¢ :¢,:¢,=1:2:4 0 :l(nm_l)
0.001  0.002 0.004 A
(b) ¢:¢,:9,=4:2:1
(c) tan @ is proportional to Ewhere his Planck’s constant and c is the speed of light
e
(d) Ultraviolet light can be used to emit photoelectrons from metal 2 and metal 3 only
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Q43. In the Bohr model of the hydrogen atom, if kinetic energy is 7 potential energy is " and
total energy is E then which of following is /are correct
(a)Vzg (b) V =2F (c)T=-E (d)T:—g
Q44. The transition from the state n =4 to n =3 in a hydrogen-like atom results in ultraviolet
radiation which of the following is /are not Infrared radiation obtained in the transition
(a)2—>1 (b)3—>2 (c)4—>2 (d5—>4
Q45. In Bohr’s model of the hydrogen atom
(a) the radius of the n” orbit is proportional to n’
(b) the total energy of the electron in n” orbit is inversely proportional to #°.
(c) the angular momentum of electron in an »” orbit is an integral multiple of % .
(d) the magnitude of potential energy of the electron in any orbit is greater than its kinetic
energy
Q46. The electron in a hydrogen atom makes a transition n, — n,, where n, and n, are the
principal quantum numbers of the two states. Assume the Bohr model to be valid. The
time period of the electron in the initial state is eight times that in the final state. The
possible values of n, and n, are
(@) n=4n,=2 (byn, =8,n,=2
(c) n,=8,n, =1 (d)n, =6,n,=3
Q47. The shortest wavelength of X —rays emitted from an X — ray tube depends on
(a) the current in the tube (b) the voltage applied to the tube
(c) the nature of the gas in tube (d) the atomic number of the target material.
Q48. The potential difference applied to an X - ray tube is increased. As a result, in the emitted
radiation
(a) the intensity increases (b) the minimum wavelength increases
(c) the intensity remains unchanged (d) the minimum wavelength decreases
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Solutions (MCQ)
Ans. 1: (¢)

Solution: According to Bohr Quantization condition, the electron wave can be

adjusted around an orbit only when the circumference of the orbit is

equal to an integral multiple of the wavelength i.e., 27R =nA

Ans. 2:(c)
. : h :
Solution: The de-Broglie wavelength 4 =— (1)
my
Where relativistic mass m = — 2 - m, —> rest mass
\4
e
2 2
= v—2=1—m—g:>mv=cwlm2—m§ (11)

C m

he

Thus, equation (i) and (ii), we get=> A =————— (1i1)
cJm’ —m,

1

Now, ¢ = =Je* (mm) (mm,) = {(m=m)} {(m=m, )"+ 2me?)

= E(E+2mocz) [Since E =(m—my)c’]
So, by equation (iii) A = he
JE(E+2m,c?)
Ans. 3:(c)
Solution: de-Broglie wavelength A = L A =L
p A B

Since momentum p is conserved in the decay process, p, = p,
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Ans. 4:(d)
hc

Solution: For photon, £ = he or A, =— (1)
A, E

h _h
\/2mpK - \/ZmPE

(i)

o 1
For proton kinetic energy K =5mpv[2] or A4 =

J2m E cx.\2m
From (i) and (ii),izﬁx—por ﬁz—pchZmp x E™"* or L E'?
4 E h A JE 4

Ans. 5:(a)
Solution: Let K be the kinetic energy of the incident electron. Its linear momentum p =+/2mK .
The de-Broglie wavelength is related to the linear momentum as

2
/1=£= h 0rK=h—2
p 2mK 2mA

The cut-off wavelength of the emitted X —ray is related to the kinetic energy of incident

2 2
electronas €=k =" =54 = 2mcl
2mA h
Ans. 6:(b
. N 00 Scattered

Solution: clectr ol Shoton
DN\ / . % g
A 0 Recoiling

/ electron

i d t ht ..
incident photon After collision

Before collision

The change in wavelength of scattered photon is given asAA = L(l —COoS ¢) where ¢ is

m,c
scattered angle. Hence, ¢ =90° (given)
h h h
So,  Adl=——(1-c0s90°) =——(1-0) =Ail=—o
mc myc mc
if A is wavelength of incident photon then wavelength of photon = A4 + M (1)
mc
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But moment of incident photon mc (given) = A= e
mc
h h . 2h
So, wavelength of scattered photon = —+— by equation (i) 4, =—
mc  mc mc
. h h 1
Corresponding momentum = 7 Momentum = Sh =—mc
‘ me

Ans. 7:(d)

Solution: In photoelectric effect, the energy of electron is given as

2
my

=hv-W = 3eV =8el-W

work function W =(8-3)eV , W=5eV
Now, if energy corresponding to v, is 8el, then energy corresponding to 1.2v, .
=1.2x8elV =9.6¢eV

so, energy of electron = hv —W =(9.6—5)eV =4.6¢V

Ans. 8:(c)

Solution: If the threshold frequency v, 1is given as then y

%mv2 =hv—hv, where h is Planck’s constant i.e., (KE) (KE) ;

e !

of electron = Av—hy, /

thus, y-axis is KE of electron and x -axis is frequency of v —»

incident photon.
Ans. 9:(b)

Solution: Stopping potential is the negative potential which stops the emission of

(K.E),__electrons when applied. .. Stopping potential =4 volt
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Ans. 10: (d)
A . .
Solution: At stopping potential, photoelectric current is zero. It Same 1pten51ty
Saturation current
is same for 4 and B. —
B
.. A and B will have equal frequencies C
Saturation current is proportional to intensity. B and y
C will have equal intensity
Option (d) represents correct answer. V
Ans. 11: (a)
Solution: The wavelength in hydrogen atom’s transition is given as
ni
v Vv A 4 nf
1 N
gl {_2 A —2}
ny
where R in Rydberg constant clearly 4 will be minimum if n=2 —>n=1
Ans. 12: (¢)
Solution: The electrostatic force = centripetal force
<«— Electron
. mv:  Ze’
ie, —=—
r kr
zée* :
=  mir= % (i)
Nucleus
By Bohr theory mvr = nh (i1)
Dividing equation (i) by, equation (ii), we get
ze* 1( zé’ 1 v, n, n, v,
VE—— D V=—| — [DVL—D =DV, =—V DV, =—
knh n\ kh no v, n n, n
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Ans. 13: (a)

Solution: The maximum number of electrons in an orbit are 2n*. If n >4 is not allowed, the

maximum number of electrons that can lie in first four orbits are

2(1) +2(2)" +2(3)" +2(4)" =2+8+18+32=60 .. Possible elements can be 60 .

Ans. 14: (d)
Solution: L gz Lz—% .-.loczz.
A n, n A

A is shortest if Z is largest. Z is largest for doubly ionised lithium atom (Z = 3) among

the given elements.

Hence wavelength for doubly ionised lithium will be the least.

Ans. 15: (b)
Solution: In the second excited state, n =13
g =1 =3(%j Zy=1,2,=3,EcZ’ " |E,|=9|E,| =|E,|<|E,]|
Ans. 16: (b)
Solution: In X —ray tube, 4, = 12375 where A_. is in A
V(volt)

All wavelengths greater than A . are found.

Option (b) is correct
Ans. 17: (d)
Solution: Moseley’s law states that the square root of the frequency of a K -line is closely

proportional to the atomic number of the element and may be expressed as

WeZ =  v=kZ® where k isaconstant Thus, v, =kZ>and v, = kZ?

2 2
vl Zl Zl
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Ans. 18: (¢)
Solution: Moseley’s law state that the square root of frequency of H, is directly proportional to

the atomic number is \/v o Z .

Ans. 19: (¢)

Solution: Moseley law states that the square root of frequency for K, -lines is directly
proportional to the atomic number of the element i.e.,
we have givenas /v = K(Z-1)
W =K(2,-1) 2
W =K(Z,+1-1) v, =KZ, (3)
W =K(Z,+2-1) v, =K(Z,+1) (4)

Adding equations (2) and (4)

(1)

Wo + s =K(Z, +1+Z,-1) = 2KZ, =2 /v, :M:ﬁ
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NAT
Ans. 20: 4

Solution: Every particle of mass m moving with velocity v is associated with a wave of

wavelength givenas A = e h — Planck’s constant
my
h :
the wavelength for proton A, = (1)
mPVP
h a0
and the wavelength for He 4, = (1)
mava
v
Since, 4, = 4, = h B m (iii)
my, myv, v, m,

Since, , He" has four nucleons so m =4m,
Y,
Thus, (ii1) :v_:4 =>v, v, =4:1

Ans. 21: 1.414

Solution: de Broglie wavelength 4 = where K denotes kinetic energy of particle

2mK
Case(l): 0<x<1
Given: potential energy = £, Given: Total energy =2FE,

h

\2mE,

~.Kinetic energy =2E, - E, =E, . A, =

Case (I1): x>1
Given: potential energy V(x) =0 given: Total energy =2E,

. Kinetic energy =2E
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Ans. 22: 2.4

Solution: Applying the conservation law of linear momentum along the horizontal and vertical

component, we have W
-
. h h , o
Horizontal —=—cos¢+ pcosé (1) W
A A scattered photon

) h '
5 Linear momentum — (Wavelength A )
Vertical component = sing = psin@ (ii) A

Incident photon E_,
. i . (wavelength 4) | @54
By equation 4 = Ime ;=180 Before collision | & f‘?ﬁp_
4 07
W If),, o
Putting these values in equations (i) and (ii), we get N
After collision
= 2mc=%cos180°+pcosﬁ :>2mc=pcos€—% (ii1)
. . : . A 12mc
by equation (i1) = 0 = psin @ By equations (ii1) and (i1), we get p = s
Ans. 23: 3.14
Solution: In Compton effect the range in wavelength is given as AA = —(1 —Cos ¢) where
mc
m, = electron rest mass, ¢ =scattering angle.
The maximum energy is transferred to electron, if AL is maximum
ie., (1-cos¢) is maximum = ¢ =180° Thus, scattering angle is 180° or 7.

Ans. 24: 2.4

Solution: When a photon of wavelength A strike a stationary )

electron the wavelength of the photon increases. This effect photon !

¢photon A’

electron

is known as Compton effect. before strike!
after strike

The change b wavelength is given as A4 = L(l —cos ¢)
mc

The change in wavelength does not depend on the energy of the incident photon.

Here, ¢=90° AA =i(1—cos900) _ s axi0m

mc myc
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Ans. 25: 4 el
Solution: The kinetic energy of photoelectron is given as
KE =hv-W
where v — frequency of incident photon W — work function of the substance /% —
Planck constant
Now, hv, =8¢V ,KE =2eV
So, work function =(8—-2)eV W =6eV
Now, if hvy=8elV  =125hv,=10eV
Thus, hv=10eV,W =6elV = Kinetic energy =hv—W =10elV —6elV =4elV
Ans. 26: 1.775eV

Solution: The maximum wavelength 4 of a photon which can emit electron from a metal is
known as threshold wavelength of the metal. The energy corresponding to this threshold

wavelength is equal to work function of the metal. Hence, Work function = Threshold

energy
34 3
N =E:6.624><10 xil’aoxIO :1237561/:1.77561/
A, 7000x10" 7000
Ans. 27: 310

he

Solution: 4, =—"—
work function

—34 3
=(6.63><10 )x(3><10) el 31010

o 4x1.6x107"
Ans. 28: 5.5
Solution: Energy of photon in el = 12375
0
/4]
12 12 12
| = 375 eV =299 eV, E, = 375 eV =249eV, E,= 375 eV =199V
4144 4972 6
work function =2.3elV
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First two wavelengths have energies great than work function of metallic surface. Hence
they can eject photoelectrons.

Total intensity =3.6x107 Wm™

Number of wavelengths = 3

-3
Intensity per wavelength= % =12x107 Wm™> Area=10" m’

Energy falling per second = (1.2 x107 )x 10%=12x10"J/S
Let number of photons of first wavelength = n,and number of photons of second
wavelength = n,

_1.2x107
249%x1.6x107"

1.2x1077

= =T =3.0x10"
2.99%(1.6x10

n,

): 2.5%x10"  m,

.. Total photons per second = (2.5+3.0)1011 =5.5x10" - Each capable photon ejects
an electron
. Photoelectrons liberated in sec 5.5x10"

Ans. 29: (a) 6.25,(b) 0,(c) 5

Solution: (a) Incident energy £ =10.6el =10.6 x (1.6 x107"° ) =16.96x107"°J

Energy incident

: =2 Wim
area x time
Number of 1nc1c'1ent photons « 2 =118 10'8
area X time 16.96x10
Inc1der%t photons - (1 18x10" )X area
time
—1.18x10" x(1.0x10™*) =1.18x 10"
Number of Photoelectrons _ O.53j o (1.18 <10 ) = 6.25%10" (ii)
time 100
Minimum energy = zero
Maximum energy = £, — work function
or K, =(106-56)VorK,, =50eV (iii)
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Ans. 30: 13.6eV

eV

Solution: Since, energy oc Z> Energy for He" = (4)(_132'6jeV =— 4X123'6
n n

The first excited state with principal quantum number »n =2

4x13.6 1360V

So, binding energy =—

Ans. 31: 68.4nm

=00
Solution: When electron moving in n, the orbit transited ~=-----7777==7r--====-------
to n, orbit the frequency of radiation and so o4
. 1 1 1 n=3
wavelength is given by — = R| ———
A g n=2
v vViney v n=1

where R is Rydberg’s constant.

when n, =1, then the series of spectral lines are known as Lyman series.

Thus, Lyman series is given as% =R (%—%} ( n,= 1)

i

:Lzézwimax :land L:R iz—izj: L:R(l—lj:wlmm :(ij
A 1 R A L dD A 4 3R

max min

max

By equation (i) and (ii), we havei— =§ =>A = %x/i o= %><91.2 nm = 68.4nm

Ans. 32: 6.8el
Solution: The amount of energy required to an electron moving in ground state of the atom, so
that electron go off from the atom is called ionisation energy and potential corresponding

to this energy is called ionisation potential for hydrogen this is given as £ =13.6¢elV

Since, positronium is a system in which electron revolves round the positron hence

o MM 1 .
reduced mass of the positroniuin g4 =——"=~% =—M, (SinceM ,=M,)
M,+M, 2

. . N 13.
and E is proportional to reduce mass so for positronium E = ?eV =6.8¢elV
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Ans. 33: 79eV

Solution: When one of the electrons is removed from a neutral helium atom, energy is given by

2
p o 1362

n 2
n

eV per atom

For helium ion, Z =2, when doubly ionized

13.6
—FX

For first orbit, n=1.. E, = ———

(2)" =-54.4eV

.. Energy required removing it 54.4el” .. Total energy required =54.4+24.6 =79V

0
Ans. 34: 0.27 A4

Solution: K, correspondsto: n=2 to n=1 K, corresponds to: n=3 to n=1

1 1 1 1 3R 1 I 1 8R
—=R|-——— OI'—OZ——)—:R 2 a2 =
Ao L1 4T o34 4 T4 L 39

A 0 0
n—L R o iﬂ=£x0.32A or A, =027 4

Ans. 35: 433 mls

Solution: Linear momentum is conserved in the recoil process.

Momentum of recoil hydrogen atom =myvy

. AE
Momentum of emitted photon =—

C
AE=E —E =-13.6 iz—iz eV =(13.6) 2oy :Mx(lﬁxlO‘w)J
57 1 25 25
AE =20.8x107"J .-.mv:£ or v:£
C mc
-18
v= 20.8x10 =433 m/s
(1.67x10‘27)x(3x108)
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Ans. 36: -122.4eV

Solution: For hydrogen atom and hydrogen like atoms

2
E =- 13'622 eV Therefore, ground state energy of doubly ionized lithium atom
n
, ~13.6%(3)’
(Z=3,n=1)willbe ..E =T =-13.6x9o0r E, =-122.4eV
1

Ans. 37: 6

Solution: According to Moseley’s law,
f=da’(z —b)2 where f = frequency=%
. C 2 2
For K, line, b=1 .'.Z=a (z-1)

For one atom, Lo (Zl - 1)2

2 —_—
Foro‘[hera‘tom,i:az(zz_l)2 A 4 _¢ (2, 12
2 az(Zl—l)
2 2
A _(z,-1)y (2,-1) (2, -1 <55

T = =
4, (11_1)2 100

or Z,-1=5 orZ,=6
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MSQ
Ans. 38: (a) and (b)
Ans. 39: (a), (¢) and (d)

Solution: Every moving particle is associated with wave, the wavelength of this wave is called

de-Broglie wavelength given as 4 = e where / is Planck’s constant
my

The kinetic energy and momentum is related as E= (—

For constant wavelength momentum should be equal

h
= =/2mE = A=
P N2mE

h
For m=m,E=K =
A N2mK
m=2m,E=2K A, = h
’ ? 2N mK
K h
m=2m,E=— =
2 4 N2mK
m=Slr_2x ; N _

2 N2mK
Ans. 40: (a) and (b)

Solution: When a photon of frequency v incident on a target metal of threshold frequency v,and
if v> v, the electron from metal is ejected. These electron are known as photoelectrons

and this effect is called photo electric effect.

The kinetic energy of the ejected electron= hv —hv,

= KE depends on incident frequency v and v, i.e., nature of photo emitter.
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Ans. 41: (a), (b) and (c)
Solution: Consider metal A
Incident energy = work function + Kinetic energy of photoelectrons
L 4.25(eV) =W, +T, (i)

2
Kinetic energy = Ey. where P = momentum
m

2 2
PP 1 (h . . 1 ( h ..
T,=—4=—1|— |, by de Broglie equation.. 7, = —| — il
4 om Zm{ﬂAJ Y 8 a 4 Zm{lAJ (1)
consider metal B
47=(T,-1.5)+W, (i)
1 (hY 1(nY
Also T,=—|—| =—| — (iv)
2m | A, 2m A,

From (iv) and (ii), we get

2 2
Ty _[fa) o LS (A 1027 15
TA ﬂlB ﬂ B A

2
or L=15 [ A [ 25 =24,]
T, 22,

or 4T,-6.0=T, or 37,=6

T, =2.00eV )
from (1), W, =4.25-T,

=4.25-2=225eV
From (iii),
Wy,=47-(T,-1.5)=4.7-(2-1.5)=3.95¢V (vii)
Again T,=T7T,-1.5=2.25-15=0.5¢eV (viii)

Option (a), (b), (c) are correct as depicted in equation (vi) (vii) and (v) above
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Ans. 42: (a) and (c)

Solution: According to Einstein’s equation, 70 —¢=eV  where ¢ = work function

or V:E—g or V:(E]l_f

el e e JA e

V and (%j relation represents a straight line.

Slope of line = E or tan@ = E
€ e

Option (c) is correct (1)

At V, =0
Vit Metall Metal2 Metal3

he  he  he
by o= '
2’01 2’02 103
= (0.001hc) : (0.002 hc) : (0.004 hc) =1:2:4
.. Option (a) is correct (11)

Option (b) is obviously incorrect when (a) is
0.001  0.002 0.004

correct. 1 1
From graph N (nm ) -
O 0.001nm™" .. A, =1000nm for metal 1.
01
L 0.0020m - Ay, =500nm for metal 2
02
1

—=0.004nm™" . A, = 250nm for metal 3.

03
A of ultraviolet < 400nm.
The ultraviolet light can be used to emit photoelectrons from metal 1 and metal 2. It
cannot emit electrons from metal 3.
Option (d) is incorrect.

Options (a) and (c) are correct.
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Ans. 43: (b) and ¢

Solution: The kinetic energy of an electron in n™ orbit of hydrogen atom is

me* e’ —me™
S V=- = 22
850 h™n 4re,r 86‘0 h'n
. th . . —me™* K
The total energy of an electron in n™ orbit of hydrogen atom is E = FyETENe z =-1
2

Ans. 44: (a), (b) and (¢)

2 2

Solution: In hydrogen like atoms: 1 =R RN
A n,on

. 1. .
Transition of electron occurs from n, to n,, Py is proportional to energy

From »n =4to n =3, ultraviolet radiation is obtained l—R LZ—LZ =E:0.048R
A 37 d 144
1 1 1 3R 1 1
a) —=R| ———|=—=0.75R b)—=R| — —=0.14R
()i (12 22j 4 ()l (22 j
1 1 1 3R 1 1 1
¢) —=R| =~ |=—=0.2R d)—=R| ———= |=——=0.02
()/1 (22 42) 16 ()/1 (42 2) 400

A is smaller than ultra violet in (a), (b) and (c)
A 1s greater than ultra violet in (d). greater the 4, less the energy of radiation

Ans. 45: (a), (b), (¢) and (d)

Solution: (a) 7, oc n” . Option (a) is correct

2
(b) Total energy of electron 7.E. T.E = L?Z Option (b) is correct
n
(c) Angular momentum of electron= ;—h . Option (c) is correct
T
. -27.2
(d) Potential energy of electron = -— |eV for hydrogen atom.
n

Kinetic energy of electrons = ( 13;6 j eV
n

.|P.E|=2x|K.E| ..|P.E|==5= The option (d) is correct
n
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Ans. 46: (a) and (d)

: . ) 1.
Solution: According to Bohr model, roocn® (i) v, oc— (i)
n
2 2 2
now I =2 = or Tocls o7l ST oo’
@ v, v, 1/n
T, 3 ’
.'.(")1=n—13 or §=| 1 or n, =2n,
(Tn)z n, n,

Option (a): n, =4, n, =2 It fulfils condition
Option (d): n, =6,n, =3 It fulfils condition
Options (a) and (d) are correct
Ans. 47: (b) and (d)
Solution: X —rays emitted from an X —ray tube depend upon:
(1) The accelerating voltage applied to tube. When accelerated, the electrons acquire
greater energy before striking the target.
X —rays emitted from target therefore possess greater energy. X —rays with shorter
wavelength possess greater energy. Hence wavelength of emitted X —rays depends on

the voltage applied to tube.
(i) According to Moseley’s law, frequency v = a” (Z —b)2 . Frequency depends upon
atomic number of target from which X —ray are emitted.

Ans. 48: (¢) and (d)
Solution: for X —ray tube,

0
) (Aj:12375
V

m

As accelerating voltage is increased, 4, will decrease.

Number of electrons bombarding the target determine the intensity (or quantity) of

emitted radiation. Accelerating voltage does not change the intensity of X —rays emitted.
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3. Tools and Postulates of Quantum Mechanics
3.1 The Linear Vector Space

A set of vectors v, ¢, y, ... and set of scalars a,b,c defined vector spaces which will

follow A rule for vector addition and rule for scalar multiplication
(1) Addition rule:

If w and ¢ are vectors of elements of a space, their sum y + ¢ is also vector of the same
space.
(i) Law of Commutative: w +¢ =9+
(ii) Law of Associativity: (v +¢)+x =y +(¢+ 1)
(iii) Law of Existence of a null vector and inverse vector y +(-y) = (—z,//) +y =0
(if) Multiplication rule:
e The product of scalar with a vector gives another vector, If v and ¢ are two
vectors of the space, any linear combination ay + bg is also a vector of the space,

where a and b being scalars.

e Distributive with respect to addition:
a(p+y)=ag+ay, (a+b)y =ay +by
e Associativity with respect to multiplication of scalars. a(bw) = (ab)w
e For each element y there must exist a unitary elementl and a no. zero scalar
such that l'w=w-1=y,0.w=¢-0=0
3.1.1 Scalar Product

The scalar product of two functions ¢(x) and ¢(x) is given by (v,4) =y (x)$(x)dx
where ¢(x) and y(x) are two complex function of variable x. ¢ (x) and w (x) are
complex conjugate of ¢(x) and y (x) respectively.

The scalar product of two function ¢(x, Y, z) and w(x,Y,2) is 3 dimensional is defined or

(v, ¢) =y ¢dxdydz
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3.1.2 Hilbert Space
The Hilbert space H consists of a set of vectors v, ¢, y and set of scalar a,b,c which
satisfied the following four properties.
(i) H isalinear space

(if) H is a linear space that defined scalar product that is strictly positive.

o (v.8)=(dw)*
o (;//,a¢l+b¢2):a(y/,¢1)+b(%¢z)

« (ww)=lyl =0
(iii) H is separable i.e.,
* |v-vil<0
(iv H is complete |y —y, [ =0 when m — o0,n — oo
3.1.3 Dimension And Basis of a Vectors.

Linear independency:

A set of N vectors ¢,¢,,4,......4,, s said to be linearly independent if and only if the

i=1
is said to be linear dependent.
The dimension of a space vector is given by the maximum number of linearly
independent vectors the space can have.

The maximum number of linearly independent vectors a space has is N

@, 0., 5.4, , this space is said to be N dimensional. In this case any vector  of the

N
vector space can be expressed as linear combination.y = Zai¢i,
i=1

Ortho Normal Basis

Two vector ¢,4, is said to be orthonormal if their scalar product (¢i,¢j)=5i,,-

where ¢, ; is kronikar delta that means &, ; =0 where i= jand 5, ; =1 if i=]
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3.1.4 Square Integrable Function

If scalar product (v, ) = _[ W wdx = _Hz//(x)‘2 dx =« where « is positive finite number

Then y (x)w(x) is said to be square integrable.

The square intergable function can be treated as probability distribution function if

a =1and y is said to be normalized

3.2 Dirac Notation
Dirac introduced what was to become an invaluable notation in quantum mechanics;

state vector y which is square integrable function by what he called a ket vector |1//>
And its conjugate y by a bra (| and scalar product (¢,y) bra-ket (#|y) ( In summery

v =),y >yl and (¢, ) =(d|w)) Where (o, y) =" (r,t)hy(r,t)d’r.

Properties of kets, bras and bra-kets.
o () =(v]
o (aly)) =a'(y|
o |ay)y=aly)
o (ayl=a(y]
o {(0]w) =(y|d)
(audh +ayd, | by +byy,) = albi(d lyy) +aib,(d [w,) + abi(d, [wy) + aby(dy [y,
e |w)is normalized if (y|y)=1

Schwarz inequality

(v | ) P< (w |w )| é) , which is analogically derived from | A-B|<| A[| B ]

Triangular inequality [y +¢ |y + @) = J(w |w) +(#| )
Orthogonal states (| ¢) =0

Orthonormal state (w |¢) =0, (v |y) =1, (P|¢)=1
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e Forbidden quantities: If |y) and |¢#) belong to same vector space product of the
type |y) |#)and (#| (| are forbidden. They are nonsensical.
e If|y) and |¢) belong, however to different vector space then |¢)®|y) represent

tensor product of ) and|¢)

3.3 Operator

An operator A is the mathematical rule that when applied to a ket |¢> will transformed
into another |y/) of the same space and when it acts on a any bra(z| it transforms it into
another bra(g| that means A|¢)=|y) and (z|A=(g|
Example of Operator:
Identity operator | |w) = w)
Pairity operator 7|y (r)) =[w(-r)]
Gradiant operator Vy(r) and Linear momentum operator P(y) =—iaVy(F)
3.3.1 Linear Operator: A is linear operator if

o Ay +4 v, =AAlv)+4LAly,)

e Product of two linear operator A and B written AB which is defined

(AB) |y) = A(B|y))

3.3.2 Matrix Representation of Operator:

If |y )is in orthonormal basis of |u,) is defined as
ly)=c u)+c, [u)+... [w) =Zc |u;), where ¢, =(u; [y)
Cl

WU lw)

C
The ket |y) is defined as | (u, |w) |or |y) is defined as c2 which is column vector.
: 3

e The corresponding bra (y| is defined as ((u, |y) (u,|w)"...) or (c;,C;...C;) which

IS row matrix.
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Step I:

Operator A is represented as Matrix A whose Matrix element A;; is defined as
(u; | Alu;yin |u;)the basis.

Transpose of operator A is represented as Matrix A" whose matrix element is
defined as A; =(u; | Alu,)

Hermitian Adjoint of Matrix A is represent as A" whose matrix element is defined
as A" =(u; | Alu,)

Hermitian conjugate A" of matrix A can be find in two step.

Find transpose of A i.e,.convert row into column ie A

Step 11: Then take complex conjugate to each element of A" .

Properties of Hermitian Adjoint A’

(A)' =A

(ALA)" =17 AT
(A+B)' = A" +B'
(AB)' =B'A'

3.3.3Eigen Value of Operator:

If A operator is defined such that A|wy) =A|y)then

A Is said to be eigen value and |1//> is said to be eigen vector corresponding to

operator.

3.3.4 Correspondence between Ket and Bra

If Ald)=|y)then (o] A'=(y| where A" is Hermitian Adjoint of matrix or

operator A.

3.3.5 Hermitian operator: A operator is said to be Hermitian if

A=A ie., Matrix element (u, | Alu;)=((u; | Alu))

The eigen values of Hermitian matrix is real

The eigen vectors corresponding to different eigen values are orthogonal.
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3.3.6 Commutator: if A and B are two operators then the commentator [A,B] IS

defined as AB —BA

If [A, B] =0 thenitissaid to be A and B operator commute to each other.

Properties of commutator:
e Antisymmetry [A,B]=—-[B, A]
e Linearity [A,B+C+D]=[A B]+[AC]+[A D]
e Distributive: [AB,C]=[A B]C+B[AC]
« Jacobi Identity| A,[B,C]|+[ B,[C, A]]+|C,[A B]]|=0
3.3.7 Set of Commuting Observables:
e If two operator A and B commute and if |y) is eigen vector o A then B|y) is also
an eigen vector of A, with the same eigen value.
e |f two operator A and B commute and if |y1) and |y») are two eigen vector of A
with different eigen values then Matrix element (v, |B |, ) is zero.
e If two operator A and B commute one can construct an orthonormal basis of state
space with eigen vectors common to A and B.
3.3.8 Projection operator: The operator P is said to be operator if
P'=pP P?=P
e The product of two commutating projection operator B, and P, is also projection

operator.

e The sum of two projection operator is generally not a projection operator.

e The sum of projector P, +P, +P,+ ... is projector if P, P, are mutually
orthogonal.
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 93




fiziks il

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

ks

Example: Prove that f(x)=x, g(x)=x?, h(x)=x® are linear independent
Solution: For linear independency
a,f(x)+a,g(x)+a,h(x)=0 = ax+ax’+ax’=0
Equating the coefficient of x, x* and x® both side one can get.
a=0 a,=0 a,=0 so f(x), g(x) and h(x) f(x), g(x) are linearly independent.
Example: Prove that vector A=6i —9jand B = —2i + 3] are linear dependent.
Solution: a,A+a,B=0=>a,(6i —9j)+a,(—2i +3]) =0 = (6a, —2a,)i + (93, +3a,) j =0

6a; —2a,=0 or —9a, +3a, =0 :>a1:a—32
So Aand B are linearly dependent.
Example: If f (x) = Ae ™2, g(x) = Bxe ¥ '?then prove that f (x)and g(x) are orthogonal as well
as linearly independent.
Solution: For linearly independency: a, f(x)+a,g(x)=0 = aie’xz’2 + azxe’xz’2 =0
(a,+a,x)=0 =a =0,a,=0
So f(x)and g(x)are linearly independent.

For orthogonality: (f(x)g(x))=/ f"(x)g(x)dx

= (f(x)g(x)) = ABE xe X' dx=0 Scalar product of f(x)and g(x) is zero orthogonal.

Example: If f(x)=0 Xx<0
f(x)=Ae ™™ x>0
Then
(a) Find f"(x)

(b) Find value of A such that f(x) is normalized.
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Solution: (a) fx)=0 x<0
*(x)=0 x<0
f (X) — Ae—x/a+ikx X > O

f'(x)=Ae**™ x>0

(b) For normalization f f7(x) f (x)dx =1

[* odx [ Mgt pe a1 [ AP [Te k=1 = A=, |

1
Example: (a) If [y)=A|i |, find (]|
0

(b) Find the value of A such that |y) is normalized.

1
Solution: (a): If|y) = Al i (wl=A (L -i0)
0

(b) For normalization condition
(ylw)=1

1
A*(1-i0)A|i |=1 |Af(1+1+0)=1
0

|A|2=3:>A=i

2 2
Example: If | W) =a, | @) +a, | ?,) And | W, = b1 | @)+ bz | ?,)
Itis given that (¢, |$,) =5 then

(a) Find condition for |y, ) and|y,) are normalized.

(b) Find condition for |y, ) and|y,) are orthogonal.

