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NOTES AND COMMENTS

FIXED-EFFECTS DYNAMIC PANEL MODELS,
A FACTOR ANALYTICAL METHOD

By JUSHAN BAT!

We consider the estimation of dynamic panel data models in the presence of inci-
dental parameters in both dimensions: individual fixed-effects and time fixed-effects,
as well as incidental parameters in the variances. We adopt the factor analytical ap-
proach by estimating the sample variance of individual effects rather than the effects
themselves. In the presence of cross-sectional heteroskedasticity, the factor method
estimates the average of the cross-sectional variances instead of the individual vari-
ances. The method thereby eliminates the incidental-parameter problem in the means
and in the variances over the cross-sectional dimension. We further show that estimat-
ing the time effects and heteroskedasticities in the time dimension does not lead to the
incidental-parameter bias even when 7 and N are comparable. Moreover, efficient and
robust estimation is obtained by jointly estimating heteroskedasticities.

KEYWORDS: Incidental parameters in means, incidental parameters in variances,
fixed-T and large-T dynamic panels, heteroskedasticity, robust estimation, efficiency.

1. INTRODUCTION

FIXED-EFFECTS DYNAMIC PANEL MODELS are usually estimated by either
the within-group method or the generalized method of moments (GMM).
The within-group estimator is biased and inconsistent under fixed 7" (Nickell
(1981), Kiviet (1995)) and the Arellano-Bond GMM estimator has a bias of
order 1/N (Alvarez and Arellano (2003)). In this paper, we argue that the
fixed-effects dynamic panel data models can be estimated by the factor ana-
lytical method, which entails estimating the sample variance of the individual
fixed effects instead of the individual effects themselves, thereby eliminating
the incidental-parameter problem. The factor estimator is consistent under
fixed T and it does not have an asymptotic bias of order 1/N or order 1/T
even under large 7. Broadly speaking, the factor estimator is consistent irre-
spective of the way in which N and T go to infinity.

In the presence of cross-sectional heteroskedasticities, the factor method
provides an estimate for the average variance (over the cross sections) in-
stead of individual variances, thus eliminating the incidental-parameter prob-
lem in the cross-sectional variance. We also consider incidental parameters in
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the time dimension. We show that estimating the time effects does not lead
to biases for the autoregressive coefficient estimator. We further study time
series heteroskedasticity motivated with two considerations. First, a chang-
ing variance appears to be an important empirical fact (e.g., Moffitt and
Gottschalk (2002)). Second, unlike standard regression analysis where het-
eroskedasticity is often a problem more of efficiency than of consistency, im-
posing homoskedasticity leads to inconsistency for dynamic panel models if
heteroskedasticity exists under fixed 7'. This has led to the robust considera-
tion of Alvarez and Arellano (2004) by allowing heteroskedasticity. However,
a concern arises as to whether estimating a large number of variance parame-
ters (under large T') will lead to an incidental-parameters bias, similar to the
Arellano-Bond estimator analyzed by Alvarez and Arellano (2003). We show
that bias does not arise. Also, efficient and robust estimation is obtained by
allowing heteroskedasticity. We also provide a novel argument of consistency
in the presence of an increasing number of parameters.

2. THE MODEL, NOTATION, AND ASSUMPTION

We start with a simple dynamic model without regressors. This simplifies
notation and exposition. The case with regressors is examined in Section 5.
Consider

yitzni+6t+pyit—l+uit7 i=1,2,...,N;t=1,2,...,T,

where 7, are individual effects, 8, are time effects, and u;, are unobservable
errors. This model has been widely studied, for example, by Anderson and
Hsiao (1981), Arellano and Bond (1991), Blundell and Smith (1991), Ahn and
Schmidt (1995), and Alvarez and Arellano (2003). We assume u;, are indepen-
dent and identically distributed (i.i.d.) over i, zero mean, and variance 0. The
model allows for time series heteroskedasticity for the purpose of robust es-
timation, motivated by the work of Alvarez and Arellano (2004). To see that
the model can be expressed as a special case of a factor model, we first assume
Yio = 0 as in Moreira (2009). The case of y,, # 0 is considered in the Supple-
mental Material (Bai (2013)). Note that assumptions on initial conditions for
dynamic panels are important for fixed-7 analysis; see, for example, Anderson
and Hsiao (1981), Bhargava and Sargan (1983), Blundell and Smith (1991),
and Hahn (1999). Rewrite the model as By, = 6 4+ 1rm; + u;, or

yvi=I'd+Tlm + u,,
where 6 = (6;,...,67) and 1, =(1,1,...,1),bothare T x 1, and
r 0 -0 1 o --- 0
p=| " .1 ol T O T _1 ;

O _p 1 pT71 p 1
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This is a factor model with a single factor, and with factor loading I'ly (T x 1)
and factor score 7;. A general factor structure is (Anderson and Rubin (1956),
Lawley and Maxwell (1971)) yy=u+ Afi+ ¢ (i=1,2, ..., N). For a dynamic
panel data model with fixed effects, we have u = I'6 (a vector of free param-
eters since 6 is), A =I'1y, f; = n;, and ¢; = I'u;. This is an identifiable factor
structure (for T > 3) since the first element of I'17 is equal to 1.

In factor analysis, the vector w is estimated by the sample mean y =

LS, . Define

1 N
(1) Sv="2 0i= D=
i=1

a T x T matrix, where n=N — 1. From y; — y = 'l 7(n; — ) + I'(u; — ), with
n=1+3" mandi=L 3" u,itiseasy to verify that

E(SN) = F(1T1,T7TN + @)F/,

Where b = diag(qf, ) apd N = %Zfil(m — 7)?%; the latter of which
is the sample variance of the individual fixed effects, a scalar quantity. Let
Oy = (p, mn, 0}, ..., 0%) denote the vector of parameters. We also write 6 for
0y for succinctness. Let

To estimate the parameters, consider the discrepancy function between Sy and

2(0),
(3) On(6) =log|3| + tr[Sy37"],

where X = 3(6). Multiplying by —n/2, this discrepancy has the same form as
the likelihood function for a central Wishart distribution. It also has the same
form as the random-effects likelihood function when 7, are i.i.d. normal. This
means that the results also hold for random-effects dynamic panels. Under
the fixed-effects assumption, the above function is not a likelihood function,
but the factor literature uses it as a distance measure between Sy and 3(0);
see Amemiya, Fuller, and Pantula (1987). Other discrepancy functions may
be used. Recently, motivated by the maximum invariance principle under the
orthogonal transformation, Moreira (2009) used the noncentral Wishart distri-
bution as the discrepancy. The analysis of the noncentral Wishart likelihood in-
volves approximating the underlying Bessel function by a tractable form, which
is nontrivial. Moreira considered the case of @ = ¢*I; and no time effects. The
objective function (3) has a simple and familiar form, directly adopted from
the factor analysis, and can be justified by a decision theoretical argument of
Chamberlain and Moreira (2009) with a suitable choice of a loss function and
prior distributions. For further analysis, we make the following assumption:
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ASSUMPTION A: u; are i.id.over i; E(u;) =0, var(u;) = o? > 0, and u;, are
independent over t and have bounded fourth moments; |p| < 1; n; are fixed effects
with my = ﬁ Zf;(ni -0 = 7>0.

