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Abstract

The relevance of using mathematics in and for out-of-school activities is one main
argument for teaching mathematics in education. Mathematical modelling is
considered as a bridge between the mathematics learned and taught in schools and
the mathematics used at the workplace and in society and it is also a central notion
in the present Swedish mathematical syllabus for upper secondary school. This
doctoral thesis reports on students’, teachers’ and modelling experts’ experiences
of, learning, teaching and working with mathematical modelling in and out of
school settings and their interpretations of the notion of mathematical modelling.

The thesis includes five papers and a preamble, where the papers are sum-
marised, analysed, and discussed. Different methods are being used in the thesis
such as video analysis of students’ collaboration working with modelling problem,
interview investigations with teachers and expert modellers, content analysis of
textbooks and literature review of modelling assessment. Theoretical aspects
concerning mathematical modelling and the didactic transposition of modelling
are examined.

The results presented in this thesis provide a fragmented picture of the didactic
transposition of mathematical modelling in school mathematics in Sweden. There
are significant differences in how modellers, teachers and students work with
modelling in different practices in terms of the goal with the modelling activity,
the risks involved in using the models, the use of technology, division of labour
and the construction of mathematical models. However, there are also similarities
identified described as important aspects of modelling work in the different
practices, such as communication, collaboration, projects, and the use of applying
and adapting pre-defined models. Students, teachers and modellers expressed a
variety of descriptions of what modelling means. The variety of descriptions in the
workplace is not surprising, since their working approaches are quite different, but
it makes the notion difficult to transpose into school practise. Questions raised are
if it is unrealistic to search for a general definition and if it is really necessary to
have a general definition. The consequence, for anyone how uses the notion, is to
always be explicit with the meaning.

An implication for teaching is that modelling as it shows in the workplace can
never be fully ‘mapped’ in the mathematical classroom. However, it may be
possible to ‘simulate’ such activity. Working with mathematical modelling in
projects is suggested to simulate workplace activities, which include collaboration
and communication between different participants. The modelling problems may
for example involve economic and environmental decisions, to prepare students to
be critically aware of the use of mathematics in private life and in society, where
many decisions are based on mathematical models.
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Sammanfattning

I skolans ldroplaner dr ett av huvudargumenten for att lira sig matematik att
kunskaper i matematik dr anvindbara utanfor skolan, dvs. i vardags-, samhélls-
och yrkeslivet. Ett omradde inom skolmatematiken som tydligt kopplar samman
matematik i och utanfor skolan &r matematisk modellering, vilket &ven avspeglas i
skolans kursplaner dir det lyfts fram som ett centralt begrepp. Denna avhandling
behandlar elevers, ldrares och experters erfarenheter av att arbeta med matematisk
modellering i och utanfor skolan. Avhandlingen bestar av en sammanldggning av
fem artiklar samt en litteraturdversikt av forskningsomradet och en diskussion av
anvianda metodologiska ansatser (kappa). Den dvergripande struktur som binder
samman de fem artiklarna bygger pa begreppet *didaktisk transposition’, utvecklat
av Yves Chevallard. Denna ’transposition’ innebédr att kunskap som undervisas i
skolan har en tidigare existens utanfor skolan och kan ses som en produkt av en
process dir den senare fordndras och forvandlas (transponeras) till ’skol-
matematik’ genom olika etapper, frén institutionell etablerad kunskap (kopplat till
den vetenskapliga disciplinen matematik), via ldroplan och ldromedel till vad som
undervisas i klassrummet och bedoms (i t.ex. prov), till elevernas egna kunskaper.
De fem artiklarna belyser dessa etapper med fokus pa matematisk modellering
genom att undersoka: 1. Hur arbetar professionella modellerare med matematisk
modellering i sitt yrke? 2. Hur och vad presenteras om matematisk modellering i
larobdcker? 3. Hur och vad undervisar liarare om matematisk modellering? 4.
Vilka metoder anvénds for att beddma matematisk modellering och vad bedéms?
5. Hur arbetar elever nidr de formulerar matematiska modeller? I avhandlingen
genomfors analyser av intervjuer med professionella modellerare och lérare,
innehéllsanalyser av larobocker och av forskningslitteratur kring bedémning, samt
diskursanalys av elevsamarbete kring uppgifter i matematisk modellering.
Resultatet ger en osammanhéngande bild av den didaktiska transpositionen av
matematisk modellering i svensk skolmatematik. Sjdlva begreppet matematisk
modellering ges en varierande innebdrd bade inom och utanfor skolan, vilket gor
det komplext att diskutera och hantera i undervisningssammanhang. Professionell
matematisk modellering 1 yrkeslivet och ldrares och elevers arbete med
matematiska modeller i ett klassrum ar helt skilda typer av verksamheter, dé syfte
och konsekvenser av anvdndningen inte dr férenliga mellan de tva institutionerna.
Dessutom bygger professionella modellerare sina modeller utifrdin ménga ars
erfarenheter, avancerade kunskaper i matematik, samt kunskaper om program-
mering och tekniska hjélpmedel som saknas i skolan. Lérobdcker beskriver
matematisk modellering p4 mycket olika sitt beroende pa liroboksserie. Overlag
lyfter dock inga av de undersokta liromedlen fram matematisk modellering som
en central aktivitet. Inte heller de intervjuade ldrarna beskriver matematisk
modellering som en viktig del i matematikundervisningen. De kopplar istéllet ofta
matematisk modellering till fysik och ger endast ett fital exempel pé aktiviteter
dér de arbetar med modellering. Analysen av forskningslitteratur kring beddmning
visar att kunskaper i modellering inte enkelt kan utvirderas med skriftliga prov.
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Det som lyfts fram for att kunna beddma modellering som en helhet &r att anvéinda
projektarbete. Studien av elevers arbete med en modelleringsuppgift visar hur de
formulerar matematiska modeller genom att kénna igen en situation och anvinda
sig av redan kinda modeller. Dessa modeller anpassas till situationen genom att
eleverna forhandlar med varandra om hur de ska tillimpas. Hér ar det ocksé
centralt hur eleverna anvdnder sig av sina kunskaper inom andra kunskaps-
omraden &n matematik samt sina tidigare mer personliga erfarenheter.

Resultatens implikationer for undervisning och ldrande antyder att lararen bor
vara tydlig med att redogdra explicit for sig sjilv och for sina elever den tolkning
av begreppet matematisk modellering som ska bedomas och anvéindas i
klassrummet, d& det finns ménga beskrivningar av begreppet. Synen pa model-
lering som anvénds i klassrummet paverkar ocksa i vilken utstrickning laromedel
maste kompletteras och vilka metoder som kan anvinds vid bedomning. Lyfter till
exempel ldraren fram modellering som en helhet och forsoker efterlikna
professionella modellerares arbetssitt, s& visar denna avhandling att undervis-
ningstid kan ges till projektarbeten som innehdller grupparbete, kommunikation
och tekniska hjalpmedel. Ett exempel pa projekt beskrivs i avhandlingen kopplat
till politiska diskussioner angédende miljo och ekonomi, dd ménga beslut i dagens
samhille bygger pd matematiska modeller. Syftet med projektet &r bade att skapa
forutsittningar for att utveckla en modelleringsférméga men ocksa att forbereda
eleverna att kunna granska beslut, skapa opinion och bli kritiska demokratiska
medborgare.
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Chapter 1

Introduction

A common practice for Swedish Ph.D. (Doctor of Philosophy) students is to
present a licentiate thesis, after half of their research time, which later on is used
as a source to produce a doctoral thesis. This thesis is derived in that manner and
includes some content presented in Frejd (2011c). In particular, the preamble in
Frejd (2011c) is used as a platform for the structure of the preamble in this thesis.
The content in the background chapter and the chapter on mathematical modelling
are in this thesis updated, adapted and extended compared to Frejd (2011c). There
are also some similarities in the chapters of results, discussions and implications,
as one of the five articles in this thesis was included in the licentiate thesis.

The title of this thesis is ‘Modes of mathematical modelling’. The word modes
is used to denote “a way or manner in which something [in this case, mathematical
modelling, ...] is experienced, expressed, or done” (mode, 2013). How mathe-
matical modelling is experienced, expressed and done by different actors in and
out of school settings is central in this thesis and will be discussed throughout the
thesis, starting with the background section.

1.1 Background

Almost all students (99%) in Sweden that have completed compulsory school
enter upper secondary school (Skolverket, 2008). The aim of upper secondary
school is described in the Educational Act as:

The upper secondary school should provide a good foundation for work
and further studies and also for personal development and active
participation in the life of society. The education should be organised so
that it promotes a sense of social community and develops students’ ability
to independently and jointly with others acquire, deepen and apply
knowledge. (A translated version of paragraphs 1 and 2, section 2 in
chapter 15 in Skollagen (SFS 2010:800) cited in Skolverket, 2012b, p. 8)

The aim above concerns all of the 18 different national programs that presently are
found in the upper secondary education. These national programs consist of
different subjects and courses (Skolverket, 2012b). One subject which all students
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in upper secondary school in Sweden study is mathematics. It is one of the nine
core subjects' (Skolverket, 2012b) and a requirement for further studies at
universities. The present official subject syllabus for mathematics, formulated in
2011, states that the aim of teaching mathematics is to foster students’ ability to
work mathematically (Skolverket, 2012a).

This involves developing an understanding of mathematical concepts and
methods, as well as different strategies for solving mathematical problems
and using mathematics in social and professional situations. Teaching
should give students the opportunity to challenge, deepen and broaden
their creativity and mathematical skills. In addition, it should contribute to
students developing the ability to apply mathematics in different contexts,
and understand its importance for the individual and society. Teaching
should cover a variety of working forms and methods of working, where
investigative activities form a part. Where appropriate, teaching should
take place in environments that are relevant and closely related to praxis.
(Skolverket, 2012a, p. 1)

Both the citation above and the citation in the previous page seem to highlight the
importance for students to develop abilities that will help them in their social life,
in future occupations and/or in higher education. The teaching methods should,
according to the citations, be organised as collaborative and/or individual work in
such a way that it promotes investigation activities relevant for out of school
situations. One investigation activity in mathematics education related to such
situations is mathematical modelling, which is described as one of the seven’
teaching goals in the subject syllabus mathematics (Skolverket, 2012a). There it is
stated that the modelling ability, that students are going to develop with help of
teaching, is to “interpret a realistic situation and design a mathematical model, as
well as use and assess a model’s properties and limitations” (ibid., p. 2).

Mathematical models are used for various purposes. For example, economical
models and environmental models are used as a source for decision making at
different levels in the society and in the workplace (Hunt, 2007). To understand
how and why these models have been developed, how they are being used and
their limitations is an ability that may create critical and reflecting citizens in a
democracy (Skovsmose, 1994, 2005). The descriptions from the Swedish subject
syllabus indicate that the use of realistic modelling activities in the mathematics
classroom may contribute to develop students’ understanding of how and why
mathematics is used in the society and in the workplace, at least if the modelling
problems are chosen adequately. Using workplace related modelling problems in

' The nine core subjects are English, history, physical education and health,

mathematics, science studies, religion, social studies and Swedish or Swedish as a
second language.