2
a
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Solution: (a)
If |,) is normalized Then (y, |y,)=1
(al (o] + a2 (0a ) (@] o) + 2 [02)) =1
2, [ <0010, + 372,404 0,) + 3,8, (0, [ 0,) +[a, [ <0, 19,
Itis giventhat(¢, |¢,) =1, <0, 10,)=1, (4. [9,)=0, (¢,
so |alf+|a,[=1

Similarly for|y,) is normalized

=1
|¢1>:O,

<\1U2 |W2> =1 = |b1|2 <¢1 | ¢2>+b1*b2<¢1 | ¢2> +b;b1<¢2 |¢1>+|bz|2 <¢2 |¢2> =1

= |b [ +|b, =1 condition for|w,) is normalized.
(b)  For |y,) and |y,) are orthogonal.
(Wilw)=0 or C(y,|lyy=0
(@l <o | +25(0, 1) 1 (b 10 +b, 4,))
b (dy [ ¢,) +a/b,(dy [d,) +ab(h, | 0,) +a;0,(, | 9,)
= ab +ab, =0
Similarly from (v, |w,)=0 = b/a +bya, =0
Example: If S operator is defined as
Slupy=lug)  Sfu,)=u,) Sluy=fu)
U luy=98; j=1,23
@) Construct S matrix

(b) Prove that S is hermitian matrix

Sll SlZ S13
Sol.: TheMatrix S=|S,, S,, S,
S31 S32 S33

Where matrix element S; =(u; [ S|u;)
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Sy =(u; | Sfuy) =(u, [u;) =0 S =W [ S|u,) =<u; [u,) =0
S = |S|uyy=(u, |uy) =1 S, =(U, |S|u)=(u,|u,)=0
Sp =(U, [S|uy) =(u, [u,) =1 Sy =(U, | S |uy) =(u, [u) =0
Sy =y [S|u) =(u,|u,y=1 S;, =(Uy |S|u,)=(u;|u,)=0

533=<U3|S|U3>=<U3|U1>=0

0 01 0 0 1
So Smatrixis|0 1 0 s'=/0 1 0
1 00 1 00

§=3' so S matrix Hermitian.

Example: If D, is defined as aiand y(X) = Asin@
X a

(a) operate D, and y(x)
(b) operate D? on w(x)

(c) which one of the above given eigen value problem.

Solution: (a) D,y(x) = 9 Asin % = AT 0o X
OX a a a

2 a

2 212
(b) wa(x):a—zAsin@:A(—n » jsin@
OX a a

n’n’ nmx

Diy(X) = ——5 Asin—
a a

n’n?

a‘2

(© when D? operate on D y(X) = — y(X)

So operation of D?(x)on y(x) = Asin@give eigen value problem with eigen
a

n°m’
value — ¥
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01
Example: If A operator is given by A:(1 Oj

(a) find eigen value and eigen vector of A.
(b) normalized there eigen vector.
(c) prove both eigen vector are orthogonal.

. 01 .
Solution: (a) A=(1 Ojfor eigen value

|A=Al |=0
0 1 10 - 1

—-A =0 = =0 =>A=1and A =-1,
10 0 1 1 A

The eigen vector corresponding to 4 =1,

A=u)="xrlu)
0 1)a) (a
=| |=a=b
o ol
so eigen vector correspondsto A =1, |u,)= (Z]

eigen vector correspondsto 4 =-1

Alu,)=X]|u,)

AP ol

(b) For normalised eigen vector.
(u, Ju)=1 (u, Ju,y=1

) =@ Wl=(a a)

1 1(1
(uuy=a*+a’=l=a=—"1 lu)=—
1 1 \/E 1 \/E 1
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Similarly,

|u2>=(a j and (u,|=(a -a)
-a

a
U, |u,)=(a —a)( ajzl =a’+a’=1 —=a=

(©) for orthogonality (u, |u,)=(u, |u;)=0

\/_(1 1)\/_(1 j:o %(1 4)%@:0

i =|u >:i(1 J
2 2 J2l-1

Example: If momentum operator P, is defined as —ihai and position operator X is defined as
X

Xy (X)=xy (X)
(a) Find the value of commutator [X, P, ]
(b) Find the value of [X? P,]
(c) Find the value of [X, P?]
Solution: (a): [X, P] = (X P,—P.X)

Operate both side with y

X (- |h)a\'é§() P xy(X)

X (_m)a"’a—ix)

+ |hixw(x)
OX

= XPy(X) - B, Xwy(x)

X (- |h)a\|;§( )+x in aq;ix) +|h—§\u(x)

[X,PI=iny(x) [X.RI=
()  [X%P]=[X-X,P]=X[X,P]+[X,P]X = Xif+ifX = 2ifX
©  [X,F1=[X.PR]

PI[X P1+[X,P]P, =PRif+inP,

[X,P?]=2iAP,
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Example: (a) Prove that P, =| y)(y |is projection operator
(b) Operate P, on |¢)
(c) Operate P, on (¢|
(d) Operate P, on |y) and (y|
(e) Find the eigen value of any projection operator.
Solution: (8) P, = y)Xy =P, PZ=P, -y
=(w)wD(w)vl) R =lwXw =P,
So Py, is projection operator.
(0) P, 19) =l wXw o) =((wlo))-lw)
(©) (D|P, =({o|w))(w | =(dlwXv]|
d) P, [w) =lwXw|w) =|v) =(y|y)=1
(WIR, ={w wXw|=(y]|
() B’=P, P;-P, =0 P,(P,-1)=0

v v
P,=0,P, =1 so eigen value of P, =0 or 1
10 01
Example: If A=a B=Db
0 1 1 B0

(a) Find the value of [A, B]

(b) Write down eigen vector of B in the basis of eigen vector of A.
Solution (2): [A, B] = AB - BA

A

0 1 0 1 00
=ab —ba = [A, B]=0so A and B commute.
10 10 00
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1

(b) Eigen vector of A is |a1>:(oj eigen value 4 =a
0

laz) = ( j eigen value 4, =a

Eigen vector of B is |b) = { j eigen value 4, =b

= T(
- 50500 - g
J

'b”:%@ I[

S\

eigen value 4,, =—b

;/

S\

1 0 O —i 3
Example: A=|0 7 -3i| B=|-i 0 i
0 3i 5 3 .0
(a) find A’ (b) find B'
(c) which one of among A and B have real eigen value.
1488 O 1 §@ 0
Solution: (@) A=|0 7 -3i A'=l0 7 -3i
0 3i 5 0 3i 5

A" = A so A is Hermitian.

So it is not Hermitian rather it is Anti-Hermitian.

1 1
b,) = S ) B
|b,) 5 |a,) 5 |a,)

(© The eigen value of A matrix is real because A is Hermitian.
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3.4 Postulates of Quantum Mechanics
The quantum mechanical postulates enable us to understand.
e how a quantum state is described mathematically at a given time t.
e how to calculate the various physical quantities from this quantum state.
e Knowing the system’s state at a time t, how to find the state at any later time t. i.e.,
how to describe the time evolution of a system.
There are following set of postulates.
Postulate 1: The state of any physical system is specified, at each time t, by a state

vector |y(t)) in the Hilbert space. |y(t)) contains all the needed information about the

system. Any superposition of state vectors is also a state vector.

Postulate 2: To every measurable quantity A to be called an observable or dynamical

variable. There corresponds a linear Hermitian Awhose eigen vectors form a complete

basis. Al4,)=a,|d,)

Postulate 3: The measurement of an observable A many be represented formally by an
action of A on a state vector‘x//(t)>.

The state of the system immediately after the measurement is the normalized projection
P.ly)

JW IR lw)

of |y) onto the eigen subspace associate with an.

Postulate 4 (a): When the physical quantity A is measured on a system in the state |y)

the probability P(a,) of obtaining the non-degenerate eigen value an of the corresponding

observable Ais  P(a,) _KAIDT pere Alg)=a,|d,)
v ly)
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Postulate 4 (b): When the physical quantity A is measured on a system in the state |l//>

The probability P(a,) of the obtaining the eigen value an of the corresponding observable

> [w) [
Ais P(a,) =L ——
(v |w)

Where gy, is the degree of degeneracy of an and |4y (i=1,2,3,&,4g,) is orthonormal

set of vector which forms a basis in the eigen subspace en associated with eigen value an
of A.

Postulate 5: The time evaluation of the state vector |y (t)) is governed by schrodinger

equation ih%h//(t)) =H({)|w)

Where H is Hamiltonion of the system.
The solution of schodinger equation must be
(a) Single valued and value must be finite
(b) Continuous
(c) Differentiable
(d) Square integrable.
3.4.1 Expectation Value: The expectation value of operator A is given

(wlAly) a, [ (4, W) [
° A= "7
‘e \7a1%; A= Z (wly)

Where <'//m | A|Wn> :anamn :><A> :Zanpn(a”)

For continuous variable
Jaly(@F da
¢ (A== = [ adP(a)

Jlv@fda

e Error in measurement of Ais AA= <A2>—<A>2 where AA>0
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3.4.2 Fourier transformation: Change in basis from one representation to another
representation.

|p) is defined as

1
> — e Px
P 27th

The expansion of y(x) in terms of |p) can be written as.
X)= | a d X) =——— | a(p)e™"d
w()=[a(p)| p)dp ¥ (%) ML(p) p

—00

Where a(p) can be find

a(p) = — [ v(0e "o

In 3D
1 3/2 w
alp) = e B3y
(p) [—mj v

Where a(p) being expansion coefficient of | p).

e If any function w(x) can be expressed as a linear combination of state function

¢,
e, w(X)=>cé (x) then where [#.ddx=25,, then c, =y, (x)f(x)dx

which is popularly derived from fourier trick.

Parity operator: The parity operator IT defined by its action on the basis.
Ir)=-r) (r|y)=y(-r)

If w(-r)=w(r)then state have even parity and

If y(—r)=—-w(r) then state have odd parity.

So parity operator have +1 and —1 eigen value.

Representation of postulate (4) in continuous basis.
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Example: A state function is given by |y) = ¢,) + L

$|¢2> It is given that (4, | ¢,) = J;

(@) check |y) is normalized or not
(b) write down normalized wavefunction (y|.
(c) Itisgiven H|¢g)=(n+Dhw|d,) n=0,1,23, ...
If H will measured on |y). what will be measurement with what probability.
(d) Find the expectation value at H i.e., (H)
(e) Find the error in the measurement in H.
Solution: (a) To check normalization one should verify.

wly)=1

lv) |¢1>+\/—|¢2

(wlw)=(al|d)+{a |8 \/’ +(¢, | 4) \/’+<¢2|¢2>(\/7j

=1+0+0+

3
2

N |-

The value of (w |w) :gso |w) is not normalized.

(b) Now we need to find normalized |y) let A be normalization constant.

lv) = AI¢1>+\/—|¢2

A2 3A2 \F
(v lw) 5 5 2

o |y)= \flciﬁl |¢z
2 1
<‘//|:<¢1|\/;+<¢2|$
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(c) It is given that
Hlg)=(n+Dhw n=0,1,23...
Hl|g)=2ho Hl|g,)=3ho
When H will measured |y) it will measured either 2x0 or 3o

The probability of measured 2z IS P(2xw) is given by

2 2
p(2nay < AW _2 A LC 3171
wly) 3 wly) 3
So when H will measure state |y) the following outcome will come.

Measurement of H on state = |d1) |d2)

Measurement :2ho 3ho
Probability 213 113
(w|H|y)
(d) <H> = . = Pn(an)an

v ly) Z
 2hx 2+ 3hoxt (Hy = Th@

3 3 3

2
oy =YW 5o a2 22 2n0) +1x@ho)
wly) 3 3

L 8h’w’ . O’ w’ < 177%w*
3 3 3

(e) The error in measurement in H is given as

17h°0*
3

2 2 2
<H>2=(7ha)j =49ha) AH = /E—igha)
3 9 3 9
AH = /51;49;1@:%71@

AH = J(H?) = (H)* (H*) =
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Example: The wave function of a particle is given by :(%qﬁo + Bi¢lj, where ¢, and ¢, are

the normalised eigenfunctions with energy E, and E, corresponding to ground state and

first exited state .
(a) Find the value of B such that y is normalised.

(b) What is measurement
(c) What is the probability getting E,

(d) What is (E)
Solution: (a) <V/|:%¢O_Bi¢l

For normalized (y|y)=1

_B_2 2 2_\/2
(wlw)= S +B =1=8%= 2

Now |y)= %% + \Eiqﬁl

(b) Measurement are E;, E,

2
(c) Probability getting E,, p(El):K¢1|'/’>‘ 2
wlw) 3
(d) <E>:Zw:EnP(En)=%x E, +§El :E()+T2|El

n=0
Example: (@) Plot ,(x)=Ae™ —w<x<w
(b)  Ploty, (x)=Ae* —w<x<w
(© discuss why v is not solution of Schrodinger wave function rather y , is solution

of Schrddinger wave function.
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Solution: (a) w,(x)=Ae™x<0 '//(X)A
v (X) = Ae x>0 A

The plot is given by

A
v

b)) v, ()=Ae" —w<x<w A,

The plot is given by

(c) Both the function , and w,, are single value, continuous, square integrable by v, is
not differentiable of x = O rather y,, is differentiable at x=0

So y, can be solution of Schrédinger wave function but w, is not solution of
Schrodinger wave function.

Example: A time t = 0 the state vector |y (0)) as | (0)) :%U $)+14,))

It is given as Hamiltonian is defined as H | 4,) =n’ €| 4,)
@) What is wave function |y(t)) at later time t.
(b) Write down expression of evolution of |yA(x, t)|*

(c) Find AH
(d) Find the value of AH - At

) 1 ﬂ —idept
Solution: (a) [y (1)) = E{e ") t+e ' o|dy)
@) <[|4)+e " |4,)]
Where w,, = E,-B_3%
h
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 108




fiziks

fiziks

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

(b) Evolution of shape of the wave packet
1 1
[y (x,1) |2=§|¢1(X) i +§|¢2 (X)I* +¢i¢, cos o, t

©  AH=(HH-H?)"

1 1 5 1 1 17
<H>:EE1+EE2:EE1 <H2>:EE12+EE22:?E12
AHZ%E1 AHZ%XGO
(d) AH:%eo At:Al Atzsh L s zg
My S S
AH -At—ﬁ
2

Example: Consider a one-dimensional particle which is confined within the region 0 < x < a and

whose wave function is y(x,t) =sin (”—Xj e'”*. Find the potential V (x).
a

Solution: From the fifth postulate.

Oy p? n o
Hy =inZ H=—tV(X) == V(X
v ot 2m ) 2m ox? ()
—h* %y Oy
— +V(X)y =th——
2m ox* (X ot
242
i hz sinZX giet +V (x)sin X giot _ ihsin”—x(ia))ei“’a
2ma a a a
ﬂ_ZhZ ﬂ_ZhZ ﬂZhZ
+V(X)=-hw V(X)=-lo- V(X)=—| ho+
2ma? () ) 2ma’ () 2ma’
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Example: If eigen value of operator A is 0, 2ay, 2a, and corresponding normalized eigen vector

0 0 1 1
.1 1. . .. 1
IS —| -1 |,—=| 1 |and | O |respectively t system is in state —| O |then
2|2 PECIVEV Y 6
1 1 0 4
. 1
(@) When A is measured on system in state 5 0 | then what is probability to getting
4

value0, 2a,, respectively.

(b) What is expectation value of A?
0 0

. 1] . 1.
Solution: Let |¢,) =—=| -1 |[=> A, =0, lb,)=——4|1 | =>4, =23,
V2 1 V2 1

A2 = A3 =2agi.e., A = 2ao is doubly degenerate.

[ ly O F _ 8

P(0) =
wly) 17
P(2a,) = (¢, Ly ) [ Ny () §
(wly) (wly)
1\ T [ i
(0 —i 1} 0 @000
(\/7 6 4 6 4 1 1 x16 1
i _2 36 +@
1 1 1 17
Z@104)=0 ~@o 4=lo| 36 36
6 6 6 6
4
2
g 1 9 8
==+ —=—=(A)=0x—+2a, ><— A) = Average value
AT AT (A= 17 (A= ( g )
36
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Example: A free particle which is initially localized in the range —a<x<a is released at

time t=0.

() = A if —a<x<a
=0 otherwise

Find (a) A such that y (x)is normalized.
(b) Find ¢(x)i.e., wave function in momentum space.
(c) Find y(x,t) i.e., wave function after t time.

Solution: (a) j Ly (x,1) 7 dx = A? j dx=1= A:%
S et a
h B inka

—-a

1 Tsin kaﬂ‘[kx‘%‘]
(c) W(X’t)‘n@[o e dk
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Questions

MCQ (Multiple Choice Questions)
Q1. The quantum mechanical operator for the momentum of a particle moving in one

dimension is given by

.. d .. d .0
@) |h& (b) —|h& (c) |ha

K% d?

()_Zmdz

Q2. If the distribution function of xis f(x)=xe™* over the interval 0 < x < oo, the mean

value of x is
@) A (b) 22 ©) % (d) 0
Q3. If |w,)is written in orthonormal basis of |¢,) as |1//0>:%[A|¢l>+\/§|¢2>+i|¢3>—|¢4>]
Then the value of A Such that |y, ) is normalized.
(@) V2 (b) 2 () V12 (d) -2
Q4. If an operator A is defined as , Alg)=(n+1)a|¢,) . n=123 &Where

($]83)=6,,-1f A is measured on state |y,)=(|4)+|4,)) what is measurement

(a) 23, (b) &, 2a, () 2a,,3a,

(d) 4a,

Q5.  Ifan operator A is defined as, A|¢,)=(n+1)a,|4,). &n=12,3Where (4, |4, )=5,,. If

A is measured on state |y, )=(2|4)+3|¢,)) what is probability of measurement of 3a,

1 4 9
(@) " (b) 13 (© 3

(d) 0

Q6.  Ifan operator A is defined as , Alg,)=(n+1)ay|¢,) & n=1,2,3Where (¢, |4,) =6, .If

A is measured on state |y,) =(2|4,)+3|4,)) what will average value of measurement of

A
35a 3a 10a
a) 5 b 0 c) — d 0
(a) 5a 13 (©) c 13
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Q7. If an operator A is defined as , A|4,)=na,|4,) n=123where (¢, |4 )=05,,.If Ais

measured on state |, )=(2|¢)+3|4,)) what will average value of measurement of A

354 3a 2243
a) 5 b 0 c) 2 d 0
(a) 5a, 13 (c) c 13
Q8. If potential energy of system is the attractive delta function potential defined
as V(x)=-bs(x) , where b>0 , and wave function is defined
Acos”—x for —a<x<a
asy (x)= 2a’ . The average value of energy is given by
0, otherwise
7~ b °h* b
a) (E)= -— b) (E)= —
@ (E) 8ma’ a () (E) 8ma’ a
7°h* b Vi G
c) (E)= = d) (Ey=2—" +=
©) (E) 8mb®> a (@ (8) 8mb° a

Q9.  The wavefunction of a particle is given by l//=(%¢0 —i¢l) where ¢, and ¢, are the

normalized eigenfunctions with energies E, and E, corresponding to the ground state
and first excited state, respectively. The expectation value of the Hamiltonian in the state
w IS

E, E E, - 2E E, +2E
a) —+E b) —2-E c) >-——+1 d 2—1
(a) > & (b) ;N (© 3 (d) 3

Q10. The wave function of a particle is given by =(%¢o +i¢1j, where ¢, and ¢, are the

normalized eigenfunctions with energies E, and E, corresponding to the ground state

and first excited state, respectively. Then <H2> in the state y is

EZ EZ 2E2 E + 2E2
@ 70 +E; (b) 70 -E/ (c ) d) ———
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 113




fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

Q11. The wave function of a particle at time t = 0 is given by|y(0)) =%Qul>+|u2>), where
lu) and |u,) are the normalized eigenstates with eigenvalues E; and E,
respectively, (E, > E, ). Find the expression |1//(t)> after later time t

1 (B +E) 1 i(E,+Ep)t
@)= plulu)e * @)= plu)l)e

1 gt —IE,t 1 +iEt +iE,t
@ )=llwe st | @)=l u)e™ |

Q12. The wave function of a particle at time t = 0 is given by|y(0)) = %Qul>+|u2>), where
lu,) and |u,) are the normalized eigenstates with eigenvalues E, =E; and E, = 2E,
respectively, (E, > E, ). The shortest time after which |w(t)> will become orthogonal to
w(0)) is

7h 2rh 7h 3rh
(@ — (b) (©) = (d) ——
E, E, 2E, 2E,

Q13. If the expectation value of the momentum is (p) for the wavefunction 1//(X), then the
expectation value of momentum for the wavefunction e'* *'"y (x) is
(a) k (b) (p)—k () (p)+k (d (p)

Q14. If a particle is represented by the normalized wave function

V15 (a2 - x2) i
I//(X): T or —a<x<a
0 otherwise
Find (P?)
5h° 5h° 2n° h?
a b) —- C) — d) —
()2az ()az ()5612 ()5612
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Q15. A quantum mechanical particle in  has the initial wave function v =y, (x)+y,(x),
where w,and y, are the real wave functions in the ground and first excited state of the
Hamiltonian with energy E,and E, respectively . What is expression of probability

density at time t.

@ Iy (x0) =[O0+l (9 + 2 () () co5(E, =)
©) (e =l (0 + o (0 =20 () (x)cos(E, ~E1)
(c) ‘l//(x,t)‘z :‘%(X)‘z +\l//1(x)‘2 + 2y (X) v, (X) cos(E, + El)%(c)

(@ (0 =y (O s (0 =20 (x)pa (X)cos(Es +E,)

Q16. A quantum mechanical particle in has the initial wave function 1//=1//0(x)+wl(x), where
w,and y, are the real wave functions in the ground and first excited state of the
Hamiltonian with energy E,and E;, respectively . What is expression of probability

density attime t=7 if E —E, =%o assumeri=1,0=1

(a) ('// 1 (X)_ Vo (X))2 (b) (’/’1 (X))2 - (W 0 (X))2
©) (wy(X)+wo(x)) (d) (2 (}))° + (o (x))°
d d : .
Q17. The operator | ——x || — + x | is equivalent to
dx dx
d? )
(a) ——X (b) W—X +1
2
()——xix +1 (d)d——in—x
dx dx
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Q18.

Q19.

Q20.

Q21.

Q22.

Suppose Hamiltonian of a conservative system in classical mechanics is H = wxp, where
® 1s a constant and x and p are the position and momentum respectively. The
corresponding Hamiltonian in quantum mechanics, in the coordinate representation, is
. 1 : 1
(@) —ino xi—— (b) —ihw x£+—
ox 2 ox 2

: 0 ihow O
C) —lhoX— d) —— x—
(€) —inax— ) -=-%5

The commentator [x?, p?| is
(@) 2inxp (b) 2in(xp + px) (c) 2inpx (d) 2in(xp — px)
Given the usual canonical commutation relations, the commentator [A,B] of
A=i(xp, - yp,) and B =(yp, +zp,) is
(8 2(xp, - p,2) (b) ~4(xp, - p,2)
(c) a(xp, + p,2) (d) —7(xp, +p,2)
If w(x): Aexp(— x“) is the eigenfunction of a one dimensional Hamiltonian with
eigenvalue E =0, the potential V(x) (in units where 7 =2m=1) is
(a) 12x? (b) 16x° (c) 16x° +12x? (d) 16x° —12x°

MSQ (Multiple Select Questions)
If a operator Aassociated with defined as A|¢,)=a,|4,) where n=1,2,34..... . if A'is
measured on state |W> then which of the following is /are correct.

(a) The measurement of A on state |;//> Isa,

(A2
(wlv)

(b) The probability of measurement of a, on state |1//> is

(c) The expectation value of measurement of A on state |y)is (y/|A|y)

g v

(d) The average value of measurement of A on state |://> IS Zan W
n vy
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Q23. The wave function of a particle is given by y = B(%gbo + i¢1j, where ¢, and ¢, are the

orthonormal eigenfunctions with energy E, and E, corresponding to ground state and
first exited state.

(@) The value of B such that y is normalized is \E

(b) The probability of measurementto getting E, on state v is %

(c) The average value of energy <E> = E+E er E,
(d) The average value of energy <E> - B +2E ”;ZEl

i 0 2i
Q24. If Hamiltonian H is defined as H :50(0 4} measure on state y :(3 j

(@) if H will measure on state y measurement is 5¢,

(b) if H will measure on state y measurement is 1s,, 4¢,
: . {7
(c) Expectation value of H on eigen state (0) Is le,

40¢,

(d) Expectation value of H on eigen state y is

Q25. The wave function w of a quantum mechanical system described by a Hamiltonian
H can be written as a linear combination of ¢ and ¢, which are eigenfunction of

H with eigenvalues E and E, respectively at t=0, y, = %¢1 +g¢2 and then allowed to

evolve with time,

(a) The magnitude of wave function after time t=T = hf_1 ISy, = 4 —¢ —§¢
2\ E,—E, 5" 5
. : . h 4 3
(b) The magnitude of wave function after time t=T =— ISy, =—d¢+=¢,
2\ E,—-E, 5° 5
- . . h 1 3
(c) The probability density after time t=T =— IS ‘1// r, t = ¢1 ——
2\ E,—E, 5
h( 1 3. Y
(d) The probability density after time t=T =— IS ‘1// r, t =( ¢ +— )
2\ E,-E, 5
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Q26. If A state of particle w(r,t=0) =%¢1 +§¢2 having energy E, and E, energy eigen
value with ¢ and ¢, are normalized eigenfunction of Hamiltonian H .
4 —-iEt 3 —iEt
a) then w (r,t)=—¢@ exp—=—+—¢, ex 2
(a) then y/(r,t) = dexp—==+ g, exp—
. h 49
(b) after time t=-———cos™| — | w(r,t=0) and y(r,t) became orthogonal
(E,-E) 16
(c) Average value of energy at time t=0 is 4E,+3E,
(d) Average value of energy at time t =t is %
Q27. A quantum mechanical state of a system is given by = Ax(a—x) if 0<x<a and
w(x) =0other wise then
.30 :
(a) The value of Ais ,/— for normalized y .
a
(b) The average value of position on state y is %.
(c) The average value of momentum on state y is not equal to zero
2
(d) The average value of kinetic energy is —
a
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NAT (Numerical Answer Type)

Q28. If w= ¢ |,)+ S |¢,) thevalueof Cis.............. such that y is normalized .
N
Q29. Ifastate y = C[|¢:L +(3+4i)|4,) ] Find the value of C such that y is normalised.
Q30. A operator is defined as Ag, =(3n-1)ayg, is if A will measure on state y which is
3+4i
defined as orthonormal basis of ¢, as \/_¢1 (\/_)qﬁz Measurement of A is
aa, and pSa,then value of o and frespectively ......... and A . (a>p)

Q31. A operator is defined as Ag, :(Bn—l)ao¢ is if A will measure on state  which is

. . 3+4i -
defined as orthonormal basis of ¢, as \/7¢1 (\/7)(152 Then probability of
measurement of 5a,is ...............

Q32. A operator is defined as Ag, = nayg, is if A will measure on state  which is defined as
orthonormal basis of ¢, as y =¢ +(3—4i)¢,. Then probability of measurement of
2,1S .........

Q33. Assume operator A defined as Ag, =na,g, and operator B¢, =(n+1)b,g, where

. : . 2 1 .
n=12,3...and if A state  is defined y = §¢1 + §¢2 if some one measure A on state
w he measure a, at the same time there is measurement of operator B the measurement
is....... 8 b,
. . . 2 1 — .

Q34. |If state of a system at time t=0 is defined by y = §¢1+ §¢2. If Hamiltonian H is

defined as Hg, = n*E, g, after time t = h cos‘l—1 then value of o is ............
aE, 2

Q35. |If state of a system at time t=0 is defined by g//z\/%¢l+\/§¢3 if Hamiltonian H is

defined as Hg, =nE,¢, where n=12,3..after time t = hE cos'— B then value of
ak,
and g .........
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MSQ (Multiple Select Questions)
Q36. Which of the following statement is /are correct about quantum mechanical system

(a) Solution of Schrédinger wave equation must single valued.

(b) Solution of Schrédinger wave equation must be continuous.

(c) Solution of Schrdodinger wave equation must be differentiable.

(d) Solution of Schrédinger wave equation must vanish at x — oo but x — —o it may be

infinite

Q37. Which of the following must be correct about quantum mechanical system?

(a) There is Hermitian operator associated with any physical measurable quantities.

(b) Physical measurable quantities are Eigen values of operator associated with physical

measurable quantities which can be real or imaginary.

(c) Eigen values of operator associated with physical measurable quantities must be non

degenerate in nature.

(d) Any state of system can be written in orthonormal basis of eigen state .

Q38. Which one of the following is correct about quantum mechanical operator.

(@ If A(x)is operator w is unnormalised state then average value of A is

<A>:T y” Apdx

(b) Physical measurable quantities in quantum mechanical system are discrete as well as

continuous.

(c) Energy can be measured by Hamiltonian operator which is always discrete.

(d) Momentum operator has always continuous in eigen value .
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Q39. If state of a system at time t=0 is defined by W=\/%¢1+\/§¢3 if Hamiltonian H is
defined as H¢, =nE,¢, where n=1,2,3.. then which of following is correct
(a) |w) is normalized state .
(b) The measurement of H on state y is E;and 3E,
(c) the probability of measurement of E; is % and the probability of measurement of
3E, is 4
5
.13
(d) the average value of H is ) E,
w = Ax(a—x) 0<x<a \ o
Q40. If _, then which of the following is correct
=0 otherwise
() The given function is square integrable
. . 30
(b) If v is normalized then value of A= =
(c) The average value of position on state y is %
(d) Maximum probability to find the particle is at x :%
Q41. Which of the following/are correct
. d . h
@) —|hd— is Hermitian operator .
X
d . .
(b) v is Hermitian operator .
X
(c) For any operator Athe operator B = AA" is Hermitian
(d) (1+i) AB+(1—i)BAis Hermitian irrespective of Aand B are Hermitian
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Q42. Which of following is correct?

w(x)=Ae ™M x>0

@) can be solution of Schrédinger wave equation

=—Ae"?* x<0

(b) w(x)= Ae™ can be solution of Schrodinger wave equation

w(x)=Axe ™ >0

© =0 <0

can be solution of Schrédinger wave equation

d) w(x)= Axe ™ can be solution of Schrédinger wave equation
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Solutions
MCQ (Multiple Choice Questions)
Ans. 1: (b)
Ans. 2: (b)
o _ j_z xf (X )dx ro XX A r x%e # dx
Solution: - it is distribution function so (x) === =0 0 =21
J._OO f(x)dx I: xe “dx J.: xe # dx

Ans. 3: (a)

Solution: For normalized

(volvo) =125 L[ A% () +3( ) (sl )+ (]} )=

%[AZ +3+1+1]=1:> A=7-5 = A=+2

Ans. 4: (c)
Solution: Now |w,)=(|4)+|d,)),  Alg)=(n+1)a,|4) = (n+1)a,is eigen value of Awith
eigen state |¢#,)  so measurement of A on state |y} is 2a, and 3a,
Ans. 5: ()
Solution: Now |) =(2]4)+3|4,)), Alg,)=(n+1)a,|4,)
Now measurement of A on state |y,) is 2a, and 3a, with eigen state |4) and |4,)

respectively
Ans. 6: (b)

Solution: Now |y,)=(2|¢)+3|4,)). Ald,)=(n+1)a,|4)n=123
Now measurement of A on state |y,) is 2a, and 3a, with eigen state |4) and |4,)

respectively

Probability of measurement of 2a, P(2a,)= <¢2 |l//°> zi,
< 0 |'/’0> 13
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<¢z|l//o> 9

<'//o|‘//o> 13

Probability of measurement of 3a, P(3a,)=

Average value of measurement of A is

<A>:—<V/°|A|V/°> =>a,P(a,) = 2a0xi+3a0x3: 358,

<1//0 |l//0 > . 13 13 13

Ans. 7: (c)
Solution: Now |v,) =(2|¢)+3|¢,)). Ald,)=na,|4,)
Now measurement of A on state |y,) is a, and 2a, with eigen state |¢) and |4,)

respectively

Probability of measurement of a, P(a,)= <<¢2 ||l’[/°>> = % ,
Vo |Wo
Probability of measurement of 2a, P(2a,)= <<¢2 ||l//°>> = %
VolVWo

Average value of measurement of Ais

A
(A) _ ol Alwe) > a,P(a,) = a Vi 24, <D _ 2%,
Wolve) 45 13 13 13
Ans. 8: (a)
Solution: V (x) =—-bd&(x); b>0 and y(x)= {Acosz—x; —a<x<a
a
. 2
Normalized y =, /— cos”—X
2a 2a
a W O 7°h?
T)= ———pdx =
() = oma” 8ma’
a . 2 b
V)= —bo(x)ydx=—(-b)=——
V)= b8 (x)yix=—(-b)=-
2422
(€)= o3
8ma~ a
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Ans. 9: (d)

(WHly) _E,+2E,
) 3

Solution: w =%¢50 —igand (H)=

Ans. 10: (d)

H?2 2 2
Solution: 1//=%¢0 igiand (H) <W<L|VJ>W>=ZE P(E)=E +32E
Ans. 11: (c)

) 1 ( —iEt —|E2t\
Solution: ‘V/(O)>=E(|U1>+|Uz>)3‘¥/ L e i +[u,)e ]
Ans. 12: (a)

) 1 ( —iEgt —|E2t\
Solution: \w(0)>=$(|ul>+|u2>):>\y/ L e ' +|u,)e J

|w(t)) is orthogonal to | y(0)) :><y/(0)‘y/(t)>:0:>5e h e =0

—iEat —iEat —iEat —iEat i(Ez—El)
=>e? +te* =0=>e’" =" e * =-1
(Ez N El)t wh h
= C0S—————=C0S7 =>t= =—
Ez - El Eo
Ans. 13: (¢)
Solution: Jm w*(x)(—ihijw(x)dx =(p)
- OoX
Now
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Ans. 14: (a)
2 a 2
Solution: p? :—hz% = < p2> =—h’ Xlézf’ J;l(a2 - xz)%(a2 —X? Jdx
15 ? 15 3"
=—h?x 16a° ><(— 2)£(a2 —x? )dX =h?x T6a® X Z{a2 - X —?}a
3 2 2
=h®x 155 x2{2a3 —Zi} =h? XEXZX 2a3[1—1} = 15h2 ><g <p2> = 5h2
16a 3 16 3 4a° 3 2a
Ans.15: (a)
Solution: y(x) =y, (x)+w,(x)
—iEgt -iEt
w(xt)=wy(x)e " +y (x)e *
. o Bt « Bt . -
w(xt) =y (x) e +y(x) e’ Vo (X) = (X). () =y (x)
" * t
(x| =v (x,t)y/(x,t)z‘%(x)‘z+‘z//l(x)‘2+2Regu0(x)1//l(x)cos(El—Eo)E
Ans. 16: (a)
Solution: w(x) =, (x)+w,(x)
—iEgt —iEt
v (xt)=w,(x)e " +y,(x)e *
. « Bt . (118 . .
v (xt) =po(x) e” +ya(x) e yo(X) =vo(X)wa(x) =vi(x)
. 2 2 . t
(30 =1 () (x8) =l (9] +lo (X)] + 2Rews (X)ws (x)cos(E, - E;)
putting t=7x
()] =[wo () +[w (X[ +2Rew; (X, (x)cosz  ~E,~E, =ho=1
(0] =l ()] +va (0 =2Reys (x)ys (x) =y () = (x) ]
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Ans. 17: (b)

Solution: = (%— x}(%+ xj f(x)= (% - x}[& f(x)+ xf (x)}
:%[% f(x)+ i (x)}—x% F(x)=x2(x)
= 80 100 ex T8t g

Ans. 18: (b)
Solution: Classically H = wxp , quantum mechanically H must be Hermitian,

So, H :g(xp+ px) and Hy/:%(xpz//+ Xy )

Hy :%(X(_ih)av/ N _iha(X‘//)]:%(—ih)(x%—l)/(/+xa—l//+y/]

OX OX OX
ihw oy —lhw 0
SHy=——| 2x Lty |=—| 2x—+1
i ( ox '/') 2 ( ox jl/l

Ans. 19: (b)

Solution: [xz, p2]= x[x, p2]+[x, p2]x= Xp[x, p]+ X[ X, p] p+ p[X, p]x+[x, p] px
[x?, p?] = xp(in)+ x(in)p + p(in)x -+ (in)px = 2in(xp + px).