Throughout, we shall assume that the true parameter 69 is an interior
point of a compact set @ contained in (—1,1) x (0,00)"*" so that |p| <1,
and 7y and o? (t =1,2,...,T) are strictly positive. Let 6 be the estima-
tor of 6% by minimizing the loss function over the parameter space O, that
is, 6 = argmin, Oy (0). Invoking the result of factor analysis (e.g., Amemiya,
Fuller, and Pantula (1987), Anderson and Amemiya (1988)), we immediately
obtain consistency and asymptotic normality of /N o= 6%,) for large N and
fixed T. We thus focus on the large-T setting, in which time effects and het-
eroskedasticities become incidental parameters.

3. INCIDENTAL PARAMETERS: TIME SERIES HETEROSKEDASTICITY
UNDER LARGE T

In classical factor analysis, the consistency and asymptotic normality are for
fixed T only. The analysis is based on the premise that VN(Sy — 3( 6%)) is
asymptotically normal with a positive definite limiting covariance, where 6%, is
of fixed dimension. This, together with the delta method (Taylor expansion), is
the main inference tool for classical factor analysis. As T increases, however,
the dimension of the matrix is also increasing, so this argument will not be
applicable. Furthermore, when 7 is larger than N, Sy is in fact not of full rank
even though 3(6Y%)) is of full rank. The limiting covariance cannot be positive
definite in this case. Thus, the large-7 analysis requires new arguments, and is
considerably more difficult and more delicate since it involves two-dimensional
limits. The large-T analysis is important for several reasons. First, many panel
data sets have T not very small. As information cumulates over time, more
large-T data sets become available. Second, some estimators such as the crude
instrument-variables estimator discussed in Alvarez and Arellano (2003) are
consistent under fixed T, but become inconsistent for large 7. Third, large
T analysis provides a guidance on the relative performance for even small-T
settings.

We consider the same model as in Section 2 but without the time effects
8,, confining the incidental-parameter problem within the variance only. Time
effects will be considered at the end of this section. From y; = I'l7m;+ I'u;, and
Sy = = Y% yiyl, we have E(Sy) = I'(1;1,my + @), where my = + Y1 | n?
and @ = diag(a?, ..., 02). The parameter vector is Oyr = (p, Ty, 07, ..., O%),
which is indexed by both N and T. The same discrepancy (objective) function
as in Section 2 is used. So the estimator also takes the same form. We also use
(p, 7, @) to denote the estimator. The dimension of Oy increases with T'. We
can no longer appeal to the fixed-T factor analysis. Consistency of 6 requires a
new framework.
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For technical reasons, we assume there exist @ > 0 and b > 0 such that a <

o’ < b < oo for all o7 and the maximization with respect to o7 is taken over
thisset for t =1, 2,..., T. We also assume the existence of a limit for

1
(4) or=—1; O Myp=— Z — @ >0, say.

The following results will be useful and the limits do not depend on matrix &.

LEMMA 1: Assuming the limit in (4) is positive, then, as T — oo,

1.d- L1 1
@) L ,

1L,& 1, (1-p)

1, L'd' L1y 1

(®) Lo,  d—p?

where L is defined in (21) in the Appendix. Furthermore, the results hold when L
is replaced by I'.

Let éx7(0) = —%QN(H), which will be referred to as the likelihood function.
It can be written as

N N N
Inr(0) = ) log|®| — > tr(BSyB®™) — > log(1+ Taywr)
N TN
——— (1,9 'BSyB'®'1;).
2Ty Tme( N )
We concentrate out 7. Solving for mry from its first order condition gives

~ _1,@'BSBO ', 1
™= T 1, ) 1,01,

which is a function of p and @. The concentrated likelihood function is
N N
Ec(p, @) = —? lOg |€D| — E tr(BSNB’(P_l)

N 1,®'BSyBd~'1;
— —log
2 159117

N (1, BS\BP 1,
2 1,01, ‘

Let ©®, =0, x [a, b]", where O, is a compact subset of (—1, 1), and 0 <a <
b < 00 are arbltrary, we assume the true parameter (p°, a{, ..., 0%?) is an
interior point of ®@,. Then we have the following.
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LEMMA 2: Under Assumption A, as T, N — oo,

1 r 02

6) e D)= 21:[1055 }
1 0)2 1 0407 0 —1

—E(p—p) Ttr(L@L D)+ A+ 0,(1),

where L' is defined in (21) evaluated at p°, A > 0, and o0 ,(1) is uniform on 0.

The term T-!tr(L°@°LY®!) is strictly positive (uniformly bounded away
from zero) on 0. Ignoring the o0,(1) term, the right hand side of the concen-
trated likelihood function is uniquely maximized at p = p° and o2 = ¢ for all
t (i.e., @ = @°). From this lemma, we can deduce the consistency of p, but not
the consistency of ¢ because T — oo. Nevertheless, the lemma implies the
average consistency in the sense of

T
(©6) ;Z” o)’ =0,(D).

Average consistency is equivalent to individual consistency under fixed 7.
The equivalence breaks down if T — oo, indicating the complexity of the
large-T" analysis. Result (6) and the consistency of p allow us to show that
T=my+ o0 »(1). These consistency results, in turn, allow us to deduce the
individual consistency of & for each ¢ by exploring the relationships among p,
7, and &. This is the basic idea of our consistency analysis under large 7.

Using the preceding lemma, the centered concentrated-likelihood can be
written as

1 c 1 c 0
N7l 0P =yt (0 )

1 L 02
s [log( )

_ %(p _ pO)Z[% r(L°BLV D) + A} T o,(D).

_ log(0'?) — 1]

t

Each of the first two expressions on the right hand side is nonpositive. Note
that the function f(x) =log(x) + ‘%02 —log(o™) — 1 is nonnegative for x > 0.

Evaluate the above equation at (p, @), and notice that (p, D) — 6(p°, D)
must be nonnegative. This can only be true if each of the right hand side ex-
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pressions, evaluated at (p, ) ),1s 0,(1), that is,

(- pﬂ)z[; (L°BL D) + A} —0,(1),

02

1 < = o
7 ;[log(crf) + G_tf —log(o®) — 1j| =0,(1).

The first equality implies p — p° = 0,(1) and the second equality implies the
average consistency in (6). To see this, the function f(x) introduced earlier
satisfies f(x) > c¢(x — 0%)? on a compact set such that x and o € [a, b], where
¢ > 0 only depends on a and b. Evaluating the function at x = 3> and using the
inequality, we obtain (6). Given these results, we prove in the Appendix that 7
is consistent for 7y and @7 is consistent for o** for each ¢. We state this result
as a lemma.

