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a b s t r a c t

An experimental method based on the nonlinear ultrasonic technique is presented to evaluate fatigue
damage of an adhesive joint. In this paper, specimens made from AZ31 magnesium–aluminum alloy
bonded through an epoxy layer are subjected to a fatigue load. The ultrasonic harmonics generated due
to damage within the adhesive layer are measured; and the acoustic nonlinearity parameter (ANP) based
on the fundamental and second harmonics is determined. The results show that the normalized ANP
increases with the fatigue cycles. Furthermore, a theoretical model with different interfacial compression
and tension stiffness is proposed to interpret the generation of second harmonics.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Adhesive joints are widely used in various industrial applications,
such as safety-critical structures in the aerospace and automotive
industries. Adhesively bonded structural components usually provide
many advantages over conventional mechanical fasteners. Among
these advantages are lower structural weight, lower fabrication cost,
and improved damage tolerance [1,2]. For example, advances in
aerospace technology have been made possible through the use of
lightweight materials and weight-saving structural designs. Joints, in
particular, have been and continue to be areas in which weight can be
trimmed from an airframe through the use of novel attachment
techniques.

With the increasing use of adhesive bonded structures, corre-
sponding methods for evaluation and testing of the structural integrity
and quality of bonded joints have been widely investigated and
developed for the purpose of structural health monitoring [3–5]. Non-
destructive characterization for quality control and remaining life
prediction has been a key enabling technology for the effective use
of adhesive joints. Conventional linear ultrasonic techniques can detect
flaws such as delamination, cracks, and voids in the adhesive joints.
However, more important to the bond quality is the adhesive strength.
Although in principle, strength cannot be measured non-destructively,
the slight nonlinearity in the material may indicate material degrada-
tion or the onset of failure [6]. Furthermore, microstructural variations

due to aging may also cause change in the third order elastic con-
stants, which are related to the acoustic nonlinear parameter (ANP) of
the polymer adhesive.

It has been observed that higher harmonics of the fundamental
frequency are generated when a harmonic ultrasonic wave propa-
gates through a nonlinear material [7]. It is proposed that the material
degradation creates nonlinearity which can be detected in the wave
propagation characteristics [8,9]. Several theories have been devel-
oped to model this nonlinear effect. For example, Achenbach and
Parikh [10] presented their theoretical investigation to obtain infor-
mation on the adhesive bond strength from ultrasonic test results.
Using the postulate that failure of the adhesive bond is preceded
by nonlinear behavior at the interface, they obtained a nonlinear
parameter that correlates to joint strength. Based on a microscopic
description of the nonlinear interface binding force, a quantitative
method was presented by Pangraz and Arnold [11]. Tang et al. [12]
measured the onset of nonlinearity in adhesive bonds by subjecting to
static loads simultaneously with the ultrasonic testing. The degrada-
tion of the adhesive bond was induced by cyclic fatigue loading. The
deterioration due to cyclic fatigue is identified by the reduction of the
linear portion of the stress–strain curve without any change in slope
in the linear range. Furthermore, Delsanto et al. [13,14] developed a
spring model to simulate the ultrasonic wave propagation in non-
classical (hysteretic) nonlinear media. Vanaverbeke et al. [15] pro-
posed a multiscale model for the two-dimensional (2D) nonlinear
wave propagation in a locally microdamaged medium, and presented
numerical simulations in view of nondestructive testing applications.
An et al. [16] developed a rigorous nonlinear spring model under the
normal incidence of both longitudinal and SH waves. The numerical
simulations show the accuracy and applicability of their model for a

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/ndteint

NDT&E International

http://dx.doi.org/10.1016/j.ndteint.2014.11.002
0963-8695/& 2014 Elsevier Ltd. All rights reserved.

n Corresponding authors.
E-mail addresses: gsshui@bjtu.edu.cn (G. Shui),

yswang@bjtu.edu.cn (Y.-s. Wang).

