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About two geometric
inequalities

Michel Bataille

Abstract

Two geometric inequalities, Kooi’s inequality and a companion,
are surprisingly both derived from a single algebraic inequality.
Comparison with inequalities of the same kind and applica-
tions are also offered.

1 Introduction

The main purpose of this note is to give a simple proof of the
inequalities
2r(2R — r)(4R + 1)
R

2
< s2 < m (1)
2(2R — )

where s, r, and R are the semiperimeter, the inradius, and the
circumradius of a triangle, respectiely.

The right inequality, presented without proof in section 5-7 of [2],
is known as Kooi’'s inequality. Proofs of these inequalities have
appeared recently: in [1], M. Lukarevski offers a short proof of
Kooi’s inequality, and the left inequality is the key to J. Zacharias’s
solution to a problem [4]. Each of these proofs rests upon a

clever use of one of Blundon’s strong (but complicated) geometric
inequalities [2, p. 51]:

f(R,r) < s* < F(R,7),
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where f(R,r) = 2R? + 10Rr — r? — 2(R — 2r)+/R? — 2rR and
F(r,r) = 2R?> 4+ 10Rr — > + 2(R — 2r)v/R? — 27R.

Here, in contrast, we deduce (1) from the following algebraic in-
equality:

If u,v,w are positive real numbers and
et=u+v+w, ez =uv—+ vw -+ wu, ez = uvw,

then
des(eres — 3e3) < ef(elez — e3). (2)

We first prove (1) assuming that (2) holds, and prove (2) in Section 3.
In the final section, after some remarks about our inequalities, we
present two situations where they prove useful.

2 Proof of the inequalities (1)

Let a,b,c be the sides of the triangle and A,B,C the angles oppo-

site a,b,c, respectively. The only prerequisite of the proof is the

following bunch of results about tan 2, tan 2, tan <:

C 4R + r A B C r
tan — + tan — 4 tan — = , tan —tan —tan — = —
2 2 2 s 2 2 2 s
and
B C C A A B
tan — tan — + tan — tan — + tan — tan — = 1. (3)
2 2 2 2 2 2
(These equalities are readily obtained using the basic formulas
A r B r C r
tan — = , tan— = , tan — = ,
s—a 2 s—b 2 s—c

and rs = /s(s — a)(s — b)(s — c) and ab+bc+ca = s*+r?+4rR.)

The proof consists in combining formulas (3) with inequality (2) in
two ways.
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First, we take u = tan 2

5, U= tang and w :tan%. Then,

4R + r r
€e; = ) €y — 1’ 63 ==
s s
and (2) yields
4R + r r AR+ r\%2 /4R + r r
(- < (5) (5 -0)
s s s s s
Rearranging immediately leads to Kooi’s inequality.
Second, we take u = tangtan%, v = tan%tan% and w =
tan % tan 2. This time, we have
r(r + 4R) r?
et=1, ea=——"—"", e3=—,
52 s2

and (2) gives
4r(r + 4R) (r(r +4R) 3’r2> < r(r +4R) r?

s2 82 s2

The left inequality of (1) follows.

3 Proof of inequality (2)

Due to homogeneity, we may suppose that ey = u+ v + w = 1.
Then, (2) can be written as

(462 — 1)(62 — 363) S 263. (4:)
We observe that
es — 3e; = eze; — 3es = wv(u + v) + vw(v + w) + wu(w + u) > 0,

hence (4) certainly holds if 4e; < 1. From now on, we suppose
that 462 > 1.

Because of the general inequality =? + y? + 22 > zy + yz + 2z
for z,y,z € R, we have e? = u? + v? + w? + 2e, > 3e,, hence
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3e; < 1. Following a known method (see [3], for example), we
set £ = 4/T—3e;. Then, 0 < t < 3 and, since e; = 1_;2, (4) is
transformed into

1 — 5t% + 4t* < 9e3(3 — 4t?). (5)

Now, observing that the derivative p’(x) = 3z% — 2z + e, of the
polynomial

p(x) = (x —u)(x —v)(x —w) =z°> — 2°> + esx — e3

vanishes at 5t and ¥, a quick study of the variations of p(z)

on the interval (0, co) shows that we must have p(*+*) < 0. This
provides the inequality 27e; > 1 — 3t — 2t3.

Then, noticing that 3 — 4t? > 0 (since 0 < t < %), we see that (D)
holds if g(t) > 0, where

q(t) = (3 — 4t?)(1 — 3t* — 2t) — 3(1 — 5t* + 4t*).
Since q(t) = 2t?(2t — 1)?(t + 1) > 0, the proof is complete.

4 Remarks and examples

4.1 Case of equality

Examining closely the above proof of (2), we see that equality holds
if and only if 4e; > 1 and ¢t = 0. This occurs if and only if e = 1/3,
that is, © = v = w. It easily follows that either of the inequalities
(1) is an equality if and only if the triangle is equilateral.

4.2 Comparison with other inequalities

Inequalities (1) are less strong than Blundon’s inequalities (as
pointed out in the introduction). However, they are stronger than
the frequently used inequalities of Gerretsen [2, p. 50]:

r(16R — 57r) < s> < 4R? + 4rR + 372 (6)
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For instance, a short calculation shows that

2r(2R —r)(4R + 1)

r(16R — 5r) < R

rewrites as r?(R — 2r) > 0, which holds by Euler’s well-known
inequality R > 2r.

Similarly, the reader will prove that

R(4R + r)?

< 4R? + 4rR + 37?2
22R —p) = AT

holds.

Thus, inequalities (1) appear as being intermediate between Ger-
retsen’s and Blundon’s inequalities.

4.3 Applications

To see the inequalities (1) at work, we present two problems with
solutions.

Problem 1. Prove that

1 1 1 9
+ + Zg

s—a s—0b s—c¢

Improve this inequality by showing that

1 n 1 n 1 >2 1 T 0
s —a s—0b s—ec T 2R’

Solution. First, from the harmonic mean-arithmetic mean inequal-
ity, we deduce that

1 1 1 1 3 3
(ot )2 -2

3\s—a s—0b s—c¢) s—a-+s—b+s—c s

The first inequality follows.
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Now, since

1 1 1 ab + bc + ca — s? r+4R
+ + — = )

s—a s—b s—c (s—a)(s—b)(s—2c) rs

(7) is equivalent to s2 < %ﬁ?j,

holds.

Kooi’s inequality, so that (7)

Note that 2 o= > 2, which is equivalent to s?*(4R — 2r) >

81r2R, holds since, by (6) and R > 2r, we have

s’(4R — 2r) — 8172R > (167R — 5r?)(4R — 2r) — 81r°’R
=r(R — 2r)(64R — 5r) > 0. O

Problem 2. Prove that

A B C A B C
tan tantan(tan + tan — + tan ) <
2 2 2 2 2 2

OO\'—‘

Improve this inequality by showing that

A B C A B C R
tan — tan — tan (tan + tan — 4+ tan ) <———. (8
2 2 2 2 2 2 2(2R — r)

Solution. First, let

B
a =tan —tan —, (@ = tan —tan —, -~ = tan —tan —.
2 2 2 2 2 2

Since a« + 3+ v = 1, we also have 3(a8 + By + va) < 1 (cf.
Section 3). The inequality follows.

Next, using the results (3), we obtain that

A B C( A B C) r(4R + r)
tan —tan —tan —|tan — 4+ tan — +tan— | = ———
2 2 2 2 2 2 s2

and, therefore, (8) holds, as it can be written as s? > 2’°(2R_2(4R+’”),

the left inequality of (1).

From Euler’s inequality R > 2r we immediately deduce that

2(TR—T) < 3. hence (8) does improve the previous inequality. [
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On a kind of Gaussian
integral with the square on
the left

S. Camosso

Abstract

In this short note we study the following integral:

+oo 2
/ e Tdzx,
0

involving the tetration function f(z) =2 z = x*.

1 Introduction

Tetration is a mathematical operation defined for > 0 as

where a« = 0,1,2,3,... is the level of the “power tower” (with
9%z = 1). A nice article on the tetration operation is [1]. Infinite
tetration Tz is treated in [5], [7] and [3]. The tetration is not an
associative operation always evaluated from top to bottom. Tetra-
tion admits and inverse function know as the Lambert function W'.
This function satisfies the equation

W (x)e® =g,
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The Lambert function can be used to solve various exponential and
logarithmic equations of self-exponential nature. Details on the
Lambert function and its relation with the tetration operation are
in [2] and [4].

In this note the aim is the study of the integral

+oo o
/ % de. (1)
0

with e = 2. The integral can be decomposed into two integrals,
one in the interval [0, 1] and the second in the interval [1,+oc0).
The first integral can be estimated using a result of [8]. The second
integral can be estimated using inequalities.

2 Results

In this section we study the integral (1) for the case where a = 2. In
the first proposition presented here we give an explicit description
in power series of the integral (1) for € [0,1]. The second and
third propositions are, respectively, an upper and lower bound
of the integral (1). The lower bound involves a special function
Ei(x,y) called the “ exponential integral function” defined in the
last proposition.

Proposition 1. The following holds:

1 too [ (_1)k—1 [+oo (_1)i
/Oe—w‘”dwzl_kz{(zc.[z(j? jk—1:|}.

k=1 j=1

Proof. The first step consists on considering the Taylor expansion
of the integral

1 wd 1 me w3a: 4
T = 1— =24+ — - —+... .
I N L

As a second step, we use the linearity of the integral

3x

1 N 1 1 1 p2x 1
/ e ” da::/ 1d:1:—/ a:‘”da:—l—/ —dw—/ —dxz+.... (2)
0 0 0 o 2! o 3!
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At this point we consider the remarkable formula of [8]:

c c? c®

1
“dr =1 — — N
/o"" v @t1)?  (2at1)p Batii ©)

where a and ¢ are constants.

In the last step, we apply (3) with a = 1 to each integral in (2):

1 T
/e_‘c dx
0
“+ oo (_1)k—1 1 + oo (_2)k—1 1 +oo (_3)k—1

=1->

k=1 kk 2! k=1 kk 3! k=1 kk

+...

The result follows by recollecting the term {55 (_2):_1 after the

first 1. O
Proposition 2. The following inequality holds:
+o0 N
/ e de <I+et,
0

where I, = [y e™*" dz.

Proof. To prove the proposition we must estimate the integral

.t e=2" dz. Observing that

for x > 1, then

+oo ® +oo 1
/ e ¥ dx < / e ?dx =
1 1

e
Proposition 3. The following holds:

+o0 =
/ e=*"dz > I, — Ei(1, ) + Ei(1, e) + L,
0

where
1 ® —+oo =
I, :/ e ¥ dx, I, :/ % dx
0 e
and
“+oo
Ei(x,y) :/ e WtT* dt.
1
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Proof. To prove the proposition we must estimate the integrals
A= [fe® dzxand B = [ e dz.
For the first integral A we observe that

% — emW(m In(x)) ,

where W is the Lambert function. Now let us consider the following
inequality:

W(m)gln( zt+y )

1+Iny
for y > 1/e and > —1/e (see [6]).

If y = e, we have that W (z) < In (%£¢) and

(m Inxz+te
2

wm S emln ) S 6:1:

for € [1, e]. Thus,

e

’

1

/ e ™ dx > / e " dx = —Ei(1, &)
1 1

where Ei(x,y) = [,/ e"™t™*dt.
For the second integral B we use the inequality
e > g7,
for £ > e, and the result follows. H

Observation 1. The integral B can be computed using approxima-
tion techniques. Another estimation for B may be given using the
inequality W (x) < Inx (see [6]) for x > e. In this case, the integral
B can be estimated by the integral

+o0 1
BZ/ ———d=x.

xx*(Inz)=—1

3 Other related results

In this third section we find two results similar to Proposition 1.
In what follows we find in series form the integral (1) on [0, 1],
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respectively in the case where the exponent is replaced by —(x*)”
and 2(—=z). In both cases, the central role of the proof is played by
the formula (3).

Proposition 4. The following equality holds:

- el (0t [ enon
/0 € dz = 1+kz::0{(2k_|_1)(k+1) ' J; G+ 1) (J +1)k]}.

4)

Proof. The proof is similar to the proof of Proposition 1 using (3)
with a = 2.

We start by the Taylor expansion of the integrand,

1 mm2 1 2 m2w2 w3w2
e da::/ 1—=x — ... | de.
/0 0 . 2! 3! +

Now, by linearity, we find that

1 2 1 1, 1 p2?
/e_"3 d:v:/ ldw—/w‘” dm—l—/
0 0 0 o 2!

By the formula (3) we have that

1m3w2
d:v—/o a1 de 4+ ...

1 .2 +oo (_1)k—1
= de=1-Y
/0 c 2 (2k — 1)k

k=1

1 +° (=1 k-1, 2k—1
T 2. =Y k

20 (26—1)

1 “+ oo (_1)k—1 . 3k—1
S Blo (k-1

+...

Recollecting the main term,

1 22 +oo (_1)k-1 9k—1 k-1
[eanmne S EDT (L 2 3 )
0

= (2k — 1)k 2! 3!

This is exactly the formula (4) with translated indices. O
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Proposition 5. We have that

1, to 1
/e(_m)dazzl—l—Z—
0

n=0 n"

g(—nkm.

Proof. As in Proposition 1, we consider the Taylor expansion of the
integrand:

—2x —3x

1 . 1 x x
‘md:/ 1—g _ ... ) da.
[erran= [(1ma=s 0= T e

We proceed calculating each integral using the formula (3) with
a =1 and now ¢ = —1:

ldx =1,
0
1 Too 1
/ r *dx = B
0 n_o "
1 o d —+oo 2n
x T = _,
/0 ngo n"
Thus, we have that
1 Ca +oo 1 n n
e dx=1 _ =14+ — — — +...
A AP e T T
The result follows. O

4 Conclusion

The operation of tetration is the evolution that corresponds to the
repeated exponentiation. It is related to Ackermann’s function
and can be viewed as a “new arithmetical operation” [4]. These
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operations are called hyper-operations. It is interesting to examine
classical results in this new light. In this article we examined an
analogue case to the classical Gaussian integral

400
k/ e dx = NZ

—Oo0

where we considered ?x instead the classical square z? at exponent.
In this case, it seems we do not have a simple closed expression
such as /7 (here we cannot use the Gauss trick to pass to polar
coordinates!). Apart from this, we have found an upper/lower
bound for the integral and some interesting results in power series
on the interval [0, 1].

References

[1] Chun, J. H. What is... tetration? 2014. URL: https://math.
osu.edu/sites/math.osu.edu/files/chun_tetration.
pdf.

[2] Edwards, S. “Extension of Algebraic Solutions Using The Lam-
bert W Function”. arXiv e-prints (2019). arXiv: 1902.08910.

[3] Euler, L. “De formulis exponentialibus replicatis”. Acta Academiae

Scientiarum Petropolitanae 1 (1778), pp. 38-60.

[4] Euler, L. “De serie Lambertina Plurimisque eius insignibus
proprietatibus”. Acta Academiae Scientiarum Petropolitanae 2

[5] Galidakis, I. N. “On an application of Lambert’s W function to
infinite exponentials”. Complex Variables, Theory Appl. 49.11
(2004), pp. 759-780. 1ssN: 0278-1077; 1563-5066/¢e. DOI: 10.
1080/02781070412331298796.

[6] Hoorfar, A. and Hassani, M. “Inequalities on the Lambert W
function and hyperpower function”. JIPAM, J. Inequal. Pure
Appl. Math. 9.2 (2008), Id/No 51, 5 p. ISSN: 1443-5756/¢.

[7] Knoebel, R. A. “Exponentials reiterated”. Am. Math. Mon. 88
(1981), pp. 235-252. 1SSN: 0002-9890. DOI: 10.2307/2320546.


https://math.osu.edu/sites/math.osu.edu/files/chun_tetration.pdf
https://math.osu.edu/sites/math.osu.edu/files/chun_tetration.pdf
https://math.osu.edu/sites/math.osu.edu/files/chun_tetration.pdf
http://arxiv.org/abs/1902.08910
https://doi.org/10.1080/02781070412331298796
https://doi.org/10.1080/02781070412331298796
https://doi.org/10.2307/2320546

18 Arhimede Mathematical Journal

[8] Nahin, P. J. Inside interesting integrals. A collection of sneaky
tricks, sly substitutions, and numerous other stupendously clever,
awesomely wicked, and devilishly seductive maneuvers for com-
puting nearly 200 perplexing definite integrals from physics,
engineering, and mathematics (plus 60 challenge problems with
complete, detailed solutions). Undergraduate Lecture Notes in
Physics. New York: Springer, 2015, pp. xxiii + 412. ISBN: 978-1-
4939-1276-6/pbk; 978-1-4939-1277-3/ebook. DOI: 10.1007/
978-1-4939-1277-3.

[9] Rubtsov, C. A. and Romerio, G. F. Ackermann’s _function and
new arithmetical operations. 2004. URL: http://www.rotary
saluzzo.it/Z_Vecchio_Sito/filePDF/Iperoperazioni%
20 (1) .pdf.

Simone Camosso

Department of Mathematics,

LI.S. G.Soleri-A.Bertoni (Saluzzo, Italia)
via dei Ronchi n.14, 12030 Envie, Italia

r.camosso@alice.it


https://doi.org/10.1007/978-1-4939-1277-3
https://doi.org/10.1007/978-1-4939-1277-3
http://www.rotarysaluzzo.it/Z_Vecchio_Sito/filePDF/Iperoperazioni%20(1).pdf
http://www.rotarysaluzzo.it/Z_Vecchio_Sito/filePDF/Iperoperazioni%20(1).pdf
http://www.rotarysaluzzo.it/Z_Vecchio_Sito/filePDF/Iperoperazioni%20(1).pdf

Volume 8, No. 1, Spring 2021 19

Dense sets and Kroneker’s
theorem

Arkady M. Alt

1 Introduction

Among the problems that appear in mathematical olympiads, there
are problems that by one way or another are related to the approx-
imations of irrational numbers by rational ones. Such problems
directly lead to theorems of the theory of Diophantine approxima-
tions, such as the Kronecker theorem and Dirichlet theorem, and
to the concept of subset that is dense in a given set (a concept
important for understanding the fundamental properties of real
numbers). Thus, such problems, in addition to their competitive
olympiad assignments, become a cognitive stimulus.

In this note we present a short introduction to the topic mentioned
above with applications to olympiad problems.

2 Basic results

We begin stating some basic facts that will be used later on:

1. For every real number  and any integers m, n, it holds that
{n{mz}} = {nmz}. Indeed, {n{mz}} = {n(mzx—|mz|)} =
2. For every irrational 7 and any integer n the number {nr} is
irrational. Suppose on the contrary that {nr} is rational; then

T = {nt} + [n7] € Q (contradiction).
n
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3. For any real a > 0 there is a positive integer n such that
na > 1. (Archimedes’ Axiom)

Next, we state and prove some lemmas that will be used hereafter:

Lemma 1. Each interval (o, 3) with 3 — a > 1 contains at least
one integer number.

Proof. Denote n = |a] + 1. Then, from |a] < a < n and
at+1l1<Bitfollowsthata <n=|a|]+1<a+1<p. O

Lemma 2. Let 7 be an irrational number such that 0 < T < 1.
Then, there exists a unique nonnegative integer k and an irrational
psuchthatktr+p=1and0< p < T.

Proof. Let k = |1/7| and p = 7{1/7}. Then, from 1/ = [1/7] +
{1/7} we immediately obtain k7 + p =1 and 0 < p < 7, where p
is nonzero because T is irrational and integer £ > 0 on account
that 0 < 7 < 1. O

Lemma 3. Let 8 be an irrational number. Then, for any positive
integer k, there exists a nonzero integer m such that {m6} < 1/k,
where |m| < k.

Proof. First note that, since {m{6}} = {m 0}, we can WLOG
assume that 6 € (0,1). Consider the numbers x; = {i0}, where
1 < i< k+ 1. We claim that all of them are distinct. Indeed,
suppose that x; = z; for some ¢ # j. Then, {i0} = {j0} or
10 — |i0] = jO6 — |j0]| and 6(i — j) = |20] — |j€], from which we
get that

IC/ETTN

t— ]

This contradicts the irrationality of # and the claim follows.

0

Since all these numbers are distinct then there are x; and z; such
that 0 < z; — z; < 1/k. In fact, assume the contrary and suppose
that |z; —z;| > 1/k forall i # j. Let y1 < y2 < ... < yp41 be all
terms of the sequence x1, 2, ..., T sorted in increasing order.
Since by assumption y;+1 — y; > 1/k forall 1 < ¢ < k, then we
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obtain

Ye+1 — Y1 = (Y41 — Y) + (Y — Yp—1) + ...+ (y2 — y1)
1
>k.-—>1.
- k

But this contradicts the fact that 0 < y; < yg41 < 1. Since

x; — z; = {i0} — {j0} = (i0 — [i0)) — (j6 — 1j6))
= 0(i — j) — 0] + |30

and 0 < z; — z; < 1/k, then we obtain

w; —x; ={0(i — j) — [i6] + [50]} = {6(i — 4)}.

So, {mf} < 1/k for m = i — j and |m| < k because —k =
1—(k+1)<i— j<(k+1)—1=k. 0

Remark. Actually, it is not necessary to claim that 8 € (0,1). In-
deed, by Lemma 3, for any irrational 8 € (0,1) the number {0} €
(0,1) and there is an integer m # 0 such that {m{6}} < 1/k and

{m{6}} = {mo}.

An immediate consequence of the preceding are the following corol-
laries.

Corollary 1. Let 0 be irrational and k be any positive integer.
Then, there exists a positive integer m such that {mé} < 1/k.

Proof. Suppose that the number m obtained in Lemma 3 is neg-
ative. Then, by Lemma 2, 1 = I - {m6} + 6,, where | € N
and 0 < 6; < {m6@}. Hence, 0, = {6;} = {1—-1-{mb}} =
{=l-mO+1lmb|} ={-1l-mb} = {m,0}, where m; = —Ilm > 0,
and since 0; < {mf} < 1/k we have now a positive m; such that
{m.0} < 1/k. O

Corollary 2 (Dirihlet’s theorem). Let 6 be an irrational number
and k be an arbitrary natural number. Then, there exist integers m
and l such that 1

ml — 1| < —

mo —1] < -
and 0 < m < k.
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Proof. By Lemma 3 we have 0 < mf — [mb| < 1/k —

lm@ — [ml|| < 1/k <= ||m|0 — |[mB] - sign(m)| < 1/k. Let
l = |m@] - sign(m), m = |m|. Then, we obtain |mf — 1| < 1/k
where 0 < m < k. ]

Corollary 3. For any irrational € and any natural number k there
is arational r = 1/m such that |0 —r| < 1/mk and 0 < m < k.

Corollary 4. Let 8 be an irrational number and € > 0 a real num-
ber. Then, the following inequalities have infinitely many solutions:

(@ {x-0} <e, xeN.
b) {x-0—-y}<e, xeN ycZ.

Proof. (a) The inequality {z -0} < 1/k, where k € N and 1/k < €,
has at least one solution in N which is also a solution of {z-0} < e.
Suppose there is an € > 0 such that the set S of all natural
solutions of {x - 8} < € is finite. Then, § = mingcs{x -0} > 0
(because {x - 0} = 0 implies 0 = |{z - 0}]|/x € Q) and for this
0 the set {z | {x-0}} < d,x € N} is the empty set. But this
is a contradiction, because for any natural number k such that
1/k < 4, by Corollary 1, the inequality {x -6} < 1/k has a solution
in N.

(b) can be proved in a similar way. O

3 Kronecker theorem

We start recalling two definitions of a dense set.

e A proper subset A of the numerical set X is dense in X if
for any real € > 0 and any « € X there is a € A such that
|z — a| < e. (Approximation Form)

e If X = (p,q) and A ¢ (p,q) then it is easy to see that A is
dense in (p, q) if for any subinterval («,3) C (p, q) there is
a € A such that a < a < 3. (Interval form)

If A CR is dense in R, we say that A is everywhere dense.

