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Some difficulties

@ oo-dim decision variable
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@ Non smooth behaviors

State constraints

Practical implementation
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Mathieu Claeys

The control problem

1nf/|u )| dt

s.t. @(t) = A(t)z(t) + B(t)u(t)
z(0) =x9, x(T)=xp
u(t) € L*([0, T); R™)

T
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Towards a generalized moment problem

Approach [Neustadt, Luenberger, ...] :
© ODE integration:

@ Yields:

J = 1r(1f |||

tq/F

© Appropriate u(t) € E
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Measures in R"”

Finite, Borel measures on X C R":

M(X)

Theorem (Riesz)

[C(X)]* isomorphic to M(X)
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Measures: examples

0 K )‘[a,b] :

p(la, t]) == /tu(s) ds, a<t<b
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Measures: examples

0 K )‘[a,b] :

p(la, t]) == / u(s)ds, a<t<b
b
(v, \) = / v(s)u(s) ds

@ Dirac measure 9 :

5,(B) = 1 ifyeB
v 10 otherwise
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Measures: examples

0 K )‘[a,b] :

p(la, t]) == / u(s)ds, a<t<b
b
(v, \) = / v(s)u(s) ds

@ Dirac measure 9 :

5,(B) = 1 ifyeB
v 10 otherwise

(v,0y) = v(y)
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The generalized moment problem

t
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The generalized moment problem

t
/0 u(s)ds  —  p((0.1)

inf ||ul| min |||
U M

s.t. /OTF(t) u(t)dt =c — sit. (F,u) =c

we LY([0,T); R™) p € M([0,T); R™)
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inf ull min |||
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s.t. / F(t)u(t)dt =c — sit. (F,u) =c
0

we LY([0,T); R™) p € M([0,T); R™)

Theorem (Neustadt)

No relaxation gap.
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The generalized moment problem

t
/0 u(s)ds  —  p((0.1)

inf ull min |||
T
s.t. / F(t)u(t)dt =c — sit. (F,u) =c
0

we LY([0,T); R™) p € M([0,T); R™)

Theorem (Neustadt)

No relaxation gap.

3 admissible n = 3 n-atomic optimal solution. \
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e Moments: y, = (z

s 1)

Yo Y1 Y2

. Y1 Y2 Y3
o Moment matrix: M(y) = |y2 y3 wa

o let X:={rxeR":gi(x) >0, i=1,..,m}
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e Moments: y, = (%, 1)

Yo Y1 Y2

. Y1 Y2 Y3
o Moment matrix: M(y) = |y2 y3 wa

o let X:={rxeR":gi(x) >0, i=1,..,m}

Theorem (Putinar)

p € M (X) iff:
M(y) =0,  M(gixy) =0 Vi
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Use only (ya)|a\§2r-
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Use only (ya)|a\§2r-

Theorem (Lasserre)

J, Zqom T J, meas

If rank (M;_1) = rank (M;) = k, 3 k-atomic optimal measure.
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Semi-definite relaxations

Use only (ya)|a\§2r-

Theorem (Lasserre)

J:?nmom T Jmeas

If rank (M;_1) = rank (M;) = k, 3 k-atomic optimal measure.

Particular case: if n = 1, first relaxation is necessary and sufficient.
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Polynomial approximatio

o |[F—F|=¢
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min ||| min || u|
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Polynomial approximations

° ||F— F|| =€
min || min |||
@ ©

st (Fu) =c — st [(Fo) | < el

@ Application to orbital RDV:

e Polynomials of degree 100
e Computation time: 1.1 seconde
o Direct LP method: 0.4 seconde
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Polynomial approximations

° ||F— F|| =€
min || min |||
@ ©

st (Fu) =c — st [(Fo) | < el

@ Application to orbital RDV:

e Polynomials of degree 100
e Computation time: 1.1 seconde
o Direct LP method: 0.4 seconde

e [C., Arzelier, Henrion, Lasserre: CDC'13]
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Non-linear impulsive problems

i(t)

s.it. 2(t) = f(t,z(t)) + G(t, z(t)) u(t)
z(0) =x9, x(T)=2xr
z(t) € X, wu(t) € L*([0,T];R™)
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Procedure

@ Extended concept of u(t)

— “Strong” problem, compact.

