ENGR 313—CIRCUITS AND INSTRUMENTATION

Node-Voltage Method Activity

INTRODUCTION

Combining resistive elements into equivalent resistances and using Kirchhoff’s voltage and current laws
are powerful tools for circuit analysis. For more complicated circuits containing multiple power sup-
plies, dependent power supplies, and multiply connected resistors, a more systematic analysis approach
is required. In this activity, you will learn the node-voltage method of circuit analysis. This method
uses a system of independent equations based on Kirchhoff’s current law to analyze the circuit.

Work in groups of up to three to complete the following exercises. Each group must turn in one com-
pleted worksheet.

LEARNING OBJECTIVES

e Identify nodes, essential nodes, branches, and essential branches in a circuit

e Determine the number of independent simultaneous equations required to analyze a circuit using the
node-voltage method.

e Use the node-voltage method to analyze and solve circuits.

EXERCISE 1—TERMINOLOGY

Examine the following three examples.

Example 1

e The nodes of this circuit are: a, b, ¢
e Note that four circuit elements are connected to
node b — Ry, Ry, R3, and /I, (the dashed ovals are
intended to illustrate a single node — they will be
removed in future examples.)
e Note that four elements are connected to node ¢
— V], Rz, R3, and I]
e The essential nodes of this circuit are: b, ¢
e The branches of this circuit are: Ry, Ry, R3, V1, I

The nodes of this circuit are: a, b, ¢, d
e Node b connects three circuit elements
e Node c connects three circuit elements
e Node d connects four circuit elements
e The essential nodes of this circuit are: b, ¢, d
e The branches of this circuit are: Ry, Ry, R3, R4, V1, I
e The essential branches of this circuit are: Ri<> V1, Ry,
R3, Ry, 1
e Two (2) node-voltage equations are required for this
circuit.
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Example 3

R4
A
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- Yy

The nodes of this circuit are: a, b, c,d, e, f, g

e Node b connects three circuit elements

e Node c connects three circuit elements

e Node e connects three circuit elements

e Node g connects three circuit elements
The essential nodes of this circuit are: b, c, e, g
The branches of this circuit are: Ry, Ry, R3, R4, Rs, Re, V1, V2, I
The essential branches of this circuit are: Ri<> V1, Rs, I, Ry<>
R3, Vz(—)R4, R¢
Three (3) node-voltage equations are required to solve this cir-
cuit.

EXERCISE 1 QUESTIONS

1. Based on the examples above, define the following circuit terminology :

e Node—

e Essential node—

e Branch—

e Essential Branch—

2. What is the minimum number of circuit elements that are connected to an essential node?

3. What is the relationship between the number of required node-voltage equations and the number of

essential nodes, n,, in the circuit?

4. For the following circuit, identify the nodes, essential nodes, branches, essential branches, and the
number of node-voltage equations required for full analysis of the circuit.

F1 R2
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e Nodes:

e Essential Nodes:

e Branches:

e Essential Branches:

e Number of node-voltage equations:

Node-Voltage Activity 2




EXERCISE 2—USING THE NODE-VOLTAGE METHOD

Examine the following two examples:

Example 4

Determine the current through R4, the 10 Q resistor, using the node-voltage method.

R R2
-> AARA AARA
yyvy Ty
R3 R4
v =3 3
10 < <
+ n'nR'.\'nl a ‘I'E‘I% v b
1 V. 2 Wy
R3 R4
\‘,l"] - -
5= 102
10 T T
C

va

This circuit has three essential nodes; therefore, two
node-voltage equations are required.

Label the essential nodes as a, b, and c.

The essential branches are R<> V1, R, R3, R4, and I;
Arbitrarily choose an essential node as a reference
node. Here c will be the reference node and desig-
nate with a signal ground symbol. All node volt-
ages will be referenced to this point.

Define the voltage, with respect to the reference
node, at the essential nodes a and b as v, and v,
respectively.

Use Kirchoff’s current law to write conservation
equations for each node, in terms of node voltages.

Isolate node a and apply Kirchhoff’s current law to this node:

i +i,+4,=0

Use Ohm’s law to compute the current through each branch in terms of

node voltages:

_Vl
+

v, —V

a C

| _ _
_V OV+v31%+% OV:OA

R,

R, 10 20 50

Using algebra, the first node-voltage equation is: 17v, —5v, =100V

Next, isolate node b and apply Kirchhoff’s current law to this node:

iy +i,+i;=0

Using Ohm’s law and recognizing that is = -2A because of the current
provided by supply /;:

vb _va

vb _vc

vb _va

R,

tion:

R4
Multiplying by 10 Q and rearranging gives the second node-voltage equa-

v, —0V
+
10Q

~1, = —2A=0A

20

-5y, +6v, =20V

Solving the two simultaneous node-voltage equations (using substitution, matrices, and/or a calcula-
tor) gives: v, =9.09 V and v, = 10.9 V.