NDT&E International 70 (2015) 9–15

www.sciencedirect.com/science/journal/09638695
www.elsevier.com/locate/ndteint
http://dx.doi.org/10.1016/j.ndteint.2014.11.002
http://dx.doi.org/10.1016/j.ndteint.2014.11.002
http://dx.doi.org/10.1016/j.ndteint.2014.11.002
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ndteint.2014.11.002&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ndteint.2014.11.002&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ndteint.2014.11.002&domain=pdf
mailto:gsshui@bjtu.edu.cn
mailto:yswang@bjtu.edu.cn
http://dx.doi.org/10.1016/j.ndteint.2014.11.002
http://dx.doi.org/10.1016/j.ndteint.2014.11.002


thin layer between two solids under the condition of small ratio of
thickness to wavelength.

In the meanwhile, ultrasonic guided waves have been used to
analyze adhesive or diffusion bonded joints. For example, Nagy and
Adler [17] studied guided waves in adhesive layers between two half-
spaces, demonstrating that the resulting dispersion curves are rela-
tively insensitive to the properties of the adhesive layer. Rohklin and
Wang [18] examined Lamb waves in lap–shear joints, including the
development of an analytical spring model. Rose et al. [19] developed
dispersion curves for titanium diffusion bonds and examined fre-
quency shifts and spectral peak-to-peak ratios of different bonded
states. Lowe and Cawley [20] analyzed the sensitivity of adhesive bond
properties on guided waves using a three-layered model. Heller et al.
[21] combined laser ultrasonic techniques with the 2D fast Fourier
transform (FFT) to characterize adhesive bond properties. Seifried et al.
[22] used analytical and computational models to develop a quanti-
tative understanding of the propagation of guided Lamb waves in
multi-layered, adhesive bonded components.

In this paper, the ANP is used to characterize the degradation of an
adhesive joint made from epoxy resin between two aluminum plates.
Ultrasonic through-transmission tests were conducted on samples
cured under various conditions. The magnitude of the second order
harmonic was measured and the corresponding ANP was evaluated.
These experimentally measured ANPs, as functions of degradation, are
then used to quantitatively characterize the condition of the adhesive
bond. A fairly good correlation between the fatigue cycle and the ANP
is observed. Furthermore, the experimentally observed second har-
monic generation is interpreted by developing an analytical model.
The results show that the ANP can be used as a good indicator of the
adhesive strength for adhesive joints.

2. Experimental procedure

As shown in Fig. 1, the test sample is an overlap joint of two
aluminum plates bonded together by an adhesive layer. The adhesive
is a kind of bisphenol epoxy resin with epoxy value of 0.441 mol/
100 g. The aluminum plate is made of AZ31 magnesium–aluminum
alloy, with the yielding stress 199MPa, elastic modulus 46 GPa,
Poisson’s ratio 0.27 and density 1770 kg/m3. As illustrated in Fig. 1,
the bonded area of the specimen is 30 mm�24mm. The adhesive
(bondline) thickness is generally less than 1mm and the adherend’s
thickness is about 6.5 mm. The aluminum plates were anodized and
primed prior to application of the adhesive. The joints were then put
into a temperature/pressure oven for curing. They were firstly cured
for two hours with a temperature of 80 1C, and then cured for another
two hours with a temperature of 160 1C. All samples used in this study
were prepared under the same conditions.

A schematic diagram for the experimental setup is shown in
Fig. 2. The transmitting transducer was driven by a tone burst
signal of 6 cycles at 5 MHz. The receiving transducer was used to

detect the fundamental and second harmonics of longitudinal
ultrasonic waves passing through the adhesive joint. The central
frequencies of transmitting and receiving transducers are, respec-
tively, 5 MHz and 10 MHz. The tone burst signal was generated by
Ritec SNAP-0.25-7-G2 nonlinear measurement system with the
high-power gated amplifier. Before driving the transmitting trans-
ducer, the high voltage signal passed through a 50 Ω termination,
an attenuator and a set of low-pass filter so that the transient
behavior and high frequency component from the amplifier were
suppressed. This nonlinear measurement system can provide
a more monochromatic ultrasonic sine wave signal with higher
quality, and this will decrease the acoustic nonlinearity from the
signal considerably.