% The other teaching goals described as abilities are: concept, procedure, problem solving,
reasoning, communication and relevance.
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the classroom might also be used to strengthen the connection between school and
workplace, which was one aim for the new curriculum reform in 2011, i.e.
“[cJoordination between school and working life must be strengthened to ensure
high quality of education and strong involvement from industry and the public
sphere” (Skolverket, 2012b, p. 12). Arguments are also put forward that one major
issue described as an interface between mathematics and a workplace is mathe-
matical modelling (StrdBer, Damlamian & Rodrigues, 2012). One suggestion by
Drakes (2012), which may strengthen the connection between industry and school
as well as strengthen the teaching of mathematical modelling, is to mirror some
parts of expert modellers’ working practice. She argues that “[s]tudents would ...
benefit from seeing real modelling done by experts. Seeing experts deal with
being stuck is informative, and helps change the belief that experts simply rely on
intuition” (ibid., 2012, p. 207).

In research literature one can find many arguments that promote modelling
activity in mathematics education. Blum and Niss (1991) have done a review of
arguments from “representative literature” (p. 42) and they set out ‘five main
arguments’ for including mathematical modelling in the curriculum: 1. The
formative argument, 2. The ‘critical competence’ argument, 3. The utility argu-
ment, 4. The ‘picture of mathematics’ argument, 5. The ‘promoting mathematics
learning’ argument (pp. 42-44). These five arguments are further discussed in
section 2.4 in relation to the Swedish curriculum. However, from the five main
arguments by Blum and Niss (1991) mathematical modelling can be seen as an
activity in school aiming at different goals as for example: teaching mathematics,
teaching mathematical modelling, teaching critical evaluation of models, teaching
about the relevance of mathematics in society. These goals are also stated in the
Swedish official curriculum guidelines either explicitly or implicitly.

Research with focus on teaching and learning mathematical modelling in
mathematics education has gained international interest since the middle of the
1960’s (Blum, 1995). Today there are researchers around the world engaging in
educational research on mathematical modelling and every second year since 1983
there is an international conference with the specific focus on the teaching and
learning of mathematical modelling and applications (ICTMA). Also the last five’
Congresses of the European Society for Research in Mathematics Education
(CERME) have had thematic working groups explicitly focusing on issues in
mathematics education related to mathematical modelling. Also, the International
Congress on Mathematical Education (ICME) has had topic study groups focusing
on mathematical modelling. In addition, there have been many articles, papers and
books addressing different issues regarding mathematical modelling in mathe-
matics education. An overview of the state and trends of this field of research can

3 CERME 4 in Sant Feliu de Guixols, Spain 2005; CERME 5 in Larnaca, Cyprus
2007; CERME 6 in Lyon, France 2009; CERME 7 in Rzeszéw, Poland 2011; CERME 8
in Antalya, Turkey 2013.
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be found in the ICMI 14 Study: Modelling and applications in mathematics
education (Blum, Galbraith, Henn & Niss, 2007).

As described in the introduction, mathematical modelling is one of the seven
mathematical abilities to be taught in the present Swedish upper secondary subject
syllabus and there is a vast literature of international research concerning
modelling in mathematics education. However, mathematical modelling seems not
to play a major role in either Swedish research literature in mathematics education
nor in the present mathematics classrooms in Swedish upper secondary school,
which will be discussed in the next section.

1.1.1 The present situation in Sweden

An analysis of the official subject syllabuses for mathematics between 1965 to the
syllabus formulated in the year 2000 showed that the role of mathematical
modelling in upper secondary mathematics education in Sweden has been made
more and more explicit during the years (Arlebick, 2009b). Assuming that the
frequency of how often the word model is found in the mathematical syllabuses is
one measure of how explicit the notions of models and modelling are. A counting
of the word model in the previous syllabus (Skolverket, 2001) gives the result of
33 matches while in the present syllabus (Skolverket, 2012a) 68 matches are
found, which may be one indication that the notions are now more explicit in the
present syllabus than the ones investigated by Arlebick (2009¢). In addition, as
noted by Arlebick (2009¢c), there were no explicit definitions of either mathe-
matical models or mathematical modelling presented in the syllabuses up to the
year of 2000. This lack of descriptions in the older subject syllabuses of mathe-
matical models and mathematical modelling opened up for interpretations of
notions from different actors in the Swedish school system. In the present
mathematic syllabus the situation is different. A specific and explicit modelling
ability to be taught is stated. However, even if the modelling ability is explicitly
described it is still open for interpretations. The quote, “interpret a realistic
situation and design a mathematical model, as well as use and assess a model’s
properties and limitations” Skolverket, 2012a, p. 2) may for example be
interpreted to differentiate between: 1) interpret a realistic situation and design a
mathematical model and 2) to use and assess a model’s properties and limitations.
How this statement is turned into practice is an issue discussed in this thesis.
Educational research about mathematical models and modelling has been
sparse in Sweden, especially if one compares to what has been done in some other
countries, like Germany, Australia, USA, Great Britain, and the Netherlands. A
few studies have been carried out concerning mathematical modelling aspects in
relation to teacher education and to prospective teachers (Holmquist & Lingefjard,
2003; Lingefjard, 2000, 2002a, 2002b, 2006a, 2006b, 2007, 2010, 2112;
Lingefjaird & Holmquist, 2001, 2005, 2007). Wikstrdém (1997) investigated
students using models in computer programs. Palm’s (2002, 2007) research is also
related to modelling in the sense of aspects connected to authentic and realistic
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tasks in school settings. However, resent research by Arlebick (2009a, 2009b,
2009c, 2009d, 2010), Frejd (2010, 2011a, 2011b, 2011c, 2011d) and Frejd and
Arlebick (2011, 2010) has broadened the agenda with an explicit focus on
mathematical modelling in upper secondary education with aims to seek for an
overall picture of how the notions are being interpreted by different actors in the
educational system. The findings from the studies above will be discussed in more
detail in section 2.5. According to Arlebick (2009c) the general picture about
mathematical modelling in upper secondary school has began to emerge, but there
is still much research to be done. I agree with Arlebick that the picture is far from
complete and further exploratory research studies are needed.

To sum up, mathematical modelling is a central notion in the present Swedish
mathematical syllabus and described as an ability to be taught in the classroom.
The description of modelling is explicit in the syllabus, but it is open for
interpretations from different actors in the Swedish school system. The research
focused on modelling in mathematics education in Sweden has so far been
moderate. Mathematical modelling is also considered as a bridge between the
mathematics learned and taught in schools and the mathematics used at the
workplace and in society. One category of workers in the workplace that do
possess a modelling ability and rely on mathematical modelling in their occup-
ation is ‘expert modellers’ and there are arguments put forward that experiences
from these experts might be useful for teaching modelling.

Pertinent questions to be asked in order to describe the present situation in
upper secondary school in Sweden related to mathematical modelling and its
relation to mathematical modelling used by modellers at the workplace are: What
is the meaning of mathematical modelling in the workplace and in context of
mathematics education? How is the notion of mathematical modelling interpreted
by those working with mathematical modelling in the workplace and by different
actors in the Swedish school system? Why are they interpreted in this manner? Do
the interpretations differ? What types of modelling are professional modellers
working with? How are these modelling activities related to modelling in the
mathematics classroom? How do professional modellers and students solve
modelling problems? What conceptions do teachers and professional modellers
have about how modelling can be taught and learned in schools? Do teachers at
the upper secondary level believe that mathematical modelling is a part of
mathematics/ mathematics education? Are students being assessed on mathe-
matical modelling, and if so what methods are there or are used? What inter-
pretations of mathematical modelling do textbook authors make? What type of
mathematical modelling items can be found in course literature? Are these
modelling items related to those that professional modellers work with? ...

In this doctoral thesis I will present, discuss and try to provide answers to
some of these pertinent questions.
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1.1.2 An orientation about upper secondary school in Sweden

The upper secondary school in Sweden presently consists of 18 national
programmes (12 vocational programmes and six higher education preparatory
programmes). All programs last for three years and have their own diploma goals.
The diploma goals describe the specific orientations and goals with the different
programmes including the goals of the programme specific diploma projects. The
programmes consist of subjects, which are divided into courses. For example the
subject mathematics is divided in six courses. These courses are: Mathematics -
Mathematics 5 and Mathematics-specialization. However, the courses in
mathematics are also divided a second time into three different paths for different
programmes (see Figure 1). Path a is for all vocational programmes, path b is for
The Business Management and Economics Programme, the Arts Programme, the
Humanities Programme, and the Social Science Programme and path c is for the
Natural Science Programme and the Technology Programme.

Mathematics

Mathematics 5 — specialisation

Mathaematics 4

Mathematics 3b Mathematics 3c
Mathematics 2a Mathematics 2b Mathematics 2c
Mathematics 1a Mathaematics 1b Mathematics 1c

Figure 1. The hierarchy of mathematics courses including the three different
paths (Skolverket, 2012b, p. 37).

The mathematics courses Mathematics I to 5 build on each other as displayed in
Figure 1. Mathematics-specialization is an optional course and builds on
Mathematics 4. Which of the courses in Figure 1 are optional depends on the
programme. Mathematics I is a core course, compulsory for all students in all
programmes. Four programmes require more than Mathematics 1, they are: The
Technology Programme (1c, 2¢ & 3c¢); The Natural Science Programme (lc, 2¢ &
3c); The Social Science Programme (1b & 2b) and The Business Management and
Economics Programme (1b & 2b).
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Those students from the vocational programmes who want to study more
mathematics courses may transfer paths from 2a to 3b or 3c. The last two
mathematics courses (Mathematics 4 & 5) are the same courses for all students.

When a student has completed a course, he or she will get a grade depending
on his/her level of proficiency. The grading scale has five pass levels, beginning
with the highest grade, A, B, C, D and E and a fail grade F. In case a student has
been absent in such an extent that the teacher does not have sufficient assessment
information to give a grade, then a dash should be recorded.

All courses are given a set of credits from 50 credits to 200 credits per course.
The credits can be seen as a measurement on how extensive a course is. For each
mathematics courses shown in Figure 1, 100 credits are distributed. If a student
studies all mathematics courses and completes them, he or she will earn 500
credits.

After three years of study in upper secondary school the students can obtain a
diploma. The requirement to obtain either a vocational diploma or a diploma for
admission to higher education is that the student has gained 2500 credits, of which
2250 credits must be awarded with passing grades. There are also requirements
that some specific courses need be passed, for instance Mathematics 1 is one such
course.