Using the preceding definitions we state and prove the following.
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Lemma 4. [f A C R isdensein R and T is a nonzero real number,
then T + A and T A are dense in R.

Proof. Let (a,3) € R. Then, for the interval (o« — 7,3 — 7) there
isa € (a—1,86—7T) <= a+ 7 € (a,3), and in the case
T > 0 for interval (a/7,8/7 ) there is a € (a/T,B8/7) <=
Ta € (a,8). If 7 < 0, then for the interval (8/7,a/7) there is
a€ (B/T,a/T) <= Ta € (o, P). O

Theorem 1 (Kronecker). The following hold.

(a) For any irrational number 6, the set {{n6} | n € N} is dense
in (0,1).

(b) For any irrational number 0, the set {n@ +m | n € N,m € Z}
is everywhere dense (dense in R). That is, for any a € R and
e > 0 therearen € N, m € Z such that |a — (nf + m)| < e.

Proof. (a) Suppose that 8 € (0,1). Then, we will prove that, for
any a, 3 € [0,1] and o < 3, there exists a natural number n such
that a < {nO} < B. By Corollary 1, there exists m € N such
that {m0} < B — a. Let § = {m6O} and consider the sequence
{0,9,29,...,nd,...}. Since 8 — a > 6§, then 8/6 — a/é > 1 and,
by Lemma 1, there is n € N such that

o B

g < n < Ey
from which it follows that o < nd < 8. Since nd € (0,1), then
nd = {nd} = {n{mb} = {nmb} and for n := nm (Here, := is an

assigning operator. That is, n := nm means that the new value
of n is the old value of n multiplied by m), we get a < {nf} <
B. Let now 6 be any irrational number. Then, 6; = 6 — |6]
is also irrational and, therefore, there exists n € N such that
a < {nb,} < Bora<{nd—n|l0|} < B, from which it follows
that a < {n6} < 3.

(b) First, we prove that, for any interval («, 3), there exist m,n € N
such that a < n0+m < 8. WLOG we may assume that 8 —a < 1.
Then, ({a},8 — |a]) C [0,1] and, by (a), there exists n € N such
that {a} < {nf} < B — |a] or

{a} <{nb} + o] < B = {a} <nb — |nb] + [a] < B.
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Putting m = |a] — |nf] € Z, then we get « < n@ +m < 3. Let a
be a real number. Then, for any € > 0, there are n € N and m € Z
suchthata —e<nf+m < a+eor|a— (n+m)| <e. O

Now we will give another constructive proof of Kronecker’s theorem.
The next two lemmas correspond to part (a) of the theorem. Fur-
thermore, we also give an algorithm for finding n for any interval
(a,B) and € > 0 depending on the definition of density (interval or
approximation form).

Lemma 5. For any irrational number T € (0,1) there is a natural
number k > 2 such that {kT} < 7/2.

Proof. For a given 7 we have the representation 1 = ko¢m + 71,
where ko € Nand 0 < < 7. If 0 < 71 < 7/2, then again
(because 7, is irrational and =, € (0,1)) we have 1 = ki1 + T2,
where k; > 2 because 11 < 1/2and 0 < > < 11 < 7/2. Therefore,
s ={m} ={1—kinn} ={-ki(1 — kor)} = {k7} < 7/2, where
k = kok, > 2. If 7/2 < 71, then from 7 — 7, = {r— 7} =
{Tr — 1+ kot} = {(ko + 1)1} it follows that {kT} < 7/2, where
k=ko+1>2. O

Lemma 6. Let 0 € (0,1) be an irrational number. Then, there is a
sequence of natural numbers n; < n,; < ... < ng < ... such that

Proof. By Lemma 5, there exists a natural number k£ > 2 such that
{k0} < 0/2. Let n; = k. Suppose that we already have n; < ny <
... < n; such that 6; = {n;0} < 6/27 for 5 = 1,2,...i. Applying
Lemma 5 to the irrationals 6, we obtain 6,,; = {k;0;} < 0,/2 for
some natural k; > 2. But ; < 0/2! and {k;0;} = {k;{n0}} =
{ni+10} < 0/2i+1, where N1 — k:m,, >n;. ]
Corollary 5. Let 6 € (0,1) and € > 0. Then, there exist infinitely
many positive integers n such that {n6} < e. More precisely, there

exists an increasing sequence of positive integers {n; },>1 such that
€ > {nk9} and {nk+10} < {nke}/2

Proof. For {n6}, there exists m > 2 such that

inb} _ .

{mnb} = {m{nb}} < 5
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Then, for n; we get the integer nyy1 = mng > n; for which
{nk+10} < {nb}/2. O

Corollary 6. Let 8 € (0,1) be an irrational number. The set
{{n0} | n € N} is dense in (0,1). Moreover, for each interval
(a, B) C (0,1) there exist infinitely many positive integers x such
that a < {x0} < 3.

Proof. By the preceding results, there exists a positive integer m
such that {m6#} < B — a. Then, the interval

o g
{m8}’ {mo}
has length greater than 1 and contains a positive integer n. Namely,

®  cn< P ha<a{mo)<B=a< nmo) <p
- n P — (81 n{m (81 nm ’
{méo} {méo}
because from n{m@8} € (0, 1) if follows that n{m0} = {n{mo}} =
{nm@}. For example, we may choose n = |a/{mé}] + 1. So, we
have a positive integer £ = mn such that a < {6} < 3 holds. By
the preceding result, there always exists a positive integer m’ > m
such that {m’6} < {m6}/2. Then, n’ = |a/{M'0}] +1 > n.
Actually, n’ > 2n — 1 because

mol= hfnje}J 2 h:;}J = hn?e}J =2n—1)

Thus, we got another integer solution '’ = m/'n’ > x of a <
{xz0} < B and this process can be continued infinitely. So, starting
with m and n = |a/{m6}] + 1we may construct an increasing
sequence of positive integers such that a < {6} < 3, as desired.

O

For applications, it is often convenient to consider the following
interval form of Kronecker’s Theorem.

Corollary 7 (Kronecker). If 0 € (0,1) is irrational, then for any
interval (a,3) C R there exist positive integers n,m such that
a<nd—m<g3.
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Proof. Let (a,3) C R. WLOG we may assume that |a| = |3].

Since ({a},{B8}) € (0,1), then {a} < {n6} < {B} is satisfied for
n € N as big as we need. In particular, for n > (|a| + 1)/6. Then,

nd > |la| +1= [nb] > |a] +1 & [nb] — |a] > 1.
Let us denote by m = |nf] — |a], then we have

{a} <{nb} <{B} & a - a] <nb — [nb] <5 — [B]

or a < nf — (|nl] — |a]) < B, from which it follows that a <
nld —m < 3. ]

4 Some applications

Below, we apply the preceding results to solve some problems. We
begin with the following.

Problem 1. Prove that, for any positive integer M with k digits,
there is a natural number n such that the first k digits of 2™ are
precisely M .

Solution. On account of the statement of the problem, we have to
prove that there exists m € NU {0} such that

2" 2"
M:{ J — M< <M+1
10m 10m

or
log M < nlog2—m < log(M + 1).

Since M has k digits, then |[logM| = k. Let a = {logM} =
logM — k and 8 = min{l,log(M + 1) — k}, so (a,8) C (0,1).
By the preceding, we know that there are infinitely many natural
numbers such that {xlog2} < 8 — a. We choose n > k/log2
with {nlog2} < B — «. Then, the interval

<{n ljg 2}’ {nlfg 2}>
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has length greater that 1 and, consequently, contains a natural
number, say £. So, we have a < £{nlog2} < 3, or

logM < nlog2— (£|nlog2| — k) < B+ k <log(M +1).
Putting m := £|nlog2| — k and n := ¢n, we obtain
log M < nlog2—m < log(M + 1),
where n € N and m € NU {0}. O

Problem 2. Prove that there exists an irrational number 68 such
that the set

{2"0 | n € N}
is everywhere dense in [0,1).

Solution. First, we write the positive integers in the binary system
and we get

N = {1,10,11,100, 101,110,111, 1000,...}.

Let 6 be the real number whose decimal figures are the natural
numbers written in binary notation. That is,

6 =0.110111001011101111000....

This number is irrational because its binary representation con-
tains zero segments of any length. This number also has the
following interesting property: For each number b = 0.8182 ... Bk,
we can find a natural number which indicates the position in 6
from where the digits of b start a 8 segment of digits. Let £(b) be
the function that shows the least of starting positions of b. Thus,
if 6 = 0.0102. ..Om. oo then

{2°®0} = 0.818: - - . BrOe(vy+ht1 - - -

Let « = 0.ajaz...;... € (0,1) and let p be a positive integer.
Then, for
b=2"P|2°a]| = 0.ayz ... p,

the numbers a and {2¢® @} have the same first p digits a;, aa, . . . , a.
Therefore,
|C¥ — {2£(b)9}| = |0.ozp+1ap+2 e — O.Og(b)+p+1 e | < 2—1)’

and the proof is complete. O
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Problem 3 (A. Ya. Dorogovtsev [2]). Prove that the sets A =
{Vn—+yvm | n,m e N} and B = {¢/n —/m | n,m € N} are

everywhere dense.

Solution. First, we will see that, for any real interval (a, b), there
exist two positive integers n, m such that a < /n — y/m < b. Let
m be a positive integer such that a 4+ v/m > 0. Then,

a<vn—+vm<b< (a+vm)? <n<(b+v/m)
Now, we claim that (b + y/m)? — (a + v/m)? > 1. Indeed,

) 0 1 — a? + b?
(b++vVm)* — (a+vVm)* > 1 <= v/m > 2b—a)
Thus, for any m € N such that
1—a®+ b?
vm > maX{—a, 2(b_a,)}

by Lemma 1, there exists n € N such that (a + vm)? < n <
(b + v/m)?, and the set A is dense everywhere.

To prove that B is everywhere dense, we have to see that, for any
real interval (a, b), there exist two positive integers n, m such that
a < /n —/m < b. Let n be a positive integer such that /n > b.
Then,

a<yn—vm<b<s (¥/n—->b>*<m< (Yn—a)
Now, we claim that (¥/n — a)? — (/n — b)? > 1. Indeed,

3 2 3 2 3 1—a®+ b
(Vn—a)’—(Yn—-50>°’>1<— Vn>———.
2(b—a)

Thus, for any n € N such that
. 1 — a?+ b?
\/ﬁ > maX{b, 2(b_a/)}
by Lemma 1, there exists m € N such that (/n —b)? < m <
(&/n — a)?, and the set B is dense everywhere. O
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Problem 4 (Yu. S. Ochan [3]). Prove that the set {In(r?>+1) | r €
Q} is dense in [0, +00).

Solution. Let (a,b) C [0,4+00). We have that
a<ln(z?’+1)<be=e*—1<2?<e’ -1
<— Vver—1< |z| < Veb—1.

Then, on account of Archimede’s Axiom there exists n € N such

that
n (\/eb —1—+er — 1) > 1.

By Lemma 1, for this n the interval (n+e* —1,nve® — 1) con-
tains a natural number m. That is, nve* —1 < m < n+veb—1

or, equivalently,

2

a < ln(<m> + 1) <b. O
n

Problem 5 (V. I. Bernik et al. [1]).

(a) Prove that the set {sinr | r € Q} is dense in [—1,1].
(b) Prove that {{logn} | n € N} is dense in (0,1).

Solution. (a) Let (a,b) C [—1,1] and let o = arcsina and 8 =
arcsinb. By Archimede’s Axiom, there exists n € N such that
n(B — a) > 1. Then, by Lemma 1, the interval (na, n3) contains
a natural number m. That is, na < m < ng and a < m/n <
B. Since f(x) = sinx is increasing in [—xn/2,7/2] and «,8 €
[—m/2,m /2], then we obtain

m
a =sina < sin — < sin3 = b,
n
and the set {sinn | n € N} is dense in [—1,1]. The preceding,
jointly with the fact that N C Q, imply that {sinr | » € Q} is dense
in [—1,1].

An alternative proof of (a) can be given by using the following.

Proposition 1. Let f be a continuous function on [a,b] and sup-
pose that f([a,b]) = [m, M]. If A C [a,b] is dense in [a, b], then
f(A) is dense in [m, M].
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Proof. Let q € [m, M| and suppose that f(p) = q for some p €
[a,b]. Then, for any € > 0 there is § > 0 such that |x — p| < §
implies |f(x) — q| < €. Since A is dense in [a, b], thereis c € A
such that |¢ — p| < §. Then, |f(c) — q| < €, and this means that
f(A) is dense in [m, M]. O

Applying the above proposition to the function f(x) = sinx we get
that {sinn | n € N} is dense in [—1, 1]. Indeed,

2w = lgg) gy = s =sin([5| + 15}) = sin(2m {5 })

Since {2-} is dense in [0,1) then 2w {2} is dense in [0, 27) and
{sinn | n € N} is dense in [—1, 1].

(b) Let B = {{logn} | n=2",m € N} = {mlog2 | m € N} C A.
Since log 2 is irrational, then by Kronecker’s Theorem B is dense
in (0, 1). This implies that A is dense in (0,1) because B C A. [
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Some inequalities with
radicals in triangle
geometry

Marius Dragan and Mihaly Bencze

Abstract

In this paper we obtain lower and upper bounds for

V/P(a,b,c) + \/P(b,c,a) + /P(c,a,b),

where P is a positive rational function and a, b, ¢ are the length
of the sides of a triangle ABC'.

1 Introduction

In the following for a triangle ABC we denote its sides by a =
b

|BC|, b = |AC|, ¢ = |AB|, by s = atbte the semiperimeter,

by R the circumscribed radius and by r the inscribed radius.

Recall the inequality 3 sin 2 < /2&" from [2], and its improve-

A < V2R+(3—2v2)r
2 = R

ment Y sin , given in [1].

Corollary 1 improves these inequalities and furthermore gives us
the best inequality of the type

F(R,r) < Ssin D < g(R,m),

where f(R,r) and g(R,r) are two homogeneous functions.
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We also have the inequality 3" m, < w (see [5]), which repre-

sents a rational refinement of the well-known inequality

Z’ma <4R +r.

Corollary 7 improves this inequality and furthermore gives us the
best inequality of type f(R,r) < Y m, < g(R,r), where f(R,r)
and g(R,r) are two homogeneous functions.

2 Main results

Theorem 1 (Blundon). Inany triangle ABC we have s; < s < 33,
where

81 = \/ZR2 + 10Rr — r2 — 2(R — 2r)/ R? — 2Rr,
Sg = \/2R2 + 10Rr — r2 + 2(R — 2r)/ R? — 2Rr.

We obtain equality in the case of two isosceles triangles A, B,C,
and A3 B,;C> with sides of lengths

o — 2r(R+r —d) by — c :(R—l—r—d)(R—d)
V(R—d)” —r? V(R—d)* — 2
0 — 2r(R+r+d) by — c :(R—l—r—l—d)(R—l—d)

VRt A= V(R +d)? — r2

where d = |OI| = v/ R? — 2Rr.
In the following we will use the results contained in the next lemma:

Lemma 1. In any triangle ABC' the following identities are true

—a __ s?4r2—8R
y o v Fans

s—b)(s—c) __ —r
) Z( Bs—e) _ »sibantn)?

s(s—a) _ s"=2(r*+4Rr
4) bD (s=b)(s—c) r2 :
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2_9g2
5 5, = s

2
6 3 (s;(l;)ﬁsa—)c) (4TR+7;)2 —2s2
7) 3 (s;a)2 _ s2—2r? —8R7~
8 X (s— b)(s g 2+Tr2_ 2
9 ¥ =

10 ¥ s(sbca) P+ (@Rin)”

11) 3 (s— b)(s o Sl?;zr'

12) Zm mb_—[( 2—|-'r‘2+4R'r') —16Rrs ]
13) (4mampmc)?=s8+(33r2 —12Rr)s4—(33r4+60R2r2—120r3)s2—(r2+4Rr)3.

Proof. We prove each item.

s—a _ sY bc—3abc _ s(s?4+r2+4Rr)—12sRr _ 24,2 gRy,
1) 2 a T abc - 4Rrs - 4Rr
(s—=b)(s—c) __ SZYa—2s§:ab+3abc __ 2R—7
2) D be - abc - 2R °
(s—b)(s—c) 52> be—2s% 3" bc+3abcs+(2 bc)2—4abc 32r2+(r2+4Rr)2
3) Z a = abc = 4Rrs )
4 s(s—a) _ 83 (s—a)® __ 2(332—432+232—2r2—8Rr) _ s2_272_8Rr
) X (s=b)(s—c) — [(s—a) s2r2 r2 :
5) 2 {Ne-ve—o) —2[[(—a)s}s? _ (aRrtr?)* 2577
2 (s—a)? (1_[(3—0,))2 4 )
6) (s=b)(s—e) _ 1, [D(=b)(— o]’ —2[[(s—a)s _ (R+4r)?-25%
> s(s—a) s [[(s—a) s2
7) Z (s—;z — 332—432+822’s:2—2r —8Rr — s —27;2—8Rr
. (stc 3abc)s 8242 —SRr
8) Z (s— b)(s c) S2 r2
9) Z ﬁ (233—28 ;:Zb-f-&zbc)s — 41?1”72,'1 )
be(s—b)(s—c 2r24 (4Rr+r2
10) Z S(Sbca) T (321‘2)( ) (32,,.2 )
a _ Y a(s—a) __ 2s2—2s242r248Rr __ 8R+2r
11) bD (s=b)(s—c) — [(s—a) sr2 - sr

12) Z mgmgz% Z a2b2=% [(52+7‘2+4R7')2—16R7's2] .

13) We denote S = a? + b? + 2, s2 =t and r? + 4Rr = «. Then,
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we have

64m§m§m§ = 1_[[2(b2 + cz) — a2] = H(Zsz — 3a2>
= 883 — 1283 + +9 Z a’b®2s, — 27a%b%c?
= — 433 + 18s; {(Z ab)2 — 4abcs} — 2716 - R*r?s?

—32(t —a)’ +36(t — ) - [(t—a)® — 16Rrs| — 432R?r?s?
=4{-8(t — a)® +9(t — a) [(t+ a)® — 16Rrs — 108 R*r*s?|}
= 4[—8t> + 24t°a — 24ta’® + 80

+(9t — 9a) (t* + o® 4+ 2at — 16Rrt) — 108 R*r?s?|
= 4(—8t% + 24t?a — 24ta® + 8a® + 9t + 9a’t + 18at?

— 144Rrt? —9ar? —9a® — 18a*t+144aRrt — 108 R*r?s?)
=4[t® + (24a + 18a — 144Rr — 9a)t?

+ (—240*+9a®—18a®+144aRr — 108 R*r?)t+8a® — 9a°]
[t*+(33a—144Rr)t* + (—33a’+144aRr — 108 R*r?)t — o’
[t*+ (337> —12Rr)t*+ (—33r*—60R*r> —120Rr®)t—o®].

4
4
This concludes the proof. O

We consider the functions f, g, h,u: [s1, s2] — R defined by

f(s)=P(a,b,c) + P(b,c,a) + P(c,a,b),
g(s)=P(a,b,c)P(b,c,a)+P(a,b,c)P(c,a,b)+P(b,c,a)P(c,a,b),
h(s)=+/P(a,b,c)P(b,c,a)P(c,a,b),

u(s)= \/P(a, b,c) + \/P(b, c,a) + \/P(c, a,b),

where P(a,b,c), P(b,c,a), P(c,a,b) are three rational functions.

Theorem 2. Let f,g,h: [s1,s2] — R be as defined above, so they
are increasing, continuous and differentiable on [sy, sz2]. If there
exists a unique function w: [s1, s2] — R which is continuous and
differentiable on (s1, s2), and such that

(u(s) — £(s))* = 4(g(s) + 2h(s)u(s)). (1)

then u is an increasing function on [s1, s3].
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Proof. We have to prove that u’ is positive on (s, s3). After we
differentiate (1) we obtain

(u?(s) — f(5))(2u(s)u'(s) — f'(s))
=2(g'(8) + 2h'(s)u(s) + 2h(s)u'(s)),

or

u’(s) (2’u,3(s) — 2f(s)u(s) — 4h(s)>
=2(g'(s) + 2h'(s)u(s)) + f'(s)(u?(s) — f(s))- (2)

However,

u?(s) = f(s) +2) VP(a,b,c)P(b,c,a) > f(s) + 6Ih2(s),

SO

u®(s) — f(s) > 6h?(s) > 0

and we have
2(g'(s) + 2h'(s)u(s)) + f'(s)(u?(s) — f(s)) > 0. 3)

From (2) and (3) it follows that, to prove that u’(s) > 0 for all
s € [s1, s2], it will suffice to show that

2u®(s) — 2f(s)u(s) — 4h(p) > 0. (4)
But
2u(s)(u?(s) — f(s)) — 4h(s) > 12/h2(s)u(s) — 4h(s). ()
To prove (4) from (5), it suffices to show that

u?(s) > ;\3/ h2(s).

This inequality is true, as we have

u?(s) > 6 h2(s) > ;xs/hZ(s). O



36 Arhimede Mathematical Journal

In the following, we consider the relation (1), which is equivalent to
u* — 2f(s)u® — 8h(s)u + f3(s) —4g(s) = 0.

As u? > f(s), we can define the function F': [\/f(S),%-oo) — R
given by the formula

F(u) = u* — 2f(s)u® — 8h(s)u + f3(s) — 4g(s).

Theorem 3. There is a unique continuous function u: [s1, s2] — R
which is differentiable on the interval (s1, s2) such that

F(u(s)) =0, Vs € [s1,82].

Proof. We have

F'(u) = 4u® — 4f(s)u — 8h(s) = 4u(u® — f(s)) — 8h(s),
and so F is a strictly increasing function on {«/ f(s), —|—oo) and, as
F’(x/f(s)) = —8h(s) < 0 and Jim F’(u) = +o0, it follows that F’
has a unique root on [\/f(s), —|—oo) . Let uo be this root. As

F(\/f(s)) = —8h(s)\/f(s) —4g(s) <0 and lim F(u) = +o0,

if follows from the Rolle sequence that the equation has a unique
solution, either in the interval [\/ f (s),uo} if F(ug) > 0 or in the
interval (ug, +00) if F(ug) < 0.

On account of the implicit function theorem, it results that there
exists a unique continuous function wu: [s1,s2] — R which is
differentiable on (sq, s2). O

Corollary 1. In any triangle ABC the following inequalities hold:

sin — sin — sin — .
R—-d V R — 2 2 2 " R+d \V R

Proof. We have

A (s —b)(s—c¢)
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We have according to Lemma 1 that

(s—0b)(s—c) 2R-—r

) =2 be ~ 2R
s—a\(s—a)(s—>b)(s—c
PR (LT
_32—|—r2—8Rr r _32—|—7°2—8R7°
- ARr "4R 16R2
h(s):(s—a)(sa;cb)(s—c):;;%.

It results that f, g and h are increasing functions. From The-
orems 2 and 3, it follows that there exists a differentiable and
increasing function on (sy, s3), u(s) = 3 sin %, such that u(s;) <
u(s) < u(sz), where

(51) r n R—d d u(sy) r n R+ d O
u\s = an u\s = .
YT R_—d R " R+d '\ R

Corollary 2. In any triangle ABC the following inequalities hold:

R+r—d R—r—d
\/ R—-d (\/ R—-d +\/§>

B C
Scos;—i—cos;—l—cos—

R+r+d R—r+4+d
S\/ Rrd (\/ Rid +\/§). 6)

Equality holds on the left side of (6) for the triangle A, B,C;, and
on the right side for the triangle A;B>C,.
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Proof. By Lemma 1, we have Y cos % =3 %. The functions

s—a s 4R+ 7
&) =52 be _4Rrsza(8_a)_ 2R

s? (s—a)(s—0b)

g(s) = —>

abc c
8 St (4 4Rr)? 8+ (4R + r)?
~ 4Rrs 4Rrs - 16 R? ’
s3(s—a)(s—b)(s —c) s?
h(s) = 2p202 - 2
a?b?c 16 R

are strictly increasing on [sy, s2].

