Munkres - Topology - Chapter 2 Solutions

Section 13

Problem 13.1. Let X be a topological space; let A be a subset of X. Suppose that for each x € A there is an open set U
containing x such that U C A . Show that A is open in X.

Solution: Let C4 the collection of open sets U where x € U C A for some z € A. Suppose Uy = [y, U. Since X is
a topological space, Uy is open in X. Clearly if x € A, then z € Uy, so Uy C A. Conversely, if x € Uy, then there is a
U C Uy such that x € Uy C A, so xz € A. Therefore Uy C A, from which it follows that Uy = A. Consequently, A is open
in X.

Problem 13.2. Consider the nine topologies on the set X = {a,b,c} indicated in Example 1 of §12. Compare them; that is,
for each pair of topologies, determine whether they are comparable, and if so, which is the finer.

Solution: | label the topologies in Example 1 as follows:

~N A
0o U1 N
© o w

The table below compares them. The number indicates the finer of the two topologies. "N" indicates that the two
topologies are incomparable.

1 2 3 4 5 6 7 8 9
1 2 3 4 5 6 7 8 9
2| 2 N N N N 2 8 9
3| 3 N 3 N 6 3 N 9
4| 4 N 3 N 6 N 8 9
5| 5 N N N N N N 9
6| 6 N 6 6 N 6 N 9
7|7 2 3 N N 6 8 9
8| 8 8 N 8 N N 8 9
9| 9 9 9 9 9 9 9 9

It's clear that 1 and 9 are comparable to all the topologies, with 1 the coarsest and 9 the finest. Also note that 5 is
only comparable to 1 and 9.

Problem 13.2. (a) If {7,} is a family of topologies on X, show that (7T, is a topology on X. Is|J T, a topology on X ? (b)
Let {7} be a family of topologies on X. Show that there is a unique smallest topology on X containing all the collections T,
and a unique largest topology contained in all To,. (c) If X = {a,b,c}, let T1 = {0, X,{a},{a,b}} and Tz = {0, X, {a},{b,c}}.
Find the smallest topology containing T and T3, and the largest topology contained in T1 and Ts.

Solution: Part (a) Let 7 = (), 7,. Obviously X and () are element sof 7 since they are contained in each c. Now
suppose {Ug} is an indexed family of non-empty open sets in 7. It follows that each Ug € 7, for each o, so U = UB Us
is an element of each 7,. Consequently, U is open 7. Now suppose {Us,...,U,} is a collection of non-empty open sets
in 7. Since each Uy is open in each 7, it follows that U’ = ﬂZ:1 Uy is open in each 7,. Therefore U’ is open in T,
establishing that 7 is a topology on X.




The set | J,, 7o is not necessarily a topology on X. Suppose X = Z. Let 7,7 be topologies on X where Z~, € Ty
and Z«g € Ty but Z~oUZq is not in either. Let T = ToUT;. We have Z~ and Zq open in T, but Z-oUZo = Z\{0}
is not open in T. It follows that T is not a topology on X.

Part (b) The smallest toplogy on X is 7, generated by the subbasis S = [, 7o. As we have seen, 7; is a topology, and
it contains every T,. Now suppose there is a topology 7~ that is strictly coarser than 75 (i.e., 7' C T;). Let U € T\T,
which must exist. If U is open in any 7, then T, cannot be contained in 7”. It follows that every element in the subbasis
S must be in 77. On the other hand, suppose U is not contained in the subbasis S, in which case it is not in any T,. It
follows that U must the union or finite intersection of a subcollection of elements in S. If the former, there is an indexed
family {Ss} C S whose union is not in 7", which contradicts that 77 is a topology. Alternatively, there is a subcollection
{S1,...,Sn} whose intersection is not in 7", also contradicting that 7" is a topology. Because there are no other possible
elements of 7, that are not in 7', we conclude that 7, = 7'. As a result, 7 is the unique smallest topology on X that
contains all 7.

The largest topology on X containing all 7, is 7; = (), Ta, which (by part(a)) is a topology. Clearly 7; C 7, for all
a. Suppose there is a T that is strictly finer than 7; and is contained in all 7,. Let U = T,\T". It follows that U is not
an element of some 7, (otherwise, it would be the intersection of the topologies). As a result, we reach the contradiction
that 7" is not contained in 7. Consequently, 7; is the largest topology on X contained in all 7.

Part (c) The smallest topology containing 71 and T3 is {0, X, {a}, {0}, {a,b},{b,c}}. Notice that this is the topology
generated by the subbasis equal to 71 U 7Ts.

The smallest topology contained in 71 and T3 is 71 N T3 = {0, X, {a}}.

Problem 13.5. Show that if A is a basis for a topology on X, then the topology generated by A equals the intersection of all
topologies on X that contain A. Prove the same if A is a subbasis.

Solution: Suppose A is a basis for a topology 74 on X. Let {75} be an indexed collection of all topologies on X where
A is contained in each 7, and let Tp =), 7o (which is a topology by exercise 13.4(a)). Suppose that Uy is an open set
in Ta. We infer from Lemma 13.1 that Uy is the union of some subcollection of A. Since this subcollection is contained
in each topology 7, it follows that their union is in each, so Uy is open in Tg. Therefore T4 C Tp. Conversely, since T4
is a topology on X containing A by definition, it follows that T C 74. Thus T4 = T5p.

The argument for a given subbasis S for a topology on X is very similar. Let Tg be the topology generated by the
subbasis. Let {7} be an indexed collection of all topologies on X containing S, and let 7¢ = ﬂﬂyTV If U is open in Tg,
it is equal to either the union or finite intersection of some subcollection in S. Since S is contained in each topology 7,
we infer that U is contained in each and is therefore open in 7¢. Therefore Tg C T¢. Conversely, since Tg is a topology
containing S, it follows that 7 C 75. We conclude that 75 = T¢.

Problem 13.6. Show that the topologies of R; and Ry are not comparable.

Solution: It suffices to show that neither of the topologies is finer than the other. Let 7; and Tx be the topologies of R,
and Ry, respectively. A given = € R is contained in the basis element [z,b) of 7;. However, every basis element of Tk
is an open interval (in some cases, minus the set K). There is no open interval (a,b) that contains = and is contained in
[x,b] because a must be less than z. By Lemma 13.3, Tk is not finer than 7.

Conversely, 0 is contained in the basis element (—1, 1)\ K of Tx. Any basis element (a, b) of 7; contains « where ¢ < 0
and b > 0, but this basis element cannot be contained in (=1, —1)\K. Given b > 0, let k € N where k& > 1/b. It follows
that 0 < 1/k < b, so 1/k € (a,b) but 1/k ¢ (—1,1)\K. Again by Lemma 13.3, 7; is not finer than 7;. Hence 7; and Tx
are not comparable.

Problem 13.8. (a) Apply Lemma 13.2 to show that the countable collection B = {(a,b) | a < b, a and b rational} is a basis
that generates the standard topology on R. (b) Show that the collection C = {[a,b) | a < b, a and b rational} is a basis that
generates a topology different from the lower limit topology on R.

Solution: Part (a) Let 7 be the topology generated by 13 and Tg be the standard topology on R. Let Uy be an open set
in 7. It follows that Uy is the union of some subcollection {By} of B. Since B is a subset of the basis of T, it follows
that Uy is open in Tg. Conversely, given a set U; open in Tg, there is a subcollection {B;} of Tr's basis who union equals
Ui. Given x € Uy, there is a B] = (a/,b") containing z. By the density of rational numbers, there are a,b € Q where
a <a<z<b<V such that (a,b) € B € B and B is contained in B,. It follows that Uy is open in 7T, from which we
conclude that 7 and Tg are equal.
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Part (b) Let 7T be the topology generated by C and 7; be the lower-limit topology on R. We will show that 7; is finer
than 7¢. Given x € R, we see that z is contained in any basis element [a, b) of To where a,b,€ Q and a <z and z < b
(which must exist by the density of rational numbers). But [a,b) is also a basis element of 7;, so by Lemma 13.3 7; is finer
than 7¢.

Now let x be irrational. It follows that z is contained in the basis element [z, y) of 7; where y € R and z < y. However,
there is no basis element of 7¢ that contains = and is contained by [z,y). If [, 8) contains © where «, 8 are rational,
then necessarily a < z, so [a, B) is not a subset of [z,y). By Lemma 13.3, 7¢ is not finer than 7;. Accordingly, the two
topologies are not equal.

Section 16

Problem 16.1. Show that if Y is a subspace of X, and A is a subset of Y, then the topology A inherits as a subspace of Y
the same as the topology it inherits as a subspace of X.

S

Solution: Let By be a basis of the topology of X, let 73~ be the subspace topology of Y inherited from X, and let
T and T be the subspace topologies of A inherited from X and Y, respectively. By Lemma 16.1, a basis of 75¥ is
B¥ ={BoNY : By € Bx} and a basis of T} is By = {BiNA: By € By} ={(BoNY)NA: By € Bx}. Since A is
a subset of Y, it follows (BoNY)NA = ByN (Y NA)= Byn A. Therefore B} = {ByN A: By € Bx}. But this set
is also a basis for the subspace 7% inherited from X. Since the bases for T;X and 7, are equal, it follows that the two
topologies are equal.

Problem 16.2. If T and T’ are topologies on X and T’ is strictly finer than T, what can you say about the corresponding
subspace topologies on the subset Y of X 7

Solution: Let Uy be open in the subspace topology Ty of 7. There is a Wy € T where Uy = Wy N'Y. But since 7' is
finer than T, it follows that W, is open in 77, so Wy NY = Uj is open in the subspace topology 7y. of T'. Therefore Ty
is finer than 7y.

We cannot say that 7Ty is necessarily strictly finer than 7y. Suppose X = N, and 7' = {0, {2}, {3}, {2,3},N}, and
T ={0,{2},N}. Let Yy = {1,2}. Asaresult, 7y, =Ty, = {0,{2}}. On the other hand, if Y1 = {1,2,3}, then Ty, = Ty,
but Ty, = {0,{2},{3},{2,3}}, so Ty, is strictly finer than Ty,.

Problem 16.9. Show that the dictionary order topology on the set R x R is the same as the product topology R; x R where
Ry denotes R in the discrete topology. Compare this topology with the standard topology on R2.