1.1.3 My personal entrance into research studies

In the autumn of 2007 the government announced’ a possibility for in-service
teachers to engage in research studies. The offer was that teachers were given a
possibility to work 20% of his/her working time at his/her school and the rest of
the time do research with full payment during 2,5 years. The goal according to the
Swedish minister for higher education and research at the time, Lars Lejonborg,
was to create new careers for teachers as well as to increase the competence of
teachers in order to improve quality in school. At that time I had been working as
a mathematics and physics teacher for almost ten years at an upper secondary
school in the south of Sweden. I had always been interested in educational
development and I had a wish to do research, so I found the offer from the
government very interesting. However, I was not up to date on what issues
currently were investigated in mathematics education. I contacted professor
Bergsten at Linkoping University for further information. He described among
other things, that at Linkoping University one graduate research student was
working with mathematical modelling and a research assistant was working with
proofs. Mathematical modelling sounded exciting, but I did not have a clear
conception about the notion of mathematical modelling. I contacted the research
student, Jonas Bergman Arlebiick, and he explained about his research and about
the notion of mathematical modelling. The way he talked about mathematical
modelling sounded familiar to me from the perspective of physics education, but

* The announcement can be retrieved from http://www.regeringen.se/sb/d/9985/a/100680
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not from mathematics education. I often use modelling activities as a way of
teaching in physics and started to question myself on why I had not used it
mathematics education. Mathematical modelling at my school played a minor role
in mathematics classes and it was not mentioned in our local curriculum. I began
to wonder how it is in other schools in Sweden and how other teachers interpret
the notion. With these questions in mind I decided to apply for research studies
and I was one out of 25 students who was accepted for research studies at The
Swedish National Graduate School in Science, Technology and Mathematics
Education Research (FontD)’. I enjoyed my time as a research student while I was
working with my licentiate thesis. After having presented my licentiate thesis I
was given the possibility to continue my work and applied for a position as a
doctoral student at Linkdping University.

1.2 Aim and research questions

In line with Arlebick (2009¢) and Frejd (2011c) the general aim of this thesis is to
investigate the present situation in Sweden upper secondary school regarding
mathematical modelling and evaluate the current state and status. However, this
thesis also broadens the agenda with an aim to investigate how modelling is used
in the workplace. The broadening is done since the use of mathematical models
and modelling in the workplace plays a significant role in working decision at
different levels in the society and industry (Hunt, 2007) and mathematics
education may draw from expert modellers’ experiences of how to work with
modelling in the mathematical classroom (Drakes, 2012). To complement
Arlebick’s (2009¢) and Frejd (2011c) emerging picture the focus in this thesis will
be on aspects related to students’, teachers’ and professional modellers’
experiences of working with mathematical modelling:

The aim is to present a report of the experiences that students, teachers
and modelling experts have of learning, teaching and working with
mathematical modelling in and out of school settings and how they
interpret the notion of mathematical modelling.

In a report from Skolinspektionen (2010) about the quality in upper secondary
school in Sweden one can read that “[t]he inspection shows that remarkably many
teachers pursue teaching which is not in line with all parts of the curriculum
guidelines for the subject mathematics. Consequently not all students are educated
to provide them with tools to understand mathematics and to use and apply their
own full capacity” (p. 6, my translation). Mathematical modelling was not
explicitly examined by Skolinspektionen (2010), but it is one part in the curricu-
lum and maybe it does not get much attention in the mathematics classrooms in

> see http://www.isv.liu.se/fontd/nationella_fontd/start/1.180370/FolderAllmn_web.pdf.
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Sweden. If so, then it may also affect students’ knowledge about mathematical
modelling and how it is used in and out of school settings.

There are also some evidence that modelling does not play a central part in the
present mathematics classroom. In an investigation of 400 students about their
modelling competency, only 23% of the students expressed that they had
encountered mathematical models or mathematical modelling in their education
before participating in the study. (Frejd & Arlebéck, 2011). Maybe as a con-
sequence of that result, the students in the same investigation seemed not to have a
clear view about the meaning of the notion of mathematical modelling (ibid.). An
analysis of modelling items in national courses tests indicates that only parts of the
modelling process are assessed (Frejd, 2011a). Research has also pointed out
teachers’ lack of experience of mathematical modelling in Sweden (Arlebick,
2010). In a case study with two teachers, Arlebick (2010) concluded that the
teachers were not able to express coherent formulated descriptions of the notions
mathematical models and mathematical modelling. Traditional textbooks are often
used as a guide for teaching mathematics in upper secondary school (Jablonka &
Johansson, 2010; Skolinspektionen, 2009; Skolverket, 2003; SOU 2004:97) but
these textbooks do not treat mathematical modelling explicitly (Jakobsson-Ahl,
2008; Arlebick, 2009c¢).

However, the new implemented curriculum with the mathematics syllabus has
a more emphasis on modelling activities related to ’realistic’ situations. So, what
is the current state and status about students’, teachers’ and modelling experts’
experiences of teaching, learning and working with mathematical modelling in
and out of school settings and how do they interpret the notions of mathematical
modelling?

How the research questions have been addressed to explore the aim and how
the research questions will be operationalised is discussed in section 4.2.

1.3 The structure of the thesis

This thesis is structured in two parts. Part I, the preamble, includes five chapters,
while Part II includes the five papers.

Part I will continue with Chapter 2, which discusses theoretical perspectives of
mathematical models and modelling in order to explain and clarify the used
notions in the thesis. In addition, a section in this chapter is dedicated to research
on mathematical modelling related to Swedish upper secondary school, whereas
international research is brought up and integrated throughout the text in this
thesis. Chapter 3 is devoted to develop ‘a red thread’ and ‘sew the papers together’
with use of and inspiration from the notion of didactic transposition (see e.g.
Bosch & Gascon, 2006; Hardy, 2009). The overall methodology of the thesis is
presented in Chapter 4 where the research questions are specified into more
specific research questions. In Chapter 5 the five papers are summarised. The
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results, conclusions and implications from the papers are finally discussed in
Chapter 6.

In Part II the papers are presented in full versions®.

% To fit the format of this thesis the layout of the paper may have been changed compared
to the published versions.



Chapter 2

Mathematical modelling

The notion of mathematical modelling is described/ defined in different ways in
mathematics education depending on the theoretical perspective adopted (Kaiser
& Sriraman, 2006). In research literature in mathematics education one may find
several different perspectives and approaches on mathematical modelling (Blum,
Galbraith, Henn & Niss, 2007; Frejd & Geiger 2013; Garcia, Gascon, Higueras &
Bosch, 2006; Haines, Galbraith, Blum & Khan, 2007; Jablonka & Gellert, 2007,
Kaiser & Sriraman, 2006; Sriraman & Kaiser, 2006). Sriraman and Kaiser (2006)
write “that there does not exist a homogenous understanding of modelling and its
epistemological backgrounds within the international discussion on application
and modelling” (p. 45) in a report from the fourth Congress of the European
Society for Research in Mathematics Education, CERME4. Section 2.2 will
provide a brief overview of a selection of descriptions of theoretical approaches
used in research literature about mathematical modelling in mathematics
education, but first a short discussion (adapted from Frejd, 2010) on the closely
related term mathematical model.

2.1 Different interpretations of the term mathematical
model

Blum et al. (2007) attempt to clarify the basic notions and terms related to the
term mathematical model and the modelling process (described later in this
thesis). They give some examples of standard models (linear, exponential or
logistic growth, inverse proportionality, etc.), but it becomes apparent that there is
no clear or shared definition of a ‘mathematical model’.

Common definitions stress the representational aspects of mathematical
models: According to the Encyclopaedia Britannica a “mathematical model is
either a physical representation of mathematical concepts or mathematical
representation of reality” (mathematical model, 2013a). For example, a physical
model is a three-dimensional surface made of wires to visualize some abstract
mathematical concept and about mathematical model of reality one reads
“anything in the physical or biological world, whether natural or involving
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technology and human intervention, is subject to analysis by mathematical models
if it can be described in terms of mathematical expressions” (ibid.). Wikipedia's
definition is: “A mathematical model is a description of a system using mathe-
matical concepts and language” (mathematical model, 2013b). Representational
aspects of models are also found in technology literature, where one can find a
definition of a mathematical model as “a representation of essential aspects of an
existing system (or a system to be constructed) which presents knowledge of that
system in usable form” (Eykhoff, 1974, p. 1). A ‘purposeful representation’ is
another definition from literature about learning how to model (Starfield, Smith &
Bleloch, 1990). The definition also highlights that all models can only be
discussed and criticized in relation to their specific purposes. In literature from
mathematics education

models are conceptual systems (consisting of elements, relations,
operations, and rules governing interactions) that are expressed using
external notation system, and that are used to construct, describe, or
explain the behaviors of other system(s) — perhaps so that the other system
can be manipulated or predicted intelligently. A mathematical model
focuses on structural characteristics (rather then, for example, physical or
musical characteristics) of the relevant systems. (Lesh & Doerr, 2003, p.
10)

According to this description models are situated both in the mind of the learner
and in representational media (equations, etc.).

To sum up, mathematical models are described in dictionaries, technology and
mathematics education literature to be some kind of representation/ description/
explanation of ’something’ in terms of structural characteristics/ expressions from
mathematics. These models may be situated in a variety of different places such as
the mind of the learner, the discourse where the model is being used or in some
form of representational media/ physical object. This ’something’ is described in
terms of vague expressions, such as conceptual system, existing system,
knowledge or reality. The process to create a model of “something” is called
modelling.

2.2 Different perspectives on mathematical modelling

Frejd and Geiger (2013) conducted a content analysis of papers from the last five
ICTMA proceedings and the 14th ICMI study to explore the expansion of
theoretical approaches used in research literature focusing on mathematical
applications and modelling. The study identified a set of both local theoretical
approaches and more general theoretical approaches that were used.

Examples of local theoretical approaches are Modelling cycles: a description
of the modelling process as a cyclic activity (e.g. Blomhgj & Hgjgaard Jensen,
2003; Blum & Niss, 1991); Modelling competence: a notion used to define a skill
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or ability to perform modelling (e.g. Blomhgj & Hgjgaard Jensen, 2007; Maap,
2006); Emergent modelling: an instructional approach, with roots from
Freudentahl’s realistic mathematics education, using how models emerge from
contextual problems as means for supporting the emergence of formal
mathematics knowledge (e.g. Freudenthal, 1983; Gravemeier, 2007); and Models
and modelling perspective: a teaching approach with model eliciting activities
developed by Lesh and Doerr (2003).

Some examples of general theoretical approaches are Socio-cultural
approaches that draw on Vygotsky and followers like situated learning and
community of practice by Lave and Wenger (1991), and activity theory by
Engestrom (1987), etc.; Sociological approaches where examples are work by
Bernstein (2000), Dowling (1996), etc.; Discursive, linguistics, social linguistics,
and semiotics approaches developed and discussed for example by Sfard (2008),
Halliday (1978), Evans and Morgan (2009); Beliefs, attitudes and affect: examples
of work relate to Leder, Pehkonen and Térner (2002), etc.; Critical mathematics
education developed by Skovsmose (1994); ATD/TDS described by
Chevallard(1999)/ Brousseau (1997); Instrumental approaches like the work from
Rabardel (1995), Artigue (2002) etc.; and Pragmatic approaches referring to
Dewey.