Although the multi-reflection can take place between the upper/
lower surface and interface in the experimental samples, the reflected
waves reach the Receiver about 0.6 μs later than the last cycle of the
waves passing through the adhesive joint reach the Receiver. So there
is no multi-reflective influence in the received signal. A typical
longitudinal wave signal acquired is shown in Fig. 3. (One should
notice that 9.0 μs shown in this figure, which is owing to the setting of
the oscilloscope, is NOT the flight time of the wave.) The sampling rate
of the oscilloscope is 1.25 GS/s. The signal of an entire length consists
of a transient part at the beginning, a steady state portion, and finally
the turnoff ringing at the end. To make sure that only the steady-state
part of the tone burst signal was used, a Hanning windowwas applied
to the acquired time-domain signal for Fast Fourier Transform (FFT).
Therefore, only the data points within the steady-state part were
selected and then transformed to the frequency domain where the
amplitudes of the fundamental and higher order harmonics of the
detected waves become visible. Fig. 4 shows the amplitudes of the
fundamental (A1) and second (A2) harmonics in the frequency domain,
respectively.

3. Experimental results

During the experimental measurements, ten samples were sel-
ected to be fatigued. The fatigue loading is parallel to the adhesive
layer, as shown in Fig. 2. The maximum load for five of the samples
was 2.5 kN; and the maximum load for another five was 3.0 kN. The
fatigue tests were interrupted to perform the nonlinear ultrasonic
measurements at different numbers of fatigue cycles.

Following Refs. [23,24], the ANP of the adhesive is defined by

β¼ 8A2

A2
1hk

2 ð1Þ

where A1 is the amplitude of the fundamental harmonic wave; A2

is the amplitude of the second harmonic wave; h is the propaga-
tion distance; and k is the wave number. For longitudinal waves
with a fixed frequency and a fixed transmitting distance, the ANP,
β, is only proportional to A2=A

2
1. Therefore, in this measurement,

we use, for convenience, a relative ANP defined as

β0 ¼ A2

A2
1

ð2Þ

Because there will be some level of variability associated with the
initial microstructure of each specimen, the measured ANPs will be
normalized by the value (β00) measured in each undamaged speci-
men before any mechanical load is applied. This normalization
procedure removes some of the variability associated with the initial
microstructures of each specimen, enables a direct comparison of
the acoustic nonlinearity evolution of all the specimens tested, and
normalizes the nonlinearity associated with the transmitting piezo-
electric transducers. The evolution of the normalized ANP, β0=β00, as a
function of the normalized fatigue life is shown in Fig. 5(a) for
specimens 1–5 with the maximum load of 2.5 kN. Here, the fatigue

34

24

45

13

30

200

Adhesive layer

Fig. 1. Dimension of two aluminum plates bonded through an adhesive layer (unit:
mm). (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
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life means the fatigue cycle normalized to the total cycles of the
whole specimen’s life. The specimens 1–5 failed at 80, 91, 560, 281
and 97 cycles, respectively. Shown in Fig. 5(b) is the evolution of the
normalized ANP as a function of the normalized fatigue life for
specimens 6–10 with the maximum load of 3.0 kN. For this group,
the specimens 6–10 failed at 111, 91, 310, 102 and 280 cycles,
respectively.

It is shown in Fig. 5 that the normalized ANP increases with the
fatigue life for both situations. Particularly, we can see that the rate
of increase appears to be greater in the early stages, which implies
that these nonlinear ultrasonic measurements can be used to
quantitatively characterize the early damage of the adhesive joints.
The measured data for different specimens show increasing scatter
with increasing fatigue cycles, which is most likely due to unc-
ertainties in material properties and cure of the adhesion. In fact,
there is an inherent randomness in the evolution of fatigue
damage during testing, which should manifest itself as a corre-
sponding randomness in the resulting acoustic nonlinearity. For
measurement procedure in the later stage of fatigue, the deforma-
tion associated with the increased fatigue cycle makes it difficult

to consistently conduct the nonlinear measurement. But fortu-
nately, our data explicitly show the dependence of the ANP on the
fatigue cycles. Comparison of Fig. 5(a) and (b) shows that the
maximum load has a little influence on the magnitude of the
normalized ANP.