Solution: We'll designate the dictionary-order topology as 7; and the product topology Uf,. From Example 14.1, the
basis of 74 is the collection of intervals (a x b,¢ x d) where a < ¢ or where a = ¢ and b < d. The text indicates
that collection of intervals By = {(a,b) x (a,d) : b < d} (i.e., where only the second condition is true) is also a basis
of T4. We'll show that here. A given set W that is open in 73 is equal to the union of of a subcollection of basis
elements. Let W = |J_(a x b,c x d). For each (z,y) € W, it follows that (x,y) is contained in some (a x b,c X d),.
If a = ¢, this basis element is in B4. Otherwise, a < x < ¢, and there is a basis element B = (z,¢) x (z,d) € By where
(x,y) € B C (axbcxd)y. (If (x,y)is in multiple basis elements in the union, you can choose ¢ and d to be small
enough to contain all of them.) By Lemma 13.2, By is a basis of 7j.

A basis for the discrete topology Ry is By = {{z} : z € R} (i.e., the collection of all singletons of R). Given V' € Ry,
for z € V, it follows that = € {&} C V. Therefore By is a basis of R;. The standard basis for R is, of course, the collection
of intervals (a,b) where a < b.

With the foregoing results and Theorem 15.1, a basis B, for U, is the collection of sets {x} x {a,b} where a,b,z € R
and a < b. But {z} x {a,b} = ((x,a), (x,0)) = (x,a) x (z,b), so B, and B, are identical. Since they generate the same
topology, T4 and U, are equal.

Next we will compare this topology with the standard topology of R2. The basis of the standard topology is the
collection of sets (a,b) x (c,d) where a < b and ¢ < d. Any (z,y) € R? is contained in the basis element (a,b) x (c,d)
where ¢ < 2 < band ¢ < y < d. At the same time, (z,y) € {z} X (¢, d), which is a basis element of U, contained in
(a,b) x (¢,d). By Lemma 13.3, T; and U, are finer than the standard topology. On the other hand, the standard topology
is not finer than 7; and U,. For example, {1} x R is open in T4 and U, but is not open in the standard topology of R?.
As a result, T4 and U, are strictly finer than the standard topology on RZ.
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Section 17

Problem 17.1. Let C be a collection of subsets of the set X. Suppose that () and X are in C, and that finite unions and
arbitrary intersections of elements of C are in C. Show that the collection T = {X — C|CinC} is a topology on X.

Solution: Clearly X\ X = 0 and 2\() = X are open in 7. Suppose U = |J,, U, for some indexed collection {U,} of open
sets in 7. Since each U, = X\C, for some C, € C, it follows that:

U =J(X\Co) = X\[)Ca = X\,

where C” is the intersection of {C\}. By definition, C' € C, so U is open in T.

Now suppose V' = ﬂfcvzl V. for some finite collection {Vi,...,Vy} of open sets in 7. Since each V;, = X\ Dy, for some
Dy € C, it follows that:
N

N
V=[(X\V) =X\ Dr = X\D',
k=1 k=1

where D’ is the finite union of {D1,..., Dx}. By definition, D’ € C, so V is open in T. We conclude that T is a topology
on X.

Problem 17.2. Show that if A is closed inY and Y is closed in X, then A is closed in X.

Solution: This question requires us to prove Theorem 17.3. By hypothesis, Y\ A is open in Y, and there is some U open
in X where UNY =Y\ A. Therefore X\U is closed in X. Consequently, since A CY:

YN (X\U) = (Y N X)\(Y NU) = Y\(Y\A4) = A.

By Theorem 17.1, A is closed in X.

Problem 17.4. Show that if U is open in X and A is closed in X, then U — A is open in X, and A — U is closed in X.

Solution: The set X\ A is open in X. We have:
UNX\A)=UnNXN\UNA) =U\UNA)=U\U)U((U\A) =U\A.

By the definition of a topology, U\ A is open in X.
The set X\U is closed in X. We have:

AN(X\U) = (ANX)N\(ANU) = A\(ANT) = (A\A) U (A\U) = A\U.

By Theorem 17.1(3), A\U is closed in X.

Problem 17.5. Let X be an ordered set in the order topology. Show that (a,b) C [a,b]. Under what conditions what equality
hold?

Solution: We can use Theorem 17.5(a), which implies that = € (a,b) if and only if every neighborhood of x intersects
(a,b). First we will show that (a, b) is a subset of [a,b] in all cases. Suppose x € (a,b). It cannot be that x < a or x > b.
If © < a, then (a,a) with a < x contains x but does not intersect (a,b). Similarly, if > b, then (b, 8) with z <
contains  but does not intersect (a,b). We infer then that either (a,b) is empty or any x € (a,b) must be on the interval
[a,b]. Hence (a,b) C [a,b].

Next we will show that (a,b) = [a,b] if and only if a has no immediate successor and b has no immediate predecessor.
Suppose x € (a,b). For any v < x and § > z, the interval (,d) (or analogous half-open interval if v or § or smallest or
largest elements of X) contains x and intersects (a,b). It follows that if € (a,b), then z € (a,b).

Assume that a has no immediate successor and b has no immediate predecessor. It follows that any open interval
containing a must be of the form (v, ) (or if v or ¢ is the smallest or largest element, an analogous half-open interval)
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where v < a and § > a. Thereis a ( € X where a < { < §. Consequently, { € (a,b) and { € (v,d). Therefore (v, 9)
contains a and intersects (a,b), so a € (a,b). A similar argument shows b € (a,b).

Now assume instead that a has an immediate successor or b has an immediate predecessor.. If z = a, it follows that
there is an element § € X such that (a,0) is empty. As a result, if ¥ < a, then (v, d) contains a but does not intersect
(a,b); hence, a ¢ (a,b). A similar argument shows b ¢ (a,b).

We conclude that (a,b) = [a,b] if and only if a has no immediate successor and b has no immediate predecessor.

Problem 17.6. Let A, B, and A,, be subsets of space X. Prove the following: (a) If A C B, then AC B. (b)) AUB = AUB.
(c) UAs DU Aa; give an example where equality fails.

Solution: Part (a) This is an important result. We have A C B C B. Since B is a closed set containing A, it contains
the closure of A. Consequently, A C B.

Part (b) Since A and B are closed in X, it follows from Theorem 17.1(3) that AU B is closed in X. Since A C A and
B C B, it follows that AU B C AU B. Therefore, AU B contains the closure of AU B, so AU B C AU B. Conversely,
ACAUBCAUB. By part (a), AC AU B. Similarly, B C AU B. Taking the union, we have AUB C AU B.

It follows that AUB = AU B.

Part (c)

Problem 17.8. Let A, B, and A, denote subsets of space X . Determine whether the following equations hold; if an equality
fails, determine whether one of the inclusions > or C holds. (a) ANB. (b)Aa =(1Aa. (¢)A—B=A-B.

Solution: Part (a) See part (b). o

Part (b) Since (N A, C Ag for all Ag in the collection {A,}, it follows from exercise 17.6(a) that (A, C Ag.
Intersecting all Ag, we have (] A, C N Aq.

It is not necessary true that () A, O () A,. From example 6, R>g = R>oU{0}, and Ry = R U{0}. It follows that
RooNR<o = {0}; however, R~o NR_g =0 =0 (since 0 is a closed set that contains ).

Part (a) is just this general result applied to the collection {A, B}, so AN B C AN B.

Part (c) Theorem 17.5 implies if € A\B, every neighborhood U of z intersects A (n.b., but there exists some
neighborhood U’ of x that does not intersect B; otherwise, z € B, so z ¢ A\B). Consequently, every neighborhood of z
intersects A\B, so z € A\B. We conclude that A\B C A\B.

It may not be true that A\B C A\B. Suppose there is an z € X such that every neighborhood U of x intersects both
A and B. Therefore U intersects A\B, so z € A\B. However, z € A and = € B, from which it follows that = ¢ A\B.

Problem 17.9. Let A C X and B C Y. Show that in the space X x Y, Ax B = A x B.

Solution: If (z,y) € A x B, then 2 € A and y € B. Applying Theorem 17.5, every basis element B, of X containing
intersects A. Similarly, every basis element B, containing y intersects B. Let C, and C, be the collections of all B, and
B, that contain z or y, respectively. By Theorem 15.1, the Cartesian product of the elements in C, and C, is contained in
a basis of X x Y. Any basis element containing (x,d) for any § € Y must be of the form B, x By, where By is a basis
element of Y. Similarly, any basis element containing (7, y) for any v € X is of the form Bx x B, where Bx is a basis
element of X. If B, x By is a basis element where By ¢ C,, then y ¢ By, so (z,y) ¢ B, X By. By the same logic,
x ¢ Bx x By where Bx ¢ C,. It follows that any basis element containing (z,y) is of the form B, x B,, which must
intersect A x B. Therefore, z € Ax Band A x BC A x B.

Conversely, suppose (z,y) € A x B. If By is a basis element of A that intersects « and B, is a basis element of B
the intersects y, then B, x B, is a basis of A X B that contains (z,y). Consequently, B, must intersect A and B, must
intersect B. Consequently (x,y) € A x B, and A x B C A x B. We conclude that A x B = A x B.

Problem 17.10. Show that every order topology is Hausdroff.

Solution: Suppose 7 is an order topology on a given set X. Let x1, x5 be distinct points in X where x1 < xo. If 25 is
not the immediate successor of x1, there is some ¢ € (z1,z2). If £1 and x5 are not the smallest or largest elements of X,
respectively, then there is some a < 1 and b > x5. It follows that (a,c) and (c,b) are neighborhoods of z; and z3 that
are disjoint. On the other hand, if (21, z3) is empty, then (a,22) and (x1,c) are the appropriate disjoint neighborhoods.
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If 21 is the smallest element of X, we can follow the same argument as above but let the neighborhood of 1 be [z1, ¢)
or [x1,x2), as appropriate. Similarly, if 2 is the largest element of X, let the neighborhood of x2 be (¢, z2] or (z1, z2], as
appropriate.

We infer that 7 is a Hausdorff space.

Problem 17.11. Show that the product of two Hausdorff spaces is Hausdroff.

