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T
Moment-Distribution Method

* (Classical method.

 Used for Beams and Frames.

* Developed by Hardy Cross in 1924.

* Used by Engineers for analysis of small structures.

* |t does not involve the solution of many simultaneous equations.



T
Moment-Distribution Method

* For beams and frames without sidesway, it does not involve the
solution of simultaneous equations.

 For frames with sidesway, number of simultaneous equations
usually equals the number of independent joint translations.

* In this method, Mloment Equilibrium Equations of joints are solved
iteratively by considering the moment equilibrium at one joint at a
time, while the remaining joints are considered to be restrained.



T
Definitions and Terminology

Sign Convention

* Counterclockwise member end moments are considered positive.
* Clockwise moments on joints are considered positive.

Member Stiffness

* Consider a prismatic beam AB, which is hinged at end A and fixed
at end B.
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Member Stiffness

If we apply a moment VI at the end A, the beam rotates by an
angle 0 at the hinged end A and develops a moment Vi, at the
fixed end B, as shown.

Mg, = carryover moment

M = applied moment ( % \\\\\\\\\\\\\ E >
’;% A B
| L 4’

I\

El = constant

The relationship between the applied moment M and the rotation
0 can be established using the slope-deflection equation.



Member Stiffness

By substituting M . = M, 6 =6, and 6, = W = FEM . = O into the
slope-deflection equation, we obtain

4E1
-(21) 0

“The bending stiffness, K , of a member is defined as the moment
that must be applied at an end of the member to cause a unit
rotation of that end.”

By setting © = 1 rad in Eg. 1, we obtain the expression for the
bending stiffness of the beam of figure to be

_ 4EI
K=""0 2
7 (2)



Member Stiffness

when the modulus of elasticity for all the members of a structure is
the same (constant), it is usually convenient to work with the
relative bending stiffness of members in the analysis.

“The relative bending stiffness, K, of a member is obtained by
dividing its bending stiffness, K , by 4E.”

_K

K=t -t
4F L

3)

* Now suppose that the far end B of the beam is hinged as shown.

A B‘:!!:
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Member Stiffness

The relationship between the applied moment M and the rotation

O of the end A of the beam can now be determined by using the
modified slope-deflection equation.

By substituting M, = M, 6. = 6, and W = FEM_, = FEM,_ = 0 into
MSDE, we obtain

3E]
M = (Tje 4)

//// \\\\\
) == ~
M = applied moment ( & S~

A B
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El = constant ! 8
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Member Stiffness

By setting © = 1 rad, we obtain the expression for the bending
stiffness of the beam of figure to be

—  3E]
K=" 5
7 (5)
A comparison of Eg. 2 & Eqg. 5 indicates that the stiffness of the
beam is reduced by 25% when the fixed support at B is replaced by

a hinged support.

The relative bending stiffness of the beam can now be obtained by
dividing its bending stiffness by 4E.

K 3(1
K‘E‘Z(Zj ©)



Member Stiffness
Relationship b/w applied end moment M and the rotation 6

%)9 if far end of member is fixed
M =3 (7)

3%}9 if far end of member is hinged

Bending stiffness of a member

% if far end of member is fixed

K = - (8)

. L
Relative bending stiffness of a member

if far end of member is hinged

-

if far end of member is fixed

)

if far end of member is hinged .

N A
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Carryover Moment

Let us consider again the hinged-fixed beam of Figure.

_____ Mg, = carryover moment
M = applied moment ( {9 \\\\\\\\\\\ 4@
A B
| L

! El = constant

When a moment M is applied at the hinged end A of the beam, a
moment M, develops at the fixed end B.

The moment M, is termed the carryover moment.
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Carryover Moment

To establish the relationship b/w the applied moment M and the
carryover moment V;,, we write the slope deflection equation for
M, by substituting M . = M,,, 6., =6, and 6, =W = FEM _, = 0 into

SDE
2E1\
M, = (L) (10)

By substituting 6 = ML/(4El) from Eq. 1 into Eq. 10, we obtain

M
MBA:7 (11)

Eqg. 11 indicates, when a moment of magnitude M is applied at the
hinged end of the beam, one-half of the applied moment is carried
over to the far end, provided that the far end is fixed. The direction
of M, and M is same.
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Carryover Moment

When the far end of the beam is hinged as shown, the carryover
moment M, is zero.

//// \\\\\
) == ~
M = applied moment ( & S~

A B
| L |

El = constant

-

% if far end of memberis fixed
My, =3 2 (12)

0 if far end of member is hinged
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Carryover Factor (COF)

“The ratio of the carryover moment to the applied moment
(M,/M) is called the carryover factor of the member.”

It represents the fraction of the applied moment M that is carried
over to the far end of the member. By dividing Eq. 12 by VI, we can
express the carryover factor (COF) as

l if far end of member is fixed
COF ={2 (13)
0

if far end of member is hinged
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Distribution Factors

When analyzing a structure by the moment-distribution method,
an important question that arises is how to distribute a moment

applied at a joint among the various members connected to that
joint.

Consider the three-member frame shown in figure below.

B D

3
Y s

A

E = constant L2, I2
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Suppose that a moment MV is applied to the joint B, causing it to
rotate by an angle 6 as shown in figure below.