4. Theoretical model and discussion

In order to interpret the generation of higher harmonics, we
present a nonlinear model of the adhesive layer in this section.

The ultrasonic wave propagation through the adhesive joint in the
above measurements may be illustrated in Fig. 6. Two identical semi-
infinite linear elastic solids (adherends 1 and 2) are joined together by
a thin adhesive layer with thickness h. Lamé constant, shear modulus
and mass density of the adherends are λ, μ and ρ, respectively; and
those for the adhesive layer are λ, μ and ρ, respectively. For an incident
harmonic longitudinal wave with frequency ω propagating perpendi-
cular to the adhesive layer, it will be reflected by the adhesive layer as
well as transmitted through the adhesive layer. We denote the
incident, reflected and transmitted waves as P0, P1 and P3, respectively,
and those in the adhesive layer as P2 and P4.

Maeva et al. [1] indicated that there are expected to be two
possible sources of nonlinearity in an adhesively bonded structure.
The first source is the adhesive material itself. The second source
might be structural nonlinearities in the adhesive bond line, including
weak bonds or zero volume (closed) disbonds. After some experi-
mentation, it becomes apparent that the material nonlinearity has
little relevance to a great many adhesion problems; it is an indication
of the state of the material itself other than an indicator of the bond
strength [1]. The structural nonlinearity is, however, often thought of
as being directly linked to the strength or weakness of the bond itself.
The extreme example of this is the case of an unbonded, clapping
interface, which has been studied theoretically and experimentally for
some time [1].

Structural nonlinearities in adhesively bonded joints may arise in a
number of ways. Common to all of these is the location of the
structural defect, typically in the very thin layer of adhesive bonding
[1]. During in-service conditions adhesive joints can suffer from a
number of defects due to loading, environmental attack or other
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Fig. 3. Received nonlinear ultrasonic waves.
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Fig. 2. Experimental setup for nonlinear measurement of an adhesive joint.
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reasons. These defects may include voids, cracks, disbond, kissing
bond etc. as illustrated in Fig. 6(b) [25]. The overall strength of the
joint depends on the behaviors of these defects under loading.
Obviously, the tensile and compressional behaviors of the joint will
be different. For instance, in the crack, disbond or kissing bond region,
a potential mechanism for nonlinearity is the opening and closing of
the contact as the wave passes; the so called “clapping” or “slapping”
mechanism, or more generally, contact acoustic nonlinearity [26]. For
perfectly flat surfaces in contact this results in a bi-linear stiffness
response (with zero or low stiffness in the tensile region and high
stiffness in the compressive region). More realistically, for rough
surfaces in contact, there would be a more gradual shift from a low-
stiffness, low-load region to a high-stiffness, high-load region [26]. If a
purely sine harmonic ultrasonic wave is incident on a defected
adhesive layer with such a stiffness nonlinearity the reflected and
transmitted waves will contain a response including high harmonics;
and the degree of harmonic generation provides information about
the extent to which the defect behaves nonlinearly [26].

Based on the above analysis of which the details can be found
in Refs. [1,26], we propose a nonlinear model by assuming that the
damage of the adhesive layer will decrease its tension modulus
while keeping its compression modulus unchanged during in-
service. That is, the tension and compression moduli of the adh-
esive layer will be different. For simplicity in mathematics, the
adhesive layer of finite thickness is replaced by a massless inter-
face with zero thickness, as shown in Fig. 6(b). Consequently, the
interface is modeled as a continuous array of springs with different
tension and compression stiffness. At the interface, the boundary
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condition can be written as

σyðxÞ ¼ K þΔuyðxÞ; σy; ΔuyZ0
σyðxÞ ¼ K �ΔuyðxÞ; σy; Δuyr0

(
; ð3Þ

where σyðxÞ is the normal stresses at the interface; ΔuyðxÞ is the
displacement discontinuity at the interface; and K þ and K � are
stiffness of the interface in tension and compression, respectively.