From Theorems 2 and 3, it follows that there exists a unique
function w: [s1, s2] — R which is differentiable and increasing on
(81,82), u(s) = 3 sin %, such that u(s;) < u(s) < u(sz). We have

R+r—d R—r—d
u(sl):\/ R —d <\/ R _d +\/§>

Rtr+d( [R—r+d
- 2). m
u(s2) \/ R+d (\/ R+d J”/_)

Corollary 3. In any triangle ABC, the following inequalities hold:

2(R—1r —2d) ~— sin % sin g sin %

R
+d+4 R+d .
2(R+r —2d)

R—d 4\/ R—d 1 1 1
r

<

r
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Proof. We have é =3 ,/(S_b’)’%. From Lemma 1 we have

_ be _32+T2_8RT
f(S)—Z(S_b)(S_C)_ r2 ’
be ab
98 =2 )=o) (s —a)s— )
_ abc b 4R(4R —2r)
_H(S_a)zs_b_ 2 ,

o ) -

It results that f, g and h are three increasing functions on the
interval [sy, s2], so we are under the conditions of Theorem 2. From
Theorems 2 and 3 it follows that u(s;) < u(s) < u(sz2), where u(s;)
and u(sz) appear in the inequality from the statement. O

Corollary 4. In any triangle ABC, the following inequalities hold:

R+d R+
2v/2
\/R—i—r+d<\/R—r+d+ \/_>
1 R—d R—d
< < 2+2v2 .
_Zcos‘;‘_\/R+r—d<\/R—r—d + \/_>

Proof. We have Y, 5 = 1/% . From Lemma 1, it follows that

f(s) = ZS(Sbj = 5% + (11:%—?“) ’
__abc a __4R(8R +2r)
9(s) = s2 Z(s—b)(s—c) N s2 ’

B (abc)? __ 4R
M=\ ene—a) — s
So we have f/(s) < 0, g’(s) < 0 and h’(s) < 0.

By Theorems 2 and 3, there exists a unique decreasing function
on [s1,82]. So we have u(s:) < u(s) < u(s;). After we calculate
u(s1) and u(sz), we obtain the inequality from the statement. O
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Corollary 5. In any triangle ABC, the following inequalities hold:

2R—1r +2d A B C 2R—r —2d

<tg—+tg—+tg— < .
JRraF - = 2 2 T = e

Proof. We have }° tg% =>4/ %, and from Lemma 1 it follows
that :

(s —b)(s—c) _ (4R 4+ r)* — 232’

Fs) = Z s(s —a) 52
_ (s—a)(s—=b)(s—c) s? —2r?2 —8Rr
9(s) =2 s(s—c)s(s—b) 52 '
h(s) = Z
with the derivatives
F(s) = _2@RS;’|_T), g'(s) = W W (s) = _3?;'

As f'(s) < 0, g’(s) > 0 and h'(s) < O for s € [s1, s2], we cannot
apply Theorem 2. We will prove that

F'(8)(u(s) — f(s)) +24'(s) + 4h/(s)u(s) < 0. (7)
But
u’(s) — f(s) > 67h2(s) or f'(s)(u?(s) — f(s)) < 6f'(s)Vh2(s).
or
F'(s)(u?(s) — f(s)) + 29'(s) + 4h'(s)u(s)
< 6f'(s)\Vh2(s) + 2g'(s) + 4h/(s)u(s). (8)

As h'(s) < 0, it follows from (8) that, to prove (7), it suffices to
show that

65"(s)Vh?(s) +29'(s) <0 <= g'(s) < —=3f"(s)Vh?(s)

2r < 7/1"2
3(4R+ ) 52

27 (4R 3
@Szgi.ﬂ_ (9)

T
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But from the well-known Gerretsen inequality, we have

s? < 4R? + 4Rr + 372, (10)
From (10) it follows that, to prove (9), it suffices to show that
27 (4R 3
AR? + 4Rr + 312 < (4R+ 1) (11)
r

Denoting = = 7R, the inequality (11) is equivalent with
32x2 4 32z + 24 < 27(4x + 1)°,
which is true.

We have proved that u is decreasing. So u(sz2) < u(s) < u(s1).
Calculating u(s;) and u(sz) we obtain the stated inequality. [

Corollary 6. In any triangle ABC the following inequalities hold:

R+r—d R—I—r—d<tA+tB+tC
. ctg— + ctg— + ctg—
R—r—d T - g2 92 92
< R4+r+d R+r+d
_’R—r—l—d r '

Proof. We have Y ctg4d =3 1/% and, by Lemma 1,

B s(s—a)  s*—2(r*+4Rr)
f&) = e r2 !
g(5) = s 2:(4R—|—7°)2 —28’

(s —a) r
h(s):i.

As f'(s) > 0, g’(s) < 0 and h/(s) > 0 for s € (s1,s2), we cannot
apply Theorem 2. If we consider the equality (2) from Theorem 2,
we obtain

u'(s)(2u®(s) — 2f(s)u(s) — 4h(s))
=2(g'(s) + 2h'(s)u(s)) + f'(s)(u*(s) — f(s)). (12)
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From (4) we have that
2u®(s) — 2f(s)u(s) — 4h(s) > 0.
It will be sufficient to prove that
2(g'(s) + 2h'(s)u(s)) + f'(s)u*(s) — f'(s)f(s) > 0.
But u?(s) — f(s) > 6/h2(s). It results that
F/(s)(u*(s) — £(s)) + 29'(s) + 2h/(s)u(s)
> 6£'(s) {{h2(s) + 24/ (s) + 4}’ (s)u(s).

We will also prove that

61'(s)h2(s) + 2¢(s) > 0 or 3f'(s)Jh2(s) > —g'(s).

or
2s 52 > 4s S 8
. — or s —fr
r2 r2 27

This inequality follows from

8
s2 >16Rr—5r > —r2,
27

(15)

(16)

From (15), (16) and as h’(s) > 0 for all s € [s1, s3], it follows that
the inequality (14) holds. From (12), (13) and (14) it follows that u
is an increasing function. After we calculate u(s;) and wu(sz2), we

obtain the inequality from the statement.

O

Corollary 7. In any triangle ABC, the following inequalities hold:

R+r—d

CERETTW e e e

<mg+mp +me < \/F{\/&J—I—(R—Fd) —i—\/(R—I—d) —rZJ

Proof. As > mg, =Y M , from Lemma 1 we have

2(b* + ¢?) — a?

Fs) =3 . = m; = <s — 7’ —4Rr),
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which is an increasing function, and
2,2 9 2 2 2 2
g(s) =Y mim; = EKS + >+ 4Rr)” — 16Rrs ]
We will prove that g is an increasing function. Indeed,
/ 9 2 2
g'(s) = ZS(S +r —4R’r> >0

as s2 > 16Rr — 572 > 4Rr — r2. Then,

[

h(s) :mimgm2 = 1[36 + (33r2 - 12Rr)s4

— (33r* + 60R*r? + 120Rr®)s® — (1% + 4Rr)’].

We next prove that h is an increasing function. Denote s?> = ¢,
x = 33r2 — 12Rr, y = 33r* + 60R?*r? + 120Rr3, z = (%> + 4Rr)3.

We have

h(ﬂ) = i[t(tz + xt — y) — z].

Let be v: (0,400) — R, v(t) = t* + xt — y. We will prove that v is
an increasing function:

V() =2t+x >0 <= 2s®> > 12Rr — 33r>.
But s? > 16 Rr — 572. It will be sufficient to prove that
32Rr — 10r® > 12Rr — 33r% or 20Rr > —237r2.

From Theorems 2 and 3, it follows that there exists a function «
which is differentiable and increasing on (s;, s2). So we have

u(s1) < u(s) < u(sz2).
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If we calculate u(s;) and u(sz), we obtain

2(a3 +b3) — <}

_\/ﬁ{\/sﬂ (R—d)* +\/(R—d)* —r2|,

u(s2)—2\/ a2+b2 —

_,/WW87~2+(R+d) R+ a)? -2 O
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Problems

This section of the Journal offers readers an opportunity to ex-
change interesting and elegant mathematical problems. Proposals
are always welcome. Please observe the following guidelines when
submitting proposals or solutions:

1. Proposals and solutions must be legible and should appear on
separate sheets, each indicating the name and address of the
sender. Drawings must be suitable for reproduction.

2. Proposals should be accompanied by solutions. An asterisk (*)
indicates that neither the proposer nor the editor has supplied
a solution.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu

The section is divided into four subsections: Elementary Problems,
Easy-Medium High School Problems, Medium-Hard High School
Problems, and Advanced Problems mainly for undergraduates.
Proposals that appeared in Math Contests around the world and
most appropriate for Math Olympiads training are always welcome.
The source of these proposals will appear when the solutions are
published.

Solutions to the problems stated in this issue should be posted
before

October 31, 2021
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Elementary Problems

E-89. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. In an urn we have balls of 20 different colors. Balls
are drawn at random from the urn and placed on a table. What is
the minimum number of balls that must be drawn from the urn
to ensure that, among them, there are at least 102 that share the
same color?

E-90. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Find all functions f: N* — N* that for all =,y € N* satisfy

z(f(x)+y)  y(f@) +z) _ [flz+y)?
yf(z)+1 xzf(y) +1 oy +1

E-91. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Each 1 X 1 square of a 7 X 211 rectangle is painted
either black or white. Prove that it is possible to choose four rows
and four columns of the rectangle so that the sixteen 1 X 1 squares
into which they intersect are painted with the same color.

E-92. Proposed by Michel Bataille, Rouen, France. Let m,n be
positive integers such that n > m. Prove that m + 1 divides

(mn—1)-(").

E-93. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let A(x1,y1), B(x2,y2), C(x3,ys) be the vertices of
a triangle where a, b, c are the lengths of its sides. Prove that its
incenter lies at the point

(aw1+bw2+cw3 ayq +byz+cy3>
a+b+ec ’ a+b+ec '

E-94. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Find all nonnegative integers n and p such that n?4+9n +1 = 117,
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Easy-Medium Problems

EM-89. Proposed by Michel Bataille, Rouen, France. Let a, b, ¢
be positive real numbers such that abc > 1. Prove that

2(a2—|—b2+c2)2a—|—b—|—c—|—3.

EM-90. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let {a,},>0 be the sequence defined by a, =
18™ 4+ 20™. Find the remainder of a7z, when divided by 722.

EM-91. Proposed by Ghitescu Cosmina, student 8" grade, Bu-
curesti, Romania. Let ABC be a triangle with the sides a > b > c.
If R is the circumradius of AABC, r,, 1, 7. are the rays of the
excircles, p is the semiperimeter and a? + b? + ¢? = 8R?, then
prove that

3V3 p
in A in B inC .
ﬁ+1(sm + sin B + sin )<’ra—|—’rb—|—’rc—4R

EM-92. Proposed by Oscar Rivero Salgado, BarcelonaTech, Bar-
celona, Spain. Find all the solutions in the set of positive integers
of the equation

xt + y°

— Y =X .

2+ y ty
EM-93. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let ABC be an isosceles triangle with AB = BC'.
Let M be an interior point such that ZAMC = 2 - ZABC'. Let
K be a point on AM such that /ZBKM = ZABC. Prove that
4KM - -MC < BK?2.
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EM-94. Proposed by Toma-loan Dumitrescu, Bucharest, Roma-

nia. Let a, b, c be positive reals such that a + b + ¢ = 5. Prove
that 3 b3 3 2 b2 2

a c a‘ + + c

b c

a * a+b+ec —
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Medium-Hard Problems

MH-89. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let F,, be the n-th Fibonacci number defined by
Fy =0, F, =1and, foralln > 2, F,, = F,,_, + F,_,. Prove that

2
n F3 1 n F5
> k> >
k=1 Fk+1 FnFn+1 k=1 Fk+1

(Here, the subscripts are taken modulo n).

MH-90. Proposed by Todor Zaharinov, Sofia, Bulgaria. Let ABC
be a scalene triangle. Let IN be the center of the nine-point circle
of AABC and Za = Z/BAC'. If AN is parallel to BC, prove that

—be
2R2

CoOsx =

MH-91. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. A triplet u,v,w € R[z,y, z] is called Barcelonian if
there exist polynomials A, B,C € R[z, y, z] such that

U2021A + v202lB + w20210 — 2021.
(@) Is the triplet of polynomials u = x 4+ 2y 4+ z, v = y + 2z + 3,
w = x + y + z Barcelonian?

(b) Is the triplet of polynomials v =z + 2y + z, v = y 4+ 2z + 3,
w = x + y — z + 4 Barcelonian?

MH-92. Proposed by Oscar Rivero Salgado, BarcelonaTech, Bar-
celona, Spain. Let A and B be two symmetric n X n matrices with
real entries and such that A(A — B) = B. Show that

Tr(B*(B — A)) > Tr(A%*(B — A)),

where Tr stands for the trace.
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MH-93. Proposed by Daniel Vilardell Regué, CFIS, Barcelona-
Tech, Barcelona, Spain. Let F,, be the n-th Fibbonacci number.
Prove that for all odd n the following equality holds:

e L—1_|_k
Fn:Z( 2% )

k=0

MH-94. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let ABC be an acute triangle, with £(BAC) = 45°. Outside
the triangle take the points X, Y, Z so that AB and AC are
hypotenuses in the isosceles right triangles ABX and AY C and
the quadrilateral ABZC is a parallelogram. If CX N BY = {W},
then show that AW and AZ are isogonal lines.
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Advanced Problems

A-89. Proposed by Vasile Mircea Popa, “Lucian Blaga” University
of Sibiu, Romania. Calculate the integral

o L/rlnz 4
— d=zx
o 24241

A-90. Proposed by Michel Bataille, Rouen, France. For n € N,
let P, = I (2k —1). Find
k=1

£ = lim and lim ({/ P, — nf).

n—>00 n n— o0

A-91. Proposed by Todor Zaharinov, Sofia, Bulgaria. Let ABC
be an acute, scalene triangle with orthocenter H and centroid G.
Let A,, B;, C; be the feet of perpendiculars from H on the sidelines
BC,CA, AB, respectively. Let G, be the centroid of AA;B,C;. If
HQG is parallel to BC, then prove that HG, is parallel to B,C;.

A-92. Proposed by Oscar Rivero Salgado, BarcelonaTech, Barce-
lona, Spain. Let n be a positive integer, and consider the set of
27" matrices whose coefficients are either O or 1. Let a,, be the
proportion of those matrices whose determinant is an odd number.
Prove that o« = lim,,_, ., «,, exists and show that

1< < 1
— (8% .
4 2./e

A-93. Proposed by José Pérez Cano, CFIS, BarcelonaTech, Barce-
lona, Spain. Let p > 2 be a prime number such that p = 2 (mod
3) and let a, b, ¢, d be positive integers. If p divides ac — 3bd and
ad + bc, prove that either p divides a and b or p divides ¢ and d.
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A-94. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let f be a real function having second derivative

in the interval [z, z2] and f’(x1) = f’'(x2) = 0. Prove that there
exists at least one point ¢ € (x1, z2) such that

F(@s) = £

(T2 — x1)?

L7 >
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Mathlessons

This section of the Journal offers readers an opportunity to ex-

change interesting and elegant mathematical notes and lessons
with material useful to solve mathematical problems.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria
Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,
08034 Barcelona, Spain, or by e-mail to

jose.luis.diaz@upc.edu
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Exponent of primes: a closer
look

Navid Safaei

Abstract

In this mathlesson we show how adopting the p-adic valuation
would provide a more subtle and much deeper account to solve
number theory problems.

1 Introduction

In recent years, many instructors have found that, for teaching
elementary number theory, adopting approaches concerning the
exponent of primes, that is, p-adic valuation offers rich opportuni-
ties and vocabularies to solve many challenging problems. Since
these approaches examine the problems under the study with the
utmost precision and concession, in many instances, they play the
role of the decisive idea.

The rest of the article is divided into four parts: firstly, we provide
basic notations and facts, secondly, we start with the introduc-
tory problems, thirdly, we continue with intermediate problems
that simultaneously need the implementation of other approaches,
fourthly, we provide some advanced problems on this topic, and
finally, we end this article with concluding remarks.
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2 Basic notations and facts

We all know that the ring of integers and the field of rational
numbers are Unique Factorization Domains (UFDs). This gives a
great and however less attended account for solving number theory
problems. Let r be a rational number, we can write r = p{* ... pg,

where p; < ... < p; are distinct prime numbers and a4,..., o
are non-zero integers. By v, (r) we mean' the exponent of p; in
the prime decomposition of r. Therefore, v,,(r) = a;, 1 =1,...,t,
and for each prime p € {p1,...,p:}, vp(r) = 0. For example, for
r=175/108 = 272.373.52.7, va(r) = —2, v3(r) = =3, vs(r) = 2,
vz(r) = 1. Moreover, vy1(r) = v13(r) = ... = 0.

Indeed, v,(r) is a function from rational numbers to integers, that
is, vp: Q — R. There are some simple yet interesting properties
concerning this new function. You can find some of their prelim-
inary properties in Proposition 1. The proofs of all of them are
so easy, but the reader can find good materials about them in
the works of Andreescu and Dospinescu [1, 2], and Andreescu,
Mushkarov, and Dospinescu [3].

Proposition 1. The function v,(:) satisfies the following proper-
ties, for every prime number p:

) vy(ab) = vy(a) + v,(b).

i) v,(a/b) = vy(a) — v,(b).

iii) If a and b are two integers such that a divides b, then, for each
prime number p, vy(a) < v,(b).

iv) If a and b are two integers such that a does not divide b, then
there is a prime number p such that v,(a) > v,(b).

v) If r is a rational number such that there is a positive integer
n > 1 and a rational number s such that r = s™, then, for
each prime number p, v,(r) is divisible by n.

vi) vp(ged(a, b)) = min{v,(a),v,(b)} and
vp(lem(a, b)) = max{v,(a), v,(b)}.

vii) If ged(a, b, c) = 1, then, for each prime p, v,(a)v,(b)v,y(c) = 0.

IThe abbreviation “v” comes from the term “valuation”. This term is rooted
in the “p-adic” number fields. See, for example, [4].
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Thus far, it seems that the function v,(-) has properties in common
with the logarithm function. But it also has an important property
for the addition of integers.

Proposition 2. Let p be a prime number and ¢, d be integers such
that ged(p, cd) = 1. Then,

vp(ac + bd) > min{v,(a), vy(b)}.

Proof. Writing a = p"»x, b = p»»®y, ged(p, zy) = 1. It follows
that
ac + bd = ca:p””(“) + dyp"”(b).

Without loss of generality, assume that v,(a) > v,(b) then ac +
bd = p'»((cx + dyp’»®~»(@)). Whence, if v,(a) > v,(b) then
vp(ac + bd) = v,(a) = min{v,(a), v,(b)}. Further, if v,(a) = v,(b)
then ac + bd = p*»(@(cx + dy), whence, there is a possibility
that cx + dy is divisible by p. Whence, v,(ac + bd) > v,(a) =
min{v,(a),v,(b)}. This completes our proof. O

Remark 1. For example, we have v2(32) = 5 and v2(96) = 5,
but v2(5 - 96 + 32) = v3(16 - 32) = 9 > min{v,(32),v,(96)}. The
reader must be more careful in the case v,(a) = v,(b), otherwise,
it may lead to a somewhat unsatisfactory result.

3 Introductory problems

The basic properties of the function v,(-) were spelled out in the
last section. Now, we are ready to work on some introductory
problems.

Problem 1. Vliatka? envisaged natural numbers a, b, ¢ and in-
tends to find natural numbers x, y, z such that

a =lem(z,y), b=lecm(z,2), c=Ilcm(z,y).

It turned out that =, y, z are unique. Vlatka told Patricija® about
that and only told her a, b. Prove that Patricija can find c.

2A Croatian name.
3A Croatian name.
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Solution. Let p be a prime dividing zyz, v,(x) > vp(y) > vp(2). If
vp(y) > 0, then we can change v,(z) in the range from 0 to v,(y)
and a, b, ¢ would not change. Hence, v,(y) = v,(2) = 0. That is,
x,y,z are pairwise coprime. Hence, a = xy, b = zz, ¢ = yz. If
Patricija has a, b then ¢ = yz = lcm(a, b) /gcd(a, b). O

For the next problem, we need a basic consideration, that is, if for
example a” = bY for some positive integers a, b and =, y, then
the set of primes dividing a, b are the same. Although this is very
fundamental, it will lead to some interesting results.

Problem 2. Let a, b be distinct positive integers such that a® =
b2®. Find the minimum possible values of b + 2a.

Solution. It is clear that a < b. Therefore, 9a > 2b. Moreover, the
prime divisors of a, b are the same. Examining the exponent of p
in both sides, we find that

9a - vy(a) = 2b - vy(b).

Then for each p, v,(a) < v,(b). Thus, a divides b. Writing b = ac
for some positive integer ¢ > 1, then

a’® = (ac

)2ac
Hence, a® = (ac)?¢, that is, a®~2¢ = ¢?. Therefore, 2¢ < 9 yields
c=2,3,4.

If ¢ = 2, then a® = 2* = 16, and this leads us to a contradiction.
If c = 3, then a® = 3%, thus a = 9, b = 27. If ¢ = 4, then
a = 4% = 21% and b = 2'®. Hence, the answer is 45. O

Problem 3 (Belarussian TST, 2018). Let a, b, ¢ be positive inte-
gers such that a® - b¢ = c*. Then,

i) Prove that any prime divisor of a, divides b as well.
ii) Solve the equation under the condition b > a.

Solution. i) Assume for a contradiction that there is a prime p
that divides a but does not divide b. Let v,(a) = a, a = p®ao,
vp(c) = v, @ = pco. Then, vy(a®-b°) = v,(a®) = ba, and



Volume 8, No. 1, Spring 2021 59

vp(c*) = a - ~. Yielding to the fact that p®a¢y = ba. Since p* > a,
we find that « could not divide p*. Thus, gcd(p,b) > 1.

ii) Note that ¢ = a® - b¢ > a® > a?, hence ¢ > a. Moreover,
¢ =a’ b >a% - a® > a®-a® = (a’)™
Therefore, ¢ > a?. Suppose now ¢ > a™, m > 2. Then,
c® =ab b >a%-a®", thus, ¢ > a't*" " > g™t

Thus, ¢ would be greater than every exponent of a. This leads us
to the contradiction. [

Remark 2. There are infinitely many a, b, c satisfying the above
equation. That is, a = n", b = n"" !, c = n".

Problem 4. Let x, y be positive integers such that (x — 2y)(1—2y)
divides x® — 4y + 1. Prove that |z — 2y| is a perfect square.

Solution. Leta =z —2y #0 and b =2y — 1. Then, z?> —4y+1 =
a® +b? 4 2ab + 2a. Then, ab divides a® + b? + 2a. It is easy to find
that a is odd. Note that, for any odd prime p,

vp(ab) = vp(a) + vp(b) < v,(a® 4+ b* + 2a).
Note that

vp(a® + b® + 2a) > min{2v,(a), 2v,(b), v,(a)}
= min{2v,(b), v,(a)}.

Now, if v,(a) # 2v,(b), then v,(a? + b? 4+ 2a) =min{2v,(b),v,(a)}.
That is,
vp(a@) + vp(b) < min{2up(b), vp(a)}.

Now, if min{2v,(b),v,(a)} = 2v,(b), then 2v,(b) < vy(a) <
vp(a) + v,(b). This is impossible. If now min{2v,(b),v,(a)} =
vp(a), then v,(a) < 2v,(b), hence v,(b) > 0 and, thus, v,(a) <
vp(a) + vp(b). This is again impossible. Hence, v,(a) = 2v,(b).
This implies that for any odd prime number v,(a) is even. Further,
since a is odd, v2(a) = 0. Then, a is a perfect square. O
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Remark 3. One can write > — 4y + 1 = z(xz — 2y)(1 — 2y), for
some positive integer z. Therefore, (2y — x)(2yz + 2y +x — z) =
(2y — 1)2. Working on ged(2y — x, 2yz + 2y + « — z), we find that
2y — x is a perfect square.