Solution: Suppose X and Y are Hausdorff spaces. Given distinct (zo, y0), (z1,y1) of X x Y, if g # x1 and yo # 11,
there are neighborhoods Ay of xy and A; of 1 and neighborhoods By of yo and B of y; that are disjoint. We then have:

(A0XBo)ﬂ(A1XBl):(AoﬂAl)X(BQﬂBl):wmmzw.

Therefore Ag X By and A; x By are disjoint neighborhoods of (zg,y0) and (z1,¥1).
On the other hand, if o = x; (in which case yo # y1), let A be any neighborhood of 2y and By and B; be as above.
We have:
(AxBy)N(Ax B))=(ANA)x (BoNBy)=ANnH=0.

Therefore A x By and A x B; are disjoint neighborhoods of (xg,y9) and (xg,y1). A similar argument establishes the
existence of disjoint neighborhoods for (z¢,y0) and (x1,yo) where xg # 1.
The product space of X and Y is therefore Hausdorff.

Problem 17.12. Show that the subspace of a Hausdorff space is Hausdorff.

Solution: Let X be a Hausdorff space and Y a subset of X. Given any distinct xg,z; in Y, there are neighborhoods U
of zg and V of 21 in X that are disjoint. By definition, U/ =UNY and V' =V NV are open in Y, so:

Unv=0nYy)n(Vny)=UnV)nYy =0.

Hence, U’ and V' are disjoint neighborhoods of zg and z; in Y. The subspace Y is Hausdorff.

Problem 17.13. Show that X is Hausdorff if and only if the diagonal A = {z x x|z € X} is closed in X x X.

Solution: Suppose X is a Hausdorff space. Given z € X, from Theorem 17.8 the singleton {z} is closed in X, so
{z} = {x}. Accordingly, for every y # z, there is some neighborhood of y in X that does not intersect {z}. Next we will
show that A = A. Clearly (z,2) € A since A C A. Now let (z,y) € X x Y where x # y. For any (z/,2') there is a either
a neighborhood of y that does not intersect =’ (if y # 2’) or a neighborhood of = that does not intersect 2’ (if x # a').
Hence, there is a neighborhood in X x X that does not intersect A, so (z,y) ¢ A if x # y. We conclude that A = A, so
A is closed in X x X.

Conversely, suppose A is closed in X x X, so A = A. As just shown, for any y, there is some neighborhood of it that
does not intersect any = # y (otherwise (z,y) € A for some x). Accordingly, for any distinct x,y € X, there exists a
neighborhood of x and a neighborhood of y that are disjoint. Therefore X is a Hausdorff space.

Problem 17.14. In the finite complement topology on R, to what point or points does the sequence x,, = 1/n converge?

Solution: On page 99 of the text, Munkres states without proof that R in the finite complement toplogy is not Hausdorff.
We'll quickly prove this result here. Given space X with the finite complement topology, assume X is Hausdorff. It follows
that for distinct u,v € X, there are neighborhoods U of u and V' of v that are disjoint. Since U C X\V, it follows that
U is finite since V is open. Similarly, X\U must be finite since U is open. It follows that U U (X\U) = X is finite. Since
R is infinite, it is necessarily not Hausdorff.

Since this space is not Hausdorff, we cannot rely on Theorem 17.10 that any sequence converges to at most one point.
Let A be a neighborhood of ¢. It follows that the intervals (0,a) for some a > 0 is not contained in X\A; otherwise,
X\ A would be infinite, contradicting that A is open. Therefore (0,a) C A. If K € Nand K > 1/b, then if n > K, then
0 <z, =1/n < 1/(1/b) = b. Therefore for any point in R, every neighborhood of that point contains () for some
n > K. Hence, (x,) converges to every point in R.
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Problem 17.15. Show the T} axiom is equivalent to the condition that for each pair of points of X, each has a neighborhood
not containing the other.

Solution: Suppose a space X satisfies the T axiom. Given A = {a} and B = {b} where a # b, each singleton is closed.
Therefore A = A and B = B. Since b ¢ A, we infer from Theorem 17.5 that there is a neighborhood of b that does not
intersect A. Similarly, there is a neighborhood of a than does not intersect B. As a result, any two distinct points each
has a neighborhood that does not contain the other.

Conversely, suppose each pair of distinct points in X each has a neighborhood that does not contain the other. Given
¢ € X, we infer that if d # ¢, some neighborhood of d does not contain {c}. It follows that {c} = {c}, so {c} is closed.
Therefore every finite point set in X is closed.

In sum, a space satisfies the T axiom if and only if each pair of distinct points in X each has a neighborhood that does
not contain the other.

Problem 17.16. Consider the five topologies on R given in Exercise 7 of §13. (a) Determine the closure of the set K =
{1/n|n € Z4} under each of these topologies. (b) Which of these topologies satisfy the Hausdorff axiom? the Ty axiom?

Solution: Part (a)
(i) Standard Topology of R. Applying Theorem 17.6, we can find the closure of K by finding all of its limit points.
Clearly 0 ¢ K. Any neighborhood U of 0 contains an interval (a,b) where ¢ < 0 and b > 0. If n € N where n > 1/b, then
1/n < b and is contained in U. Therefore 0 is a limit point of K. No other point is R is a limit point of K. Obviously if
¢ < 0orc>1,then (—00,0) and (1,00) do not intersect K. Suppose ¢ € (0,1]. If ¢ =1, then (3/4,00) but does not
intersect K\{1}. If ¢ = 1/n for some n > 1, then (1/n+1,1/n — 1) contains ¢ but does not intersect K\{c}. Finally, if
¢ # 1/n for any n, then by the density of rational numbers there are o, 5 € Q where 1/n+ 1 < a <c¢ < < 1/n for the
appropriate n, so («, 3) does not intersect K\{c}. It follows that the only limit point of K is 0. Applying Theorem 17.6,
K = K U{0}.
(ii) Topology of Ry . For the same reasons as with the standard topology of R in (i), no ¢ < 0 or ¢ € (0,00) can be a
limit point of K. Any neighborhood U of 0 cannot include 1/n for any n € N, so U cannot intersect K. Since K has no
limit points, K=K.
(iii) Finite Complement Topology of R. Given ¢ € R, any neighborhood U of ¢ must contain (0,b) for some b > 0;
otherwise, X\U would be infinite. Accordingly, 1/n € (0,b) C U for all n > 1/b, so every real number is a limit point of
K. The closure of K is R. (This is similar to the result that the sequence x,, = 1/n converges to every point in R under
this topology.)
(iv) Upper Limit Topology of R. There are no limit points of K, so K = K. For ¢ < 0 or ¢ > 1, the neighborhoods
(00, ¢] and (1,¢] of ¢ do not intersect K. If ¢ € (0,1], there is some n € N such that 1/(n + 1) < ¢ < 1/n. The interval
(1/(n+1),c] is a neighborhood of ¢ that does not intersect K other than at ¢ (if ¢ € K, of course).
(v) Topology of All Sets (—o0o,a) = {z : © < a} as a Basis. Every number in R>q is a limit point of K, so K = R>y.
If ¢ < 0, then the interval (—o0,0) is a neighborhood of ¢ that does not intersect K. If ¢ > 0, then any neighborhood U
of ¢ must contain the interval (—o0, ) where v > ¢ (since every open set of the space is the union of some subcollection
of basis elements). If n € N and n > 1/, then 0 < 1/n < ~, and U intersects K at an infinite number of points.

Part (b)
(i) Standard Topology of R. This is Hausdorff (and therefore satisfies 77 by Theorem 17.8). Given z,y € R where z < y,
let e = (y — x)/2. It follows that (x —e,2 + €), and (y — €,y + €) are disjoint neighborhoods of each point.
(ii) Topology of Ry. Since the K-topology is finer than the standard topology (which is Hausdorff), the K-topology is
Hausdorff (see the Theorem 1 below). Consequently the K-topology necessarily satisfies that T; axiom.

Theorem 1. Suppose T is a Hausdorff space. If U is finer than T, then U is Hausdorff.

Proof. For any distinct points x and vy, there are neighborhoods A of « and B of y in T that are disjoint. Since T' C U, it
follows that A and B are open in U. Hence, U is Hausdorff. O

(iii) Finite Complement Topology of R. As shown in exercise 17.14, this topology is not Hausdorff. The topology does,
however, satisfy the T; axiom. Given any real number z, the set {«} has the open complement R\{z} (which is finite).
Therefore every single-point set is closed.

(iv) Upper Limit Topology of R. The upper limit topology is Hausdorff and therefore satisfies the 77 axiom. Let z,y € R
where x < y. The intervals (—oo, 2| and (z,y] are disjoint neighborhoods of = and y. (Note that this topology is also finer
than the standard topology, so it is Hausdorff for that reason, as well.)

(v) Topology of All Sets (—o0,a) = {x : © < a} as a Basis. As an initial matter, any neighborhood S of z € R must
contain (—oo, &) where € > 2. By Lemma 13.1, any open set of the topology is the union of some subcollection of basis
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elements. Since z € S, the set .S must contain some basis element containing x. By definition of the basis of this topology,
this basis element must be (—o0, &) where £ > x.

This topology is not Hausdorff. Let xz,y € R where z < y. Any neighborhood U of x must contain (—oco,7) where
~ > x and any neighborhood V' of y must contain (—o0,d) where 6 > y. Therefore U NV C (—oo,inf{~,d}), which is
non-empty.

This topology does not satisfy the 77 axiom. Let ¢ € R where ¢ > x. Every neighborhood of ¢ must contain some
interval (—oo, ) where v > ¢, which intersects {z}. Therefore ¢ € {z}, so {x} # {x}. We conclude that no finite-point
set in R is closed in this topology.

Problem 17.17. Consider the lower limit topology on R and the topology given by the basis C of Exercise 8 of §13. Determine
the closures of the intervals A = (0,/2) and B = (1/2,3) in these two topologies.

Solution: Lower-Limit Topology. Given c € [0,1/2), any neighborhood U of ¢ must contain a [c,d) where d > c. Since
R is a linear continuum, U intersects A at some point on (c¢,d) and is therefore a limit point. If ¢ > V2, then the interval
[c,d) where d > ¢ is a neighborhood of ¢ that does not intersect A. A similar argument shows no ¢ < 0 is a limit point of
A. By Theorem 17.4, A= AU [0,v2) = [0,V/2).