The content analysis revealed that the local approaches Modelling cycle and
Modelling competencies are used more frequently than all general theoretical
approaches together. The notion of mathematical modelling plays a key role in the
local theoretical approaches, but not in the general approaches except for Critical
mathematics education (Skovsmose, 1994, 2005) and ATD (Garcia, Gascon,
Higueras & Bosch, 2006) which use the notion explicitly.

To illustrate the diversity of meanings associated with mathematical modelling
in the context of the teaching and learning of mathematics the next three sections
2.2.1-2.2.3, slightly adapted versions of outlines in Frejd (2011b, 2011d) and
Paper 5, will describe three theoretical perspectives of mathematical modelling.
The three theoretical approaches are; One local theoretical approach, the
modelling cycle; One general theoretical approach which explicitly uses the notion
of modelling, ATD; One general theoretical discursive approach that does not
explicitly use mathematical modelling, Anna Sfards’ theory of commognition. The
rationales for illustrating mathematical modelling in this preamble with this
selection are that the selection includes both local and general approaches with
and without explicit descriptions of modelling. The reason of picking the
modelling cycle, sometimes named as the traditional description (Williamas &
Goos, 2013), as a local approach is beacuse it was the most frequently used
approach found in Frejd and Geiger (2013) and is a well established theoretical
approach within the research community of mathematical modelling in
mathematics education according to Stillman (2012). The modelling cycle is also
related to the notion of modelling competence.
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Both ATD and Critical mathematics education are general theoretical
approaches and explicitly use the notion of mathematical modelling. ATD was
more frequently used in the study by Frejd and Geiger (2013) than Critical
mathematics education. Modelling viewed from ATD regards all mathematical
activity as modelling activity in contrast to the other approaches and are in that
sense interesting to discuss. The use of Commognition to interpret modelling is
not frequently used, but it has potentials to be used as an analytic tool for
analysing students’ activities with mathematical modelling (Frejd, 2010; Arlebick
& Frejd, 2013), which is a reason for the choice.

2.2.1 Modelling cycles and modelling competency

The cyclic process of modelling, known as the ‘modelling cycle’ in mathematics
education related to ICTMA is frequently discussed in the literature (Blomhej &
Heojgaard Jensen, 2003; Blum et al., 2007; Blum & Leify, 2007; Blum & Niss,
1991; Borromeo Ferri, 2006; Kaiser & Sriraman, 2006; Maal3, 2006, etc.). There
are many descriptions of the modelling cycle (Perrenet & Zwaneveld, 2012),
depending on the research aim (Borromeo Ferri, 2006; Haines & Crouch, 2010;
Jablonka, 1996). According to Kaiser, Blomhej, and Sriraman (2006) the
modelling cycle involves five up to seven sub processes and is split into two
domains, one called reality or the extra mathematical world and one called
mathematics or the intra mathematical world, see Figure 2 below.

Extra-mathematical knowledge

(EMK) 3
/\Ig'thematica[ 1 Understanding the task
del
real model Simplifying/Structuring the

e

Extra-mathematical task; using/need of (EMK),
knowledge (EMK: 2 depends on the task
1 ental representation of 3 Mathematizing; EMK is
il e 4 £ e
?’J“\l %e situation needed here strongly

real situation
3

b

Working mathematically,
using individual mathematical

real O mathematical com i
petencies
results results
5 Interpreting
5
Reality Mathematies ¢ Validating

Figure 2. The modelling cycle by Blum and Leif (2007) as
presented by Borromeo Ferri (2006, p. 92)

A brief explanation of the modelling cycle as described in Figure 2 will be
provided here. The modelling problem is situated in the ‘real world’ called the
real situation (the problem, which is often formulated in everyday knowledge).
The modellers need to understand the task to make a mental representation of
the situation (how the individuals are thinking about the problem situation), then
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continue to come up with a real model (external representations) by simplify/
structure, filter and idealize the information from the task. This real model is then
translated from the ‘real world’ with use of extra-mathematical knowledge to ‘the
mathematics world’ by mathematizing these criteria and creates a mathematical
model. The next step is that the modellers work mathematically in the
‘mathematical world’ to produce answers, mathematical results. Finally the
mathematical results are interpreted into real results by moving back to the ‘real
world’ and the real results are validated. If the validation provides information to
the modellers that the real results are not valid and other aspects need to be
included, the modeller has to do the modelling cycle over again.

The notion of modelling competence often refers to a modelling cycle.
Blomhgj and Hgjgaard Jensen (2003) illustrate this relation to a modelling cycle
with their definition of modelling competence that “[b]y mathematical modelling
competence we mean being able to autonomously and insightfully carry through
all aspects of a mathematical modelling process in a certain context.” (p. 126).
The ‘mathematical modelling process’ or modelling cycle they refer to is
displayed in Figure 3 below.

Z N

reality
(f) Validation (@) Formulation of task

/ )

4
Action/insight Domain of inquiry
f [
(e} Interpretation/evaluation @- (b) Systematiziation
) }

Model results System
3 Data /'
II"'. L

(d) Mathematical analysis (c) Mathematization

Mathematical /

system

Figure 3. The modelling cycle by Blomhgj and Hoff Kjeldsen (2006, p. 166)
adapted from Blomhgj and Hgjgaard Jensen (2003; 2007).
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The modelling cycle in Figure 3 has many similarities to the modelling cycle in
Figure 2. The process is composed of six sub-process (a-f), each connected to a
modelling sub-competence (Blomhgj & Hejgaard Jensen, 2007). In order to
investigate a phenomena or a situation from the perceived reality a formulation of
a task is done to identify important aspects from the situation, or as Blum and
Leif’s (2007) would describe this, to make a mental representation of the
situation. The task is framed in the domain of inquiry and this is not done
explicitly in Blum and Leif’s (2007) description. Other differences are that the
arrows goes back and forth in Blomhej and Hejgaard Jensen’s (2007) description
of the modelling cycle but not in Blum and Leif’s (2007) description, also the
three ellipses in the centre of Figure 3 do not appear in Blum and Leif} (2007).
These ellipses are supposed to show that the epistemological base for the sub-
processes is theory, experience or data (Blomhgj & Hoff Kjeldsen, 2006). The
action/insight part in Figure 3, or action/realization (Blomhgj & Hgjgaard Jensen,
2003), is described as new insight gained from the investigated phenomena, which
may put into action if it is supported and validated by the empirical data given.
The validation process (f) in Figure 3 is a second validation and refers to the
questioning of the entire modelling process and for doing that new data is needed
(Blomhej & Hejgaard Jensen, 2003). This description from Blomhgj and
Hojgaard Jensen (2003) of the validation process in two steps is combined in
Blum and Leif’s (2007) description. The rest of the aspects in the modelling cycle
in Figure 3 can be found in Blum and Leif’s (2007) description of modelling,
including systematization (identification of essential aspects needed to solve the
problem).

According to Blomhgj and Hgjgaard Jensen (2003) the cyclic model
illustrated in Figure 3 can be used in different ways as a tool to investigate
mathematical models, modelling processes behind models and analyse and define
modelling competence. However, the notion of modelling competence has been
used as a ‘buzzword’ (Blomhej & Hejgaard Jensen, 2007). Buzzwords “are words
that add flavour to an analysis, a discussion or the planning of a teaching practice
just by being mentioned” (Blomhgj & Hejgaard Jensen, 2007, p. 45).

For example Maaf} (2006) has another definition of modelling competencies.
She defines:

Modelling competencies include skills and abilities to perform modelling
processes appropriately and goal-oriented as well as the willingness to put
these into action. (p. 117)

The definition above is used by Kaiser (2007). Niss, Blum and Galbraith (2007)
also have a definition based on the different aspects in a modelling cycle.

mathematical modelling competency means the ability to identify relevant
questions, variables, relations or assumptions in a given real world
situation, to translate these into mathematics and to interpret and validate
the solution of the resulting mathematical problem in relation to the given
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situation, as well as the ability to analyse or compare given models by
investigating the assumptions being made, checking properties and scope
of a given model etc. (p. 12)

Maaf’s (2006) notion of modelling competencies, Blomhgj and Hejgaard Jensen’s
(2003) modelling competence, and Niss, Blum and Galbraith’s (2007) modelling
competency all seem to capture the same thing, i.e. the aspects needed to master a
modelling process. However, Maaf} (2006) also emphasises students’ attitudes to
doing modelling in her definition, which is another dimension of students’ work
with modelling. The relation between willingness and ability, skill or competence
is not clear, which seems to makes the notion difficult to operationalise.
Nevertheless, a bit confusing still are the words competencies, competence and
competency. In this thesis the following definition will be used: competence
(plural competences) is used for an individual’s skills, while competency (plural
competencies) is used as a term for standards to be achieved. For example, a
person applying for a job as a modeller may be tested, in a test, on his/her
modelling competence (skills) to see is he/she meets the modelling competency
(the demanded achievements) required by the company.

There are also descriptions of modelling competencies that differentiate
between different levels. Greer and Verschaffel (2007) use the following notions
for different levels of competencies: competencies for implicit, explicit, and
critical modelling. Implicit modelling is when students are involved in modelling
activities without being aware of it and explicit modelling is when students are
aware of modelling activities and the aim of the modelling process. Critical
modelling is when students are being able to reflect critically on the use and role
of mathematical modelling in different subjects and in society. In addition,
Henning and Keune (2007) have distinguished between three levels of modelling,
Recognition and understanding of modelling, Independent modelling, and Meta-
reflection on modelling. The first level is when the student is aware of the
modelling process (Recognition and understanding of modelling), the second level
is when the student (himself/herself) can use the modelling process to answer a
modelling problem (/ndependent modelling), and the third level is when the
student can evaluate, analyse and reflect upon the purpose of the modelling
activity in a critical way (Meta-reflection on modelling). The critical modelling
and the Meta-reflection on modelling are for instance discussed in Frejd (2010) in
relation to the social perspective of modelling (see Jablonka, 1996; Barbosa, 2006;
Jablonka & Gellert, 2007; Skovsmose, 1994).

2.2.2 Modelling from the theoretical perspective of ATD

The Anthropological theory of didactics (ATD) founded by Yves Chevallard
includes another perspective of mathematical modelling. The theoretical
perspective of ATD is broad and some notions will be explained in this section in
order to explain the notion of mathematical modelling. For details concerning
ATD see for instance Chevallard (1999) and Bosch and Gascon (2006).
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One meaning of mathematical modelling from the theoretical perspective of
ATD is formulated by Garcia, Gascon, Higueras and Bosch (2006). According to
them, mathematical modelling is not another dimension or another aspect of
mathematics, instead they propose “that mathematical activity is essentially
modelling activity in itself” (Garcia et al., 2006, p. 232). This view of modelling is
according to them only meaningful if one defines the notion of mathematical
activity and if modelling is considered to include both extra mathematical
modelling (‘real-world problems’) and intra mathematical modelling (“problems
related to pure mathematics’, such as different representations of algebraic
notions). The effect on the statement above will be that the problem situation is
not the most important aspect, but the problem itself (a generative question) will
be the key-point in order to develop and create new, wider and more complex
problems (ibid.). A generative question is “a question with enough generative
power’, in the sense that the work done on it by the group is bound to engender a
rich succession of problems that they will have to solve -at least partially- in order
to reach a valuable answer to the question studied” (Chevallard, 2007, pp. 7-8).
These generative questions, which also are referred to as crucial questions or
productive questions (Garcia et al., 2006), should also be of real interest to the
students (Rodriguez, Bosch & Gascon, 2008).