M = applied moment

—_—
—_—
~ ——— —

E = constant L2, I2

Ly, Iy Ls, I3

To determine what fraction of applied moment is resisted by each
of the three members AB, BC, and BD, we draw free-body diagrams
of joint B and of the three members AB, BC, and BD.

16



By considering the moment equilibrium of the free body of joint B

(>M; = 0), we write

TA

M+My, +My,.+M,, =0
M:_(MBA+MBC+MBD) (14)
M
Mgan Mg B Mgp
) (1) (
B B D
l MBC—J:MBD T ‘L
MBCr\
%
B
Cle—
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Since members AB, BC, and BD are rigidly connected to joint B, the
rotations of the ends B of these members are the same as that of

the joint.

The moments at the ends B of the members can be expressed in
terms of the joint rotation 0 by applying Eq. 7.

Noting that the far ends A and C, respectively, of members AB and
BC are fixed, whereas the far end D of member BD is hinged, we
apply Eqg. 7 through Eq. 9 to each member to obtain

M,, = [4? }9 K, 0=4EK,0 (15)
M, = 4? 2 }9 =K,.0=4EK,.0 (16)
2

M,, = & fl : }9 =K, 0=4EK, 0 (112)
3




-
Substitution of Eqg. 15 through Eq. 17 into the equilibrium equation

Eq. 14 yields
v = | AEL AEL 3EL )
Ll LZ L3

= Ky + Ky + Kpp )0 =X K, 0 (18)

in which)_K; represents the sum of the bending stiffnesses of all
the members connected to joint B.

“The rotational stiffness of a joint is defined as the moment
required to cause a unit rotation of the joint.”

From Eg. 18, we can see that the rotational stiffness of a joint is
equal to the sum of the bending stiffnesses of all the members
rigidly connected to the joint.

19



The negative sign in Eq. 18 appears because of the sign convention.

To express member end moments in terms of the applied moment
MV, we first rewrite Eg. 18 in terms of the relative bending
stiffnesses of members as

M:—4E(K +K, +K,,)0=—4EY K, )0

0=— (19)

4EZ K,

By substituting Eq. 19 into Egs. 15 through 17, we obtain

My, :_(Z]:{;é JM (20)

M,, :—(é{l;g ]M 1)

20




Ksp |
M, =— <M (22)
[ZKB)

From Eqs. 20 through 22, we can see that the applied moment M is

distributed to the three members in proportion to their relative
bending stiffnesses.

“The ratio K/JK, for a member is termed the distribution factor of

that member for end B, and it represents the fraction of the applied
moment |V that is distributed to end B of the member.”

Thus Egs. 20 through 22 can be expressed as

My, =-DF; M (23)

M. =-DF, M (24)

M,, =-DF,,M (25)
21



in which DF,, = K;,/> K, DF,c = Kyo/> Ky, and DF, = K, /> Ky, are the
distribution factors for ends B of members AB, BC, and BD,
respectively.

For example, if joint B of the frame is subjected to a clockwise
moment of 150 k-ft (M = 150 k-ft) and if L, = L, = 20 ft, L, = 30 ft,
and |, =1,=1,=1,sothat

]
KBA=K3C=2—O=0.051
3( 1
K., ==| —1=0.025]
B0 4(30)

then the distribution factors for the ends B of members AB, BC,
and BD are given by
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K,, ~ 0.051
K, +K,.+K, (0.05+0.05+0.025)!

K, _ 0051 _ .,
K, +K,.+K, 0125

DFBA - =04

DFBC:

K, _ 00251 _

DF,, = — _0.
UK, 4K+ K, 01251

These distribution factors indicate that 40% of the 150 k-ft
moment applied to joint B is exerted at end B of member AB, 40%
at end B of member BC, and the remaining 20% at end B of
member BD.

The moments at ends B of the three members are

M,, =-DF, M =—-0.4(150)= -60 k - ft or 60k-ft )
M. =-DF, .M =—-04(150)=-60 k - ft or 60k -ft )
M,, =—DF,,M =-02(150)=-30k - ft or 30k-ft )

23



Based on the foregoing discussion, we can state that, in general,
“the distribution factor (DF) for an end of a member that is rigidly
connected to the adjacent joint equals the ratio of the relative
bending stiffness of the member to the sum of the relative bending
stiffnesses of all the members framing into the joint”; that is

DF :% (26)

“The moment distributed to (or resisted by) a rigidly connected end
of a member equals the distribution factor for that end times the

negative of the moment applied to the adjacent joint.”

24



Fixed-End Moments

The fixed end moment expressions for some common types of
loading conditions as well as for relative displacements of member
ends are given inside the back cover of book.

In the MDM, the effects of joint translations due to support
settlements and sidesway are also taken into account by means of
fixed-end moments.

Consider the fixed beam of Figure.

LS
/7777




A small settlement A of the left end A of the beam with respect to
the right end B causes the beam’s chord to rotate counterclockwise
by an angle W = A/L.

3 - E 6 EIA
/’_T:-_ ——————— 2
A A -’/"/_/'_ 0 B L
N ____——;‘;/’// W
Cﬁ&‘_— —————
6EIA S~

El !

By writing the SDE for the two end moments with W = A/L and by
setting 6, 6, and FEM ,, and FEM,, due to external loading, equal
to zero, we obtain

FEM ,, = FEM ,, = —6i—2m
in which FEM,, and FEM,, denote the FEM due to the relative
translation A between the two ends of the beam.

