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High-order harmonic generation (HHG)
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Maximizing the recollision energy within an optical period
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1.1 Why Nonlinear Optics?

Many devices used 1 ultrashort pulse laser physics and optical commu-
nications are based on nonlinear optical phenomena

The capacity of optical communication systems are limited by fiber non-
linearities

The limits to ultrafast laser physics are determined by optical nonlinear-
1ties

Microwave measurement techniques are based on nonlinear optical tech-
niques (electro-optic (EO) sampling)

Frequency conversion to UV, EUV and the mid-IR and THz region
Strong-field physics 1n gases, liquids and solids

High-order harmonic generation (HHG)

Laser materials processing

Nonlinear optical microscopy

Biomedical applications and laser surgery 10
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Typical optical nonlinearities are weak

tvp. Tisa CPA | L3-HAPLS @ ELI | SULF 10 PW
pulse energy £, | 5 mJ >30J 130 J
repetition rate f, | 3 kHz 10 Hz
pulse duration 7, | 30 fs <30 fs 24 s
peak power P 166 GW >1 PW 54 PW
peak intensity 7 | 3 x 10 W/cm? | 3.5 x 10 W/cm? | 2 x 10%* W/cm?
peak field E 1.6 GV /em 162 GV /cm 3.9 TV /cm

Table 1.1: Ti:sapphire laser source parameters for a typical Ti:sapphire chirped-
pulse amplifier (CPA) commonly used in attoscience, the High-Repetition-Rate
Advanced Petawatt Laser System (HAPLS) [16] designed/built by Lawrence Liv-
ermore National Laboratory (LLNL) for the Extreme Light Infrastructure (ELI),
and the Shanghai Superintense Ultrafast Laser Facility (SULF) [17, 18, 19], which
will be scaled up to the 100-PW Station of Extreme Light (SEL) until 2023 [17].
P = E,/m,, I = P/A. For the typical Tizsa CPA, A = 7r? with » = 40 ym. For
L3-HAPLS. focusing is assumed to reach a laser strength parameter ag = 4. with

ap = 0.85 x 1072 \[um] (I[’W/cmi])l’m. E = 27l with Zg = 377().
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1.2 How does Nonlinear Optics work?

P: Polarization (Dipole moment / unit volume)

p: dipole moment per atom or molecule
N: Number density

P=Np

q: charge that is displaced
I: displacement
p=g¢q-l

(a) e (b) (o—E field

Figure 1.1: A simple atom model explaining the effect of in optical electric

field on the induced polarization in an atom: (a) without field, (b) with field. 16



Perturbation expansion

p: nonlinear dipole moment of atom or molecule

E E\? E\? E
— gl = CON i @) [ = B[ = A 1.1
P=49 =4 {O‘ (E) o\ gy ) T\ g ) T E| (L.1)

a¥: typical excursion of electron cloud at the critical field
is on the order of the Bohr radius

o) = d, = 1071%m

E, :critical field where perturbation theory breaks down:
ionization field strength
€0

v
E, = —14-10"— =1.4GV 1.2
drreqd? m /em. (1.2

€o = 8.854 - 107'? F/m the vacuum dielectric constant
17



Estimate for nonlinear susceptibilities
1 mol, i.e. the typical density is Ny = 6 - 10** cm™3

Nonlinear susceptibilities

order i || ¥ model value tvp. material value
\(l] _ Neall)
1 __  cfoka n=2.9 Quartz: n=1.45
~ .0
(2)
2 X
= b.
(3)
3 v
= 3.

Table 1.2: Linear and nonlinear optical susceptibilities from a simple atom model.
We used ng(KDP)= 2.3, d, = W = 1070 m, e = ¢ = 16-107Y C, ¢ =

8.854-107" F/m, E, = -2 = 1.4- 10" V/m, N = 6-10* - 10°m™. 18



Estimate for (nonlinear) susceptibilities

refractive index:
n® = (1+x"). (1.4)

As table (1.2) shows, the model predicts

a) _ Neoda

X Ea€0

refractive index n = 2.9

about right!