When the ultrasonic wave propagates through the interface, the
system will behave nonlinearly because of the different tension and
compression stiffness. As shown in Fig. 6(c), for an incident harmonic
longitudinal ultrasonic wave P0 propagating in the y-direction with
frequency ω and amplitude Að0Þ, it can be written as

uð0Þ
y ¼ Re Að0Þeiζ

n o
; ð4Þ

where ζ ¼ ky�ωt with the wave number k¼ω=c and c being the
longitudinal wave velocity in the adherend. When this harmonic
ultrasonic wave is incident on the above bilinear interface, the
reflected and transmitted waves will contain a response at the drive
frequency as well as the higher harmonics due to nonlinearity.
Therefore the transmitted wave P3 can be written as:

uð3Þ
y ¼ Re ∑

1

m ¼ 0
Að3Þ
m eimζ

� �
ð5Þ

Similar to the experimental way, we defined a relative ANP β0t
based on the amplitude of the fundamental harmonic wave A 3ð Þ

1 and
that of the second harmonic wave A 3ð Þ

2 for the transmitted wave P3,
that is

β0t ¼
Að3Þ
2

Að3Þ
1

h i2 ð6Þ

The solution of β0t is presented in Appendix A. Here, we consider
the specimen used in our experiment, i.e. two adherends of AZ31
bonded through an epoxy layer. The relative ANP,β0t , varying with
K � =K þ is shown in Fig. 7. When K � =K þ ¼ 1, the ANP is zero, which
means that there is no interfacial damage in this situation. When
damage appears within the adhesive layer, the tensile stiffness K þ of
the interface will decrease, leading to the increase of K � =K þ and thus
the increase of the ANP. Therefore we can conclude that the ANP can
be used to characterize the change of interface tensile stiffness or the
degradation of the adhesive layer indirectly.

In damage mechanics, the damage variable D is used to represent
the development of microstructural damage in a continuum sense.
This variable can be derived from the reduction of the elastic modulus
simply as D¼ 1�E=E0, where E0 is the elastic modulus without
damage. For the present problem, the damage variable D can be
expressed by using the tension stiffness K þ and compression stiffness
K � as D¼ 1�K þ =K � . Finally we can get the relation between the
damage variable D and the relative ANP β0t as shown in Fig. 8. We
can see that the damage variable increases with the relative ANP
increasing.

Many researches have been reported about the relation between
material damage variable D and fatigue cycles [27–29]. A simple
empirical formulas was proposed in [29],

D¼ 1� 1� N
Nf

� �c� �m
; ð7Þ

where c and m are parameters to be determined in an experimental
way; N and Nf are fatigue cycles and fatigue life, respectively.

This equation will be applied in this paper to interpret the
experimental results of the relation between the ANP and fatigue
cycle. We found in our experiment that the ANP does not vanish
before the specimen is loaded, i.e. β0a0 when N¼ 0. This implies that
initial damage does exist and should be considered in establishing the
relation between the damage variable D and relative fatigue cycles
N=Nf . Therefore, we modify Eq. (5) as

D¼ 1� 1�D0ð Þ 1� N
Nf

� �c� �m
ð8Þ

where D0 is the initial damage variable regarding to the whole adh-
esive structure when N¼ 0. We can see that Eq. (6) satisfies two
necessary conditions: D¼D0 when N¼ 0 and D¼ 1 when N¼Nf .
Considering Eq. (6) and the data in Fig. 8, we can get the relation
between the normalized ANP β0t=β

0
t0 and relative fatigue cycles N=Nf .

For example, if we take D0 ¼ 0:1, m¼ 0:25 and c¼ 0:003, we can get
the relation between the normalized ANP and relative fatigue cycles
based on the theoretical model. Fig. 9 shows the experiment mea-
surement results with the maximum load of 3.0 kN (see Fig. 5b) and
the data based on the theoretical model. It is seen that the ANP based
on the theoretical model increases consistently with the measured
results. We can come to the conclusion that different stiffness of the
interface in tension and compression, caused by the damage in the
adhesive layer, is one of the sources for the nonlinearity of ultrasonic
waves transmitting through the adhesive structure. This provides us a
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possible way to detect the appearance and monitor the development
of the defects in adhesive layers in engineering applications.

