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Current state of phase-field modeling

•• ModelingModeling of of microstructuremicrostructure evolutionevolution
•• MesoMeso-- & micro & micro scalescale ((nmnm -- mm)mm)
•• BasedBased onon thermodynamicthermodynamic principlesprinciples

•• GrowingGrowing field field sincesince 20 20 yearsyears; ; currentcurrent topicstopics
•• QuantitativeQuantitative aspectsaspects
•• RealisticRealistic, complex, , complex, multimulti component component systemssystems

•• Wide field of Wide field of applicationsapplications
•• SolidificationSolidification, , phasephase transitionstransitions, , diffusiondiffusion, , graingrain growthgrowth, , 

deformationdeformation, crack , crack formationformation, , ferroferro--electricelectric//magneticmagnetic domainsdomains, , ……. . 

Bulk grain structures

Thin filmsSynergetic growth of nanowires



3
Nele Moelans
School on Computational Modeling of Materials, 
Antwerp, December 2-3, 2010

‘Quantitative’ phase-field models

•• PropertiesProperties bulkbulk and interfaces are and interfaces are reproducedreproduced
accuratelyaccurately in the simulationsin the simulations
•• EffectEffect model description and model description and parametersparameters
•• NumericalNumerical issuesissues

•• => Insights in the => Insights in the evolutionevolution of of complexcomplex
morphologies and grain morphologies and grain assembliesassemblies
•• EffectEffect of of individualindividual bulkbulk and interface and interface propertiesproperties

•• PredictivePredictive ??
•• DependsDepends on on availabilityavailability and and accuracyaccuracy of input of input 

datadata
–– RequiresRequires composition and orientation composition and orientation 

dependencedependence
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Parameter assessment

•• Different kinds of input data Different kinds of input data 
•• Bulk Bulk phasephase stabilitiesstabilities, bulk , bulk phasephase diagram diagram informationinformation

–– CALPHADCALPHAD
•• InterfacialInterfacial energyenergy and and mobilitymobility

•• ElasticElastic propertiesproperties, , crystalcrystal structurestructure, , latticelattice parametersparameters

•• DiffusionDiffusion mobilitiesmobilities//coefficientscoefficients
–– DICTRA DICTRA mobilitiesmobilities

•• OrientationOrientation and and compositioncomposition dependencedependence
•• AnisotropyAnisotropy, , segregationsegregation, , solutesolute dragdrag
•• VeryVery important important forfor microstructuremicrostructure evolutionevolution, , butbut difficultdifficult to to 

measuremeasure//calculatecalculate
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Outline

•• CALPHAD (CALPHAD (CALculationCALculation of of PHAsePHAse DiagramsDiagrams) ) –– methodmethod

•• Quantitative phaseQuantitative phase--fieldfield model for multimodel for multi--phase phase systemssystems

•• CouplingCoupling phasephase--fieldfield withwith thermodynamicthermodynamic databasesdatabases, , exampleexample
for Agfor Ag--CuCu--SnSn

•• Application Application examplesexamples
•• Diffusion Diffusion controlledcontrolled growthgrowth in Cu/Cuin Cu/Cu--Sn solder jointsSn solder joints



CALPHAD (CALculation of PHAse Diagrams) 
– method

•Computational thermodynamics: The 
Calphad Method, H.L. Lukas, S.G. Fries 
and B. Sundman, Cambridge 2007, ISBN 
978-0-521-86811-2
•Thermo-Calc : www.thermocalc.se
•Calphad : www.calphad.org

http://www.thermocalc.se/
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What ?

•• Phase Phase diagramsdiagrams and and thermodynamicthermodynamic Gibbs Gibbs energiesenergies are are 
combinedcombined

•• Mission: Mission: developdevelop a technique for a technique for calculatingcalculating//predictingpredicting phase phase 
diagramsdiagrams for multifor multi--component multicomponent multi--phase phase materialsmaterials

Phase Phase diagramdiagram Free Free energiesenergies
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What ?
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What ? 