26



Note that the magnitudes as well as the directions of the two FEM
are the same.

3 - E 6 EIA
/’_T:-_ ——————— 2
A A -’/"/_/'_ 0 B L
N ____——;‘;/’// W
Cﬁ&‘_— —————
6EIA S~

It can be seen from the figure that when a relative displacement
causes a chord rotation in the CCW direction, then the two FEMs
act in the CW (-ve) direction to maintain zero slopes at the two
ends of the beam.

Conversely, if the chord rotation due to a relative displacement is
CW, then both FEM act in CCW (+ve) direction.

27



T
Moment-Distribution Method

* MDM Moment Distribution Method
 MD Table Moment Distribution Table
 COM Carryover Moment

* COF Carryover Factor

* DM Distributed Moment

c UM Unbalanced Moment

28



Basic Concept of the Moment Distribution Method

30 k
1.5 k/ft
\ll \ll \ll \ll \l,/i l El = constant
D E = 29,000 ksi
/7,7 | =500 in*
C
20 ft | 10ft | 10ft 15 ft |
“

| 7| |

Distribution Factors

The first step in the analysis is to calculate the distribution factors
at those joints of the structure that are free to rotate.

The distribution factor for an end of a member is equal to the
relative bending stiffness of the member divided by the sum of
relative bending stiffnesses of all the members connected to the
joint.

K
D 59



T —
Basic Concept of the Moment Distribution Method

30 k
1.5 k/ft
\|/ \|/ \l/ \l/ \l/ l _______ El = constant
ﬂi D  E=29,000 ksi
""""""" i | = 500 in®
| 20 ft | 10ft | 10ft ? 15 ft |

I | i i i

We can see that only joint B and C of the continuous beam are free
to rotate. The distribution factors at joint B are

pr o Ke _1/20
MUK, + K. 21/20
D Kye _ 120 _

BC —

K, +K,. 21/20

30



Basic Concept of the Moment Distribution Method

30 k
1.5 k/ft l
El = constant
\l/ \l/ \l/ \l/ \L/i oot T = D E =29,000 ksi
___________ /7,7 | =500 in*
| 20 ft l 10 ft N 10 ft ? 15 ft =
Similarly at joint C
DF,, = Kep 20 45
Ko, +K, (1/20)+(1/15)
DF,, = Kep IS 59

Kos+Ko (1/20)+(1/15)

Note that the sum of distribution factors at each joint must always
equal 1. The DF are recorded in boxes directly beneath the
corresponding member ends on top of the MD Table.
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi ‘l' ‘l' ‘l' ‘l' ‘11/7*7 e = D
|=500in* = BB T~ . STPT7 e -7 "/7,7
C
20 ft 10ft | 10 ft 15 ft |
i 7 I
Distribution Factors 0.5 0.5 0.429 | 0.571
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30 k
1.5 k/ft l
A VLN N D
——————— SN, T
50 50 g 75 75

Fixed End Moments

Next, by assuming that joints B and C are restrained against
rotation by imaginary clamps applied to them, we calculate the
FEM that develop at the ends of each member. (1. line MD Table)

2
FEMAB:I'S(zo) =50k—ft)  or +50k-ft
12

1.5(20)°

FEM ,, = =50k—ft ) or -50k - ft

FEMBC=%=75k—ft) or +75k-ft

FEM ., =75k —ft ) or 75k -ft
FEM ., =FEM . =0

33



30 k
1.5 k/ft l
El = constant
E = 29,000 ksi \l' \l' \l' \l' \11/7*7 RO — = D
|=500in* = BB T~ . STPT7 e -7 - /7,7
C
20 ft 10ft | 10 ft 15 ft |
I i 7 I
Distribution Factors 0.5 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
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30 k
1.5 k/ft l
A VLN N D
——————— TN, T
50 50 g 75 75

Balancing Joint C

Since joints B and C are actually not clamped, we release them,
one at a time. Let us begin at joint C.

From fig. we can see that there is a -75 k-ft (clockwise) FEM at end
C of member BC, whereas no moment exists at end C of member
CD.

As long as joint C is restrained against rotation by the clamp, the
-75 k-ft unbalanced moment is absorbed by the clamp.

35



1.5 k/ft l
A VLN N D
——————— TN, T
50 50 g 75 75

When the imaginary clamp is removed to release the joint, the -75
k-ft unbalanced moment acts at the joint, causing it to rotate in the
CCW direction until it is in equilibrium.

> c C
C _@%_
75 75

Unbalanced joint moment

36



The rotation of joint C causes the distributed moments, DIV, and
DM, to develop at ends C of members BC and CD, which can be

evaluated by multiplying the negative of the unbalanced moment
(+75 k-ft) by distribution factors DF ., and DF ., respectively.

DM, =0.429(+75)=+32.2k — ft
DM ., =0.571(+75) = +42.8 k — ft

Unbalanced joint moment

75
P2
32.2 ) S
A /717 — A N e D
B C a8
P

Distributed moments

These distributed moments are recorded in line 2 of the MD Table,

and a line is drawn beneath them to indicate that joint C is now
balanced.
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30 k
1.5 k/ft l
El = constant
E =29,000 ksi \l' \l' \l' \l' \11/7*7 e = D
|=500in* = BB C~~l_ L STPT7 TS~ =77 - /7,7
C
20 ft 10ft | 10 ft 15 ft |
I 1 - I
Distribution Factors 0.5 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance joint C and carryover +32.2/+42.8

38



The DM at end C of member BC induces a COM at the far end B,

which can be determined by multiplying the DIVI by the COF of the
member.