Ans. 20: (¢)

Solution: [A, B] = [(ixp, —iyp, ) (yp, + zp, )
[A.B]=ilxp,. yp, |-ilyp,. yo, ]+ ilxp, 2, |-ilyp,. 20, ]
[A.B]=ilxp, yp.|-0+0-ilyp, 20, | = ilxp,. yp, |- ilyp,.2p, |
[AB]=ix|p,.yp, [+i[x yp.Ip, ~iylp,.2p, ]-ily.2p, ]p,
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[A.B]=ix|p,.vp, |+ 0-0-ily,zp, |, =ix|p,  yp, |-ily. 20, |p,
[A B]=ixx(~in)p, —izifx p,
[AB]=n(xp, +p,2)
Ans. 21: (d)
Solution: Schrodinger equation —V?y +Vi =0 (where 7=2m=1 and E=0)
—S—Z(Ae‘x Jrvae =0= —%[e”‘ x-4x° |+ve =0
4[{3x2e*” + xs(— 4x3%e™ )H+Ve’x4 =0 =>12x% ™ ~16x°e X +Ve ¥ =0
=V =16x° -12x?
MSQ (Multiple Select Questions)
Ans. 22: (a) and (d)

Solution: The expectation value of measurement of A on state |1//> is
WwlAY) <. lelv)l
a,
W) 2 )

Ans. 23: (a) and (d)
Solution: (a) For normalized (y|y) =

2
<y/|w>=87+32 :1:>B=\/§

Now |y/>:%¢o +\Ei¢1 Measurement are E,, E,

2
. . ¢y
Probability getting E,, P(E,)= m _2
wlw) 3
2
Probability gettingE,,  P(E,)= ‘<¢° |V/>‘ _1
wlv) 3
* E, + 2E
So (E}:ZEnP(En)=1x E, +3E1 e B
p—ry 3 3 3
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Ans. 24: (a), (c) and (d)

. 10
Solution: H =g,
0 4
. i 1 0
E, =&, E, =4¢, and corresponding eigenvector |g¢,) = 0 |4,)= .

1). . . .
Hence |¢1>=[0] is eigen state with eigen value 1s,,50 measurement on state |¢) isle,

but y is not eigen state so measurement is both of eigen value E, = ¢,, E, = 45, and

2 2
Probability  P(s,) :M =i, Probability P(4s,)= ‘<¢2|V/>‘ Ry
(wlv) 13 (wlw) 13
4 9 40¢
<H>=50XE+450XE= 130
Ans. 25: (¢)
. 4 El 3 . Bt
Solution: z//(t=t):g¢lexp—|71+g¢2 exp—|72
.Et(4 3 . (E,-E))t h 1
pt=t)= exp—l#(g@ +§¢2 exp—l%j putT = E( E_E, J
.Et(4 3
) = L g ==
w(rt)=exp- S84 24,
@16 9 «, 4 3 E,-E)t
ly (r.t) :2—5|¢1|2+2—5|¢2|2+2Re¢1¢2gxgcos%
2 16 9 «, 4 3 E,—E)t h
ly (r.t) :£|¢1|2+£|¢2|2 +Re¢1¢2€xgx2005( .~ E) XZ”'z(El—EZ)
16 9 «, 43
b (r0) =gl + ol ~2Red -
4 3 Y
‘W(r,t)‘z = [g% —g¢zj
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Ans. 26: (a), (b) and (d)

Solution: (1.t =0) =2+, from postulates five  y(r.) = St exp -+ 2, exp 2

Now (w (r,t=0)|y (r,t=t))=0

SiEt
h

9 —iE,t 16 —iEt 9 —iEt
+— exp—=—=0=—ex =——eX
25<¢2|¢2> P h 25 P h 25 P h

16
£<¢1 |¢1> EXp

EXPM — _g = COS(EZ_—El)t — _i :>t :Lcos’l (i}
h 16 h 16 (E, -E,) 16

Probability of measurement of E, and E, are % % respectively at t=0andat t =t

from postulates 2 and 3.
Ans. 27: (a,b,d)

Solution: Il/l//dX=1 :>A2Ix2(a—x)2dx=1 = A= 2
a
0 0
jl//*Xy/dx Azjxxz(a—x)zdx
(x)-" : -2

: Tz//*y/dx AZT X (a—x)*dx
0 0

a * - a 2a - a
—1h— Al x(a—X%x)—1i— x(a—X
!w x !( )=in_ x(a-x)

< px> a 2 - a =0
Il//*l//dX AZI x?(a—x)*dx
0 0
a 2 2 a 2 2
- N, ) /)
P A“ [ x(a—X)————5X(a-x
<T>_<pf>_ol// amox’ ! @ om a7 g
“\o2m/ &, B 4  ma?
J-l// wdx AZJ.xz(a—x)de
0 0
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NAT (Numerical Answer Type)
Ans. 28: 2.45

Solution: For isnormalised< )= 1:>C—2+g 1:>C—2—£:>
Shaid iy 15 15 15 15

c=+6

Ans. 29: 0.196

Solution: For normalized y :><1//|z//>:1

C?[{dh]dh) | +(3+4i)(3-4i) {4 |4) =1

C2[1+9+16]:1:>C:L:.196

26

Ans. 30: 2and 5

Solution: Measurement of Aon any state are eigen value 2a,,5a,

Ans. 31: 0.96
(8 w)
Solution: Probability getting P(5a,) = < 2|V/> =§—2:0.96
vy
Ans. 32: 0.03
Solution: Probability getting P(a,)= ‘§¢2||W>>‘ :2—16:.03
vy

Ans. 33: 2

Solution: If A will measure state  and get the eigen value a, means y is projected in the
direction of ¢, if again B will measure on state y it will measure eigen value associate
with ¢ so measurement is 2b; .

Ans. 34:

Solution: y (t \/7¢1 \/7¢2"//(t_t) \/7(/519 ‘?+\/7¢2 o

w(t=0) and y(t =t) became orthogonal so their scalar product vanish

(v =0y (t=t)=
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—iEt —iE,t
ge " +1e P20 ot= "
3 3 E,-E

E, — E, =3E, comparing with t = cos’11 =>a=3

ak,

Ans. 35; 2 and 0.25

Solution: y = \/7¢1 \/7¢3:>W(t—t) \/7¢1 lEzt \/7¢3 |E3t

w(t= and w(t=t) became orthogonal so their

(w*(t=0),w(t=t)=

5 5 E,—E

h cos'-p a=2
0

E, - E, = 2E, comparing with t =

MSQ (Multiple Select Questions)

Ans. 36: (a), (b) and (c)

cos‘l—% where E,=4E, and E,=E, and

scalar product vanish

cosl—% where  E, =E, and E,=3E, and

B =0.25

Solution: Solution of Schrodinger wave equation must single valued, continuous, differentiable

and it must vanish at X = o but x = —o©
Ans. 37: (a) and (d)

Solution: Eigen values of operator associated with physical measurable quantities which can be

real it may be non degenerate or degenerate.
Ans. 38: (b)
Ans. 39: (a), (b), (c) and (d)

Solution: %+%=1 so it is normalized, the measurement of H on state y is Ejand 3E, With

1 4 1 4 13
the probability = and — and (H)=E ,x=+3E, x—=—
P Vg and 5 and (H)=Eyx +38,x =3

E,.
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Ans. 40: (a), (b), (c) and (d)

Solution: the function is vanish at x - X — —oo s0 it is square integrable .

30

_([w*wdx:l = A= o <x>=.([1//*xwdx=% ,|1//|2 :::I—E_J)(x(a—x))2 is max at%

Ans. 41: (a) and (c)
Solution: Any operator A is Hermitian if A" = A
Ans. 42: (b), (c) and (d)

Solution: (a) is not continuous so it can not be solution of Schrodinger wave equation.
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4. Application of Quantum Mechanics in Cartesian Coordinate
4.1 One Dimensional System

Properties of one dimensional motion:

continumum

A
state |

>t

Bound !
state

v

(A)  Bound states (quantum mechanical discrete spectrum)
Bound states occur whenever the particle cannot move to infinity and particle is confined
into limited region.

e From the figure the condition for bound states is V.

min

<E <V

e In a one dimensional potential energy level of a bound state system are
discrete and non degenerate.

e The wave function y, of one dimensional bound state system has » nodes i.e.
w, vanishes n times if n corresponds to »=0 the and n—1 nodes if n=1

corresponds to the ground state.

(B)  Continuous spectrum (unbound states)
Unbound states occur in those case where the motion of the system is not confined in
above figure.

o J, < E <V, :The energy spectrum is continuous and none of the energy eigen

values is degenerate.

e E>V, : The energy spectrum is continuous and particles motion is infinite in

both directions. And this spectrum is doubly degenerate.
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4.2 Current Density (J):

The probability current density is defined as J, = h a oy -y oy
2im ox ox

The current density can also be given as.
J = pV

2
Where p is probability density. ie.,” :|V/| and v is velocity of particle which is @in
m

momentum.
2 hk

So current density is J = (W*W)@ =|y| —
m m

The current density and probability density will be satisfied the continuity equation which

is given by %+V-J =0

4.3 Free Particle in One Dimension

The potential of free particle is defined as V(x) =0; —w<x<o

The schrodinger wave function is given by

H=FEy
—h* 0%y o’y 2mE 2mE
————+V(x)=E = ——+——y =0 where =k’
e e o 72
\ ) h2k2
the solution is given by y = 4™ + Be ™ and E= 5
m

272

The energy eigen value of free particle is E = is continuous and wave function is

2m
vy, =4e™and y_= Ae™ where y,_ moves from positive axis x and y_ moves from

negative x axis.

272
Hence there is two eigen function for energy E = 5 then wave function is doubly
m
degenerate.
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4.4 The Step Potential

If J,is incident current density ,J, is reflection current density andJ, is transmission

r

current density.then  Then reflection coefficient is defined s is de R= and

i

—t

transmission coefficient is defined as 7 = J

The potential step is defined as

0 x<0 4
0)-4 i ...... .

V0x>0 0

Casel: E>V

For x <0. The schrodinger wave is given x, y

—-h* d’y d’y 2mE
dez =Lty dx2+ h? -0

w =A™ +Be™  x<0

Where Ae™*is incoming wave. And Be s reflected wave.

In x >0 the schrodinger wave equation.

1 d*y

E dx’
2m(E V)
= T

D =0 be are no wave reflection reflected in region Il i.e., x>0

2
o:ilT‘/’Jrk;w:o

2

Ay  2m(E-V)
+Vy =Ey = + =
4 4 I 72 4

where k7 w, =Ce" + De™™*  (x>0)

v, = Ce"**which is transmitted wave i.e., y, = Ce"*

n Loy, o) hk .
J. = . Ly —L | =—2]4
' 2im [\V’ ox Vi 6xJ m 4]

o[ .oy oy, | —hk .
J, = r oy, e | 2T B
" 2im (Wr ox v 8xj m |B]
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h [ .oy oy’ hk, .,
J = t t — 2 C
Y (w, P 6xj el

J,

| =

J.

1

| B
|Af

Using Boundary conditionat x=0 i.e.,

_|e
J,

l

_K,ICF
K, |4

Wave must be continuous and differentiable at boundary. So
v, (x=0)=y,(x=0)=>A4+B=C

v,
dx

_ dy,

= = k(A-B)=k,C
dx

x=0

x=0

Solution of above two equation
B=[ 5=k |A ang c=[ -2 A
k1+ k2 k1+ k2

2
R:(Mj and T—ﬂ where R+T =1

k, +k, (k)
Case Il: E<Vp
Schrodinger wave equation for 0 < x
Hy =Ey
- d*y d>y 2mE d*y
. +0y(x)=E(v) = + =0= +k*y =0
2m dx* V) (W) dx? h? v dx* 1V

Solution of the y = 4e™ + Be™
If 4e™*is incoming wave v, = A" then Be ™" is reflected wave y, = Be ™"

Schrodinger wave equation for x >0

_hz d2 d2 2m 2m
deﬂuVOW:EW = dx\zv‘?(Vo—E)W=0 :>?(VO—E):k22
2

C;_\f—kzz\lf=0:>w:Ae"2x+Bekzx

X

A =0 wave function must vanish at x — 0 then y, = Be "
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J, =|A|2% J =|B|2@ and J, =0
m

4

2
and T:i:O

m
r=t_|B
J, |4 J,

Now we boundary condition.at x =0
y,(x=0)=y,(x=0) = (A+B)=C

dx |, dx | ik,
=tz and C = 2h o so R=1and R=0
k, +ik, k, + ik,

.
lya|* = 4% + B> +24Bcos2K,x

I\
|‘/’1| \\
\ 0 \2
|‘//2|

-|c|2 o 2K

where || :‘A2‘+‘BZ‘+2AB cos 2K, x

—2K,x

2 2
vl =[cfe
when E <V,, there is finite probability to find the particle at x>0 even if £<0 but

current density is zero in region x> 0.
Strange part of the problem is that even if transmission coefficient is zero there is finite

probability to find the particle x > 0.
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fiziks

4.5 Particle in a One Dimensional Box: 0 o0

The potential of one dimensional box is defined as

N

V(x)=0 O<x<a R
=0 otherwise N
0 a

Time independent schrodinger wave equation is given as Hy = Ey for region x <0and
x>0, w(x)=0 because in this region potential is infinity so probability to find the

particle in that region is zero.

Schrodinger wave equation in the region 0< x<a

Hy =FEy

2 2 2 2
idt/z/zEl//jdt/z/z_Zmljl//:>dt/2/+2m§t//=0
2m dx dx h dx h
IV ke —0 = Asin o+ B cos kx

x2+ W= w(x) = Asinkx+ Bcos

Now wave function must be continuous at the boundary
So w(0)=w(a)=0=0=A4sin0+Bcos0=B = B=0
w(x) = Asin kx
w(a)=0= Asinka=0 = ka =nn where n=0,1,2,3,....
Butfor n=0 w(x)=0 so n=0 is not possible

so n=12,3,... ka=nn

2 232
/2sz -V :@,where n=12,3,...
h a 2ma

E_ is energy eigen value which is discrete.

x) = Asin@, the value of A4 can be find with normalization condition which is
W"I a

Iawn(x)rdx:l = A= 2

0 a
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So energy eigen function is given by y, (x) = ,/z sin 222 =12,3,....
a a
n’r*h?
Energy eigen value is given as E, = P where n=123,....
ma

The orthonormal condition is given by J;a vy, dx=35,

! 7 i
972'2h2A A
E. =
* 2mad® \/
4 222
E, - i hz
2ma
232
E =" h2 _\
2ma
0 a
2

Any function f{x) can be expressed in the term of y,(x).

£ = e, (x) where ¢, = [y (x) / (x)d
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4.6 Infinite Symmetric Potential Box

V(x):oo x<—Zand x><
2 2

a 0 a

2 2

Wave function in region x < —a/2 and x > a/2 is y(x) = 0 because wave function is infinite

in region __Za <Xx <%the solution of Schrodinger wave function is given by.

w = Asinkx + Bcoskx Parity operator will commute with Hamiltonian because so wave

function can have either even or odd symmetry .

Now wave function must vanish at boundary.

Case | Solution for even symmetry

Case Il Solution for odd symmetry

w(=x) =y (x)
—ASin kx + B coS kx = ASin kx + B €0S kx
means A =0 = y(x) = Bcoskx

Using boundary i.e.

ka ka m 3m 5n
cos—=0 —=——,—,..

2 2 2 2 2
kn:ﬂ where n=1,3,5....

a

So vy, (x) =B, cosk, x

niwx
normalized wavefunction y, (x) = \/7 cos—

n

k=" 2135 .
a

y(=x) =y (x)
—ASIn kx + B c0S kx = —Asin kx — B €0S kx
means B=0 = y(x) = ASinkx
Using boundary i.e.

Sink—a=0 k—azn,Zn,3n .....

k, =T \Wwhere n=2,4,6...
a

So v, (x)=4,sink x

nwx
normalized wavefunction y, (x) = \/7 sm—

k, =T \Wwhere n=2,4,6...
a
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ks

Solution for infinite symmetric box as mentioned above is given by

\Ecosm n=135,....
_ a a

l//n_

gsin@ n=2,4,6,...
a a
. n’mlh?
and energy eigen value E, = — n=1234,56..
2ma
Alu !//()C) Alu
97°h? / 2 3zx
E, = =,|—C0S——
3T o’ Vs (x) p B
A7°RH? 2 . 2rnx
Ey= 7 t//z(x):\/;sm7
232
z°h
E = 2 X
© 2ma’ l//l(x)=\/:cos—
a X a a a

Firstzthree eigenstate are shown in thefabove figure.
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4.7 Square Well Finite Potential Box (graphical method)
Square well finite potential box is defined as.

A : L)
a a ! ' .
V(x)=0 5 <r<5 I | 1 B
Voif Vo Re
=V, otherwise : | :
v ' v
For Bound state £ <0 —al? al?

. . . . . a
Schrodinger wave solution in region I, i.e., x < 5

@ (x)=Ae™ +Be’”™ x— —oco wave function must be zero

soB=0

where ¢,(x) = 4de™  x< —%

. . . . . a a .
Schrondinger wave solution in region 11, i.e., < <x SE is

@,(x) = Bcos kx
¢, (x)=Csinkx for odd parity

(potential is symmetric about x =0 so parity must be conserve).

2mE

hZ

where k%=

. . . 5 . a
Schrodinger wave solution in region Il i.e., x > )

w =De " +Ee"”
The wave function must vanish atx -0 soE=0

2m(V, - E)

@, (x) = De”7*where y* = 2
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Solution for even parity Solution for odd parity
a a
y(-x)=w(x) |x| >3 y(-x)=-w(x) [x| >3
@, (x)=Ae™  for x<—% @, =Ae”" x<—%
a a . a a
@, (x) = Bcos kx for—5<x<§ @, =Csinkx _§<x<§
¢ (x) =De™™ for x >% ¢y =De™ x >%

The wave function must be continuous and | The wave function must be continuous and

differentiable at boundary. So differentiable at boundary. So
a a a a
& [x=_5J=¢11 (x:_Ej @ (x=_5j=¢11 (XZ_EJ
_ya e
Ae 2 =Bcosk7a ..(X) Ae ? :—Csink—za ..(X)
_ya _Ya
—yde 2 =—kBSink?a ..(Y) = Aye ? =CkCOSk—2a ...(Y)
Dividing on Y by X one can get. ya _ ka tk_a
2 2 2
= ktank—a
n=-£cotg n :§tan(§+£j
va_ka . ka ?
.. 2 2
a ka mV,a
2 and 77:7/_’68:_’772‘*‘982: v
_ra =k_a 2y g2 mV,a 2 2 2h
2 2 2n’ The even bound state energy can be found
The even bound state energy can be found by mV-a’
by solution of equation 1’ +&* =—2—and
. . s .2 mVya h
solution of equation n°+& =——=— and
h n=-&cot& can be found graphically.
n=_E&tan & can be found graphically.
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Second even bound state can be found

First even bound state can be found if First odd bound state can be found if
2 1/2 2
mVa <7 ~< mVof < S
252 2 2h 2

Second odd bound state can be found.

7 g2 V2 3n < mV,a’® - 5n
m a — T aas
< 02 <27 2 2h? 2
2h
—_— l// —_—
A
A Tl
n=0/[ i | i
PSR! 6
odd bound state /\\ ' ' ' ol
(first excited bound state) —{ E, : :’1 = :! :
| | N
| | N &
| | AV
RV
0 z T 3T 27
even bound state_—| N 2 o
(ground state) a2 al2| E,

In the table below shown the number of bound states for various range of ¥,a”.

where R denotes the radius.

R Voaz Even function | Odd function | No. of bound state
2 2
z m 1 0 1
2 2m
T 2_2 232
T pen h'm to 4A1t°h 1 1 5
2 2m 2m
3 212 212
7:<R<—n An°h to In‘h 2 1 3
2m 2m
212 212
3—”<R<2n gnht016nh 5 5 4
2m 2m
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4.8 Harmonic Oscillator (Parabolic potential)

The parabolic potential is defined as V(x)
V(x) = %ma)zX2
2

H =P—+3mw2X2
2m

0 X
The Schrodinger wave function is given.
-dv 1, ,
— L+ m* X’y =E
2m dx® zma) i
mo 2F
ut =, |—x, k=—
P = e
dv .
=(&" -k L
e (& -k (i)
&
For large £ . Solutionis (&) = de ?
&
The general solution is given by y(&)=H ,(§)e ?
2
So equation (i) reduce to d }2[ -2 aH, +(k-1)H =0
dx dg§

Solving series solution by putting H (&) = Zané;”
n=0

_ (2n+1-k) 4
T (+D(n+2) "

When k = 2n + 1 the equation (i) reduce to Hermite polynomial and

One can find a,,,

En=(n+%Jhco wheren=0,1, 2, ...

d’°H, _ dH

And 26—2+2nH, =0 (i
= &dé+nn (i)

Hermite polynomials and it is given as H, =1, H, =2& and H, =4&° -2
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&
H,(S)e *

1/4
] .. mao 1

Energy eigen function is v, (¢) = [—j
\2"n!

h
: : 1
And eigen value is E, :(n +§jhm n=0,12, ..

Ground state n=0 = E :%D IS zero point energy

4

1
E, :Eha) 78

/
_7{,

The first three stationary state and corresponding eigen value for the harmonic oscillator.

1/4 éz
The eigenfunction v, (&) = (m_:)
TC

E_,z

e 2 have energy E, :%’)

1/4

The eigenfunction v, (&) = (m—(DJ ide_7 have energy E, _3he
mth \/E
mo) 1 £

The eigenfunction =| — 48* —2)e 2

g v, (&) (nhj Jﬁ( g -2)e
1/4 2
mo 1 3 = 5ho
=|—| -=(4¢"—2)e 2 haveenergy E, =——
(2] (a7 2) o £,
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Problems on One Dimensional System:

Example: A particle of mass m is confined into a box of width a where potential is defined as .

V(x)=0 0<x<L
= oo otherwise
Find
(@) (X) ®) (X2)  (© (P d (P (e) Ax-AP,
Solution: A normalized wave function in above potential is given by.
b, ()= Zsin "™
L
2 o amx L
@ (»= fd) x¢, dx —!zksm “Edres
2 ¢ nmx B I
2 2 qin2 <
(b) <X>—j¢(x)X¢(x) Z.([x Sme_?_W

() (P)—jd)n(x)(—zh }p (x)dx———(zh)—jsm—cos—dx 0

th
@ (~ >—j¢ (x )( —h*—— ]¢ (o) ==
@ A= Av=L =G
12 2n°m
hi
AP =((P¥y=(P)?) " Ap ="
> =((PH=(P)?) n
Ax-AP. —mcif“z,/i—L
12 2n’n
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Example: A particle of mass m which moves freely inside an infinite potential well of length a

has the following initial wave function.

X 3 . (3nx 1 . (5zx
w(x,0)= Esm( p ]4‘ asm[ p j+\/asm( ; j

(@) Find A4 so that w(x,0)is normalized.

(b) If measurement of energy carried out what are the values that will be found and what
are the corresponding probability.
(c) Calculate the average energy.

Solution: Particle of mass m confine into a box of width a.

So ¢ (x)or|¢,)= [smﬂ

@ ly= \/—|¢1> \/7I¢3 |¢s

Ada 1 6

1 —+ +—=1 A
(wlw)= 1 10 c

(b) lw) = \/7|¢1 \/7|¢3 \/—|¢5>

If energy will be manual on |y) state the measurement of |y) yields either

w°h? 9n’h® 25mPh?

>—Which is eigen function.

2ma®’ 2ma®’ 2ma

Associate with |¢1) [d3) |ds) respectively.
NI

Probability to measures — >
2ma wly)

or’h’ [ lw)F _ 3
2ma® ~ (yly) 10

242 2
Probability to measures 257”; =|<¢5 121 :i

2ma wly) 10

3
5

Probability to measures
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(c) Average energy is given by (E) =XE.P,
_Ex nh? ix on’h? 1 25m°h? B 29 h?
5 2ma® 10 2ma® 10 2ma®  10ma®

Example: Prove that for any normalized wave function of particle in of mass m in one

) Oox

—00

dimensional I J(x)dx = i“ l//*il//dx— J. l//ail//*dx
—» —o0 X

2im 0

—00 —00

LN B VRPN G P R WY RPACLAC))
_2im{—ih-“ly(x)( lhax)w(x) (—ihj'//( D }

—00

n n 7.0 Y
SOIUtlon. EJ;J(X)CZX——{J.!// —xl//dx—'[l// alﬂdx:|

hAP) _(P)

2im —ih m

T J(x)dx =

Example: Three dimensional wave function is given by v (r) = (éj e
r

Find the current density.

Solution: w(r) = (éj e = l(t//*Vl// —yV 1//*)
r

2im
where VIEI’;ﬁ-liéﬁ- 1 25
or rof rsin@ og
2
by ifa. "€
rom

V(x)=V, O<x<a

Example: A potential barrier is given as )
V(x)=0 otherwise

Prove that the expression of transmission probability for £ < V4 is given as.

1 2mE 2m(V, - E
r-— % —e?%  where k¥ =~ and k’ _2m(l, ~E) % )
k fi h
4+| -2

kl
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 150




fiziks

fizi

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

ks

Solution: The potential is given as V(x) =V, 0<x<a

= 0 otherwise I I |11
4
Case E< 1)
The Schrodinger wave solution in I, 11 and 111 is given by o a
For region | x<O0; v, (x) = 4" + Be™™*

For region Il 0<x<a; v, (x)=Ce ™ + De

For region Il x > g; V(%) = Fe™ + Ge™™

Boundary condition v, =y, and v, :%atx =0andatx=a

dx dx
dy, dy,
=y,; —L=—2M  atx=a
Vi =V dx dx

A+B=C+D, ikA-ikB—k,C+k,D
and Ce ™ + De*" = Fe",  —k,Ce ™" + k,De"*" = ik, Fe""
The transmission probability is given by

|FF

=—— where y,=4e" and y, = Fe™

| AP

Solving the above four boundary condition

Jr
J,

1

(ﬁjz 1,0k K| | L_1[ K K| -taka
F) |2 4k & 2 4k &k,

For approximation Vo> E, —2-—L1x-2 e >> o7

(ﬁ (L, ik ke [ A7) (LK ) ctere A4
F) \2 4k F) \2 4 FF

FF~ 16

AA ?
47{]{2

1

-2k, -2k,
e 2a 2d

=T=e

*

*

_ £+k_222 o2kt
4 16k
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Example: Consider a particle of mass m and charge ¢ place in uniform field £ = Eof. Apart from

. . . . 1 .
this a restoring force corresponding to the potential V,(x) = EmCOZX ?acts. Find the lowest

energy eigen value. Consider the electric field is originated at origin.

Solution: The electric potential energy at the position x will be —gEx . So the effective potential
is given by

2 ~ quz
2m?

V(x) Lty —qEx = Lo (X— qEz]
2 2 mem

So Hamiltonion is given by

2 2 2 12
H:p—+%mw2[X— qu _9

2m mw? 2mm?
2 2 2
put x—9E —x =L Ly LE
mm 2m 2 2mo

So Energy is given by

2 2
E=(n+1jh0)— q EZ
2 2mo

Example: A particle of energy 9ev are sent towards a potential step 8eV high.
(a) What is reflection coefficient.

(b) What percentage will transmitted.

_ (JE-JE=¥,) (Ja-Je—8) (3-1} 1 )
Solution: R_[\/E+WJ _[\/§+\/ﬁ} _(mj =7 1-T=R

%T =%><10O =75%

Example: A particle in the infinite square well has the initial wave function.
y(x,0)=A4x(a—x) (0<x<a)

(a) Find the value of 4 such that y is normalized.
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(b) Write down w(x) in the basis of ¢ (x) where ¢, (x)is the eigen function of the nth

state (wave function) for the system confine into box whose potential is given as
V(x) =0 O<x<a
= otherwise
(c) Write down expression of y(x,1)

Solution: (a) y(x,0)=Ax(a—x) 0<x<a

For normalization J. | w(x,0) [ dx=1

:Azsz(a—x)zdle = A= 3—8
a
0

0)  v,(x)=Zc0,() Where ,(x)=,|x(a—x)
a

And can be found with Fourier’s trick ¢, = |y  ¢(x)dx

So c, = \/stin (@J \/gx(a —X)dx
b a J\a

0 if n is even 8\/1_5 5
. nmx
Cc = - X)= — [—SIN——
" 8(“153 if nislodd v () ,1:12,3,,,,(1171)3 g
nt

From Schrodinger wave equation
— a _ a(l)n _ —E,tlh
H(I)n (x) - lhad)n :> En(l)n (x) - lhE :> ¢n (x’ t) - (I)n (x’ O)e

2 212
n'nh
2

2ma
30 2 ? 1 . nmnx .2 2 2
So ) =.]—]| = ~sin| == —in®n*ht! 2ma
v(x,1) ,f P (n] 1,;..113 [ ; je

Where E, =
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Example: |¢> represent the energy eigen state of a linear harmonic oscillator and If

1
NG

(@) If energy is measured what will measurement with what probability

state| y) = —=(| d,)+| ¢,)) of harmonic state of angular @

(b) Find average value of energy.