5. Conclusion

An experimental method based on the nonlinear ultrasonic
technique is presented to evaluate fatigue damage of an adhesive
joint. In this approach, specimens made from AZ31 magnesium–

aluminum alloy bonded through an epoxy layer are subjected to a
fatigue load. The ultrasonic harmonics generated due to damage
within the adhesive layer are measured; and the acoustic nonlinearity
parameter (ANP) based on the fundamental and second harmonics is
determined. The results show that the normalized ANP increases with
the fatigue cycles. Particularly, the rate of increase appears to
be greater in the early stages. This demonstrates that the nonlinear
ultrasonic measurement can be used to quantitatively characterize the
early damage of adhesive joints. A theoretical model with different
interfacial tension and compression stiffness is developed to interpret
the generation of second harmonics. It is shown that the ANP based
on the theoretical model increases consistently with the experimen-
tally measured values although the empirical formulas relating the
damage variable to the fatigue cycles proposed in the literature is
employed. The present research, we believe, is relevant to practical
structural health monitoring and life prediction for adhesive joints,
and is expected to provide a promising way for the characterization
and monitoring of degradation of adhesively layer effectively in both
experimental and theoretical ways.

Finally we mention that the present theoretical model is still an
approximation. There are many effects, e.g. the thickness, the
mass, the material nonlinearity and the attenuation of the adhe-
sive layer, that are excluded. A more precise model including these
effects should be developed in our future work.
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Appendix A. Solution of the acoustic nonlinear parameter
based on the bilinear interface model

We solve the nonlinear boundary value problem as illustrated
in Fig. 6(c) where the interface follows the bilinear relation of
Eq. (3). Based on Eqs. (4) and (5), the stress for the incident,
reflected and transmitted waves can be written as

σð0Þy ¼ Re ik λþ2μð ÞAð0Þeiη
h i

;

σð1Þy ¼ �Re ik λþ2μð Þ ∑
1

m ¼ 1
mAð1Þ

m eimη

� �
;

σð3Þy ¼ Re ik λþ2μð Þ ∑
1

m ¼ 1
mAð3Þ

m eimη

� �
; ðA:1Þ

where η¼ �ωt. Then the stress at the interface can be written as:

σyðηÞ ¼ σð0Þy ðη;0Þþσð1Þy ðη;0Þ ¼ σð3Þy ðη;0Þ

¼ kðλþ2μÞRe iAð0Þeiη� ∑
1

m ¼ 1
imAð1Þ

m eimη

� �

¼ kðλþ2μÞ �Að0Þ sin ηþ ∑
1

m ¼ 1
m Rð1Þ

m sin mηþ Ið1Þm cos mη
h i� �

;

ðA:2Þ

and the displacement discontinuity Δuy at the interface is

ΔuyðηÞ ¼ Re �2 ∑
1

m ¼ 1
Að1Þ
m eimηþAð3Þ

0 �Að1Þ
0

� �

¼ �2 ∑
1

m ¼ 1
Rð1Þ
m cos mη� Ið1Þm sin mη

h i
þRð3Þ

0 �Rð1Þ
0 ; ðA:3Þ

with A nð Þ
m ¼ R nð Þ

m þ iI nð Þ
m .

Assume that there is a tension domain ðα1;α2Þ within one
representative of period η (e.g. �πoηrπ). Then the boundary
condition of Eq. (3) can be rewritten as