Since joint B remains clamped, the COF of the member BC is %
(Eq.13). Thus, COM at the end B of member BC is

COM ,. = COF,,(DM ;)= ;(+ 32.2)=+16.1 k - ft

COM . = COF,, (DM, )= ;(+ 42.8)=+21.4 k—ft

Unbalanced joint moment

75 \/ ,~ Carryover moments
-~ 21.4
A o 322'\ B Y
jﬂz\ 7
B 16.1 478
J e
Carryover moments

Distributed moments 39



These COM are recorded on the same line of the MD Table as the
DM, with a horizontal arrow from each DM to its COIVI.

The total member end moments at this point in this analysis are
depicted in Figure.

1.5 k/ft 21.4

30k
uu\ C \)‘7\ >ID

911 428 453

It can be seen that joint C is now in equilibrium, because it is
subjected to two equal, but opposite moments.

Joint B, however, is not in equilibrium, and it needs to be balanced.
Before we release joint B, an imaginary clamp is applied to joint C
in its rotated position.

40



30 k
1.5 k/ft l
El = constant
E =29,000 ksi \l' \l' \l' \l' \11/7*7 e = D
|=500in* = BB C~~l_ L STPT7 TS~ =77 - /7,7
C
20 ft 10ft | 10 ft 15 ft |
I 1 - I
Distribution Factors 0.5 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance joint C and carryover +16.1 <—— +32.2/+42.8 —> +24.1
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1.5 k/ft 21.4

30k
uu\r \)L\ >ID
911 428 453

Balancing Joint B

Joint B is now released. The unbalanced moment at this joint is
obtained by summing all the moments acting at the ends B of
members AB and BC, which are rigidly connected to joint B.

From the \VID Table (lines 1 & 2), we can see that there is a -50 k-ft
FEM at end B of member AB, whereas the end B of member BC is
subjected to a +75 k-ft FEM and a +16.1 k-ft COM. The unbalanced
moment at joint B is

UM, =-50+75+16.1=+41.1 k-1t

42



This UM causes joint B to rotate, as shown, and induces DIV at
ends B of member AB and BC.

Unbalanced joint moment

n1
a

AI 5//7,7 ;7 ID

B C

The DM are evaluated by multiplying the negative of the UM by
the distribution factors:

DM, =0.5(-41.1)= —20.6 k — ft
DM ;. =0.5(-41.1)=-20.6 k — ft

These DM are recorded on line 3 of the MD Table and a line is
drawn beneath them to indicate that joint B is now balanced.
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi \l' \l' \l' \l' \11/7*7 e — D
|=500in* B T~ 77 el -7 i /7"7
C
20 ft 10ft | 10 ft 15 ft |
I i - I
Distribution Factors 0.5 | 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance joint C and carryover +16.1 <—— +32.2/+42.8 —> +24.1
3.Balance joint B and carryover -10.3 <—— -20.6| -206 ——> -10.3
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Unbalanced joint moment

10.3 "
R I< o 20.6 >&7 I .

One-half of the DM are then carried over to the far ends A and C of
members AB and BC, respectively, as indicated by the horizontal
arrows on line 3 of Table.

Joint B is then reclamped in its rotated position.

il \ 1
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Balancing Joint C

With joint B now balanced, we can see from the D Table (line 3)
that, due to the carryover effect, there is a -10.3 k-ft UM at joint C.

Recall that the moments above the horizontal line at joint C were
balanced previously. Thus we release joint C again and distribute
the UM to ends C of members BC and CD as

10.‘3_
4.4 \’ /\,
AI Ml 8 ID
B C 5.9

DM ., =0.429(+10.3) = +4.4 k — ft
DM, =0.571(+10.3)=+5.9k — ft

46



The DM are recorded on line 4 of the MD Table, and one-half of
these moments are carried over to the ends B and D of members
BC and CD, respectively. Joint C is then reclamped.

10.3

ﬂl 4.4\x"> 2.9\

/- !

’ I W P i Y, I 0
B 2.2 C 5.9

Balancing Joint B
The +2.2 k-ft UM at joint B (line 4) is balanced in a similar manner.

The DM and COM thus computed are shown on line 5 of the MD
Table (slide 49).

Joint B is then reclamped.
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi \l' \l' \l' \l' \11/7*7 e — D
|=500in* B T~ 77 el -7 i /7"7
C
20 ft 10ft | 10 ft 15 ft |
I i - I
Distribution Factors 0.5 | 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance joint C and carryover +16.1 <—— +32.2/+42.8 —> +24.1
3.Balance joint B and carryover -10.3 <—— -20.6| -206 ——> -10.3

+22 <— +4.4 |[459 —> +2.9

4.Balance joint C and carryover
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi \l' \l' \l' \l' \11/7*7 e — D
|=500in* WM @ Te~L___ 777 el o--7T i /7"7
C
20 ft 10ft | 10 ft 15 ft |
I i - I
Distribution Factors 0.5 | 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance joint C and carryover +16.1 <—— +32.2/+42.8 —> +24.1
3.Balance joint B and carryover -10.3 <—— -20.6| -206 ——> -10.3
4.Balance joint C and carryover +2.2 <—— +4.4 |+59 —> +2.9
5.Balance joint B and carryover 06 <— -11 | -11 ——> -06
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It can be seen from line 5 of the MD Table that the UM at joint C
has now been reduced to only -0.6 k-ft.