Remark 4. This problem is indeed the reformulation of some old
problems in elementary number theory. Here is one example: Let a,
b be positive integers such that

(a +b)? + 4a
ab

is an integer. Assume that b is odd. Prove that a is a perfect
square (Greece 2018).

In the next problems, we shall use the divisibility implications of
the function wv,(-).

Problem 5. Find all positive integers x, y such that x2+y? divides
z3 — 2y and y3 — 2=x.

Solution. Let v,(x) = m, v,(y) = n. Assume m > n > 0. Then,
vp(x® — 2y), v,(y® —2x2) > 2n. That is, v,(2y) > 2n. Since
vp(2y) < 1+ n, we find that n = 0 or n = 1, p = 2. Further,

w(wz + yz) — (a:3 — Zy) = y(xy + 2).

Hence, z2 + y? divides y(xy + 2). If n = 0, then ged(x,y)= 1 and
x? 4+ y? divides xy + 2. Therefore,

?+y? —xy=(x—y)’ +zy <2

If n = 1, then ged(x,y) = 2, * = 2a, y = 2b. Hence, a? + b?
divides 2a® — b and 2b® — a. That is, a?® + b? divides 2a(a? + b?) —
(2a® — b) = b(2ab + 1). Since gcd(a,b) = 1, then a? + b? divides
2ab + 1. Hence, (a — b)? < 1. Thus, the answer is (z,y) =
(2k, 2k + 2), (2k + 2, 2k), for some positive integer k. O

Problem 6. Find all integers (x,y) such that x?>+y? divides z3+y
and y3 + x.
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Solution. Let v,(gcd(x,y)) = r. Then, p*" must divide z® + y
and y® 4+ . However, either v,(z*® 4+ y) or v,(y® + ) is r. Thus,
ged(xz,y) = 1. Hence, z? + y? divides x® + y — z(z? + y?) =
y(zy — 1). That is, zy — 1 is divisible by z? + y?. But |zy — 1| <
1+ |zy| < x? + 2. O

In some cases, we firstly need a reformulation and then using the
exponent function. Please note the following example.

Problem 7. Find all prime numbers p such that there are positive
integers x and y such that

1 1 1 1

r y x+y p

Solution. We may rewrite the original equation as p(z? + zy + y?) =
zy(x + y). If p > 2 and at least one of x, y is odd, then the left
side is even while the right side is odd. That is, = = 2%z, y = 2%,
gcd(2,2t) = 1. Then, if a > b we have vs(z? + zy + y?) = 2a,
ve(xy(x + y)) = 2a + b. This is impossible. Hence, a = b. Then,
vo(x? + 2y + y?) = 2a. But vs(zy(xz +y)) > 2a + b, which is a
contradiction.

If p =2, then z?(z — 2) + y*(y — 2) = 2zy. If z,y > 2, assume
x > y. Let y > 3. Then,

z’(x —2) +y*(y — 2) > 2” +y* > 2zy.
Then, £ = y = 3. If y = 1,2 we arrive at a contradiction. ]

In the next problem, we need a more detailed look at v,(ac + bd).
Before this look, we cannot advance a decisive argument. An-
other family of problems that could easily be solved through the
exponents of primes is problems about the sum of some rational
numbers that eventually become an integer.

Problem 8 (Austrian Olympiad, 2018). Let a, b, ¢ be integers
such that % + % + b?“ is integer. Prove that %<, % and b?“ are all

integers.
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Solution 1. Assume for a contradiction that at least one of %, be

%“ is not integer. Then, there is a prime p that divides abc and
whose exponent in the denominator is higher than its exponent
in the numerator. Assume then v,(a) < v,(b) < v,(c). Then, it
follows that p can only be problematic in the case of %‘1, that is,
vp(c) > vy(b) + vp(a). Now, rewrite 28 4 be 4 ba — a®bi4b e icla?
Note

(’Up(azb2),'vp(azcz), ’Up(czbz)) = (2vp(a) + 2v,(b),
2vp(a) + 2v,(c),
20,(c) + 20, (b)).

According to our assumption,
2v,(c) + 2v,(b) > 2v,(a) + 2v,(c) > 2v,(a) + 2v,(b).

Hence, v,(a?b? + b*c? + c*a?) = 2v,(a) + 2v,(b). On the other
hand, v,(abc) = vy(a) 4 v, (b) 4+ v,(c).

Since % + be e b ba j5 an integer, it follows that

vp(a®b? + b2c® + c®a’®) = 2v,(a) + 2v,(b)
> v,(abe) = vy(a) + vy(b) + V().

It follows that
’vp(a) + Up(b) > 'Up(c)-

We have thus reached a contradiction. ]

be

Solution 2. Assume x = 22, y— >, z2=%,p=x+y+ z. Then,
q=zy+yz+zx=a’>+ b2 + c?, r = zyz = abc are both integers.
Hence, the polynomial (¢t — z)(t — y)(t — z) = t* —pt®>+ qt —r has
integer coefficients and rational roots. Since it is monic, its roots
are integers. [l

Remark 5. Here is a similar problem, that you can solve as a
simple exercise: Let a, b, ¢, d be non-zero integers such that
|‘; |—|— Z|—|—I <+ 2, (24 2)(5 + 9) are integers. Prove that |a| = |b] =
c| = [d].
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Problem 9 (Czech and Slovak Math Olympiad, 2018). Leta, b,
¢ be positive integers, such that they are sides of a non-degenerate

triangle and ged(a,b,c) = 1. It is known that t_”: =, b?_‘i_‘f

and Ci‘i‘ﬁ% are all integers. Prove that (a +b—c¢)(b+c—a)(c+

a — b) is either a square or twice a square.

Solution. Let z =a+b—c, x =b+c—aand y = c+ a — b.
Hence, a:yzi,b:%"‘zandc:%.Then,

1
a2+b2—02:§(z(az—|—y+z)—my).

Hence, z must divide xy, * must divide zy, and y must divide xz.
If vo(zyz) is even, then we can put it away. On the other hand, if
it is odd, then write it as 2 times a square. Therefore, we can again
put it away. Consider an odd prime p that divides xyz. Note that,
if p divides all of x, y, z, then it must divide a, b and ¢, which
is impossible. Assume now v, (x) < v,(y) < vp(2). It follows that
vp(x) = 0. It follows from the fact z divides xy that

vp(2) < vp(y).

Combining this with v,(y) < v,(2), it follows that v,(y) = v,(2).
This shows that v,(xyz) is even. Hence, xyz is either a square or
twice a square. [

Problem 10 (Mongolian Olympiad, 2019). Let =, y, z be posi-
tive integers such that A = *- + % + % is an integer. Prove

that each summand in the preceding sum is an integer.

Solution. Assume, for example, that ””y is not an integer. Then,
there is a prime p dividing z such that vp(2) > v, (xzy?). Writing
y = p*Wb, z = p*»*)c and = = p**®a, we have ged(abe, p) = 1.
We find that

vp(2) > vp(x) + 2v,(y).

. 3.4 5,.6 3.4 5,.6 3.4
Now, consider the sum ab(¥2= 4 22| = yzab 4 z'zlab _ y"2b 4
T y T Yy - pvr@)
5

By the above assumption, we find that a,b(yaTz + %) is

Z5$60

“p(y)

an integer. Therefore, abA — ab(y;—z4 + Z%G) would be an integer.
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Thus, %%b is an integer. Hence,
Up(z) < 'Up(w) + 2”1)(3/)-
We have thus reached a contradiction. ]

The next problems can show the far-reaching implications of this
approach. To put it much more simply, it can solve some advanced
problems like the next ones.

Problem 11 (adapted after a Serbian TST, 2005). Find all inte-
gers a, b, c suchthat ¢ + %+ ¢ =3,

Solution. Rewrite it as follows: W = 3. We can assume
that ged(a, b, c) = 1. Then, if p is a prime that divides abc, it must
divide exactly two of them. Then,

vp(a®c) = 2v,(a), vu(c®b) = v,(b), vy(b%a) = 2v,(b) + vy(a).

Hence, min{2v,(a), v,(b), 2v,(b) + vp(a)} = 2v,(a) or v,(b). In
either case, it is less than v,(a)+wv,(b) = v,(abc). Hence, 2v,(a) =
vp(b). By the same argument, we can find that

a = A’B, b = B*C, c = C?A,

where gcd(A, B) = ged(A,C) = ged(B,C) = 1. Hence, we find
that A% + B3 4+ C® = 3ABC. Then,

A+ B+ C =0.
That is, a = A2B, b= —B?(A + B) and ¢ = (A + B)?A. O

Problem 12 (Tournament Of Towns, early '80s). Ifa, b, c are
integers such that ¢ + g +<, 24 g + £ are both integers, prove that

la] = |b| = |c|.
Solution. By the same argument we find that a = A%2B, b = B2C,
c=C?A and
a = B*A, b=C?B, c = A%C.
Hence A = B =C =1, —1. That is,
la| = |b] = |c|. O
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Problem 13. Let a, b, ¢ be integers such that a®*c + ¢*b + b%a = 0.
Find all possible values of a2b + b%*c + c2a.

Solution. We can assume that gcd(a, b,c) = 1. Then, % v+ —|— £
M = 0. Let p be a prime dividing abc. We can assume

that p does not divide ¢, hence p only divides a and b. Writing
a = p*r@g, b= pr®y, we have gcd(p,zy) = 1.
Now, we shall use the following observation.

HX+Y+Z =0, v,(X) =a, v,(Y) =3 and v,(Z) = ~, then
the smallest two of a, 3, v are equal.

Then, v,(a?c) = 2v,(a), vy(c?b) = v,(b), vy(b%a) = 2v,(b) + v,(a).
According to our lemma, either v,(a) = 2v,(b) or v,(b) = 2v,(a).
Continuing this way, we find that there are positive integers A, B,
C such that a = A2B, b = B?C, ¢ = C?A. Hence,

a’c+ c®b + b’a = (ABC)*(A® + B®* + C?).

Thus, A3+ B3+ C® = 0. Hence, by Fermat’s last theorem, at least
one of A, B, C is zero. Hence, two of a, b, ¢ become zero. Thus,
a?b + b%c + c%a = 0. O

Problem 14 (Navid Safaei, Mathematical Reflections). Let x,
Yy, z be positive integers such that % +%+2 =6 andged(z,z) = 1.
Find the maximal value of ¢ + y + z.

Solution. Since gcd(z,x) = 1, we deduce that ged(z,y,z) = 1.
Thus, for each prime number p there is at least one of z, y, z
that p does not divide. Assume that p is an arbitrary prime that
divides zyz, let £ = p»*@a,y = p»Wb where ged(p, ab) =
Further, assume that gcd(p, z) = 1. Now, rewrite the left side of
our equation as

2z + 22y + y*zx

TYz '

Note that v,(xyz) = v,(x) + v,(y). Thus, we should have

'vp<:v2z + 2%y + yzcc) > vp(x) + vp(y).
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Note that v,(x?2z) = 2v,(z), vp(z%y) = vp(y), and v,(y*z) =
2v,(y) + vp(x). It is easy to deduce that, if 2v,(x) # v,(y), then
vp(2?z 4+ 2%y + y?*z) = v,(y) or 2v,(x). In the former case, the
above inequality clearly fails; in the later case, we should have
vp(y) > 2v,(x), therefore,

vp (2?2 + 2%y + y’x) = 2v,(2) < v(y) < vp(x) + vp(y).

The inequality fails again. Hence, v,(y) = 2v,(x). By the same
argument, for each prime p that divides y and z we have 2v,(y) =
vp(2), and 2v,(z) = v,(x) for each prime p that divides = and z.
Hence, there are positive integers A, B, C such that x = A?B,
y = B?C and z = C?A. This implies that

:132z—|—z2y—|—y2m_A3—|—B3—|—C3 _ 6

TYyz ABC

Since ged(x, 2) = 1, we find that A = 1, thatis, x = B, y = B?C,
z = C?. That is,
B®* 4+ C?*+1=6BC.

Thus, B2 + C? +8 — 6BC = 7. Hence,
(B+C+2)((B—-C)*+ (B—2)*+ (C—2)?) = 14.

Thatis, B+C+2 =17,(B—C)*+(B—2)?+(C—-2)? =2 =1+1+0,
which yields
(B,C) = (2,3), (3,2).

Hence, (x,y,2) = (2,12,9), (3,18,4). That is, x + y + z = 23, 25.
The answer is 25. [

4 Intermediate problems

We before long arrived at some problems that simultaneously need
good knowledge about exponent of primes and knowledge about
other things in number theory. After solving these problems, the
reader finds that this approach has precisely become a pillar in
solving elementary number theory problems.
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Problem 15 (Mongolian Olympiad, 2019). Let m, n be positive
integers such that B = n3® + 4mn? + 3m?n + 4m3® — 1 divides
A = m*+3m3n? +n. Show that B is divisible by the fourth power
of a prime.

Solution. Let B = p{* ... pg. It suffices to show that there is an
index ¢ such that o; > 4. Assume to the contrary that o; < 4
for all :. Then, B | C3, where C is the product of all primes
dividing B. Observe that A+nB = (m+n)*. Thus, C | (m+n)*.
Therefore, C | m 4+ n, implying that

C® | (m+n)>.
This yields
B = n® + 4mn? + 3m®*n + 4m® — 17(m + n)>.
We have thus reached a contradiction. ]

Remark 6. A similar problem was proposed for the Canadian Ma-
thematical Olympiad 2019. Let a, b be positive integers such that
a + b® is divisible by a? + 3ab + 3b> — 1. Prove that the latter
expression is divisible by the cube of an integer greater than 1.

Problem 16 (Japanese problem). Find all positzive integers
x,y,z < 500 with ged(x,y,z) = 1 such that % +% + 2 isan
integer.

Solution. Lety = p*»Wb, z = p*»*)c and x = p*»®a, so gcd(abc, p) =
1. Rewrite %2 + yz—z + % in the following form:

p3vp(:t)+'vp(z)a4c + .

pUP (®)+vp(¥)+vp(2) gbe

Since gcd(z,y,z) = 1, assume that v,(z) = 0. Then, the above
expression could be written as

p3'vp(m)a4c _+_ psvp(y)+vp(m)b4a + pvp(y)c4b
p”p(w)‘f‘vp(y)abc '

Now, if v,(y) < 3v,(x), then
’Up (p'?’vp(m)a[‘lc + psvp(y)+vp($)b4a _|_ pvp(y)c4b> = ’Up(y).
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This leads us to a contradiction. If v,(y) > 3v,(x), then

This is impossible and hence we arrived at a contradiction. Hence,
v,(y) = 3v,(x). Pursing this way, we find that there are positive
integers A, B, C with ged(A,B,C) = 1 such that z = C?*A,
y = A3B, z = B3A. That is,

v ="z aBC
Since C*A, A®B, B3A < 500, it follows that Max{A, B,C} < 7.
The rest is handed over to the reader. O

Problem 17. Let m, n, k be positive integers such that n is odd,
prove that the following number is not an integer:

1

+ ...+

m m+n m+ kn’

Solution. Let 2t < k < 2T, where t is a non-negative integer.
Further, if s > t 4+ 1 is an integer. We prove that there is unique
¢, 0 < ¢ < k, such that m + in is divisible by 2°. That is, assume
that such a number does not exist. Then, consider the numbers
m 4+ n,m + 3n,...,m + (2 — 1)n. There is exactly one term
that is divisible by 2¢. If there is a positive integer r such that
2tt1 —1 > r > 2t — 1 and m + rn is divisible by 2¢, assume m +In
is divisible by 2!, forsome I, 1 <1 < 2*—1. If m+In = 2¢(2b+1),
then from m + rn = m + In (mod2*) we find that » — [ is divisible
by 2t. Thatis, r = I + 2'a < 2!*1. Hence, a = 1 and r — [ = 2%,
Therefore,

m—l—rn:m—i—(l—l—2t)n:m—|—ln+2tn
=2%2b+1) + 2'an = 2*(2b + n + 1).

Hence, m + rn is divisible by 2¢*!. But this is impossible. Thus,
between the denominators the term with the highest exponent of
2 is unique. Hence, after taking the least common denominators,
the exponent of 2 in the denominator is at least one more than the
exponent of 2 in the numerator. This implies that the expression
is not an integer. O]
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Problem 18 (APMO, 2017). We call a rational number r powerful
if r can be expressed in the form %k Jfor some relatively prime posi-
tive integers n, m and some integer k > 1. Let a, b, ¢ be positive
rational numbers such that abc = 1. Suppose that there exist posi-
tive integers x, y, z such that a® 4+ b¥Y 4+ ¢* is an integer. Prove that
a, b, c are all powerful.

Solution. Let (a,b,c) = (g,%,%), where gcd(d,g) = ged(e,h) =
ged(f,7) = 1. Moreover,

d*hYi? + gmeyiz + gmhyfz

x by z —
a”+ b +c gohvis

Hence, g” divides d”h¥i* and since gcd(d,g) = 1, it follows that
g” divides h¥i*. Similarly, we find that hY|g”i*. Since def = ght,
we find that if p is a prime factor of f. Since ged(f,?) = 1, then
p divides gh. Without loss of generality, assume that p divides
g. Since g® divides h¥i* it follows that p divides h. Therefore,
if p divides f, g, h, then p does not divide d, e, ¢. Hence,
vp(f) = vp(g) + vp(h). Further, combining the fact that g” divides
h¥i* with the fact that p does not divide ¢, we find zv,(g) < yv,(h).
Further, since hY | g*4*, we find that yv,(h) < zv,(g). Hence,

zv,(g) = yvp(h).

This implies that yv,(f) = yv,(h) 4+ yv,(g9) = (z + y)vp(g). There-

fore, N
vp(f) Tty _ gcd(agy)

Up (g) Y gcd?w,y)

Hence, v,(f) is divisible by k = ﬁ‘;’/y) > 1, for each prime p that

divides f. Hence, f = m* for some positive integer m. That is,

c= mTk is a powerful number. The same holds true for a, b. O
Before trying the next problem, we need a bit more knowledge about
the v,(+). That is, we already knew v,(n!) = FJ + {EJ + .... The

P p?
n—sp(n)

last formula has a closed form as follows, that is, vp(n!) = =22

where s,(n) is the sum of the digits of n in base p. The latter
formula can easily be proven by writing n = (ag....ao),, where

’
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ag #0,0< a; <p—1,72=0,...,d. That is, considering the
base-p representation of n. Let us see what bearings this fact has.

Problem 19 (China, South Eastern Math Olympiad, 2019). Gi-
ven a positive integer m, let A; = (41 + 1)(4l + 2)...(4(5™ + 1)I).
Prove that there are infinitely many l such that vs(A;) = 1-5™. Find
the least value of I such that the above condition holds.

Solution. Note that

(™ + 1!
vs(Ay) = ”5< (al)! >
— us((4(5™ + 1)1)!) — vs((41)!)
(4™ 4 D)D) — Ss((A(™ + 1)1) 4L — Sy(4l)
- 4 B 4
S5((4(5™ + 1)1)) — S5(41)

) .

—1-5™ —

Let us denote 4l by n. Then, we must prove that there are infinitely
many n such that Ss(n) = Ss((5™ + 1)n). If n has less than m+1
digits in base 5, then

Ss5((5™ +1)n) = Ss(n-5™ +n) = Ss(n) + Ss(n - 5™)
= 2S5(n) # Ss(n).

If n has m + 1 digits, then we shall prove n = 5™*! — 1 satisfies
the problem condition. Let us write n = (a,, ...ap)s, where 0 <
a; < 4,1 =20,...,m, a,, # 0. Now, assume that the number
n-5™ 4+ n has t times 5 to 1. It is easy to find that t < m + 1.
Thus,

S5(n - 5™ + n) = S5(n) + S5(n . 5m) — 4t = 285(’”,) — 4t.

This implies S5(n) = 4t. Now, if ag+a.,, > 5, a1 = ... = a1 =4,
fort < m + 1, then

Ss(n) > ao + an, +4(t — 1) > 4t.

Thus, for this case we should have t = m+1, ag+a,, > 5, ag > 0,

a, = -+ =a;; = 4. Thatis, n = 5™t — 1. Thus, | = 5mJ;1_1.
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Now, we prove that if [ satisfies the statement of the problem, then
521 also satisfies the statement of our problem. This holds since

S5(4(5™ 4+ 1) - 5%1) = S5((4(5™ 4+ 1)1)) = S5(4l) = S5(4l - 52),

and we are indeed done. ]

5 Advanced problems

We are now in the route of the last part of our journey. As you
have seen, this approach provides a wonderful toolbox to solve
elementary number theory problems. In this part, we need to be
more creative and think out of the box. For the first problem, we
only need to consider some powers of primes.

Problem 20. Let f: N — N be a _function such that, for any two
positive integers a and b, f(ab) divides max{f(a),b}. Prove that
there are infinitely many positive integers n such that f(n) = 1.

Solution. Assume that f(1) < p < ¢ are two prime numbers.
Then we shall inductively prove that, for all » > 1, f(p") divides
p. For r = 1, f(p) divides max{f(1),p} = p. Hence, either
f(p) =1 or f(p) = p. Assume that the statement holds true for
all positive integers less than or equal to r. Now, f(p"™!) divides
max{ f(p"),p}. Since f(p”") divides p, we are done.

Now, take a positive integer s, p®* > q. Setting n = gp®, then f(n)
divides max{p®, f(q)} and max{f(p°), q}. Note that p* > q > f(q)
and ¢ > p > f(p°). Thus,

max{p’, f(¢)} = p*.  max{f(p°),q} =q.
Hence, f(n) simultaneously divides p®* and ¢, so f(n) = 1. O
The next problem defines an interesting function.

Problem 21 (Navid Safaei). Let p > 5 be a prime number. Find
all functions f: Z — N such that
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i) Foreacha; #0,1,1=1,...,p—2, such that p does not divide
a; — 1,

fla) +...+ flap—2) = f(ai-+-ap_2);

ii) If a = b(modp), then f(a) = f(b);
iii) For each positive integer n, there is an integer | such that

f() =n.

Solution. Putting a; = —1, then (p — 2)f(—1) = f(—1) implies
that f(—1) = 0. Putting a; = 1+14¢, ¢ = 1,...,p — 2, then
f@)+...+flp—1) = f((p—1)!) = f(—1) = 0. This implies
f2)=...=f(p—1)=0. Plugging a; =4, az = ... = ap_2 = 2,
then*

0= f(2""") = f(1).

Therefore, if ged(a,p) = 1, then f(a) = 0. Assume now p divides
n. Letting a; = a, az = b, ab = —1(modp), a3 = a4 = p,
as = ... = —1yields 2f(p) = f(p?). Analogously, assume p does
not divide »—1 and ged(p, ) = 1. Then, setting a; = r, ay = p*~1,
a3 = p, as = ... = —1, we have f(rpk) = f(p) + f(pk_1>. Now,
through induction on k, we find that f(rp*) = kf(p). Now assume
that p divides r—1, that is, » = 1+mp; plugging a; = (1 + mp)p*,
az; = (mp—1)p*, a3 =a, ay = b, ab= —1(modp), as = ... = —1
yields

(@ +mp)p*) + F((1 + mp)p*) = f((1 + mp)p*) + kf(p)
= f((m?®p® — 1)p**) = 2k f(p).
Thus, f((1+4 mp)p*) = kf(p). That is, we find that f(n) =

f(p)vp(n). According to the condition (iii), f(p) = 1 and f(n) =
vp(n). O

The next problem needs good combinatorial insight, too.

Problem 22 (Russian problem). Does there exist some sequence
Q1y...,0n,... Of natural numbers such that, for each k, 2*a; - - - ay,
is divisible by aj; , ?

4Through these lines, we used Wilson’s theorem and Fermat's little theorem.
I think the reader knows many things about them. Otherwise, see [3].
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Solution. If p > 3 divides a; and v,(a;) = n, then v,(az) < n, by
the same argument

2vp(as) < vp(ar) + vp(az) < 2n.
Hence, v,(a3) < n. Thatis, v,(az),... are all at most n.