By the same reasoning, B = BU [V/2,3) = [V/2,3).

The Basis C. Any ¢ € [0,+/2] is a limit point of A. Let U be any neighborhood U of c. If ¢ is rational, U must contain
[, ) where o = ¢ and 3 is rational and greater than c. If ¢ is irrational, U contains [a, 3) where «, 3 are rational and
a < cand 8> c. It follows that U intersects A at some point in («, 3). Any ¢ < 0 cannot be a limit point because if « is
rational and less than ¢, then [o,0) is a neighborhood of ¢ that does not intersect A. The same argument shows that no
¢ > /2 can be a limit point of A. Therefore A = AU [0,v/2] = [0,1/2].

By contrast, the closure of B is [v/2,3). If U is a neighorhood of v/2, then U must contain [y,§) for some ~,§ are
rational and v < v/2 and § > /2. It follows that U intersects B at some point in (v,d). Therefore v/2 is a limit point.
However, the interval [3,4] is a neighborhood of 3 that does not intersect B, so 3 is not a limit point. Results for the
remainder of R can be found using the same arguments as with A. Therefore B = B U [v/2,3) = [V/2,3).

Problem 17.19. [See problem.]

Solution: Observe that a point « is in the boundary of a set A if every neighborhood of x intersects both A and X\ A.

Part (a) Suppose u € Int ANBd A. Since u € Int 4, it follows that there is some neighborhood U of u contained in
A, it which case U cannot intersect X\ A. Therefore u ¢ X\ A, leading to the contradiction that u ¢ Bd A. We conclude
that Int A and Bd A must be disjoint.

Next we will show that A = Int AU Bd A. Given v € Int AUBd A, either v € Int A C 4 or v € Bd A. If the latter,
since Bd A = AN X\4, it follows that v € A. Therefore Int AUBd A C A. Conversely, suppose w € A. If w € Int A,
then obviously w € Int AUBd A. If w ¢ Int A, then every neighborhood of w cannot be contained in A. Consequently,
every neighborhood of w must intersect X\ A, from which it follows that w € X\ A. Since A C Int AUBd A, we conclude
that A = Int AUBd A.

Part (b) If Bd A = (), then from part (a) A =Int AUBd A = Int A. Since Int A C A C A, it follows that Int A = A
(so A is open) and A = A (so A is closed). -

If A'is both open and closed, then Int A = A and (since X\ A is closed) X\ A = X\ A. We then have:

BdA=AN(X\A) =AN(X\4) = (ANX)\(ANA) = A\A=0.
Part (c) Suppose U is open. It follows that Int U = U and X\U is closed, so X\U = X\U. Accordingly:
BAU=UNX\U)=UNnX\U)=OnX\UNU)=0U\U.
Conversely, suppose Bd U = U\U. Since U C U C X, it follows that:
U\U=UnX)\UNU)=UNX\U).
Since BdU = U N X\U by definition, we infer that X\U = X\U, so X\U is closed. Therefore X\(X\U) = U is
open.

Part (d) This proposition is not valid. The set U = (c0,0)U(0,00) = R\{0} is open in R under the standard topology.
The closure of U is R, which is also open, so IntU =R # U.
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Problem 17.20. Find the boundary and the interior of the following subsets of R?:
(a) A={xxyly=0}

(b) B={x x ylz >0 and y # 0}
(c)C=AUB

(d) D = {z x y|xz is rational}

(&) B ={zxyl0 < —y? < 1}
(f) F={zxylr #0and y < 1/z}

Solution: We assume the standard topology on R for this entire problem.

Part (a) Under the standard topology of R, every basis element (a,b) X (¢, d) is not contained in any interval («, 3) x {0}.
Therefore, no open set is contained in A, from which it follows that Int A is empty. Now let x = (v, 0) where v € R. Any
neighborhood of = must intersect A, so (7,0) € A. On the other hand, if y = (v7,) where § < 0 or § > 0, there are
neighborhoods of  that do not intersect A (e.g., (—o0,2d) x (00,0). Therefore y is not an element of A. It follows that
A={xx{0}:2€R} = A. By exercise 19(a), A=Int AUBd A = Bd A. Therefore Bd A = A.

Part (b) If an open set U is contained in B, it cannot contain any basis element B’ = {(a,b) X (¢,d) : a < 0}
or B" = {(a,b) x (¢,d) : b < 0 or d > 0}. The set U may, however, contain any other basis element. Accordingly,
Int B={z xy:2>0andy+#0} = B. Therefore B is open.

By exercise 19(c), since B is open it follows that Bd B = B\ B. Any neighborhood V' of tuples (0,b) or (a,0) intersects
B, so (0,b),(a,0) € B for all a,b € R. No other neighborhood of any other point outside B intersects B. Therefore
B ={z xy:xz>0}. It follows that Bd B = {(a,0) : a € R} U{(0,b) : b € R}.

Part (c) We have C = AUB={x xy:xz,y € Rand (y # 0 or x > 0)}. By exercise 6(b):

C=AUB={zxy:z,yeRand (y=0orz>0)} = (R x {0}) U (R>p x R).

Further, Int C = {z x y: 2,y € R=R-o x R and z > 0}. Since C = Int C UBd C and Int C and Bd C are disjoint,
it follows that:
BdC ={zx{0}:2 € R0} U{{0} xy:y € R} = (R,o x {0}) U ({0} x R).

Part (d) By the density of rational numbers, any interval (a,b) x (c,d) contains some « x (b, d) where « is irrational,
so every open interval in R x R is not contained in D. Therefore Int B is empty.

Given the tuple (z,y) € R x R, by the density of rational numbers any neighborhood of (z,y) intersects D at some
(B,y) where 3 is rational. Because every (x,%) € D, it follows that D = R x R. Hence Bd D = D =R x R.

Part (e) The set E consists of all points between and including the two curves of the hyperbola 22 — 4% = 1 in
R? but excluding any points on the 45-degree angle lines (z/,y’) where |2/| = |y/| (since (z/)? — (y')> = 0 ¢ E). All
points within the hyperbola have some neighborhood contained by E. However, any (x,y) on curves 22 — y? = 1 has no
neighborhood contained by E (since any such neighborhood must include some (v, 3) such that a? — 32 > 1). Therefore
IntE={zxy:0<a2?—y?<1}.

Every neighborhood of any (z,y) on 22 — y? = 1 intersects E. In addition, given z’,y’ € R where |2/| = |y/|, any
neighborhood U of (2/,%') contains the all the points (2’ + ¢,9’) where 0 < ¢ < R. Let (2/)? + 22'¢ + €2 — (y)? =
2z'e + €2 < 1. Solving the quadratic, we find that if 0 < e < R and € < —2’ 4+ /(2/)2 + 1, then (2’ + €,y) intersects E.
Therefore (2/,y') € E.

On the other hand, any (2',%') on 2’2 — 4/ > 1 has a neighborhood that does not intersect E. Accordingly, E =
{rxy:0< 2% —y? <1}

The boundary of E is therefore Bd E = {z x y: 2?2 —y? = 1} U{z x y : |z| = |y|}.

Part (f) Observe that F' consists of all points on and below the hyperbola curves y = 1/x but excluding any point in
{0} xR.

For any point not in {0} x R that is below y = 1/, there is some neighborhood of that point that is contained by F'.
Every point on or above y = 1/ has no neighborhood contained by F. The same is true for any point on {0} x R. As a
result, Int F ={x xy:2z#0and y < 1/z}.

The closure of F clearly includes all points on y = 1/ for  # 0. In addition, every neighborhood of any point
on {0} x R intersects F'. Any point above y = 1/x has some neighborhood that does not intersect F'. Consequently,
F={zxy:z#0andy <1/} U ({0} x R).

Since F = Int FUBd F and Int F and Bd F are disjoint, it follows that Bd F' = {x xy : x # 0 and y = 1/2}U({0} xR).

Section 18

Problem 18.1. Prove that for functions f : R — R, the €-0 definition of continuity implies the open set definition.
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Solution: Suppose f : R — R is continuous on R by the e-§ definition. Given an open set W of R, if f~1(W) is
empty, then the inverse image of W is trivially open. Otherwise, if zg € f~1(W), then there is some ¢ > 0 such that
(f(xzo) — €, f(xo) +€) C W. Since f is continuous at zg, there is some d(e) > 0 such that if | — 20| < §(€), then
|f(x) — f(zo)| < e. Letting C = (z¢ — 6(€), 0 + (€)), it follows that if z € C, then f(x) € W; therefore, C C f~1(W).
Since every g € f~1(W) is contained in some open set C' C f~1(W), we infer that f~(W) is a union of open sets in R
and is therefore open.

Problem 18.2. Suppose that f : X — Y is continuous. If f is a limit point of the subset A of X, is it necessarily true that
f(x) is a limit point of f(A)?

Solution: No, this isn't necessarily true. Suppose f is a constant function where f(X) = {7} for some v € Y. It follows
that f(x) = ~, which is not a limit point of f(A) because any neighborhood of f(z) cannot intersect f(A)\{f(z)} =

SN}

Problem 18.3. Let X and X' denote a single set in two topologies T and T', respectively. Let i : X' — X be the identity
function. (a) Show that i is continuous < T' is finer than T. (b) Show that i is a homeomorphism < T' =T.

Solution: Part(a) Suppose i is continuous. Given a basis element B of X, the set f~1(B) = V' is open in X'. Since i
is the identity function, z € B if and only if x € V’, so B = V'. Further, if x € V', there is a basis element B’ such that
xr € B'CV’' = B. By Theorem 13.3, 7" is finer than T.

Conversely, suppose 7" is finer than 7. If U is an open set of X, then i~}(U) = U. Because 7" is finer than T, the
set U is open in T'. By definition, i is continuous.

Part(b) If i is a homeomorphism, then i and i~! are each continuous. Applying the result in part (a), it follows that
T is finer than T and T is finer than 7’. Hence 7' =T.

Conversely, suppose 7’/ = T, in which case a set is one topology is open if and only if the set is open in the other
topology. Since i is obviously bijective, it has an inverse i ' : X — X', which we will denote as j. If U is an open set
in X, then i~Y(U) = U is open in X’. Similarly, if U’ is an open set in X', then j=1(U’) = U’ is open in XtopoT.
Consequently, i and =1 are continuous, so i is a homeomorphism.