Another balancing of joint C produces an even smaller unbalanced
moment of +0.2 k-ft at joint B, as shown on line 6 of the MD Table.

Since the DM induced by this unbalancing moment are negligibly
small, we end the moment distribution process.

The final member end moments are obtained by algebraically
summing the entries in each column of the MD Table.

The final Moments are recorded on line 8 of The IVID Table.
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi ‘l’ ‘l’ ‘l’ ‘l’ \11/7*7 e — D
|=500in* WM @ Te~L___ 777 el o--7T i /7"7
C
20 ft 10ft | 10 ft 15 ft |
I i - I
Distribution Factors 0.5 | 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance joint C and carryover +16.1 <—— +32.2/+42.8 —> +24.1
3.Balance joint B and carryover -10.3 <—— -20.6| -206 ——> -10.3
4.Balance joint C and carryover +2.2 <—— +4.4 |+59 —> +2.9
5.Balance joint B and carryover 06 <— -11 | -11 ——> -06
6.Balance joint C and carryover +0.2 <—— 403 [+0.3 ——> +0.2
7.Balance joint B -0.1 | -0.1
8.Final Moments +39.1 -71.8 | +71.7 -49 | +49 +24.5
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The final moments are shown on the free body diagrams of
members in Fig.

30 k
1.5 k/ft 118 l 19 49 24.5

CVI $ J,J, ( CT> CTC Dl‘)

39.1 717

With the MEM known, member end shears and support reactions

can now be determined by considering the equilibrium of
members and joints.

SFD and BMD are same to those which are drawn in Slope
Deflection Method for the same beam.
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Practical Application of the MDM

The foregoing approach provides the clearer insight into the basic
concept of the MDM.

From a practical point of view, it is usually more convenient to use
an alternative approach in which all the joints of the structure that
are free to rotate are balanced simultaneously in the same step.

All the COMs that are induced at the far ends of the members are
then computed simultaneously in the following step.

The process of balancing of joints and COWMs is repeated until the
UMs at the joints are negligibly small.
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Practical Application of the MDM

Consider again the three span continuous beam shown in figure.

30 k
1.5 k/ft
\|/ \|/ \l/ \l/ \l/ l _______ El = constant
ﬂi D  E=29,000ksi
""""""" | = 500 in%
20 ft 10t | 10ft C 15 ft

The MD Table used for carrying out the computations is shown in
the next slide.

The previously computed distribution factors and FEMs are
recorded on the top and the first line, respectively of the table.
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi \l' \l' \l' \l' 1’/7*7 RO — R D
[=500in* B T~ /777 TS~ -7 - /7,7
C
20 ft 10ft | 10 ft 15 ft |
I i 7 I
Member Ends AB BA BC CB CD DC
Distribution Factors 0.5 0.5 0.429 | 0.571

1.Fixed-end Moments +50 -50 | +75 -75
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-
The MD process is started by balancing joints B and C.

From line 1 of the VID Table we can see that the UM at joint B is

UM, =-50+75=1425 k-1t

The balancing of joint B induces DIVIs at ends B of members AB and

BC, which can be evaluated by multiplying the negative of the UM
by the distribution factor.

DM, =0.5(-25)=-12.5k - ft
DM . =0.5(-25)=—-12.5k - ft

56



El = constant
E = 29,000 ksi

| =500 in*

Member Ends
Distribution Factors

1.Fixed-end Moments

2.Balance Joints

30 k
1.5 k/ft l
Il””i E——— R
20 ft 10ft | 10ft 15 ft |
I 7l 7 I
AB BA BC ce CD DC
0.5 0.5 0.429 | 0.571
+50 -50 | +75 -75
-12.5| -12.5
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Joint C is then balanced in a similar manner.

From line 1 of the VID Table, we can see that the UM at joint C is
UM, =-75k —ft

The balancing of joint C induces the following DIVIs at ends C of
members BC and CD, respectively

DM ., =0.429(+75)=+32.2k —ft
DM, =0.571(+75) = +42.8 k — ft

The four DMs are recorded on line 2 on the \MID Table, and a line is
drawn beneath them, across the entire width of the table, to
indicate that all the joints are now balanced.
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El = constant
E = 29,000 ksi

| =500 in*

Member Ends
Distribution Factors

1.Fixed-end Moments

2.Balance Joints

30 k
1.5 k/ft l
Il””i E——— R
20 ft 10ft | 10ft 15 ft |
I 7l 7 I
AB BA BC ce CD DC
0.5 0.5 0.429 | 0.571
+50 -50 | +75 -75
-12.5| -12.5 +32.2| +42.8
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In the next step of analysis, the COVIs that develops at the far ends

of the members are computed by multiplying the distributed
moments by the COFs.