Solution: (a) if energy is measured the measurement is %‘) and %Twwith probability %and %

<E>=lxh—w+lx3h—=ha)
2 2 2 2

4.9 Multiple Dimensional Systems
Ifx, v,z are independent then y(x, y,z) can be written as X (x)¥(y)Z(z) and Energy

Eigen value can be writtenas £ . =E +E +E,

Where H X(x)=E,X(x), H Y(y)=EY(y), H.Z(z)=E.Z(z)

and 7 = H_ +H, +H, and Hy =E(y)
4.10 Two Dimensional Free Particle
l ik x 1 ik,y 1 i(kxx-#kvy)
X, ))= e - e Dyp X, Y)=——e" "
W( y) N2r N2 W( y) N 27
E=E +E =£(k2+k2):£k2 ‘E‘:,/szrkz = constant
Ty Wy zm X y 2m ! X y

So two dimensional free particle is infinitely degenerate.
4.11Three Dimensional Free Particle

The wave function is y(x, y, z) is defined as

1 il ke, y+k.z) n’ 2 2 2
t//(x,y,z)zwe E=EX+Ey+EZ:—(kx+ky+kz)
(272') 2m
2
E=I"p K =k2 K2 +R2
2m
so three dimensional free particle is infinitely degenerate.
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4.12 Particle in Two Dimensional Box
The two dimensional system is defined as

V(x,y):{

0 O<x<a, O<y<a
0 otherwise

.. 2 . 2 . nrw
The wave function is given as y(x, )= \/:sm L7 \/:sm}—y
a a a a

2

Ezzmaz(ni+n§) where n,=1,23... n, =12.3,....
2_2
Ground state energy n, =1 n =1 E = 2n ”2
2ma
Y
First excited state n, =1n, =2 E= oh ”2
2ma

(Degeneracy of first excited state is doubly degenerate)

2002
Second excited staten_=2,n =2, E = " %
’ 2ma
2_2
Third excited staten, =1,n =3, E = 107 72
’ 2ma

n =3, n, = 3
(Third excited state is doubly generate)
4.13 Particle in Three Dimensional Box

V(x,y,z):{

0 O<x<L, O<y<L,0<z<L,

0 otherwise
2 . nmx |2 . n7xy [2 . nrz
w(x,y,z)= [—sin —sin —sin
L L. \L, L, \L, L.
2 2 2

2_2 n
B =T 0 here n 212,30 1, 212,30 =123, ..
v am (L )

z
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it (n? n
Forcubichox L =L =L =L E . = e
g voom \ L L

where n_=12,3,..., n, =123,..n =123,..

212
Ground state n,=1,n, =1 n =1 E =3”_hz
Y 2mlL
242
Firstexcited state n. =1, n. =1, n. =2 E= 677
’ ’ ’ mL?

n, =2, n, =1l n =1

2

nZ
"

z

Non degenerate

Triple degenerate

97 2h?

Second excited state n, =2, n, =2, n, =1 - 5

R 2

X ¥y X

n=2,n=n =2, n :1,ny:2,nz

4.14 Two Dimensional Harmonic Oscillator

V(x,y) = Ema)zx2 +Ema)2y2

Enx,nv = EnX +Eny :(nx +%)hm+(ny +%)h(o

=(n,+n, +1)he n,=0123...
n,=0123,..
=(n+1)ro n=123,.....
Ground state energy n.=0n,=0 E=ho
First excited energy n,=Ln =0 E=2hw
n,=0n, =1
Second excited energy n.=2,n =0 E=3hw
n = O,ny =2
n=1n =1

LZ

Triple degenerate

=Y, (02)=X, ()Y, ()

So degeneracy of two dimensional harmonic oscillators for n state is (n +1)
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Three Dimensional Harmonic Oscillators
1 2.2 1 2.2 l 2 2
Vix,v,z)=—mo'x" +—mo’ vy +—mo
(x,7.2) S MO o mayt 4o ma’z
an,n),,n_. (.x,y,Z) = an (‘x))]ny (y)an (Z)
1 1 1
E=|n,+< |0+ N, +- |0+ N, +— (Ao n.=n=n=012,...
2 2 2 4
For isotropic harmonic oscillatoris o, =, =®

E'n\.,nwnZ = (nx +ny +nz +%jha) :(n +g)hw

The degeneracy of the isotropic harmonic oscillator is for n" state is g, = %(n +1)(n+2)

where n = 0 corresponding ground state.

Example: If b=2a, write down ground, first, second and third excited state energy.
2 2 g 2 222 2 n,2
Solution: E, . _zh n"z + g > F € g " n"z +——|b=2a
v 2m\ a b v 2m | a (Za)
222 2 2
n
En n = z h nx2 + yZ
v 2m o\ at 4a
222
For ground state: £, o7 h2
" 8 ma
. : 8 7°h’
For first excited state: £, , = —ﬂ—z
' ma
: 13 7%h?
For second excited stste E,, =— 4 >
8 ma
232
For third excited stste £, :ﬂ
ma
. 2 232
For fourth excited stste  E,, =E,, = O Zl
' ' 8ma
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Example: V(x,y,2)=0 O0<x<a,0<y<bh0<z<c

= Otherwise
If b=2aand c=3a, then write down energy eigenvalue for ground state, first excited

state and second excited state.

222 2 2
. °h n n
Solution: E(n,,n,,n,)="— (nf+_y+_zJ

ma 4 9
212
Forground state: n, =Ln =1n =1=FE :ﬂx z hz
“ g " 36 2ma
222
For first excited state: n, =1n, =1ln =2=FE , .~ h2
! ~° 36 2ma
212
For second excited state: n, =1,n, =2,n, =1 = E, ,, =Ex d h2
! | 9B Zrin
212
For third excited state: n. =1,n =Ln =3=E, , :ﬁx 4 h2
) 36 2ma

Example: If the potential of two dimensional harmonic oscillator is

V(x,y)= %ma)zxz +%m4w2y2, then find energy Eigen value.

2

Solution: ¥ (x.y)= %ma)zx2 +%m(2a))2 Ve =0, 0,=20

~E, :(nx +£]ha)+(nv +1j2ha)
2 T2

For ground state: £, =§ha), For first excited state: E, , :gha)

. 7
For second excited state: Ey=E, = Eha) (Doubly degenerate)

. . 9
For third excited state: E,,= Ehw
. 11

For fourth excited state: E, =E,, = ?ha) (Doubly degenerate)
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Example: If the potential of three dimensional harmonic oscillator is
V(x,yz)= %ma)zx2 +%4ma)2y2 +%9ma)222 :

then write down unnormalised wavefunction for ground state, first excited state and
second excited state

2 2 2
mox moy moz

Solution: Wavefunction Vinmm) < H, (x)e 2 -H, (v)e # -H, (z)e *

For ground state: (n,,n,,n_)=(0,0,0), then wavefunction

max? 2maeo, y2 3mwz?

ce 2 e M e

¥ (0,00
For first excited state: (n,,n,,n.)=(1,0,0), then wavefunction

mox? mo y2 3mwz?

2h h 2h
W00 € X € .e .e

For second excited state: (n,,n,,n.)=(1,0,1),(2,0,0), then wavefunction

max? mwy2 3mwz

2h h 2h
Wion X XZ € .e .e

2

mox? ma)y2 3mwz?

‘//(2,0,0)05(4x2—2)€ ngen " e *
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MCQ (Multiple Choice Questions)

Q1.  An electron with energy £ is incident from left on a potential
. V(x)
barrier, given by 4
V(x)=0 x<0 Vo
V(x)=V, x>0 —E
as shown in the figure. For E <V, the space part of the .-
0
wavefunction for x > 0 is of the form
(@) expax (b) exp—ax (c) expiax (d) exp—iax
Q2. The wavefunction of particle moving in free space is given by, y =e™ +2¢™™ The
energy of the particle is
5h’k? 3n’k? h’k? n’k’
(@) (b) (© (d)
2m dm 2m m
Q3. A particle is confined in a one dimensional box with impenetrable walls at x =+a. Its
energy eigenvalue is 2el and the corresponding eigenfunction is as shown below.
/_\ I
—a o\/+ a
The energy for second excited energy of the particle is
(@) 5eV (b) 2eV (c) deV (d) 4.5¢V
Q4. A particle of mass m is confined into one dimensional infinite rigid box of width a the
quantum state of the system at =0 given by |y/(x,0)) = (¢,)+|4)) the average value of
energy on state [y(x,0) is given by
57°h? 57°h* 37%h? 37%h?
a b C d
@ 2ma’® (b) ma® © 2ma® (@) ma®
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Q5. A particle of mass m is confined into one dimensional infinite rigid box of width a the

quantum state of the system at +=0 given by |w(x,0)>:\/§|¢2>+\/%|¢1> the

232

probability of measurement of energy 27 }Z
ma

on state |y(x,0) is given by if |g,) is
orthonormal eigen state of Hamiltonian

1 4 1
a) 0 b) = Cc) — d) =
(a) (b) 5 (c) = (d) =
Q6. If state of system is define as  |y(x,0))= /%|¢1>+\/g|¢2> for the potential

a
V(x)= 0 for—§<x< 2 where |4).|¢,) are eigen state of Hamiltonian then

o0 otherwise

which of the following is expression for probability density \z//(x,o)\z

8 .,nx 2 . ,27x 8 27X

(@) —sin® ==+ -sin? MR N~ cin <~

Sa a @ aVoa a a

(b) icoszﬂ_Fi in2£+icosﬂs|n@
5a a ba a 5a a a

2 X 2 , g 8 X 27x

(©) —cos —C0S° ——+—C0S—C0S——
5a a 5a a W Sa a a

(d) —sm2 akia. 2 coszz—x Esmﬂcos@
a 5a a 5Sa a a

Q7. A particle is in the ground state of an infinite square well potential given by,

0 for—-a<x<a

00 otherwise

The probability to find the particle in the interval between —% and % is

1 1 1 1 1 1
a) — b) = +— C) ——— d =
@ 5 (b) ot (© > (d) .
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Q8. A particle in the infinite square well

V(x) B 0 O<x<a
o otherwise

. . ) . Asind| & O<x<a
is prepared in a state with the wave function z//(x) = a

0 otherwise

The expectation value of 4 such that  is normalized .

2 8 16 32
(a)Az\E (b)A:\/; (c)A:\/; (d)A:\/;

Q9. A particle in the infinite square well

0 O<x<a
V(x) = .
© otherwise
. . . ) Asin®| & O<x<a
is prepared in a state with the wavefunction y(x)= a
0 otherwise
if energy is measured on state y the measurement
herm? On’r® her? On’r® 97°h?
(a) “\ (b) ; (© 7 or ; (d) ;
2ma 2ma 2ma 2ma 10ma

Q10. A particle is in the ground state of an infinite square well potential given by,

0 for—-a<x<a
V(x) = )
00 otherwise

The probability to find the particle in the interval between —% and % is

@ L2 AR oL L @1 Y2
2 4 \/571- 4 \/Ezr 2
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Q11. Consider a particle in a one dimensional potential that satisfiesV'(x)=¥(-x). Let |w,)
and |V’1> denote the ground and the first excited states, respectively, and let
W) = |y ) +ay|w,) be a normalized state with &, and «, being real constants. The

expectation value (x) of the position operator x in the state |y/) is given by

(@) ag{yo [xiwo) + iy |x|ys) (b) o [(yo [¥lys) + (i |fws )]
©) af +af (d) 200y
0 —£<x<%
Q12. A particle of mass m is in potential ' (x)= 1672 then no. of bound state is
>~ otherwise
ma
(@) One (b) Two (c) Three (d) Infinite

Q13. A guantum mechanical particle in a harmonic oscillator potential has the initial wave
function y,(x)+w,(x), where w,and y, are the real wavefunctions in the ground and
first excited state of the harmonic oscillator Hamiltonian. For convenience we take

m =h =@ =1 for the oscillator. What is the probability density of finding the particle at

x attime t=7x7?

(@) (v, ()= o (x)) (b) (ys(x))" — (o (x))°

(©) (v (o) + o)) (@) (@) + (o (x))°
Q14. A particle of mass m is confined in the potential ¥(x)= {Em“’zxz for x>0
) forx <0

. . . 1 2i
Let the wavefunction of the particle be given by w(x)=—y, +—=w
( ) \/g 0 \/g 1
where w, and y, are the eigenfunctions of the ground state and the first excited state

respectively. The expectation value of the energy is

31 25 13 11
) —hw b) —hw C) —hw d) =how
()10 ()10 ()10 ()10
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Q15. The energy eigenvalues of a particle in the potential ¥ (x) = %ma)zxz —ax are

1 a’ 1 a’
(@) En= (n +§]ha)— T (b) En= (n +Ejha)+ S
2
(c) En :(n+£jha)— a 5 (d) En =(n+£jha)
2 mao 2

Q16. A particle of mass m is in a cubic box of size a. The potential inside the box

(0<x<a0<y<a0<z<a) is zero and infinite outside. If the particle is in an

2
its wavefunction is

. 14
eigenstate of energy E = 5 zh

az ’
3/2 3/2
@ w-= (Ej sin S sin Sy sin o (b) w = (gj sin I sin by sin Sz
a a a a a a a a
3/2 3/2
©) w= (gj sin 4 sin Sy sin 2 d) v = (Ej sin X sin Z—Wsins—ﬂz
a a a a a a a a

Q17. The energy of the first excited quantum state of a particle in the two-dimensional

potential ¥ (x, y)= %mmz(xz + 4y2> is

(8) 2ho (b) 3ha © %ha) d gha)
Q18 V(x,y):O O<x<a0<y<b
= otherwise
If b=2a, the energy of first excited state is given by
5 72h? °h? eh? 13 7°h*
(@ -— (b) —; (© > (d) ——
8 ma ma 8ma 8 ma
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Q19. A particle of mass m in the potential V(x,y)=%ma)2(4x2 +y2), is in an eigenstate of

energy E = %ha) The corresponding un-normalized eigen function is
mam 2 2 mao 2 2

a) yexp| ———I(2x° + b) xexp| ———|2x° +

@ youp 32 +7) ®) woup - 322"+ )

mo/( , > mao.( 2
C) yexp| ———(x" + d exp| ———(x° +
(€ y p{ T (2 +y )} (d) xy p[ oy (2 +y )}
Q20. A gquantum mechanical particle in a harmonic oscillator potential has the initial wave
. 5 1 b
function gl//o(x)+ Ey/l(x), where w,and y, are the real wavefunctions in the ground

and first excited state of the harmonic oscillator Hamiltonian.if angular frequency of the
harmonic oscillator is @ then average value of energy is given by

3hw 2ho 8hw dho
@7 ©5 & D75

NAT (Numerical Answer Type)
Q21. The wavefunction of particle moving in free space is given by, v =e™ +2¢™ . The

probability current density for the real part of the wavefunctionis .............. in unit of

nk
m

Q22. The wavefunction of particle of mass m moving in free space is given by,
w =4e™ +e”™. The probability current density for the wavefunction is........... in unit

of@
m

Q23. A particle of mass m is confined in one dimensional box of width «if width of the box

will increase twice then ratio of energy of bigger to smaller box for given quantum

number ...........
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Q24. A proton is confined to a cubic box, whose sides have length10 ™ . The minimum
kinetic energy of the proton is .............. x107"J The mass of proton is 1.67x107% kg
and Planck’s constant is6.63x10* Js .
. o 0 O<x<a . . .
Q25. A particle in the infinite square well ¥(x)= .__is prepared in a state with
0 otherwise
. 3 |2 . m 1 |2 . 3m
the wave function y(x)= —\/:sm———\/:sm— the average value of energy
) VioVa  a JioVa o«
. 7’
isgivenby .............. 5
ma
Q26. Particle of same mass confined in the other infinite box where potential is defined as
0 4 vl
Vv, (x): 2 2
© otherwise
The expectation value of position on eigen state is .................. a
o0 0<x
Q27. A particle of mass mis in potential ¥(x)=<0 0<x<a then no. of bound state
16n°
X>a
ma
IS oo il
Q28. Consider the wave function 4e'*"(r,/r), where 4 is the normalization constant.
Forr = 2r,, the magnitude of probability current density up to two decimal places, in
units of (4%k/m)is..........
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Q29. Let w, and w, denote the normalized eigenstates for potential is defined as

0 O<x<a . . . .
Vl(x) = . of a particle with energy eigenvalues E, and E, respectively,
0 otherwise

with E, > E,. At time ¢ =0 the particle is prepared in a state ¥(r = O):%(z//l +y,)

The shortest time 7' at which W(z =T) will be orthogonal to ¥(z = 0) is "7 then the
o

value of « isgivenby ................ (unit of ;[ 5)

Q30. A one dimensional harmonic oscillator is in the superposition of number state |n>given

1 \3
b ==(2)+—|3
y v)=512)+>>p3)
The average energy of the oscillator in the given state is ............ ho .

Q31. The motion of a particle of mass m in one dimension is described by the

2

Hamiltonian H =p—+%ma}2x2 + Ax. The difference between the (quantized) energies

2m

of the first two levels ahow the value of a .......... (In the following, (x) is the

expectation value of x in the ground state.)
Q32. If particle of mass 7 of two dimension infinite box is defined by
V(x,y):O O<x<a0<y<b
=0 otherwise
If b=2a, the ratio of first excited to second excited state is .............

Q33. If particle of m is confined into three dimensional box whose potential is defined as

V(x,y,z):O O<x<a0<y<bhO<z<c
= otherwise
If b=2aand c=3a, then energy eigenvalue first excited state is given by........... in
232
the unit of = h2 :
ma
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Q34. A particle of mass m is subjected to a potential

V(x,y):%ma)z(x2 +y2>,—oo£x£oo,—oo§ygoo

The state with energy 47w is g —fold degenerate. The value of g is ............

Q35. A nparticle of mass m is confined into two dimensional harmonic oscillator. If

un-normalized wave function is given by yexp[—n;—;)(Zx2+y2)}, what will  be

corresponding energy eigen valueis ............. hao
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MSQ (Multiple Select Questions)

Q36. A system defined as particle of mass m confined in the infinite square well
0 O<x<a
Vi(x)= _
© otherwise
Where another system defined particle of same mass confined in the other infinite box
where potential is defined as ¥, (x)= 2 2
© otherwise
then which of the following statements is /are correct
(a)The energy eigen value of both is system will same
(b) The energy Eigen function of both the system will same
(c) The expectation value of position is center of potential in both the system.
(d) The eigen functions are either symmetric or anti symmetric about center of potential
Q37. A system defined as particle of mass m confined in the infinite square well
0 O<x<2a
V(x)= :
o0 otherwise
then which of following is/are correct statement
222
(a) The ground state energy eigen value is >
2ma
: . 1 . 7nx
(b) The ground state eigen function is given by —sm2—
a a
(c) The expectation value of position at any eigen state of Hamiltonian is %
72_2 2
(d) The average kinetic energy if particle in ground state is given by —
a
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Q38. In a one-dimensional harmonic oscillator, ¢,,¢#, and ¢, are respectively the ground, first
and the second excited states. These three states are normalized and are orthogonal to one
another. 'y, and w, are two states defined by y =4 -24+34
v, = ¢, — ¢, +agp, Where a is a constant
(a)The value of a which y; is orthogonal toy, is 1
(b)The value of a which v, is orthogonal toy, is -1
(c) For the value of « determined w,and y,are orthogonal average value on statey, is
Shw
(d) ) For the value of o determined y,and y,are orthogonal average value on statey, is
Eha)

2
Q39. A particle is constrained to move in a truncated harmonic potential well x>0 as shown
in the figure and potential is defined as A particle of mass m is confined in the potential
1
V(x)={§ma)2x2 for-o<x<ow
Then which of the following is correct statement
(a) The energy spacing between two consecutive energy levels is constant.
(b) There is finite probability to find the particle outside the harmonic oscillator.
(c) The wave functions are symmetric for » is even
(d) The average value of position at any state is zero.

Q40. A particle is constrained to move in a truncated harmonic potential A
well x>0 as shown in the figure and potential is defined as a V(x)
particle of mass m is confined in the potential

l 2.2 f 0
V(X)Z 2ma)x or x>
o0 forx<0
x >
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Which one of the following statements is correct
(a) The parity of the first excited state is odd
(b) The parity of the ground state is even

(c) the ground state energy is %ha)

(d) The first excited state energy is %ha)

Q41. If particle of mass m is confined three dimensional box is whose potential is given by
V(x,y,2)=0 O<x<a0<y<bhO<z<c
= otherwise

For a =b = ¢, then which of the following is correct

(@) The ground state eigen value corresponds to n =1n, =0,n, =0 which is triply
degenerate.

(b) The first excited state is triply degenerate.

(c) The average value of position in x direction is %on any state v, , .

(d One of the normalized eigen state of second excited state is

8 . 2nx . &y . nz
— SIn——.8In—8IN —
a a a a

Q42. If  the potential of two dimensional harmonic oscillator IS

V(x,y)= %ma)zx2 + %m4a)2y2 then which of the following statement is /are correct
(a) The ground state energy eigen value is gha) it is non degenerate .
(b) The first excited state is gha} and its degeneracy is 2

(c) The second excited state is %ha) and its degeneracy is 2

2 2
(d) The ground state wave function is y(x, y) oc exp— m;)hx .exp— m;o;
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Q43. If particle of mass m is confined three dimensional box is whose potential is given by

V(x,y,2)=0 O<x<a0<y<bh0<z<c

= Otherwise
If a =b=2c, then write down energy eigenvalue for ground state, first excited state and

second excited state.

Then which of the following is /are correct?

232
(a) The ground state energy eigen value is ?ZZ h2
mc

972_2 2
(b) The first excited state energy is 5
8mc

(c) The ground state is non degenerate and first excited state is doubly degenerate.

(d) The one of the normalized wave function corresponds to first excited state is

2 . X . WY . 7Z
—35II’1—SII’1—SII’1—
c c 2c c
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Solutions
MCQ (Multiple Choice Questions)
Ans. 1: (b)

Solution: -+ E <V, so there is decaying wave function.

Ans. 2: (c)

- S 7 Yy
Solution: Hy = Ey, Hy =— 7= (ik Nik )e™ + 2(— ik Y~ ik )e
m X m

Ans. 3: (d)

Solution: For A particle is confined in a one dimensional box with impenetrable walls at x = a.

The given state /—\
|

is representation of first exited state whose energy is 2eV . If E, is energy of nth state
and E, is energy of ground state then E, = n’E,.
So E,=4E, and E;, = 0.5¢V energy of second exited state is 3x £, = 4.5eV

Ans. 4: (a)

Solution: If some one measure energy on state in normalized |w(x,0)>:%(|¢3>+|¢l>) then

measurement is eigen value 9E; and E, with probability %and% respectively where

242
E, - T°h :
2ma
1 1 57°h?
Then average value of energy (E)==.9E,+=.E, =5E, = ——
2 2 2ma
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Ans. 5: (c)
. . . 4 1
Solution: If some one measure energy on state in normalized |z//(x,0)>=\/g|¢2>+\/g|¢l>) then

measurement is eigen value 4E, and E;, with probability gandé respectively where

7’ A%
E, = by using formula P _—
" 2ma E)= v
Ans. 6:(b)
Solution: |¢1>:\/§cos— and |¢,) = \/73|n@
a a a
Ans. 7: (b)

Solution: The probability to find the particle in the interval between —% and % IS

al?2 al?2 1 o 1 1 al?2 27DC
‘/ ‘/ cos— cos—dx_ j —cos? =dx==x= j (1+cos—jdx
a,g 2a \ 2a JLa 2a a 2|7, 2a

1 w "’ Afa a a 1 2a] (1. 1
== {x+ZsinZ | =28, 0040 | = —|a+ 22|24
2a T al,, 2al2 2 =& 2a T 2

Ans. 8: (c)
. 0 O<x<a ASin3(ﬂj O<x<a
Solution: ¥(x)= _ x)= a
0 otherwise )
, 0 otherwise
w (x)=Asin’® [m] A j sm——A i smgﬂ—x *sin34 = 3sin A—4sin® 4
a

_A%|n7_Al'3”_x ﬂ\/g\/g 35 n__\f\f Szx}
=§{3\/%¢1(x)—\/%¢3(x)}

W) =19 L g2 L o100 gy [32
32 32 32 10a
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Ans. 9: (c)

0 O<x<a Asin{ﬂj O<x<a
(x)= a

Solution: V(x):{

otherwise )
® , 0 otherwise
w (x)= 4sin’® (ﬂxj A j sin——A isin% *sin34 =3sin A—4sin® 4
a

_Ajsinj—Al' 3zx _ Z{\E\E 3SIn——\/7\/73|n3”—x}
{JQL ﬁ%ﬂﬂ}

242
7Z'h2’ E 97h

Now, E, =—- , =
2ma 2ma’®

n

= <E> =aqa P(an)
Ans. 10: (b)

Solution: The probability to find the particle in the interval between —% and % IS

al4
/ / cos— cos—dx_ j —cos2 et b j 14008 2% | ax
2a \2a 2a a 2|7, 2a

=2—z[x+%sm%}il=;{3+% = e el e s

Ans. 11: (b)

Solution: Since ¥ (x)=¥(~x) so potential is symmetric.

(Woltwo) =0, (w[xtw, ) =

<l//|x|‘//> = (ao<‘//o|+0‘1<W1|)x(ao|‘//o>+a1|‘//1>):aoa1[<‘//o|x|'//1>+<§”1|x|‘//o>]
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Ans. 12: (b)
2
Solution: We compare the result 7° + &% = mya” _ g2
2h*
16h2 2 2 2 T
Put 7V, = +&2=8=R* ,R=2/2 50 =<R<nx n=_¢&tan&andn =-£cot
" ma? i 2

So there is 2 bound state.
Ans. 13: (a)

Solution: w(x)=wy(x)+w.(x) = v (x,¢) =y, (x)e” %+ v, (x)e %

Now probability density at time ¢

v (0 =9 (xt)w (xat) =|wy ()] +|ya (x)] +2Rewg (x)w, (x)cos (& —EO)%
Putting t =7

v (5 0)[ =lyo ()] +pa (x) +2Rew; (X (x)cosz B -E,=ho=1

w (x0)]” = ()] +[ws (6] =2Rewg () (x) = (x) - (x) ]

Ans. 14: (a)
Solution: For half parabolic potential £, = Eha),El il = (E) = L3 41 3,
2 2 5 2 5 2 10
Ans. 15: (a)
2
Solution: Hamiltonian () of Harmonic oscillator, # :5—x+%ma)2x2
m

Eigen value of this, E, = (n +%]hco

2 2 2 2

1 2
But here, H=p—"+£ma)2xz—asz:&+—ma)2 oL 7| ?
2m 2 2m 2 mew- mo

2 2 2 2
H=&+£ma)2{x— az} - 5 :En:(n+1jha)— a
2m 2 mao 2mow 2
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Ans. 16: (d)
7Rt 14x°n?

Solution: E, , , = (nf +n,+n 5

) 2ma 2ma®
= n’ +n§ +n’=14=n, =ln, =2,n =3.

Ans. 17: (d)

Solution: ¥ (x, y) = %ma’z(xz +4)’2) =%mwzxz +%m4co2y2, E= (nx +%)ha)+(ny +%)2ha)

For ground state energy n, =0,n, =0 = E = %‘) +%2ha) [ ho
First exited state energyn, =1,n, =0 = 3h_w+ ho = i
Ans. 18: (b)
2 2 2 232 2 n 2
Solution: E, , _zh n%jtniz =E _ " n%+ y2 wb=2a
v 2m{a® b . 2mil a (2a)
222 242
For ground state: £, = E% For first excited state: £, =§%
" 8 ma “ 8 ma
Ans. 19: (a)

Solution: V(X,y):%ma)z(4x2 +y2> 1E:ghw
:V(x,y):%m(zw)zxz_i_%mwzyz
Now, E, = nx+l ho, + n)+£ ho, = nv+E 2ho + nﬁ—l hao
2 > ) 2 7 - 2 ¥ 2
3
DEnZ(an+ny+E)ha)

v E, :gha) when n_ =0 and n, =1.

Ans. 20: (b)
Solution: <E> :E.h—a)+l. $ho _8ho _ 2ho
6 2 6 2 12 3
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NAT (Numerical Answer Type)
Ans. 21: 0

Solution: The real part of the wave function .., = COSkx + 2c0Skx

Current density for real part of wave function =0

Ans. 22: 15
N . . . P 167k )
Solution: Probably current density associated with 4e¢™ is J =—— and probably density
m
associated with e™ J = Tk so total current density is J=J, +J_ =@
m m
Ans. 23: 0.25
2 232 2 2322
Solution: For width a E, = il z for width 2a E, :Lh2
2ma 2m(2a)

. . n’r’h® nlrtht 1
Ratio of energy of bigger to smaller box= 5/ =—=.25

2mia 2ma® 4

Ans. 24: 9.9
212
Solution: >~ h2 =9.9x107"
2ma
Ans. 25:

Solution: w/(x J_\/ism;;x \/_\/75|n—:> )=%¢l(x)—ﬁ¢3(x)

212 212
Th E:97rh

b= oma®’ 2 2ma® (£)=a,P(a,)
el o [l 1
Probably P(El)_W_E, P(EZ)_W_E

222 242 232
<E>:ixﬂ:h2+ix9ﬂ.h2 :}<E>:9ﬂ.h2
10 2ma” 10 2ma 10ma
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Ans. 26: 0

Solution: (X)= j

Ans. 27: 2
. » . 2mV.a 2
Solution: We compare the result n° +&° = ¥ =R" and n=-&coté
2
Put ¥, =16—h2 n*+&2=32=R*, R=5.6 50 37 < R<>Z Sothere is 2 bound state.
ma 2 2
Ans. 28: 0.25
2
m ro m
Ans. 29: a=3
1 _iET _iBT
Solution: w(t=0)=—(w, + v and y(t=T)=—7=e " y+—=e "y
(1=0)= i ry) abyli=T)= e "yivpe v,
lEl _IEZ lEl _iEz
.[‘/’*(O)‘//( )dx = 03%9 hTJF;e B =0me b o=—e ”T:>e’1(E2 E1)=—1
h h
Equate real part = cos [Z(E2 - El)j =-1=T=——=cos '(-1)= _mh__hm
h (E,-E,) (E,-E) «a
2.0 1 2 242
where E, = —hso a=E,-E 37 hz
2ma’ 2ma
Ans. 30: 3.25
1 5i0 3 Thew
—t -
Solution: Average energy will 4 21 g 2 _325h0
7+7
4 4
Ans. 31: 1
P pz 1 2.2 1 2.2
Solution: H =——+=mo°x" + Ax = V(x)z—ma) X+ Ax
2m 2
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2 2 2 4 2 4

2 2
V(x)zlma)2 x°+ A A A
2

ﬂx}:%ma)z{x2+2-x- +

maw mao m m @
2 2 2
1
V(x):lmcoz(x—k ﬂzj __4 5 En:(nJr—)ha)— A >
2 mao 2mao 2 2mw
= FE - K, :Eha)—iha) =hw
2 2
Ans. 32: 1.62
2 2 2 24,2 2 n 2
Solution: E, , _zh nxz +}L’2 =E , _zh ’%+L2 wb=2a
v 2m\a® b " 2m | a” (2a)
212 212
For ground state: E,, :Eg For first excited state: £, , :gg
" 8 ma “ 8 ma

1320 E, 13

For second excited stste E,,=—— —==-—=1.62
" 8 ma E,
Ans. 33: 0.84
222
Solution: For ground state: n. =1n, =Ln =1=E, =£x d h2
} . w36 2ma
222
For first excited state: n, =1,n, =1,n, =2 =>E,,, :gx dd h2
’ 7" 36 2ma
Ans. 34: 4
Ans. 35: 2.5

Solution: The energy eigen value for two dimensional harmonic oscillator whose potential is

Vix,y)= %mwfxz Jr%ma)yzy2 isgivenby E = (nx +%) ho, +(ny +%]ha)y.
- - - - ma) 2 2
If the eigen function is given by yexp [—Z—h(Zx +y )} then

nx =Olny =1lwx =2a)’a)y =w SO E:gha)
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MSQ (Multiple Select Questions)
Ans. 36: (a), (c) and (d)
Solution: Hence width of the potential is same, so eigen value ,normalization constant will same
but eigen function will such that it is either symmetric or anti symmetric about mid center

of potential .
Ans. 37: (b) and (d)

2 1252
n‘zh
2

Solution: For  given potential energy eigen value is and eigen function is

8ma

2 . . Y. !
\ﬁsmnzﬂ n=1,2,3....the expectation value of position is center of box ie a.
a a

Ans. 38: (b) and (d)
Solution: For orthogonal condition scalar product For orthogonal condition scalar product

(v1.9,)=0 s01+243a=0=a=-1

hiow 3ho bSho
-

H o 3

Ans. 39: (a), (b), (c) and (d)
Solution: The eigen value of harmonic oscillator (n+%)ha) So spacing between consecutive

energy levels are constant i.e. @ and there is finite probably to find the particle out side

the well where wave function are symmetric of »=0,2,4,.... and antisymmetric for
n=135,... 50 (x)=0.
Ans. 40: (a) and (d)

Solution: There is only odd parity. Ground state is gha) and first excited %ha)
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Ans. 41: (b) and (c).