Hence, each aj is the product of an integer no more than a,
multiplied by 27 If the sequence £(1), f(2),... is bounded, that
is, f(i) < M for some M, then for each i, a; < 2Ma,. That is, the
Sequence ai,...,a,,... would be bounded; therefore, some terms
would appear infinitely many times in the sequence; impossible.

So there are infinitely many positive integer k such that f(k + 1) >
f(@) for all ¢ < k, that is, otherwise, the sequence f(1), f(2),...
would be bounded.

Then, a}_, is divisible by 2*/(**1) Hence,

kf(k+1) < v2<2ka1...ak) < k+4+vy(ar) + ...+ va(ag)
<k+kflk+1)—k=kf(k+1).

Hence, the equality case occurs. Thus,

FA)=F@) =...= f(k) = f(k+1) —1
for infinitely many k.

Thus, for infinitely many &k, f(k) = 1 + f(1), thatis, a; < 2a, for
infinitely many k. This shows that there is no such sequence. [

The next two problems define two new functions of primes and
products of primes. We presented both of them here to prepare
you to think recursively, which we need in the last problem.

Problem 23 (Chinese Olympiad, 2020). Let P(n) be the largest
prime divisor of n. Let a; > 1, apy1 = a,+ P(a,). Prove that there
is at least one perfect square in the sequence.

Solution 1. Since P(a,) divides the right side, we find that
P(any1) > P(a,). We show that the sequence P(a,) is un-
bounded. Otherwise, for all n > N, P(a,) = p. Hence, an = pt,
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anti = p(t+1), ¢ =0,.... Setting ¢ = q — t, where ¢ > p is a
prime, we find that P(anyq—t) = q > p. Let

I={¢>2:P(a;) > P(a;—1)}.

We find that I is infinite. Order the elements of I by #; = 1 <
i3 <....Forall j > 1, P(a;;) = p; and for all j > 2, P(a;, ,) =
Dj—1, Qi; = @4, + Pj_1. Then, a;; = pj—1p;m;, for some positive
integer m;. Now, we prove that m; is a monotonically decreasing
sequence.

Suppose j > 2, i; < k < i;41. Then, P(a;) = p;. Hence,
ar = ai; + pj(k — ;) = pj(Pjam; + k — i)

Since p;_1mj,pj_1m;+1,...,pj_1m;+i;41—1¢; —1 are not divisible
by p;+1, we find that

ij+1 — 4 < Pj41.
Hence,

a;. a;. + (1;01 — 2:)D;
M = ii+1 iy (%541 i)Pj <1+m,.
PjPj+1 PiPj+1

Hence, m;;1 < m;.

Then, after some point j > jo, m; = m. We prove that m = 1. If
m > 2, take a prime g > mp;,. Hence, there is j > j, such that
mp; <qg< mpj4i. Let ij S k S ’ij+1, then ap = Q;; + (k — ij)pj =
pj(pj—1m + k — i;). Further, a.1,;, = p;p;j11m, and the factors of
the numbers p;_ym,p;_1m +1,...,p;;-1m — 1 do not exceed p;.
But, on the other hand,

q € {pj-1m,pj-1m +1,...,pjram — 1}, q > mp; > p;,
a contradiction, resulting m = 1.

Thus, for all ] Z j(), a1+ij = PjPj+1- Hence,

Qi;4+p;—p;_1 — PjPj-1 + (pj - pj—l)pj = p?‘ O
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Solution 2. Let p, = P(a,), a, = p,b,. If there is a positive
integer n such that p,, > b,,, then

Qntp,—b, — Qn + pn(pn - bn) = pi

Thus, assume that p,, < b,, for each n. Now, we shall prove that
b,+1 — b, < 1. That is, since a,+1 = pnb,. + pn, then p,, divides
an.1. Hence, p, 1 > p.. Therefore, b, = p"(1+b") <1+b,. We

are done. Now, since a,, is unbounded and b > \/an, it follows
that b,, is also unbounded.

Now, let p > b; be a prime number. There is a positive integer m
such that b,, > p > b,. Since b,,+; — b, < 1, there is a positive
integer k satisfying b, = p, yielding to a,, = pxbr = ppr. Then,
p = b, > pi.. The latter conclusion contradicts the definition of
pr. We thus far find that there is a positive integer n satisfying
pn > b,. This completes our proof. [

Problem 24 (Mongolian Olympiad, 2001). Let n = p$...pg*,
define rad(n) = p; ...px, define a,+1 = a, + rad(a,). Prove for
all N the sequence contains N consecutive terms of an arithmetic
progression.

Solution. We can prove by induction that a, < 2" 'a;. Let us
define b,, = rad(a,). It is clear that b; | b, | ... We shall prove
that, for each M, there is a row of M equal terms in the sequence
b, . Assume for a contradiction that, for each n, b,y > b,,. That
is,

b2M b2nM

boomr = b cen .
M M bar ben-—1ym

We have 2n factors that are pair-wise relatively prime and greater
than 1. Hence, it would be greater than (2n)! > n™. Thus,

22nMa1 > QA2n M Z b2nM > nn.

If we set n = (4a;)M, the above inequality would be absurd! We
have thus reached a contradiction. O
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Now, we finally arrive at the last problem; a problem that needs
several attacks and importantly needs deep insight about the
condition of the functions defined.

Problem 25 (China, South Eastern Math Olympiad, 2020). For
a positive integer n > 1, define the set S,, as

S, ={p":p|n,reN,p | n,r=v,(n)(mod2)}.

Let f(n) be the sum of all elements of S,,, forn > 1, and f(1) = 1.
Let m be a given positive integer and, for all n > m, define the
sequence ay, ... satisfying

Api1 = max{f(an)? f(]- + a’n—l)’ seey f(m + an—m)}-

(i) Prove that there are a, b, 0 < a < 1, such that, for any positive
integer with at least 2 distinct prime divisors, f(n) < an + b.
(i) Prove that the sequence a,, is bounded.
(iii) Prove that there are positive integers N, T such that, for all
n>N, Gpir = Q.

Solution. (i) Let n = p{*...p{, p1 < ... < p;. Then,

¢ L5 ,
fin)y =3 Y pi?.

i=1 j=0

1=1 1

Thus, f(n) < >t , pf——+. Now, we shall prove that f(n) <
2(n + 4). Note that f(n) < Xt_, pfi—r < 35t p®. It suffices

i 1
=1 1-5 —

to prove that 2(2y_, pf — [I{_, pi) < §. It is easy to find that,
for all t > 2,

2 t t 2
(2 > p =11 p?") < (4t -2,
3 =1 =1 3

For t = 2, 3, the right side is indeed g, and for all ¢ > 3 the right
side is negative. We are done. Now let M,, = max{a;,...,a,}.
It is easy to verify that M,, is an increasing sequence. Then,
for all n > 2m + 8, if there is an index j € {1,2,...,m} such
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that n + j has at least two distinct prime divisors, it follows that
fin+j) < i(n+m+4)<n.

(ii) Assume that the sequence has no upper bound. Then, there is
a positive integer IV such that, for all n > N, M,, > 2m+ 8. Thus,
there are n; < ny < ... such that all of them satisfy M,,,., > M,,.
Therefore, for each j = 1,... there must be a prime number p;
and a positive integer oy such that T; = Mi,,, = f(p;’). Let
us define A; = % Then, f(p;’) < A;p;” < Aj(m+Tj_1).

Hence, writing the above inequality for p;y1,...,pit+s, We can prove
that there is a constant C < 2 such that T}y, < CT; + Csm.
We can show C = 31z < 2. Note that, for primes qi,...,q; and
v =TI 11 —1_ we have®
a
t 1 t
Invy = Zln(l—i— 21 ) < 2
P ( )
S o Sia =37 25 \a—1 q+1 12°

Now, writing T, < Ajts(m + Tj15-1) for 5 =1,...,1, then

Tiys < T[] Ajrs + m > [[ Argsti—j-

j=1 r=1j=1
Note that H;Zl Al+s+1—j S H_;n:1 Aj—l—s S C.

Hence, T}y, < CT; + Csm. Now, take 5 > N + 1. Then, if
Pj+1, ... are distinct, there would be a positive integer s such that
T;4s > 2T;. Further, we can characterize the desired s, as well.
That is,

C
Ti1s < CT; + Csm < ETH_S + Csm.

C
Hence, it suffices to have s > e2Tj s = DTj,,. Further, since
Pj+1s- - > Djt+s are all distinct and are less than Tj,,, there are at

SHere we have used the well-known inequality In(1 + z) < z, which can
be easily proven by using f(x) = « — In(1 4+ =), then considering f’(x) and
examining whether the function is strictly increasing.
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least DTj, prime numbers less than T}, ,. On the other hand, for
all large enough Tj,,, the number of primes less than or equal to

. . Tj+s
T;4s is close to Ty Hence,

DTJ'+S <

which is impossible.

Now, if there are infinitely many identical terms in the sequence
PN+1,---, 0N€ can set p; = pj1s and pjt1,Pjt2,---,Pjts are pair-
wise distinct. Then, there are infinitely many pairs (j, s). There-
fore,

Tjvs = f(pj3e) > T; = f(p5”).

This yields a4, > 1+a;. Therefore, T4, = f(p;it) > pif(p;’) >

2T;. Thus, s > DT}, which implies that the prime numbers that

do not exceed T}, are at least DT},,. Since there are infinitely

many (j,s), for all large enough T, ,, the number of primes less
Tjis

than or equal to T}, is close to T Therefore,
J+s

T

DTy, < —27,
i+ InT) .,

a contradiction. Hence, the sequence is bounded!

(iii) Since the sequence is bounded, then there is a positive integer

B such that a,, < B. Hence, consider (ag, @g+1,-..,ak+m). Then,
according to the pigeon-hole principle, there are ¢, d such that

(aca Qef1yeeey ac+m) = (ac-l—da Qetdtlyeeey ac+d+m)-

It follows that acym+t1 = @Gcydrm+1- Thatis, forall n > N,

(ana Q41900 an+m) - (an—i-d’ Qp4dt1see.y an—i—d—i—m)- []
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6 Concluding remarks

Through this article, we developed a rich toolbox that was based on
a single fact, i.e., the unique factorization. At the very beginning, we
provided the reader with the properties of the function v,(-). Then,
we started with some easy problems to stabilize what the reader
has learned. We then continued to sweep out the implications
of our approach through the middle of Section 3 and Section 4.
Importantly, the reader has seen several times that considering
vp(+) was indeed the decisive idea,

The cardinal reason behind this approach is to transform the global
condition, i.e., an equation or a statement about integers, to a local
condition, i.e., checking the exponent of a prime in both sides of
an equation or in the numerator and denominator. Then, we need
to split what has been yielded for several primes. Finally, after
developing an inequality or applying an external fact from number
theory, we can finish the problem.
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Contests

In this section, the Journal offers sets of problems appeared in
different mathematical contests over the world, as well as their
solutions. This gives readers an opportunity to find interesting
problems and develop their own solutions.

No problem is permanently closed. We will be very pleased to
consider new solutions to problems posted in this section for pub-
lication. Please, send submittals to José Luis Diaz-Barrero, En-
ginyeria Civil i Ambiental, UPC BARCELONATECH, Jordi Girona
1-3, C2, 08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu
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Problems and solutions from
the 35th edition of the
Iberoamerican Mathematical
Olympiad

O. Rivero Salgado

1 Introduction

The 35th edition of the Iberoamerican Mathematical Olympiad took
place in November 2020 in Peru. Unfortunately, and due to the
Covid pandemic, the 84 participants could not gather together and
the competition followed an online format. It was developed in two
consecutive days, and contestants had to solve 3 problems each
day in a maximum time of four hours and a half. Each problem
was graded with an integer mark between O and 7 points, so the
maximum possible score was 42 points, achieved this year by
two students. According to the usual standards, at most half of
the students can get a medal, and then these are awarded in the
proportion 1:2:3 for gold, silver and bronze, respectively.

The Spanish team made a very good performance, achieving two
silver medals (Pau Cantos and Javier Nistal) and two bronze medals
(Leonardo Costa and Ignacio Ciscar). The delegation was completed
by Maria Gaspar, as the chief of the delegation, Oscar Rivero, as
the deputy leader, and Marc Felipe, as an observer.

We present now the problems of the competition, and include the
solutions given to them by our team. In all the cases, the solutions
follow the ideas presented by the contestants, but we have done
some little modifications to ease the exposition.
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2 Problems and solutions

We now present the problems that appeared in the paper and their
solutions.

Problem 1. Let ABC be an acute scalene triangle such that
AB < AC. The midpoints of sides AB and AC are M and N,
respectively. Let P and @ be points on the line M N such that
/CBP = /ACB, and ZQCB = ZCBA. The circumscribed circle
of triangle ABP intersects line AC at D (with D # A), and the
circumscribed circle of triangle AQC intersects line AB at E (with
E # A). Show that lines BC, DP, and EQ are concurrent.

Solution by Javier Nistal. Asusual, let « = /BAC, 8 = ZCBA,
and v = ZACB. Let A’ be the intersection of lines BP and CQ.
Then,

/A'BC = /CBP =+, /A'CB=/BCQ =g,
and therefore
/BA'C =180° — ZA'BC — /A'CB = a.
We conclude that ABC A’ is cyclic.
By the construction, AECQ and ADBP are also cyclic, so
/ABA' = /ACA' = ZACQ = LAEQ.

Since A, B and E are collinear, this means that BA’ is parallel
to EQ.

Observe that triangles ABC and A’C'B are symmetric, and the
points M and N correspond to @Q and P, respectively. This means
that BP = A’P and CQ = A’Q. Then, Thales’ theorem implies
that EQ passes through the midpoint of BC'.

We finally see that DP also passes through that point:

/ACA' = /ABA' = /ABP = /ADP.
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Since C, A and D are collinear, DP and A’C are parallel. And
since P is the midpoint of A’B, using again Thales’ theorem we
get that DP passes through the midpoint of BC'.

Therefore, all three lines BC, DP and EQ are concurrent at the
midpoint of BC.

Problem 2. lLet T, stand for the least natural number such
that 14+ 2 + ...+ T, is divisible by n. Find all natural numbers n
such that T,, > n.

Solution by Ignacio Ciscar. We begin by observing that for all
powers of two T,, > n. Indeed, let n = 2* and assume that
n divides w Since gcd(T,, T, + 1) = 1, this means that
either 2**1 divides T;, or that 2**! divides T, + 1. In particular,
T, > 2 =n.

The case where n is odd and strictly greater than 1 is almost
immediate. If n = 2m + 1, with m > 1, then 2m + 1 divides

2m@mtl) and T, < n — 1,

We finally consider the case where n = (2m+1)2%, where m, k > 1.
Let i stand for the inverse of 2**! modulo 2m + 1, taken in such
awaythat 0 <i<2m+1.If0< i< m+ 1, since i - 2¥1 — 1 is
a multiple of 2m —+ 1, it happens that

i-2k+1_1

n = (2m + 1)2* divides > j= (i-2""' —1).4.2%
j=1

In particular, T,, < ¢-21 —1 < 2m -2 < 2m + 1) -2* = n.
Similarly, if m < ¢ < 2m + 1, let ¢/ = 2m + 1 — ¢, which clearly
satisfies that 0 < + < m. Then,

i’ 28 = (2m 4+ 1 —4) - 28T
= 2m+1)2¥ — .28 = 1 (mod 2m + 1).
This means that 7’ - 2¥*1 4 1 is a multiple of 2m + 1. Then,
i/ .2k+1 .y k+1 v k+1
v -2 < (2 -2 1
n = (2m + 1)2* divides _ j:( ) (2 +1)
j=1

=4 . 2F. (3 28T 1),
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Again, we can easily prove that 7,, < n.

We conclude that T,, > n if and only if n is a power of 2.

Problem 3. Let n > 2 be an integer. A sequence
a = (ai,asq,...,a,) of n integers is called limena if

ged{a; — aj such thata; > a;and 1 <i,5 < n} =1.

One operation consists on choosing two elements a; and a, from
a sequence, with k # £, and replacing a, by a;, = 2a; — a,.

Show that, given a collection of 2™ — 1 limena sequences, each one
formed by n integers, there are two of them, say 8 and ~, such
that it is possible to transform 3 into v through a finite number of
operations.

Remark. If all the elements of a sequence are equal, then that
sequence is not limena.

Solution by Pau Cantos. Observe that a sequence is not limena
if and only if there exist positive integer numbers (a,d), with
0 < a < d, such that a; = a modulo d forallz =1,...,n. We can
define an equivalence relation between sequences of n terms as
follows: two sequences 3 and ~ are said to be equivalent if we can
transform 3 into ~ using the operation described in the statement
(as many times as needed). It is rather easy to check that this is
indeed an equivalence relation:

(i) Transitivity: if «a is equivalent to 3, and 3 is equivalent to -,
we can clearly compose both sequence of operations in order
to pass from «a to ~.

(ii) Symmetry: let (¢, k) stand for the operation which replaces ay
by aj, = 2a; — a,. Observe that this is an involution, since
2a, — a, = 2ay — (2a; — a;) = a, and in particular this means
that it is its own inverse and we can revert the operation.

(iii) Reflexivity: tautological.

Further, the operation transforms limena sequences into limena
sequences. Indeed, if a is not limena, there exists a pair of integers
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(a,d) such that a; = a modulo d; then, a, = 2a, — a; = a modulo
d. Therefore, in the new sequence all the terms are congruent
with @ modulo d. Similarly, if « is limefia and transforms under
the operation into a non-limeria sequence, applying the operation
again we get a non-limena sequence, contradicting the fact that
the operation is an involution.

We will be done if we can show that there are at most 2™ — 2 equiv-
alence classes of limena sequences. To see this, we begin by noting
that the operation clearly preserves the parity of all the terms of the
sequence. This means that each binary vector (by,...,b,) must
contain at least one of these equivalence classes; observe that the
vectors (0,...,0) and (1,...,1) do not correspond to limeria se-
quences. Hence, we will prove that whenever a and 3 are limena
sequences with a« = 8 modulo 2, then a can be transformed
into B by successive iterations of the operation. In particular, we
will prove that a can be transformed in the corresponding binary
vector consisting of O’s and 1’s.

Let S(a) = >, |a;|. Note that among those sequences congruent
with a modulo 2, the one which minimizes S(«) is precisely the
one formed by O’s and +1’s. Butif b # (1,...,1), there would
exist an index k such that ay = 0, and applying the operation
(¢, k) we can replace a, by —a,. Then, it is enough with proving
that given a sequence a whose terms are not all equal to {0, 1}
we can make a sequence of transformations passing from a to
o', with S(a’) < S(a). If there are two indexes (k,£) such that
either 0 < a; < a; or a; < a < 0, we can conclude by applying
the operation (4, k): in the former case, —a;, < 2a, — a; < ay, and
in the latter, a, < 2a; — a, < —a,. If this were not the case, all
the positive (resp. negative) terms would be equal to a given value
x > 0 (resp. y < 0). If there were no positive values (resp. no
negative values), the limena condition would mean that y = —1
(resp. = 1), and we would be done. If there were both positive
and negative terms, ged(z,y) = 1. In this case, if there were terms
equal to zero, we can change signs and proceed as before reducing
the value of S(a); if not, all the differences would be divisible by
x —y > 1— (—1) = 2, which is a contradiction with the limena
condition. This finishes the problem.
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Problem 4. Show that there exists a set C of 2020 distinct, pos-
itive integers that satisfies simultaneously the following properties:

e When one computes the greatest common divisor of each pair
of elements of C, one gets a list of numbers that are all distinct.
e When one computes the least common multiple of each pair of
elements of C, one gets a list of numbers that are all distinct.

Solution by Leonardo Costa. Choose 4040 different prime num-
bers

{p19p29 <o +9P20205 919425+« Q2020}-

Let N = @qiq2-‘-g2020, and consider the following set of 2020
elements:

N N N
{pl'*apz'*a---pzozo' }
q1 qz d2020

It clearly holds that all the elements are distinct. Now, observe that

N N N
ged (pi'*,pj'f) = .
gqi q; q:9q;
Similarly,
N N
lcm(pi ety 2 7) = pip; N .
qi q;

This proves that our set of 2020 numbers satisfies the given con-
ditions, since g¢;q; = gqiqg; if and only if {i,5} = {¢,j’}, and
pip; = pypy if and only if {¢,5} = {7/, j'}.

Problem 5. Determine all functions f: R — R such that
fl@f(x —y) +yf(z) =z +y+ f(2?),
for any real numbers x, y.

Solution by Ignacio Ciscar. We begin by observing that the func-
tion f(x) = « + 1 satisfies the given equation. Indeed,

ffx—y) tyf(z)=Fflx@—-y+1)+y@+1)

=z(r—y+1)+1+ylz+1)+1
::v—i—y+a:2—|—1::v—|—y+f(m2).
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We will prove now that this is the unique solution.
First claim. f(0) =1 and f(1) = 2.

Set £ = 0 and y = 1 in the given equation. This directly gives
f(0) = 1. Similarly, setting * = y = 1, we get that

F(£(0) + (1) =2+ f(1),
which implies that f(1) = 2.
Second claim. f(f(t)) =t+ 2 forall t.

In the given equation, replace * = 1 and y = 1 — ¢t. Then, using
the previous claim,

FE®) +20—t) =2 —t+2.
and from here the conclusion immediately follows.
In particular, this claim trivially implies that f is injective.
Third claim. f(f(x) —2) = « for all x.
To prove this result, observe that
f(@) = (=2+ f(=)) +2 = fF(f(f(x) —2)).
Using the injectivity of f, the conclusion follows.
We can finally prove the result, replacing y =  + 2 — f(x). Then,
fl@f(f(x) —2)) +(z+2— f(@)f(z) =22 +2— f(z) + f(=*).
Using the previous claim, this implies that
f@)?+ (=3 —2)f(z) + 2z +2 = (f(z) — 2)(f(z) —z —1).

However, due to the injectivity of f together with the first claim,
f(x) = 2 happens if and only if = 1. This means that the only
possible candidate is f(x) = « + 1, and we have already checked
that this function works.
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Problem 6. Let ABC be an acute, scalene triangle. Let H be
the orthocenter and O be the circumcenter of triangle ABC, and
let P be a point interior to the segment HO. The circle with center
P and radius PA intersects the line AB and AC again at S and
S, respectively. Denote by @ the symmetric point of P with respect
to the perpendicular bisector of BC. Prove that points P, Q, R
and S lie on the same circle.

Solution by Javier Nistal. Let A’ be the symmetric point of A
with respect to OH. Then, A’ is the intersection of the circum-
scribed circles to both ARS and ABC'. This means that it is the
center of the spiral similarity carrying BOC to RPS.

Let E be the circumcenter of BOC, and 6 the angle ZA’'BR =
LA'OP = LA'CS. If E’ stands for the circumcenter of RPS,
we will establish that it is over the perpendicular bisector of BC,
which is precisely EO. For that purpose, it is enough with proving
that ZA’EO = 6. Let H’ be the symmetric point of H with respect
to BC, which belongs to the circumcircle of ABC'. Then,

L/A'H'A=/A'CA=/LA'CS =0.

Moreover, H'A is parallel to EO. It only remains to prove that A’,
H’' and FE are collinear, since this directly gives that ZA’EO =
/ZA’H'H = 0, thus finishing the proof.

To see the claimed colinearity, we observe that A’HOH’ is cyclic,
since ZA'H'H = 0 = ZA’OH. Let O’ be the symmetric points of
O with respect to BC'. Since the perpendicular bisector of HH’
is BC, the point O’ also belongs to that circle. Let F be the
intersection point of the radical axis A’H’ with the perpendicular
bisector of BC'. Then, the power of F' with respect to the circles
ABH'C and A’HOH' are equal, and

FO?* -0B?*=FO-FO' = FO-(FO - 00).