COM ,, :%(DMBA):%(—IZ.S):—6.3 k —ft
COM , :%(DMBC):%(—IZS):—6.3 k —ft
COM .. :%(DMCB):%(+32.2):+16.1 k —ft
COM . =%(DMCD):%(+ 42.8)=+21.4 k—ft

These COMSs are recorded on the line 3 of the MD Table, with an
inclined arrow pointing from each DM to its COM in the next slide.
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1.5 k/ft

El = constant
E = 29,000 ksi
| =500 in*

Member Ends
Distribution Factors

1.Fixed-end Moments
2.Balance Joints

3.Carryover

IHH%

-
-

- o

s__

-
I
—_— -

I 20 ft 10 ft I 10 ft N 15 ft
AB BA BC CB CD DC
0.5 0.5 0.429 | 0.571
+50 -50 +75 -75
-12.5]-12.5 +32.2| +42.8
-6.3 +16.1 -6.3 +21.4
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We can see from line 3 of MD Table that, due to the carryover
effects, there are now +16.1 k-ft and -6.3 k-ft unbalanced moments
at joints B and C, respectively.

Thus these joints are balanced again, and the DIVIs thus obtained
are recorded on the line 4 of the MD Table.

One-half of the DMs are then carried over to the far ends of the
members (line 5), and the process is continues until the UlVs are
negligibly small.

The final MEMs, obtained by algebraically summing the entries in
each column of the IVID Table, are recorded on line 11 of the table.
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi \l' \l' \l' \l' 1’/7*7 e = D
|=500in* M Tl _ 777 e 7T ] /7"7
C
20 ft 10ft | 10 ft 15 ft |
I 1 - I

Member Ends AB BA BC cB CD DC
Distribution Factors 0.5 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance Joints -12.5| -12.5 +32.2| +42.8
3.Carryover 63 < 4161 £ > 63 TS 014
4 .Balance Joints -8.1 |-8.1 +2.7 | +3.6

N
5.Carryover -4.1 « +1.4 > -4.1 +1.8
6.Balance Joints — -0.7 | -0.7 — +1.8 | +2.3 ~
7.Carryover -0.4 +0.9 -0.4 +1.2
8.Balance Joints — -0.5 | -0.5 +0.2 | +0.2 <
9.Carryover -0.3 +0.1 -0.3 +0.1
10.Balance Joints -0.05| -0.05 +0.1 | +0.2
11.Final Moments +38.9 -71.8 | +71.7 -49.1 | +49.1 +24.5
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30 k
1.5 k/ft l
El = constant
E = 29,000 ksi \l' \l' \l' \l' 1’/7*7 e = D
|=500in* M Tl _ 777 e 7T ] /7"7
C
20 ft 10ft | 10 ft 15 ft |
I 1 - I

Member Ends AB BA BC cB CD DC
Distribution Factors 0.5 0.5 0.429 | 0.571
1.Fixed-end Moments +50 -50 | +75 -75
2.Balance Joints -12.5| -12.5 +32.2| +42.8
3.Carryover 63 < 4161 £ > 63 TS 014
4 .Balance Joints -8.1 |-8.1 +2.7 | +3.6

N
5.Carryover -4.1 « +1.4 > -4.1 +1.8
6.Balance Joints — -0.7 | -0.7 — +1.8 | +2.3 ~
7.Carryover -0.4 +0.9 -0.4 +1.2
8.Balance Joints — -0.5 | -0.5 +0.2 | +0.2 <
9.Carryover -0.3 +0.1 -0.3 +0.1
10.Balance Joints -0.05| -0.05 +0.1 | +0.2
11.Final Moments +38.9 -71.8 | +71.7 -49.1 | +49.1 +24.5
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T
Flow Chart for MDM

K
Calculate Distribution Factors, DF = ——

| >
Calculate Fixed End Moments

l

Balance the Moments at All Joints Free to Rotate
v
Evaluate UMs and then Find DMs

\/

Find Carryover Moments

\%
Repeat the Above Two Steps Until the UMs are Negligibly Small

l

Determine the Final End Moments

l

Compute Member End Shears, Determine Support Reactions, and draw SFD & BMD
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T —
Example 1

* Determine the reactions and draw the shear and bending moment
diagrams for the two-span continuous beam shown in Figure.

18 k
2 k/ft
AI | sl 4Lyl I
L 10ft | 15 ft | 30 ft

El = constant
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T
Solution

1.Distribution Factors
Only joint B is free to rotate. The DFs at this joint are

18 k
l 2 k/ft
R I ﬂi Lyl I
} 10 ft I 15 ft I 30 ft I
DF,, = Ko 125 545
K+ Kpe (1/25)"'(1/30)
DF,,. = K 130 _ 455

K, +K,. (1/25)+(1/30)

DF,, +DF,. =0.545+0.455 =1 Checks
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18 k
El = constant A I

l 2 k/ft
Distribution Factors

ii””“ilc

0.545| 0.455
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2.Fixed-End Moments (FEMSs)

Assuming that joint B is clamped against rotation, we calculate the
FEMs due to the external loads by using the FEIVI expressions

18 k
l 2 k/ft
|< )k Ll ¢ ¢\
64.8 43.2 150
; 10 ft I 15 ft I 30 ft }
2
FEMAB:18(10)(125) =64.8k—ft )  or +64.8k-ft
(25)
2
FEMBA:18(10)2(15) 432k —ft) or 432k -ft
(25)
2
FEMBC:2(13§ =150k —ft ) or +150 k - ft
2
FEMCB—Z(fg) =150k —ft) or ~150k - ft .