LEMMA 3: Under Assumption A, as N, T — oo, the factor-based MLE with
fixed effects and heteroskedasticity is such that p = p° + 0,(1), m =7y + 0,(1),
and G} = 0}* + 0,(1) foreach t.

Given consistency, we drop the superscript “0” from the true parameters.
Therefore, p, o2, L, @, etc., represent the true parameters or matrices evalu-
ated at the true parameters. We next study the asymptotic representations and
the limiting distributions.

After a considerable amount of analysis, the asymptotic representation of p
is found to be

T ! S I T
(7) NT(p—p)= [Ttr(L¢Ld) 1):| ﬁ;ui@ ]Lui"'op(l),

where 0,(1) holds if N, T'— oo with N/ T? — 0. Again, L is given in (21). The
variance of the numerator ﬁ vazl w,d~'Lu; is equal to %tr(L(DL’GD‘l), the
same as the denominator. Notice that

®  pu(ere”)
1
== (0L +plol, 44 Vo) — vy, say,
t

where we assume the preceding limit exists. Then the representation of p im-
plies

VNT(p—p) =5 N(0,1/v).
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If o7 = o* does not vary with ¢, then y = 1/(1 — p?). It follows that, un-

der homoskedasticity but without enforcing it, we obtain ~NT(p — p) LN
N(0, 1—p?). Therefore, by permitting heteroskedasticity for robust estimation,
there is no loss of asymptotic efficiency under large 7. Also, the incidental-
parameter problem in the variance does not cause asymptotic bias. The limit-
ing distribution is centered at zero, even scaled by the fast rate of vV NT.

The estimator 77 has the form

©) . 1,®'BSyB®'1; 1
T = = - = .
(1,P1,)? 1,®-11;

The asymptotic representation of 77 is found to be, assuming 7/N?* — 0,

_ 1 1,0-1L1, N
(10)  VNT(7-—my——b)=—2my(Z—"L)VNT(H - p)
N 1,011,

1
+2(T1;<p—11,>

+o0,(1),

1 1 N
y— Z u;.(P_llTni
\/W i=1

where b is the bias term given by

N RSV ATER
= TwTZO'_f N;ni

t=1

with v, = E(u?). The joint limiting distribution of p and 7 can be found from
their representations.

THEOREM 1: Under Assumption A, as N,T — oo with T/N* — 0 and
N/T?— 0,we have

_ p—p
NT|:%—7T —lbj|
A Y;
1

1 27—
_d) N 0 /Y y(1—p)
0]’ 1 472 4ar ’
y(d—p) y(d-p) =
where vy is defined in (8), w is given in (4), and 7 is the limit of mwy.

The limiting distribution for p'is centered at zero, even when a large number
of incidental parameters are estimated and when 7 and N are comparable. In
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contrast, the within-group estimator has a bias of order 1/7T and has a larger
asymptotic variance (less efficient). While GMM permits heteroskedasticity,
explicit limiting distribution for the large-7" GMM with heteroskedasticity does
not appear to be stated in the literature (despite abundant results for fixed-T
GMM). In general, the GMM estimator has a bias of order 1/N, as shown
by Alvarez and Arellano (2003). The condition N/T? — 0 in Theorem 1 is
required for the limiting distribution to have this simple form. Under fixed T,
VN (p— p) is still asymptotically normal, as argued in Section 2. The condition
T/N?* — 0 is used only for the distribution of 77, not for p, and is only required
when E(u},) #0.

REMARK: If one of the following three conditions holds: (i) T/N — 0,
(i) E(u;,) =0, (iii) random effects with E(m,) = 0, then the term b is negli-
gible, so that we can omit /N from the distribution of 77. Furthermore, when
one of the three conditions holds, it is relatively easy to show that v NT (p — p)
does not have asymptotic bias. It requires additional argument to show that
there is still no asymptotic bias when none of the three conditions holds. It
turns out that two bias terms arising from the estimation of @ are of equal
magnitude with opposite signs, so they offset each other. Details are provided
in the Appendix.

The estimated variance matrix @ = diag(o7, ..., o7) is linked with p and 77
through

® = diag(BSyB' — 1;1,7
—2[BSyB' — Q(®)|® 11,7/ (1 + Ta.7)),

where Q(ﬁ) = 1717+ @ and To; = 1}5‘11T. For a matrix A, diag(A) is de-
fined as a diagonal matrix by keeping the diagonal elements of 4. The above
expression for @ is different from the standard factor analysis, which would
imply that @ is equal to diag(BSyB' — 171,7) (Lawley and Maxwell (1971,
p- 30, equation (4.19))). The dynamic panel model implies many restrictions
on the factor loadings, and the standard formula does not apply. However,
the expression here is shown to be asymptotically equivalent to that of clas-
sical factor analysis because the last term in our expression is negligible. The
asymptotic representation for &7 is found to be

N
(11) 6\'[2 — o-t2 = Z(ui _ 0-[2) + OP(T—I) + OP(N_I/Z).

i=1

Note that the term Op(Tfl) on the right hand side does not mean that o7 is
inconsistent under fixed 7. The estimator o is still consistent with fixed 7T, as
guaranteed by the results of Section 2. However, for the representation to have
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this simple form, we require large 7T'. It follows from the representation that if
VN/T = 0,as N, T — oo, then for each ¢,

(12)  VN(@ - 0?) =5 N(0,20%),

under normality for u;,. It is also very easy to obtain the limiting distribution
under nonnormality using the preceding asymptotic representation for 7.

Joint Presence of Time Effects and Heteroskedasticity

In the Supplemental Material (Bai (2013)), we also derive the result when
time effects are present. All estimators have the same limiting distributions.
Additionally, the higher order bias jlvb for 7 does not exist. This may appear
counterintuitive. However, the bias in Theorem 1 depends on the average 7.
When time effects are estimated, the data depend on the individual effects
only through the deviations n; — 1, whose average is zero. Of course, with time
effects, we estimate the sample variance % Zf.il(n,- — 1)? instead of the sam-

ple moment %Zfil n?. Hsiao and Tahmiscioglu (2008) also found that time
effects do not yield asymptotic bias (under homoskedasticity) for a feasible
generalized least squares (GLS) estimator. We state the results in the follow-
ing theorem but will omit the proof to avoid repetition.

THEOREM 2: When the time effects are estimated, Theorem 1 still holds with
b =0. In addition, (12) also holds.

The issue of cross-sectional heteroskedasticity E(u?) = o2 is discussed in the
Supplemental Material (Bai (2013)).

4. EFFICIENCY
Efficiency Under Large T

This section considers the semiparametric efficiency bound under normality
of u;,. Even with normality, the model still has two nonparametric components.
The first component is the individual fixed effects and the second is the het-
eroskedasticity. Under large N and large 7', each component has an infinite
number of parameters in the limit. In this sense, the model is semiparametric.