(1.5)

19



1.3 Important nonlinear optical processes

Let’s assume:
that there are two waves with angular frequencies w; and wy and resulting wave
numbers, then the second order term includes

. . 2
E? = (E1 cos (w1t — k12 + ;) + Fa cos (wat — kaoz + 902)> . (1.6)
or
E? = E?cos? (wit — kyz 4+ @) + F2 cos? (wat — koz + @)

1+ 2B, E, cos (w1t — k12 + 1) cos (wat — koz + y) . (1.7)

Using the addition theorem of the Cosine-function

cos(a) - cos(f) = % [cos(av + B) + cos(a — )]

we find
1 /7 - ~
B = = (£7+£3)

1/~ .
5 (Ef cos [2 (wit — k12 + ¢;)] + E3 cos [2 (wat — oz + 902)])

+ E,E,cos ((wy —wo)t+ (k1 — k2)z + 1 — ¢s5) (1.8)

-+ E1E2 COS ((wl + CUQ)t + (k’l + kQ)Z + ©1 + 902) .

20



Important nonlinear processes

susceptibility

nonlinear process

1{23' (2w1; w1, wr)

frequency doubling

P (w3 wi, ws)

sum- and difference-frequency generation.
2-photon absorption, saturable absorption

Y? (w1 w1.0) linear electro-optic effect, SFG process
Pockels effect “’2_*__
Y9 (0: wq, —wi) optical rectification ) T “
3 (wi;wy,0,0) DC Kerr effect 1
v (w1 wy, Wy, —w1) self-phase modulation, self-focusing
2-photon absorption, saturable absorption
Y@ (2w wy, wy 0) field-induced second-harmonic generation
v (Bwy; wy, wy, wy) frequency tripling
1{33' (W) wo, w1, —w1) stimulated Raman scattering (wyp = wa — w1)
Y (2w — we; wy, wr, —wo) || four-wave mixing, CARS (w5 = wa — w1)

Table 1.3: Important nonlinear optical susceptibilities and corresponding nonlinear
optical processes. The first argument in the susceptibility gives the frequency of
the generated wave and the other arguments after the semicolon give the frequency
components of the input waves. 21



1.3.1 Linear electro-optical or Pockels effect

KDP: potassium dihydrogen phosphate: KH,PO,

—> E,
xI

M

y

KDP crystal

Induced birefringence when electric field is applied in z-
direction

A¢ — k(nm/ — ny/)L
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Electro-optic modulator (EOM)

KDP: potassium dihydrogen phosphate:

N
_'.h

X I™~—2~
)

polarizer KDP crystal

analyzer

A /4 plate

Induced birefringence when electric field is applied in z-
direction

A¢ — k(nm/ — ny/)L
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Electro-optic modulator (EOM)

I oo 3 |
e=n’=1+y = n'-l=y=\V+\PE+ \DIEP+.

4
. 2 2 2 | «
or n® = (ng+ An)” = ng + 2noAn.

XE,
2710

An =

— Ny — ny/

Ve, =E.-L
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Modulator transmission

1.2 —

0.8 -

0.4

power transmission

0.0 -

| | | | |
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VIV,

Figure 1.3: Transmission through an electro-optic modulator
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Estimate for nonlinear susceptibilities

1 mol, i.e. the typical density is N4y = 6 - 10*® cm

Nonlinear susceptibilities

—3

P = ¢ [X(l)E+X(2)E2+X(3)E3+ } 7 (1.3)
order i || ¥ model value typ. material value
\(l] _ Neall)
1 __  cfoka n=2.9 Quartz: n=1.45
~ 7.5
1(2] _ Nea'l)
2 ok V.= % =30kV | KDP: V., =7.5kV
=54-1071 & X
(3)
) Y
= 3.