Modelling activity as defined by Barquero, Bosch and Gascon (2007) also
stresses the importance of a problematic question (a generative question). They
claim that “the modelling activity is a process of reconstruction and articulation of
mathematical praxeologies which become progressively broader and more
complex. That process starts from the consideration of a (mathematical or extra-
mathematical) problematic question that constitutes the rationale of the
mathematical models that are being constructed and integrated” (p. 2051).

The notion of praxeology from the quote above is one of the most central
notions in ATD (Garcia et al., 2006). A knowledge or a body of knowledge is
defined as “a praxeology (or a complex of praxeologies) which has gained
epistemic recognition from some culturally dominant institutions, so that master-
ing that praxeology is equated with mastering a ‘true’ body of knowledge”
(Chevallard, 2007, p. 6). The praxeologies include two main components praxis
(or know-how) and logos (or thinking and reasoning about the praxis). These two
main components are divided into sub-components as in Table 1.

Table 1. The four sub-components of praxeologies

Praxis Tasks within a specific activity
(know-how) Techniques to accomplish the tasks
Logos Technology that justifies the techniques
(know-why) Theory that justifies the technology

The praxis part refers to the types of tasks and techniques that are available to
solve the tasks and the logos part refers to technology that describes and explains
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the techniques and the theory that explains the technology. In addition, the
praxeologies of mathematics can be analysed as global, regional, local and point
praxeologies (Bosch & Gascon, 2006). A point praxeology is characterized by a
specific type of problem and an appurtenant specific technique within a techno-
logy, a local praxeology is characterized by a set of point praxeologies that are
integrated within the same technology, a regional praxeology is characterized by
connected local praxeologies within a mathematical theory and a global
praxeology is characterized by linked regional praxeologies (ibid.). I will illustrate
global, regional, local and point praxeologies by examples inspired from Artigue
and Winslew (2010). A point praxeology is for instance the specific technique to
solve the equation x—3=0 by moving the -3 to the right hand side of the equal sign
and change minus to plus. A local praxeology may be seen as the discourse
relating to solve polynomial equations and a regional praxeology may be an
algebraic theory for solving equations. Finally, a global praxeology may be a
unified theory of solving equations including number theory, algebraic theory etc.

The process of refining or constructing mathematical praxeologies, which is
mentioned in the definition of mathematical modelling by Barquero et al. (2007),
is a complex activity called the process of study (Rodriguez, Bosch & Gascon,
2008). The process of study is classified into six so called didactic moments: (1)
first encounter, (2) exploration, (3) constructing environment for technology and
theory, (4) working on the technique, (5) institutionalization and (6) evaluation
(ibid.). These six didactical moments do not have to appear in the chronological
order stated above. I will describe the process of study with the modelling
example used by Ruiz, Bosch and Gascon (2007) about selling and buying T-
shirts. The students in the investigation were given a chart with the number of sold
T-shirts, the total costs, the total incomes and benefits for three months (May,
June and July) and a corresponding question about the possibility to earn 3000
euro in August by selling a reasonable number of T-shirts (first encounter). Based
on the given conditions the students started to create a model and did some
calculations and estimations in order to develop a technique (exploration) and then
continued to improve this technique to set up other models (working on the
technique). For instance the students had to find connections between numerical
and functional language as well as investigate the roles of parameters and
variables (constructing environment for technology and theory) in order to discuss
the question. Finally an identification of praxeologies regarding institutional
demand is done (institutionalization) and students reflect over the value of those
praxeologies (evaluation) (Rodriguez, Bosch & Gascon, 2008).

According to Garcia et al. (2006) the relation to the modelling cycle is that the
cyclic perspective does not contradict modelling from an ATD perspective.
However, I found no empirical study in the literature that compares and contrasts
the different views and I have some problems to see that they do not contradict
each other in some respect, especially concerning that there is no clear distinction
between intra mathematical modelling and extra mathematical modelling in ATD,
which is an important part in the modelling cycle. According to Sriraman and
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Kaiser (2006) one consequence of using modelling from the ATD perspective is
that “this leads to the fact that every mathematical activity is identified as
modelling activity for which modelling is not limited to mathematising of non-
mathematical issues” (p. 45). More work need to be done comparing the different
perspectives.

2.2.3 Modelling ‘realized’ in terms of Commognition

Commognition is a discursive theoretical framework developed by Sfard (2008)
that combines entities from theories of communication and cognition to describe
and explain social and individual aspects of thinking and learning. The framework
defines a set of notions and principles that describes thinking as a particular type
of interpersonal communication and learning as a change in discourses. The
central notion in this framework is discourse which is defined as a “special type of
communication made distinct by its repertoire of admissible actions and the way
these actions are paired with re-actions; every discourse defines its own
community of discourse; discourses in language are distinguishable by their
vocabularies, visual mediators, routines, and endorsed narratives” (p. 297). In
other words, a discourse is characterized by the meaning and use of language (in a
general sense including written and spoken words, symbols, figures, graphs, etc.).
However, words, symbols, expressions, gestures, etc. may have different
meanings in different discourses. Metaphorically speaking Sfard (2008) refers to
these words, symbols etc. that have a particular meaning for a particular discourse
as discursive objects. To be a part of a communication in a discourse includes to
make consensus on the interpretation of language and to follow the social
established conventions for communication and interaction between members of
the discourse. The social established conventions for communication by actions
paired with re-actions together with the vocabularies, visual mediators, routines,
and endorsed narratives are formalized ways on how to determine what is
regarded as ‘true’ within the discourse. A discourse may therefore function as
delimiter in that it includes or excludes persons from a given discourse. The
notion of discourse is also central in one of the basic principles of commognition,
which is that “discourses permeate and shape all human activities, [and] the
change in discourse goes hand in hand with the change in all other human doings”
(p. 118).

Commonly figuring discourses when a commognitive approach is employed
are colloquial discourses (or everyday discourses) permeated by personal
experiences; the complementary /iterate discourses in which communication often
is characterized by the use of specialized symbolic artefacts; and, classroom
discourses capturing school norms and rules (Sfard, 2008).

All discourses are regulated by rules, object-level and metadiscursive rules,
that govern the processes for communication (Sfard, 2008). The object-level rules
are narratives about the properties of objects in a discourse whereas the
metadiscursive rules regulate the activities used for proving and legitimating these
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narratives. An example of an object-level rule is that the sum of the lengths of any
two sides in a triangle must be greater than the length of the remaining side (i.e.
the triangle inequality) and the metadiscursive rules regulate the actions for
proving the triangle inequality. A set of metadiscursive rules are called routines
and they describe when (in what situation) and how (the course of actions) a
repetitive discursive procedure is executed. The equation 2x + 4 = 10 may be
solved with different strategies, (how of) routines, such as algebraic procedures,
geometric procedures, technology procedures and guessing procedures. However,
in a classroom discourse it is equally important and more advanced to chose (when
of) a routine, since it requires that the discourse participants acknowledge that the
chosen routine actually has a positive influence on the solution process and is
regarded as an appropriate and socially accepted routine. As described by Sfard
(2008), “[w]hereas learning a routine how is often fairly straightforward task,
learning when may be a lifelong endeavour” (p. 221). To identify when and how
of a routine that addresses a particular problem often includes recognition, which
is the use of memorized routines (recalling) from similar problems. The
communicational patterns in educational settings when students discuss problems
not recognized and when standard routines not automatically are recalled are
characterized as ad hoc constructions. However, the underlying recursive
sequences in these communicational patterns of ad hoc constructions include a
pattern of conjecture-test-evaluation. One activity that follows the recursive
pattern of conjecture-test-evaluation is negotiations. Nevertheless, negotiations in
a teaching-learning situation restrict or facilitate a progress in learning, since the
outcome of the negotiation will affect how the communication will proceed. A
condition for learning, such as students learning of new discursive objects,
involves the learning-teaching agreement. The learning-teaching agreement is an
elaborated commognitive view of Brousseau’s notion didactical contract
(Brousseau, 1997) that frames teachers’ and students’ classroom communication,
due to norms, expectations and obligations.

A discursive object is manifested through its signifier and its realizations. A
signifier can for example be a word or an algebraic symbol, and a realization of
the signifier is the procedure, or product, of pairing the signifier with another
discursive object. Successive meaningful realizations of a signifier can be
organized and illustrated in realization trees, which are tree-like structures in the
sense of graph theory. Sometimes a realization-tree is also productively thought of
as a connected graph, possibly containing loops, to stress the “symmetric nature of
many signifier-realization relation” (Sfard, 2012, p. 4). Due to the recursive nature
inherent in the production of discursive objects, there is often a dual relation
between a signifier and its realization making the two notions in different contexts
interchangeable. Sfard underlines that this is common in mathematical discourses,
and provides the example of a function’s values listed in a table realized as a
formula and vice versa.

The ability of making successive realizations is a fundamental aspect in
problem solving according to Sfard (2008), in particular for problems related to
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real life. A person’s accessibility to be able to effectively take part in an activity to
solve practical problem within the mathematical discourse “depends on her ability
to decompose signifiers into trees of realizations with branches long enough to
reach beyond the discourse, to familiar real-life objects and experiences” (Sfard,
2008, p. 166). These arguments are used to declare how mathematical modelling
may be realized in terms of commognition.

Mathematical models and modelling in terms of commognition, a mathemat-
ical model may be interpreted to be a discursive object in a subsumed discourse,
which means that in a given situation and context a particular mathematical model
is a pair of a signifier with its realizations. To be engaged in the activity of model-
ling means to establish and participate in a modelling discourse which involves
singling out the relevant discourses for the problem by finding and making
meaningful and productive connections between signifiers and realizations in
realization trees belonging to different discourses, subsuming these into the new
discourse.