•• STEP 1: STEP 1: DetermineDetermine G(G(T,p,xT,p,x) expressions for all phases) expressions for all phases

•• ChoiceChoice of a of a thermodynamicthermodynamic modelmodel
•• DeterminationDetermination of the of the parametersparameters basedbased on on experimentalexperimental and and 

theoreticaltheoretical (a.o. ab(a.o. ab--initioinitio) input, ) input, 
–– SuchSuch as phase as phase equilibriaequilibria, , heatheat of formation, of formation, vaporvapor pressures, pressures, 

……..

•• STEP 2: STEP 2: MinimizationMinimization of the total Gibbs of the total Gibbs energyenergy of a multiof a multi--
phase systemphase system

•• →→ Phase Phase diagramsdiagrams
•• →→ ThermodynamicThermodynamic quantitiesquantities: : chemicalchemical potentialpotential, , heatheat of of 

transformation, transformation, reactionreaction, , ……
•• →→ Input for diffusion and microstructure simulationsInput for diffusion and microstructure simulations
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Pyramidal approach

•• E.g. Gibbs E.g. Gibbs 
energiesenergies for for 
ternaryternary system system 
•• Pure Pure elementselements, , 

Al, Mg, SiAl, Mg, Si
•• BinaryBinary

systemssystems, Al, Al--Mg, Mg, 
AlAl--Si, MgSi, Mg--SiSi

•• TernaryTernary
system, Alsystem, Al--MgMg--
SiSi



12
Nele Moelans
School on Computational Modeling of Materials, 
Antwerp, December 2-3, 2010

Pure elements

•• ChoiceChoice of a standard of a standard elementelement referencereference state (SER) for state (SER) for eacheach
elementelement ((referencereference structure, structure, temperaturetemperature and pressure)and pressure)

•• TemperatureTemperature dependencedependence Gibbs Gibbs energyenergy

–– a,b,c,da,b,c,d,,…… fittedfitted to to experimentsexperiments, ab, ab--initioinitio datadata

•• AlsoAlso modelsmodels for for magneticmagnetic orderingordering, , effecteffect of pressureof pressure

2 31ln( )G HSER a bT cT T dT e fT
T

− = + + + + +

2
2

12 2 6 ...pC c dT e fT
T

⇒ = − − − − +
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Binary substitutional alloys

•• General expressionGeneral expression

•• MechanicalMechanical mixingmixing of pure of pure 
elementselements

•• IdealIdeal mixingmixing ((RaoultsRaoults
solution)solution)

•• RedlichRedlich--KisterKister expression for expression for 
excessexcess interactionsinteractions

–– TT--dependencdependenc of of LLABAB
vv

–– LLABAB
vv fromfrom experimentsexperiments

ref id ex physG G G G G− = + +

,

( )
ex v v

A B AB A BG x x L x x
α

= −

2 31ln( )v
ABL a bT cT T dT e fT

T
= + + + + +

ln( ) ln( )id
A A B BG x x x x= +

, 0, 0,
A B

ref
A BG x G x Gα α α= +
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Regular solution model

, 0,ex L L
A B ABG x x L=
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Illustration Redlich-Kister
contributions

,

( )
ex v v

A B AB A BG x x L x x
α

= −T cte=
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Illustration Redlich-Kister
contributions

,

( )
ex v v

A B AB A BG x x L x x
α

= −

T cte=
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Extrapolation to higher-order systems
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Extrapolation models

•• Extrapolation Extrapolation schemesschemes

•• RedlichRedlich--KisterKister--MuggianuMuggianu
0 1 2( )ex ex ex ex

AB AC BC A B C A ABC B ABC C ABCG G G G x x x x L x L x L= + + + + +
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Ternary substitutional alloys