Problem 18.4. Given zo € X and yo € Y, show that the maps f : X — X xY and g:Y — X XY defined by f(x) = x X yg
and g(y) = zo X y are imbeddings.

Solution: The function f is an injection. Given a,b € X, we have f(a) = (a,y0) = (b,yo) = f(b), so a = b. The set
X X 9o is a subspace of X x Y. Let f': X — X X yo be obtained from f. Clearly f’ is a bijection, so it has an inverse
(f)71: X x yo — X. Observe that f(x) = (fi(z), fo(z)) where f; is the identity function and f, is a constant function
(where every x is mapped to yo). Since fi and f, are continuous, by Theorem 18.4 f’ is continuous. On the other hand,
by Theorem 15.1 and Lemma 16.1 a basis of X x Y is the collection { B, X yo : B, is a basis element of B}. Accordingly,
(f)"Y(Bs,90) = B,, which is open in X, so (f’)~! is continuous. Since f’ is a homeomorphism, we conclude that f is
an imbedding of X in X x Y.
Following the same argument, ¥ is an imbedding of Y in X x Y.

Problem 18.6. Find a function f : R — R that is continuous at precisely one point.

Solution: We can use a variation of the Dirichlet function:

r if zeQ,
ﬂ@:{OifxemQ

This function is continuous only at z = 0. Let U be a neighborhood of f(0) = 0, which must contain a basis element
V = (a,b) where a < 0 < b. We have f(V) = {z € Q:a < 2 < b}, which is a subset of U. Thus f is continuous at
z=0.

On the other hand, f is not continuous at any ¢ # 0. We may assume without loss of generality than ¢ > 0. If c is
rational, the interval (0, 2¢) is a neighborhood of f(¢) = ¢. Any neighborhood V' of ¢ must contain the basis element («, )
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where a@ < ¢ < . By the density of irrational numbers, there is some irrational number in («, 3); therefore 0 € f(V),
so f(V') cannot be a subset of (0,2c). by Theorem 18.1(4), f is not continuous at any rational number other than 0. If
¢ is irrational, then the interval (—c¢/2,¢/2) is a neighborhood of f(¢) = 0. Any neighborhood V' of ¢ will include some
rational number d > ¢, so d € f(V’), so f(V') cannot be a subset of (—c/2,¢/2). Again by Theorem 18.1(4), f is not
continuous at any irrational number.

We conclude that f is continuous only at = = 0.

Problem 18.9. Let {A,} be a collection of subsets of X; let X =], Aa. Let f: X =Y, suppose that f|A, is continous
for each «v. (a) Show that if the collection {A,} is finite and each set A, is closed, then f is continuous. (b) Find an example
where the collection { A} is countable and each A, is closed, but f is not continuous. (c) An indexed family of sets {A,} is
said to be locally finite if each point x of X has a neighborhood that intersects A, for only finitely many values of «. Show
that if the family {A.} is locally finite and each A, is closed, then f is continuous.

Solution: Part (a) Since f|A, is continuous, by Theorem 18.1 for every closed set B of Y, the set (f|A,) !(B) is closed.

It follows that:
1B = J(f14a) 71 (B),

«

where by hypothesis the union is finite. Since each (f|A,)~*(B) is closed, this union is closed. By Theorem 18.1, f is
continuous.

Part (b) Let (z,) be a strictly increasing sequence of all rational numbers greater than or equal to zero, and let
A, = [zp,xn41) for all n € N. Clearly each A, is closed; further, | J,, A, = Rx>g. Define f : R>o — R such that each
restriction f|A,(a) = x,. Since f|A, is constant on each A, it is continuous. But f is clearly not continuous on R>;
there is a discontinuity at every rational number greater than zero.

Part (c) Suppose {A,} is locally finite and | J,, Ao = X; further assume each A, is closed and each f|A, is continuous.
Let B be a closed set in Y. We know f~1(B) = J,,(f|4a) *(B). We will show that f~!(B) is closed because it equals
its closure. Given xo ¢ f~!(B), there is a neighborhood U of z, that intersects a finite number of A,. Designate N as

the set of all these ao. We have:
Cay = |J (fl40)7H(B).
aeEN

By Theorem 18.1 each (f|A,)~1(B) is closed, so this finite union is closed. Therefore V = X\C,, is open in X. Since
xo & f~1(B), we infer that 2o € V. Then UNV is a neighborhood of z that does not intersect R, from which it follows
that z ¢ f~1(B). Hence f~1(B) = f~1(B) and f~!(B) is closed. By Theorem 18.1 f is continuous.

Problem 18.10. Let f: A — B and g : C — D be continuous functions. Let us define a map f x g: Ax C — B x D by the
equation (f x g)(a x ¢) = f(a) x g(c). Show that f x g is continuous.

Solution: A basis for B x D is the collection {U x V : U is a basis element of B and V is a basis element of D}.
Given a basis element U x V, it follows that f~1(U) are g~*(V) are open. By the definition of a product topology,
(fxg) YU xV)=fYU)x g *V)isopenin Ax C. Hence f x g is continuous.

Problem 18.11. Let F: X XY — Z. We say that F' is continuous in each variable separately if for each yo in Y, the map
h: X — Z defined by h(x) = F(x X yo) is continuous, and for each xq in X, the map k : Y — Z defined by k(y) = F(xo x y
is continuous. Show that if F' is continuous, then F' is continuous in each variable separately.

Solution: Suppose F' is continuous. Given yg € Y, for each z¢ €, let U be a neighborhood of h(zo) = F(xo,y0). It
follows that F~1(U) = V x W is open in X x Y, and (x¢,%0) € V x W. By the definition of the product topology, there is
a basis element B of X such that o € B. Therefore h(B) = F(B x {yo}) C U. By Theorem 18.1(4), h is continuous for
every yo € Y. A similar argument shows k is continuous for every zyp € X. We conclude F' is continuous in each variable
separately.

Problem 18.12. Let F': R x R be defined by the equation:

[ oay/(@P+y?) i xxy#£0x0.
F(xxy)_{o if zxy=0x0.
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(a) Show that F is continuous in each variable separably. (b) Compute the function g : R — R defined by g(z) = F(z x X).
(c) Show that F is not continuous.

Solution: Part (a) To make things easy, I'll use basic analysis to prove continuity. For each yo € Y, define:

x 22 +y2) if =z 0 or 0,
hy, = F(z x yo) = { 03/0/( Yo) . xox#y A Oygé

If yo # 0, for any c € R:

lim Ay, (z) = lim T o

T—c r—ec 2 4 y% - 2+ y(% = hyo (C)’

showing that h,, is continuous on R. The foregoing also shows that if yo = 0, then hg is continuous for all x # 0. If
1Yo = 0, then:
0
lim ho(z) = lim — = 0 = ho(0).

z—0 z—0 g2

Therefore hg is continuous at x = 0, as well. It follows that h,, is continuous for all y5 € R. A similar argument shows
ko (y) = F(xo X y) is continuous for all zo € R. Thus F is continuous in each variable separately.
Part (b)

2

1
g(w):F(mxx):{ghrI?—Q if x#0,

if ==0.

Note that g is not continuous. Let U = (—1/4,1/4), which is a neighborhood of g(0) = 0. Any neighborhood V" of 0
will contain a basis element (a,b) where a < 0 < b. Thus g(B) = {0,1/2} C g(V), so g(V') cannot be a subset of U. By
Theorem 18.1(4), g is not continuous on R (but it is continuous on R\{0}.

Part (c) Observe that if z = y # 0, then F(z,y) = 1/2. Let B = {1/2}, which is closed. Thus F~1(B) = {(z,z) :
x € R\{0}}. The set F~1(B) is not closed because (0,0) ¢ F~!(B) but is in its closure. By Theorem 18.1(3), F is not
continuous.

Section 19

Problem 19.3. Prove Theorem 19.4.

Solution: Given distinct x,y € [[, X, there is some § such that x5 # y;. Because X;s is Hausdorff, there is some
neighborhood Uy of x5 and Vi of y; that are disjoint. Define U =[], Ay and V =[], B, as:

| Xo if a#d, | Xo if a#,
Aa_{U’ if a=29, BO‘_{V’ if a=29.

In either the box or the product topology, U and V' are neighborhoods of x and y, respectively, in [ X,. Since U’ and
V' are disjoint, U and V are disjoint. We conclude that [] X, is Hausdorff.

Problem 19.4. Show that (X; x --- x X,,_1) X X,, is homeomorphic with X1 X -+ X X,.

j=
A simple verification shows that f is a bijection. Therefore f has an inverse f~1: Z — Y x X,, where f~Y(ay,...,a,)
((al, ey an_l), an).

If f and f~! are continuous, then Y x X,, is homeomorphic with Z. Since both are finite products, their topologies are
the same under both the box and product topologies. Therefore any set of the form H?Zl Bj where B; is a basis element

Solution: Designate Y = Hfl_ll X, and Z = H;‘L:1 X,. Define f: Y xX,, = Z as f((a1,.-.,an_1),an) = (a1,...,a,).

of X is a basis of Z. Similarly, any set of the form H;:ll Bj is a basis elements of Y. Obviously B, is a basis element of
X,,. It follows that:

f71(317 v aBn) = ((Bh e 7B71,—1)7Bn)a

is open in Y x X,,, so f is continuous.
A similar argument shows that f~! is continuous. Therefore Y x X,, is homeomorphic with Z.

Problem 19.5. One of the implications stated in Theorem 19.6 holds for the box topology. Which one?

Page 12



Solution: Since the box topology is finer than the product topology, any open set in the latter is open in the former.
Therefore if f is continuous in the box topology, it must be continuous in the product topology. The topologies of each
X, are unchanged. Applying Theorem 19.6, each f, is continuous.

Problem 19.6. Let xq,xo,... be a sequence of the points of the product space [| X,. Show that this sequence converges to
the point x if and only if the sequence 7, (X1),Ta(X2), ... converges to m,(x) for each . Is this fact true if one uses the box
topology instead of the product topology?