The ideas will briefly be illustrate with help of a modelling problem known
from the literature (e.g. an adapted version of the problem from Niss, Blum, and
Galbraith’s (2007, p. 12) about deciding the best location for speed bumps to calm
traffic along a road within college campus); What is the best way to evacuate a
school building? This ‘evacuation’ problem is formulated in a colloquial
discourse and there are many possibilities for students to decompose the problem
into signifiers, connect them and realize them into a discursive object. One
possible realization in a classroom discourse in mathematics is the realization of
the signifier best to the fastest way. The following question might be examined:
How long time does it take to evacuate a school building? Students may base their
solution on their experiences of evacuation situations such as being a part of an
evacuation exercises or watching on TV how people evacuate buildings. However,
a solution to the problem derived only from experience out of the classroom is
usually not regarded as an accepted solution in a mathematics classroom
discourse. The communication by the teacher and the textbook set the agenda of
the learning-teaching agreement and an acceptable solution is verified by
metadiscursive rules used in the mathematics classroom. Negotiations following
the discursive pattern of conjectures-test-evaluations may possibly be applied to
identify what signifiers/ realization effect the evacuation time and how they are
connected.

Examples of signifiers/ realizations that may effect the evacuation time might
be (A) number of people, classrooms, exit stairs, and exit doors, etc. (B) The size
of the building, (C) walking velocity, (D) initial delay, (E) what time of the day it
is. There are several discourses that come into play such as mathematical
discourse (number of), colloquial discourse (time of day), and physics discourse
(velocity). In a classroom discourse a possible acceptable solution may include an
expression for the evacuation time which may include idealisations like assuming
everyone walks with constant speed, assigning a noun, such as t, for the
evacuation time and an expression for t that may connect the signifiers (A) to (E)
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with some procedures. The discursive object developed may be described as the
pair <t, an expression for t> where t is the signifier and the expression is the
realization.

Below in Figure 4 signifiers and their realization from the problem described
above is presented in a realization tree.

Best
|

Fastest

[
How long
time

A B C D E

| | ' | |
t=...

Figure 4. A realization tree from the evacuation problem.

The realization tree in Figure 4 presents an example how one subsumed discourse
has been developed with its signifiers. The signifier Best in the example was
realized to Fastest that triggered the question, how long time does it take to
evacuate a school building? This question was realized into an expression for the
evacuation time, t. The example presented was used to illustrate some key notions
and other discursive layers, such as: other school subjects, symbolic tools (the use
of computers for simulations, etc.), literate discourse (the complement to
colloquial discourse), etc. were excluded.

Sriraman and Kaiser (2006) argue that every mathematical activity from the
perspective of ATD can be described as a modelling activity. Similar arguments
may be put forward for ‘modelling’ realized in commognition that signifiers/
realization relations take place in all mathematical activity, which makes it
necessary to describe what a modelling problem is. The next section will elaborate
of differences between modelling, problem solving and application.

2.3 Mathematical modelling in relation to problem
solving and applications

What are the differences and similarities between mathematical modelling,
problem solving and applications? The question is not easy to answer, because
there exist different theoretical perspectives of modelling and the definition of the
notion of mathematical modelling depends on perspective and research focus. In
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addition, the notion of problem solving does not have a single clear definition
which is accepted by all researchers in mathematical education (Lesh &
Zawojewski, 2007). Already Schoenfeld (1992) expressed that “'problems” and
‘problem solving” have had multiple and often contradictory meanings through the
years — a fact that makes interpretation of the literature difficult” (p. 337).

From the theoretical perspective of the modelling cycle with a focus on the
entire process (Blum & Niss, 1991; Niss, Blum & Galbraith, 2007), the distinction
between modelling and problem solving and application is the problem situation
and how the problem is described. According to Niss, Blum and Galbraith (2007)
the focus in a modelling problem tends to be in the direction from reality to
mathematics (what mathematics do I need to solve this problem?) in contrast to
applications of mathematics where the direction is from mathematics to reality
(where can I apply this mathematics?). The notion of applied problem solving is
sometimes used in the same manner as modelling and sometimes it is used to
solve any extra-mathematical problem (Niss et al., 2007). The consequence is that
the problem itself plays the crucial role in defining a modelling problem. Niss et
al. (2007) give the following example of common types of problems: word
problems, standard applications and modelling problems. The word problem is
characterized by an intra mathematical problem dressed up with a given context.

How many different menus are possible to serve, if a meal includes a
starter, a main course and a dessert and if you have access to three
different starters, five main courses and two desserts?

The stated word problem above is nothing more than an ordinary combinatory
problem. Standard applications are characterized by a given implicit model.

Can you help a soda company that wants to decrease its costs of
aluminium? The company wants you to develop a new cylindrical
aluminium can containing 0.5 litre soda.

The implicit model given in the example above is the function describing the
minimizing of the cylindrical volume with constrains. Modelling problems are
characterised by the entire modelling process.

How long time does it take to evacuate a school building?

The example above is discussed in section 2.2.3 and it may involve many
realizations. In addition, the problem is also discussed in Frejd (2011a) and many
parts of a modelling cycle may be present in a solution process.

Arlebick (2009b), with the aim to investigate how the notions of mathematical
models and modelling have been used in the last six upper secondary curriculums
in Sweden, has developed an analytic tool to identify aspects of applications,
problem solving and modelling. The aim with the analytic tool is to catch aspects
of mathematical modelling described in the curriculum in terms of application and
problem solving. Arlebick (2009b) takes a broad view of modelling (including
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only fragments of the modelling process), expressing that mathematical modelling
can be differentiated between (Arlebick, 2009c¢, p. 183):

1. intra-mathematical modelling; for instance, to solve a geometrical
problem using algebra.

2. direct modelling; to solve “traditional” word problems.

3. complex modelling; to work with real, open problems.

This view of modelling includes applying mathematics and is associated to
problem solving (Arlebick, 2009b). Examples of intra-mathematical, direct and
complex -application of mathematics are provided but not of problem solving.

The analytic tool is used in the content analysis of the curriculum in Arlebick
(2009b) to make a distinction between the notions of applications, problem
solving and modelling. The coding category modelling includes the explicit notion
of modelling, interpret a mathematical expressions like equations and connections,
give example on and to formulate problems. The category apply mathematics
includes to use mathematics in different forms and expressions. Problem solving
includes tasks, problems and solutions. The notions of applications, problem
solving and modelling were also subdivided into sub-categories producing a more
nuanced analysis, for more details see Arlebick (2009b). Explicit examples of
mathematical models and modelling are provided in the study with excerpts from
the actual coding procedure to clarify the distinction between the notions of
applications, problem solving and modelling. The analytic tool presented by
Arlebick (2009b) is one possible way to categorise modelling, application and
problem solving. However, as Arlebick (2009b) states, “is the notion modelling,
application and problem solving connected with each other and overlapping in
many ways” (my translation, p. 181). There is more literature discussing the issue
of differences between the notions, especially between mathematical modelling
and problem solving, see for instance section 6 in Lesh, Galbraith, Haines and
Hurford (2010).

2.4 The relevance of mathematical modelling in
mathematics education

As already mentioned in the introduction, in Blum and Niss’ (1991) review of the
literature five main arguments for including mathematical modelling in the
curriculum were found (pp. 42-44). Those arguments are presented below in more
detail.

1. The formative argument- to help students to develop general capabilities,
attitudes and self confidence by promoting an overall problem solving
ability which is explorative, creative and open-mindedness.
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2. The ‘critical competence’ argument- to prepare students to be critical of

mathematics used in private life and in society, meaning to be able to
independently identify, analyse and understand situations and instances
where mathematics is being used.

3. The utility argument- that by the use of mathematics instructions make

students aware of how mathematics can be utilized in different situations
especially related to the extra-mathematical domain.

4. The ‘picture of mathematics’ argument- to give the students a broad and

colourful picture of mathematic as a science, as an activity in society and in
culture.

5. The ‘promoting mathematics learning’ argument- to assists and motivate

students to learn mathematical concepts and methods.

It is possible to find similar arguments in the Swedish curriculum for upper
secondary school. Below are quotes from the curriculum (Skolverket, 2012a),
which are interpreted into the five arguments:

[1. The formative argument]

“Teaching should give students the opportunity to challenge, deepen and
broaden their creativity and mathematical skills” (p. 1); “Teaching should
strengthen students’ confidence in their ability to use mathematics in different
contexts, and provide scope for problem solving both as a goal and an
instrument” (p. 1); “it should provide students with challenges” (p. 1)

[2. The ‘critical competence’ argument]
“understand its importance for the individual and society.” (p. 1);

[3. The utility argument]

“it should contribute to students developing the ability to apply mathematics in
different contexts, and understand its importance for the individual and
society.” (p. 1); “developing an understanding... different strategies for solving
mathematical problems and using mathematics in social and professional
situations” (p. 1); “Where appropriate, teaching should take place in
environments that are relevant and closely related to praxis” (p. 1)

[4. The ‘picture of mathematics’ argument|

“it should provide students with...experience in the logic, generalisability,
creative qualities and multifaceted nature of mathematics.” (p. 1)

[5. The ‘promoting mathematics learning’ argument]
“Teaching should cover a variety of working forms and methods of working,
where investigative activities form a part. Where appropriate, teaching should
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take place in environments that are relevant and closely related to praxis.” (p.

1))

Comparing the given quotes above with the five arguments given by Blum and
Niss (1991) one may conclude that the first, the third and fourth quotes are quite
similar to the same three arguments. To turn the second quote into the second
argument one needs to make an assumption that to “understand the importance”
(Skolverket, 2012a, p. 1) involves being critical how mathematics is being used in
the society. This was more elaborated in the previous syllabus Skolverket (2001),
or in other words “[t]he subject also aims at pupils being able to analyse, critically
assess and solve problems in order to be able to independently determine their
views on issues important both for themselves and society, covering areas such as
ethics and the environment.” (Skolverket, 2001, p. 60).

The last quote may be turned into the last argument by the assumption that one
variety of working form is a modelling activity. The quotes above are written in
general terms and the connection to mathematical modelling is not explicit. The
emphasis of teaching and learning mathematical modelling in upper secondary
school is described as “Teaching in mathematics should give students the
opportunity to develop their ability to:... interpret a realistic situation and design a
mathematical model, as well as use and assess a model’s properties and limit-
ations” in the subject syllabus mathematics (Skolverket, 2012b, pp. 1-2).

The five arguments are not only possible to identify in the Swedish
curriculum, according to Arlebdck (2009¢) these five arguments are analogue to
the arguments that are put forward for learning mathematics in general. Jablonka
(2009) criticizes such arguments as being too generally formulated, allowing the
promotion of different ideological agendas.

The notion of mathematical literacy is put forward as a central aspect in
teaching and learning mathematics in for instance the OECD/PISA framework
(OECD, 2009). The notion also has connections to mathematical modelling, see
the definition below (OECD, 2009): Mathematical literacy is:

...an individual’s capacity to identify and understand the role that
mathematics plays in the world, to make well-founded judgments and to
use and engage with mathematics in ways that meet the needs of that
individual’s life as a constructive, concerned and reflective citizen. (p. 84)

One connection between mathematical literacy and mathematical modelling is to
develop mathematical models and reflect critically on mathematical models used
in society (Jablonka, 2003). This critical reflection of mathematical models being
used may be related to the critical competence argument given by Blum and Niss
(1991).