•• General expressionGeneral expression

•• MechanicalMechanical mixingmixing of pure of pure elementselements

•• IdealIdeal mixingmixing ((RaoultsRaoults solution)solution)

•• ExcessExcess interactions, interactions, RedlichRedlich--KisterKister--MuggianuMuggianu

–– TT--dependencedependence
–– GGexex

ABAB fromfrom binarybinary optimizationsoptimizations
–– LLABCABC

vv fromfrom experimentsexperiments

0 1 2( )ex ex ex ex
AB AC BC A B C A ABC B ABC C ABCG G G G x x x x L x L x L= + + + + +

ref id ex physG G G G G− = + +

ln( ) ln( ) ln( )id
A A B B C CG x x x x x x= + +

, 0, 0, 0,
A B

ref
A B C CG x G x G x Gα α α α= + +

v
ABCL a bT= +
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Sublattice models

•• Phases Phases withwith orderingordering
•• MixingMixing onlyonly allowedallowed withinwithin certain certain sublatticessublattices, , 

representedrepresented as as (A,B)(A,B)a1a1(A,Va)(A,Va)a2a2

–– IntermetallicIntermetallic compound, compound, FeTiFeTi
→→(%(%Fe,TiFe,Ti)()(Fe,%TiFe,%Ti), Fe), Fe22Ti Ti 
→→(%(%Fe,TiFe,Ti))22((Fe,%TiFe,%Ti), ), BB22Ti Ti →→(B)(B)22(Ti)(Ti)

–– InterstitialInterstitial phases, phases, 
((Cr,Fe,NiCr,Fe,Ni,,……))a1a1(C,N,(C,N,H,VaH,Va,,……))a2a2

•• MolarMolar fraction fraction →→ latticelattice fractions fractions 11yyAA, , 22yyAA, , 11yyBB, , 
22yyVaVa



Quantitative and thermodynamically
consistent phase-field model for multi-phase 

systems
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Multi-grain and multi-phase structures

•• Single phaseSingle phase--fieldfield modelsmodels --> Multiple > Multiple 
phasephase--fieldfield modelsmodels

•• Model extensionModel extension

–– DifferentDifferent types of interfacestypes of interfaces
–– Triple and Triple and higherhigher orderorder junctionsjunctions

•• NumericallyNumerically
–– SameSame accuracyaccuracy for all interfaces for all interfaces 

and phasesand phases
–– All interfaces All interfaces withinwithin range of range of 

validityvalidity of the of the thinthin interface interface 
asymptoticsasymptotics

{ }1 2 3, , ,..., pη η η η η→

2 2
1 2 3 1 2( , , ,..., | | , | | ,...)F η η η η η∇ ∇

num cte→ =

1 2( , ,..., ,..., ) (0,0,...,1,...,0)i pη η η η =

Grain i Grain j

1iη =

0jη = 0iη =

1jη =
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Multi-grain and multi-phase models: 
major difficulties

•• ThirdThird--phase contributionsphase contributions
•• σσ1212 = = σσ1313 = 7/10 = 7/10 σσ1212

•• →→ CarefulCareful choicechoice of multiof multi--wellwell functionfunction
and gradient contributionand gradient contribution

•• Interpolation Interpolation functionfunction
•• ZeroZero--slopeslope atat equilibriumequilibrium values of the values of the 

phase phase fieldsfields
•• ThermodynamicThermodynamic consistencyconsistency

33

11 22

ηη33

1 2 1 2
1 1

( , ,...) ( , ) ( , ,...) 1
p p

i
chem i i

i i

f h f c T hη η η η
= =

= ⇒ =∑ ∑
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Extension to multi-component multi-
phase alloys

•• Phase Phase fieldfield variables:variables:

•• GrainsGrains

•• Composition Composition 

•• BulkBulk energyenergy::

•• withwith

( , ) ( )bulk k i kf c f cρ ρ
ρ ρ

ρ

η φ= ∑
1, ( , ),...,A B Cc c r t c −

1 2

1 2

, ,..., ( , ),...,
, ,...