Solution: Suppose each 7, (x1), 7o (X2), ... converges to m,(x). Let U be a neighborhood of x in [] X,. There is some
basis element V' = [ B, contained in U that contains x. For each a designate K, € N such that if n > K, then
To(Xn) € Bo. Note that for each « either B, = X,, or B, is some other basis element of X,,. If the former, K, =1
since every element in (x,,) is in X,; otherwise, since (7 (X, )) converges to m,(x), there is such a K. Since the product
space is in the product topology, there can be only a finite number of K, > 1. As a result, K = sup{K, : K, > 1} exists.
Therefore, if n > K, then x,, € V. Hence (x,,) converges to x.

Conversely, suppose (x,,) converges to x. Let U’ be a neighborhood of 7, (x). There is some basis element B’ of
X, contained in U’ that contains 7, (x). By the definition of the product topology, there is basis element Hﬁ Bj; where
B = Xp for § # a and By, = B;,. By hypothesis, there is some K’ € N such that if n > K’, then 7.(x,) € By = B'.
Therefore 7, (x,,) € U’ if n > K,. We conclude that 7, (x,,) converges to m,(x) for all c.

We argued the converse without reference to anything specific to the product topology, and it will hold equally true
for the box topology. Therefore if (x,,) converges to x, each 7, (x,) converges to 7, (x) in the box topology. In the other
direction, however, we relied upon the property of product topologies that any basis element of [[ X, has a finite number
of elements in the product that are proper subsets of X, . It turns out that is not necessarily true that in the box topology
if each (ma(x,,)) converges to m,(x) then (x,) converges to x. Let (x,) be a sequence over R“ in the box topology
where x,, = (1/n,1/n'/2,1/n1/3,...) for all n € N. Obviously each (74(x,)) converges to 0. Let U be the neighborhood
((—=1/e,1/e),(—=1/e,1/e),...), which is a neighborhood of 0. Suppose that there is a K € N such that if n > K, then
x, € U. Therefore for any b € N, it must be that 1/k1/b < 1/e. This requires, however, that b < InK, so if b > In K
then 1/K'/® > 1/e Since this is true for any K, it follows then there can be no such K for the neighborhood U. Therefore
(x5,) does not converge to x even though each of its coordinate sequences does.

Problem 19.7. Let R* be the subset of R“ consisting of all sequences that are "eventually zero,” that is, all sequences
(x1,a,...) such that x; # 0 for only finitely many values of i. What is the closure of R> in R“ in the box and product
topologies? Justify your answer.

Solution: In the product topology, any sequence () is in the closure of R*>. If U’ is a neighborhood of (x,,), a basis
element of U must be of the form B = Ua B, where only a finite number of B, # R. As a result, a finite number of B,,
do not contain 0. Therefore B intersects some (z,) € R*, so U’ intersects (z,,). Hence the closure of R* is R¥.

Now we will examine the box topology. Let (z,) be a sequence in R“ that is not ultimately zero (i.e., (x,) ¢ R*).
It follows that there are an infinite number of j where z; # 0. Let U be a set in the form (Uy,Us,...) where Uy is a
neighborhood of x; and, for any z; # 0, the neighborhood U}, does not contain 0 (which must exist because (z;/2,x;)
is open for positive z; and (z;,;/2) is open for negative x;). By the definition of the basis for the box topology, U is
open. Clearly then, U is a neighborhood of (x,,) with an infinite number of constituent neighborhoods that do not contain
0 . Since any member of R* has a finite number of non-zero terms, U cannot intersect R™. Therefore (z,,) ¢ R>®. We
conclude that R = R>°. In other words, R* is closed.

Problem 19.8. Given the sequence (a1, as,...) and (by,bs,...) of real numbers with a; > 0 for all i, define h : R¥ — R% by
the equation h(x1,xs,...) = (a121 + b1, asxo + ba,...). Show that if R is given the product topology, h is a homeomorphism
of R¥ with itself. What happens if R“ is given the box topology.

Solution: Let ¢ : R — R where, for a given real ay, by, where a;, > 0, we define ¢y (zx) = arzy + bg. This function is a
bijection. If (bk(l‘k) = axri + b = agyr + b = ¢k(yk), then z = yi. Given any z; € R, we have qbk((zk — bk)/ak) = Zk.
Thus ¢y, is injective and surjective.

The function ¢y, is also order-preserving. If xi < yi, then ¢p(zr) = arzr + b < apyr + bk = dr(yr). It is then easily
shown that ¢y, is a homeomorphism from R to R. If A is a basis element of R, it is of the form A = (a, 3). Because ¢y is
order-preserving, ¢r.(A) = (axa + by, ayB + by), which is open. Similarly ¢, ' (A) = ((a — bx)/ay, (B — b)/ax, which is
also open. Therefore ¢} and qb,;l are continuous.
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The solution for the product topology is then trivial. Observe that:

h(xl,.%‘g,. . ) = (¢1(l’1),¢2(l‘2),...) and h_l(l‘l,a',‘g, .. ) = (¢f1(x1),¢51(x2), .. )

The function h is bijective because it is the product of bijective functions. By Theorem 19.6, such each ¢, and ¢_! is
continuous, so h and h~! are continuous. Therefore h is a homeomorphism from R* to R¥.

The function h is also homeomorphic from R¥ to R“ in the box topology. If U is any basis element of R“ in this
topology, it is of the form U = Uj U; where U; is basis element of R comprising some (7;,d;). Therefore h=1(U) =
(671 (UL), 3 1 (Us),...) = (V1, Va,...) where each V4 is open in R. Thus h=!(U) is open and h is continuous. Using an
analogous argument, h~! is continuous. The conclusion follows.

Problem 19.9. Show that the choice axiom is equivalent to the statement that for any index family {As}acs of nonempty
sets with J # 0, the cartesian product ], ; is not empty.

Solution: Let’s assume the validity of the axiom of choice. Let A =[], ; Aa be any non-empty collection of non-empty
sets. By Lemma 9.2, there is a function ¢ : A — |J,c, Ao Where ¢(A,) € A, for all a. Then define v : J — A where
Y(a) = Aq. Clearly 9 is bijection. The function ¢ o) : J — | J,c, Aa therefore exists. By the definition of a generalized
Cartesian product, ¢ 09 € [],c; Aa- The product is not empty.

Conversely, suppose A is not empty. Let ¢ be an element of the product, so ¢ : J — |J,c, Aa- Since 1 is bijective, its
inverse 1)1 : A — J exists. The composition (o™ : A4 — Usca Aa therefore exists and maps each A, to some element
of A,. A choice function exists thus exists. Accordingly, given a non-empty collection {D,},c; of disjoint, non-empty

sets, we can generate the set:
C={Coyp ™Y (Dy): € J},

which contains exactly one element from each D,. The axiom of choice follows.

Problem 19.9. [See problem.]

Solution: Part(a) For each «, let C, = {D C A : f;1(B,) = D for some basis element B, of X,}. Let U =
Uacs Ca U{A}, which is a subbasis of A since every element of A must be in some element of Z/. We will show that the
topology T generated by U/ must be a subset of any other topology 7’ on A such that each f, is continuous with respect
to this topology. Let U be an element of U, which must equal f;!(B,) for some basis element B, of some X,,. But since
fa is continuous with respect to 77, it follows that U must be open in 7. Consequently, 7 C 7. Therefore 7' must be
the uniquely coarsest topology on A such that every f, is continuous.

Part(b) Let 7" be the topology generated by the subbasis S. Given an open set D in 7", it must be that D is the
union or finite intersection of elements of S. Let V' € S be one of these elements. It follows that V is the preimage of
some open set W in X, for some «. Since W is the union some collection of basis elements in X, it follows that V is
the union of the preimage of these basis elements under f,, each of which must be a member of ¢/. The union or finite
intersection, as applicable, of these preimages is then D. Therefore D is open in 7,s0 7' C T.

Conversely, since every basis element in any X, is open in X, it follows that each C € U/ is also in §. Hence T C T".
Therefore the two topologies are equal, so S is a subbasis of A.

Part(c) Suppose g : Y — A is continuous in relation to the topology 7 of A. By hypothesis, if U is open X,, then
foH(U) is open in A. Therefore, g~ (f~1(U)) = gt o f,1(U) is open. Therefore f, o g is continuous.

Conversely, suppose f, o g is continuous for all .. Let U be open in A under 7. We will show that g~*(U) is open in
Y. Since S is a subbasis of T, the set U is either the union or finite intersection of elements of S:

U=UgpesBs or U=[ge;Bs

where each Bg € S. In the case of the intersection, J must be a finite set. Each Bg belongs to some S, so we can
"partition” {Bgs} as follows:
T.={Bs: f;'(U,) = Bg for some open U, € X,}.

Designate:
Vo = {Us : £ (Uqs) € Ty and V, is open int X, }.

The preimage f,,1(V,) is open because each f, is continuous with respect to 7. Since f, o g is continuous, it must be
that g7 (f71(Va() = g7 (T%) is open. Now observe that:

U=UasecsUpser, Bs o U=acsNpyer, Bs
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Therefore:
g =9 (J U B)=Us'| U Bs],
a€J BseTy a€J Bg€T,,
or
g @ =9 () B=[g"| [ Bs|.
a€J BseTy acJd Bp€T,

Since g1 (UBﬂeTa Bg) and g~ ! (ﬂBﬁeTQ BB) are open, it follows that g~ (U) is open in Y. Because this is true for

every open set U in A under topology T, we conclude g is continuous.

Part(d) We will prove the proposition by generating an open set in the subspace whose inverse image under f is a given
open set in A. Let U be open in A under the topology 7. Each basis element B contained in U is the finite intersection
of elements of S since the latter is the subspace that generates 7. Therefore:

N N
By = (5= [ /5 (Vo)
k=1 k=1

where S, € S and V,, is open in X, . Designate K as the set of all v, (i.e., a finite set of the indices of the spaces that
contribute the subspace elements that generate Bg. For each «, define:

T o Xa for a¢ K,
Tl MNyza Vo for ae K.