In particular, OO’ - FO = OB?. This means that the triangles
OO’B and OBF, which share the angle ZBOO’, have proportional
sides and therefore are similar. This proves that OBF is isosceles,
and consequently F = E.
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Solutions

No problem is ever permanently closed. We will be very pleased to
consider new solutions or comments on past problems for publica-
tion.

Please, send submittals to José Luis Diaz-Barrero, Enginyeria

Civil i Ambiental, UPC BARCELONATECH, Jordi Girona 1-3, C2,

08034 Barcelona, Spain, or by e-mail to
jose.luis.diaz@upc.edu

Elementary Problems

E-83. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let a1, a2, as, ay,as, ag be six distinct positive inte-
gers. Show that

I (ai—ay)

1<i<j<6

is a multiple of 320.

Solution 1 by Alberto Espuny Diaz, Technische Universitit
Ilmenau, Ilmenau, Germany. We first note that at least one of
the differences is a multiple of 5. Indeed, consider the six given
integers modulo 5; since we have six integers, by the pigeonhole
principle we must have that at least two of the integers are equal
(mod 5). Then, the difference of these two is a multiple of 5.

Now consider the six integers and divide them into two groups,
those which are even and those which are odd. Any difference
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of two odd integers is even, and hence a multiple of 2; similarly,
the difference of any two even numbers is also a multiple of two.
Assume that a of the six numbers are odd; then, the number of
pairs whose difference is even is b := (£) + (°,¢). and we can easily

2
check that b > 6 (with equality if and only if a = 3).

Combining the two remarks (at least one of the differences is a
multiple of 5, and at least 6 of the differences are multiples of 2)
yields the result.

Solution 2 by Michel Bataille, Rouen, France. Since 320 =

5 x 2%, we have to show that the product P =[] (a; — a;) has
1<i<j<6

a factor a; — a; divisible by 5 and six even factors.

For1 < ¢ < j < 6, let d;; = a; — a; and consider the list
di,2,d1,3,d1.4,d15,d1,6. If one of the numbers of this list is a mul-
tiple of 5, so is P. Otherwise, each is congruent to one of the
numbers 1, 2, 3,4 modulo 5. Since there are 5 numbers and four
possible residues, two of the numbers are congruent to the same
number, say d,; = d;,; (mod 5) with 2 <7 < 5 < 6. But then, we
have d; ; = dy,; — d1; = 0 (mod 5) and P is a multiple of 5.

We keep considering the same list. If at least three numbers of
the list are even, say d;;,d; j,di, where 2 < i < 7 < k < 6,
then in addition to these three even factors, the factors d;; =
di; — dii,dik,djr are also even. Altogether, we have six even
factors.

If exactly two numbers of the list, say d,,d; ; are even, then the
other numbers d, x, d1 ¢, d1,,m» (With k < £ < m) of the list are odd.
It follows that the six factors d ;, d1 j, d; j, Ak ¢y Agym, dem are even.

Similarly, if exactly one, say d,;, is even, then d; j, dy k, d1¢, d1,m
with j7,k,,m # i, 3 < k < £ < m are odd and again, we obtain
six even factors namely, di;, d;x, dj ¢, djms Aims dem -

Lastly, if the d, ;’s are all odd, then d;3,ds2 4,d25, d26,ds.4,ds 5 are
even.

Solution 3 by the proposer. First, we observe that the difference
of two even numbers is even and the same occurs if they are odd.
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Now, we consider pairs of the form (Even, Odd) and we have for
the given integers the following possible situations:

(6,0),(5,1); (4, 2), (3,3), (2, 4), (1,5), (0, 6).

For the first case, we have that all the 15 factors in the product
are even and the factor 215 divides the product. For the remain-
ing pairs, the powers of two that appear are 219,27, 26, 27, 210 215
respectively. So, the number is a multiple of 26 = 64. Now, we
claim that it is a multiple of 5. Indeed, Dividing an integer by 5
the possible remainders are 0,1, 2, 3,4. Since we have six integers
ai,as,as,ay, as,ag and five possible remainders by the PHP two
of them must be equal and the difference of these number is a
multiple of five, as claimed. This completes the proof.

Also solved by Brian Bradie, Department of Mathematics, Christo-
pher Newport University, Newport News, VA, USA; Henry Ricardo,
Westchester Area Math Circle, Purchase, NY, USA, and the SQ Ma-
thematical Problem Solving Group, Yogyakarta, Indonesia.

E-84. Proposed by Henry Ricardo, Westchester Area Math Circle,
Purchase New York, USA. The following function is constant on
the interval I:

flx) = \/m—I—Z\/:I:—l—l—\/w—Z\/:B—l.

Determine the interval I and the constant value of f on I.

Solution 1 by Michel Bataille, Rouen, France. Note that f is
defined on [1,00): if x > 1, then /& — 1 exists and 2z —1 < =
(since x2 > 4x — 4).

For x > 1, f(x) > 0 and

(f@)2=x+2vVe—1+2—2vVe —1+2/22 —4(x — 1)
= 2x + 2|x — 2|.

It follows that, if x > 2, then f(x)? = 4(xz — 1), while if z < 2,
(f(x))? = 2 +4 — 2 = 4. Thus, f is constant on the interval
I=1[1,2] and f(z) =2for x € I.
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Solution 2 by the proposer. First note that the function is not
real-valued unless « > 1. Then, we have

[f(@)]? = (x+2vVx — 1) + (x — 2vz — 1) + 2/22 — 4(x — 1),
[f(x)])? =22 + 2\/(x — 2)2 = 2z + 2|z — 2|.

Ifx > 2, 2¢ + 2|z — 2| = 2z + 2(x — 2) = 4z — 4, which is
not constant. However, if € [1,2], then 2z 4 2|z — 2| = 2z +
2(—(x — 2)) =4 and f(x) = 2. (By definition, f(x) is positive.)

Therefore, the interval is I = [1,2] and f(x) =2 on I.

Solution 3 by Brian Bradie, Department of Mathematics, Chri-
stopher Newport University, Newport News, VA, USA. Note

Vz—1+1)l2=z—-1+2Vz—-1+1=xz+2V/x—1

and
WVr—1—-12=z—-1—-2Vz—1+1=z— 2z —1,

SO

f@)=|Ve—1+1|+|va—1-1|,

with domain > 1. Now, /x — 1+ 1 > 0 for all x > 1, while
vr—1—1<0for1 <z < 2 and is greater than O for z > 2.

Thus,
2, 1< x<2,
f(z) = .
2vVx —1, x> 2.

The interval I is 1 < x < 2, and the constant value of f on I is 2.

Also solved by Alberto Espuny Diaz, Technische Universitcit Ilme-
nau, Ilmenau, Germany; Rovsen Pirgulyev, Sumgait city, Azerbai-
jan; Henry Ricardo, Westchester Area Math Circle, Purchase, NY,
USA; Daniel Vdcaru, Pitesti, Romania; Todor Zaharinov, Sofia, Bul-
garia, and the SQ Mathematical Problem Solving Group, Yogyakarta,
Indonesia.
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E-85. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let a, b, c be distinct positive numbers such that

Ina Inb Ine

b2 — ¢2 c2 — a2 a2 — b2

Compute the value of a®b” ¢ .

Solution 1 by Michel Bataille, Rouen, France. Let X =a% b®’ ¢’
and let » be the common value of the ratios 2%, _nb ~ Inc_

b%2—c2? c2—a?’ a?-b
Then, we have

InX =a’lna+b°Inb+ c’lnc
=a? -r(b®*—-c?) +b%-r(c®? —a®) + 2 r(a® —b?

= r[a®b® — a®’c® + b*c? — b%a® + c?a® — c*b?) = 0.
It follows that X = 1.

Solution 2 by Henry Ricardo, Westchester Area Math Circle,
Purchase, NY, USA. Let V = a®b*’c. Then,

InV =a?’lna+b*lnb+ 2lne

2 2 2 2
o[ (b* —c*)Inc ,[(c*—a*)Inc 5
——a< b2 >+b< e +c“Ine

b%c? — a?c?
_ 2 _
_<a2_b2—|—c>lnc—0,

which implies that V = 1.

Solution 3 by the proposer. Let ¢ € R be a real number such

that
Ina Inb Inc

b2 — 2 c?2 — ag? a? — b2

Then, we have
Ina = t(b*® — c?),

Inb = t(c* — a®),
Inc = t(a®? — b?),
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and

a’lna = ta®(b*® — ),
b?Inb = tb*(c? — a?),

c’Inc = tc*(a® — b?).
Adding up the preceding expressions, yields
a’lna+b*Inb+c?Inc = t(a?b*—a’*c+b*c®*—b*a*+c*a’—c*b?) =0,
from which we get

In (aa2 b ccz) =0 and a® b’ = 1.

Also solved by Alberto Espuny Diaz, Technische Universitcit Ilme-
nau, Ilmenau, Germany; Brian Bradie, Department of Mathematics,
Christopher Newport University, Newport News, VA, USA; Rovsen
Pirgulyev, Sumgait city, Azerbaijan; Daniel Vdcaru, Pitesti, Roma-
nia, and the SQ Mathematical Problem Solving Group, Yogyakarta,
Indonesia.

E-86. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let n be a positive integer. Show that no prime of the
form 4n + 27 can be written as the sum of two squares.

Solution 1 by Michel Bataille, Rouen, France. Let p be a prime
of the form 4n + 27 and assume that p = x? + y? for some integers
x,y. Since p is odd, z,y cannot be both even or both odd. Say,
for instance, that x is even and y is odd. Then z? = 0 (mod 4)
and y?> =1 (mod 4) and it follows that p = 2 + y*> = 1 (mod 4),
a contradiction since 4n + 27 = 4(n + 6) + 3 = 3 (mod 4). Thus,
p cannot be written as the sum of two squares.

Solution 2 by Brian Bradie, Department of Mathematics, Chris-
topher Newport University, Newport News, VA. In fact, no num-
ber of the form 4n+27, where n is a positive integer, can be written
as the sum of two squares. Any number of the form 4n + 27 is
congruent to 3 modulo 4. However, a perfect square is congruent
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to either O or 1 modulo 4, so the sum of two perfect squares will
be congruent to either O, 1, or 2 modulo 4; that is, a sum of two
perfect squares can never be congruent to 3 modulo 4. Thus, no
number of the form 4n + 27, where n is a positive integer, can be
written as the sum of two squares.

Solution by the proposer. If p is a prime of the form 4n + 27,
then p = 3 (mod 4). To prove that it is not possible to express p
as the sum of two squares, we argue by contradiction. So, suppose
that p = a? + b? for some integers a and b. Since p is odd, then
one of the squares is odd, say a?, and the other is even, say b?.
Then a is odd and b is even, as can be easily checked. If a = 2i+ 1
and b = 2j for some integers i, j, then

pP=a’+b*=(2i+1)?+(25)? =4(i®*+j*+i)+1=1 (mod 4).

This contradicts the fact that p = 3 (mod 4), and the proof is
complete.

Also solved by Alberto Espuny Diaz, Technische Universitcit Ilme-
nau, Ilmenau, Germany; Daniel Vacaru, Pitesti, Romania, and the
SQ@ Mathematical Problem Solving Group, Yogyakarta, Indonesia.

E-87. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let £,, ¢, 2. be the length of the bisectors of the
angles of triangle ABC'. If a, b, c are the length of its sides, then
prove that

£, Ly £, ab bc ca

< .
cosA/2+cosB/2+cosC/2 ¢ + a b

Solution 1 by the proposer. To prove the statement we insert
the term a 4+ b + ¢ and we prove that

£, 4 £y n L. <atbi <ab+
cosA/2  cosB/2 cosC/2 =4 c=7c

be ca

a b

To prove the LHS inequality, we compute the area of triangle ABC
in two ways. Indeed, we have that [ABC] = [ADC] + [BDC].
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Scheme for solving problem E-87.

al. | bl. .
Since [ADC| = 5 Sin C/2, [BDC| = -, sin C/2, and [ABC] =
ab
? sin C, then

al, . bl. . ab
731nC/2+7s1nC/2:?smC,

c

2ab
from which it follows that £, = j—b cosC/2 and ——— =
a

cosC/2
2ab . . Ly 2bc Ly 2ca
. Likewise, we get = and = .
a-+b cos A/2 b+c cos B/2 c+a

Adding up the preceding expressions and taking into account the
HM-AM inequality yields
£, " £y " £, 2ab + 2bc n 2ca
cosA/2 cosB/2 cosC/2 a+b b+4+c cHa
a+b b4+c c+a
<
-2 + 2 + 2
=a-+b+ec

Equality holds when a = b = ¢. That is when AABC is equilat-
eral.

To prove the RHS inequality, we have

ab+bc+ca_ b<1—|—1+1>> by
c a b—ac a? b2 c? =4 ¢
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or, equivalently,

1,11 atbte 11 1
a’?  b%> abc ab bc ca
Putting * = 1/a,y = 1/b and z = 1/¢ in the well-known inequality
2 +y?+ 22 > xy +yz + zx, we get
1 1 1 1 1 1
P + b2 +

2~ ab  bc  ca
Equality holds when a = b = c.

Solution 2 by Michel Bataille, Rouen, France. Twice the area
of ABC is bcsin A = 2bcsin A/2cos A/2 as well as bl, sin A/2 +
clysin A/2. We deduce that _f47; = 2% and it follows that the
problem amounts to showing that

2bc 2ca 2ab ab be ca

< — 4+ — 4+ —. 1
b+c+c+a+a+b_c+a+b ()

Now, 2bc = (b+c)2;(b_°)2 < ('”;)2, hence the left-hand side L of (1)
satisfies

b+c c¢c+a a-+b
< —
L< 5 + 5 + 2 a+b+c

and it suffices to prove that

bec ca

— 4+ —. )
a b
We are done because, using that % 4+ g > 2
x,y, the inequalities

ab
a+b+c< —+
c

z

y% = 2 for positive

ab+ca <b+c)>2
N — = al — — .
c b c b) — “
bc+ca <b+a)>2
—+ — =l -+ - c,
a b a b) —
ab be a c
=2+ ) >
c a c a

give by addition

c
and therefore (2) holds.

ab be ca
2< + +
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Solution 3 by Brian Bradie, Department of Mathematics, Chri-
stopher Newport University, Newport News, VA, USA. With

2bc A 2ac B 2ab C
a = cos —, b = cos —, and /4. = cos —,
b+c 2 a+c 2 a+b 2

it follows that

£, + Ly + £, _ 2bc + 2ac " 2ab
cosA/2 cosB/2 cosC/2 b+c a+c a+b

By the arithmetic mean - harmonic mean inequality,

2bc <b—|—c.
b+c— 2
Similarly,
2 2ab b
ac <a—|—c and a <a—|—’
at+c— 2 a+b— 2
SO
b L B L by
a c.
cosA/2  cosB/2 cosC/2 —
It therefore suffices to show that
ab bec ca
a+b+c< —+—+4+ —.
c a b

By the arithmetic mean - geometric mean inequality,

1/ab
(24 2) > var—a.

2\ ¢ b

1/ab b

2<a—|—c>2\/b2:b,and
C a

1/b
<C+ca>2‘/czzc_

2\ a b

Adding these last three inequalities yields

be ca

ab
at+b+c< —+ — .
c a b
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Also solved by Scott H. Brown, Auburn University Montgomery,
Montgomery, AL, USA; Rovsen Pirgulyev, Sumgait city, Azerbaijan;
Henry Ricardo, Westchester Area Math Circle, Purchase, New York,
USA; Daniel Vacaru, Pitesti, Romania; Titu Zvonaru, Comanesti, Ro-
mania (three solutions), and the SQ Mathematical Problem Solving
Group, Yogyakarta, Indonesia.

E-88. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let AB be the diameter of a circle I'. Points C and D lie on
either side of AB, so that AD = AC. Knowing that £ € BD,
F € BC sothat DF | AE, AFNEC = {X} and Y is the middle
point of AFE, show that XY D is an isosceles triangle.

Solution 1 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. In Figure la), ZADB is a right angle, since it is inscribed
in a semicircle. Hence,

/ADE = Z/ADB = 90°.

Let us assume for a moment that AF 1 CFE, a fact that we shall
establish at the end of this solution. It follows that AFE is the
common hypotenuse of the two right-angled triangles EX A and
ADE. But we are told that Y is the midpoint of AE, so

1
XY = (in AEXA) = _AE = (in AADE) = DY.

Hence AX DY is an isosceles triangle, as was to be shown.
We now complete the argument by proving:

Lemma. Let BCD an isosceles triangle, with BC = BD; let A
be the point on the circumcircle of ABC D diametrically opposite to
B. In the interior of sides BC, BD, any points E, F, respectively,
are selected. Then,

AF 1| CE < AFE 1 DF.

Proof. (See Figure 1b)) We consider a rectangular coordinate sys-
tem with the unit of measurement the same along both axes.
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a,(+a
Y
C D
x% Cc(>1,0) //7(1,0)

A A(0, — cot )
a) b)

b) tan ¢)

Figure 1: Schemes for solution 1 of Problem E-88.

Suppose that the angles at the base of ABCD are each ¢. We
place B at (—1,0) and D at (1,0).

The coordinates of A are (0, — cot ¢), the coordinates of F are
(a, (1 4+ a)tanyp), and those of E are (b,(1 — b)tan¢p), where
—1<a<0and 0<b<1.

The slopes of AE, DF, AF, CE are therefore given by

(1 —b)tany + cot ¢ (14 a)tany

MAE = , Mpr = ’
b a—1

(1+a)tanp + cot ¢ (1 —b)tan¢y

Mmar = s mceg = s
a 1+0b

from which we obtain
b(1 —a)(mar -meceg+1)=14+a—b+ab+ (1+a)(1—>)tan?p
= a(l+b)(mag - mpr + 1),
where the factors b(1 — a) and a(1 + b) are non-zero.
We conclude that
mar -mceg+1=0 <= mag-mpr+1=0,

equivalent to the desired equivalence. [



102 Arhimede Mathematical Journal

Solution 2 by the proposer. We begin with the following lemma.

Lemma. In a quadrilateral ABCD, AC 1 BD if and only if
AB? + CD? = AD? + BC?.

Scheme for solution 2 of Problem E-88.

In the quadrilateral ADEF, DF | AE, so

AD? + EF? = DE* + AF>. (1)
In AEFC,if CE 1 AF =, then

AE? + FC? = AC? + EF*. 2)
Now,

A AFC, {ACF = 90° = FC? = AF? — AC?,
A ADE, {ADE = 90° = AE? = AD? + DE?,

so (2) becomes
AD? + DE? + AF? — AC? = AC? + EF>.
But AD = AC, hence AD? = AC?, so

DE? + AF? = AD? + EF? = CE 1 AF. (3)
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Finally,
{DY median in A ADE = DY = 4E,

XY medianin A AXFE = XY = %,

so DY = XY and, therefore, Y DX is an isosceles triangle.

Also solved by Michel Bataille, Rouen, France.
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Easy-Medium Problems

EM-83. Proposed by Oriol Baeza Guasch, CFIS, BarcelonaTech,
Terrassa, Spain. [Correction] Let I'; and I's be two non-intersecting,
non-overlapping circles, whose common external tangents meet at
O. One of the internal common tangents meets I'; at R, and I'; at
P. Denote by S the intersection of ray OP with I'; closest to P,
and denote by @ the intersection of ray OR with I'; closest to R.
Prove that PR, QS and the line joining the centers of I'; and TI';
concur.

Solution 1 by the proposer. First of all, denote by C;,C> the
centers of I';, I's, respectively. Also let I be the point where the
common internal tangents of I'; and I'; meet.

Next, let’s show that PQRS is cyclic. Indeed, let rays OSP, ORQ
meet I'; by second time at S’ and R’, respectively. Since O is
the external homothety center we have the similarity AOSR ~
AOS’'R’. Hence, a simple angle chasing shows

ZQPS =180° — ZQPS' = LS'R'Q = ZSRO = 180° — SRQ.
Thus, (PQRS) is cyclic.

Now, denote by J = (QSO) N (PRO) the second point of intersec-
tion, different from O. Also, let I # J be the second intersection
of circles (QJR) N (PJS). Then, by concurrence of radical axes,
J, I,0 are collinear. To end the problem, let us show PRNQS = 1I.

Indeed ZQRI = 180° — ZQJI = 180° — ZQJO = 180° — ZQ SO =
/QSP = /ZQRP, hence R,I,P are collinear. One can show
analogously that Q, I, S are collinear, and we are done.

Solution 2 by the proposer. Once we have shown that (PQRS)
is cyclic, consider v the inversion with center O and ratio k =

vVOS - OP (also equal to v/OR - OQ because of power of a point).
Clearly, it swaps P <> S and Q <+ R, hence

QS + (PRO), PR + (QSO).
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Figure 2: Scheme for solving Problem EM-83.

Let us denote by J the second intersection of circles (PRO) and
(QSO), which lies on OI by concurrency of radical axis. Then, it
is enough to prove that OI - OJ = k* = OR - OQ, because that
will imply

I =(J) =%((QSO) N (PRO)) = PRN QS.

Finally, notice that OI - OJ = OR - OQ is equivalent to showing
that (QRIJ) is cyclic, which is true by Reim’s theorem, and we
are done.

Also solved by Michel Bataille, Rouen, France.

EM-84. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let a, b, ¢ be positive real numbers. Prove that

9 b° 9
a——l———}—c— > a’b*c® (a + b+ c).
be ca ab

Solution 1 by Brian Bradie, Department of Mathematics, Chri-
stopher Newport University, Newport News, VA, USA. The given
inequality is equivalent to

a' + b + ' > a®b3c3(a + b + ¢) = a*b’c® + a®b*c® + a’bict.

We now present two proofs of this equivalent inequality.
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Proof 1. By the arithmetic mean - geometric mean inequality,

10 10 10
2o H 3V THICT S W amopme® — b,

10
10 10 10
3a + 4::70 + 36 Z 10/a30b40030 — a,3b4 3,

and

10 10 10
301 + 3;’0 + 4C Z 10/a30b3oc40 — a,3b304,

Adding these last three inequalities yields

0,10 + blO _|_ C10 Z a4b303 _|_ a3b4c3 _|_ a3b3c4. ]

Proof 2. The sequence (10, 0,0) majorizes the sequence (4, 3, 3),
so, by Muirhead’s inequality,

alO _|_ blO _|_ ClO 2 a4b3c3 _|_ a3b4c3 _|_ Cl,3b3C4. N

Solution 2 by the proposer. Assuming a > b > ¢, we have

a b c
ad > >ctand — > — > — <= a? > b? > 2.
- - bec — ac — ab - -

Applying the rearrangement inequality yields

a9+b9_|_c9 8a+bsb+sc>sb+bsc+sa
—t — + — =a®°"— — 4+ c"— a®— — +c"—
be ac ab be ac ab — ac ab be
:a79+b75+c73:a6a—b+b6E+c6%.
c a b c a b

) ab  bc _ ac
Slnceaszcéaﬁzb‘SZcﬁand—Z—Z?,
c a

a a—b + b‘SE + cﬁa—b a,GE + bGE + cﬁa—b

c a c a b c

a’bc + b%ac + c’ab = abc<a4 +b* + c4)
abc(azb2 + a?c® + b2c2)

abc(ab - ac + ab - bc + ac - be)

a2bzcz(a + b+ c).

v

AVARAY]
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Finally,
9 b° 9
a——|———|—c— > a?b*c*(a + b+ c).
bc ac ab

Equality is reached for a = b =c = a" +a”" +a” = a® - 3a =
3a” = 3a”.

Also solved by Michel Bataille, Rouen, France; Angel Plaza, Univer-
sity of Las Palmas de Gran Canaria, Spain; Henry Ricardo, Westch-
ester Area Math Circle, Purchase, New York, USA, and Titu Zvonaru,
Comanesti, Romania (two solutions).

EM-85. Proposed by Henry Ricardo, Westchester Area Math Cir-
cle, Purchase New York, USA. A group of people joined a parade.
If they formed the same three lines, then there was one person left
(not included in the line). If they formed four lines, there were two
people left. If they formed five lines, there were three people left.
What is the minimum number of people in the group?