i

p

r tα α α

β β

η η η
η η η

k kx xρ
ρ

ρ

φ= ∑

2

2

, ,...

i
i

i
i

ρ

ρ

π
π α β

η
φ

η
=

=
∑

∑ ∑
andand

( )( ) ...k

k

k
k

k

f cf c
c c

α

α αβ β

β μ
∂∂

= = =
∂ ∂

N. Moelans, Acta Mater. 2011.
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Extension to multi-component multi-
phase alloys

•• Bulk and interface Bulk and interface diffusiondiffusion::

WithWith andand

•• Interface Interface movementmovement::

•• BetweenBetween phase phase αα and and ββ

( , )i i k

i

F x
L

t
ρ ρ

ρ

η δ η
δη

∂
= −

∂

2

2
k

k
m

k

DM
f
x

ρ
ρ

ρ=
∂
∂

( )
( )

2

int 22 2

2
( , ) ( ) ( ) ( )i ji L g f c f c c c

t
α β α α β β α βα

α β

η ηη η η μ
η η

⎛ ⎞∂ ⎜ ⎟= − ∇ + − − −
⎜ ⎟∂ +⎝ ⎠

Curvature driven Bulk energy driven

2 2
, ,

, ,

k
k i j k

i j

x M
t

ρ
ρ ρ σ

ρ ρ σ

φ η η μ
≠
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= ∇ ⋅ + ∇⎢ ⎥⎜ ⎟∂ ⎢ ⎥⎝ ⎠⎣ ⎦

∑ ∑

22
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numk

D
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δ
δ
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= ⎜ ⎟⎜ ⎟⎜ ⎟∂ ∂ ⎝ ⎠⎝ ⎠
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Numerical validation for multi-
component multi-phase model

•• ProcessesProcesses for for whichwhich v(t)v(t)

•• Conclusions for grain Conclusions for grain 
growthgrowth model model remainremain

–– AccuracyAccuracy controlledcontrolled
byby

–– Diffuse interface Diffuse interface 
effectseffects for for 

–– Angles Angles outsideoutside [100[100°°--
140140°°] ] requirerequire largerlarger
resolutionresolution for for 
samesame accuracyaccuracy

/num xΔ

/ 5num R >

/num xΔ

••GrowingGrowing spheresphere

••CoarseningCoarsening

••Triple Triple junctionjunction

••IntermediateIntermediate phasephase

N. Moelans, Acta Mater. 2011.



Coupling phase-field with thermodynamics
databases
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Phase diagram

•• TernaryTernary AgAg--CuCu--Sn, T = 180 Sn, T = 180 °°CC
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Phase diagram

•• BinaryBinary CuCu--SnSn

Annealing 
temperature: 

180 °C

Eutectic
Composition: 

Sn-2at%Cu

Cu Sn
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Parabolic composition dependence

•• BulkBulk energyenergy

•• ParabolicParabolic composition composition 
dependencedependence

•• Simplifies solution phaseSimplifies solution phase--fieldfield
equationsequations

•• No composition No composition dependencedependence
neededneeded for Dfor D

•• DifficultDifficult for for higherhigher orderorder
systemssystems and large and large 
composition variationscomposition variations

( )2
,02 Sn Sn

Af x x C
ρ

ρ ρ= − +

( )( , ) ( ) m Sn
bulk i Sn Sn

m

G xf x f x
V

ρ ρ
ρ ρ

ρ ρ
ρ ρ

η φ φ= =∑ ∑

2

2

Sn

D DM
f A

x

ρ ρ
ρ

ρ ρ= =
∂
∂

S.Y. Hu, J. Murray, H. Weiland, Z.-K. Liu, L.-Q. Chen, Comp. Coupl. Phase Diagr. Thermoch., 31 (2007) p 303
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Coupling with thermodynamic
database