Now let W’ =[], T.. Observe that W’ must be open in [[, X, because each T, is either all of X, (which it trivially
open) or is the finite intersection of open sets in X,. The set W = W' N f(A) is then open in the subspace f(A) of
[1,, X« by the definition of the subspace topology. Since f;1(A) = fi1(Xa N fa(A)) = A, we have:

N
ftwy =7t (f(A) N HTQ> = AN()fa(To) = AN () £, (Vy,) = Bg.
« « k=1

Thus f(Bg) = W, which is open the subspace f(A) of [[, X4. It follows that U is the union of all basis elements Bg
contained in it; thus f(U) is the union of open sets in the subspace f(A) and must be open. We conclude that the image
of every open set in A under 7 is an open set in the subspace f(A) of [], Xa.

Section 20

Problem 20.1. [See problem.]

Solution: Part (a) We will prove part (b) first. The solution to part (a) is a specific case of the result there.

Part (b) Assume, as prompted, that d’ is a metric on RY. Let U = H;V:]_(aj,bj) be a basis element of the product
topology on RY and x be an element of U. For each j there is some ¢; such that (x —¢j,z+¢€;) C (aj;,b;). We can find
it by letting j = inf{|a; — z;|, |b; — x;|}. Now let e = inf{€j}§\]:1. Given y € By/(x,€), it must be that:

1
N /P

Z|£L’jfyj|p < €.

Jj=1

Hence |z; —y;| < e <¢j,soy € U and x € By (x,¢) C U. Therefore the metric topology induced by d' is finer than the
product topology.
Conversely, let By/(x,€) be a basis elemnet of the metric topology induced by d’. Given y € By (x,€), let Ae =

e —d'(x,y). We may generate:
N
Ae Ae
' Hl (yj Tonue ¥ T 2N1/P) ’
J:
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which is a basis element of the product topology. Given z € §, we have:

d'(x,z) < d'(x,y) + d'(y, 2)

N 1/p N A . 1/p R »
=d i — 2" ! _=2e _ eP
_d(x7y)+ jz::lkyj ZJ| <d(X7y)+ ;(2]\71/17) —d(X,y)+|:N2pN:|

/ ’
:d/(x7y)—|—§:d/(x7y)+f_mzf+w<E+§:€_

2 2 2 2 2 2 2

Thus z is contained in By (x,€), so V C By (x,¢) and the product topology is finer than the metric topology induced by
d’. We conclude that the product topology and metric topology are equal.

Part (a) Redux We prove part (a) by letting p = 1 in the result in part (b). In R2, each basis element By (x, )
corresponds to the points within a diamond-shaped region centered at the x and tips at (z +¢€,y), (z,y —€), (x —€,y), and
(z,y + €). For example with By (0,1), this diamond has tips at (1,0), (0,1), (—1,0), and (0,—1).

Problem 20.2. Show that R x R in the dictionary order topology is metrizable.

Solution: Define the function d: (R x R) x (R x R) — R as:

1 for a1 # y1,

d(w1 X 22,1 X ) = { inf{|ze — ya|,1} for z1 =yi.

It is easily shown that d is a metric based on the examples in the text, so we'll skip that step here.
A basis of the dictionary-order topology on R x R consists of all sets (a x b,a x d) where b < d. Let U be such a basis
element and let x be an element of U. There is some € € (0, 1) such that:

(fEQ — €, + 6) - (b, d)

Let 1 = a. The set (1 X (x3 —€),x1 X (x2 + €)) equals to the e-ball centered at x, which is contained in U. If
y € By(z,€), then since y; must equal x1 because ¢ < 1. Therefore d(x,y) = |x2 —y2| < €, 50 y1 X yo € U by the
definition of €. As a result, the metric topology induced by d is finer than the dictionary-order topology.

Conversely, let B = By(x,¢€). If e > 1, then B = R x R, which is open in the dictionary-order topology. Otherwise,
e €(0,1), so B = (1 X 22,21 X y2). But B is also a basis element of the dictionary-order topology. Thus the dictionary-
order topology is finer than the metric topology induced by d. We conclude that the metric topology and dictionary-order
topology are equal, and thus the dictionary-order topology is metrizable.

Problem 20.3. Let X be a metric space with metric d. (a) Show that d : X x X — R is continuous. (b) Let X’ denote a
space having the same underlying set as X. Show that ifd : X’ x X' — R is continuous, then the topology of X' is finer than
the topology of X.

Solution: Part (a) Let U be a basis element of R, so U = (a,b) for some a < b. It follows that d=1(U) = {x x y €
X x X :d(z,y) € (a,b)} (in other word, each pair of points in X x X that are a distance between a and b of each other).
Given x x y € d"1(U), let € = inf{b — d(z,y),d(x,y) — a} and V,,, = Ba(x,€/2) x Bq(y,€/2). If u x v € V,,, then:

d(u,v) < d(u, @) +d(@,0) < d{u,2) +d(@,y) + d(y,v) < 5 +d(w,y) + 5 = b—d(e.y) +dlz,y) = b,
so the points u and v must be within b of each other. Further,

d(z,y) < d(z,u) + d(u,v) + d(v,y) < e +d(u,v) = d(z,y) — a+ d(u,v).

It follows that a < d(u,v). Accordingly, u x v € d~(U). Since this is true for every = x y € d=(U), we infer that:

a7 = |J Ve

axyed—1(U)

As this is a union of open sets in X x X, we conclude that d~'(U) is open. Thus d is continuous.

Page 16



Part (b) Suppose d : X’ x X’ — R is continuous. From exercise 18.11, d is continuous in each variable separately
over both domains, as well. As a result, for any yo € X’ (which is also an element of X), the functions h,, : X’ — R
where hy,(z) = d(x,yo) and hy : X — R where by (x) = d(x,yo) are continuous. Any basis element of X is of the form
B = By(yo,€). Observe that h '((0,€)) = B since a point is in B if and only if it is within a distance of ¢ from yo. But
since i and /' are the same mappings, h,'((0,€)) = B, so the set B is open in X’ by the continuity of h,,. Because every
basis element of X is open in X', it follows that X’ is finer than X.

Problem 20.4. [See problem.]

Solution: Part (b) Skipped.
Part (b) In summary, these sequences converge in the various topologies as follows:

Box Topology | Product Topology | Uniform Topology
(w,) v
(zn) 4 v
(Yn) v v
(zn) v v v

Observe that each of these sequences has elements with an arbitrary number of zeroes. Accordingly, each must converge,
if at all, to 0. We'll confine ourselves then to looking at neighborhoods of 0 in all topologies.

Sequence (w,). Let U be a neighborhood of 0 in the box topology corresponding to [[r- ;(—c, &) where o > 0. For
n €N, if n > «, then:

n zeroes

which cannot be contained in U. Therefore (w,,) does not converge in the box topology.

Let V be a neighborhood of 0 in the product topology. It follows that V =[]~ Vi where a finite number of V}, are a
proper subset of R that contains 0 (since V is a neighborhood of zero). Let N be the largest index of Vj that is a proper
subset of R. If n > N, then for 1 < k < N we have (w,)r = 0 € V4, for for k > N, we have (w,)r € R = Vj. Hence
(wy,) converges in the product topology.

Given B;(0,¢) for any € € (0,1) in the uniform topology, if n > € (which is every valid n), then (w,); = n for k > n.
Thus |(wp)r — 0] =n > €, so w, ¢ B5(0,€). The sequence (w,,) does not converge in the uniform topology.

Sequence (z,,). Let U = [[;—,(—1/2%,1/2F) in the box topology. For any n € N, if k > log, n, then (z,,);) =
1/n > 1/2% so x,, ¢ U. Therefore (x,) does not converge in the box topology.

In the product topology, (z,,) converges for the same reason that (w,,) converges there.

Any neighborhood W of 0 in the uniform topology contains B;(0,6) for some § € (0,1). If n > 2/4, then (xy,)r =0
if k <n,so|(zy)r—0]=0<3d. If k>n, then |(z,)r —0)| = 1/n < §/2. Accordingly, sup{|(x,)k|}72; < /2 <6, so
x, € B5(0,6) C W. We conclude (z,,) converges in the uniform topology.

Sequence (y,). In the box topology, let U = [],—,(—1/2%,1/2%). For any n € N, it follows that 1/n > 1/2", so
(Yn)n & (—1/2™,1/2™). Hence (y,) ¢ U for any n, so (y,) does not converge in the box topology.

Let V' be a neighborhood of 0 in the product topology. Hence V contains V' =[]~ V) where, for some § > 0, we have
V/ = (—4,9) a finite number of k. All other V; =R. For n > 1/6 and 1 < k < n, it follows that 0 < (y,)r = 1/n <,
S0 (Yn)k € Vi. Since Vi, = 0 € Vi, = R for k > n, we conclude that y,, € V. Therefore (y,,) converges in the product
topology.

Let W be a neighborhood of 0 in the uniform topology, which must contain B;(0,¢€) for some € € (0,1). If n > 2/e,
then for 1 < k <n, we have |(y,)r — 0| = 1/n < €/2; for k > n, we have |(y,)r — 0| = 0. As a result, sup{|(z»)x|}7>; <
€/2 < €. Therefore (z,) converges in the uniform topology.

Sequence (z,). Let U be a neighborhood of 0 in the box topology. This set must contain [, (—~,) for some
v > 0. If n > 1/, then for k € {1,2} it follows that (z,)r = 1/n <y and (z,)r = 0 for all kK > 2. Accordingly, z, € U,
so (zp) converges in the box topology.

We infer that (z,) converges in the product topology because it is coarser than the box topology.

The sequence (z,,) converges in the uniform topology for the same reason as (y,,), but with (z, ) # 0 foronly k € {1,2}.

Problem 20.6.
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Solution: Part (a) Let y = [[,2, (zx + €(1 — 1/k)) where € € (0,1). Obviously y € (zy — €,z + €) for all k € N, so
y € U. Further |z, — yi| = |zr — 2x —e(1 — 1/k)| = (1 — 1/k). It follows that:

p(xy) = sup{e(l — 1/k)}7, = e

Therefore y ¢ B;(x,€). The two sets are not equal.

Part (b) If U is open in the uniform topology, it is the union of some collection of e-balls. Using y defined in part (a),
there must be an e-ball centered at y that is contained in U. Let V' = Bj(y,2d) for some 6 > 0. Let z be a point in this
20-ball where z,, =y, + 9. For K € N, if K > ¢/6, then for n > K:

1 1
l‘n—l‘n—(S—E(l—>’=‘5+€(1—)’>|(5+€—5|26.
n n

Accordingly, p(x,z > €, so Bj5(y,26) is not contained in U for any 6 > 0. We conclude that U cannot be open in the
uniform topology.