Using arguments similar to those of Hahn and Kuersteiner (2002), we show
in the Supplemental Material (Bai (2013)) that the semiparametric efficiency
bound for regular estimators of p is given by 1/y, where v is defined in (8).
Regular estimators rule out superefficient ones such as those of Hodges and
Stein; see, for example, Bickel, Klaassen, Ritov, and Wellner (1993) and van
der Vaart and Wellner (1996). We state this result as a proposition.
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PROPOSITION 1: Under Assumption A and normality of u;, the asymptotic
semiparametric efficiency bound for regular estimators of p is 1/vy. Furthermore,
the factor estimator achieves the semiparametric efficiency bound.

This means that there exist no regular estimators that can have a smaller
asymptotic variance than 1/v. It follows that the factor estimator is efficient
because it achieves the efficiency bound.

Efficiency Under Fixed T

It is more difficult to derive the semiparametric efficiency bound under
fixed T. However, we can prove a certain optimality result: the factor estima-
tor is asymptotically equivalent to the optimal GMM estimator based on the
moment conditions

(13)  E[s—g(®]=0,

where s = vech(Sy) and g(6) = vech(3(0)). Let Gy = dg/d0, evaluated at 6%,
and let 2y denote the variance of /n[s — g(6%)]. Let Ogum denote the optimal

GMM estimator based on (13) and let G'Q27'G denote the probability limit of
G2y Gy. It is well known that

VN (Bawm — 63) - N(0, (GQ'G) 7).
The factor estimator @ has the same limiting distribution.

PROPOSITION 2: Under Assumption A and normality of u;, then under

fixed T,
VN(@-6%) -5 N(0, (G2'G) ™).

Let v, denote the (1, 1)th entry of (G'2G’)~'. We conjecture that v, is the
semiparametric efficiency bound of regular estimators of p that are functions
of Sy under normality of u;,.

Here is a proof of Proposition 2. Notice

(14) s —g(6%) =vech(H + H' + I'[S,, — PII"),

where H =TS 17(u; — i) (i — DI, Suu =
n= N — 1. The variance of /n[s — g(6%)]is

Qy=2D"T' (211, @ P)my + PR D) (I" @ I'"")D",

; Zil[(ui —u)(u; —u)'], and

n

where D+ is T(T + 1)/2 x T?, the generalized inverse of the duplication ma-
trix D (e.g., Magnus and Neudecker (1999)) associated with a 7' dimensional
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square matrix. In fact, under normality, the variance of /n[vech(I'[S,, —
DI is DTI'PI" @ I'dI"YD*. From vech(H + H') = 2D*vec(H) =
2DV (I D)1 ® % Zf;](ui —u)(m; —n)], its variance is 4D (I' @ I') (1717 ®
@my)(I" @ I'7)/n. Summing up the two terms gives (2. Next, introduce

Wy =2D*[3(6)) ® 3(6},)] D"

The factor estimator maximizes the Wishart likelihood and it is asymptotically
equivalent to the following GMM problem:

argminn[s — g(6’)]/WN’1 [s — g(O)]
0

(see, e.g., Chamberlain (1984)). It follows that the factor estimator 9 satisfies

V(@ —6%) 4 N(0,V) with V = (GW-'G)"'GW-QW-'G(GW~'G)~",
where W is the limit of Wjy. Proposition 2 is a consequence of the identity

(15)  (GW'G) 'GW'aW'G(GWT'G) = (GQ'G) .

By Rao and Mitra (1971, Chap. 8), the above identity holds if W = + GRG’
for some R, where R is a symmetric matrix subject to the condition that W is
positive definite. We next show that I is indeed of this form. To see this, from
the expressions of Wy and 3(6Y%), we have

Wy = Qy +2D"(I' ® I)(171, ® 141,) 73 (I" ® I')D*.

The second term on the right hand side is a quadratic form of the derivative
of dg(0)/dmy, which is equal to DY(I" ® I') (17 ® 17). This implies that Wy =
0y + GyRy Gy with Ry = diag(0, 273, 0, ..., 0). Taking limits gives W = Q2+
GRG'. This proves Proposition 2.

Dahm and Fuller (1986) gave a similar efficiency result for unrestricted fac-
tor models. Proposition 2 does not need normality. Assumption A is sufficient,
but normality simplifies the proof. Furthermore, for p alone (not the entire vec-

tor 5) to be as efficient as the optimal GMM so that W(ﬁ— p) LN N0, v,),
where v, is the (1, 1)th entry of (G'Q27'G)™, the existence of 2 + € moment
(e > 0) for u, is sufficient. A proof of this claim is given in the Supplemental
Material.

5. MODELS WITH ADDITIONAL REGRESSORS
Predetermined Regressors

First note that the conclusions obtained so far for panel AR(1) can be ex-
tended to panel AR(p) with fixed effects and heteroskedasticity

Ya=m;+0,+ P1Yi—1+ -+ PpYii—p + Ui
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The proof needs to modify the B matrix as well as the initial conditions, as in
Section A.3 of Alvarez and Arellano (2004). The rest of the proof is almost
identical to the case of AR(1). Similarly, the conclusions also hold when y;, is a
vector process so we have a panel VAR. In this case, py, ..., p, and o7 will be
matrices. The semiparametric efficiency bound can also be derived for panel
VAR models using the same argument as in the proof of Proposition 1. In fact,
the efficiency bound in Hahn and Kuersteiner (2002) is also for panel VAR
models. So, when y; is either an AR(p) or VAR(p) with heteroskedasticities,
our analysis does not require fundamental changes, but instead more complex
notations. This is the main reason for our presentation in terms of an AR(1).

With the above fact, we return to the panel AR(1) model in the presence of
additional predetermined regressors x;_; (using a lag here simplifies the VAR
notation below):

(16) Yi=m;+ 6+ pyu_1+ ﬁ,xit—l + uj.

Part of the challenge for dynamic panel with predetermined regressors lies in
how to control the correlation between the regressors and the fixed effects.
For general predetermined regressors, modeling this correlation is a difficult
problem. The usual Mundlak and Chamberlain type of projections (period by
period, since, for the rth equation, «; can only be projected onto x;1, ..., x;_1)
will yield O(T?) number of nuisance parameters. However, for a class of pre-
determined regressors, where x;, is VAR(1) or VAR(p), the problem of inci-
dental parameters is easy to handle. Consider

(17) Xig =Ti+ b+ puXim1 + BiYi1 + €,

where the 7; are individual effects affecting x;, and r; can depend on 7, b, are
the time effects, and p, and B, are parameters. Let z;; = (yi, x;,)’. Combining
the two equations gives

zy=Azi i+ o +d, + &,

_| P B ™ _ |6 | Uit
A i A A P

So the model becomes a panel VAR(1) model. This panel VAR(1) allows in-
dividual effects, time effects, and heteroskedasticity. The factor approach does
not estimate the individual effects «;, but only 7y = i Zf;l(ai —a)(a; —a).
Let @, = E(g;,¢),). The model parameters are (A4, wy, Py, ..., Pr). Under the
assumption that the maximum eigenvalue of A is less than 1 in absolute value,
and a simple modification of Assumption A, the conclusion that there is no
asymptotic bias for estimating matrix A4 and that the factor estimator achieves
the semiparametric efficiency bound under large T also holds for this model.

where
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Strictly Exogenous Regressors

In equation (17), if we set B, = 0 and assume {u;} is independent of {e;},
then x;, becomes strictly exogenous, so that x;, = 7; + b, + p,x;,_1 + e;,. With
this strictly exogenous regressor, we can still use the panel VAR model to solve
for the incidental parameters because this model is a restricted version of the
panel VAR(1) described earlier. A further special case is non-dynamic regres-
sors such that p, = 0. The likelihood method is suitable for imposing these
restrictions, and the model is easily estimated using the panel VAR method.
We conclude that whether 7 is fixed or large, there are no biases stemming
from estimating the time effects and heteroskedasticities.