•• Free Free energiesenergies over full over full 
composition range are composition range are 
neededneeded in phasein phase--fieldfield

•• StoichiometricStoichiometric phasesphases
•• ApproximatedApproximated asas

•• ChoiceChoice of A of A requiresrequires ‘‘trial trial 
and and errorerror’’

–– NumericsNumerics –– Small shift in Small shift in 
phase phase equilibriaequilibria

–– HereHere: A = 1: A = 1ee66

( )2
,0

,0

2 Sn Sn

stoich

Sn stoich

AG x x C

C G
x x

ρ
ρ ρ

ρ

= − +

=
=

CuCu--SnSn

Gibbs energies from A. Dinsdale, A. Watson, A. Kroupa, 
J. Vřešt'ál, A. Zemanová, J. Vízdal COST 531-Lead 
Free Solders: Atlas of Phase Diagrams for Lead-Free 
Soldering, vols. 1,2 (2008) ESC-Cost office 
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Coupling with thermodynamic
database

3 3

2

( ' , ' )

( )
2

Ag Sn Ag Sn
Ag Sn

Sh Cu

G G x x
A x x

=

+ −

•• BinaryBinary phases phases shiftedshifted intointo
ternaryternary, , e.ge.g..

WithWith

1 6
0.001Sh

A e
x
=
=

' (1 )
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Ag Sh Ag

Sn Sh Sn

x x x

x x x

= −

= −
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Coupling with thermodynamic
database

Ag-Sn-0.001Cu Cu-Sn-0.001Ag

••SublatticeSublattice model + model + parabolicparabolic extensionextension

••CuCu66SnSn55--H:   (Cu)H:   (Cu).545.545:(:(Cu,SnCu,Sn)).122.122:(Sn):(Sn).333.333

••AgAg33Sn:  (Ag)Sn:  (Ag).75.75((Ag,SnAg,Sn)).25.25
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Coupling with thermodynamic
database

Ag-Sn-0.001Cu Cu-Sn-0.001Ag

••SublatticeSublattice model + model + parabolicparabolic extensionextension

••CuCu66SnSn55--H:   (Cu)H:   (Cu).545.545:(:(Cu,SnCu,Sn)).122.122:(Sn):(Sn).333.333

••AgAg33Sn:  (Ag)Sn:  (Ag).75.75((Ag,SnAg,Sn)).25.25
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Coupling with thermodynamic
database

Ag-Sn-0.001Cu Cu-Sn-0.001Ag

••SublatticeSublattice model + model + parabolicparabolic extensionextension

••CuCu66SnSn55--H:   (Cu)H:   (Cu).545.545:(:(Cu,SnCu,Sn)).122.122:(Sn):(Sn).333.333

••AgAg33Sn:  (Ag)Sn:  (Ag).75.75((Ag,SnAg,Sn)).25.25

→→ GGρρ(x(xAgAg,x,xCuCu,x,xSnSn)) over full over full 
composition rangecomposition range



Interdiffusion and intermetallic growth in 
Cu/Sn-Cu solder joints
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System properties

( ) 25

3 16 2

6 5 15 2

( ) 12 2

10

5 10 m /s

10 m /s

10 m /s

Cu
Sn
Cu Sn
Sn
Cu Sn
Sn

Sn
Sn

D

D

D

D

−

−

−

−

=

= ⋅

=

=

Annealing 
temperature: 

180 °C

Eutectic
Composition: 
Sn-2at%Cu

Cu Sn

20.25 J/mgbγ =

••EquilibriumEquilibrium compositionscompositions •• InterdiffusionInterdiffusion coeffcientscoeffcients

•• InterfacialInterfacial energyenergy
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IMC-layer growth (1D)

•• EffectEffect of of bulkbulk diffusion coefficientsdiffusion coefficients
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IMC-layer growth (1D)
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Comparison with experimental data