. ] 37°h?
Solution: For ground state: n, =Ln, =1n =1=E, = 5
ma
n.=4 n,=1 n =2 6221
For first excited state: \n, =1, n,=2, n =1;=FE,,=E, =E,,= -~ (Triply
n,=2 n,=1 n =1
degenerate)
[8 . . Ny
W, won =4[5 SIN X Gin 7Y gjn 172
T a a a a

second excited state is triply degenerate which can be discussed below .

n =1, ny:2 n =2 907252
For second excited state: «n. =2, n, =1, n =2y=E,,=E,,=E,, = 27[ >
no=2m =2 n-=1 e
Ans. 42: (a) and (c)
. B 1 2 2 1 2 2 .
Solution: ¥ (x.y) =5 mw'x +Em(2a)) Y ie o =0, 0,=20
~E, L =|n, +i ha + n,+l 2he
x 'y 2 y 2
For ground state: £, = %ha) and wave function is proportional to
(. 5) - maox* exp- m2wmy*
vy on 20
. . 5
For first excited state: E, :Ehw
. 7
For second excited state: E,, = E,, = Ehw (Doubly degenerate)
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Ans. 43: (a), (b), (c) and d)

2p2 (2 n°
Solution: E L +—+n?
(nx My, ,nz) ch 4 4
222
For ground state: n. =1n, =1,n, =1 = E, , = S, zh
: 2mc

For first excited state: n, =1,n, =2,n_=1and n,=2,n, =1 n, =1

9 7z2h2
jEfLZl Ele

> (Doubly degenerate)

/ ‘/ \f sm— sin. 2”—ysinﬂ
Viaa ™ 2c 2c c
Yy
/ / sm— sin. —sm—
Voi = 2c \/7 2c c
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5. Statistical Physics

5.1 Basic Definition, Mathematical Tools and Postulates of Statistical Mechanics
Statistical mechanics is a branch of physics that applies probability theory, which
contains mathematical tools for dealing with large population to study of the
thermodynamic behavior of systems composed of a large number particles.
It provides a framework for relating the microscopic properties of individual atoms and
molecules to the macroscopic bulk properties of materials that can be observed in
everyday life.
e Micro state: A microstate is a specific microscopic configuration of a

thermodynamic system that occupy with a certain property in the course of its thermal

fluctuation. The position (x), momentum (p), energy (E), and spin (s,s, ) of individual

atom are the example of microstate of system.

e Macro state: A macro state refers to macroscopic properties of system such as
temperature (T), pressure (P), free energy (F), entropy (S). A macro state is
characterized by a probability distribution of possible state across a certain statistical
ensemble of all microstates, and distribution describes the probability of finding the
system in certain microstate.

e Accessible state: Any microstate in which a system can be found without
contradicting the macroscopic information available about the system.

e Statistical Ensemble: an assembly of large number of mutually non interacting
systems, each of which satisfies the same conditions as those known to be satisfied by
a particular system under condition. There are three type of ensemble (a) micro
canonical ensemble, (b) canonical ensemble, (c) grand canonical ensemble. An
ensemble is said to be time independent ensemble if number of system exhibiting any

particular property is the same at a time.
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Probability: The probability p. of occurrence of an event r in a system is defined

with respect to statistical ensemble of N such a systems. If N, systems in the

r

ensemble exhibit the event » then p, =

Probability density: The probability density p(u) is defined by the property that
p(u)du yields the probability of finding the continuous variable u in the range
between uand u +du .

Mean value : The mean value of u is denoted by (u) as defined as

(uy = Z p,u, where the sum is over all possible value valuesu, of the variable u and

I

p, 1s denotes the probability of occurrence of the particular valueu, .Above definition

1s for discrete variable .

For continuous variableu , (u) = ju p(u)du

Dispersions  (or  variance): The  dispersion of u is  defined

as o’ =((Au)’y = p,(u, =)’ which is equivalent to
o’ =((Au)’)y =" (u)—w)®)

Stirling  formula: Stirling’s approximation (or Stirling’s formula) is an

approximation for large factorials. It is named after James Stirling.

The formula as typically used in applications is

In|[N=NInN-N

5.2 Postulates of statistical mechanics

If an isolated system is found with equal probability in each of its accessible state, it is in

equilibrium, which is popularly known as postulates of equal a priori probabilities.

Suppose that we were asked to pick a card at random from a well-shuffled pack. It is

accepted that we have an equal probability of picking any card in the pack. There is

nothing which would favor one particular card over all of the others. So, since there are

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com

Head office Branch office

fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

185



fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

fifty-two cards in a normal pack, we would expect the probability of picking the Ace of
1
Spades, say, to be —.
p y 57

We could now place some constraints on the system. For instance, we could only count

red cards, in which case the probability of picking the Ace of Hearts, say, would be

I 1 1 1
—+— =2x— =—, by the same reasoning. In both cases, we have used the principle
52 52 52 26

of equal a priori probabilities. People really believe that this principle applies to games
of chance such as cards, dice.

In statistical mechanics, we treat a many particle system a bit like an extremely large
game of cards. Each accessible state corresponds to one of the cards in the pack. The
interactions between particles cause the system to continually change state. This is
equivalent to constantly shuffling the pack. Finally, an observation of the state of the
system is like picking a card at random from the pack. The principle of equal a
priori probabilities then boils down to saying that we have an equal chance of choosing

any particular card.

Example: If there are four identical molecule in one dimensional container and it is given that
molecule can be found only either right or left end of container .
(a) What are possible configuration and no of ways to arrange these configuration? what
are corresponding probability of each configuration?
(b) What is most probable configuration?
(c) If some one is doing the experiment in which he observed molecule position to right
of container what is mean value of particle being in right?

(d) How postulates of a priori probability apply on the experiment?

Solution: The number of different ways of arranging N molecules with » on one side and N —n
N!
NI(N—n)!

total number of possible ways of arranging the molecules is 2" =2* =16

on the other side is given by , where ! represents the factorial function. The

Head office Branch office

fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 186




fiziks

fiziks

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

(a)

Configuration No. of ways to arrange given configuration | Probability
1 1

1. (L.L,L,L) 1 Ix—=—
16 16

2.(L,L,.L) and (R) 4 ax o4
o 16 16

3. (L,L) and(R,R) 6 6xi=£
7 ’ 16 16
4. (L) and (R,R,R) 4 4><i:i
T 16 16

5. only (R,R,R,R) 1 1><i:i
T 16 16

(b) Most probable configuration is the one in which half the molecules are on one side

and half on the other, i.e. the molecules are uniformly distributed over the space. Most

probable configuration is configuration (L,L) and(R,R) which has maximum probability .

1 4 6 4 1
Cc) (R) = R =0Rx—+1IRXx—+2Rx—+3Rx—+4Rx—= 2R
(©) <R Zp’ 4 16 16 16 16 16

(d) We will now apply a fundamental postulate of statistical mechanics which states that

an isolated system which can be in any one of a number of accessible states (=16 in this

example) is equally likely to be in any one of these states at equilibrium. Therefore, the

probability that the molecules are distributed in any one of these 16 possible ways is

simply 1/16. But there are 4 ways in which the molecules can be arranged so that 3 are on

the left side and 1 on the right side, and therefore, the probability of finding that

configuration is 4/16. Similarly other configuration can be weighted.
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Example: Suppose we know 3 particle being spin 1/2 kept into homogeneous magnetic B field at
temperature T.
(a) Show all possible microstate and corresponding probability .
(b) Find average value of z component of spin .

(c) If y, is magnetic moment which configuration has maximum energy what is

corresponding probability.

Solution: (a)There is total 8 microstate is possible they are

configuration Microstate probability
All are in up state TR é
Two are up and one is down o
3
o 5
Yl
One up and two down J
3
Tl 3
R
All three are down 1Y l
8
(b) Average value of (s_) :ﬁxl+ﬁx§+_—hxé+ﬂxl:0
2 8 28 2 8 2 8

(c) The energy is given by £ =—x,B  the magnetic moment of configuration in which

all three are down Y have magnetic moment —3y, so this configuration has

maximum energy which is equal to 34,8 the corresponding probability is given by 3
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5.3 Ensemble is collection of particle
5.2.1 Micro canonical ensemble
Micro canonical ensemble is theoretical tool used to analyze an isolated thermo
dynamic system. The microstate of the system has fixed given energy(E), fixed number
of particle (N)and fixed volume (V).All accessible micro state  has same
probability .popularly it is known as NVE ensemble .
Schematically the system can be shown as

NVE | NVE | NVE | NVE
NVE | NVE | NVE | NVE
NVE | NVE | NVE | NVE
NVE | NVE | NVE | NVE
NVE | NVE | NVE | NVE
NVE | NVE | NVE | NVE

In above table each cell consider as each microstate energy , volume and no of particle is
fixed in each cell.

If QO is the number of accessible microstates, the probability that a system chosen at
. . ) o 1
random from the ensemble would be in a given microstate is 51mply5 .

No. of accessible microstate in phase space which has energy between E to E+dE is

given by Q=Z =j-dl;z 3d " which s given in term of energy is

sates
2m 3/2
n(E)dE =2gnV (h_zj E'"*dE where g is degeneracy of the particle.

5.2.1.1 Entropy:

From the number of accessible microstates, ) , we can obtain the entropy(S) of the
system via S=k;InQ

where k, is the Boltzmann constant. or, equivalently,

N

Q(E,V,N)=e" Q is equivalent to “micro canonical partition function”
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Example: The energy of Einstein oscillator is given by E, =nhv if there is N no. of oscillator in

the 3 Dimensional system which has total energy E at temperature T.
(a) Write down micro canonical partition functionQ .

(b) What is entropy of the system?

3N 3N
Solution: (a) Q is no. of microstate which is equivalent to Q = Zni = h—’
1 1 nv
3N E E 3N
Q=) -—"t=— where Y E,=E
~hv  hv :

3
Example: If there is N no of particle which have spin 5 which will interact with magnetic field B

which are in equilibrium at temperature T

(a) How many no. of microstate for each particle

(b) What is entropy of the system.

31
2°272

) ) 3 . -3 . .
Solution: (a) if SZE then z component of spin ie. s, = O so there is 4 microstate for

each particle
For the N no. of particle there will be 4" no of state .

(b) S=k,InQ , where Q=4" for given system. soS = Nk, In4
1
Example: A solid contain N magnetic atoms having spin 5 At sufficiently high temperature

each spin is completely random oriented .at sufficiently low temperature all the spin

become oriented in same direction let the heat capacity as a function of temperature T by

2T T
T)=a(—-1 If L <T<T
c(T) a(T ) ) |

1
=0 Otherwise

Find the value of "a"

Solution: at very low temperature all spins are oriented in only one direction so there is only

one possible microstate for each atoms . hence entropy isSi =0 | at high temperature all

Head office Branch office

fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 190




fiziks

fiziks

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

the spin are randomly oriented and they can be either in up or down microstate so there

are two microstate for each atom hence for N no of atom entropy is given by

S, =Nk,In2

so 8, =8, =NkyIn2 which is determined by theoretical calculation .

Tds

now from the given expression of heat capacity we have relation ¢ = aT -

S(oo)—S(o):>S2—SI=I%dT “ a2l e
0

0 [ —

1

5.2.2 Canonical Ensemble

T
a(—-1)—=a
(T )T

_ NkIn2
1-In2

The canonical ensemble occurs when a system with fixed volume (V) and number of

particle (N) at constant temperature (T) . In other words we will consider an assembly of

systems closed to others by rigid, diathermal, impermeable walls. The energy of the

microstates can be fluctuate, the system is kept in equilibrium by being in contact with

the heat bath at temperature T. It is also referred to as the NVT ensemble

Schematically the system can be shown as

NVT | NVT | NVT | NVT

NVT | NVT | NVT | NVT

NVT | NVT | NVT | NVT

NVT | NVT |NVT | NVT

In above table each cell considers as each microstate temperature, volume and no of

particle is fixed in each cell. . Only value of energy is different in different cell which can

be exchanged in the process.
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5.2.2.1 Partition Function for Canonical Ensemble
According to Gibbs, the probability of finding the system in any of its i™ state at

. . 1
temperature T where energy of that state is E; is given by p(E,) oc e”*” where f = T
B

p(E,)=ce” ™ where c is proportionality constant . hence p(E,) is probability then

£ | 1 1
Zi:p(Ei):Zi:CQ E‘ﬁzl SO C:W SC:W:E

The letter Z stands for the German word Zustandssumme, "sum over states" and is

popularly known as partition function for canonical ensemble which is given by
Z = Ze_E"ﬁ

In systems with multiple quantum, we can write the partition function in terms of the

contribution from energy levels (indexed by 1 ) as follows:

Z4= Zgie_E'ﬂ 1

where g; is the degeneracy factor, or number of quantum states which have the same

energy level defined by E,.

In classical statistical mechanics, it is not really correct to express the partition function
as a sum of discrete terms, as we have done.

In classical mechanics, the position and momentum variables of a particle can vary
continuously, so the set of microstates is actually uncountable. In this case we must
describe the partition function using an integral rather than a sum. For instance, the

partition function of a gas of N identical classical particles is

1
Zy= _JCXP— BH(py...py» X, x)dx,..d’x,d’ p,..d" p,,

Iﬁh3N

where p, indicate particle momenta x, indicate particle positions

d’ is a shorthand notation serving as a reminder that the p.and x,are vectors in three

dimensional space, and H is the classical Hamiltonian.
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The reason for the (N factorial): However, there is a well-known exception to this rule. If
the sub-systems are actually identical particles, in the quantum mechanical sense that
they are impossible to distinguish even in principle, the total partition function must be

divided by a N! (N factorial):. For simplicity, we will use the discrete form of the

partition function in this article. Our results will apply equally well to the continuous

form.

The extra constant factor introduced in the denominator was introduced because, unlike

the discrete form, the continuous form shown above is not dimensionless. To make it into

a dimensionless quantity, we must divide it by where 4 is some quantity with units

of action (usually taken to be Planck's constant).

5.2.2.2 Relation Between Macroscopic Variable and Canonical Partition Function Z
e Relation between total energy and partition function for large no for particle

average of total energy E is equivalent to average of internal energy U.

ZEie_ﬂEi 0 (

_ _ AEREEEL —— ~PE :_aan

<E>—<U>—ZE;P; - Ze—ﬂEf 'aﬂln Z[:e j op
Lo (olz e 192
<E>—<U>—kBT( 7 j :><E>—<U>—kBT 7 aT

e Relation between partition function and specific heat at constant volume Cy

o)
or ),

e Relation between partition function and Helmholtz free Energy:

(F)y=(U)-T(S) and S:—(Z—?l
:U:F—T(a—F) :—Tz(a(F—/T)j
oT ), oT

equating the coefficient of 7> between relation
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Uy =-T? (M] andso (E)=(U)=k,T" (aan j so F=—k,TInZ
or or

e relation between partition function and other thermodynamical variable
once internal energy(U) and Helmholtz free energy(F) is obtained one can find

(a) entropy (S) S = g

(b) pressure (P) P= —(S—I;l

(c) enthalpy(H) H=U+ PV
(d) Gibbs free energy G=H - TS
5.2.2.3 Relation Between Entropy and Probability .

e <
P = —>InP. =-pE, —InZ =>F=-kTInZ =hZ=—r7r
k,T
lnPl.=—,6El.+(F] = iR | j<1ng>:M
k,T k,T  k,T k,T
-U+F -§
= (InP)= T Tk [+F=U-TS] =S=-k,(InP)

= 8= —szpi In p,

Example: A system in thermal equilibrium has energies 0 and E. Calculate partition function of
system.
Then calculate
(1) Helmholtz Free energy (F)
(i1) entropy (S)
(111) internal energy (U)

(iv) Specific heat at constant volume ¢, discuss the trend of specific heat at (a) low

temperature and

(b) high temperature
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Solution: Let T be the temperature of the system. The partition function Z of the system is
7 — VKT | o ElkT _ 4 o BT
(1) Free energy F of the system is
F=—k,TInZ =—k,TIn|l+e %" |

(i1) Entropy S of the system is

S:— a—F :kB ln[1+e_E”‘BT]+£%
oT )y, Te '™ +1

(ii1) Internal energy U is
U=F+ST
E E

E/kgT o E/kgT
e B B

=k, TIn[l+e "% |+ k,Tnfl+ e /% |+ o T

(iv) Specific heat at constant volume cy is

oU E e oE kT
c, =| — =k
' (aTjN,V B(kBTj (eE/kBT +1)2

(a) At a low temperature (E/kT) >> 1, and equation (3.35) reduces to

2
¢, - kl{ kiT j SE kT
B

Since with the decrease of T, the function (E/k,T)’, therefore
Cc,—0 when T—>0

(b) At a high temperature (E/k,T) <<1 and equation reduces to

2

E )1

C,=kl——| = Hence, C, >0 when T —>o
k,T ) 4
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One Dimensional Free Particle:
Example: The Hamiltonian of one dimensional N free particle is confine in box of length L given
N p2
by E(q.p)= Z{—l} write down
i | 2m
(a) Expression of partition function
(b) Internal energy of system

(c) Specific heat at constant volume .

N 2
Solution: Z, :hLNjexp(—{Z[zp’;J}/kBTJ dq, dp,
i=1

1 N *® —p»2/2ka L
=h—NH{Iw€ o dpiJ-O dqi}
i=1

2
For evaluation of the first integral of equation let us put Py and 2idp; =du

2mk,T mk,T

Using equations in the first integral equation we have

Iiexp(pf /2kaT)dpl. = 2'[: exp(—pl.2 /kaBT) dp,

=./2mk,T I: e'u™"? = [2zmk,T and integration of second integral is L

1
Partition function of one particle is Z = Z(27rkaT )1/2 (L)

1
Partition function of N particle is Z, = Z" = —— (2zmk,T)" " (L)"
h*|N
107
(b) the internal energy (E)=(U)=k,T" 1oz
Z oT
Nk, T
(E)=(U)=—
2
¢ G = a_U = N,
or ), 2
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Classical Harmonic Oscillator:

Total energy of the system of N one dimensional classical oscillators is given by

S pi2 1 2 2
E(q,p):z E—kzma) q;

i=1

where ¢; and p; are position and momentum of the i-th oscillator, respectively.

(a) Write down partition

(b) Helmholtz Free energy

(c) Internal energy

(d) Specific heat at constant volume

The partition function of the system is where

Zy=—[ex —ZN:i+lmw22 k,T | dg; d
N TN p | om 2 q; B q; ap;

_ hLNﬁ { [ erriramhr gy, [ netianr dq,»}
i=1

2
For evaluation of the first integral of equation let us putL
B

m

Using equations in the first integral equation we have

=u and Pidp; =du
mk,T

J:Oexp—(pf /2kaT)dpl. ~ 2_[: exp(—pf /2kaT)dpl. = ,/2kaT'[:e_”u_”2 =2zmk,T

For evaluation of the second integral of equation, let us put

ma’q;
2k, T

ma’q,dg,
k,T

=y and =du

Iiexp(—mwzqf /2kBT)dqi = 2[: exp(—ma)qu. /ZkBT) dq.

_ kBY; J'jo e,uufl/zdu _ 272'szT
ma 0 ma
1 i 2k, T N
Z, :h—N(27zkaT) ( haf j
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(a) Free energy F of the system is

F=-k,TInZ, = —NkBTln(zﬂkBT )

ho

Once the free energy of the system is known, we can calculate other thermo dynamical
quantities of the system.

(b) Entropy S of the system is

S :—(a—FJ = Nk, 1n(2”kBTj+NkB
oT )y ho

(c) Internal energy U is

U =F+ST =Nk, T
Thus, the mean energy per oscillator is . k,T

(d) Specific heat at constant volume C,, is

ou . o
C, :G_T:NkB The specific heat at constant volume Cj is independent of the
temperature

Quantum Harmonic Oscillator:
Example: In quantum mechanics, energy of an oscillator is quantized and the energy of the N

such system is given by

ul 1
E"i = leha)(n, +5J

where »; is an integer; n;, =0, 1, 2, 3, ..... then find
(a) The partition function of the system .

(b) entropy

(c) Helmholtz free energy

(d) Internal energy
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Solution: (a) Specific heat at constant volume ,also discuss the case for lower temperature and

higher temperature.

a) Z, = Zexp(—Eﬂi /kBT) = Zexp{—ﬁha)(ni +;j/kBT}
n; n; i=1

H[z exp{_hw(n,. ) /kBTH

We know that i exp {—hw(ni +;j/kBT} =exp(—hw/2k,T)+exp(-3hw/2k,T)........

n;=0

_ exp(-ha/2k,T)

= exp(—ha)/2kBT)[

Thus, the partition function is

7. :[ exp(—ha)/szT))T

1-exp(-hw!k,T

(b) Free energy F of the system is

exp(—hw/ 2k,T)

F=-k,TInZ, =—NkBTln{

_ Nho

+ Nk ,T In[ 1-exp(~hew/ k,T) |

1—=exp(—hw/k,T)

1
l—exp(—ha)/kBT)} 1-exp(~hw/k,T)

|

Once the free energy of the system is known, we can calculate other thermodynamical

quantities of the system.

(c) Entropy S of the system is

Nhow/!/T

oF
S= _(ﬁjw =Nk, In[ 1-exp(-hao/k,T)]+

exp(haw/k,T)-1

ho 1
= Nk ~In[1-exp(~hw!/ k,T
B{[kBTjexp(ha)/kBT)—l n[1-exp(-he/k, )}}
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(d) Internal energy U'is U = F +ST = N| - har+ ho
exp(haw/k,T)-1

(e) Specific heat at constant volume cy is

2
hao!k,T
c, _U _ vho exp(ha/k,T) 2( ha)zj :NkB[ha)j exp(haw/k,T) 2
oT [exp(fw/k,T)-1] (ks kT ) Texp(ho/k,T)-1]

e Atalow temperature, we have (hw/k,T)>> 1, and therefore, equation reduces to

2
C, = Nk, (:—C;j exp(—:—a;]
B B

—hw/ kyT

Since with the decrease of T, the function e reduces much faster than the increase

of the function (/k,T)’ , therefore  C, —0 when 7' —0

e At a high temperature, we have (ha)/ k1 ) << 1, and therefore, equation reduces to

C, = NE, l+hw!/k,T +..... :
(1+hw/2k,T +.....)

It gives C, - Nk,when T — oo it shows that the classical result for C, is valid at high

temperature.

Example: In quantum mechanics, energy of an oscillator is quantized and the energy of the N

such system is givenby E = ha)(n +%j wheren=20, 1, 2, 3, ..... then

-N
(a) Prove that partition function of the system is Z,, = {2 sinh 5 @ }
B

From the expression used in (a) then find

(a) Internal energy

(b) Specific heat at constant volume, also discuss the case for lower temperature and
higher temperature.

(c) Helmholtz free energy

(d) Entropy.
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Solution:

(a) In quantum mechanics, the energy of an oscillator is £, :(n+%jha). Thus, the

quantum mechanical partition function for
o0
Z = Ze—En/kl,T _ Zef(n+l/2)hw/kBT
n n=0
e—hw/ZkBT 1 1

1— e’h’”/ZkBT eha}/ZkBT _ e’EW/ZkBT 2 Slnh (ha)/ 2kBT)

one oscillator is

Since the partition function Zy of

a system of N independent particles is equal to the product of the partition function Z; of

individual particle, we have

-N
Z,=7= {2 sinh ;ZwT} Using f=——

1
B kyT ’

(b) the internal energy U of the system is

U=-nz, - Niln{sinh ﬁh”}
op 2

op
ho ho
- N{7+ SholkT _1:|

E N[h—“’} coth
(c) Specific heat at constant volume C), is

2
oU oolkT hao 2
M) wlg o]
oT N.o (ehw/kBT_l) 2k, T

(d) The Helmohltz free energy F is
ho
2k, T

U—F { he h

ho
2k, T

F=-k,TInZ = NkBT[Zsinh

- N{%“Hkgﬂn(l—e-hmkﬂ )}

§S=—=Nk, oth

e) The entropy S is C
(©) by T 26,7 2k, T

“ _ In [2 sinh

ho
2k, T
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Quantum Mechanical Treatment of Spin Half Paramagnetic Substance:

Example: Suppose a system comprising N identical particles is placed in a uniform magnetic
. . . N .
field H and is kept at a temperature 7. When a particle having spin 5 is placed in a

magnetic field H , its each energy level splits into two with changes in energies by uH
and the particle has a magnetic moment g or —u along the direction of the magnetic
field, respectively. Find expressions for internal energy, entropy, specific heat and total
magnetic moment M of this system with the help of the canonical distribution.

Solution: As the spins of particles are independent of each other, the partition function of the
total system Z, is equal to the product of the partition functions for spins of individual
particle. The partition function for spins of individual particle is

Z, ="t g BT =2 cosh (uH /kyT)
Thus,
Z,=7'= [ZCosh(,uH/kBT)]N
The Helmholtz free energy is
F =—k,T'In Zy = —Nk,T In[ 2cosh (uH / k,T) |

The entropy is

S = (—g—?j = Nk, | In{2cosh (uH /k,T)} ~(puH | ey T ) tanh (uH |k, T) |
vV

Total energy is U = F + TS = —NuH tanh(,uH/kBT)

Total magnetic moment is
oF

M:—a—HzN,utanh(,uH/kBT)

The specific heat at constant volume C, is

C, = B—ﬂ = Nk, (uH | k,T) sech® (uH / k,T)
14
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1
Example: If Z is partition of one dimensional harmonic oscillator with energy(n +Ej ho where
n=0,1,2,3.... at equilibrium temperature 7 .

(a) what is probability that system has energy 760

(b) what is probability that system has energy lower than 472 @
(c) what is probability that system has energy greater than 4%@

Solution: (a) If Z is partition of system what will be probability that system has energy hTa)

equilibrium temperature T.

exp——1 exp- 2
Pk, T ho) L 2k,T
P2 Z

. . ho 3ho Sho Th
(b) System has smaller thus energy 44w possible energy is TG), @ , a)’ @ ,

2 2 2
ho 3ho Sha Tho
T T AT
SO P(E <4hw)= E £ £ £
Z
(c)
p(E>4hw)=1-p(E < 4ho)
1) Shw Thw
et P o TP e p TP g
p(E > 4ha)) =1- £ B B z
Z
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 203




fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

Example: A particle is confined to the region x >0 by a potential which increases linearly as

U(x) =u,x . find the mean position of the particle at temperature 7.

X

o ¥
Solution: Partition function is givenby  Z = % I e 2’”"BTa’pJ.e kT dx

<x> = pr(x)dxdpx

e ot kT %
) jjxe_J/wpoewdx ) !"e i :( " J !te @ kT
j j eiz'fwdp e_;‘%dx Ie_kﬁde (k;oT] _([e_’dt %o

5.2.3 Grand canonical ensemble:

In grand canonical ensemble, each element is in contact with reservoir where exchange of

energy and particles is feasible .so in such type of ensemble energy (E ) and number of

particle (N ) of system vary . This is an extension of the canonical but instead the grand

canonical ensemble being modeled is allowed to exchange energy and particles with its

environment. The chemical potential () (or fugacity ) is introduced to specify the

fluctuation of the number of particles as chemical potential and particle numbers are
thermodynamic conjugates. Popularly grand canonical ensemble is also known as 7,V, .
Schematically the grand canonical ensemble can be represented as

TVp | TVp [TVp [TV
TVp [TV | TV | TV
TVp | TVp [TVp [TV
TVp | TVp [TVp [TV

In above table each cell considers as each microstate temperature, volume and chemical
potential which is fixed in each cell. Only value of energy and no of particle is different

in different cell which can be exchanged in the process.
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Grand canonical partition function is defined :

In grand canonical ensemble for the system of interest having constant value of 7,V, u

the partition function in classical system is given by

1 1 UN —Ey(q,p)
Z = — = CXp| —— [| €&X N d,
a N N h3N p(kBTjJ‘ p{ kBT q p

/’IN_En,N j|

here in quantum mechanical system Z, = ZZ g, exp[ T
n N B

WThermo dynamical quantities in grand canonical ensemble:

Relation between Helmholtz free energy and grand canonical partition function

exp {
According to Gibbs distribution function p(E,N) =

IfAI" is statistical weight which is equivalent to no of microstate €2in micro canonical

ensemble then p(E, N)AI' =1 and AI' :;
p(E,N)
So entropy is given by S =k, InAl' =k, In——
py 18 g y B B 2(E,N)
-uN+FE E
So entropy S =k, In| exp it ¥4 Z, :ﬂ—ﬂJrkBan,.
k,T T g

=>E, —ST—uN=-k;InZ, =F-uN=-k,InZ,

Where F' —uN is popularly known as grand potential popularly represented by €2 .

=>Q=-k;InZ,
. Q
e Pressure of the system is P = —(a—)
v ),
. Q
e The entropy of system is S = —(a—J
or ), ,
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Q
e The average numberis N = —(a—j
Ot )y 1

e Helmholtz free energy F=uN-k;InZ,

olnZz
e Internal energy U =F +71S , U=,uN+kBT{ GT#}
V,u

5.3 Maxwell-Boltzmann distribution

In statistical mechanics, the Maxwell-Boltzmann distribution describes particle speeds
in gases, where the particles move freely without interacting with one another, except for
very brief elastic collision in which they may exchange momentum and kinetic energy,
but do not change their respective states of intermolecular excitation, as a function of
the temperature of the system, the mass of the particle, and speed of the particle. Particle
in this context refers to the gaseous atoms or molecules — no difference is made between
the two in its development and result.

Maxwell —Boltzmann system constituent identical particles who are distinguishable in
nature and there is not any restriction on no of particles which can occupy any energy
level. The wave function of particle will not overlap to each other because mean

separation of particles is more than the thermal wavelength , which is identified by A .

(where A = L is defined as the thermal wavelength )
2mmk, T

Suppose there are [ states with energies, E,E,,E;..... E, and degeneracy
g,2,,8;.......g, . Respectively, in which the particles are distributed. If there is

N numbers of distinguishable particles out of these n,n,,n,.......n, particles is adjusted in

i=l i=l
energy level E,E,,E,......E respectively. So Zni =N , ZEl.nl. =U.

i=1 i=1
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The total number of arrangements of the particles in the given distributions is given by

N n n n =l in’
W:#gllgz2 ...... g", W=|]_V£Ilg—

|m|ms|mye..ccmy - |,

The Maxwell-Boltzmann distribution law for the particles in the states is

n, =g exp(—a—pPE,) , n, =g (exp—a)(exp— SE,)

N h2 3/2 1
After using the values ¢ “ =—| ——— | where f=——-+
V\ 2zmk,T k,T

N h2 3/2
Wegetn, =g —| ———| "%
V\ 2zmk,T

5.3.1 Energy Distribution Function

Energy distribution function f(E,) is the average number of particles per level in the

) 32
energy states £, . Therefore f (El) _ %(#j g 5/’
& e

Energy Distribution in Different Dimension

3/2

N( & i o o

o f (E )=— ———— | e """ distribution function in three dimension where
V\ 2xmbk,T

¥V 1s volume .