18 k
l 2 k/ft
El = constant A ;57&7‘]/ ‘I/ ‘I/ \I/ \I/ \I/ \I/ IC
AB BA BC cB
.. . 0.545| 0.455
Distribution Factors

1.Fixed-end Moments +64.8 -43.2 +150 -150
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3.Moment Distribution

Since Joint B is actually not clamped, we release the joint and
determine the unbalanced moment (UM) acting on it by summing
the moments at ends B of members AB and BC

18 k
2 k/ft
R |< | )71(& Ly ¢\|C
64.8 43.2 B 150 150 4)

UM, =-43.2+150=+106.8 k—ft

The DMs due to these UMs at end B of member AB and BC are
determined by multiplying the negative of the UM by the DF

DM, = DF,,(-UM,)=0545(-106.8)=—582 k—ft
DM . = DF,.(-UM ,)=0455(—1068)=-48.6 k—ft
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18 k
l 2 k/ft
: sl 4Lyl |
AB BA BC CB
C . . 0.545| 0.455
Distribution Factors
1.Fixed-end Moments +64.8 -43.2 +150 -150

2.Balance Joint B -58.2 -48.6
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3.Moment Distribution

The COMs at the far ends A and C of members AB and BC,
respectively, are then computed as

1

COM ,, = (DMBA)=5(—58.2)=—29.1 k —ft

1

COM ., = (DMBC):E(—48.6):—24.3 k —ft

D= | —

Joint B is the only joint of the structure that is free to rotate, and

because it has been balanced, we end the moment distribution
process.
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18 k
l 2 k/ft
: sl 4Lyl |
AB BA BC CB

0.545| 0.455
Distribution Factors
1.Fixed-end Moments +64.8 -43.2 +150 -150
2.Balance Joint B -58.2 -48.6
3.Carryover -29.1 «— I -24.3

4.Final Moments +35.7 -101.4| +101.4 -174.3
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T
Member End Shears, Support Reactions, SFD & BMD

See Example 1 in Slope-Deflection Method
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T —
Example 2

* Determine the reactions and draw the shear and bending moment
diagrams for the two-span continuous beam shown in Figure.

E = constant
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T
Solution

1. Distribution Factors

Joints B and C of the continuous beam are free to rotate. The DFs
at joint B are

80 kN 40 kN
b
} 5m I 5m I 5m I 5m ’
DF,, = K., _ 1.51/10 _
K, +K,. (1.51/10)+(1/10)
DFe = Esc = 1/10 =04

K, +K,. (1.51/10)+(1/10)
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Similarly, at joint C,

80 kN 40 kN
A l B l’ C
I . 2,
; 5m I 5m I 5m I 5m ’
DF., _Key _0U

K. 0.1

78



T
2. Fixed-End Moments

80 kN 40 kN

+80(10)

FEM ,, = =+100 kN.m

FEM 5, =~100kN.m )

FEM =~ 4(;(10) = +50 kN.m)

FEM,, =-50kN.m )
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e
MD TABLE 80 kN 40 kN

l

AB BA BC CB
0.6 0.4 1.0

E = constant

Distribution Factors

1.Fixed-end Moments +100 -100 +50 -50
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3. Moment Distribution

After recording the DFs and the FEMs in the MID Table, we begin
the V1D process by balancing joints B and C.

The UM at joint B is equal to -100+50=-50 kN.m. Thus DMs at the
ends B of members AB and BC are

DM, = DF, (UM )= 0.6(+50)=+30 kN.m
DM . = DF,.(-UM )= 04(+50)=+20 kN.m

Similarly, the UM at joint C is -50 kN.m, we determine the DM at
end C of member BC to be

DM, = DF,,(-UM .)=1(+50)=+50 kN.m
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MD TABLE

E = constant

Distribution Factors
1.Fixed-end Moments

2.Balance Joints B and C

80 kN

l

40 kN

AB BA BC CB
0.6 0.4 1.0

+100 -100 +50 -50
+30 +20 +50
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3. Moment Distribution

One-half of these DIVis are then carried over to the far ends of the
members.

This process is repeated, until the UMs are negligibly small.

4. Final Moments

The final MEMSs, obtained by summing the moments in each
column of the MD Table, are recorded on the last line of the table.
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e
MD TABLE 80 kN 40 kN

l

E = constant A /7,7
AB BA BC CB
Distribution Factors 06 |04 10
1.Fixed-end Moments +100 -100 +50 -50
2.Balance Joints Band C +30 +20 +50
3.Carryover +15 «— +25 «— T +10
4.Balance Joints B and C -15 -10 -10
5.Carryover -7.5 «— -5 «— -5
6.Balance Joints B and C +3 +2 +5
7.Carryover +1.5 « +2.5 « +1
8.Balance Joints Band C -15 | -1 -1
9.Carryover -0.8 «— -0.5 «— -0.5
10.Balance Joints B and C +0.3 | +0.2 +0.5
11.Carryover 102 < 03 < T 101
12.Balance Joints B and C -0.2 | -0.1 -0.1
13. Final Moments +108.4 -83.4| +83.4 0