However, dynamic regressors limit the way in which the regressors are cor-
related with the individual effects n;. We consider next more general strictly
exogenous regressors with

E(uit|xila Xigy oo XiT, 771) = 05
but x; might be arbitrarily correlated with 7. Consider the linear projection
(18) n,-=co+cixi1+c£x,'2+---—|—c/Tx,-T—|—Ti.

This is known as the Mundlak—Chamberlain projection; see Mundlak (1978),
Chamberlain (1984), and Chamberlain and Moreira (2009). We may regard 7;
as regression residuals so that Zﬁil x;;7; = 0 for each ¢. If we take this view in-
stead of population projection, then the coefficients ¢, will depend on N and 7.
But this dependence on N and T presents no difficulty, in view that 7y and o7
also depend on N and T. The focus is a consistent estimation of p and 8 and
the heteroskedasticities . After absorbing ¢, into §,, we rewrite the model
Yie = 8; + pYi—1 + B'Xi + mi + uy as

Yie = 8+ pYu—1 + B'xi +c1xi + Gxip + -+ CpXir + T+ Uiy
In matrix notation,
By,' =6+ x,-,B + 1Tw;c + 1T'T,‘ + u;,

Wherc? Xi= (Xi1, Xy« o+ Xi7) s W ='Vec(x;.), and c = (¢, ¢}, ..., c7)'. Again, for
simplicity, we assume y;, = (. Rewrite the model as

y,~=F8+inB—f—FlTw;c—f—FlTT,-—f—Fui.
Define

N
(19) Sy = %Z()’/i — I'i; - T'lpwc)(y — I'#iB — yje),

i=1
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where y; = y; — y and x; = x; — X, etc. Then, conditional on x = (x,..., xy)
and 1 = (74, ..., ny), the expected value of Sy is

3(0) =T 1717y + @),

where my = 1 SN (ri—7)%and 6 = (p, B, ¢, Ty, 02, ..., 03). We estimate the
model by maximizing

(20)  &(0)=—Zlog|3(0)| - J ulSyZ(0) ],

Under fixed 7, there are no incidental parameters because we only estimate
my instead of individual 7;. Moreover, the objective function is standard, so
root-N consistency and asymptotic normality of 6 follow from the usual argu-
ment. No further theoretical proof is needed.

Under large T, we have additional incidental parameters in the vector c.
We conjecture that under certain conditions such as the rank of regressors and
a relative rate between T and N, the asymptotic bias arising from estimating
these incidental parameters will be negligible. Proof of this conjecture appears
to be nontrivial and we leave this as a future research topic.

However, under large T, we can replace the projection in (18) by n; =
¢ + Xic + 7;, where x; = % ZLI x;,. This is the standard Mundlak projection
by imposing ¢; = ¢; = --- = ¢y. The dimension of c is equal to the number of
regressors, so there is no incidental-parameters problem. The Mundlak projec-
tion works even if the true ¢, are time varying, provided that u;, is homoskedas-
tic (& = o?Ir) and N/T° — 0 (see the Supplemental Material). With het-
eroskedasticities in u;, we need to modify the Mundlak projection by using
a weighted average

-1 T

T
(@) = (1,07 '17) X', = (Z a;z) > ok
t=1 t=1

Absorbing (ZtT:l a,2)~! into the slope coefficient, we consider the projection
Ni=C + (x;@illT),C + 7.

Again, the incidental-parameters problem does not occur because @ is already
part of the parameters being estimated. After absorbing ¢, into the time effects
8, the only additional parameter is ¢, whose dimension is fixed. As always,
we do not estimate the individual 7;, but 7y = % Zf.il(f,« — 7)2. Define Sy as
in (19) but with w; replaced by (X®~'17). The parameters are estimated by
maximizing the objective function (20). In the Supplemental Material, we show
that this extended Mundlak projection requires N/7T — 0 for the bias to not
influence the limiting distribution. This implies a bias of order O(1/T). We
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discuss in the Supplemental Material a further generalization of the Mundlak
projection under which the condition N/ 7% — 0 becomes sufficient to remove
the bias.

6. CONCLUSION

The dynamic panel models considered in this paper have had a huge impact
on the empirical research in economics and continue to be the workhorses that
researchers rely on in contemporaneous empirical studies (e.g., Guiso, Pista-
ferri, and Schivadi (2005), Blundell, Pistaferri, and Preston (2008), Guvenen
(2009)). There has also been enormous advancement in the theoretical anal-
ysis over the past three decades. Much of the progress has been summarized
in three widely read monographs: Arellano (2003), Baltagi (2005), and Hsiao
(2003). A central aspect of the development concerns the problem of inciden-
tal parameters (Neyman and Scott (1948), Lancaster (2000, 2002)). Despite
the progress, the incidental-parameter problem remains an obstacle to effi-
cient estimation. In this paper, we use the factor analytical perspective to shed
light on the analysis of dynamic panel models with fixed effects. We consider
additional incidental parameters: time effects and heteroskedasticity, under
both fixed and large T.

We establish some desirable and excellent properties for the factor ap-
proach. Whether for large or small 7', the method produces a consistent and
efficient estimator. No asymptotic bias exists for the dynamic parameter even
when T and N are comparable. Neither mean-stationarity nor covariance sta-
tionarity is required to establish these properties. Thus the factor approach
provides a useful paradigm to deal with the incidental-parameter problem oc-
curring in both dimensions.

APPENDIX A: PROOFS

Introduce two matrices to be used throughout:

0 0 0 0
(1) 8 8 1 0 - 0 0
Qy J=|. . . .|, L= p 1 . 0 0f,
0 1 0 :
pT—Z p 1 O

where Jr is the matrix derivative —dB/dp and L = JI".

PROOF OF LEMMA 1: The limits are the same when L is replaced by I'.
Note that 14@" ' Iy =Y, L(1+p+--+p ). But(I+p+-+p")—>
1/(1 — p) as t - oo and Z; % = Twr — oo. By the Toeplitz lemma (Hall
and Heyde (1980, p. 31)), 1,@'I"17/(Twr) — 1/(1 — p), proving part (a).
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For part (b), denote its limit by C; we show C = 1/(1 — p)*. Notice I' =
IT + pL Thus

1,0 Ty = 1,01+ 2p(159 ' L17) + p*(1,L'd 7' L15).