2
e f(E) N7 ] #mT Gistribution function in two dimension where A is
A\ 2zmk, T

area.
1

2 2
o f(E) :%(h—j e %" distribution function in one dimension. Where L

2rmk, T
is length.
Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai, Anand Institute of Mathematics,
Near IIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near IIT
Phone: 011-26865455/+91-9871145498 Hauz Khas, New Delhi-16

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com 207




fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

The number of particles n( £)dE having energies in the range from E'to E + dE is

n(E)dE = f(E)g(E)dE where f(E) is distribution function and g(E£)dE is number of
level(quantum state ) in the range of £to E + dE
3

2m2
e g(E)dE in three dimension g(E)dE =27V = V" E2dE where V is volume of
h2

three dimensional space

2
e g(E)dE in two dimension g(E)dE =rA “M V4E where Ais area of the two
h

2

dimensional space
1
= 1

2m\2
e 2(E)dE in one dimension g(E)dE =L MY E2dE where Lis area of the one
hZ

dimensional space

The number of particles n(E£)dE having energies in the range from E'to E +dE in three

dimensional space

(e}
(O}

e

=

5 3/2 3 i

n(BydE=| | cemrgy( 20 ) prgp Z

V\ 2xmbk,T h =

S

_ 27TN3/2 E2o kT g Z
(7kyT) 7

This is known as the Maxwell-Boltzmann energy distribution law for an-ideal gas.

Where A= __Fun is defined as the thermal wavelength.
\2wmk, T
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Average Energy

For the Maxwell-Boltzmann energy distribution law, average energy (E) of the particles

["En(E)dE
s (By=2_—
-[O n(E)dE

=(E)y=—

1
N{(

27N
ﬁkBT)3/2

Let E = k,Tx and therefore, dE = k,Tdx Then we have

27

E= —J.OOO(kBTx)y2 e 'k,Tdx =

(ﬂ_kBT)3/2

2k,T

Jr

IO‘*’ E32 o EkT g

r X elfdy = ngT
0 2

1
Hence, the average of a particle is EkBT per degree of freedom,

for three degree of freedom it is %kBT

Example: Two distinguishable particles have to be adjusted in a state whose degeneracy is three

(a) How many ways the particles can be adjusted?

(b) Show all arrangement .

Solution: (a) N =2,n=2,2 =3 and no of microstate is W =

wgn

n

=9, 9 ways.

(b) Total no of arrangement for 2 distinguishable in state whose degeneracy is 3.

First level | Second level | Third level
AB 0 0
0 AB 0
0 0 AB
A B 0
B A 0
A 0 B
B 0 A
0 A B
0 B A
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Example: If N no of distinguishable particle is kept into two dimensional box of area A what is

average energy at temperature A .

: . : 2 e
Solution: for two dimensional system g(E)dE =7 A (h—’?} dE and distribution

N W
Function is o b =N _E/kyT
unction 1§ given by f( ) 1 [—27z-kaTje
"En(E)dE ?
<E> :J‘Ow# Where n(E)dE:f(E)g(E)dE:E h A e_E/kBTﬂ'A(_zrznjdE
(Ey=k,T

5.4 Bose Einstein distribution

In quantum statistics, Bose—Einstein statistics (or more colloquially B-E statistics) is
one of two possible ways in which a collection of indistinguishable particles may occupy
a set of available discrete energy state . The aggregation of particles in the same state,
which is a characteristic of particles obeying Bose—Einstein statistics .who recognized
that a collection of identical and indistinguishable particles can be distributed in this
way.

The Bose—Einstein statistics apply only to those particles not limited to single occupancy
of the same state—that is, particles that do not obey the Pauli exclusion restrictions.
Such particles have integer values of spin and are named boson , after the statistics that
correctly describe their behavior.

The wave function of particle will overlap to each other because mean separation of

particles is less than the thermal wavelength , which is identified by A4 .

(where A = is defined as the thermal wavelength )

h
 2mmk , T

Suppose there are [/ states with energies, E,E,,E..... E, and degeneracy

FodW - S - SR g, . Respectively, in which the particles are distributed. If there is

N numbers of indistinguishable boson particles out of these n,,n,,n,.......n, particles is
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i=l
adjusted in energy level E|,E,, E,.....E, respectively. It is given Zni =N
i=1
i=l
En =U.

it
i=1

The total no. of arrangements of the particles in the given distributions is given by

W= n+g,—1 W—FII n+g -1

If n, and g, are large numbers , we can omit 1 in comparison to them , so we have

w_nlnte
s

The Bose Einstein distribution of the particle among various states n, =

8
e(a+ﬁ’E) -1

The Bose-Einstein energy distribution is

n _ . 1 . 1
fE)=" = MBS gemr— = e
3/2
where Yij L and A= e = e *'kT =K[27rm2kBTj
kT N h

Here, p 1s chemical potential which is general a function of T. when 4 >>1, Bose-
Einstein gas reduces to the Maxwell-Boltzmann gas. The chemical potential for Bose gas

is negative, but for photon gas is zero.
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Example: Two indistinguishable boson particles have to be adjusted in a state whose degeneracy
is three.
a) How many ways the particles can be adjusted?

b) Show all arrangement.

nfs, 1

(b) Total no of arrangement for 2 indistinguishable boson particles in state whose

Solution: (a) n, =2,g, =3 , = 6 ways

degeneracy is 3.

First level | Second level | Third level
AA 0 0
0 AA 0
0 0 AA
A A 0
0 A A
A 0 A

Examples: (a) write down distribution function of photon at temperature 7 ,if average energy in
each state is given by e=hv .
(b) what is density of state of photon gas between frequency v to v+dv
(c) write down expression of no of particle for photon gas at temperature 7 .
(d) write down expression of average energy for photon gas at temperature 7" .

1 1

Solution: (a) the Bose Einstein distribution is given b E)=
olution: (a) the Bose Einstet ribution is given by f() T ] 4o ]

Vv (2xmk,T\" 1
a —ulkgT __ _ _ :
where A=e“ =¢™* _N(h—sz , for boson #=0 . So f(E)_eﬁE_ for if
average energy in each state is given by £ =hv then [ (E ) = hvl
ekTT -1
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(b) if j is quantum number associate with frequency v then total no of frequency
between v to v +dvis same as the number of points between jto j+dj. The volume of
spherical shell of radius j and thickness dj is 47 j°dj .

Hence all three component of j is positive (same as particle in box) and there are two

direction of polarization so degeneracy g =2.

So no of standing wave g(j)dj = (2) (éj dr j*dj = x j*dj
3.2
Itis given j= 27L _ v and dj = 2Ldv gv)dv = 8”L3V dv
c g
So density of standing wave in cavity is given by g(v)dv = %;/)d 1%
2
gdv="""ay
c
(c) N = jo f(E)g(EME = jo f(v)g(v)dv
o P2 kTY o x?
N:87Z3VJ~ thdV putx:h—v N:87Z'3V » J- x“dx
c Y0 = k,T c he ) 90 ¢ —1
kgT B
e —1
The integral have value
3
N = 1.92V(kBT]
he
(d) U= jo Ef(E)g(EME = jo wf(v)g(v)dv
8Vh = vd
U= ﬂ3 IO ‘;v d put x:h—v
C kgiT kBT
e —1
4 3 51,4 d
TY o
U=8rlc ky J- xdx U=87sz333T
he ) 70 e —1 15¢’h
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Example: A system consisting of two boson particles each of which can be any one of three
quantum state of respective energies o,&,3¢ is in equilibrium at temperature 7 .write the
expression of partition function.

Two boson can be distributed in three given state with their respective energy level

shown in table

S.N. | Energy O | Energy & | Energy 3¢ | Total energy
1 AA 0 0 0

2 0 AA 0 2¢

3 0 0 AA 6¢&

4 A A 0 g

5 A 0 A 3¢

6 0 A A 4e

Z =1+exp(—pfe) +exp(—2p¢)+ exp(—-3fe) + exp(—4 fe) + exp(—6 f¢)
5.5 Fermi Dirac Distribution
In quantum statistics, Fermi-Dirac statistics describes distribution of particles in
a system comprising many identical particles that obey the Pauli Exclusion Principle
(The Pauli Exclusion Principleis the quantum mechanical principle that no two
identical fermions (particles with half-integer spin) may occupy the same quantum state
simultaneously.)
Fermi-Dirac (F-D) statistics applies to identical particles with half odd integer spin in
a system in thermal equilibrium. Additionally, the particles in this system are assumed to
have negligible mutual interaction. This allows the many-particle system to be described
in terms of single-particle energy states . The result is the F-D distribution of particles
over these states and includes the condition that no two particles can occupy the same
state, which has a considerable effect on the properties of the system. Since F—D statistics
applies to particles with half-integer spin, these particles have come to be

called fermions.
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. : . . . !
It is most commonly applied to electrons , which are fermions with spin —

No. of ways W in which n, indistinguishable particles to place in g, level with the

condition that only one particle or no particle can be placed in each level i.e identical

i=l
particles that obey the 5.5.1Pauli exclusion principle. ( it is given It is given an. =N

i=1

i= l |
ZlEini =U .)is given by W = ZL

i1 i=1 lﬁ g1

Fermi-Dirac distribution of the particles among various states is given by

. g,
" exp(a+ BE)+1

So Fermi Dirac distribution f(E)=—= =
f( ) g, e(a+ﬂE)+1 AeﬂE+1

812
where Zﬁand A=e" :%(zmz#j
B

when A.>> 1, Fermi-Dirac gas reduces to the Maxwell-Boltzmann gas. Fermi-Dirac gas
is said to be weakly degenerate when A>1, degenerate when A<l and strongly
degenerate when A = 0.Strongly degenerate Fermi gas 4 <1

The Fermi-Dirac energy distribution is
/(E)

where x4 is the chemical potential which is a function of T, i.e; u= u(T) . the gas is

1
- exp(E— )/ k,T +1

strongly degenerate (A = 0) at T = 0. at T = 0, where p= p(0)=E, . The limiting

chemical potential is known as the Fermi energy Ep of the gas and the distribution

1

function can be written as f' (E ) = R
el T 4]
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Strongly degenerate Fermigasat T =0  —

1 T |r=0
At T =0, when E < Ef, we have f(E \

' fE)= =0 ) |

| | (E) \

At T =0, when E > Eg, we have f(E)= - \
e’ +1 oo+l NT>0

Fermi function f(E)versus E atT 0 E. E -
The number of energy states in the energy range from E to E+dE

3/2
g(E)E =2 gsz(zh—T) E'?dE Here, g is the spin degeneracy, g = (2s+1) , where s is

the spin quantum number of a particle. The number of particles in the energy range from

EtoE+dEatT=0is

32
n(E)dE = { f(E)g(EME = 2g7zV©m) El dE for E < E,
0 for £ > E,
/2
_ EF _ 2m F 1/2 A 4g7TV 2771 ’ 3/2
N =" n(E)dE 2g7rV( - j j E a'E_T ] B
: : 3N " r
Thus, the Fermi energy is E,(0)= —— and the Fermi
47rgV 2m
EF'
. E,

temperature 7x is defined as T, = k_ 1

U
The Fermi momentum D is given by

0
. IN 0O 7 > T,
Pr= (2mEF) = (WJ h Fig: Variation of chemical
= potential x with 7.
Total energy of the gas at 7=0 is
/2
2m va . dgav(2m\'? o, 2gaV

U= | En(E)dE = 2g7rV( J J’E dE ==~ 5| B =T Sr

Thus, at T =0 we have £=§EF
N 5
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Example: What is no. of ways if two fermions have to adjust in energy state whose degeneracy is

three.

e,

Solution: g, =3, n =2 W=r————=3

lﬁgi_ni -

Two indistinguishable particles is shown by A A

Possible 1 2 3
selection
1 A A 0
2 0 A A
3 A 0 A

Example: Fermions of mass m are kept in two dimensional box of area A at temperature 7 =0

(a) What is total number of particle if E,.is Fermi energy.
(b) What is the energy of the system if E, is Fermi energy.

c) Write expression of energy in term of £, and N
2
Solution: For two dimensional systems density of state g(£)dE =7 A (h—T] dE and distribution

function at temperature 7 =0for is given by f(E)=1if E<E, =0 if E>E,

Ep T2mAE
a) N =" g(E)f(E)IE ==
£ A2mF AE?
b) E=| " Eg(E)f(E)IE = E~= d - = [ EdE, = E= ”’"hz E
0
0 E= NE,
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Example: (a) If Fermi gas is at temperature 7 >0 what will f (E F) .
(b) At E=E, +x, find the fraction of occupied levels .
(c) At E=E;-x, find fraction of unoccupied levels.

Solution: (a) It is also interesting to note that at T > 0, when E = E,. we have

1 1 1 1

E)= = = = —
f( ) eE*EF/kT_i_l eO/kT+1 1+1 2

(b) At T >0, fraction of levels above Er are occupied and a fraction of levels below Ep
are vacant. The fraction of occupied levels at the energy E is

1
f(E)=gETFW+1

1
At E=E; +x, , the fraction of occupied levelsis [ (E L x) T
e

+1
(c) The fraction of unoccupied levels at the energy E is
1
1—f(E)=1— (E=E.)/kT
e +1
) : ) 1
AtE = E, —x, the fraction of unoccupied levels is 1— f(E, —x)= oo
+e
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Questions
MCQ (Multiple Choice Questions)

3
Q1. Ifspin of a fermions is s = Eh then no of microscope is given

(a) 1 (b) 2 ()3 (d) 4

Q2. If 2 classical particle have to to adjusted in 2 different non degenerate quantum state
where one particle is in ground state and another is in upper state the no of possible
microstate is
(a) 1 (b) 2 ()3 (d) 4

Q3.  If 3 classical particle have to to adjusted in 2 different quantum state where one
particle is in ground state and other is in upper state where ground state is non degenerate
and upper state is doubly degenerate
a) 4 (b) 6 (c) 10 (d) 12

Q4. If 2 boson have to to be adjusted in 2 different non degenerate quantum state where
one particle is in ground state and another is in upper state the no of possible microstate is
(a) 1 (b) 2 (c) 3 (d) 4

Q5. If 3 boson particle have to adjusted in 2 different quantum state where one particle is
in ground state and other is in upper state where ground state is non degenerate and upper
state is doubly degenerate
(a) 2 (b) 3 (c) 6 (d) 12

Q6. If 2 fermions have to to be adjusted in 2 different non degenerate quantum state
where one particle is in ground state and another is in upper state the no of possible
microstate is
(a) 1 (b) 2 ()3 (d) 4

Q7. If 3 fermions particle have to adjusted in 2 different quantum state where one
particle is in ground state and other is in upper state where ground state is non degenerate

and upper state is doubly degenerate

(@)1 (b) 2 (©) 3 (d) 4
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Q8.  If ground state of single particle confined in one dimensional potential box of width
a have ground state energy is E, then if 4 such type of fermions have to adjusted in same
box then energy of ground state of configuration is
(a) E, (b) 4E, (c) 10E, (d) 12E,

Q9. For a two-dimensional free electron gas, the electronic density n, and the Fermi energy
E, attemperature T , are related by

2mE, )" mE
wn= G ®)n="0

mE . 2 % (mE F )%
(c) n=——3 (d) n=

27h 7

Q10. A system has two energy levels with energies ¢ and 2¢. The lower level is 4 -fold
degenerate while the upper level is doubly degenerate. If there are N non-interacting
classical particles in the system, which is in thermodynamic equilibrium at a temperature
T, the fraction of particles in the upper level is

1 1
Q) ———— b) ———
( ) 1+eé‘/kBT ( ) l+2e£/kBT
1 1
(C) Zeg/kBT +4628/kBT (d) ZeE/kBT _4e2£/kBT

Q11. For an ideal Fermi gas in three dimensions, the electron velocity V. at the Fermi surface
is related to electron concentration 7 as,

(@) V, cn®”? (b) V, xn (c) V, ocn'? (d) V, cn'?

Q12. Consider a system whose three energy levels are given by 0, ¢ and 2¢. The energy level
¢ is two-fold degenerate and the other two are non-degenerate. The partition function of
the system with g = 1 is given by

k,T
(@) 1+2e7 (b) 2e7 % 47 (c) A+e ™) (d) 1+e 7 e
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Q13. Consider a collection of N two-level systems in thermal equilibrium at temperature 7 .
Each system has only two states: a ground state of energy 0 and excited state of energy

E . What is probability that system will be found in the excited state.

1 efE/kT 1 eE/kT

® e O e © e @ e

Q14. For a free electron gas in two dimensions the variations of the density of states. N (E )as a

function of energy E, is best represented by

(a) (b)
N(E) N(E)
E E
(c) (d)
N(E) N(E)
E E

Q15. If 6 fermions of spin half have to be adjusted in two dimensional harmonic isotropic

oscillator with angular frequency @ the energy of ground state configuration is given by

i
() 7“’ (b) 7w () 6hw (d) 107w
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fiziks

NAT (Numerical Answer Type)

Q16. 6 spin % fermions and 6 boson of spin 1 confined in one dimensional box of width a
the ratio of ground state energy configuration of fermions to ground state bosons
are .........

Q17. Consider a linear collection of N independent spin 1/2 particles, each at a fixed location.
The entropy of this system is (%, is the Boltzmann constant) Nk, then value « is
given by ........

Q18. Consider a system of 3 fermions which can occupy any of the 4 available energy states
with equal probability. The entropy of the system is ak,Inf where value of
ais ........... and f#...........

Q19. For three dimensional system, the energy density is proportional by E“ then value of
ais givenby ..............

Q20. If fermions are confined in three dimensional energy if energy per particle is aE, at
temperature 7'=0K the value of «........ if £, 1s Fermi energy at temperature 7' = 0°K

Q21. For photon gas in three dimension no density n is proportional to 7“ where T is
temperature at Kelvin then the value of « is given by ............

Q22. For photon gas in three dimension energy E is proportional to 7“ at constant J where
T is temperature at Kelvin then the value of « is given by ............

Q23. For photon gas in three dimension energy E per particle is proportional to 7% at
constant V' where T is temperature at Kelvin then the value of « is given by ............

Q24. For one dimensional classical harmonic oscillator total energy per particle at equilibrium
temperature 7 is given by %kBT then value of ais ...........
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Q25.

Q26.

Q27.

Q28.

Q29.

MSQ (Multiple Select Questions)
Which of the following statements is correct ?
(a) Indistinguishable particles obey Maxwell-Boltzmann statistics
(b) All particles of an ideal Bose gas occupy a single energy state at 7= 0
(c) The integral spin particles obey Bose-Einstein statistics
(d) Protons obey Fermi-Dirac statistics
Which of the following statements is/are correct ?
(a) Distinguishable particles obey Maxwell-Boltzmann statistics
(b) In any quantum state two fermions can be adjusted
(c) The half integral spin particles obey Fermi Dirac statistics
(d) Photon obey Bose Einstein statistics
Which of the following is correct
(a) fermions and bosons are indistinguishable particle
(b) Electrons are fermions while protons are bosons
(c) Electrons are fermions while photons are bosons
(d) protons are fermions while photons are bosons
The chemical potential of an ideal Bose gas at any temperature is
(a) necessarily negative (b) zero

(c) necessarily positive (d) negative
If six fermions of spin 5 have to adjusted in one dimensional quantum mechanical

harmonic oscillator then which of the following is correct .
(a) In one particular energy state four fermions can be adjusted

(b) In one particular quantum state only one fermions can be adjusted.
. . ho
(c) The energy of ground state configuration is -

(d) The energy of ground state configuration is 5hw@
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Q30. Which one of the following is correct
(a) In Micro canonical ensemble the volume and temperature are constant but energy is
allow to exchange
(b) In canonical ensemble the volume and temperature and number of particle are
constant but energy is allow to exchange
(¢) In canonical ensemble the volume and temperature is constant but energy and
number of particle are allow to exchange
(d) In Grand canonical ensemble the volume and temperature are constant but energy
and number of Particles are allow to exchange

Q31. Which one of the following system has average energy particle per particle is k,7 where

T is equilibrium temperature.

(a) Two dimensional classical free particle .

(b) Classical particle confined in one dimensional Harmonic oscillator.
(c) Photon confined in one dimensional Box of length L

(d) Photon confined in two dimensional Box of of areca 4

Q32. Which of the following is correct if N particle confine in harmonic oscillator potential

ma*x*

defined as V' (x) =

at equilibrium temperature 7

(a) for classical particle average energy is Nk,T

(b) For quantum mechanical particles average energy is U = N {hTa) + %}
(c) For quantum mechanical particles average energy is U = N T et ]

(d) For quantum mechanical particle average energy is U = N Ta) cothTw
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Solutions
MCQ (Multiple Choice Questions)
Ans. 1:(d)

Solution: If spin of fermion then no of microstate is 2s+1 put s = 5 so no of microstate is 4

Ans. 2:(b)

Solution: W:Hﬂgi’”’ N=2n=Ln,=1land g, =1, g,=1So W=2

gl

Ans. 3: (d)

Solution: W=Hﬂg;’" N=3,n=Ln,=2and g,=1, g,=2 So W=12

gl

Ans. 4: (a)

n+g -1
Solution: W = H N=2,n=1n,=land g =1, g,=1So W =1

1t

Ans. 5: (b)

g -1
Solution: W = Hl— N=3,n=1n=2and g =1, g,=2 W=3

1 E

Ans. 6: (a)
Solution: W =[] ——— |— N=2,n=1n,=1and g, =1, g,=1So W =1
g —mlm
Ans. 7: (a)
Solution: W =[[——— |— N=3n=1n=2and g, =1 ,g,=2 =W=1
i gl —n. |£
Ans. 8: (¢)
°h?
Solution: E=2xE, +2x4E, =10E,where E, = 5
2ma
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Ans. 9: (c)
i E)=1 if E<E
Solution: 1= | g(E)(ENE, g(E)E="22MaE wr=g )71 E<E
0 h =0 if E>E,
—=>n= 2mEF = MEF
n 2’
Ans. 10: (b)
Solution: Partition function Z =4e <" 427
2e—25/kT 1
Pl2e)= 4e T 1262 T 1426
Ans. 11: (d)

) 1
Solution: E, =—mV? v E,.ocn’?=V2acn’’=V.ocn.
F 2 F F H F

Ans. 12: (¢)
Solution: E, =0, E, =¢,E, =2¢; g, =1, g, =2,g, =1where g,,g, and g, are degeneracy.

. . d 4 . g s PR
The partition functionZ = gie ”* + g.e /"™ + gie " =1+2e™ 7 + e :(1+eﬂ)

Ans. 13: (a)

Solution: il = !
1+efE/kT l+eE/kT

Ans. 14: (¢)

Ans. 15: (d)

Solution: 1" energy state have n+1 degeneracy and due to spin s particle the total degeneracy

g=(n+1)x (2s + 1) according to Pauli exclusion principle maximum no of fermions are

no of degeneracy .

So energy of ground state configuration is 2x7w+4x2hw =10hw
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NAT (Numerical Answer Type)
Ans. 16: 4.66

*h* B 67°h*
- 2

Solution: Energy of bosons are £, =6x

0SOn

2ma*  2ma

all bosons are in ground state

Fermions obey Pauli exclusion principle if spin of fermions are 5 then maximum

2 fermions will adjusted n one energy

242 242
:2><7Th +2><47T hz +

o 97’h? B 2871
2ma’®

2 2

2

fermoins

2ma 2ma 2ma

E,_
fermions — § — 466

boson

Ans. 17: 0.693

Solution: No of microstate is 2 so entropy is Nk, In2

Ans. 18: a=2, =2

Solution: Number of ways that 3 fermions will adjust in 4 available energy is
entropy is k,In4 =2k, In2

Ans. 19: 0.5

Solution: For three dimensional system g(E) o E"* so a=.5

Ans. 20: gzéEF a=0.6
N 5

Ans. 21: a=3

Solution: Photon in three dimensional N oc VT°

Ans. 22: a=4
Solution: Photon in three dimensional E oc VT*

Ans. 23: a=1

E
Solution: Photon in three dimensional N «cVT?, EcVT* = N T

state

‘C, =4 so
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Ans. 24: a=2

Solution: The partition function of one dimensional harmonic oscillator at equilibrium

2rk, T
temperature 7' is 7=""
hw
InZ
The internal energy U =k,T° Oln =k,T

MSQ (Multiple Select Questions)

Ans. 25: (b), (c) and (d)

Solution: Distinguishable particles obey Maxwell-Boltzmann statistics

Ans. 26: (a), (¢) and (d)

Solution: In any quantum state only one fermions can be adjusted

Ans. 27: (a), (c) and (d)

Solution: Fermions and bosons are indistinguishable ,electrons and protons are fermions but
photons are bosons .

Ans. 28: (b) and (d)

Solution: The chemical potential of an ideal Bose gas at any temperature either zero or
negative.(zero in case of photon).

Ans. 29: (a), (b) and (d)

o) b

N | W
| =
N | =
| W

Solution: If fermions have spin %then S, =—

jomp]

Due to Pauli exclusion principle only one fermions can be adjusted in one quantum sate

n,s,s2>

so degeneracy of one particular energy state is 4 ,so 4 out of 6 fermions will adjust in
ground state and rest two will in first excited state .

SO energy is 4xh7a)+2><3h70):5ha)

Ans. 30: (b) and (d)
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Ans. 31: (a), (b) and (c)

. . . . .. ) 2xmk, T
Solution: (a)Two dimensional free particle has partition function Z :7”;:—23 ,
U=k, M2 g p
oT
(b) The partition function of one dimensional harmonic oscillator at equilibrium
2rk,T InZ
temperature 7 is Z = "%5” The internal energy U =k,T’ g =k,T
ho oT
Lk, T InZ
(c) the partition function for photon in one dimension is Z = hB U=k,T’ Oln =k,T
2
2
.. . . . olnZ
(d) the partition function for two dimension box Z = A(k;; T} U=k, = 2k, T
C
Ans. 32: (a), (b) and (d)
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6. Basic Nuclear Properties

An ordinary hydrogen atom has as its nucleus a single proton, whose charge is +e and
whose mass is 1836 times that of the electron. All other elements have nuclei that contain
neutrons as well as protons. As its name suggests, the neutron is uncharged; its mass is
slightly greater than that of the proton. Neutrons and protons are jointly called nucleons.

The atomic number of an element is the number of
protons in each of its nuclei, which is the same as the number of electrons in a neutral
atom of the element. Thus atomic number of hydrogen is 1, of helium 2, of lithium 3, and
of uranium 92. All nuclei of a given element do not necessarily have equal numbers of
neutrons. For instance, although over 99.9 percent of hydrogen nuclei are just single
protons, a few also contain a neutron, and a very few two neutrons, along with the
protons. The varieties of an element that differ in the numbers of neutrons their nuclei

contain are called isotopes.

Ordinary Hydrogen Deuterium Tritium
o @] °
Proton Neutron Electron

Figure: The isotope of hydrogen

The conventional symbols for nuclear species, or nuclides, follow the pattern 7 X ,
where
X = Chemical symbol of the element
Z = Atomic number of the element
= Number of protons in the nucleus
A = Mass number of the nuclide

= Number of nucleons in the nucleus
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Nuclear Terminology
e Isotopes
If two nuclei have same atomic number Z (proton), then they are called as isotopes.

Example: 'C & 'C, {°O & ;O and |H, ;H, [H

e |sotones

If two nuclei have same neutron number N (proton), then they are called as isotones.
Example: ;’C and }'N
e Isobars
If two nuclei have same mass number A, then they are called as isobars.
Example: o C and ;'N
e Mirror nuclei

Nuclei with same mass number A but with proton and neutron number interchanged and

their difference ist1.
Example: {'C & {'B and N & /C

Atomic masses: Atomic masses refer to the masses of neutral atoms, not of bare nuclei.

Thus an atomic mass always includes the masses of Z electrons. Atomic masses are

expressed in mass units (u), which are so defined that the mass of a |"C atom is exactly

12u. The value of mass unitis  1u=1.66054x10""kg ~ 931.4 MeV )

Some rest masses in various units are:

Particle Mass(kg) Mass(u) Mass(MeV/c?)

Proton 1.6726 x 1077 1.007276 938.28

Neutron 1.6750 x 10?7 1.008665 939.57

Electron 9.1095 x 107! 5.486 x 10 0.511

H! 1.6736 x 1077 1.007825 938.79
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6.1 Size and Density
Majority of atomic nuclei have spherical shape and only very few show departure from
spherical symmetry. For spherically symmetrical nuclei, nuclear radius is given by
R=R,A"
where A is the mass number and R, =(1.2+0.1)x10"°m~1.2 fm.
R varies slightly from one nucleus to another but is roughly constant for A > 20.
The radius of |’C nucleus is
R=(1.2)12)" ~2.7fm
Example: The radius of Ge nucleus is measured to be twice the radius of ; Be . How
many nucleons are there in Ge nucleus?

1/3

Solution: R=R, (A)"” = Ry, =2Rs, = R, (A) " =2R,(9)" = A=72

Nuclear Density

Assuming spherical symmetry, volume of nucleus is given by

v = dori=2nRiA
3 3

Mass of one proton = 1.67 x 10?’ kg, Nuclear Mass = A x 1.67 x 10% kg.

Ax1.67x1077

Nuclear density = 1 ~10"kg/m’
—nR) x A
3
Nuclear Mass Densit 17 3
Nuclear Particle Density = Y 10727 Ke/m
Nuclear Mass 1.67x107*7 Kg/Nucleon

= 10* Nucleons/m’
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6.2 Spin and Magnetic Moment
: : : : 1
Proton and neutrons, like electrons, are fermions with spin quantum numbers of s = 5

This means they have spin angular momenta S of magnitude

‘§‘= s(s+ 1) = ll+1h=£h
202 2

and spin magnetic quantum number of m_ =+

N |~

As in the case of electrons, magnetic moments are associated with the spins of protons
and neutrons. In nuclear physics magnetic moments are expressed in nuclear

magnetons (z,, ), where

Nuclear magneton =%=5.051X10_27J/T =3.152x10"eV /T where m is the

p

proton mass.

In atomic physics we have defined Bohr magneton ., = ze—h where m, is the electron
m

e

mass.

The nuclear magneton is smaller than the Bohr magneton by the ratio of the proton mass

to the electron mass which is 1836.

m
Hs _ 0 _1836.
Hy m,

The spin magnetic moments of the proton and neutron have components in any direction

of

Proton o =1£2.793 1y,

Neutron Mo, =F1.913 4,
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There are two possibilities for the signs of x,, and g, , depending on whether m, is
Lor+ L. The + sign is used f b 4y, is in th direction as the spin S
—50r+5. ¢ * signisused for p,, because x4, 1s 1n the same direction as the spin s,

whereas F is used for u,, because y,, is opposite to spin S .

Figure: Spin magnetic moment (;) and spin angular momentum (§)

directions for neutron and protons.
Note: For neutron, magnetic moment is expected to be zero ase =0 but xz,, = F1.913 4, .

At first glance it seems odd that the neutron, with no net charge, has spin magnetic
moment. But if we assume that the neutron contains equal amounts of positive and
negative charge, a spin magnetic moment arise if these charges are not uniformly
distributed. Thus we can say that neutron has physical significance of negative charges

because magnetic moment is opposite to that of its intrinsic spin angular momentum.

6.3 Angular Momentum of Nucleus

The hydrogen nucleus,H consists of a single proton and its total angular momentum is

NG

given by‘g‘ :77&. A nucleon in a more complex nucleus may have orbital angular

momentum due to motion inside the nucleus as well as spin angular momentum. The total
angular momentum of such a nucleus is the vector sum of the spin and orbital angular

momenta of its nucleons, as in the analogous case of the electrons of an atom.
When a nucleus whose magnetic moment has zZ component g, is in a constant magnetic

field B , the magnetic potential energy of the nucleus is
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Magnetic energy U,=-u1,B

m

The energy is negative when g, is in the same direction as B and positive when , is

opposite to B . In a magnetic field, each angular momentum state of the nucleus is
therefore split into components, just as in the Zeeman Effect in atomic electron states.
Figure below shows the splitting when the angular momentum of the nucleus is due to the

spin of a single proton. Spin down
p I E,+ u o B

ms :—E
E; AE:Z,upZB
Spin up
EO_lusz
m, =+—
B=0 B>0

Figure: The energy levels of a proton in a magnetic field are split into spin-up
and spin-down sublevels.

The energy difference between the sublevels is AE =24, B

A photon with this energy will be emitted when a proton in the upper state flips its spin to
fall to the lower state. A proton in the lower state can be raised to upper one by absorbing

a photon of this energy. The photon frequency v, that corresponds to AE is

_AE 24,8
h h

Larmor frequency for photons V.

This is equal to the frequency with which a magnetic dipole precesses around a magnetic

field.
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6.4 Stable Nuclei

Not all combination of neutrons and protons
form stable nuclei. In general, light nuclei
(A <20) contain equal numbers of neutrons
and protons, while in heavier nuclei the

proportion of neutrons becomes

Neutron number (N)

progressively greater. This is evident in

figure as shown below, which is plot of N

versus Z for stable nuclides.

The tendency for N to equal Z follows from

the existence of nuclear energy levels.

Proton number (Z)

Figure: Neutron-proton diagram for
stable nuclides.