σyðηÞ ¼ K þΔuyðηÞ; ηAðα1; α2Þ
σyðηÞ ¼ K �ΔuyðηÞ; η=2ðα1; α2Þ

(
ðA:4Þ

Substituting Eqs. (A.2) and (A.3) into Eq. (A.4), we have

∑
1

m ¼ 1
mbIð1Þm þ2K þRð1Þ

m

h i
cos mηþ mbRð1Þ

m �2K þ Ið1Þm

h i
sin mη

n o

�bAð0Þ sin η�K þ Rð3Þ
0 �Rð1Þ

0

h i
¼ 0; ηAðα1; α2Þ; ðA:5Þ

∑
1

m ¼ 1
mbIð1Þm þ2K �Rð1Þ

m

h i
cos mηþ mbRð1Þ

m �2K � Ið1Þm

h i
sin mη

n o

�bAð0Þ sin η�K � Rð3Þ
0 �Rð1Þ

0

h i
¼ 0; η=2ðα1; α2Þ; ðA:6Þ

where b¼ kðλþ2μÞ.
Define a function ϕðηÞ, which is equal to the left portion of

Eq. (A.6) when η=2ðα1; α2Þ, and is zero when ηA ðα1; α2Þ. We thus
have

K � Rð3Þ
0 �Rð1Þ

0

h i
¼ � 1

2π

Z α2

α1

φðζÞdζ; ðA:7Þ

mbIð1Þm þ2K �Rð1Þ
m ¼ 1

π

Z α2

α1

φðζÞ cos mζdζ; mZ1; ðA:8Þ

mbRð1Þ
m �2K � Ið1Þm ¼ 1

π

Z α2

α1

φðζÞ sin mζdζ; mZ1 ðA:9Þ
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Fig. 9. Normalized ANP based on theoretical model and experimental measure-
ment as a function of relative fatigue cycles.
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From Eqs. (A.8) and (A.9), we can get the solutions of Rð1Þ
m

and Ið1Þm as

Rð1Þ
m ¼ � 1

πΔm
2K �

Z α2

α1

φðζÞ cos mζdζþmb
Z α2

α1

φðζÞ sin mζdζ
� �

;

ðA:10Þ

Ið1Þm ¼ 1
πΔm

2K �
Z α2

α1

φðζÞ sin mζdζ�mb
Z α2

α1

φðζÞ cos mζdζ
� �

;

ðA:11Þ
where Δm ¼ �ð2K � Þ2�m2b2. Substituting these solutions and
Eq. (A.7) into Eq. (A.5), we obtain a Fredholm equation of the
second kind,

φðηÞþ
Z α2

α1

φðζÞLðζ; ηÞdζ¼ bAð0Þ sin η; ηAðα1; α2Þ ðA:12Þ

where

Lðς; ηÞ ¼ 4K � K þ �K �� 	
π

∑
1

m ¼ 1

cos m ζ�ηð Þ
m2b2þ 2K �ð Þ2

�2 K þ �K �� 	
π

∑
1

m ¼ 1

2K �ð Þ2
m3b3þmb 2K �ð Þ2

sin mðζ�ηÞ

þ2 K þ �K �� 	
πb

πsgn ζ�ηð Þ� ζ�ηð Þ½ �þ 1
2π

K þ

K � �1
� �

: ðA:13Þ

It is noted that both ϕðηÞ and ðα1; α2Þ are unknown in Eq. (A.12).
The following iterative method is suggested to find ϕðηÞ and
ðα1; α2Þ by considering the nonlinear boundary condition of Eq. (3):

(i) The iteration starts from K � =K þ ¼ 1 (with the same tension and
compression stiffness of the interface). In this case, we have linear
problem (without higher harmonics) and get the tension zone
ðα1; α2Þ within a typical period of η by considering σy ηð ÞZ0.

(ii) Applying a small increase to K � =K þ , we obtain φ ηð Þ by
solving Eq. (A.12) numerically with the above estimated value
of ðα1; α2Þ.

(iii) Calculate σy ηð Þ and Δu ηð Þ through Eqs. (A.2) and (A.3), res-
pectively.

(iv) Determine whether Δu α1ð Þ ¼Δu α2ð Þ ¼ 0 and Δuy xð Þ � σy xð Þ40
are satisfied. If not, we find a new value of ðα1; α2Þ according to
Δu α1ð Þ ¼Δu α2ð Þ ¼ 0 and Δuy xð Þ40, and then get the solution
for φ ηð Þ from Eq. (A.12).

(v) Repeat step (iii) until Δu α1ð Þ ¼Δu α2ð Þ ¼ 0 and Δuy xð Þ � σy xð Þ40
are satisfied. Then we get final solution of φ ηð Þ and ðα1; α2Þ.

Once φ ηð Þ and ðα1;α2Þ are obtained, Rð3Þ
m and Ið3Þm can be calculated

from Eq. (A.2). Then Að3Þ
m is calculated by

Að3Þ
m ¼ Rð3Þ

m þ iIð3Þm ðA:14Þ
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