Part (c) Giveny € Bj(x,¢), it follows that p(x,y) = sup{|zr — yr|}32; < €. Thereissome d where sup{|z; — yr|}32; <
d < ¢, hence |z — yx| < 0 for each k € N. Accordingly yi € (zx — J,xx + 0) for each k. Since 'y € U(x, ), it follows that
Bjs(x,€) is a subset of (J;_. U(x,9).

Now let z € (Js.. U(x,9). Given § where z € U(x,6), for each k we have |z — 2x| < d. Consequently, § is an
upper bound on this set, so sup{|zy — zx|}32; < 6. It follows that p(x,z) < § < e and y € Bj(x,€). Therefore

Bs(x,€) = Us U(x,9).

d(®n, 2n) = |Tn — (Yn +9)| =

Section 21

Problem 21.1. Let A C X. Ifd is a metric for the topology of X, show that d|A x A is a metric for the subspace topology
on A.

Solution: Designate f: A x A — R where f = d|A x A and the topology generated in A by it 7. Clearly if a,b € A,
then f(a,b) = d(a,b). Suppose B = Bgy(a,e) N A in subspace A and C' = By(a,¢€) in A (not the subspace!l). If c € B,
then c € A and d(a,c) = f(a,c) < ¢, so ¢ € C. On the other hand, if d € C, then d € A and f(a,c) = d(a,c) < ¢, so
d € B. Hence B equals C.

Given a basis element U of subspace A4, it follows that U = By(x,¢) N A for some x € X and € > 0. For anyy € U, it
must be that y € A and there is By(y,d) N A contained in A. By the previous result, By(y,d) N A = By(y,d), which is
a basis element in A that is contained in U. Hence 7T is finer than the subspace A. Conversely, given the basis element
U' = By(y',¢') in A, the ball Bf(y’,d’) N A equals U’ and is a basis element of the subspace A. Therefore the subspace
A is finer than 7. We conclude that the two topologies are equal. Hence f is a metric that induces the subspace A's
topology.

Problem 21.2. Let X and Y be metric spaces with metrics dx and dy, respectively. Let f : X — Y have the property that
for every pair of points x1,xo of X, dy(f(x1), f(x2)) = dx(x1,22). Show that f is an imbedding. It is called a isometric
imbedding of X inY.

Solution: Let g : X — f(X) be a restriction of f where g(z) = f(z) for all x € X. Obviously g is surjective. For any
1,29 € X, if g(x1) = g(xa) = y, then dy(g(x1),9(x2)) = dy (y,y) = 0 = dx(x1,22). By the definition of the metric,
T1 = T3, so g is injective. It follows that g is bijective.

Next we will show that g is continuous. Let ;1 € X and € > 0 be given. If 23 € X where dx(z1,22) < ¢, then
dy (9(x1), g(x2)) = dx(x1,22) < €. By Theorem 21.1, g is continuous.

Now we will show that g=! (which exists since g is bijective) is continuous. Let y; € Y and € > 0 be given. Suppose
y2 €Y and dy (y1,y2) < €. If g(x1) = y1 and g(z2) = yo, then dy (y1,y2) = dy (g(z1), g(x2)) = dx(x1,72) < €. So g~ !
is continuous as well. We conclude that f is an imbedding of X in Y.

Problem 21.3.
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Solution: Part (a) Let U be a basis element for the product space, so U = [[}_; Uy where Uy = By, (zy, €x) for some
xp € Xk and € > 0. Given y € U, for each k there is a 0-ball By, (y,d) for some J; > 0 contained in Uy. Let
M = inf{6x}}_,. We will show that B,(y, M) is contained in U. If z € B,(y, M), then di(yx,2zx) < M < 0, so
2 € B, (yk, 0x) C Uk. Therefore z € U. It follows that the metric space with metric p is finer than the product space.

Now let V' = B,(x,€) be a basis element of the metric topology for some ¢ > 0 and x € [];_, Xj;. It follows that
V =TI¢_, Vi where V; = By, (2, €) (it is easy to show that each formulation is a subset of the other). But V is open
in the product topology because each Vj is open in the metric space X;. We infer that the product topology is finer than
the metric topology, so the two topologies are equal.

Part (b) This question requires us to generalize Theorem 20.4. Following the arguments in Theorem 20.4, D satisfies
that properties of the metric. Next we will show that the metric topology and product topology are equal.

Let U be open in the metric space with metric D. Given x € U, there is an e-ball Bp(x,¢€), Let N € N where
0 < 1/N < €/2 and define the set V as:

V:BD1($1,6/2) X oo X BDN($N76/2) XXN+1 XXN+2 Xovee

Clearly V' is open in the product topology since there are only a finite number of elements in the product that are a proper
subset of Xj. We will show that V is contained in U. For k > N:
d,

1_1
k k

If 1 <k < N, then di(xr,yr)/k < €/2. Accordingly sup{dj(xj,yj)/j};?';l <€/2 <€ soy € U. Therefore the product
topology is finer than the metric topology.

Next, suppose W' is basis element in the product topology. For any w € W', we can find another basis element
W = Tl W} contained in W’ where, for a finite set {a;}, the set Wa, = Bj(wa,,0q;) for some d; > 0, and for all
other k the set Wy = Xj. Let 0 = inf{d,,/a;}, which must be greater than zero since this set is finite. Now designate
Z = Bp(w,0). Given z € Z, if j € {a;}, then d(wj, z;)/j < 6 < 6;/j, so d(wg,z;) < &;; thus z; € Wi. For all other
J. we have z; € X;; = Wi, Thus Z is contained in W, so the metric topology is finer than the product topology. We

conclude that the two topologies are equal.

Problem 21.4. Show that R, and the ordered square satisfy the first countability axiom. (This result does not, of course, imply
that they are metrizable.)

Solution: R, Topology. Let z € R. Define V, = {[z,z + 1/2") : n € N}. We will show that V, is countable. Let

¢ : N =V, where ¢, (n) = [z, +1/2"). f W = [z, +1/2") € V, for some n € N, then clearly ¢,(n) = W. Since ¢,

is surjective, by Theorem 7.1 it is countable. Now suppose U is a neighborhood of z in the R, topology. The set U must

contain the basis element [, 3) for some a < z < 3. Choose N € N such that 1/2V < 3 —z. Accordingly, [,z +1/2V)

is an element of V that is contained in [«, 5) C U. The topology R, satisfies the first countability axiom.
Ordered-Square Topology. Let z xy € I x I =[0,1] x [0,1]. If y € (0,1), define:

Ty = { (e (v = Dyys 2 ) smenf

n

It's easily shown that T}, is countable. Let ¢ : N — T, where ¢n = {z} x (y(1—y/n),y+ (1 —y)/n). Given any
{z} x (y(1 —y/n),y+ (1 —y)/n), the image of n under 1) equals this set, so 1 is an injection. The countability of T},
follows from Theorem 7.1.

Any neighborhood Uy of x X y contains the basis element {2} x (ag,bp) where ag < y < by. Simple algebra shows
that if 1/N < inf{1/y — ao/y?, (bo — y)/(1 — y)}, then y(1 — y/N) > ag and y + (1 — y)/n) < by. Accordingly,
{z} x (y(1 —y/n),y+ (1 —y)/n) € Tpx, is contained in Uy. Therefore the first countability axiom is satisfies for any

x X y where y € (0,1).
, x 1y
xxy:{<x(1—n)xl,xxn>.nEN}.

If y =0 and x # 0, define:
Similar to the arguments above, T;Xy is countable. Given a neighborhood U; of x X y, it must be that U; contains
(a1 x by,cp x dy) where a; < # < ¢p and dp > 0 = y. If 1/N < inf{l/x — a1/2%,y + (d1 — y)/(1 — y)}, then
ap <z(l—z/N)<zand0<y+(1l—y)/n) <dy. Thus (z(1 —z/N)x {1},{z} x (y+ (1 —y)/N)) is contained in U;.

The first countability axiom is satisfied for any = X y where y = 0 and = # 0.
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If  x y =0 x 0, then it is the least element of I x I. Define:

TV, = {{0} « [0, %) ‘ne N}.

Again, T, is countable. Any neighborhood Us of 0 x 0 must contain the basis element {0} x [0, b2) where by € (0, 1].
If 1/N < bq, then ({0} x [0,1/N)) is contained in Us, so the first countability axiom is satisfied.
We can use similar arguments and countable sets where y = 1. In particular:

Tozix1={(zx (1-1),(z+12%) x0):neN},
Tixi={{1} x[1,1-1):neN}.

We conclude that I x I meets the first countability axiom.

Problem 21.7. Let X be a set, and let f,, : X — R be a sequence of functions. Let p be the uniform metric on the space R~ .
Show that the sequence (f,,) converges uniformly to the function f : X — R if and only if the sequence (f,) converges to f
as elements of the metric space (R, p).

Solution: Suppose (f,,) converges uniformly to f in R. Define y,z,, € R such that y(z) = f(z) and z,(z) = fn(x) for
alln € Nand any z € X. Let U be a neighborhood of y, which must contain the ball B;(y,€) for some € € (0,1). From
the uniform convergence of (f,,), there is some N € N such that if n > N then d(f(x), fn(x)) < €/2 for all x € X. Since
€ < 1, it follows that d(f(x), f,.(x)) = d(fn (), f(z)). Consequently, if n > N, then:

ply,x) = sup{d(f (), fn(®))}oex < % <e

Accordingly z,, =€ Bj(y,¢) C U. It follows that (f,,) converges to f as elements of the metric space R¥.

Conversely, suppose (f,,) converges to f as elements of the metric space R¥. Given € > 0, let § = inf{e/2,1/2}. There
is an M € N such that if n > M, then z,, € B;(y,d). Therefore given z € X, since z,,(z) = f,(z) and y(z) = f(z), we
have:

d(f(@), fu(@)) = d(f (@), fu(@)) = d(y(2),24(2)) <6 <,

for n > M. Consequently, (f,,) uniformly converges to f in R.
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