Node Voltage M ethod

This smplest among many circuit analysis methods is
applicable only for connected circuits N made of linear 2-
terminal resistors and current sources. The only variables in the
linear equations are the n-1 node voltages e, &, ..., €, for an
n-node circuit.

Step 1. Choose an arbitrary datum node and label the
remaining nodes consecutively @O ,2 , ..., (0-D , and
lete, e, ..., e, benode-to-datum voltages.

Step 2. Express the current of each resistor R via Ohm’s
law In terms of 2 node-to-datum voltages:
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Step 3. Apply KCL to each node@ : @ Ve @ with
each resistor current I; expressed In terms of ej+ and e .

Step 4. Solve the (n-1) independent linear equations for e;
&, €.
Step 5. Solve for the resistor currentsvia Eq.(1).
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Solving eq. (5) by Cramer's Rule (or any other method) :
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(a) To solve for e, replace column 1 of matrix from (5) and calculate
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(b) To solve for e,, replace column 2 of matrix from (5) and calculate
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(c) To solve for e;, replace column 3 of matrix from (5) and calculate
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Once the node-to-datum voltages {e e, ,e,} arefound,
all resistor currents and voltages are found trivially via
KVL, KCL, and Ohm's |law :

v, =€ —¢6,=7.8V i1:%8—39A
V, =€ - €, =4.4V ,i2=44—4_11A
V, =6, —¢, =3.4V g =—-2A
v, =€, =15.2V ,i4:%_19A
V. = e, =18.6V ,i5:$—31A
Vg = —€ = -23V s =5 A

Verification of Solution
Apply Tellegen's Theorem :

ivj = (1) + (V1) + (V1) + (v, 1)
- +(Vs 15) + (V5 1g)
=(7.8)(3.9) +(4.4)(1.1) + (3.4)(-2)
+(15.2)(1.9) + (18.6)(3.1) + (—23)(5)

?

=0



Modified Node Voltage Method
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Step 1.
When the circuit contains " " voltages v, , v, ,---,V, , use
their associated currentsi, i  ,---,1; When applying KCL.
KCLat @ : a.&-%_, (1)
3 4
KCL a® : _@HB:O (2)
Step 2.
For each voltage source v, , add an equation e; —e; =, .
=6 3)
Step 3. =
Solve the (n-1) +« equationsfor e,e,, - € ,ig,lg 1 .
Substituting (3) into (1), we obtain :
&, @09_, _[e=6v (4)
3 4

Substituting (4) into (2), we obtain :
i,=0 (5)




Explicit matrix form of Node Voltage Equations

Assumption: Circuit N contains only linear resistors and
Independent current sources which do not form cut sets.

Step 1. Delete al “4’ current sources from N and draw the
reduced digraph G of the remaining pure resistor circuit.
Assume G has“n” nodesand “b” branches.

Step 2. Pick a datum node and label the node-to-datum voltages
{e,e,..,e }, andderive thereduced-incidence matrix A.
Define the “branch admittance matrix” Y, and independent
current source vector i  as follow:

i,1 [Y, 0 0 - O0O]v I3
i 0Y, 0 - Oflv i
1=l % L L U @ iA T @
i,|] [0 0 0 - Y, ||v .,
T Y, Vv o

where'Y, éE , R = resistance of branchj.

J
i, =algebraic sum of all current sources entering node @,
m=12,..., n-1.

Step 3. Form the Node voltage equation

Yne = | . 3

whereY_ =AY, A" iscaled the node-admittancematrix.




Deriving the Node Voltage Equation
(Y.e=i,)

The “f 7 current sources can be
deleted since they can be trivially accounted
for by representing their net contribution at
each node (M) by the algebraic sum of all
current sources entering node (M), m=1, 2,
..., h-1. The KCL eguations therefore takes
the “augmented” form

Ai=i, ©
Substituting (1) for i in (4), we obtain
AYV=I_ ()
Substituting KVL
v=A'e (6)
for v in (5), we obtain
(AY,AT)e=i, (7)

Y
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Writing Node-Admittance Matrix
Y, By Inspection
NodeVotage Equation :

Y, Y, o Yo [e] [k
Y:21 Y:22 YZ,:n—l ez _ Ifz (8)

_Yn—l,l Yn—1,2 Yn—1,n—1_ |G _i%_l_

— \Yn/ — T
Diagonal Elementsof Y,
Y. = sum of admittances Yj Ri of all resistors

connected to node @ , m=1 2, ..., n-1

Off-Diagonal Elementsof Y,
Y = (sum of admittances Y, i of all resistors

connected across node@ add node @ )
Symmetry Property:

Y _ isasymmetric matrix, i.e., Yie =Yy

n

Proof :
Since Y, in (1) isadiagonal matrix, Y, =Y,

YT =(AY,AT) =AYJAT =AY, AT =Y -

n

T
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Mesh Current Method

The next ssmplest among many circuit
analysis methods is applicable only for
connected planar circuit N (with a planar
digraph) made of 2-terminal linear resistors
and voltage sources. The only variables in the
equationsare“ | ” conceptual mesh currents

N N

Lo oI, o+ 1 circulating inthe“ | 7 meshesin
a clockwise direction (by convention) :

R,







Mesh Current Method

The next simplest among many circuit
analysis methods is applicable only for connected
planar circuits made of 2-terminal linear resistors and
voltage sources. The only variables in the associated
“mesh-current equations’ are“ | ” mesh current |Am1,

N N

|5l which we define to be circulating in the
“ | ” meshes in a clockwise direction (by convention).
Unlike node-to-datum voltages in the node voltage
method which are physical in the sense they can be
measured by a volt meter, the “mesh” currents are
abstract variables introduced mathematically for
writing a set of equations whose solution can be used
to find each resistor current i; trivially via

Where iAa (resp., iAb) Is the circulating current flowing
through R in the same (resp., opposite) direction as the
reference current i;.
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Then calculate:
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Veification by Tellegen's Theorem :
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L oop equation around mesh 1.
—V+V, 4V, =0 = —2(,—1,)+4,—2=0

= 6,-2,=2 (1)
L oop equation around mesh 2:
~V,+V. -V, =0 = —(-2)+6l,—-8(l,—1,)=0
= 14i,-8i,=-2 (2)
L oop equation around mesh 3:
Vo +V+V, =0 = —5+2(,—i,)+8(i,—1,)=0

= -2,-8,+10,=5 (3)



Mesh 1: 6i, - 2i, = 2 (1)

Mesh 2: 141, -8i, = -2 (2)
Mesh 3: —2i,-8i,+10i,=5 (3)
Solving i, from (1) = I, = %fg _é (4)
Solving I, from (2) = I, = ;i; —% (5)
Substituting (4) and (5) into (3) =

PN (6)

12
(5) and (6) = I, = S A (7)

20

~ 13
(4)and (6) = I, =——A (8)

20



We can redraw this circuit so that there are
no intersecting branches.

® | o}

Hence the above circuit is planar and it is possible
to formulate mesh current equations.



We can redraw this circuit so that there are
no intersecting branches.

Hence the above circuit is planar and it is possible
to formulate mesh current equations.



All branch voltages and currents can be trivially
calculated from e, and i

Verification of Solution by Tellegen's Theorem :

ivj ij = (V1) + (v, 1) + (V5 15) + (v, 1)

= (0)(0) + (6)(2) + (6)(0) + (=6)(2)

?

=0



Note:

The unknown variables in the
modified node voltage method consist
of the wusua n-1 node-to-datum
voltages, plus the unknown currents
associated with the voltage sources.

Hence, If there are “o” voltage
sources, the modified node voltage
method would consist of (n-1)+a
Independent linear equations involving
(n-1)+a. unknown variables

{el e, ", nl,|sl . --|Sa}.

v Y

(n-1) node-to-datum o current
variables variables



Conservation of Electrical
Energy

The agebrac sum of
electrical energy flowing into all
devices In a connected circuit IS
zero for all times 1 > —oo.

Proof .

Tellegen's Theorem =
b
ST v di=0
j=1

for dl t. m
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| nstantaneous Power
of a 2-terminal device

© (1)

+

v(t)

= p(t) = v(t)i(t)

Under Associated Reference Convention,

p(t)>0 a t=T,

means p(T,) Watts of power enters
(flowsinto) D att =T,

p(t)<0 a t=T,

means p(T,) Watts of power leaves
(flowsoutof) D att =T,

Energy entering D fromtime T, to T, :

W, o, = [ v(D)i() o



| nstantaneous Power
of an n-terminal device

p(t) = XV, (0, 0

Energy entering D fromtime T, to T, :

W, ; = Z jTT v, (t)i (t) c




Tellegen’s Theorem has many deep
applications. For this course, It can be used to
check whether your answers in homework
problems, midterm and final exams are

correct.