TT k_Cuk_Cu33SnSn k_Cuk_Cu66SnSn55

150 150 °°CC 0.0010 100.0010 10--66 0.00032 100.00032 10--66

180 180 °°CC 0.0032 100.0032 10--66 0.0059 100.0059 10--66

200 200 °°CC 0.0043 100.0043 10--66 0.0071 100.0071 10--66
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ParabolicParabolic growthgrowth constant constant experimentsexperiments

CuCu33Sn, T = 180 Sn, T = 180 °°CC

ParabolicParabolic growthgrowth constant in constant in 
simulations simulations withwith
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CuCu66SnSn55, T = 180 , T = 180 °°CC

Data Data fromfrom J. J. 
JanckzakJanckzak, EMPA, EMPA
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Effect of grain boundary diffusion

SnJ →Snx

grains
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•• 2D simulations2D simulations
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Effect of grain boundary diffusion

•• 3D simulations3D simulations
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Growth behavior Cu3Sn ?

••
( ) 25 2

3 15 2
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IMC growth in Sn-2at%Cu

••Initial compositionsInitial compositions

•• System size: 0.1System size: 0.1μμmx0.5mx0.5μμmm
•• InitiallyInitially ffVV = 0.04 = 0.04 

•• For future For future workwork: compare : compare withwith
experimentsexperiments for for nanoparticlenanoparticle--
reinforcedreinforced solderssolders for for whichwhich the the 
grain size grain size isis knownknown (J. (J. JanczakJanczak, , 
EMPA)EMPA)
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Conclusions

•• The phaseThe phase--fieldfield implementationimplementation isis able to able to reproducereproduce thermodynamicthermodynamic
and and kinetickinetic propertiesproperties accuratelyaccurately

•• Important to have Important to have realisticrealistic free free energyenergy functionsfunctions and and atomicatomic diffusion diffusion 
mobilitiesmobilities for microstructure simulationsfor microstructure simulations

•• But how to But how to treattreat stoichiometricstoichiometric phases, phases, binarybinary phases ?phases ?
•• Most Most generalgeneral solution: Gibbs free solution: Gibbs free energyenergy over full composition rangeover full composition range

•• PowerfulPowerful tooltool for the for the studystudy of of interdiffusioninterdiffusion in joint in joint materialsmaterials
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Thank you for your attention ! 
Questions ?
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Workshop on Workshop on MultiscaleMultiscale
simulation simulation atat K.U.LeuvenK.U.Leuven

http://www.cs.kuleuven.behttp://www.cs.kuleuven.be
/conference/multiscale11//conference/multiscale11/



Application examples

•• CoarseningCoarsening of Alof Al66Mn Mn precipitatesprecipitates locatedlocated on a on a 
recrystallizationrecrystallization front in Alfront in Al--Mn Mn alloysalloys

In collaboration In collaboration withwith A. A. MirouxMiroux, E. , E. 
AnselminoAnselmino, S. van der , S. van der ZwaagZwaag, T. U. Delft, T. U. Delft
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Jerky motion during recrystallization in 
Al-Mn alloy

•• InIn--situ EBSD observation of situ EBSD observation of 
recrystallizationrecrystallization in AA3103 in AA3103 atat 400 400 °°CC

•• CamScanCamScan X500 Crystal Probe X500 Crystal Probe 
FEGSEMFEGSEM

•• JerkyJerky grain grain boundaryboundary motionmotion
•• StoppingStopping time: 15time: 15--25 s25 s
•• PinningPinning by secondby second--phase phase 

precipitatesprecipitates
–– AlAl66((Fe,MnFe,Mn), ), αα--AlAl1212((Fe,MnFe,Mn))33SiSi

•• AddedAdded to phase to phase fieldfield modelmodel
•• Grain Grain boundaryboundary diffusiondiffusion
•• DrivingDriving force for force for recrystallizationrecrystallization

20μm
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Phase field model

•• Multiple order parameter Multiple order parameter 
representationrepresentation::