There are also obstacles for using mathematical modelling in mathematics
education. Blum and Niss (1991), drawing on Pollak (1979), Blum (1985), and
Niss (1987), identify three types of categories for obstacles from different
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perspectives. Those three perspectives are from (I) instruction, (II) learners and
(IIT) teachers. From the point of view of instruction, the obstacles described are
teachers’ limitation of time and a priority for teaching mathematics which by
tradition is taught and included in the curriculum, which also is found empirically
as the “greatest obstacle” for teachers (Schmidt, 2012, p. 42). In addition, some
teachers believe that mathematical modelling does not belong to mathematics
instruction at all, because it doesn’t belong to the beauty, clarity and purity of
mathematics (Blum & Niss, 1991). Obstacles expressed from the learners’ point of
view are that mathematical modelling is more demanding and requires more of the
learner than ordinary teaching. According to Blum and Niss (1991), students do
enjoy solving routine tasks by recipes more than being involved in unpredictable
modelling activities. Teachers also find it more demanding with instruction that is
more open and requires an extra mathematical competence. More obstacles
described from the teachers’ point of view are that they believe that modelling
activities make it difficult to assess students’ achievements, that they have not
studied modelling themselves, that they do not know enough of what types of
modelling activities are suitable and that they do not have the time to prepare or to
put them into action (Blum & Niss, 1991; Schmidt, 2012). In addition, some
research points at teachers’ and students’ beliefs of mathematical modelling as a
part of mathematics and mathematics education is an obstacle for implementing
more modelling activities into school (Kaiser & Maap, 2007; Maaf, 2005).

Instead of just discussing obstacles, Schmidt (2012) also discusses seven
empirically found “motivations” for teaching modelling. Those motivations are:
pupils calculate and think more creatively, there are long-term, positive effects in
mathematics lesson, pupils work more independently, mathematics gains
relevance for pupils’ everyday lives, there are long-term positive effects beyond
mathematics lessons, my teaching load is lessened when pupils work on modelling
tasks, and modelling can be used in the classrooms with large gaps between
pupils performance levels (pp. 50-58). The motivations seem to occur from at
least two levels. The first level, as motivation or arguments for teaching
modelling, is consistent with the arguments from Blum and Niss (1991), such as it
creates creative thinking, or emphasises the relevance of using modelling within
and out of school setting. The second level, as motivation for a better teaching and
learning environment, such as pupils work more independently, it may be used in
mathematical classrooms where students’ performance differ and it decreases the
working load of the teacher.

Stillman (2010) makes another description of motivations in terms of
conditions for success of modelling activities in secondary school. She defines
three categories (p. 311) (a) the structure or nature of the task, (b) student
conditions and (c) teacher conditions, similar to Blum and Niss (1991). These
categories include sub- conditions which are listed on the next page (pp. 311-317):
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(a) Allowing students to fly’; fostering natural curiosity; allowing freedom
in choosing technology; allowing use of multiple representations
supporting connection making; requiring the answering of interpretive
questions; and scaffolding of recording of key mathematics.

(b) Developing understanding of situation in groups; using physical
activities related to the task to develop domain knowledge; and
participating in rich dialogue and discussion with peers and the
teacher.

(©) Knowing when to intervene; positive expectations of student
engagement with modelling, knowing the essence of the task; and
tolerating different rates of progress and wrapping up the task.

Reading all conditions required for success in Stillman (2010) gives a picture of
the complexity of teaching and learning mathematical modelling. From the
condition category a) the structure or nature of the task, one can read that one
condition is allowing freedom in choosing technology. The influence of using
different technologies in mathematical modelling is discussed in literature and
often technology seems to play an important role in teaching and learning
modelling (see e.g. Geiger, Faragher, & Goos, 2010; section 10 in Lesh et al.,
2010). Also the condition scaffolding of recording of key mathematics is related to
students’ use of technology and is a condition that students should explicitly
record key information such as assumptions and estimations.

2.5 Research related to mathematical modelling in
Swedish upper secondary school

Research about mathematical modelling in Sweden has been scarce. This section
will briefly examine and provide some information about the research studies that
have been done with explicit focus on mathematical modelling in relation to the
Swedish upper secondary school.

Looking at Arlebick’s (2009c) dissertation, it includes and discusses five
different papers with different aims. The papers investigate teachers’ beliefs and
affects (Arlebick, 2010), students’ modelling competency (Frejd & Arlebick,
2011), introducing mathematical modelling by Fermi problems (Arlebick, 2009d),
curriculum aspects (Arlebdck, 2009b) and designing and implementing of
modelling activities into secondary school (Arlebick, 2009a). A brief summary
with the main conclusions will be provided below.

Arlebick (2010) develops a framework to analyse teachers’ beliefs about
mathematical models and modelling. He uses his framework in a qualitative study
with two Swedish upper secondary teachers to analyse interviews. The main

7 Metaphor, the task need to be designed to challenge all students at different levels and
depths.
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conclusion is that the two teachers had some difficulties to express their own
beliefs about the notions of mathematical models and modelling (Arlebick, 2010).

The notion of Realistic Fermi problems was used in a study in upper
secondary school to introduce mathematical modelling (Arlebick, 2009d). A so
called MAD framework, partly drawn from Schoenfeld’s (1985a) problem solving
categories, was used to identify modelling sub- activities (reading, making model,
estimating, calculating, validating and writing). The conclusion presented in
Arlebick (2009d) was that “Realistic Fermi problems may provide a good and
potentially fruitful opportunity to introduce mathematical modelling at upper
secondary level” (p. 355) and all the sub-activities were represented (but not in a
cyclic manner).

The content analysis of the six curriculums between the years of 1965-2000
made by Arlebick (2009b) was based on the analytic tool discussed in section 2.3.
One result is that the notion of mathematical modelling has gained more explicit
emphasis in the curriculum since 1965 (ibid.). “It is also concluded that
mathematical modelling as described in Gy2000 [the previous curriculum] can be
interpreted both as a goal in itself and as didactical tool, as an instrument for
fulfilling other curriculum goals” (Arlebick, 2009¢, p. 49).

Arlebick (2009a) is a design study on how to incorporate modelling activities
(modelling modules) into the classroom within the present curriculum. The
conceptual framework used in the analysis are drawn from; Barab and Squire
(2004), and The Design-Based Research Collective (2003) also called design-
based research; Engestrom’s (1987) cultural-historical activity theory, Wagner’s
(1997) notion of co-learning agreement. The main results were that both teachers
expressed that the project was a success and that they wanted to continue. The
students also seemed quite happy (58% and 70% of the students in each modelling
module expressed a positive experience). However, the students wanted to have
more time (schedule time) to execute the modules. This design study shows that it
is possible to teach and learn mathematical modelling under prevailing conditions
and restrictions in upper secondary school in Sweden.

The licentiate thesis by Frejd’s (2011c) consists of five papers (i.e. Frejd,
2010, 2011a, 2011d; Frejd & Arlebdck, 2010, 2011). All papers provide
information about how the notion of mathematical modelling is interpreted and
used by different actors in Swedish upper secondary school in mathematics except
for one paper, which presents an exploratory and comparative literature review
about meanings associated with models and modelling in the context of the
teaching and learning of mathematics (Frejd, 2010). The other papers focus on
student’s modelling competencies (Frejd & Arlebick, 2011), student’s description
of the notions of mathematical models and modelling (Frejd & Arlebick, 2010),
how and what is assessed in national course tests about mathematical modelling
(Frejd, 2011a) and teachers’ conceptions of mathematical modelling (Frejd,
2011d) (similar to Paper 3). A summary of the main findings of Frejd and
Arlebick, (2010, 2011) and Frejd (2011a) are presented below.
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Frejd and Arlebick (2011) develop and design a research instrument, a
questionnaire based on items from the multiple choice test by Hains, Crouch and
Davis (2000) together with attitude questions (Likart scale) and questions about
background information of the participating students such as gender, last received
grade in mathematics and last taken mathematics course to investigate the
modelling competency of Swedish upper secondary. About 400 12" grade
students participated in the study and it revealed that the students were most
proficient in the sub-competencies to formulate a precise problem and to assign
variables, parameters, and constants in a model on the basis of sound
understanding of model and situation, and least proficient in clarify the goal of the
real model and to select a model (if to make simplifying assumptions concerning
the real world problem is disregarded). The study also shows that the students’
grade, last taken mathematics course, and if they thought the problems in the tests
were easy or interesting, were factors positively affecting the students’ modelling
competency. In addition, only 22.5% of the students stated that they had heard
about or used mathematical models or modelling in their education before, and the
expressed overall attitudes towards working with mathematical modelling as
represented in the test items were negative.

How students describe the notions of mathematical models and modelling was
explored in Frejd and Arlebéck (2010) with an open question in the questionnaire
used in Frejd and Arlebick (2011). About 2/3 of the 400 students responded and
their answers were analysed with a grounded theory inspired approach. The
students associate mathematical modelling with problem solving and with using/
applying mathematics as a tool in different situations, and mathematical models
with formulas and equations. An indication of a discrepancy between what is
prescribed in the upper secondary mathematics curriculum and what the students
expressed with respect to the notions of mathematical models and modelling was
found. This indication was based on the fact that one fourth of the students
expressed that they did not have a clear view on mathematical models and
modelling and the descriptions made by the students were short in facts and in
words (10 in average). Suggested reasons might be lack of experience of these
notions in the classroom, that students have heard the notions but still do not have
a clear view about them, or that they find it difficult to describe and express their
views in writing.

To investigate how and what is assed about mathematical modelling a content
analysis of the last 10 years of national tests in mathematics D® (a total of 19 tests)
was done, guided by Robson’s (2002) guidelines, in Frejd (2011a). An analytic
research instrument of 11 coding categories with aim to capture significant aspects
of the modelling process, was developed. The primary aspects being assessed are
related to the intra-mathematical world, such as the use of an already existing
model to calculate a result. Aspects not frequently assessed or left out are related
to extra-mathematical parts (the real situation and validation), such as to do

¥ Mathematics D belonging to the syllabus from the year 2000 (see Skolverket, 2001)
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simplifying assumptions about the problem, to clarify what facts are most
important, to critically assess conditions and interpret the result and relate to the
real situation. The result (correct answer, correct derived function etc.) was the
most frequently category used to explain how to assess. From the holistic view of
modelling by Blomhej and Hgjgaard Jensen (2003) one conclusion is that there
exist no modelling items in the analysed tests, because not all aspects of the
process were represented in the data.

In addition, Frejd (2011b) investigated modelling test items in national course
tests in mathematics from the theoretical perspective of ATD. Using a reference
model of a generative question an analysis of the last four freely available’
national course tests in the mathematics course C and D was done. It was
concluded that no generating questions were found with respect to the reference
model. However, suggestions on how to use items from the national course tests
and revise them into generative questions to be used under less restricted
situations are provided in the study.

Boesen (2006) analysed mathematical creativity in national course tests and in
teacher made tests. One aspect analysed was modelling competence as described
by Palm et al. (2004). A finding was that the modelling competence is more
frequently assessed in the national course test than in teacher made tests.