Table 1.2: Linear and nonlinear optical susceptibilities from a simple atom model.
We used ng(KDP)= 2.3, d, = P = 10719 m, e = ¢ = 1.6-1071° C, ¢ =

8.854-107" F/m, E, = -2 = 1.4- 10" V/m, N = 6-10* - 10°m™. 26



1.3.2 Self-phase modulation

12
I ~ ‘E) /(2Zy) according to

n = nglw)+ nosl. (1.13)

Zo is the impedance of the wave in the mediun

3VvONE]R 3B Z,1
An:nyI:—X £ _2X Lol
4 2?10 4 o

3X(3)ZO §X(3)

Nnar = =
4 ng 4 ggcon
order 7 || v model value typ. material value
,’k{l} __ NealV
1 t_ . coka n=2.9 Quartz: n=1.45
~ 7.5
\{2} __ Nea'V
2 ok} V. = /""";3 =30 kV | KDP: V, =75 kV
5410~ 11 m X
3 | Quartz: ng =3.2- 1072 m
—37-10722 | —195.10720n W




1.3.3 Self-focusing

Refractive index n >1
Lens

Intensity-dependent refractive index: "Kerr Lens"  catastrophic self-focusing

Kerr-Lens Mode locking

self-focusing Aperture

i .
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2 Nonlinear optical susceptibilities

A general electric field can be written as a superposition of waves with different
frequencies (sum or integral)

Z Z {E (wy)elwat=ker) 4 ¢ ¢ }e (2.1)

WG>O 1= 1

Ei(—w.) = Eij(wg)*

=Y P™(r,1) (2.2)

with

1 ¢~ :
P(n) (I', t) _ Z Z 5 {PZ(?’L) (wb)ej(wbt—kbr) + C.C.} e;. (23)

30



Nonlinear optical susceptibilities

For the i-th component of the n-th order nonlinear polarization with fre-
quenz wp, we define the susceptibility tensor as

A

(1 €o n ~
P j.k

W = zn:wi and k, = zn:ki. (2.5)
i—=1 i=1

where the sum over P is the summation over all possible permutations of
frequencies wy, ....,w,, that lead to the same resulting frequency w, and m is
the number of fields with a frequency different from zero. For visualization a
few examples

]57;(2) (w3) = &0 Z xﬁf,ﬁ(wg P Wi, wz)Ej (w1>EAk(W2)7 (2.6)
ik
w3 = wy+w-e and ks = k; + ko. (2.7)

( — Sum Frequency Generation, SFG)
31



Nonlinear optical susceptibilities

PP(ws) = & Z Xiin(ws 2 wr, —ws) B (wn) B (ws), (2.8)
w3 = w; —wy und ks = k; — k. (2.9)

( — Differenz Frequency Generation, DFG)

A O¢c A A -
PP w) = =7 D Xihwn s, wa, —ws) Ej(w1) Ey(wn) Ef (3), (2.10)
gkl

Wg = Wi+ wWo — Ws und k4:k1—|—k2—k3. (211)
( — Four Wave Mixing, FWM)

Remember, the susceptibilities are symmetric with respect to a permutation
of the input frequencies {w; }, since it is arbitrary which frequency is considered
to be wy,i.e.there is

Xg;llz(w - Wi, W2, .. ) XEkj(w Wo, W1, ) (212)

32



2.2 Classical model for nonlinear optical susceptibility

oV (x) r T
Flz) = — Ea = —MWgT (1 + — + b2) (2.13)
= —mwir — mPBex® — mPBzx” (2.14)
wo W
with 5y = . and (3 = 72 (2.15)
d? d
md—tf = —Q%md—gj F(x) —egE(t)
d*x wo dx e
s 250d— + wiz + Box? 4 By = —EOE(L‘). (2.16)

perturbation solution:

Bot + Bsa?] < Wi x(t) = wo(t) + exq () + x(t) + ...