Knowing vy, and using Ohm’s law, the current through R, can be i = Mo _ 109V —1.09 A
computed to be 1.09 A. 4 R, 10Q '
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Example 5

Determine the voltage at node b with respect to the signal ground of the following circuit.

R1 R2 a R3 e b e This circuit has two essential nodes (a and c);
therefore, one node-voltage equation is re-
quired.

e The essential branches are Ri<>R,<> V1, R3<>
R4(—)Il, and Rs>R.

e Choose node c to be the reference node.

Let i; be the current away from node a through the essential branch R<>R,<>V;. Similarly, let i,
and i; represent the current away from node a through the essential branches R3;¢>R4<>/; and Rs<>
R, respectively. Applying Kirchhoff’s current law to essential node a gives:
i, +i,+i;,=0
v =V, V. —V. v =5V v -0V
1 I a c a 0 25 A a

: -1, + = - 0. + ———=0

R, +R, : R,+R, 100Q+220Q 100 Q +120 Q

Rearranging and solving for v, gives v, =22.8 V

With the voltage at node a known, and knowing that 250mA of current flows from node b to node a,
we can use Ohm’s law to compute the potential difference in the branch between node a and node b.

v, —v, =v, —22.8V=0,(R, +R,)=(0.25 AY15Q+110 Q)
Solving, we find that v, = 54.05 V = 54.1 V with respect to the signal ground (essential node c).

EXERCISE 2 QUESTIONS

6. When applying Kirchhoff’s law to the essential nodes, what assumption is made about the direction

of the current flow?

What is the assumed potential of the arbitrarily selected reference node?

How is the current in each essential branch represented and/or calculated?

Why were the currents from the current supplies in the examples written as negative values when
developing the node voltage equations?
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EXERCISE 2 QUESTIONS, CONTINUED

10. Determine the node voltage equations for the following circuit and solve for the voltages at nodes a

and b of the circuit, with respect to the signal ground shown. Clearly show all of your steps and use
additional paper if necessary.

SLo 2 a o ms o b
ryr Yivl TTwri
100 130 150
R4 Ra
22 100
11 2
300 m 0
W (=]
10 120

Answers:
v, =154V
w=739V
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EXERCISE 3—SPECIAL CASES FOR THE NODE-VOLTAGE METHOD

Examine the following four examples:

Example 6

This circuit, from Question 10, has three essential nodes and requires the two independent node-voltage

equations shown to completely specify the circuit.

R1 RZ a R b
AARA AARA > AARM
yywy yywy V ey v
100 130 a a0 b
R4 =R5
22 =100
"

(D

Kl
10

ARAM

Example 7

This circuit has three essential nodes.
needed.

C03ALYs —10V+v&l vy
220 150Q2
- —0V
LIS . +0.02A=0A

0ma +
1502 100QQ+120€0

By recognizing that v, = 10 V, only one node-voltage equation is

1 2 Ra
AARA AMMA_ @ ARA
Yyyy Yyyy ey
10 130 Va 15 Vb
¢:RS
5:100
11 W1
300 m 10

ARAM

=120
=

Example 8

v, —10V
150 ©

v, -0V

+ +0.02A=0A
100 Q+120 Q2

RO=

The dependent voltage supply, V1, in the circuit below produces a voltage output that is 300 times the
current through resistor Ry (i.e., a gain of 300 V/A). This circuit has three essential nodes and requires
two node-voltage equations and an additional constraint equation.

R P2 g P2 b

ARMA ARMA > ARAN - 300 ) -
W T W —03A 4w T P
= £ 20 150 ©
I T Vp —Va Vy — (Y%
ool T LB + +0.02A=0A
y - 150Q 100 Q+120Q
300is R . v, —0V
l =
| 100 Q+120 Q
N

ENGR 313 Node-Voltage Activity 6




Example 9

The dependent voltage supply, V1, in the circuit below produces a voltage output that is 300 times the
current through resistor Rs. This circuit has three essential nodes. Recognizing that the voltage at node
a with respect to the reference node is the voltage produced by the dependent voltage supply,

v, = 300ig6, one node-voltage equation and one constraint equation is required.

Al NV YY) Vy — 3OOZR6 Vy — ov
ViV VEVY Y¥Vy + +0.02A=0A
L A 150Q  100Q+120Q

=100
—

P ov
300 m'l(TD 300 (J,);D " *1000Q+1200
R&

L
1R6l 55120

ARRA

N/

EXERCISE 3 QUESTIONS

11. How does the number of required equations change when an essential node is connected to the refer-
ence node with a branch containing only a voltage supply (dependent or independent)? Why?

12. How does the number of required equations change when a dependent source is included in the cir-
cuit? Why?

Note that this is true when a dependent voltage or current source (not shown in the examples) is added
to the circuit.