•• Mn Mn compositioncomposition field:field:

•• HomogeneousHomogeneous drivingdriving pressurepressure
forfor recrystallizationrecrystallization: : md

•• Bulk Bulk diffusiondiffusion + + SurfaceSurface diffusiondiffusion

,1 ,2 ,( , ), ( , ),..., ( , ),...m m p ir t r t r tη η η

( , )Mnx r t

,1 ,2 ,( , ,..., ,...) (1,0,...,0,...), (0,1,...,0,...),...(0,0,...,1,...),...m m p iη η η =



51
Nele Moelans
School on Computational Modeling of Materials, 
Antwerp, December 2-3, 2010

Material properties at 723K

Grain Grain boundaryboundary energyenergy highhigh angleangle γγhh = 0.324 J/m= 0.324 J/m22

InterfacialInterfacial energyenergy AlAl66Mn Mn precipitatesprecipitates γγprpr = 0.3 J/m= 0.3 J/m22

Mn diffusion in Mn diffusion in fccfcc AlAl DD0,0,bulkbulk = 10= 10--22 mm22/s, /s, QQbulkbulk = 211 kJ/mol= 211 kJ/mol
→→DDbulkbulk = 5.5973= 5.5973··1010--1818 mm22/s/s

Pipe diffusion Pipe diffusion highhigh angle angle boundariesboundaries, , 
precipitateprecipitate//matrixmatrix interfaceinterface

DD0,p0,p = D= D0,0,bulkbulk, , QQpp = 0.65Q= 0.65Qbulkbulk

→→DDpp = = 1.21951.2195··1010--12 12 mm22/s/s

MobilityMobility highhigh angle grain angle grain boundaryboundary
AtAt solutesolute content 0.3w% Mncontent 0.3w% Mn

MMhh = 2.94= 2.94··1010--1111 mm22s/kgs/kg
((MirouxMiroux et et al.,Materal.,Mater. . SciSci. Forum,467. Forum,467--470,393(2004))470,393(2004))

EquilibriumEquilibrium composition of composition of matrixmatrix ccMn,eqMn,eq = 0.0524 w% (0.02456 = 0.0524 w% (0.02456 atat%)%)
((PhDPhD thesisthesis LokLok 2005)2005)

ActualActual composition of composition of matrixmatrix
((supersaturatedsupersaturated))

ccMnMn = 0.3 w% (0.1474 = 0.3 w% (0.1474 atat%)%)
((PhDPhD thesisthesis LokLok 2005)2005)

BulkBulk energyenergy densitydensity: : ffρρ = A= Aρρ(x(x--xxρρ
00))22 AAm m = 6= 6··10101111; x; xmm

0 0 = 0.000258= 0.000258
AApp = 6= 6··10101212; x; xpp

0 0 = 0.1429= 0.1429
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Precipitate coarsening and unpinning

•• PPDD < P< PZS ZS ((PPDD ≈≈ PPZSZS))
•• PinningPinning: P: PZSZS=3.6=3.6 MPaMPa
•• Rex: PRex: PDD=3.1 =3.1 MPaMPa

•• UnpinningUnpinning mainlymainly throughthrough surface surface 
diffusion diffusion aroundaround precipitatesprecipitates

0.9μm x 0.375μm

2 2
x yJ J J= +

6 s

7·10-10
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Precipitate coarsening and unpinning

•• PPDD <<< P<<< PZSZS
•• PinningPinning: P: PZSZS = 3.6 = 3.6 MPaMPa
•• Rex: PRex: PDD = 1.1 = 1.1 MPaMPa

0.9μm x 0.375μm

•• UnpinningUnpinning throughthrough grain grain 
boundaryboundary diffusiondiffusion

2 2
x yJ J J= +

8 s

1.7·10-10
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Multi-grain and multi-phase models