Divide by 1,,&~'17 on each side and take the limit; we have C =1 + Zpﬁ +

p>C, implying C = 1/(1 — p)°. Note that the limits are the same when L is
replaced by I" and vice versa. Q.E.D.

To prove consistency, we need to distinguish the true parameters (p°, 7y,
@) from the variables (p, my, @) in the likelihood function. So I'’ denotes I"
when p = p°.

LEMMA A.1: As N, T — oo, uniformly for (p, o7, ..., 0%) € O,
(i) 2t[BIL Y (wu, — PHI"BP'1=0,(1),
(ii) Ltr[BI'1;+ >N u "B 'n]=0,(1),
(iii) &H15(@ BN (wu; — @)I"B'd )1 =0,(1),
(iv) H1 (@Bl L0 w I"Bd-'n)1r =0,(1).
PROOF: Consider (i). Let W = % Zf;l (u;u, — ®") and use B = I + (p° —
p)L"; we have

N
tr |:BF°% > (wiu, - @0)F0/B/qb-1}
i=1

— (W) +2(p° — p) tr(LWD™) + (0° — p)* tr(LWLOD).

Note that @~! is a diagonal matrix:

e )| =)

=N"20,(1)
= Op(l)
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uniformly for all o € [a, b] since 1/0! <1/a* < co. Next,

1 T-2 L1 T N u u
_ it—k—1Uj¢
?tr(LOW(I) 1) = (pO) W Z ZT.
k=0 t=k+2 i=1
Thus
1 21 1\
oo v (1 5 1)
k=0 t=k+2
1 T 1 N 2\ 12
X <7 Z [—Nzuit—k—luit:| ) .
t=k+2 i=1
Thus

1 1
sup|— tr(L'W®™") | < N™V*= Ay,
& T a

where Ayr = Z,{j 1p°1F (% Z[T:kﬂ[ﬁ Zf; Ui_p_1U;]*)?. Note that Ay =
O,(1) because its expected value is bounded by Assumption A. Thus
sup,, |+ tr(L" W1 = 0,(1).

Next, let W, denote the (A, k)th entry of the matrix u;u, — @°. Then

-1t ‘ 1N
(LWL ) =3 30" Y () = Y W
=1 i o k=1 N i=1

It follows that

Hla(owroe)

_ 1/2
< N2 l TXE 1
B T t=1 04

t+1

1 T-1 t i t . 1 N 2\ 172

X _Z (po)ti Z(PO)F —ZWi,hk:| ) .
(T t=1 [h—l k=1 \/N i=1

Again, £ >/ - < 1/a uniformly on ©,. The above is O,(N~"/%). Summa-

rizing results, we prove (i).
The proofs for (ii)—(iv) are similar, and the details are omitted. Q.E.D.
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PROOF OF LEMMA 2: Notice that

> > LSy .
BSyBd™' = B3(6%)B'® 1+BF0NZ(uiui—¢°)F°B(D !

i=1

1 N
+ BFOITN Z l/[;-FO/B/@i]”I]i

i=1

1 N
+ BFON Zuil}FO’B’d)qm,

i=1

303

where 3(6%) = I'’(171, 7%, + @°)I"". Dividing by T and taking the trace, the
last three terms are 0,(1) by Lemma A.1(i) and (ii). Thus, uniformly on 6,

(22) %tr(BSNB’(D_l) = %tr[BE(HON)B’(D‘l] +0,(1).

Similarly, by Lemma A.1(iii) and (iv), we have, uniformly on &1,

1, L 1
ﬁ(1T® 1BS}\/‘B@ 11]‘):ﬁ

The following also holds because 1,,@~'17 is of order T uniformly on O;:

1 (1,97'BSyBd'17) 1 [13P'B3(63)B P '17]
T 1,d-11; T 1,011,

(23) +0,(1).

From BI'' = I; + (p° — p)L", we obtain
tr[B3(6})B' ']
=10 "1p7y + tr(P°P") +2(p" — p) (1,97 ' LO17) 7,

+(0° = p) [(15 LD LO1 ), + tr(L° DO LD )],

[17@7'B3(63)B' D '17] + 0,(1).

We have used tr(L°@°@~1) = 0 because L’ is lower triangular and ¢° and @

are diagonal. Similarly,
(24)  1,97'B3(63)BP'1;
= (1,0 '1;)’ 7 + 1,07 DD,

+2(p° = p)[1,@7 L1 (159 1) 7l + (1507 L°®'D14) ]

+ (0" = p)[(1, 9 L) 7 4+ 1,07 ' LD LD 1]
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These equations imply, after canceling the common terms,

1 (1,0 'BSyB'®'1;)
T 1,®1;

_l 041 0_21 0407 0 -1 l
= L (@) + ("~ p) |:Ttr(L<I>L<I> J+al+0(5),

% tr[B3(6})B D]

where

A2 [(1;L0’¢—1L°17)

9L,
T

Lo, |V

and A > 0 by the Cauchy-Schwarz inequality. The O(T ') term represents
2(p" — p) (1@ L°®"D 1) + (p° — p) 1~ L' DL D1,

divided by T'(1;,@~'17). The above is uniformly O(T') on ©,. But T(1,®~! x

17) > T?/b = O(T?). Thus the ratio is O(T~!). Summarizing results, and in

view of (22) and (23), we have

1 (1,0 'BSyB'd'1;)
T 1,011,

1
— tr(BSyB'®™!
S (BS,BD)
1 01 0 o[ 1 007 O -1
=7tr(«p D)+ (0" —p) Ttr(L P'LY"D) + Al +0,(1)
uniformly on @,. Further, the preceding analysis shows that the left hand side

of (23) is O, (1) uniformly on ©,. Multiplying by 7', it is O,(T') uniformly on ;.

Thus
1. (1,0 'BSyBD 1, log(T)
~log( -~ —0
T0g< 1,& 1, ) "< T )

uniformly on @,. Finally, from log |®| = ZL log(a?), tr(P'P~!) = Z; %022,

and the definition of concentrated likelihood function, we obtain the asymp-
totic representation in Lemma 2. Q.E.D.