13. What is a constraint equation? How is it determined?
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EXERCISE 4—SUPERNODES

Examine the following two examples:

Example 10—Supernode with Independent Voltage Supply

When an ideal voltage supply directly connects two nodes, neither of which are the zero-voltage refer-
ence node, a supernode exists. Nodes a and b in the following circuit form a supernode. Based on the
schematic, the supply V creates a 3 V potential between nodes a and b; however, we do not know the
potential of node a or b with respect to the reference node, c.

V2 3V

o a b To solve for the unknown node voltages in this circuit,
W @ T ; begin by applying Kirchhoff's current law at node a.
zo"’\}® Ry > R @5 A ip +igy +i,, =0
‘ Using Ohm’s Law, the current through R, and R, can be
c e > . | expressed in terms of the unknown node voltage at node
V4 a. The voltage supply does not have a resistance, but

current will leave (or enter) the node through the voltage
supply. If we arbitrarily assume that current leaves node a through the voltage supply, and we call this
unknown current i,, we can rewrite the current balance at node a as

v, =20V v -0V |
+ +i,
6,000 2 2,000 Q2
Next, applying Kirchhoff’s Current Law to node b gives

Iy, +ip+i,=0

The unknown current through the voltage supply from node a, i,, must enter (or leave) node b. Based
on the assumption that the unknown current exited node a, we must assume that it enters node b. The
current from the ideal current supply, I;, is also directed towards the node. Therefore, the current bal-
ance at node b can be rewritten as

v, =0V

i+-r—
* 4,000 Q

The current balance equations for nodes a and b both contain the unknown current, i,, and can be com-
bined to eliminate this as a variable, providing the supernode equation

v, —2OV+va —OV+vb—OV
6,000 2 2,000 Q2 4,000 Q

Unfortunately, there is now one equation for the two unknown variables, v, and v,. To solve this circuit
network, we need an additional independent equation. Luckily, we know from the schematic that the
voltage supply ¥V, creates a 3 V potential between nodes a and b. This can be written as a constraint
equation, which provides the second equation necessary to solve for the unknown voltages at the essen-
tial nodes. Observing the polarity of the voltage supply (node a will be at a higher potential, since the +
symbol is connected to this node), the constraint equation is written as

v,-v, =3V

a

-0.006 A=0

=0.006 A

Solving the system of 2 equations for two unknowns gives
v,=11V
v, =8V
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Example 11—Supernode with Dependent Voltage Supply

In this example, ¥, is a dependent voltage supply that creates a potential that is proportional to the cur-
rent, ic, through resistor R;. This voltage supply provides a voltage of 1,500 V for every ampere of cur-
rent through R;(i.e., 1,500 V/A). Because V', joins node a and b, neither of which are the reference node,
this connection forms a supernode. As in Example 10, a current balance can be performed on nodes a
and b, resulting in the supernode equation of v, =20V v, -0V V- oV

+
, 5004, 6,000 Q@ 2,000 Q 4,000 €2

V.
—Wh— - @ - Again, the creation of this supernode equation reduces
V1 7 i ¢ ..a the number of independent equations available to com-
20V R2 1 R3L C m B .
© 2 é 4 Kgl @ pletely solve the system. A constraint equation that
defines the potential developed between nodes a and b
it : : J must be developed. Based on the orientation of the

voltage supply, node a must be at a higher potential
than node b, and the potential difference must 1,500ic.

=0.006 A

A
oo

*c

Therefore, a constraint equation is v, —v, =1,5007.

Unfortunately, the value of i¢ is not known, so yet another constraint equation is necessary to solve this
system. This constraint equation must relate the controlling current of the dependent supply, ic, to the
unknown node voltages. Luckily, we can apply Ohm’s law to determine this constraint equation. Not-
ing that the designated direction (given in the diagram) of ic is away from node b, the potential at node b
must be higher than the potential at node c, which has been selected as the 0 V reference node. There-
fore, the second constraint equation becomes

. v, — OV
ip =————
4,000 Q2

Now, there are three equations to solve for the three unknown variables—v,, vy, and ic. Solving the sys-
tem of equations gives v, =11V

v, =8V
i =0.002 A =2mA

EXERCISE 4 QUESTIONS

14. What is a supernode? When does it occur? How does it change the number of equations necessary
to completely solve the system?

15. Outline the process for solving a circuit containing a supernode.
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16. In the circuit below, the output of the dependent voltage supply is proportional to the current
through resistor R, with a gain of 1 V/A. How many independent equations are required to analyze
this circuit? Write the node-voltage and constraint equations and solve for the unknown node volt-
ages. Clearly show your work and all steps involved. Use additional paper if necessary.

a r2 b Y 1iR1 RS
M _|_
5 c 10
R

R3 R4 W2
753 liRl 103 12y
L L

S

INL:

A
ey
ey
ey

2.5%

-

454 T
d
N

Answers:
v,=15V
Vp = 8V

v.=10V
iRl =2A
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