37.5 28 34 l

C A ) 83.4 C B CT
108.4T 83 4 834 T 83.4 T

42.5 37.5 28.34 11.66
B, = 65.84
30 kN 40 kN
H L
<
108.4 kN.m T
65. 84 kN 11.66 kN

42.5 kN
88



80 kN 40 kN
G

— .
108.4km [ [

65.84 kN 11.66 kN

42.5 kN

42.5

28.34

-11.66

-37.5

Shear Force Diagram (kN) 89



80 kN 40 kN

(lﬁ | ﬂ?c
108.4 kN.m T

65.84 kN 11.66 kN

42.5 kN

104.1

-108.4

Bending Moment Diagram (kN . m) 90




Example 3

* Determine the member end moments and reactions for the three-
span continuous beam shown, due to the uniformly distributed
load and due to the support settlements of 5/8 in. at B, and 1.5 in.

at C, and % in. at D.

2 k/ft
Ajyi lliﬁiiilli,}cllllﬂb
, 20 ft ! 20 ft ! 20 ft !
El = 29,000 ksi

| =7800in.*
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T
Solution

1. Distribution Factors

2 k/ft
Aﬂi¢ ¢¢¢ﬁi¢3¢¢¢igfciiitkf’
| 20 ft | 20 ft | 20 ft |
At Joint A
DF,, =1
At Joint B
o 31/80
Foa = (31/80)+(1/20) 0429
F.. = 1/20 =0.571

% (31/80)+(1/20)
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T
Solution

1. Distribution Factors

2 k/ft
Aﬂi¢ ¢¢¢ﬂi¢gliii9}ciiiiob
! 20 ft ! 20 ft ! 20 ft !
At Joint C
120
Fes = (31/80)+(1/20) 0271
3180
Plen = (31/80)+(1/20) 0429
At Joint D

DF,. =1
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2. Fixed-End Moments

2 k/ft
Aﬂil lllﬁtlllb}ciiltﬁ?
| 20 ft | 20 ft | 20 ft |

— 357
AAB_Sln

—1L_5_1y

1L _3 -3
Age =l3—y=5in.
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2. Fixed-End Moments

5

6(29,000)(7,800)(—

6EIA _ 8J =+1,227.2k-ft

FEM ,, = FEM ,, =+ e + (20)2 (12)3

6(29,000)(7,800)(1]
FEM .. = FEM =+@:+ 8 =+1,718.1k - ft
BC CB Lz (20)2 (12)3 ?
6(29,000)(7,800)(3)
6EIA _ 4

FEM,, =FEM . =— = —1,472.7k - ft

o (20)*(12)
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T
2. Fixed-End Moments

2 k/ft
Aﬂi¢ iiiﬂitilli,?lcllllﬁb

| 20 ft | 20 ft | 20 ft |
I I I I

The FEMSs due to the 2 k/ft external load are

2

FEM ,, = FEM ,. = FEM ., =+ 2200 _ 667k -1
2

FEM,, = FEM_, = FEM, . = —@ = —66.7k - ft

Thus the FEIVIs due to the combined effect of the external load and

the support settlements are
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T
2. Fixed-End Moments

2 k/ft
Aﬁii iiiﬂiiill VIl Vbbbl
B B c A
| 20 ft | 20 ft | 20 ft |
I I I I
FEM ,, =+1,293.9k - ft FEM ,, =+1,160.5k - ft
FEM . =+1,784.8k - ft FEM ., =+1,651.4k - ft

FEM, =-1,406k - ft FEM,,. =-1,539.4k - ft
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3. Moment Distribution

The MD is carried out in the usual manner, as shown in the MD
Table.

Note that the joints A and D at the simple end supports are

balanced only once and that no moments are carried over to these
joints.

4. Final Moments

See the MD Table and Figure on next slides.
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2 k/ft
Aii ll¢£¢¢¢¢ R EEEET
B D c A

Member Ends AB BA BC cB CD DC
Distribution Factors 1 0.429 |0.571 0.571 | 0.429 1
1.Fixed-end Moments +1293.9 +1160.5 +1784.8 +1651.4 -1406 -1539.4
2.Balance Joints -1293.9 -1263.5| -1681.8 -140.1 —105.3Z +1539.4
3.Carryover N -647 -70.1 P -840.9 +769.7
4.Balance Joints +307.6 | +409.5 +40.7| +30.5

£
5.Carryover +20.4 +204.8
6.Balance Joints -8.8 | -11.6 -116.9| -87.9

£ ™
7.Carryover -58.5 -5.8
8.Balance Joints +25.1| +33.4 +3.3 | 42.5

£
9.Carryover +1.7 +16.7
10.Balance Joints -0.7 | -1.0 95 | -7.2

£
11.Carryover -4.8 -0.5
12.Balance Joints +2.1 | +2.7 +0.3| +0.2

£
13.Carryover +0.2 +1.4
14.Balance Joints -0.1 | -0.1 -0.8 | -0.6
13.Carryover 04 &
14.Balance Joints +0.2 | +0.2
11.Final Moments 0 -426.6| +426.6 +804.1 -804.1 o] ¥




2 k/ft

Ajyllllﬂiiliii’}ciiii”}»[)

2 k/ft 2 k/ft 804.1 2 k/ft

bbb (ii\tiiii) Glllllll
lA BT>424'6 TB cl C DT
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