PROOF OF LEMMA 3: Given Lemma 2, we already argued the consistency of
p and the average consistency of (6). It remains to show 7 = 7y, + 0,(1) and
o7 =0+ 0,(1) for each t. Consider 7 in (9). Equation (23) holds with 1/T
replaced by 1/1,&7'1; because 1/(Th) < (1,P~'17)"! < 1/(Ta) uniformly
on 0,. Thus

(1,®'BSyBD'1;) _ [1,07'B3(63)B P 1]

2
) (1,0 11,)? (15®-"17)

+o0,(1).
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Because the above holds unlformly on @, it holds at (p, ¢>) Evaluate the pre-
ceding equation at (p, (15), and subtract 1/(17 D "17) = 0,(1/T) = 0,(1) on
each side of the equation; we get

_ [, B0 BP14]
~ 1.
"= (1,P17)> o

Evaluate (24) at (p, @) and divide it by (1,&~"'17)?; we get

1,.0-1L°1
~ 0 T 0
=7 +2(p" —p)| =T
7=y +2(p° p)[ e, :|7TN
o (1, ’11L01 )2
(- P) [(1—11; )+ 0,(1);
T

here 0,(1) absorbs some O,(1/T) terms. The terms inside the square brackets
are O,(1). From the consistency of p, the preceding equation implies 7 = 7y +
0,(1).

We next show that &7 is consistent for % for every ¢. The first order condi-
tion for @ implies that

(26) & =diag(BSVB —2BSyBD 11 1ser + 1,17,

where o= 7/(1 + Tarm) with oy = 1; b 1. It is easy to show that

2000)d "1 rlycr = 217177, where 000) = 1 157 + ®. So we can rewrite @
as

@ = diag(BSy B — 11,7 — 2[BSy B — Q(0)]® ' 111,¢r).

Given the consistency of p and 7, and with cr being O,(T'), we can show that
every diagonal element of [ESNB/ _(2(0)]4) "171%¢r is 0,(1). So to establlsh
the consistency of 77, it suffices to show that the diagonal elements of BSyB —

1717 —@° are o, (1) Usmg a similar argument leading to (22), every diagonal

element of BSNB’ BZ(GO )B'is o »(1) (here no trace, thus no need to divide
by T), where 3(6%) = I'’'Q°T"" with 2° = (1717} + ®"). Using Bl =1, +
(p" — p)L°, we have

EZ(@?V)E’=(20+ (po—ﬁ)QOLO/—i—(po—ﬁ)LOQO—i— (po—ﬁ)zLOQOLO/.

Ow1ng to the consistency of p, every diagonal element of the last three matrices
is 0,(1). Thus, the diagonal elements of BSyB — (' = BSNB — 171 Ly, — @°
are 0,(1). By the consistency of 7, the diagonal elements of BSyB' —1 17—
@" are also 0,(1). This proves the consistency of 7. Q.E.D.
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Asymptotic Representations of @, 7, and p

PROOF OF (11): Consider (26). Again using BI" = I + (p° — p)L", it can
be shown that

) A/ / 1 N / 1 N / 1 N !
BSNB = 1T1T7TX/' + ﬁ ; uilT*r),- + N ; lTul-ni + N ; Uil;

+ (ﬁ_ PO)CNT,
where Cyr is T x T, with each diagonal element being O, (1). It follows that
§SN§’(§_1171/TCT

' (1 - 1 o ’ I H—
= 1T1T(1T(‘D 11T)CT7T](3] + N Z uilTni(lT(p llT)CT

1N, - | 1 & -
+ M%(y ;(u;qa-m)n,-) ot Zl u (U@ 1) ey
+ (ﬁ_ PO)DNT;
here Dyr is T x T, with diagonal elements being O,,(1). Using (1}5‘117)& =
1+0,(1/1),
BSyB —2BSyB® '11,¢cr

1< ~
=5 E ui; — 17157y 4+ (p— p°)(Cyr — Dyr) + 0,(1/T)
i=1

1 X / / 1 N e
+ N izzl(lTui - uilT)T)g — 21T1T<N Z(ui(p 11T)77i> cr

i=1

1 y / ' e
-2 ; uly (W, "17)cy.

The first term on the third line has zero diagonal elements. Using the average
consistency (6) and ¢y = O,(1/T), each of the last two expressions has diago-
nal elements being of 0,(N~'/?). Thus, adding 11,7 on each side, and by (26)
together with diag(171;) = I7, we get

N
(27) P = diag(% Z u,»u;) + I (7 — y)

i=1

+(P—p")0,(1)+0,(1/T)+0,(N"?).
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This representation of P, together with the consistency of 77 and p, allows us
to show (below) 7 — 73, = 0,(1//NT)+O0,(1/N)and p—p’ = O0,(1/+/NT).
Inserting these rates into (27) and subtracting @° on each side give (11).

Q.E.D.

PROOF OF (10): From (9), direct calculation shows

1gn ~
o~ NT Zu;d)illTT]t
(28) Ty — 77_2] =2(p0 . ﬁ)|:1,7"¢;1L01 :|7727 +2N i=1 _
1,611, 1,11,
N

here (p — p”)o,(1) combines many terms of the form (p — p°)[O,(T™") +
O,(N7')]+ (p — p*)?0,(1), which can be ignored because it is dominated
by the first term on the right hand side. The first two terms on the right hand
side determine the limiting distribution of 77. The second term has a bias of
order (1/N) if E(u) # 0 due to the estimation of @°. To see this,

ZWI’ "rm = Zu - 11T771+Z — " N1,

Dividing by NT, we have —- TN Z, . ,(d‘) LDy, = ﬁZi] Zl IAQ“”M X

(7 — o). Using the expression of @ in (27) (subtract @° on each s1de) we
can show
1 n; al
D 0— 1 UirMi 2 02
o = 3 S )
i=1 i=1 t=1 k=1
+0,(1/¥NT),

where 0,(1/+/NT) contains (7 — 7%)0,(1/~/NT) + (p — p*)O,(1/~/NT) as
one of the components. The first term on the right is dominated by its expected
value, which is O(1/N) and is given by

3
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where v, = E(u)) (assuming not depending on 7).

The third term on the right hand side of @ — 7% can be shown to be
0,(1/~/NT)+ O,(1/N**).If E(u;) =0, the term O,(1/N*/*) will be absent.
It is easy to show that

o~

1,011, 1,¢° L1 1,.¢°11
L — L= T 40,(1), L—"=1+40,0D.
15d-117 1,,P%-114 1,d-11;

To summarize results,

1 N
> @y,
1,P"' L1, N ;

0
aT ST 2
1,011, }TN R T T

(29) T — Ty = 2(p0 - ﬁ)|:
b
+yt 0,(1/N°"*)+0,(1/¥NT),
where the bias term b is defined in the main text. Thus if 7/N? — 0,

300 VNT(7—w - L) —2uNT (o0 — )| 1P L]
( ) N ™= 7TN - N - (p _p) 1/ @0,11 7TN
T T

1 &,
i=1

2 1
e, oW

which is the asymptotic representation of 7 in (10). Q.E.D.
PROOF OF (7): The first order condition implies that p = Ay} - Byr, where

Anr = t[JrSnIp @7 = e (1@ S @' 1),

BNT = tr[JTSN{ﬁ*l] — CT(l/quilJTSNail 1T);

and ¢; = 7/(1 + T@rm). Using I = B” + p°J,, we can write Sy = SyB” +
p"SnJ5, so that Byr = p® Ayt + B}y, with

B;VT = tr(JTSNBO/(-,Eil) - CT(l/T@\il]TSNBO/(EillT).