33



Zero-order solution

(2.18)
(2.19)

(2.20)

34



2.2.1 Linear susceptibility

xo(t) = % (2o(w)e?™ + c.c.)
POy = ; (P“ (w)ed“t + cc) — —Neg - zo(t)
in case of a time-varying field with amplitude E(w) and frequency w
E(t) = % (E(M)eﬁ* + c.c.) (2.21)

Eq. (2.18) with xg(¢) or its Fourier transforms

m (wg — w? —|—j%wgw)
Neg ale 1) £/,

2
m (ng —w? + jawgw)

(1) Pm(w):

Therefore, the linear susceptibility 1s N2
wp = 4/ — “ 1s the plasma frequency
N e2 wg
1)y, o - 0 - P Oy Oy
W (w) = — (2.22)

e (22 2 22 2
TreEy (u..fu W —I—jQwuw) (""UD W +3Qw0w) 35



Real and imaginary part of the susceptibility

X(l) _ X(l)/ +jX(1)// (223)
2 (1 — Z—z)
X(l)/ — wg 5 0 (224)
Wo w2 4 w?
[<_E)+@E}
2 2 w
= _EE Q@ wo (2.25)

36



Real and imaginary part of the susceptibility

ag 1.0 0.6
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> 0.2
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£ 7700 0.5 2.0

O/zx ()X :ued |eal

Figure 2.1: Susceptibility arising from the linear harmonic oscillator model for the

electron cloud surrounding an atomic core.
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Real and imaginary part of the susceptibility

w
@) = — 2.26
(Wo —w? + ]@wow)
2 1 1
_ 2“{’13, — (2.27)
o | (G+iw=wp)  (H+ilw+w).
2 1 1
~ 2P - (2.28)
20 | (§+5w=-w)) (&+7iw+wn)
2
1
~ 2P fir w um +wyp. (2.29)

2] (% +J(w— wo))

where wy = wp4/1 — é is the exact resonance frequency of the damped

harmonic oscillator.

38



2.2.2. Nonlinear susceptibility
() = (0)+ % (31 (w)e™ + c.c.)

—F% (QAi‘l (Qw)ejZWt + C.C.) + % (@1(3w>ej3wt + C.C.)

With the susceptibility x™"(w), which is up to the prefactor—Neg/eq equal to
the impulse repsonse of Eq.(2.18), we can find the first order amplitudes of all
the different frequency components according to

#1(0) = _52%3 (m <w8w2€:—jéwow)> Pl (230
- <—Ng—§0)2\x(”(w)!2 P, @a

) = X“;f“” (-5 ) (w2 B, (2.32)
(W) = ‘iﬂ?’x(ijé“) —]Zj())_g\x(”(w)f(x(”(w>) (2.33)
)| Bw). (2.34)

ne) = 200D (N Dogpper @)



X(Q) (2(4}, W, CU)
X(?’) (w) w, —W, (.U)

<>(3u?a)uja0

Susceptibilities

e (_%)_ GOR@ 230
€0 €0

—mBy [ Neg\ ~ 1

;7;,05 (_?60) 2wy ()2, (2.37)

i () T (O, (239

460 €0

—mfs (_%)_ X( )(3W>X(1)( ) (239)

deg €0
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2.3 Miller’s 6-coefficient

XS.Z)C(QQJ LW, w) XS,Z,(Q(,U LW, w)
Ok = OO0 N (12(20) — 1) (n2(w) — 1)2
Xii” (2w)x;; (W) Xpx (W) (n*(2w) — 1) (n*(w) — 1)
B —mﬁg 8(2)
2 N2

Experimentally one finds, that these coeflicients do not depend strongly on
the material for mmorganic materials. We assume that the deviation r (see

Eq. (2.13)) is the lattice constant with a ~ (N)~'/3, then we obtain with Eq.
(2.15) for the Miller coeflicient

2 2
mwy  €g

2> N3

[9ijk] =

Ao = 200 nm, wy = 37 fs~1 a=3-107"Ym™!

y
|6ij0| ~ 3.7- 10712 —

m 41