Wikstrom (1997) investigated students in upper secondary school about their
experience and understanding of dynamic systems, by letting students develop
models in a computer environment. These models were examined by the students
through changing variables, constants and parameters. One result from the study
was that students’ conceptions of derivatives and functions had been improved by
the experiment. This is one example which shows that mathematical modelling
can improve students’ conceptions about different concepts.

Lingefjard has done research about mathematical modelling related to pre-
service teachers (also involving upper secondary teachers). His dissertation
(Lingefjard, 2000) includes three studies. The first study is about pre-service
teachers’ experiences and attitudes related to technology and modelling. One of
the findings from the first study was that the pre-service teachers trusted the
technology too much and this was followed up and further investigated in the
second study. The last study in Lingefjard (2000) is about pre-service teachers’
own responsibility for learning and what authority they use while they are
involved in mathematical modelling activities. Lingefjard (2002a, 2002b, 2006a)
and Lingefjard and Holmquist (2007) study pre-service teachers’ strategies and
attitudes while they are solving mathematical modelling problems. In Lingefjard
(2002a, 2002b, 2012) and Lingefjird and Holmquist (2007) the pre-service
teachers used strategies that included technology software for finding curves. The
pre-service teachers’ attitudes were both positive and negative in one study
(Lingefjard, 2002b), while a majority of the teachers were positive in Lingefjard

? freely available meaning there is no secrecy on the test and it is free to download from
the internet.
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(2002a). However, in Lingefjard (2006a) it was concluded that "It simply seems
as if students who worked with applied problems became much more involved
and engaged in the problem solving process. The context itself seems to be
important, especially when the problem offers possibilities to explore at different
directions” (pp. 9-10). Another effect of using modelling with technology
(VirtualDub and GeoGebra) and letting pre-service teachers act as ‘teachers’ and
‘students’ was that those acting as teachers got a better understanding of
theoretical concepts from the teacher course, like concept image (Lingefjard,
2012). Lingefjard and Holmquist (2005) also investigate pre-service teachers’
attitudes and experiences of assessment in relation to mathematical modelling.
They conclude that peer-to-peer assessment was found to be positive by the pre-
service teachers and that peer-to-peer assessment could be used as an introduction
to discussions about assessment. Another investigation by Lingefjard (2007)
showed that only four out of 26 mathematics departments in Sweden offered a
course in mathematical modelling and that “[t]he underlying arguments [for not
offer modelling courses] often showed to be the lack of insight in mathematical
modelling among the faculty staff” (p. 336). A project in upper secondary school
in both Germany and Sweden about the phenomenon of sunrise/sunset showed,
among other things, that the teachers participating adopted a new teacher role as a
coach or a manager to help the students (Lingefjard, 2010) and students used
models found on the internet that they had troubles to understand (Lingefjard,
2011).

Palm’s (2002) dissertation includes four papers which deal with school tasks
connected to “real situations” which is one aspect of modelling. Among other
things Palm describes a framework for analysing authentic tasks and he analyses
Swedish and Finnish national course tests in upper secondary school with use of
the framework. From an empirical study with 161 fifth grade students Palm
concluded that students can improve their tendency to respond realistically and
use extra-mathematical knowledge if the tasks are being more authentic. The
dissertation is summarised in Palm (2007).

From the presentation above about research of modelling in upper secondary
school in Sweden one may conclude that the research studies conducted have had
different aims, goals, and theoretical frameworks. Many of the research results
indicate positive attitudes from students and teachers working with modelling
activities (Lingefjird, 2006a, 2002a; Lingefjird and Holmquist, 2005; Arlebick,
2009a), but also some negative attitudes (Frejd & Arlebick, 2011). In addition,
some results point in a direction that students’ understanding of concepts and
realistic responses improves while they are working with aspects of modelling
(Wikstrom, 1996; Palm, 2002). The researchers have investigated teachers,
students and tasks, as well as curriculum and assessment, but because of the
different aims it is not trivial to find any close connections between the different
research (e.g. no follow up studies are made between different researchers).
Overall, the use of modelling activities in mathematics education seem to have
some positive effect on teaching and learning mathematics, but as Arlebick
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(2009¢) expressed it, there are many issues concerning modelling in upper
secondary school in Sweden that still need to be investigated.



Chapter 3

The didactic transposition

I will in this chapter present a literature review in relation to my research,
structured by inspiration from the notion of didactic transposition (Chevallard,
1985) to develop a connection between the five papers in the thesis. The notion of
didactic transposition is based on the assumption that the knowledge found in
curriculums is a reconstruction, an external transposition (Winslew, 2011), of the
knowledge found outside school. Also the knowledge in the curriculum adapts and
changes, an internal transposition (Winslew, 2011), to be a knowledge that is
teachable in the mathematical classroom. The word ‘transposition’ indicates a
change in position of the knowledge, from one institution to another, where the
fact that the constraints and criteria that operate in the new institution are different
from those of the other, by necessity changes the character of the knowledge that
is being ‘transposed’. Figure 5 depicts the process in more detail.

Scholarly knowledge Knowledge to be taught Taught knowledae Learned, available
Institutions producing = Educational > gCIassroom 9 > knowledge
and using the knowledge system, <noosphere> Community of study

Figure 5. The didactic transposition process (Bosch & Gascon, 2006, p. 56).

Scholarly knowledge, as written in Figure 5, or original mathematical
knowledge is knowledge produced by mathematicians at universities and other
actors outside school (Bosch & Gascon, 2006). The leftmost arrow indicates the
transposition of scholarly knowledge to knowledge to be taught, taking place
within what Chevallard calls the ‘noosphere’ (an undefined group of policy
makers, political stake holders, educators, curriculum developers, etc.). What is
formed through this first step is “teaching text” (ibid., p. 56) supposed to guide
teachers on what to teach (examples are textbooks, official documents,
recommendations to teachers etc.). The middle arrow indicates the move to how
and what aspects of the ‘teaching text’, knowledge to be taught, are used and
presented by the teacher in the mathematics classroom, taught knowledge. The
taught knowledge may be analysed from observation in the classroom, from
teachers’ prepared tasks and presentations, etc. (Hardy, 2009). The last step of the
transposition of knowledge denotes the step from the taught knowledge to the
students’ learned or available knowledge. The learned or available knowledge is
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by Hardy (2009) divided into knowledge to be learned and knowledge actually
learned. Knowledge to be learned"’ is the knowledge asked for in assessment and
knowledge actually learned is the knowledge found in observing students’
behaviours and responses to questions, tests, interviews, etc.

The didactic transposition has been used as a research tool (cf. e.g. Bosch &
Gascon, 2006, p. 58) for analysing the human practice of mathematics as it
unfolds in and between institutions. However, what is not a part of the ‘theory’ of
didactic transposition (Bosch & Gascon, 2006; Hardy, 2009; Winslew, 2011) are
cognitive aspects (e.g. conceptions, beliefs, attitudes) or social aspects (e.g. norms,
gender, ethnicity, group compositions, social economic situation of the students
etc.), but is a part in this literature review. The following categories from Bosch
and Gascon (2006) and Hardy (2009), Scholarly knowledge, knowledge to be
taught, taught knowledge, knowledge to be learned, and knowledge actually
learned will be used to structure this chapter. In the end of the chapter a summary
of the didactic transposition is presented.

3.1 Scholarly knowledge

The notion of mathematical modelling is not uniquely determined among
researchers, as discussed in Chapter 2, so what is regarded as scholarly knowledge
outside school is not trivial to determine. According to Bosch and Gascon (2006)
scholarly knowledge refers to researchers and others that work with some
mathematics, like modelling, and produce new knowledge outside school. The
actors that work with mathematical modelling outside school and/or at university
level are scientists, researchers, and other workers as well as ordinary people
solving everyday problems. To some extent these actors are considered by
research conducted about workplace mathematics and authenticity, which are
closely related.

Research about authenticity is one aspect of modelling and deals with issues
about what is ‘real’ and what is not ‘real’ in instructions and pedagogy used in
school and what impact it has on teaching and learning (e.g. Palm 2002, 2007,
2009; Vos, 2011). Authenticity refers to the use of mathematics in everyday
situations and in workplace situations, which makes the connection to research
about workplace mathematics.

Workplace mathematics as a research field, may be described as a subset of
the research paradigm concerning everyday cognition/ ‘cognition in practice’
(Lave, 1988; Lave & Wenger, 1991) and ‘ethnomathematics’ (D’ Ambrosio, 1985)
analysing the mathematical practices of workers in various workplaces (Naresh &
Chahine, 2013). This body of research aims to increase our understanding of how
workers conceptualize the role of mathematics in their work. A characterising

' May be seen as a subcategory of the knowledge to be taught or of the knowledge
actually taught
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feature of workplace mathematics as a research field is the use of ethnographic
observation, grounded in the view that the mathematical activity is embedded or
situated in a social practice influenced by the community or culture at the
workplace. In the following two sections I will not try to give an exhaustive
description of workplace mathematics or authenticity as a research field, because
the aim of the thesis includes workplace in relation to mathematical modelling in
particular mathematical modellers. For example, I will not discuss about weather
transfer of learning between practices exists or not (Lave, 1988; Saxe 1988), what
the meaning of authenticity is (e.g. Palm 2002, 2007, 2009; Vos, 2011) or
workplaces literature with focus on arithmetic calculations (e.g. De la Rocha,
1985; Gahamanyi, 2010; Lave, 1988; Millroy, 1992; Nunes, Schliemann &
Carraher, 1993; Saxe, 1988). Instead I will present a brief introduction of research
concerning workplace mathematics and its relation to technology, to set the scene
for discussing modelling and modellers at the workplace.

3.1.1 Workplace mathematics and technology

The relevance of using mathematics in and for out of school activities, in
particular in and for waged labour, is one main argument for teaching mathematics
in education (Romberg, 1992). However, the synergy between mathematics used
in different workplaces and mathematics taught and learned at school is not
always straight forward, which seems to be an accepted view among educational
researchers in mathematics education. Workplace mathematics is more complex
and is situation dependent. It includes specific technologies, social, political and
cultural dimensions that are not found in any educational settings (e.g. Harris,
1991; Noss & Hoyles, 1996; Wedege, 2010b). Harris (1991) lists a summary
adapted from Hoyles (1991) about the nature of school mathematics and informal
mathematics used in out of school activities, illustrated in the Table 2 below.

Table 2. Informal vs. School mathematics (Harris, 1991, p. 129)

Informal Mathematics School Mathematics
Embedded in task Decontextualized
Motivational is functional Motivation is intrinsic

Objects of activity are concrete | Objects of activity are abstract

Processes are not explicit Processes are named and are the object of study
Data is ill-defined and ‘noisy’ Data is well defined and presented tidily

Tasks are particularistic Tasks are aimed at generalisation

Accuracy is defined by situation | Accuracy is assumed or given

Numbers are messy Numbers are arranged to work out well

Work is collab