Thus p — p° = Ay - B, or equivalently,
p—p NT " PNT q y

1 -1 N 172
% NT(i)\— p()) = (71‘11\]7‘) . <?> B}k\’T'
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We shall show

1 1
(31) TANT = ? tr(LO(poLO/(I)O_I) + Op(l),

N\ 2 1 N
(32) (7> By, = Niis > u @' LU+ 0,(1).
i=1

Because Ayr occurs in the denominator of p, the analysis of (31) is relatively
easy since it converges to a positive constant (all that is needed is a consistency
argument). In contrast, the analysis of the numerator (32), which determines
the limiting distribution, is much more delicate. Potential biases must be taken
care of. Note that the two equations together imply (7).

Consider (31). It can be shown that replacing o by @ does not affect the
limit. Using J 1" = L,

1

1 .
Ttr(JTSNJT(D 1) = T(

1LY L1y,

1
+7 tr(L°@°LY®"") + 0,(1),

1 - ~ 1
TCT(l/T(p_IJTSNBO,(D_llT) = TCT(l/T(po_lLolT)zﬂ-gf
1
+ mer (15 LD LY )
+o0,(1).

The difference between the leading terms in the preceding two equations is
0,(1) because they have the same limit. This follows from Lemma 1 [applied
with T replacing (1,,@°'17) in the denominator; also note we replace ¢y by
1/(15.@" 1) without affecting the limit]. The second term in the second equa-
tion is O,(1/T). We thus obtain (31).

Next consider (32). First rewrite cr as

1 1 11
1,01, 1,0 'BSyBd-'1; Tor dr’

cr

where dr is implicitly defined and is O,(T?). We rewrite B, as

o~ 1 -~ o~
(33) B;‘VT = tr(JTSNBO/é_l) — TA 1/T(p_1JTSNBO/¢_11T

wr

1 - _~
+ 1D T Sy B D
T
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Using J-I'* = L and I'” B = I, the first two terms in the preceding equation
are

tr(JrSyB"® 1) — ———1,0 U, SyB D1,

T(,l)T
SRV SO

= — MQQ_ILOMZ' + — (u;@_lLolr)’T]
N i=1 N i=1

1

1Y ~
’ =170 I -1
Tle @ L N E uiui¢ 17‘

i=1

1 " H-170 1 ¢ ' -1
(1@ LlT)NZuid) L.

Tor

We make the following three claims. The difference between the second and
the fourth term, multiplied by (N/T)'/, is negligible, that is,

N
(34) (N/T)1/2|: Z (w, @ 'L1;

lA (1,071 L°1; Zud) 1Tn}_op(1)

T(L)T

The third term, after centering (replacing w;u by u;u;, — @°), is negligible, that
IS,

1 1 & ~
(35) —(N/T)'/2|: 1,0 1L0NZ(uiu;—€D0)@'1T:|=0p(1).

i=1

The centering amounts to adding the term T+§T 1,.&-1 L9 ®~'1,. Now subtract
this term from the last term of (33) and assume N/ T° — 0; then

1. ~ -
(36) (N/T)”z[d—l/Td)‘leSNBO/cD‘llT
T

1

—1 (P LIPOP 1, | = 1).
T(l)T i| Op( )

The preceding three equations are equivalent to

1 G-
(N/T)V’B},, = INT D U@ Lou; + 0,(1).
i=1
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To prove (32), it suffices to show that (NT)~!/? vazl u;(;ﬁ*l — @Yoy, =
0,(1). The product u,(®~' — &1} involves terms of the form u;u2,. How-
ever, L'u; involves terms of past values of u;,. Because the expected value
E(u;u;uz,) =0 for s < t, asymptotic bias due to estimating @° does not arise
in this expression. The leading term of (NT)~'/? Z, . l(fb L @O0y, is
O,(N7'?) = 0,(1). This argument can be made precisely as in the analysis of
the bias in 77 — 772,. We omit the details to avoid repetition. Thus, given (34)-
(36), we obtain (32).

It remains to establish (34)—(36). The first result is the most difficult to prove,
so we show (34) only. It is easy to show that (34) holds if u, @’ is in place of
u,d". So it is sufficient to show

N
Z — "L ],

1,071L0;) 1 3
— u
Twr VNT ‘=

(37)

. 7\

D' — "] =0,(1).

We show that each of the two terms on the left has a bias of order (T/N)'?
arising from the estimation of @°. However, the biases are of equal magnitude
with opposite signs, so they cancel each other. We first examine the second
term of (37). By the Toeplitz lemma (or by a direct argument),

) g (4B L) = o (L) = 0, (7).
Next,
O J— i w (Pt — )1,

NT

1 N T woni | 1
= 20 {N Z(uit—a:”)}mm,

k:]

where the second equality uses the representation of @. The expected value of
the above is

" Epn _ (T\" (15w ).
<_> NTZZ 004n:<N> (TZ%%’

i=1 t=1 =1 1!
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where v, = E(u3,), not depending on i. Subtracting its expected value, (39) is
negligible. The potential nonnegligible term (bias) is the product of the pre-
ceding expression and (38). That is,

T\"? 1 R
@ (5) 1_po(72m>"+01’<”’

=1 1t

where 0,(1) is in fact O,(1/+vNT). Next, consider the first term of (37),

1 L, -
—— ) [ui(D27' =D)L 17 ]n;
T
1 oA u;m;| 1 ~ 2 0
= NTZZ o NZ(ukr_‘Tz) L +0,(1),
i=1 t=1 t k=1

where ¢, is the tth element of L°1;,so that ¢, =0and ¢, =1+ p" 4 .- 4 (p°)" 2
for ¢t > 2. We only need to consider its expected value (bias) since the deviation
from the expected value is 0,(1). The expected value of the above is

T\"*(1 XT: AN

N) \T&ow |
Because ¢, — 1/(1 — p”) as t grows, by the Toeplitz lemma (or by a direct
proof), we have

1 < vl 1 1 < 7, 1
— = N )i+o0(=).
T;O-(M 1_‘00(7“20-[04 + (T)

¢ t=1

Multiplying the preceding expression by (7/N)'/?% leads to an identical bias
term as in (40). The two bias terms offset each other as they enter (37) with
opposite signs. This verifies (37). Q.E.D.

PROOF OF THEOREM 1: For the limiting distribution of 77, notice that
var((NT)~'/?) Zfi, u @ '17m;) = +(1,@'17)my —> wm by (4) and the as-
sumption 7y — . So the limit of the second term on the right hand side of
(10) is N (0, 47r/w), which is asymptotically independent of /N T (p — p). To-

gether with Lemma 1(a), we have v NT (7 — my — +:b) L N0, AT ).

y(1—p)?
The joint asymptotic distribution of p and 7 follows from their representations

in (7) and (10) and their marginal limiting distributions. Q.E.D.

The proof of Proposition 1 is given in the Supplemental Material.
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