Solution by the proposer. This problem asks for the minimum
solution of the system

=1 (mod 3),
x =2 (mod 4),
x =3 (mod 5).

The Chinese Remainder Theorem (CRT) guarantees a unique so-
lution modulo M = 3.4 -5 = 60. Following the standard proof
of the CRT (noting that the moduli are pairwise relatively prime),
we consider the congruences (M/3)x; =1 (mod 3), (M/4)x, =
1 (mod 4), and (M/5)x; = 1 (mod 5), or 20z; = 1 (mod 3),
152, =1 (mod 4), and 12x3 = 1 (mod 5). The unique solutions
of the last set of congruences are easily found: 2, 3, and 3, re-
spectively. Then, the CRT implies that the unique solution of our
original system is given by

x = (1)(20)x; + (2)(15)x2 + (3)(12)xz3 (mod 60)

= (2)(20) + (30)(3) + (36)(3) (mod 60)
=238 mod 60 =58 (mod 60).
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This says that the general solution of the original system is « =
58 + 60t, so 58 is the minimum number of people in the group.

Also solved by Michel Bataille, Rouen, France, and Brian Bradie,
Department of Mathematics, Christopher Newport University, New-
port News, VA, USA.

EM-86. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let y = ax? — bx — ¢, y = bx? — cx — a and
y = cx® — ax — b be the equations of three parabolas where a, b, c
are non-zero real numbers. If their graphics have a common point,
then prove that a = b = c.

Solution by the proposer. Let us denote P;(x) = ax? — bz — c,
Py(z) = bx? — cx — a and Ps(x) = cx® — ax — b, respectively. Sup-
pose there exists a point (u,v) € R? such that P;(u) = Py(u) =
P;(u) = v. Then, we have
au® —bu —c =,
bu® —cu —a = v,
cu® —au —b=wv.
Multiplying the above relations respectively by b — ¢, ¢ — a and
a — b, we get
(b —c)(au® — bu — ¢) = v(b — ¢),
(c —a)(bu® — cu — a) = v(c — a),
(a — b)(cu® — au — b) = v(a — b),

and adding up the preceding relations yields

(b —c)(au® — bu — c) + (¢ — a)(bu? — cu — a)
+(a—0b)(cu? —au—b) —v(b—c) —v(c—a) —v(a—b) =0
or
(ab—|—bc—|—ca—a2 —bz—cz)(u— 1) = 0.
Thus, either ab + bc + ca — a®? — b?> — c2 =0 or u = 1. In the first
case,

1

0=ab+bctca—a’>—b*—c*==[(a—b)*+ (b—c)®+ (c—a)?]

N |
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shows that a = b = ¢. If u = 1, then we obtain a — b — ¢ =
b—c—a=c—a—>b, and once again we obtain a = b = c.

Also solved by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain; Michel Bataille, Rouen, France; Daniel Vacaru, Pitesti, Roma-
nia, and the SQ Mathematical Problem Solving Group, Yogyakarta,
Indonesia.

EM-87. Proposed by Henry Ricardo, Westchester Area Math Cir-
cle, Purchase New York, USA. For any positive integer N, prove
that

Solution 1 by the proposer. It is well known that %  1/n? =
w2 /6. (This is ¢(2), where ¢ denotes Riemann’s zeta function.)

For any positive integer N, we see that

71'2 N 1 oo oo 1
a e "2 < Z ol — 1)
6 n=1T n=N+1T n=N+1 n(n — 1)
M 1 1
= lim > < — )
M—o0 neN4+1\7 — 1 n
. 1 1 1
= lim < — ) = —. (1)
M—soco\ N M N

Similarly, we determine that

> 1 > 1 M 1 1
- li -
S o> 3 im > (-

n=N+1T n=N+1 n(n + 1) M—oo  “N+1

1 1 1
~ 1lim ( _ ) - . @
Combining (1) and (2), we obtain the desired result.

c:H\,

Solution 2 by Michel Bataille, Rouen, France. Since

§ # the inequality to be proved can be written as
1

n=

1 > 1 1
< — < =
N +1 n:;+1n N
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Let f.(x) = & — . On the interval [n — 1,n] where n > 2, f,

x? n2*

is continuous and satisfies f,(z) > 0 and f,(x) > 0if x #n. It
follows that [ | f,(x)dx > 0, that is,

/n dx S 1
n—1 x2 n?’

Now, suppose that a,, < b, for all integers n > 1 and that the
series Y ,>1 @n, Y.n>1b, are convergent. If a, < b, for some

positive integer m, then § a, < > b,,. (Indeed, this follows from
n=1

n=

3!—‘

oo

S an< S bpand 3 an < 3 b))
n=1 n=1

n=m-+1 n=m-+1
We deduce that

1 oo dx e n  dx el 1
N=hw= 2 [ m> > o

n=N+4+1""7 n=N+41 n

Similarly, considering f, on the interval [n,n + 1], we obtain
fn—l—l dz < 1 and

n x2 n?2

1 oo dx > n+l dx > 1
= —= > / =< 2
N+1 N+1 @ neN41/m T nenN4+1 T

Also solved by Brian Bradie, Department of Mathematics, Christo-
pher Newport University, Newport News, VA, USA.

EM-88. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Let x,,x3, x3, x4 be the roots of the equation =+ —
x® + 522 + 2 + 1 = 0. Find an equation of fourth degree with
roots tl,tg, t3,t4 such that t, = (332 + x3 + a:4) ToXzTy, to =
(3 + T4 + x1) T3T4T1, t3 = (T4 + 1 + T2) Tax1x2 and t4 =
(1 4+ z2 + x3) T1T223, TESPECtively.

Solution 1 by Brian Bradie, Department of Mathematics, Chri-
stopher Newport University, Newport News, VA, USA. By Vi-
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ete’s formulas,

Ty + X2+ 23+ x4 =1,

T1T2 + T1T3 + T1X4 + T2X3 + T2y + T3T4 = 5,
T1XT2X3 + T1T2T4 + T1X3T4 + T2X3T4 = —2,

L1LoX3zLy — 1.

From here, it follows that

t1 = (22 + 3 + Ta)x2x3Ts = (1 — T1)XT2x3T4 = T2T324 — 1,
to = (1 — x3)T123T4 = T123T4 — 1,

ts = (1 — x3)x1X24 = T122¢4 — 1, and

ty = (1 — zy)T122T3 = T122x3 — 1.

Thus,

4

Z tj = T34 + L1X3Ly + L1 2y + 1oz — 4 = —0,
i=1

and

H ti =1 —x1)(1 — 22)(1 — x3) (1 — zg)xdxdz523

=1- Z T + Z T;x) — Z T;TpTy + T1L2L3Ly

1<j<k<4 1<j<k<€<4
:1—1—|—5—(—2)—|—1:8.
Next,

2,23 2,2 2 2 2 2
titats = m Tox3 T, — (T1T2T3T; + T1T5T3T; + TIT2T3T])

+ (332333334 + X 123T4 + T1X2x4) — 1

=24 — (T124 + T2x4 + T3T4)
+ (z2T34 + T1X3T4 + T1T2x4) — 1,

titoty = x3 — (T123 + T2%3 + T3T4)
+ (234 + T1T3T4 + T1T223) — 1,

titsty = T2 — (T1T2 + 223 + T2x4)
+ (234 + T1T2T4 + T1T223) — 1,

totsty = 1 — (T122 + T123 + T1T4)

+ (T1T3T4 + T1T2T4 + T1T223) — 1,
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and
4
Z tjtktg = Z Tj — 2 Z LjL —|— 3 Z LjLLy
1<j<k<e<4 j=1 1<j<k<4 1<j<j<e<4
=1-—2(5)+3(—2) —4 = —19.

Finally,

t1t2 = 331132&3;333 — LoX3XLy — L1L3L4 + 1
= XT3Tq — T2X3L4 — T1X3%4 + 1,

tits = Taxy — T2x3Ly — T1T2T4 + 1,
tity = a3 — T3y — T1X2x3 + 1,
tot3 = 14 — T1T3T4 — T1T2x4 + 1,
toty = T3 — T1X3L4 — T1T23 + 1,
tsty = 12 — X124 — T1X2x3 + 1,

and

Z tjtk = Z LTjTr — 3 Z LjTLTy + 6

1<j<k<4 1<j<k<4 1<j<k<t<4
=5—3(—2) +6 =17.

Therefore, t,, ts, t3, t4 are roots of the equation

t* + 6t + 17> + 19t + 8 = 0.

Solution 2 by the proposer. First, we observe that all the roots
of the given equation are nonzero. We have that

L1234y
ti = (X2 + @3 + @4) Toxsxy = (1 + T2+ T3+ T4 —T1) - ———.
I

Since on account of Viete formulae xz; + 2 + 3 + 4 = 1 and
1—=x 1
L1 2X3Ly — 1, then t, = ! = — — 1 from which r1 = .
1 L1 1 + tl

1 1
, g — and:c4=
1+, 1+t3 1+,

1
in the given equation the change of variables = = 1ri we get

Likewise, x2 = . Carrying out

1 1 N 5 N 2 10
(1+t)* (1+t)3 (14+t)2 1+t -

from which it follows that t* + 63 + 17t?> + 19t + 8 = 0.
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Solution 3 by Todor Zaharinov, Sofia, Bulgaria. Let
t* +ast] +asxt’ + a1t +ag=0 (1)

be an equation of fourth degree with roots ¢, t2, t5,t,. By Vieta’s
formulas,

—az =1 + 13 + 13 + 14,

az = t1ty + tits + tity + tatsz + taty + tsty,
—ay = tytats + titaty + tit3ty + tatsty,

ao = titotsts.

From the equation
a:4—:c3—|—5w2—|—233—|—1:O
and Vieta’s formulas, it follows that

l=2x; + T2+ 3 + 24,
5 = x1X2 + 13 + T1X4 + T2T3 + T2y + T34,
—2 = I1X2X3 + T1T2T4 + T1X3T4 + T2XL3L4,

1= L1LoX3Ly.
Observe that
t1 = (2 + 3 + T4) T34 = (1 — T1)T2x324

= Xo2X3Lyg — L1LX3L g4y — Xo2X3Lyg4 — 1=—-—1.

Similarly, we see that

1
t2:m1w3w4—1:——1,
T2
1
t3:331$2il)'4—1:7—1,
T3
1
t4:331$2il}'3—1:7—1.
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Now,

—az =t +tx +1t3 + 14

= (zax3xy — 1)+ (z12324 — 1)+ (1224 — 1)+ (1223 — 1)
—2—4=—6, soO ag = 6;
az = t1ty + titg + L1ty + tals + Loty + t3ly

1
= —— (172 + 123 + T124 + T2T3 + T2x4 + T3T4)

L1 23Ty
— 3(x1T2%3 + T1T2T4 + T1X3T4 + Ta2x324) + 6(T1T2T324))
—5-3.(—2)+6=1T;

—ay = tylats + titaty + tit3ty + tatsty

1
= —— . ((x1 + x2 + 3 + T4)

L1L2L3L4

— 2(x122 + T123 + T1X4 + T2z + T2Ts + T3T4)

+ 3(T1T2T3 + T1T2T4 + T1X3%4 + T2X3%4) — 4(T1T2T3T4))
—1-2.54+3.(—2)—4=-19, or a; = 19;

ag = titatsty =
1

= m'(l—($1+w2+$3+$4)

+ (122 + 123 + T1T4 + T2x3 + T2x4 + T3T4)

— (Z1ZT2T3 + T1T2Ty + T1X3T4 + T2T3T4) + (T1T2T3T4))
—1-145—(-2)+1=S8.

It follows that (1) becomes
t* + 61> +17t* + 19t + 8 = 0.
Also solved by Michel Bataille, Rouen, France; Henry Ricardo,

Westchester Area Math Circle, Purchase, New York, USA, and Daniel
Vacaru, Pitesti, Romania.



Volume 8, No. 1, Spring 2021 115

Medium-Hard Problems

MH-83. Proposed by Dorin Mdrghidanu, Colegiul National “A.L
Cuza”, Corabia, Romania. Let a,b,c,d be the lengths of the sides
of a quadrilateral. Prove that

b+c+d—a

> > 4.

cyclic a

Solution 1 by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Since a,b,c,d are the lengths of the sides of a
quadrilateral, then * = vb+c+d—a, y = Ve+d+a—b,
z=+d+a+b—c, t=+/a+ b+ c— d are positive reals. Squar-
ing them, we get 2 = b+ c+d —a, y¥>* = ¢+ d + a — b,
z22=d4+a+b—c,t?=a+b+c—d, and

y2+Z2+t2—332 . Z2+t2+w2—y2
a —= . = .

4 4

t2—}—ac2—|—y2—z2 d $2+y2+22—t2

C = , = .
4 4

On account of the preceding and the AM-GM inequality, we have

b d—
Z +c+ a_ 9 Z T
cyclic a cyclic \/yz + 22 +t2 —a?

2132

C}%Ca?\/y2+zz+t2—$2

2
>4 )

T
cyclic x? + (y2 + 22 + 12 — mZ)

2132
=4 Z 2 2 2
cyclic Yy +2z2+t

CC2

>4 =4

cyclic x? + y2 + 22 + t?
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Solution 2 by Henry Ricardo, Westchester Area Math Circle,
Purchase, New York, USA. We have

b+c+d—a b+c+d—a
> =2
cyclic a cyclic \/a(b +c+d— a’)
b+c+d—a

>2 %

cyclic b +c+ d

:22(1_G)

cyclic b +c+ d

a
=2(4— — | >4,
( C}%Cb—i—c—i—d)

where the inequality holds by the AM-GM inequality. Now, the last
inequality is equivalent to

>

cyclic

a <2
b+c+d

We note that b+ c+d > (a+b+c+d)/2,ora/(b+c+d) <
2a/(a 4+ b+ ¢ + d) follows from b + ¢ + d > a. Therefore,

Z a 2 Za:2,

<
cyclicb+c+d C"_|_b_|_c_|_dcyclic

as required.

Also solved by Daniel Vacaru, Pitesti, Romania.

MH-84. Proposed by Nicolae Papacu, Slobozia, Romania.. [Co-
rrection] Let z1, 22, z3 be three distinct nonzero complex numbers
and let z = 21 + 22 + 23.

1. If |z—2zk| = |2x| for 1 < k < 3, then prove that z; +2z2+23 = 0.
2. Let p be an integer that it is not a multiple of 3. If |z;]| =
|z2| = |z3|, then prove that 2} + 25 + 2§ = 0.

Solution by the proposer. (1) For 1 < k < 3, we have |z — z| =
|zk| <= (2 — 2x)(Z — Zk) = 2KZk OF 2Z = 2Z) + zZ. Adding up
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these expressions yields

3 3
8322=2) Zk+Z Y zr < |2|=22=0=2=0.
k=1 k=1

(2) Let u = 2z3/z; and v = z3/z;. Since |z1| = |z2| = |z3] and
z1+ 224+ 23 =0, then |u| = |v| =1and 1 4+ u +v = 0. Let
u = cosa + isina and v = cosfB + isin3 with a,3 € [0,27).
From 1 + v + v = 0, we get

1+ cosa+cos3 =0,

sina + sin3 = 0.

We have 1 = sin® a+cos? 3 = sin’ a+ (1+cosa)? or 1+2+2cos a,
from which we get cosaa = —1/2. Likewise, we obtain cos8 =
—1/2. Then, a,8 € {27/3,47/3}. Let @« = 27w /3 and B = 47 /3,
then v = € and v = €?, where € = cos(27/3) + ¢sin(27/3). Then,
e=1and 1+ €+ €% =0.

Thus, 2§ + 25 + 2§ = 27(1 4 €? + €2P). We distinguish two cases:
e If p=1 (mod 3), then € = ¢, €?? = €? and
2P+ 2P+ 2P =2P (14 P+ €P) =2P(1 + e+ €°) = 0.
e If p=2 (mod 3), then €? = €2, €?» = ¢* = € and
2P 4 20 4 28 :zf(l—i—ep—|—62p) :zf(1—|—62+e) =0.
Also solved by José Luis Diaz-Barrero, BarcelonaTech, Barcelona,

Spain.

MH-85. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Find all triples (z,y,z) of nonnegative integers
such that x3 + 493 = 223.

Solution 1 by Todor Zaharinov, Sofia, Bulgaria. It is readily
checked that (0,0, 0) is a solution.

First assume that x,y,z > 0.
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Assume that (x,y, z) is a solution in positive integers. Clearly x is
divisible by 2, so « = 2x; for some positive integer x,. Then,

8:051i + 4y3 = 222, hence 4:13:1* + 2y3 = 23,
Now z = 2z; for some positive integer z;, and 2x% + y* = 423.

Finally, y = 2y, for some positive integer y,;, and we find
:1:‘;’ + 4yi’ = 2zi’.
Thus, if (x,y, z) is a solution of the equation

x3 + 4y3 = 223 (1)

in positive integers, then so is (3, %, ).
Repeating this argument we find that for every positive solution
there is a smaller solution in positive integers: but this is nonsense,

thus there is no solution in positive integers.

Let £ =0, y > 0, z > 0. Assume that (0, y, z) is a solution. Then,
(1) is 2y® = 2%, z = 22z, y® = 423, y = 2y, 2y? = 2? and if
(0,y, z) is a solution, then so is (0, ¥, ). Repeating the arguments
above, we see that there is no solution for x = 0.

Similarly we see that no solution and for y = 0 or z = 0.
Thus, (0,0, 0) is the only solution.

Solution 2 by Henry Ricardo, Westchester Area Math Circle,
Purchase, New York, USA. We see that (z,y,z) = (0,0,0) is a
triple satisfying the given Diophantine equation. Now we will use
the method of infinite descent to show that this is the only solution
in nonnegative integers.

If there is a solution (z,y, z) in positive integers, the Well-Ordering
Principle implies that there is a solution (z,y, z) with  minimal.
Writing the equation as z® = 223 — 4y® = 2(2® — 2¢43), we see that
x® is even, implying that x must be even. Letting * = 2m, m € ZT,
we see that (2m)3 = 2(z3 — 293), or 23 = 2(2m3 + y?), so that 2
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is even. If we let z = 2n, n € ZT, we can write y® = 2(2n® — m?)
and conclude that y = 2u for some positive integer u.

Finally, we have (2u)® = 2(2n® — m3), or m® = 2n® — 443, so that
(m,u,n) is a solution of our original Diophantine equation. But
this is a contradiction since m < x, and we assumed that x was
a minimal value. Therefore, x3 + 4y3 = 223 has only the solution
(0, 0, O) in ZZO X ZZO X ZZO‘

Solution 3 by the proposer. The triple (0,0, 0) trivially satisfies
the equations and it is a solution. Triples of the form (0, z, y) are
not solution because, if z = 0, then 4y®> = 22? or y*> = (1/2)z3
and (y/z)® = 1/2 has no solution in integers. Likewise, triples
of the form (z,0, z) and («,y,0) are not solutions. Suppose that
(1, Y1, 21) is a solution of the given equation, where x;,y;, z; are
positive integers. From 2 + 4y? = 222, it follows that x; is
even, say x; = 2z, with x, a positive integer smaller that z;.
Plugging that in the last equation, we get 8z3 + 4y? = 229, which
simplifies to 4z 4 2y? = 2?. By a similar argument, z; = 2z,.
Plugging that in, we get 4x3 + 2y? = 823, which simplifies to
223 + y? = 423, and y; = 2y,. Plugging these in and simplifying
gives us 3 + 4y5 = 2z3. This way, we obtain a new solution
(22, Y2, 22) to our equation with x; > x2, y1 > y2, 21 > z2. But by
repeating the procedure, we can construct infinitely many solutions
(i, yis 2i), Where ©; > x3 > ... > x; > ... which is impossible by
Fermat Method of Infinite Descent. So, the given equation has no
solutions in positive integers and the only solution in nonnegative
integers is (0,0,0).

Also solved by Michel Bataille, Rouen, France; Daniel Vécaru, Pitesti,
Romania, and the SQ Mathematical Problem Solving Group, Yo-
gyakarta, Indonesia.

MH-86. Proposed by Mihdly Bencze, Brasov, Romania. Let
F,G: R — R be the primitives of the functions f,g: R — R,
respectively. Determine f(x) and g(z) if for all € R it holds that
f(x) + G(zx) =z and F(z) +g(x) = —=x.

Solution 1 by Miguel Amengual Covas, Cala Figuera, Mallorca,
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Spain. According to the given equations, by differentiation, we
obtain

fll@)+g9(x) =1 f(z)+4g(z)=-1
Adding these two equations, we get

(f(z) +9(2)" + (f(z) + g(x)) =0,

and subtracting the second from the first,
(f(z) — g(2))" — (f(z) — g(z)) = 2.

We solve these two first order linear differential equations, yielding

f(x) +g(x) =Pe™™  f(x)—g(x) =Qe” -2, (1)
respectively, where P and @ are constants.
Solving (1) simultaneously, we find

f(x) = Ae™ + Be® — 1, g(x) = Ae ™™ — Be” + 1,

where A = 2P and B = Q.

Solution 2 by Michel Bataille, Rouen, France. The functions F,
G are differentiable and F'(x) = f(x), G'(x) = g(x) for all = € R.
Suppose that the conditions of the statement hold. Then, from
f(x) + G(x) = « for all x € R, we deduce that f(x) = x — G(x),
hence f is differentiable as the sum of two differentiable functions
and f'(z) = 1 — g(x). Similarly, g is differentiable and ¢’(x) =
—1 — f(x). Now let s(xz) = f(x) + g(x) and d(xz) = f(x) — g(x).
Since f'(x)+g(x) =1, g’'(x)+ f(x) = —1, we have s’(z)+s(x) =0
and d'(x) — d(x) = 2. It first follows that s(x) = ae ™™ and
d(x) = —2 + be” for some real constants a, b and then that

1 1
f@) =3 (=2+ae™™ +be”),  g(z) = (2+ae™™ —be”). (2)

Conversely, if f anf g are defined by (2), then F', G defined by

F(x) = -1 — o+ =2~ and G(z) = 1 + z — >t for all
x € R are primitives of f and g, respectively, and f(z)+G(x) = =,

F(x) + g(x) = —z hold for all = € R.

Thus, the solutions are given by (2), a, b being arbitrary real con-
stants.
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Also solved by Daniel Vacaru, Pitesti, Romania; the SQ Mathema-
tical Problem Solving Group, Yogyakarta, Indonesia, and the pro-
poser.

MH-87. Proposed by Oriol Baeza Guasch, CFIS, BarcelonaTech,
Terrassa, Spain. Let ABC be a triangle, and let D, E be the
contact points of the incircle and the A-excircle on side BC,
respectively. Let F' be the intersection of ray AD with the A-
excircle, closest to D; and let G be the intersection of ray AE
with the incircle, closest to E. Prove that FG, side BC and the
bisector of A concur.

Solution 1 by the proposer.
Claim 1. DEFG is cyclic, with center M the midpoint of BC'.

Proof. Letrays AD, AG intersect by second time the A-excircle
at D' # F, G’ # E. Then, ADG ~ AD’'G’ and so a simple angle
chasing using the A-excircle gives

/ADG = /AD'G' = /FD'G' =180° — /FEG' = /FEG
= /FDG = 180° — ZADG = 180° — ZFEG,

so (DEFG) is cyclic.

X

EANN

L

M
F

Figure 3: Scheme for solution 1 of Problem MH-87 (proof of
Claim 1).
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To find the center, let M be the point where the tangent to the
incircle by G meets BC. By power of a point, M D = MG.

Let us also show that MG = ME. Indeed, recall that the other
intersection point of ray AFE with the incircle, say point G’, is
diametrically opossite to D. Hence, the tangent by G’ is a line
parallel to BC.

With that in mind, and putting X the point where the tangents
to the incircle by G’ and by G meet (that is, the pole of GG’), we
have a simple angle chasing

/MGE = /G'GX = /GG'X = /GEM.