•• MultiMulti--phasephase--fieldfield modelmodel
•• Phase Phase fieldsfields

•• Free Free energyenergy

–– Double obstacle, Double obstacle, higherhigher orderorder termsterms, gradient , gradient termterm
nonnon--variationalvariational

–– Interpolation: Interpolation: zerozero--slopeslope or or thermodynamicthermodynamic
consistencyconsistency

•• MultiMulti--orderorder parameterparameter modelsmodels
•• OrderOrder parametersparameters

•• InterfacialInterfacial energyenergy

1 2
1

, ,..., ( , ),..., , 1
p

i p i
i

r tη η η η η
=

⎛ ⎞
≠⎜ ⎟

⎝ ⎠
∑

1 2 3
1

, , ,... , 1
p

p i
i

ϕ ϕ ϕ ϕ ϕ
=

=∑

,
int

,

,

2

2

4
| |i

i j i j
i j

j i j
j

i

f φ φ φφ
π

σ η
η≠

⎧ ⎫⎪ ⎪= ∇ ⋅∇ +⎨ ⎬
⎪ ⎪⎩ ⎭

∑
,0 1i j

Steinbach et al.

MICRESS phase-field
code

H. Garcke, B.Nestler, 
B. Stoth, SIAM J. Appl. 
Math. 60 (1999) p 295.

φ< <

( )4 2
2 2 2

int
1 1 1

,
1 ( )

4 2 4 2

p p p p
i i

i j i
i i j i i

i jmf η η η η
κ

γ η
η

= = < =

⎛ ⎞⎛ ⎞
= − + + + ∇⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠
∑ ∑∑ ∑

L.-Q. Chen and W. Yang, 
PRB, 50 (1994) p15752

A. Kazaryan et al., PRB, 
61 (2000) p14275
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Multi-grain and multi-phase models

•• VectorVector valuedvalued modelmodel
•• Orientation Orientation fieldfield (   ) and phase (   ) and phase fieldfield (   )(   )

•• Free Free energyenergy

•• 22--phase solidificationphase solidification
•• Phase Phase fieldsfields

•• FifthFifth orderorder interpolation interpolation functionsfunctions ggii((φφ11,,φφ22,,φφ33))
–– ZeroZero--slopeslope and and thermodynamicthermodynamic consistentconsistent
–– OrderOrder ggii increasesincreases withwith numbernumber of phaseof phase--fieldsfields

•• MultiMulti--orderorder parameterparameter + 4th + 4th orderorder gradient gradient termsterms

•• Phase Phase fieldfield crystalcrystal and amplitude and amplitude equationsequations

int ( , | |, | |)f f φ φ θ= ∇ ∇

φ R. Kobayashi, J.A. Warren, 
W.C.  Carter, Physica D, 119 
(1998) p415

3

1 2 3
1

, , , 1i
i

ϕ ϕ ϕ ϕ
=

=∑

θ

R. Folch and M. Plapp, PRE, 72 
(2005) n° 011602

I.M. McKenna, M.P. Gururajan, 
P.W. Voorhees, J. Mater. Sci., 44 
(2009) p2206
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Rotation invariance of the model

•• MathematicallyMathematically, the model , the model equationsequations are invariant to rotation, but are invariant to rotation, but ……
•• the the orderorder parametersparameters representrepresent orientationsorientations in a in a fixedfixed referencereference frame.frame.

•• The The precisionprecision of of αα dependsdepends on the on the numericalnumerical setup, setup, 

•• For the model to For the model to bebe rotationalrotational invariant in practice, invariant in practice, lowerlower limitlimit of of 
amountamount of of orderorder parametersparameters pp::

L
hΔ

≈Δ
α

α
cos

1

hn
Lp

Δ
>

π2

grid spacing grid spacing ΔΔhh

physical width of domain physical width of domain LL

rotational symmetry rotational symmetry nn

J. Heulens and N. Moelans, Scripta Mat. (2010)
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