Nucleons, which have spin 2, obey exclusion principle. As a result, each energy level

can contain two neutrons of opposite spins and two protons of opposite spins. Energy

levels in nuclei are filled in sequence, just as energy levels in atoms are, to achieve

configurations of minimum energy and therefore maximum stability. Thus the boron

isotope ;*B has more energy than the carbon isotope;’ C because one of its neutrons is in

a higher energy level, and ;’B is accordingly unstable. If created in a nuclear reaction, a

"B nucleus changes by beta decay into a stable ;*C nucleus in a fraction of second.

3 Proton 6 Neutron

Stable Stable Unstable Stable Stable
A 6 6
s 88| 1808
| 18088 148a L IBE0 15888 13948
gbe| dgde) 0obe ) 08 body
Sote| (Oose Ocbe |69$g |6933
];)B 1518 (1528) 1630
Figure: Simplified energy level diagrams of some boron and carbon isotopes.
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The preceding argument is only part of the story. Protons are positively charged and repel
one another electrically. This repulsion becomes so great in nuclei with more than 10
protons or so that an excess of neutrons, which produce only attractive forces is required

for stability. Thus the curve departs more and more from N =Z line as Z increases.

Sixty percent of stable nuclides have both even Z and even N;
these are called “even-even” nuclides. Nearly all the others have either even Z and odd N
(“even-odd” nuclides) or odd Z and even N (“odd-even” nuclides) with the numbers of

both kinds being about equal. Only five stable odd-odd nuclides are known:

’H, ¢Li, B, }'N and ’Ta. Nuclear abundances follow a similar pattern of favoring

even numbers for Z and N.

These observations are consistent with the presence of nuclear energy levels that can
each contain two particles of opposite spin. Nuclei with filled levels have less tendency to
pick up other nucleons than those with partially filled levels and hence were less likely to

participate in the nuclear reactions involved in the formation of elements.

Nuclear forces are limited in range, and as a result nucleons interact strongly only with
their nearest neighbors. This effect is referred to as the saturation of nuclear forces.
Because the coulomb repulsion of protons is appreciable throughout the entire nucleus,

there is a limit to the ability of neutrons to prevent the disruption of large nucleus. This

limit is represented by the bismuth isotope ;5 Bi, which is the heaviest stable nuclide.

All nuclei with Z >83 and A> 209 spontaneously transform themselves lighter ones

through the emission of one or more alpha particles, which are ; He nuclei:
Alpha decay 2X =57 Y+ He

Since an alpha particle consists of two protons and two neutrons, an alpha decay reduces
the Z and N of the original nucleus by two each. If the resulting daughter nucleus has
either too small or too large a neutron/proton ratio for stability, it may beta-decay to a

more appropriate configuration.
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In negative beta decay, a neutron is transformed into a proton and an electron is emitted:
Negative beta decay n—p+e

In positive beta decay, a proton becomes a neutron and a positron is emitted:

Positron emission p" —>n’+e’

Thus negative beta decay decreases the proportion of neutrons and positive beta decay
increases it. A process that competes with positron emission is the capture by a nucleus of
an electron from its innermost shell. The electron is absorbed by a nuclear proton which

is thereby transformed into neutron:
Electron Capture p +e” —>n’

Figure below shows how alpha and beta decays enable stability to be achieved.

Alpha decay

decreases by 2

- Stability ¢urve Z decreases by 2
5 Positive beta decay or
{a’ electron capture

g Negative beta decay

8 Z decreases by 1

*g N decreases by 1 N increases by 1

:2 Z increases by 1

Proton number (2)

Figure: Alpha and beta decays permit an unstable nucleus to reach a stable configuration.
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6.5 Binding Energy

When nuclear masses are measured, it is found that they are less than the sum of the
masses of the neutrons and protons of which they are composed. This is in agreement

with Einstein’s theory of relativity, according to which the mass of a system bound by

energy B is less than the mass of its constituents by B/c’(where ¢ is the velocity of

light).

The Binding energy B of a nucleus is defined as the difference between the energy of the

constituent particles and of the whole nucleus. For a nucleus of atom 4 X ,
B=[ZM,+NM—'M |c’=[ZM, + NM, - M(; X)]c’
If mass is expressed in atomic mass unit

B=[ZM,+NM, —) M [x931.5MeV =[ZM, + NM, — M (4 X)]x931.5 MeV

M o - Mass of free proton, M, : Mnx: Mass of free neutron,
M, : mass of hydrogen atom 2M : mass of the nucleus,
Z : Number of proton, N : Number of neutron,

M (QX ): mass of atom.

6.5.1 Binding Energy per Nucleon
The binding energy per nucleon for a given nucleus is found by dividing its total

binding energy by the number of nucleon it contains. Thus binding energy per nucleon is

2 2
%:%[ZMP+ NM,, M ]:%[ZMH + NM, — M(*X)]
oo ,oo . 2224 2091 :
The binding energy per nucleon for, H is =1.112 MeV /nucleon and for ; Bi it
isw =7.8 MeV /nucleon .
209
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Figure below shows the binding energy per nucleon against the number of nucleons in

various atomic nuclei.

Fusion Fission
o o
+ >@ +E @ -E
o o
56
2 Fe

Binding energy per nucleon, MeV

Mass number, A

Figure: Binding energy per nucleon as function of mass number.

The greater the binding energy per nucleon, the more stable the nucleus is. The graph has

the maximum of 8.8 MeV / nucleon when the number of nucleons is 56. The nucleus that

has 56 protons and neutrons is . Fe an iron isotope. This is the most stable nucleus of

them all, since the most energy is needed to pull a nucleon away from it.

Two remarkable conclusions can be drawn from the above graph.

(i) If we can somehow split a heavy nucleus into two medium sized ones, each of the new

nuclei will have more binding energy per nucleon than the original nucleus did. The extra

energy will be given off, and it can be a lot. For instance, if the uranium nucleus ;,’ U is

broken into two smaller nuclei, the binding energy difference per nucleon is about

0.8 MeV. The total energy given off is therefore

(0.8 ﬂj(235 nucleon ) = 188 MeV
nucleon

This process is called as nuclear fission.
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(i) If we can somehow join two light nuclei together to give a single nucleus of medium

size also means more binding energy per nucleon in the new nucleus. For instance, if two

"H deuterium nuclei combine to form a He helium nucleus, over 23 MeV is released.
Such a process, called nuclear fusion, is also very effective way to obtain energy. In fact,
nuclear fusion is the main energy source of the sun and other stars.
Example: The measured mass of deuteron atom( fH) , Hydrogen atom( i H) , proton and
neutron 1s2.01649 u,1.00782 u, 1.00727 u and 1.00866 u. Find the binding energy of
the deuteron nucleus (unit MeV /nucleon).
Solution: HereA=2,Z =1, N =1

B.E.=[ZM, + NM, = M (}H)]x931.5 MeV

= [1x1.00782+1x1.00866 —2.01649]x931.5 MeV
= [0.00238]x931.5 MeV =2.224 MeV/

Example: The binding energy of the neon isotope ;, Ne is 160.647 MeV. Find its atomic

mass.

Solution: Here A=10,Z =10, N =10

B
MEX)=[ZM, +NM,, |-—M—
(zX) =[ZMy; +NM, ] 931.5MeV/u
160.647
M (*Ne)=|10(1.00782)+10(1.00866) | -————— =19.992
(oNe) = [ 10( )+10( )] 931.5MeV /u Y

Example:

() Find the energy needed to remove a neutron from the nucleus of the calcium

isotope Ca.

(b) Find the energy needed to remove a proton from this nucleus.

(c) Why are these energies different?

Given: atomic masses of --Ca = 41.958622u *Ca =40.962278u | {1K =40.961825u

and mass of ¢N =1.008665u ,} p=1.007276u

Head office Branch office
fiziks, H.No. 23, G.F, Jia Sarai,
Near lIT, Hauz Khas, New Delhi-16 28-B/6, Jia Sarai, Near Il
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com
Email: fiziks.physics@gmail.com

Anand Institute of Mathematics,

T

Hauz Khas, New Delhi-16

241



fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

Solution:

(@) xCa—y Ca+yn:

Total mass of the jyCa and {n=41.970943 u

Mass defect Am =41.970943-41.958622 =0.012321u
So, B.E. of missing neutron=Amx931.5=11.48 MeV
(b) 55Ca—j K+ p;

Total mass of the [} K and |p =41.919101 u

Mass defect Am=41.919101-41.958622 =0.010479u
So, B.E. of missing protron= Amx931.5=10.27 MeV

(c) The neutron was acted upon only by attractive nuclear forces whereas the proton was

also acted upon by repulsive electric forces that decrease its binding energy.

6.6 Salient Features of Nuclear Forces

Nucleus is bounded by nuclear forces. The basic properties of nuclear forces are

(1) It is a short range attractive force.

(i1) It is in general non-central force.

(i11)) They have property of saturation i.e. each nucleon interacts only with its nearest
neighbors and not with all the constituents in the nucleus. This is apparent from the fact
that average B.E. per nuclear remains approximately constant i.e.

B.E.«c A

A(A-1
When all interactions are possible then % interaction may take place;

B.E.oc A? is not valid.

(iv) They are charge independenti.e. n—n,p—p and n— p have same nuclear force.

(v) They are spin dependent force as shown by deuteron.

(vi) They are exchange forces proposed by Yukawa(Meson Theory).
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7. Radio Active Decay

Despite the strength of the forces that holds nucleons together to form an atomic nucleus,

many nuclides are unstable and spontaneously change into other nuclides by radioactive

decay.
Five Kinds Example Reason for instability
A A-4 4
;X =7, Y 4+, He
Alpha decay o . Nucleus is too large.
Emission of a-particle reduces
size of nucleus.
A A R
X =5, Y +e
Beta decay Emission of electron by neutron NucleuShhas too many neutrons
in nucleus\gges the Ngggn relative to number of protons.
to a proton.
A~x* A
, X =, X +7
Gamma decay Emission  of y-ray reduces | nj jeys has excess energy.
energy of the nucleus.
A - A
;X+e = Y
Electron capture Capture of electron by protons Nucleus has too many protons
changes the proton to a neutron. relative to number of neutrons.
A A +
,X—=> ., Y+e
Positron emission Emission of positron by proton | Nucleus has too many protons
in nucleus changes the proton to | relative to number of neutrons.
a neutron.
Head office Branch office

fiziks, H.No. 23, G.F, Jia Sarai,

Near IIT, Hauz Khas, New Delhi-16
Phone: 011-26865455/+91-9871145498

Website: www.physicsbyfiziks.com

Email: fiziks.physics@gmail.com

Anand Institute of Mathematics,
28-B/6, Jia Sarai, Near IIT
Hauz Khas, New Delhi-16

243



fiziks e

Institute for NET/JRF, GATE, IIT-JAM, JEST, TIFR and GRE in PHYSICAL SCIENCES

7.1 Alpha Decay

Nuclei which contain 210 or more nucleons are so large that the short range nuclear
forces that hold them together are barely able to counterbalance the mutual repulsion of
their protons. Alpha decay occurs in such nuclei as a means of increasing their stability

by reducing their size
A A-4 4
;X =75 Y+, He

To escape from nucleus, a particle must have K.E., and only the alpha particle mass is

sufficiently smaller than that of its constituent nucleons for such energy to be available

(a-particle have high B.E. as compared to proton or  He nuclei).
The energy Q-released when various particles are emitted by a heavy nucleus is,
ie.
Disintegration energy Q = (mi -m, —m, )02 where
m; = Mass of initial nuclei,
m, = mass of final nuclei,
m, = a-particle mass

The KE, of the emitted a-particle is never quite equal to Q, since momentum must be
conserved, the nucleus recoils with a small amount of kinetic energy when the a-particle

emerges. Thus

A-4
o {5

since A > 210, most of the disintegration energy appears as the K.E. of the a-particle.
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7.1.1 Tunnel Theory of a-decay: (How a-particle can actually escape the nucleus)

The height of the potential barrier is= 25 MeV , which is equal to the work that must be

done against the repulsive electric force to bring an a-particle from infinity to a position

adjacent to the nucleus but just outside the range of its attractive forces.

We may therefore regard an o -particle in Energy

. . . A
such a nucleus as being inside a box whose

box requires energy of 25 MeV to be
E_ o
surmounted. However, decay a-particles have U U U u V

energies that range from 4 to 9 Mev , O

depending on the particular nuclide involved,

16 to 21 MeV short of the energy needed for

escape.

Although « -decay is inexplicable classically, quantum mechanics provides a straight

forward explanation. The basic notions of this theory are:

An «a -particle may exist as an entity within a heavy nucleus. Such a particle is in
constant motion and is held in the nucleus by potential barrier. There is a small but
definite-likelihood that the particle may tunnel through the barrier (despite its height)

each time a collision with it occurs.
The decay probability per unit time, i.e decay constant A =vT

Where v = number of times per second an a-particle within a nucleus strikes the

potential barrier around it and

T =e %" = Probability that the particle will be transmitted through the barrier.

2m(U - E)

L is the width of the barrier, wave number inside the barrierk, = , where

E is the K.E. , U is height of the barrier and m is the mass of a-particle.
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7.2 Beta Decay

It is a means whereby a nucleus can alter its composition to become more stable. The

conservation principles of energy, linear momentum and angular momentum are all

apparently violated in beta decay: n— p+e”

(i) The electron energies observed in the ( B —decay Bi210)
83

[~ decay of a particular nuclide are found to

vary continuously from 0 to maximum value Energy equivalent of]

ass lost by nucleus

KE,, -characteristic of the nuclide. The
maximum energy E_._ :(mocz+KEmax)

carried by the decay electron is equal to the

energy equivalent of the mass difference

Relative no. of electrons

between the parent and daughter nuclei.

)

However an emitted electron is rarely found 0.4 0.6 0.8 1.17 1.2

with energy of KE__ Electron energy in MeV

(if) When the directions of emitted electron and of the recoiling nuclei are observed, they

are almost never exactly opposite as required for linear momentum to be conserved.

(iii) The spins of the neutron, proton and electron are all . If beta decay involved just a
neutron becoming a proton and an electron, spin (and hence angular momentum) is not

conserved.

In 1930 Pauli proposed a "desperate remedy": If an uncharged particle of small or zero
rest mass and spin %2 is emitted in £~ —decay together with the electron, the above

discrepancies would not occur. This particle is called neutrino which would carry off

energy equal to the difference between KE__ and actual K.E of the electron (the

recoiling nucleus carry away negligible K.E ). The neutrino's linear momentum also

exactly balances those of the electron and the recoiling daughter nucleus.
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Thus in ordinary f~ —decay n— p+e +v (also possible outside the nucleus)

The interaction of neutrinos with matter is extremely feeble. The only interaction with

matter a neutrino can experience is through a process called inverse beta decay with

extremely low probability p+v —>n+e” and n+v —> p+e".

Note: Parity violates in S~ — decay.

7.2.1 Positron emission

It is the conversion of a nuclear proton into a neutron, a positron and a neutrino:
p—>n+e"+v (Possible only within a nucleus)

7.2.2 Electron capture

It is closely connected with positron emission. In electron capture a nucleus absorbs one
of its inner atomic electron, with the result that a nuclear proton becomes a neutron and

neutrino is emitted:
p+e  >n+v.

Usually the absorbed electron comes from the K-shell, and an X-ray photon is emitted
when one of the atoms outer electrons falls into the resulting vacant state. The
wavelength of the photon will be one of those characteristic of daughter element, not of

the original one, and the process can be recognized on that basis.
Note:

1. Electron capture is competitive with positron emission since both processes lead to the

same nuclear transformation.

2. Electron capture occurs more often than positron emission in heavy nuclides because
the electrons in such nuclides are relatively close to the nucleus, which promotes their

interaction with it.
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7.3 Gamma Decay

Nuclei can exist in definite energy levels just as an atom can. Due to « or f-emission,
nuclei get into an excited state. These excited nuclei return to their ground state by
emitting photons whose energies correspond to energy difference between the various
initial and final states in the transition involved called y-ray.

226
o RA

a(4.61 MeV)
a(4.8MeV)

0.19 MeV (Excited State)
%7/(0.19M€V)

222

0 MeV (Ground State)
RN
y-rays characteristics

1. It is an electromagnetic wave.

2. Very short wavelength (= 400A° to 0.4A°).
3. No electric charge and so not detected by magnetic and electric field.

When a beam of y-rays photons passes through matter, the intensity of beam decreases
exponentially i.e. | =1, where |,: Initial Intensity, {: absorption coefficient of

substance, X : thickness of absorber.

7.3.1 Various processes by which y-rays can lose its energy

Three separate processes responsible for the decrease in intensity of y-rays.
1. Photoelectric absorption

In this all the energy of y-ray photon is transferred to a bound electron and y-ray photon
ceases to exist. The ejected electron may either escape from the absorber or may get
reabsorbed due to collision. At low photon energies (8 KeV for Al and 500 KeV for Pb)

the photoelectric effect is chiefly responsible for the y-ray absorption.
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2. Compton Scattering

At energies in neighborhood of 1 MeV, Compton Scattering becomes the chief cause of

removal of photons form the y-ray beam.

3. Pair production

At high enough energies pair production becomes important. In this a y-ray photon
passing close to an atomic nucleus in the absorbing matter disappears and an electron-
positron pair is created: y—>e +e¢

The charge is conserved in the reaction. The rest mass my and hence the rest mass energy
of € and e are same i.e. 0.51 MeV . The energy of the y-ray photon must be at least

2%x0.51 MeV =1.02 MeV  for pair production to be possible. If hv greater
than1.02 MeV , the balance of the energy appears as K.E. of particles.

7.3.2 Internal Conversion

“Process of Internal Conversion is an alternative to y-decay”. Internal conversion is a
process which enables an excited nuclear state to come down to some lower state without
the emission of y-photon. The energy AE involved in this nuclear transition gets
transferred directly to a bound electron of the atom. Such an electron gets knocked out of

the atom. Electrons like this are called “internal conversion” electrons.

This probability is highest for the K-shell electrons which are closest to the nucleus. For
such a case, the nucleus may not de-excite by y-emission but by giving the excitation
energy AE directly to a K-shell electron. Internal conversion is also possible (though less,

as compared to K-shell) for higher atomic shells L, M etc.

The kinetic energy of the converted electron is K, =AE-B, ,

where AE = E, — E, = Nuclear excitation energy between initial state i (higher) and final

state f (lower) and B, = atomic binding energy of electron.
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We know that the f-spectrum is continuous; usually this continuous g — spectra are

superimposed by discrete lines due to conversion electrons. These lines are called

‘internal conversion’ lines.

y-ray emission and internal conversion are competing process for de-excitation of nucleus.
If we neglect the small recoil energy of the y-emitter nucleus, the energy of the y-ray is
givenby hv=AE =E, —E, ; where v is the frequency of the y-photon.

7.3.3 Pair Production (Energy into matter)

In a collision a photon can give an electron all of its energy (the photoelectric effect) or
only part (the Compton Effect). It is also possible for a photon to materialize into an
electron and a positron. In this process, electromagnetic energy is converted into matter.

This process is called pair production.

No conservation principles are violated when an electron-positron pair is created near an

atomic nucleus.

The rest energy m,c” of an electron or positron is0.51 MeV , hence pair production

requires photon energy of at least1.02 MeV . Any additional photon energy becomes K.E.

of the electron and positron.

photon
ANNNN>
G{;Electron

@{i)ositron
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7.3.4 Pair Annihilation

The inverse of pair production occurs when a positron is near an electron and the two
come together under the influence of their opposite electric charges. Both particles vanish

simultaneously with the lost mass becoming energy in the form of two gamma ray photon.
e'+e > y+y

The total mass of the positron and electron is equivalent to1.02 MeV , and each photon
has energy hv of 0.51 MeV plus half the K.E. of the particles relative to their center of

mass.
Note:

1. The directions of the photons are such as to conserve both energy and linear

momentum.

2. No nucleus or other particles is needed for this pair annihilation to take place.

7.2.5 Massbauer Effect

“It is the recoilless emission and absorption of photon”

The emission of gamma rays is generally accompanied by the emission of an & or f
particle. If after the emission of an « or S particle the product nucleus is left in an excited
state, it reaches the ground state by releasing or emitting photons called y-rays. When a

nucleus emits a photon it recoils in the opposite direction. This reduces the energy of the

y-ray from its usual transition energy E, to E,—R, where R is the recoil energy.

Mossbauer Effect almost eliminates the energy of recoil by using solid state properties of
a crystal lattice. Also, such recoil-less emission of y-rays makes it possible to construct a

source of essentially mono-energetic and hence monochromatic photons.

The isotope of iron, Fe”’ is the most often used nucleus to study Mossbauer Effect.
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7.4 Activity

The activity of a sample of any radioactive nuclide is the rate at which the nuclei of its
constituent atoms decay. If N is the number of nuclei present in the sample at a certain

time, its activity R is given by

dN

R= T SI unit is Becquerel.

1 Becquerel = 1 Bq =1 decay/sec.

The traditional unit of activity is the curie (Ci),
1 Curie = 3.7 x 10"* decay/sec = 37 GBq (1Ci is activity of 1 g of radium*Ra )
Let 4 be the probability per unit time for the decay of each nucleus of given nuclide.

Then Adt is the probability that any nucleus will undergo decay in a time intervaldt . If a

sample contains N undecayed nuclei, the number dN that decay in a time dt is

dN = —N Adt

~Rr=_IN_/N
dt

™ dN

IW=—j/1dt: N =N, ™
0

0

In2 0.693
T1/2 ==
A A

Half Life:

Mean Time: T = % =1.44T,

1/2
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7.4.1 Successive Growth and Decay Process
In a successive growth/decay process A— B — C, element C is a stable nucleus. The

following parameters are given for the process:

2 p)

A—>B—>C
t=0 N, 0 0
t=1 N, N N

2 3

where 4, and A, are decay constant, N, is the concentration of A at t=0 and N,, N,,

N, are concentration of A,B,C at any time t. N
Thus N, = Ne N == =====mm=mmmm oo oo
,'I \ C
”I \\\B
Rate equation for B: oN; _ AN, = AN, . '\
dt / \ A
I . t
= dl\iz + N, = A,N,e ™
At AN pl=4)
Multiply both side by €“'dt and then integrate = N, = /10—1+ K
2 M
AN N _ _
Att=0,N, =0 => K=-—"L"thus | N, =ﬁ[e A—e ”ﬁ‘]
/12 - /11 ﬂz o /11
. . . dN, .
If C is a stable nucleus, the rate of decay of atoms of B into C 1.eT is given by,
N
ddt3 =-L,N,  (Att=0, N;=0)

ﬂ'le—ﬂzt ﬂ/ze_ﬂvlt

(’12 _ﬂq) (/12 _21)
Then the time at which concentration of intermediate member (B) will reach maxima is:

(szj 0| g In(2/2)
t=t'

= N3=N0 1+

dt ﬂz —,11
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7.4.2 Branching

A given type of of nuclei will normally decay by one particular mode; say by emission of
p -particles. But many cases have been found in which a smaller percentage of nuclei
will decay by a different mode such as « -emission.

Let us denote the probability of « -emission by one nucleus, in dime dt emission by

4,dt and that of S -emission by 4,dt .

Then the probability of decay of a nucleus in time dt by either & or £ -emission is:

(4, +4,)dt.
Hence the activity is N _ —(/1a + ﬂﬁ) N=N-= Noe_(}”a”lﬁ)t.
dt
Vi - 1 . L
Giving mean life 7 = ———— and Branching Ratio= —%
(A +45) 4

7.4.3 Determination of the Age of the Earth

Let us consider successive growth decay process

Ay

U 238

X - - — S pp
(Stable Product, A,, =0)

The half life of U>" is4.5x10° Years . Hence after sufficient time the only element

present in any appreciable amount will be uranium and lead.

N, _ ANy [e’*lt —e"?t]
h=h

Here 4, = A, , 4, =25, =0,N, =N, and N, = N,,

Thus Ny, =N, [l—e_ﬂ“t]

N, = N, =Present no. of Pb atoms+Present no. of U atoms = N, =N, + N,

ztziln[mj
A Ny
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Example: Half life of P is 14.3 days. If you have 1.00 g of P today, then what would

be the amount remaining in 10 days.

Solution: t,, = @ => A= &933 =0.04847 perday

N =N = N =(1.00)e ™" = N =0.616 g or N=616 mg
Example: A radioactive nucleus has a half life of 100 years. If the number of nuclei

t=0 is N, , then find the number of nuclei that have decayed in 300 years.

Solution:
T/Ty, 1 3 7
Number of nuclei present after 300 year N=N | (Ej = N'=N,-N, (5) = gNO

Example: The atomic ratio between the uranium isotopes “*U and **U in a mineral

sample is found to be 1.8x10*. The half life of **U is4.5x10’ years, then find the half

life of U .
Solution: N, A, = Ng4, :>ﬂ=ﬁ:'ﬂ/_z;\
NB /1A Tl/ZB
S SR S T A 5x10° years
1/2B NA 1/2A 18)(104 £ .

Example: A radioactive sample contains 1.00 mg of radon *’Rn, whose atomic mass
is222 u . The half life of the radon is 3.8 day . Then find the activity of the radon.

0.693 0.693

T,  3.8x24x60%60
%

=2.1x10"sec™

Solution: Decay constant A =

1.00x10~°kg

= =2.7x10" atoms
(222u)x1.66x10 kg /u

Number of atoms in 1.00mgis N =

-3

or N = 1(;2 x6.023x10* =2.7x10" atoms

Hence, activity R=AN =2.1x10°x2.7x10" =5.7x10" decay / sec
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8. Nuclear Reaction

All the nuclear reactions are of the form

X+X >Y+y or X(xy)Y

The equation and notation both means that particle X strikes nucleus X to produce

nucleus Y and particley. The particles x and y may be elementary particles or y-rays
or they may themselves be nuclei, eg. « -particles or deuteron. In more general nuclear

X +X
X *4+X

equations are shown X+ X —
Y+y

Z+1

The first equation X+ X — X + X represents elastic scattering in which the total K. E. of
the system, projectile plus target, is the same before the collision as after.

The second reaction X+ X — X *+X represents inelastic scattering, in which the target
nucleus X is raised into an excited state X*, and the total K.E. of the system is decreased
by the amount of excited energy given to target nucleus.

The last two equations show a general nuclear equation.

8.1 Conservation Laws

In any nuclear reaction certain quantities must be conserved. The following conservation
laws hold well during a nuclear reaction.

1. Conservation of Energy 2. Conservation of Linear Momentum

3. Conservation of charges 4. Conservation of Nucleons

5. Conservation of Angular Momentum 6. Conservation of Parity

7. Conservation of spin 8. Conservation of statistics

9. Conservation of Isobaric spins

8.1.1 The Quantities not conserved

These are magnetic dipoles moments and the electrical quadrupole moment of the
reacting nuclei. These moments depends upon the internal distribution of mass, charge

and current within the nuclei involved and are not subjected to conservation laws.
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8.2 Nuclear Reaction Kinematics(Q —Value)

Consider the reaction
a+A—>B+b
Now according to Law of conservation of energy the total energy of the reactant is equal

to the total energy of the product.
(M.C*+E,)+(M,C* +E, ) =(MyC” +Eg ) +(M,C* +E,)
where M_,M,,M,,M; are the masses of the particles a, A, B and b respectively and
E..E.. E,, E; are their respective kinetic energies.
If we suppose that the target is at rest thenE, =0,
Q=E;+E,—E, =[(M,+M,)=(My+M,)]c’
Here masses are the nuclear masses. The quantity Q is called the energy balance of the

reaction or more commonly Q -value of the reaction. Thus Q is energy appearing due to

disappearance of masses or mass defect in a nuclear reaction.

() IfQ is+ve (Q>0)
The Kinetic energy of the products is greater than that of the reactants, the reaction is
then said to be exothermic or exoergic. The total mass of the reactants is greater than that

of the products in this case.

(i) If Q is —ve (Q<0)
The reaction is said to be endothermic or endoergic, i.e. energy must be supplied usually

as K. E. of the incident particles.
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8.2.1 General solution of Q -Eequation B
Mg, Eq, Py
a
@,
M,, E,, P,

M,, E,, P,
Let the particle a strike with target A and the product nuclei B and b are observed at

angle ¢ and @ to the direction of incident particle respectively.
Then applying the law of conservation of linear momentum

Pa=Pscosg+ P cosd :>§Bcos¢:5a—5bcost9 and 5Bsin¢:5bsin9

Squaring and adding above two equations P; =P?+P’—2P.P, cosd , where

Ea,ﬁA,FsB,Eb are the momenta of the particles a, A, B and b respectively.

= 2M.E,, [Ps|=\2M,E,
[Pa| =2M By, [Po|=2M,E,

Putting these values in the equation P; = B’ + P —2P,P, cos &

Pa

2M,E, = 2M,E, +2M,E, —2,/2M_E, \/2M,E, cos &

o, En-Mpp Mg 2 (M,M,E,E,)"" cos &
MB I\/IB MB

But Q=E, +E, - E,

B B B

2(M. M. E )" _
E, - ( ab a) E;/ZCOSQ—F(—Ma MB]Ea—(—QMB ]:0
(Mg +M,) M, +M, M, +M,

Q= Ea[l\l\;:a —1j+ E, (1+%J—L(MaMbEaEb)m cosd,

This equation is of the form x> —2ux—v =0
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(MaMbEa)l/2 cos @

where X=,/E, , U= and V=

_QMB+Ea(MB_Ma)

(Mg +M,) (Mg +M,)

The solution of the above equation is given by

2u++/4u? +4v
X = 5 * or X=U++4u’+4v .

Thus \E, =u+u’+v

The energetically possible reactions are those for which /E, is real and+ve.

8.2.2 Exothermic Reaction(Q > 0)

For exothermic reaction Q>0 and these reactions are possible even for E, =0

M; +M,

"'Q:EB+Eb_Ea for Ea:O,UZO andv:(&J.

Thus, Eb = (%j .
B b

8.2.3 Exothermic Reaction(Q <0)
All endothermic reactions have negative Q -Values.

WhenE, — 0, u’ +v=-ve and hence /E, is imaginary.

It means that these reactions are not possible. The smallest value of E, at which reaction

can take place 1s called threshold energy. The reaction first becomes possible when E, is

large enough to make

u*+v=0,
2 —
:MaMbEac0529+QMB+Ea(MB Ma):O
(M, +My;) M; +M,
M,M,E, cos’ @
a a M;+E,(M;-M,)=0
T (M my) oM E M)

= —QM, (M, + M) =M_M,E, cos’ 0 +E, (M, —M_)(M, + M)
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= —-QMg (M, +M)=-M ME, (1-cos’0)+E,(M; + MMy —M M)

—Q[M; +M,]

{ME,—i-Mb—Ma—I\/:\e}ll\/lbsin2 6’}

=E =

a

B

At0=0, E, is minimum and is the threshold energy E,, .

—Q(M, +M,) M
E = E =—|1+—2
" (Mg +M,—-M,) — Fw +|\/|A Q

NOTE:

Isotopic masses can be used to compute Q except in positive beta decay: (Q in mass units)

(i) 53U —>5* Th+; He
Q=[mU)-92m,)]-[m(Th)-90m,+m(He) -2m,]
Q=m()—[m(Th)—m(He)]

(i) C > N+e+v

Q =m(C)=6m, —[m(N)—7m, +m,]
Q=m(C)-m(N)
(iii) $Zn -5 Cu+e" +v
Q=m(Zn)-30m, —[m(Cu)—-29m, + m,]
Q=m(Zn)-[m(Cu)+2m,]
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Example: The Thermal Neutrons are captured by (B to form (B' which further

decays into o - particle and;Li’. Then find the Q - value.
(Givenm, =1.008665u, my =10.01611u, m, =4.003879u,m; =7.01823u )

Solution:
sB+n' >, B" - ,He*(a)+,Li" +Q
Q=(Mz+M-M_, —M)x931.5 MeV
Q =(10.01611+1.008665 — 4.003879 — 7.018231) x 931.5 ~ 2.78 MeV ~ 2.8 MeV
Example: Consider the nuclear reaction ,N' (o, p) 40" which occurred in Rutherford’s
o -range in nitrogen experiment. The mass of N =14.0031u , He' =4.0026 u ,
0" =16.9994 u and p=1.0078 up. Then find the Q -value of the reaction.
Solution: a+A—>B+b; o+, N*—-.0"+p
Q=[(M,+M,)-(My+M,)]x931.5MeV
Q= [(14.003+4.0026 )—(16.9994 +1.0078)]><931.5 MeV

Q=-0.0013x931.5MeV =-1.49 MeV
Example: A neutron beam is incident on a stationary target of fluorine atoms. The

reaction F"’ (n, p)O19 has a Q-value of—4.0 MeV . Then find the lowest neutron energy

which will make this reaction possible.