Hence, M is the circumcentre of (DEG), thus also of (DEFG).
Since M is on BC and it is well known that D, E are isotomic
conjugates, we conclude that M is the midpoint of BC'. O

Now we introduce an auxiliary point, thatis, K := DGNEF'. Also,
denote by NV := FGN DE, and we will show that IN belongs to AI.
For that, we will show that AT and AN are both perpendicular to
MK.

Figure 4: Scheme for solution 1 of Problem MH-87.

Claim 2. AN | MK.

Proof. This follows from construction as AK is the polar of IV,
and since M is the center of (DEFG) we get AN 1 MK. O
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Claim 3. Al 1| MK.

Proof. Let r be the radical axis of the incircle and the A-excircle.
By concurrence of the radical axis with these circles together with
(DEFG) we have that K = DG N EF belongs to r.

On the other hand, since M D = M F, that also means M belongs
to r. Hence, » = K vV M and given that the radical axis is
perpendicular to the line joining the centers (that is, the bisector
of A), we conclude that AT 1 KM. O

So A, I, N are collinear, meaning AI, FG, BC concur, and we
are finished.

Solution 2 by Miguel Amengual Covas, Cala Figuera, Mallorca,
Spain. Let a, b, c denote the sides of AABC in the usual order
and let s be its semiperimeter.

Let the ray AD meets the A — excircle again at F’ and let the ray
AFE meets the incircle again at G’ .

Since the length of the tangents from vertex A to the incircle are
s — a and the tangents from A to the excircle beyond a are length
s, the circle with center A and radius /s(s — a) invert the incircle
and the A — excircle into themselves, so that

AD - AF = s(s —a) = AG - AE. (1)

By the power of a point theorem,

AF - AF' = 5%, AG:-AG' = (s —a)’. 2)

Remembering that BD = s — b = CE, it follows that DE = a —
2(s — b) = b — ¢ (which we are assuming to be positive; otherwise
interchange B and C). Again by the power of a point theorem,

EG-EG = (b—c¢)> = DF .- DF'".
From (1) and (2), then,

AD s—a AG
AF' s  AE’
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Hence,
S —a a
G'E = AE — AG' = AE — AE = 2 AE
S S
and
DF — AF —AD = —> AD— AD = -2 _AD.
S—a S —a

Let {X} = FG N BC. Applying Menelaus’s theorem to the triad of
points FFXG on the sides of triangle ADFE, we obtain

AF DX EG_l
FD XE GA

FI
Figure 5: Scheme for solution 2 of Problem MH-87.

Using the above, AD - AF = s(s — a), DF - DF’ = (b — ¢)®, and
DF’ a

= , we get
AD s—a

AF _ as
FD (b—c¢)*
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Likewise, using that AG - AE = s(s — a), EG - EG’' = (b —¢)®,

G'E a ]
and = — we obtain
AFE s
EG (b—c)
GA a(s—a)’
Therefore,
as DX (b—c¢)® 1
(b—c)2 XE a(s—a) o
yielding
DX _s—a
XE s

Adding 1 to each side gives

DX—|—XE_28—a
XFE - s

Since DX + XFE = DFE =b — c and 2s = a + b + ¢, we have

(b—c)s
XE=—"—
b+c
and
XC=XE+BC =795 (s_p-
= = S — = ,
b+c b+ c

making AX the angle bisector of Z/C' AB (accordingly the recipro-
cal of the internal angle bisector theorem applied to AABC at A)
and we are done.

Also solved by Michel Bataille, Rouen, France, and Titu Zvonaru,
Comanesti, Romania.

MH-88. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. The 2020-th prime number is 17573, and the next
prime is 17579. Show that there exists a sequence of 2020%92°
consecutive positive integers that contains exactly 2020 prime
numbers.
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Solution by the proposer. It is well-known and easy to see that
there exists a sequence of IN consecutive positive integers that are
all composite. Indeed, the sequence

(N+1)!4+2,(N+1)!+3,...,(N+1)N+N,(N+1)!+(N+1)
consists of N consecutive composite numbers, as claimed.

Let N = 20202°?°, Since N > 17579, there are more than 2020
primes in the sequence 1,2,..., N. To solve the problem, let

a,a+1,a+2,...,.0a+ N —1

be a sequence of N consecutive positive integers with no prime.
We carry out repeatedly the following operation to the numbers in
the preceding sequence: delete the far-right number a+ N —1, and
append to the far-left the number a — 1. The resulting sequence

a—1,a,a+1,...,a+ N — 2

has at most one prime. We may repeat this operation until we
reach the sequence 1, 2,..., N, which has more than 2020 primes.
Performing such operation either keeps, increases by one, or de-
creases by one the number of primes of the previous sequence.
Since the starting sequence has no prime at all, while the last
sequence has more than 2020 primes, there exists a sequence
(after applying the operation a convenient number of times) that
contains exactly 2020 primes.
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Advanced Problems

A-83. Proposed by Henry Ricardo, Westchester Area Math Circle,
NY, USA. For any nonnegative integer n, define

7/2 sin? nt
h=/ L
0 sint

Find lim (2I, —Inn).

Solution 1 by Michel Bataille, Rouen, France. The required
limit is v 4+ 21n 2, where ~ denotes the Euler constant.

Let t be such that sint # 0. For all positive integer n, the following
relation (R,,) holds:

sin? nt

:i}mmk—nﬂ

sint

This follows from

gxmnmmmk—nﬂ:;ﬁﬂa@mk—mﬂ—mq%w)

k=1

= ;(1 — cos(2nt)) = sin®(nt).

The relation (R,,) first shows that linqr % = 0, hence the inte-
t—0

gral exists, and then that

— cos[(2k — 1)t]1™/?

n 1 H
I, =Y =
k=1 Zk -1

— = H,, — —",
,;1214—1 2 2

0

where H,,, = § % denotes the mth harmonic number.
k=1

From the known H,, = Ilnn +~v + o(1) as n — oo, we deduce that
2I,, = 2H,, — H,, = 2(In(2n) + v+ 0o(1)) — (Inn + v + o(1))
=Ilnn+2Iln2+4+ v+ o(1)

and the announced result follows.
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Solution 2 by Brian Bradie, Christopher Newport University,
Newport News, VA, USA. Using the identity

1
sin Asin B = E(cos(A — B) — cos(A + B)),

it follows that
n 1 n
sint ) sin(2j — 1)t = 2 > (cos(2j — 2)t — cos 2jt)
j=1 j=1

1
= —(1 — cos2nt) = sin? nt.

Thus,
sin® nt L )
= ) sin(2j — 1)t,

sint =1

and

~/2 sin® nt no /2
I, / F M= Z/ sin(2j — 1)t dt
0 =170

sint
( 0

2z
n 2n 121 1
Z _Zi_iz _H2n_§Hn7,

_71.7 _11.7

/2

7 cos(2j — 1)t)

where H,, denotes the nth harmonic number. As n — oo,

1 1
H, Nlnn—l—'y+—|—0< )

n2

where ~ is the Euler-Mascheroni constant, so
I, ~1n2+4 1lnn + 17—1— O(l).
2 2 n?
Finally,

1
lim (2I,, — Inn) = lim (21n2—|—lnn—|—'y lnn—{—O( >>
n—o0o0 n2

n—oo

=2In2+4~.
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Solution 3 by Henry Ricardo, Westchester Area Math Circle,
Purchase, NY, USA. We show that the limit as n — oo equals
v + 21n 2, where ~ denotes the Euler-Mascheroni constant.

It is easy to see that Iy = 0 and I; = 1. Now for n > 1 we have

I /'77/2 sin? nt /77/2 1 — cos2nt
" Jo sint o 2sint

SO

7/2 cos 2(n — 1)t — cos 2nt
Li—Ii= dt

2sint
/77/2 2sint - sin(2n — 1)t
0

/2
dt = / sin(2n — 1)t dt
0

2sint
1
C2n—1'
Then,
I, Z(II)1++++1
klk k—1) = om — 1

TP <1+1+ +1>
o 2 3 77 2n 2 4 7 2n
1

:Hn_*Hn’
m g

where H,, denotes the harmonic number Y} 7_, 1/k.
Finally,
21, —Inn =2H,, — H, —Inn
=2(Hs, —In2n) — (H, —Inn) + 21n2,

which tends to 24 — v+ 2In2 =4+ 2In2 as n — oo.

Also solved by Moti Levy, Rehovot, Israel; Daniel Vacaru, Pitesti,
Romania; the SQ Mathematical Problem Solving Group, Yogyakarta,
Indonesia, and the proposer.
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A-84. Proposed by Mihaela Berindeanu, Bucharest, Romania.
Let A € M>(R) be a matrix with det A = 3 and

det(A* + 5A4% 4 9I,) = 81.
Show that at least one of the matrices A + I, or A — I, is invertible.

Solution 1 by Michel Bataille, Rouen, France. For the purpose
of a contradiction, assume that neither A + I, nor A — I, is
invertible. Then, 1 and —1 are eigenvalues of A, hence are the
eigenvalues of A. It follows that det A = —1 (the product of the
eigenvalues), contradicting the hypothesis det A = 3. Thus, A+ I,
or A — I, must be invertible.

Solution 2 by Daniel Vacaru, Pitesti, Romania. We know that
det(A + zI,) = det A + trA -  + x?. Then, we have

det?(A+1;)+det’(A—1I,) = (det A+trA+1)°+(det A—trA+1)°
= (4 —trA)’ + (4 +trA)®
= 32+ 2tr’A > 0.

It follows that at least one of det(A + I,) and det(A — I,) is # 0.
That proves the statement.

Solution 3 by Moti Levy, Rehovot, Israel. If A € M5(R), the
following holds:

det(A + I,) =1+ det(A) + tr(A),
det(A — I,) = 1+ det(A) — tr(A).

In our case,

det(A + I,) = 4 + tr(A),
det(A — I,) =4 — tr(A). (1)

It follows that, if tr(A) # —4, then A+ I, is invertible; if tr(A) # 4,
then A — I, is invertible.

So let us find the trace of A.
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If A, B € M>(R) then following three identities hold:
det(A + B) = det(A) + det(B) + tr(det(A)A™"'B), (2)

N tr(A)

tr(A™) = det(A)’ ©)
_ay [ tr(A) 2 2

tr(A7) = (det(A)) det(A)’ @

Observe
det(A* + 5A% 4+ 9I,) = det((A? + A + 31,)(A? — A+ 31L,))
= det(A® + A + 3I,) det(A® — A + 315).
(5)
Using (2), (3), and (4) we express det(A? + A + 31,) in terms of
tr(A):
det(A? + A + 315)

= det(A?) + det(A + 3I,) + tr(det(A?)A~?(A + 31))

= 9 + det(A + 3I3) + 9tr(A™") 4+ 27tr(A™?)

=9+3+49+3tr(A) + 9tr(A™") + 27tr(A7?)

= 21 + 3tr(A) + 9tr(A™") + 27tr(A?)

= 21 + 3tr(A) + 9“(3‘4) + 27(3(@(,4))2 — ;)

= 3(tr(A) + 1)° (6)
Again, using (2), (3), and (4) we express det(A? — A + 31,) in terms
of tr(A):

det(A? — A + 3I)

= det(A?) 4 det(—A + 3I,) + tr(det(A?)A?(—A + 31,))
=9+ det(—A + 3I,) — 9tr(A™") + 27tr(A™?)
=9+43+9—3tr(A) — 9tr(A™") + 27tr(A™?)

=21 — 3tr(A) — 9tr(A™") 4 27tr(A™?)

=21 — 3tr(A) — gtr(?:4) + 27(;(tr(A))2 . §>

= 3(tr(A) — 1) (7)
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By (6). (7) and (5),
det(A* + 5A% + 9I,) = 9(tr(A) + 1)*(tr(A) — 1)* = 81.
The real solutions for tr(A) are
tr(A) =2 or tr(A)=-2.
We conclude that both A + I, and A — I, are invertible.

Also solved by Henry Ricardo, Westchester Area Math Circle, Pur-
chase, NY, USA; the SQ Mathematical Problem Solving Group, Yo-
gyakarta, Indonesia, and the proposer.

A-85. Proposed by Vasile Mircea Popa, “Lucian Blaga” University
of Sibiu, Romania. Calculate

1 arccos &
dx
-1 4324+ 222+ 3

Solution 1 by Michel Bataille, Rouen, France. Let I denote the
integral to be evaluated. The change of variables * = —u and the
relation arccos(—u) = w — arccos u give

1 T — arccos u
I = du =2nw-J — 1, (1)
-1 +4/3ut+2u2+3

where
du

1
J = .
/0 V3ut+ 2u2+3

We calculate J with the change of variables u = tant. Observing
that

3 4sin?t 3 — sin? 2t
3ut +2u? +3 =3+ 1) —4u® = — —
( ) costt cos?t costt
and that du = _%%-, we obtain
7 1 /ﬂ/4 dt _ 1 /7’/2 dv
V3 Jo \/m 2+/3 Jo \/m '
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Thus,

1
J = mK(l/\/g),

where for 0 < k < 1, K (k) denotes the elliptic integral (of the first

Returning to (1), we conclude that

I=7J= mK(l/\/E).

Solution 2 by Moti Levy, Rehovot, Israel. Set

1 arccos(x)
I ::/ dx
—14/3x4+ 222 +3
B /1 arccos(z) — 3 1
-1

T 1
d — d
V3xt+2x2+3 m+2/—1\/3a:4+2az2—|—3 v

The first definite integral is zero since the integrand is an odd
function. Hence,

1 1
I:7r/ dx
0 v/3x4+ 222+ 3

A quote from the classic book of Richard Courant, Differential and

Integral Calculus:

dz

> r+...Fanxz™’

/vVao+ax+...+ a,x*dx or [ % dz in terms of elementary func-
tions have always ended in failure; and in the nineteenth century

it was finally proved that it is actually impossible to carry out these

integrations in terms of elementary functions... The first and most

important example which leads us beyond the region of elementary

functions is given by elliptic integrals.”

“Attempts to express general integrals such as [ NTeT

By changing the integration variable t = x?2,

T 1 1
I= dt.
2\/5/0 <\/i./t2 + 2t + 1>
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The elliptic integral of the first kind is defined as

® du
F(‘Pv ki) = /0 \/1 EyTE (u) .

By changing the integration variable u = 2 arctan v/z, z = tan?(%),
we obtain

F(p, k) = /OtaHZ(

5 ! dz.
Vz\/(22 +2(1 — 2k2)z + 1)

(The idea for this specific change of variable came from Gradshteyn
and Ryzhik, entry 3.138, 5).

Setting ¢ = 2 and k = % we get

K(Jﬁ) = FG \}§> - /01 V2 /(2 i St 1) =

We conclude that

™ 1
I=——K|— ) =1.57249,
2v/3 (ﬁ )
where K(k) is the complete elliptic integral of the first kind.

Solution 3 by the proposer. We will use the notation
1 arccos

A= / dz

—14/3x4+ 222 +3

We also consider the integral

arcsin x

1
B:/ dx
-14/3x4+ 222 +3

We have
arccos x + arcsin x T sl 1

dx = — / dx

V3xt+2x2+3 2 /14324 4+ 222+ 3
Because the function under the integral sign is even, we have
1 1 1 1

/ dx =2 / dx
—14/3x4 + 222 +3 0 vV3x%+2x2+ 3

AvB =],
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We are going to calculate the integral

c /1 ! d
— £Xr
0 V3x%+2x2+ 3

We will show that the integral C can be expressed using the com-
plete elliptic integral of the first kind, which is defined by the
relationship

dé, k € (—1,1).

K(k)—/g 1
~Jo /1 — Kk2sin®0

With the substitution

0 , 2t 2
t=tan— — sinf@ = ——; df = dt,
2 14 ¢2 14 ¢2
we obtain
1 1 2 1 1
K(k)= [ —1 % dt=2 et
01— k2t 0 V1t (2 — 4k +

We also have 1

C = Lk
_\/3/0 \/:1:4—|—§:B2—|—1

We put the condition

dx.

2
2 —4k* = 3 = k = (we put the condition k > 0).

1
V3
. _ 11 1
We obtain C' = %EK(ﬁ)‘
The integral B is 0, because the function under the integral sign
s
is odd. Thus, we have A = 520.

We obtained the value of the integral required in the problem

statement:
A= K(l )
- 2\/§ \/§ '
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A-86. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Bar-
celona, Spain. Suppose V is a finite inner-product space and
v,w € V. Let T: V — V be a linear transformation defined by
Tu = (u,v)w. Find a formula for the trace of T'.

Solution 1 by Michel Bataille, Rouen, France. The trace of T is
(w,v). This is clearly true if w = 0. If w # 0, we can find vectors
in V such that (w,es,...,e,) is a basis of V (where n = dim V).
The columns of the matrix of T in this basis then are

<wav> <62,’U> (en,v}
0 0 0
9 9 9
0 0 0

The trace of T' can be read on this matrix: it is (w,v) = (w,v) +
0+---+0.

Solution 2 by Henry Ricardo, Westchester Area Math Circle,
NY. Let {v;,vs,...,v,} be an orthonormal basis for V', and let
v=>,;a;v;,, w=>;bv;. Then,

Tv; = (v, v)w = (vy, Zaz”vz'>w = a1 (v, v1)w = aw

(2

= a1b1v1 + a1b2v2 4 ... = a1b, vy,

T'UQ = <'02, ’U)'UJ = <’02, ZCLZU,L)’U) = a2<v2,vz>w = a,w
13

= azb1v1 + axb2v2 + ... = azxb,v,,

Tv, = (Up, V)W = (U, Z QU)W = Ap(Vpy Vp)W = QW

(3

= a,bv1 + a,bvs + ... = a,b,v,.

Since the trace of a linear operator is independent of the basis, we
see that

Trace(T) = a1by + azbs + ...+ a,b, = (v, w).
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Solution 3 by the proposer. First suppose that v # 0. Extend
(v/]||v||) to an orthonormal basis L,ez,...,en of V.. Note
that, for 2 < 5 < n, we have ol

Te; =< ej,v>w=0w=0

(because < ej,v >= 0). The trace of T equals the sum of the
diagonal entries in the matrix of T' with respect to the basis

<||U||’ €2y, en> , as is well-known. Thus,
v
v v
tr T = <T7, 7> + <T62,€2> +...+ <Ten7 en>
ol o]l
v v [|v||? v
= (o o)ws o) = (o,
< lol]” " Ivll> <||v|| ’Il’v||>

= (w, v).

If v=0,then T'=0 and so trT = 0 = (w,v). Thus we have the
formula
tr T = (w, v)

regardless of whether or not v = 0.

Also solved by Moti Levy, Rehovot, Israel, and the SQ Mathemati-
cal Problem Solving Group, Yogyakarta, Indonesia.

A-87. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let n > k > 0 be integers. If v = {z € C : |z| = 1},
then prove that

1 " 1+ 2)"

on+1.4 =y Sk+1

dz

is an integer and determine its value.

Solution 1 by Angel Plaza, University of Las Palmas de Gran
Canaria, Spain. The problem follows by Cauchy’s differentiation
formula

X k! f(z
I )(a) = 271_7:}{/ (z _(a))k+1
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where, in our case, f(z) = (1 4+ 2)" is infinitely differentiable.

. non\ _ n f’“)(O)
Since f(z) = Z L z", then, by Taylor expansion, e = h
k=0 .

and therefore the given expression is

2n+11ﬂ§"’:%(1z—lk—+zl)" _;Ei:()

k=0"7

Solution 2 by Henry Ricardo, Westchester Area Math Circle,
Purchase, NY, USA. If v = {z € C : |z| = 1}, then z = €* and
dz = ie*® d6, so that

ﬁ (1 + z)" _ /277 (1 + eze)" i 49

Sk+1 eik+1)0

2 N
=i iG-k) 3¢
"5 (g>

since the last integral is 0 for j # k and 2« for j = k.

Therefore,

1 " 1 " 1 " 1 2
, fu_z)dz: co2mie S (== 3 () =1
2ntlmg oy ZRE 2ntlgmg k) 2 k

k=0

Comment by Henry Ricardo. The article “Summation of Series
by the Residue Theorem,” Math. Mag. 44 (1971), 24-26 provides
simple examples of the residue theorem applied to the summation
of real series involving binomial coefficients.

Also solved by Michel Bataille, Rouen, France; Brian Bradie, Christo-
pher Newport University, Newport News, VA, USA; Moti Levy, Re-
hovot, Israel; the SQ Mathematical Problem Solving Group, Yogyakarta,
Indonesia, and the proposer.
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A-88. Proposed by José Luis Diaz-Barrero, BarcelonaTech, Barce-
lona, Spain. Let (A, +,0) be a commutative ring. If I and J are
two ideals of A, then prove that

VINT =VvVInVJ
and compute /43207 N +/30247Z.

Solution 1 by Michel Bataille, Rouen, France. For € A and
n € N, let ™ be defined by ! = z and the recursion " = zoz™ !
for n > 2. Recall that the set +/T of all z € A such that " € I for
some positive integer n is an ideal containing I.

Let x € vVINJ. Then, ™ € I N J for some positive integer n,
hence z™ € I and =" € J and therefore z € +/T and = € /J.
Thus, vVINJ C VINVJ. Conversely, if x € vINy/J, then ™ € T
for some positive integer n and ™ € J for some positive integer
m. It follows that £"t™ = x™ o 2™ € I (since ™ € I and =™ € A)
and similarly z"*t™ = " ox™ € J. As aresult, ™™ € INJ
and « € /I N J. This shows that vIN+/J C v/T N J. Finally, we
have VINJ =vVINVJ.

Note that, by an immediate induction, if I, I, ..., I, are ideals of
A(s>2),thenvILNnLN...NI,=vILNV/IbN...N+I,.

Now, let p be a prime and let m be a positive integer. Then,
v/P™Z is an ideal kZ where k is a positive divisor of p™ (since
p™Z C kZ). We have k # 1 (since 1™ = 1 ¢ p™Z for any positive
integer n), hence k € {p,p? ...,p™}. In any event, we have
vP™Z = kZ C pZ. Conversely, if x € pZ, then ™ € p™Z and so
x € v/p™Z. In conclusion, /p™Z = pZ.

Now, we have v4320Z = /(25 x 33 X 5)Z = /(25Z N 33Z N 5Z),
hence

V43207 = V252N V332N V57 = 27 N 3Z N 5Z = 30Z.
Since 3024 = 2* x 3% x 7, we similarly obtain
V30247 = (2 x 3 X T)Z = 427
and we conclude that

V43207 N V30247 = (6 X 5)Z N (6 X 7)Z = (6 X 5 X 7T)Z = 210Z.
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Solution 2 by the proposer. First, we claim that, if I C J, then
VI C +/J. Indeed, if x € VI, then there exists n such that
" € I C J and = € v/ J, from which it follows that /T C V/J.

Since INJ CIand INJ C J,thenvINJ C+Tand vVINJ C
v/J, from which it follows that +/T N J C v/I N +/J. Now, suppose
x € /I N +/J. Then, there exist two integers m,n such that
™ € I and ™ € J. On account of the definition of an ideal, we
have =" - ™ belongs to I and to J. So, " -z™ =" ™™ € I N J.
Hence, z is an element of vINJ and vVIN+J C vIN J. From
the preceding, we get vINJ = /I N+/J, as desired.

In Z, we have that v/4320Z is the set of integer = such that there
exist a power ™ which is a multiple of 4320. Since 4320 = 25.33.5
then a power of x say x™ will be divisible by these factors if and only
if « is divisible by 2 - 3 - 5 = 30, and one have that v4320Z = 30Z.
Likewise, since 3024 = 2%.33.7, then we have that v/30247Z = 427.
Finally, we get

V43207 N 30247 = V43207 N V30247 = 307 N 427 = 2107Z.

Remark. Note that, v/4320Z N 30247 = /302407 = 2107 because
30240 = 25.3%3.5. 7.

Also solved by Moti Levy, Rehovot, Israel; Henry Ricardo, Westch-
ester Area Math Circle, Purchase, NY, USA, and Daniel Vdacaru,
Pitesti, Romania.
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