Phone: 011-26865455/+91-9871145498

Solution:
a+A—>B+b; n+F" —-0"+p
M,+M 19+1
E, =-Q| A Va =4( o* j~4.z MeV
M, 19
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8.2.3 Nuclear Fission
Nuclear fission is a process in which a heavy nucleus, after capturing a neutron splits up
into two lighter nuclei of comparable masses. The process is accompanied by release of a

few fast neutrons and a huge amount of energy in form of K.E. of fission fragments and

y-rays.

235 1 236 * 92 141 1
s U+, n 53U - Kr+, Ba+3,n +Q

Energy released by 1 kg of Uranium
Mass of ;;’U = 235.035315 U Mass of n= 1.008665 u

Total initial mass=236.04398 u
Mass of iy Ba=140.9177 u, Mass of ;; Kr =91.8854 u , Mass of 3n=3.0259 u

Total final mass=235.8290 u
Mass defect(Am) = initial mass- final mass=0.21498 u
Energy released i.e Q-value= Amx931.5 MeV ~ 200 MeV

Number of uranium nucleus in 1 kg of uranium = 6.023x10* x1000/235
Energy released by 1 kg of uranium
=6.023x10* x1000/235x 200 MeV

=5.13x10**MeV
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8.3 Nuclear Fusion in Stars

Fusion is a process, in which the lighter nuclei fuse together and produce a heavier
nucleus. The sum of the masses of the individual light nuclei is more than would be the
mass of the nucleus formed by their fusion, and thus the fusion process result in liberation
of energy.

Stellar energy was liberated in the formation of helium from hydrogen because large
amounts of hydrogen and helium exist in the sun. Such processes are called
thermonuclear reactions because energy is liberated due to very high stellar temperature.
In order to interact two nuclei, that must have enough K.E. to permit them to overcome
the electrostatic repulsion barrier which tends to keep them apart.

The basic energy producing process in the sun is the fusion of hydrogen nuclei into
helium nuclei. This can take place in several different reaction sequences, the most

common of which, the proton-proton cycle. The total evolved energy is 24.7 MeV
per 3 Henucleus formed.
Since 24.7 MeV is4x107"> Joules , the sun’s power output of 4x10°°Watt means each
sequence of reactions must occur 10°® times per second.

L He? (»

®
Bl ® — D) — > = o

Proton-Proton Cycle
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Energy is given off at each step. The net result is the combination of four hydrogen nuclei

to form a helium nucleus and two positrons.

Self-sustaining fusion reactions can occur only under conditions of extreme temperature

and density. The high temperature ensures that the some nuclei have the energy needed to

come close enough together to interact, and the high density ensures that such collisions

are frequent. A further condition for the proton-proton cycles is a large reacting mass,

such as that of the sun, since much time may elapse between the initial fusion of a

particular proton and its eventual incorporation in an « -particle.

Carbon-Cycle

It also involves the combination of four hydrogen nuclei (Stars hotter than sun) to form a

helium nucleus with the evolution of energy. The net result again is the formation of an

a -particle and two positrons from four protons, with the evolution of 24.7 MeV . The

initial |*C acts as a kind of catalyst for the process, since it reappears at its end.

®
!

av .

l

®
!

®
}
O=E—C

\/

T
®

Carbon Cycle

D—©
(o
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Multiple Choice Questions (MCQ)

QL. The radius of Ge nucleus is measured to be twice the radius of ,Be. How many
nucleons are there in Ge nucleus?

(a) 64 (b) 72 (c) 82 (d) 86

Q2. The radius of a 3 X nucleus is measured to be4.8x10"°cm. The radius of a 7)Y
nucleus can be estimated to be

(a) 2x10™"cm (b) 4x10"%cm

(c) 6x107°cm (d) 8x10™°cm

Q3. According to the empirical observations of charge radii, a 't X nucleus is spherical

and has charge radius R and a volumeV =§7Z'R3. Then the volume of the %Y nucleus,
is

(a) 1.5V (b) 2V (c) 6.5V (d) 8V

Q4. Assume spherical symmetry of the nucleus ;' X , where Z is atomic number and A is

mass number of the nucleus. Then the nuclear density and nuclear particle density of

nucleus is of the order of: ( ;&M =1.67x107"kg and R, =1.2 fermi)

(a) 10" kg /m® and 10" nucleons / m’ (b) 10" kg /m’ and 10* nucleons/ m’
(c) 107 kg /m® and 10* nucleons /m’ (d) 10° kg /m’ and 10* nucleons / m’
Q5. Consider a nucleus with N neutrons and Z protons. If m;, m  and B.E. represents

the mass of the proton, the mass of the neutron and binding energy of the nucleus
respectively. Then mass of the nucleus is given by (and ¢ is the velocity of light in free
space)

(@) Nm, + Zm, (b) Nm,+ Zm,

B.E. B.E.
2

(¢) Nm, + Zm - (d) Nm, + Zm, +—;
c
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Q6.1f M;,M and M,, are the rest masses of electron, proton and hydrogen atom in

the ground state (with energy —13.6 eV ) respectively. Which of the following is exactly

true? (c is the speed of light in free space)
(@ M, =M +M,

13.6 eV
(b) M, :Mp+Me— o

13.6 eV
(c) M =Mp+Me+ o

13.6 eV
C2

(d M, =M, +M, +K, where K =+ or Zero

Q7. Let m, and m, be the mass of proton and neutron. M, is the mass of 7 Ne nucleus
and M, is the mass of a ,,Ca nucleus. Then find the correct relation:

(@) M, =10(m, + m, ), M,=20(m,+ m, ) and M,=2M,

(b) M, <10(m,+ m, ), M, <20(m, + m, ) and M,=2M,

(©) M, <10(m, + m,), M, <20(m,+ m,) and M, >2M,

(d) M, <10(m, + m, ), M, <20(m, + m,) and M, < 2M,

Q8. The measured mass of deuteron atom(fH ) , Hydrogen atom(l1 H ), proton( p) and

neutrons(n) are2.0141 u,1.0078 u,1.0073 u and 1.0087 u. Then the binding energy of

the deuteron nucleus is:

(a) 1.11 MeV (b) 2.22 MeV (c) 3.33 MeV. (d) 4.44 MeV
Q9. The masses of a hydrogen atom, neutron and ’,U atom are given by 1.0078 u,

1.0087 u and 238.0508 urespectively. The binding energy per nucleon of *,U nucleus is

therefore approximately equal to

(a) 6.6 MeV /nucleons (b) 7.6 MeV /nucleons

(c) 8.6 MeV /nucleons (d) 9.6 MeV /nucleons
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Q10. Total binding energy of ;He is approximately equal to:
where (m(gHe)=5.01220u, m('H)=1.007825u, m,=1.008665 u)

(a) 16.5 MeV (b) 40.1 MeV
(c) 8.00 MeV (d) 27.4 MeV

Q11. The binding energy of the neon isotope  Ne is160.647 MeV . The atomic mass of
hydrogen atom(fH), mass of proton and neutron i1s1.0078 u, 1.0073 u and1.0087 u .

Then the atomic mass of [, Ne is

(a) 18.00 u (b) 18.99 u
(c) 19.99 u (d) 20.99 u

Q12. The following histogram represents the binding energy per particle (%j in

MeV as a function of the mass

number (A) of a nucleus. A

nucleus with mass number A=180 o

fission into two nuclei of equal . 6

masses. In the process A 4l

(a) 180 MeV of energy is released

(b) 180 MeV of energy is absorbed ? o

(c) 360 MeV of energy is released 4|0 8|0 1|20 1|60 2|()0 A

(d) 360 MeV of energy is absorbed
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Q13. The following histogram represents the binding energy per particle (%j in MeV

as a function of the mass number (A) of a nucleus. A nucleus with mass number A=170

fission into two nuclei of equal

masses. In the process g

(a) 340 MeV of energy is released

6_

(b) 340 MeV of energy is absorbed i_E

(c) 360 MeV of energy is released ar

(d) 360 MeV of energy is absorbed 2 o
| | | | | A
40 80 120 160 200
Q14. Binding energy per nucleon
Vs mass number curve for nuclei A
————————— Y
W, X,Y and Z is indicated on the 8.5
curve. The process that wouldB-E/A 8 F—=————==71-——1 X
(MeV)
release energy is: 75— | ] W
(Y »>2Z T
5F-=--Z

(b) W > X +Z W

(©) W 52X 30 60 90 120 g

d) X 5>Y+2Z - A

Q15. Six a-decay and four B-decay occurs before %, X achieves stability. The final

product in the chain is

(a) "oY (b) “&Y (©) “aY (d) *5Y

Q16. A radioactive sample containing N, nuclei emits N a-particle per second on

decaying. The half life of the sample is O.693Nl .

0
(a) 0.693l (b) 0.693% (c) 1.44l (d) 1.44%
N, N N, N
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Q17. According to measurements by Rutherford and Geiger, one gram of radium—226
emits in one second 3.7x10" alpha particles. The half life of radium is

(a) 400 years (b) 800 years

(c) 1600 years (d) 3200 years

Q18. A radioactive sample contains 3x10~ kg of active gold **Au, whose half life
is48 min . Then the activity of the radon sample is

(a) 55 Ci (b) 57 Ci (c) 59 Ci (d) 61 Ci

Q19. The radio isotope *C maintains a fixed proportion in a living entity by exchanging
carbon with the atmosphere. After it dies exchange ceases and proportion of '“C
decreases continuously as '“C beta decays with half life of 5500 years . Estimate the age

of the dead tree whose present activity is 1/3 of initial activity.

(a) 8717 years (b) 6520 years
(c) 5500 years (d) 4500 years

Q20. A radioactive sample emits n B-particles in 2 sec. In next 2 sec it emits 0.75n
B-particles, then the mean life of the sample is(In2 = 0.693,1n3 =1.0986)

(a) 2 sec (b) 5sec (c) 7 sec (d) 9 sec

Q21. A radioactive substance is initially absent, is formed at constant rate P nuclei per
second. If the decay constant of the nuclei formed is A, then the number of nuclei N

present after time t seconds is

P P
a) — b) —e
(a) 7 (b) 7
P it P/ _a
(c) E(l_e ) (d) z(e -1)
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Q22. In a successive growth/decay process A— B — C, element C is a stable nucleus.

The following parameters are given for the process:

2 A

A—>B—>C
t=0 N, O 0
t:t Nl NZ N3

where 4, and A, are decay constant, N, is the concentration of A att=0 and N,, N,,
N, are concentration of A,B,C at any time t. Then the concentration of intermediate

member (B) will be:

AN AN

a) N. = 1'70 e—/llt _e—lzt b) N. = 1'70 e+llt _e+/12t

@ N, =] ] o) N = ]
AN AN

) N, = » Ny I:e—ilt _e—ﬂ,zt] @ N, = 2 Ny I:eilt _ezzt]
2 _21 2 _ﬁ“l

Q23. In a successive growth/decay process A— B — C, element C is a stable nucleus.

The following parameters are given for the process:
A A
A—>B—>C
t=0 N, O 0
t B t N 1 N 2 N 3
where 4, and A, are decay constant, N, is the concentration of A at t=0 and N, N,,

N, are concentration of A,B,C at time t. Then the time at which concentration of

intermediate member (B) will reach maxima is:

(a) tv= ln(ﬂ’l /22) (b) t': 11’1(2,2 /ﬁ“l)
(2 -4,) (2, -4)
(C) tv: ln(ﬂ“llz) (d) tv: ln(ﬂ’lﬂ?)
(1 -1,) (2, =4)
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Q24. The disintegration energy is defined to be the difference in the rest energy between

the initial and final states. Consider the following process:
29PU > 24U + He
The emitted a-particle has a kinetic energy5.17 MeV . The value of the disintegration
energy is
(a) 5.26 MeV (b) 5.17 MeV (c) 5.08 MeV (d) 2.59 MeV

Q25. The polonium isotope %, PO is unstable and emits a5.30 MeV o-particle. The atomic

mass of *;Po is 209.9829 u and that of ;He is4.0026 u, then the atomic mass of its

daughter nuclei is
(a) 203.9723 u (b) 204.9052 u
(c) 205.9754 u (d) 206.1053 u

Q26. The Thermal Neutrons are captured by ;B' to form ;B'" which further decays into
o - particle and , Li’, the kinetic energy of Li is
(Givenm, =1.008665u, my =10.01611u, m, =4.003879 u,m;, =7.01823u )
(a) 1.78 MeV (b) 2.5MeV (c) 1.00 MeV (d) 2MeV
Q27. Neutrons are observed in a nuclear reaction Li’ (p,n)Be’. Then the bombarding
energy of proton at which neutrons of zero energy is obtained, will be (Q -value of
reaction is—1.65 MeV ):
(a) 1.7 MeV (b) 1.9 MeV (c) 2.1 MeV (d) 5.2 MeV
Q28. A nuclear decay process is given
XA Yh+e!
The atomic masses of X and X are 51.9648 u and 51.9571 u. Then the Q -value of

the reaction is:

(a) 2.7 MeV (b) 3.7 MeV (c) 4.7 MeV (d) 6.2 MeV
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Q29. For nuclear fusion reaction to take place, which one of the following is true?

(a) Only very high temperature is required

(b) Normal temperature and comparatively high pressure is required.

(c) Very high temperature and comparatively high pressure is required.

(d) Very high temperature and very low pressure is required.

Q30. Which of the following fusion reaction give more energy? The nuclear mass of the

different nuclei is as follows

M(,H')=1.00783u , M(,H*)=201410u , M(,H’)=3.01605u
M (,He’)=3.01603 u, M (,He')=4.02603 u,M (,Li*)=6.01512 u,

M (&) =0.00055 u

(@) H'+ H' = H>+e" +v (b) H>+ H' = ,He'

(c) H>+ ,He’ — ,Li° (d)  H®+,He* — ,Li°

Numerical Answer Type Question (NAT)

Q31. The ratio of the sizes of *s Pband [YMg nuclei is approximately..........

Q32. If the nuclear radius of *’Al is 3.6 Fermi, the approximate nuclear radius of *Cu

in Fermiis............

Q33. The atomic masses of 3 Ca=41.958622u , 3 Ca=40.962278u and mass
of ;N =1.008665U, ; p=1.007276u . Then the energy needed to remove a neutron from
the nucleus of the calcium isotope 3> Ca is............ MeV

Q34. The atomic masses of j;Ca=41.958622u , ;s K =40.961825u and mass of

cN=1.008665u,, p=1.007276u . Then the energy needed to remove a proton from the

nucleus of the calcium isotope 5,Ca is............ MeV
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Q35. The energy required to break ,C'?into 3( 2He“) particle is............ MeV

(Given m(,C'"*)=12.0u, m(}He)=4.0026u)

Q36. A 280day old radioactive substance shows an activity of6000 dps, 140 day later

its activity becomes 3000 dps . Then the initial activity of the sample was............ dps

Q37. A radioactive sample contains 1.00 g of radim **’Ra , whose half life is1622 years .

Then the activity of the radon sample is ............ Curie

Q38. If ,,U™’ captures a thermal neutron a releases160 MeV and if the resulting fission

fragments have mass numbers 138 and 95, the kinetic energy of the lighter fragment

Q39. In the uranium radioactive series, the initial nucleus is ;,° U and the final nucleus is

2°Pb. When the uranium nucleus decays to lead, the number of « -particles emitted

Q40. The binding energies per nucleon for deuteron (le) and helium (2He4) are
1.1 MeV and 7.0 MeV respectively. The energy released when two deuterons fuse to

form a helium nucleus (2 He4) is ..o,
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Multiple Select Type Questions (MSQ)

Q41. A radioactive sample emits n B-particles in2 sec. In next 2 sec it emits 0.75n

B-particles, then which of the following statements are true (ln 2=0.693,In3=1 .0986)

(a) Decay constant of the sample is 0.14sec”™’
(b) Decay constant of the sample is 0.28sec™
(c) Mean life of the sample is 3.5 sec

(d) Mean life of the sample is 7.0 sec

Q42. Which of the following statement is true?

(a) Six a-decay and four f™-decay occurs before *,Th achieves stability; the final product
in the chain being 5 Pb.

(b) A radioactive nucleus has a half life of 100 years. If the number of nuclei t =0 is

N, , then % N, number of nuclei have decayed in 300 years.

(c) The atomic ratio between the uranium isotopes **U and **U in a mineral sample is

found to be 1.8x10*. Then the half life of **U and **U is 2.5x10° years and
4.5%x10° years.

(d) A radioactive sample containing N, nuclei emits N a-particle per second on

decaying. The half life of the sample is 0.693Nl .

0
Q43. A Uranium nucleus decays at rest into a Thorium nucleus and a Helium nucleus as
shown below U*® »>Th*' + He'

Which of the following is not true?

(a) Each decay product has the same kinetic energy

(b) Each decay product has the same speed

(¢) The Thorium nucleus has more momentum than the Helium nucleus

(d) The Helium nucleus has more kinetic energy than the Thorium nucleus
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Q44. Which of the following statement is true?

(a) Electron capture occurs more often than positron emission in heavy nuclides

(b) Proton outside the nucleus decays into neutron

(c) Neutron outside the nucleus decays into proton

(d) Positron emission leads to daughter nucleus of lower atomic number

Q45. Which of the following statement is not true regarding a negative beta decay

(a) an atomic electron is ejected

(b) an electron which is already present within the nucleus is ejected.

(c) a neutron in the nucleus decays emitting an electron.

(d) a part of the binding energy of the nucleus is converted into an electron.

Q46. From the following equations pick out the possible nuclear fusion reactions:

(a) (C”+ H' —,C" +4.3 MeV

(b) ,C?+ H - N"+2 MeV

(c) ,N"+ H' —-,0" +7.3 MeV

(d) , U +,n" >, Xe" +,Sr* + n' +,n' +200 MeV

QA47. Which of the following statement is not true regarding a nuclear fusion reaction

(a) a heavy nucleus breaks into two fragments by itself

(b) a light nucleus bombarded by thermal neutrons breaks up

(¢) a heavy nucleus bombarded by thermal neutrons breaks up

(d) two light nuclei combine to give a heavier nucleus and possibly other products

Q48. Which of the following statement(s) is (are) correct?

(a) The rest mass of a stable nucleus is less than the sum of the rest masses of its
separated nucleons

(b) The rest mass of a stable nucleus is greater than the sum of the rest masses of its
separated nucleons.

(¢) In nuclear fission, energy is released by fusing two nuclei of medium mass
(approximately 100 amu).

(d) In nuclear fission, energy is released by fragmentation of a very heavy nucleus.
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Q49. Let m, be the mass of proton, m, the mass of neutron, M, the mass of a 123 Ne

nucleus and M, the mass of a 5 Ca nucleus. Then

(@ M, = 2M, b) M, >2M,

(©) M, <2M, (d M, <10 (m, +m,)
Q50. Which of the following statement is not true for 5, Ca?

(a) Energy needed to remove a neutron is greater than to remove a proton
(b) Energy needed to remove a proton is greater than to remove a neutron
(c) Energy needed to remove a neutron and proton is same

(d) Energy needed to remove a neutron or proton cannot be predicted
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Solution
Multiple Choice Questions (MCQ)

1/3

Ans.1: (b) - R=R,(A)" and given thatRg, =2R,, = R, (A, ) =2R, (9)

1/3 1/3
Ans.2: (b) Since R=R,(A)" =~ | A | 2 [ﬂj
RX AX 64

1/3

= A, =72.

:&:% =R, :%RX =R, =3.6x10""cm~4x10""cm

Ans.3: (d) V =§7Z’R3 =§7Z’R3A=§7Z’Rg x16; V' =§7Z’R03 x128 =8V

Ans.4: (b)
Ans.5: (¢)
Ans.6: (b)
Ans.7: (d)

Since nuclear mass is always less than their constituent particles so

M, <10(m, + m,) and M, <20(m,+ m,)
Since B.E. of ;0Ca >B.E. of [/ Ne
=[20(m, + m,)-M, [& >[10(m,+m,)=M, |¢> = M, <[10(m,+m,)+M, | <2M,
Ans8: (b) BE.=[2Zm, +Nm ~m(H)[x931.5 MeV

= BE.= [lx1.0078+1x1.0087—2.0141]><931.5 MeV

— B.E.=0.0024x931.5 MeV = 2.2356 MeV
Ans.9: (b)

B.E.=| Zm, +Nm, —m(*}U) [x931.5 MeV

= B.E.=[92x1.0078 +146x1.0087 — 238.0508]x 931.5 MeV
— B.E.=1.937x931.5 MeV =1804 MeV

BE = %: 7.6 MeV /nucleons
A 238
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Ans.10: (d)
2'H+3n -] He

B.E.=| 2m('H)+3m(n)-m(;He) |x931.5 Mev
= B.E.=[2x1.007825+3x1.008665 —5.01220 | x931.5 MeV.

= B.E.=[0.02944 ]x931.5 MeV =27.4 MeV

Ans.11: (c)

160.647
931.5

B
931.5MeV /u

m(;X*)=[zZm(,H')+Nm, | ~[10x1.0078+10x1.0087]—

=19.99u

Ans.12: (c)
Since a nucleus with mass number A=180 fission into two nuclei of equal masses thus
180 —>90+90.
So B.E.of the heavier nucleus is=180x4 =720 MeV .
Total B.E.of the lighter nuclei is=90x6+90x 6 =1080 MeV .
Since product nuclei have higher B.E. so in this process energy is released

1.e=1080-720 =360MeV .

Ans.13: (a)

Since a nucleus with mass number A=170 fission into two nuclei of equal masses thus
180 — 85+85.

So B.E.of the heavier nucleus is=170x4 = 680 MeV .

Total B.E.of the lighter nuclei is=85x6+85x6 =1020 MeV .

Since product nuclei have higher B.E. so in this process energy is released

1.e=1020-680 =340MeV .
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Ans.14: (c)

Let us write B.E.in MeV of both sides.

(@Y ->2Z,; 8.5x60=510—>2x5%x30=300
bYW > X+Z; 7.5x120=900 — 8x90+5x30=870
()W > 2Y; 7.5%x120=900 — 2x8.5x60 =1020

(d) X >Y+Z; 8x90=720-—>8.5x60+5x30=660

In W — 2Y , product have higher B.E. than reactant. So energy will release.

Ans.15: (d)

MX =27 +JHe and /X = Y + 5

Change in mass number =232 —24 = 208.

Change in atomic number after 6 a-decay=90-12=78.

Final products mass number=382 ; 4 }-decay

0.693 N

Ans.16: (b) R=N= N =/N,=T,, === =0693-1

Ans.17: (c)

Number of radium atoms in one gram of radium = ﬁ x6.02x107 =2.7x107".

dN 3.7x10"

Decay constant A=———1= 1= —=1.37x10"sec”

N 2.7x10

10

Thus Half Life T,, = 0.695 _ _4gPs —=5x10"sec = 5x10 =1600 years

A 1.37x10 365x24x60x60
Ans.18: (a)
Decay constant A = 0693 _ 0693 _ 5 406x10 sec”

Ty 48 x 60
2

-6
Number of atoms in 3x10~ kgis N = % x6.023x10% =9.04x10" atoms

Hence, activity R=AN =2.406x107*x9.04x10" =2.18x10" decay /sec = 59 Ci

+1.0Ci=3.7x10" decay/sec
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Ans.19: (a)
“R=Re™

R T R
The age of the dead tree is t :lln 2 =—L2 Inl 2 |= 5500 In (éj =8717 years
A R 0.693 R 0.693 1

Ans.20: (c)

Let N, be the number of initial number of nuclei. Then
n=N,-Nege>*=N,(1-e7*)

0.75n=N,e* —N,e e =N, e (1-e7%)

0.75n  Ne™(1-e™)

e =%:>2/1:21n2—ln3:>/1=0.1438sec_1

n N, (1-e7)
— T=—="Tsec
Ans.21: (c)
N t

N _p_in | N = [dt=—=In[P-AN]} =t

d o P—=AN ¢ \

= In[P—AN]-In[P]==at= PN _ont =;(1 e )

Ans.22: (a)

dN dN -

dt2 =AN,- AN, = d—t2+/12N2 = A,N,e ™
. . by . . AN plh-4)
Multiply both side by €2dt and then integrate= N,e™" = 1/1"—/1+ K.
2~ M
AN N
Att=0,N, =0= K =~ N0y N, = ANo [ g
/12 _21 12 -4
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Ans.23: (b)
dN dN .
dtz =AN,-AN, = d—t2+/12|\|2 = 2,N e
t /1 N e(iz_il)
Multiply both side by e®dt and then integrate= N,e™" = —11 0 3 +K.
2~ M

2 1 2 1

N
Att=0,N,=0=K :_&, thus N, :ﬂ[e—m _e—/lzt]
A, =4 A, —

(d&j :O:>t|=1n(ﬂ‘2/ﬂ’l)
dt t=t /12_21

Ans.24: (a)

K.E, ~ A4 Q=0-= A KEa:£x5.17=5.26MeV
A A—4 236

Ans.25: (c)

Q-= (ij KE, = 210530 =5.40 MeV
A—4 206

The mass equivalent of this Q-value, m, = _SAMeY =0.0058u

931.5MeV /u
Hencem, = m,—m_-m, = 209.9829-4.026 - 0.0058 = m, =205.9754 u

Ans.26: (c)

;B +n' >, B" - ,He*(a)+,Li’ +Q

Q=(Mg+M,-M_~M;)x931.5 MeV

Q =(10.01611+1.008665—4.003879 — 7.018231) x 931.5 ~ 2.78 MeV ~ 2.8 MeV

Energy released in the process for « - particle (Q > 0 and it is an exothermic reaction).

QM  2.78x7.018221
“ M, +M, 4.003879+7.018221

= E, ~1.78MeV

We know that E,, +E, =Q = E, =Q—E, =2.78—1.78 ~1.00 MeV
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Ans.27: (b)

a+A—->B+b; p+Li’ >Be’+n

E, =—Q (MJ 1,65 {7_”) ~1.9 MeV
M, 7

Ans.28: (d)

Q=X—[Y+2m, |=(X-Y)-2m_ =(51.9648 u—51.9571u)x931.5MeV ~1.02 MeV

Q=7.17 MeV -1.02 MeV =6.2 MeV

Ans.29: (c)
Ans.30: (d)

The energy(Q) released in all fusion reaction
(@ H'+ H' —» H*+e" +v
Q=[M(/H')+M(H')-M(,H*)-M(e")]x931.5 Mev

= Q=[1.00783 u+1.00783 u—2.01410 u—0.00055 u]x931.5 MeV
:>Q:(1.07><10"3)x931.5 MeV = Q =0.99 MeV

(b) \H’+ H'—> He’

Q=|M(;H*)+M(,H")=M (,He’)[x931.5 MeV

= Q =[2:01410 u+1.00783 U=3.01603 u]x931.5 MeV
=Q=(5.9x10")x931.5 MeV =Q=5.5 MeV

(c) H’+,He’ — [Li°
Q=|M(,H*)+M(,He’)-M(,Li*)|x931.5 Mev

= Q =[3.01605 U+3.01603 U—6.01512 u]x931.5 MeV

= Q=[.01696 u]x931.5 MeV = Q =15.8 MeV
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(d) H>+,He* > ,Li
Q=|M(,H?)+M (,He')+M (,Li)|x931.5 Mev
= Q=[2.01410 u+4.02603 U—6.01512 u]x931.5 MeV

= Q =[0.02501 u]x931.5 MeV = Q=23.3 MeV

Numerical Answer Type Question (NAT)

Ans.31: 2
R 1/3 208 3

Since R =R, (A) = = | A | (_j ~(8)" =2
Rvg | Avg 26

Ans.32: 1.33
R 1/3 64 1/3 4

Since R:RO(A)m:;ﬂ: A (%) 2 133
Ry A, 21 3

Ans.33: 11.48

i2Ca—j Ca+yn;
Total mass of the 3,Ca and |n =41.970943 u .
Mass defect Am=41.970943 -41.958622 =0.012321u
So, B.E. of missing neutron=Amx931.5=11.48 MeV
Ans.34: 10.27
0Ca—yy K+ p;
Total mass of the ;K and | p =41.969101 u.
Mass defect Am =41.969101-41.958622 =0.010479u
So, B.E. of missing proton=Amx931.5=10.27 MeV .
Ans.35: 7.3
,C"” >3, He

Mass defect Am = (3><4.0026—12)u =0.0078u = 0.0078 x931.5 =7.2657 MeV
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Ans.36: 24000

lzlln&: 1 In R, _ 1 In R, = R, =24000 dps.
t R 280 6000 (280+140) 3000
Ans.37: 1.0
Decay constant A = 0.693 0.693 =1.36x10"sec™
Ty 1622x365x24x60x 60
2

Number of atoms in 1.00 gis N :ﬁx 6.023x10% =2.7x10*" atoms

Hence, activity R=AN =1.36x107"" x2.7x10*' =3.7x10" decay/sec =1.0 Ci
Ans.38: 95

Since the reaction is due to thermal neutron E, = 0

a+A—>B+b;
=E, :QL:MOX 138 9sMev
M, +m, 138 +95

Ans.39: 8and6

XA YA+ He'and , XA -, Y*+e
Change in A occurs only due to « —particle and change in Z occurs due to « and £ both.
Let number of « —particles emitted = n, and number of S —particles emitted =n,

o.n x4=238-206=32 or n, =8
For Z, (n,x2)—(n,x1)=92-82 or (8x2)-10=n, or n, =6
.. a —Particle emitted are 8 and f — particles emitted are 6.
Ans.40: 23.6
2(,H?*) -, He*

Binding energy of two deuterons = E, ~.E, =2[2x1.1]=4.4MeV
Binding energy of helium nucleus = E, ~.E, =4(7.0)=28.0MeV

.. Energy released AE =E, —E, =28-4.4=23.6MeV
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Multiple Select Type Questions (MSQ)

Ans.41: (a), (d)

Let N, be the number of initial number of nuclei. Then
n=N,-Ne>** =N, (1-¢e*)
0.75n=Ne~* —N,e e =N,e " (1-e™)

0.75n  Ne*(1-e?)
noN,(1-e¥)

=g :331:0.1438%0‘1 :T:%:hec

Ans.42: (a), (b) and (c)

(@) ;X = 5 +JHe and 2X - , Y + B
. 24
Change in mass number=232-208 =24 = N =6 a-decay.

Change in atomic number after 6 a-decay=90-12=78.

Final products mass number=82; 4 B -decay

T/Ty,
(b) Number of nuclei present after 300 year N=N [Ej

T 5x10°
(© Nody=Ngiy = o = Ao Tuan _A5X10 ) g
Ny Ay Ty 2.5x10

() R=AN=N=aN, =>T,, =¥=0.693%

Ans.43: (a), (b) and (c)
For momentum conservation momentum of Th and He must be same and opposite.

My Ve = MyeVie = Vi <Vige ™7 My > My

1 1
Also —m_ v’ <—m, V>
2 Th " 1h 2 He " e
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Ans.44: (a), (c) and (d)

Mass of the neutron is more than the mass of the proton. Outside the nucleus decay of
proton into neutron will led to violation of conservation of mass and energy.

Ans.45: (a), (b) and (d)

For beta decay, h— p+e +v

A neutron disrupts into a proton and a beta particle. The beta particle is ejected from the
nucleus. The beta particles are fast moving electrons.

Ans.46: (b), (c)

Nuclear fusion reaction occurs when two or lighter nuclei combine to produce a heavier
nucleus.

Ans.47: (a), (b) and (c)

Ans.48: (a), (d)

Ans.49: (c), (d)

M, is the mass of ,,Ne*’ nucleus, M, is the mass of ,,Ca*’ nucleus.

Ne means 10 protons + 10 neutrons, Ca means 20 protons + 20 neutrons.
Due to mass defect, which is necessary for binding the nucleus, mass of nucleus is always

less than the sum of masses of protons and neutrons
For ,,Ne*’nucleus, M, < 10(mp +m, )

The mass defect is more in case of heavier nucleus where in binding energy needed is

more .~ 20(m, +m,)-M, =B.E. for ,,Ca®

10(m, +m, )M, = B.E.for ,Ne*

2.20(m, +m,) =M, >10(m, +m, )-M,

- 10(my+m,)>(M,-M,) or M, <M, +10(m,+m,)
=M, <10(m, +m,) - M, <2M,

Ans.50: (b), (c) and (d)
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