@ Weak integration of ODE

— “Weak" problem, a GMP

@ Solve GMP!
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Measure driven ODE

@ Generalization of
dx(t) = f(t,z(t)) dt + G(t,z(t)) u(t) dt

into
dz(t) = f(t,z(t)) dt + G(t,z(t)) v(dt)

@ [Schmaedeke]: G(t).

o [Bressan et Rampazzol]: G(t,x).

Mathieu Claeys Measures and relaxations for optimal conrol November 19, 2013 23 /39



“Strong” form

e Decompose v = ¢ + P
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e Decompose v = ¢ + P

@ For each t;, associate z(0):
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e Decompose v = ¢ + P

@ For each t;, associate z(0):

@ Concept of solution:

t t
$+:Z - S,x(S S SmCS l/c S x+7$7
) =207)+ [ fea@)ds+ [ GasC@) e+ 3 (o) —2t))

t; €S,t; <t
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“Weak” form

@ Occupation measure et w:

T . x(t), generated by v(dt)

to i3 T. b
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@ Occupation measure et w:

T . x(t), generated by v(dt)

Proposition

p, w satisfy [o(, 2()IE = (57 + G2fs ) + (526 w)
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@ Occupation measure et w:

T . x(t), generated by v(dt)

Proposition

p, w satisfy [o(, 2()IE = (57 + G2fs ) + (526 w)

@ [C, Arzelier, Henrion, Lasserre: ACC'12]
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Switched systems

@ Control-affine problems — control measures ?

@ Switched systems:

B = f (6 a(t) ust)
j=1

u(t) € cu e {0,1}": Z@j =

Jj=1
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Procedure

© Extended concept of u(t)
Young measure: g(u(t)) — (g(s),v(ds)), v e PU).
@ Weak integration of ODE

— [ Rubio, Lewis, Vinter ]: [v(-,z(:))]F = <% + g—; o)
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Procedure

© Extended concept of u(t)

Young measure: g(u(t)) — (g(s),v(ds)), v e PU).
@ Weak integration of ODE

— [ Rubio, Lewis, Vinter ]: [v(-,2()]3 = (22 + % £, u)

© Solve GMP: [Lasserre, Henrion, Prieur, Trélat]
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Compactification?

o Consider

1
inf / 22 dt
0

st.z=u
ue{-1,1}
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Compactification?

o Consider

1
inf / 22 dt
0

st.z=u
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@ Minimizing sequence:

o v*(dult) = 36_1(du) + £61(du)

Mathieu Claeys Measures and relaxations for optimal conrol November 19, 2013 29 / 39



Compactification?

o Consider

1
inf / 22 dt
0

st.z=u
ue{-1,1}

@ Minimizing sequence:

4
*
t

o v*(dult) = 36_1(du) + £61(du) — & = [udv*(dult) =0
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Modal occupation measures

0 0
(e (IF = (5 + 2 oo Jiw, udt, de, dw))

iff

ooz = (50 + oo, s, da)
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Modal occupation measures

a0 = (ot 30 2 g, i, )
j=1

iff

ooz = (50 + oo, s, da)

o = k(A XB):= [, p.utsd
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0 0
(e (IF = (5 + 2 oo Jiw, udt, de, dw))

iff
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© = =) i My then p; < i
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Modal occupation measures

a0 = (ot 30 2 g, i, )
j=1

iff

ooz = (50 + oo, s, da)

o = k(A XB):= [, p.utsd
© = =) i My then p; < i

@ [Henrion, C., Daafouz : CDC'13]
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Example: contrast problem (1/2)

e [Bonnard, C., Cots, Martinon: CDC'13]
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Example: co

rast problem (1/2)

e [Bonnard, C., Cots, Martinon: CDC'13]

1 1
L e Y ost N
PN G SN I S .
9 9 -05 ’ i 2 -05f N i !
lnf —x3(T) —$4(T) -1 R l‘)/ 5 Al 6 - I
. X, X
st.x1 = -T'1z1 — 221 ! ®
. S
o =v1(1—m2) + 210
z3 = —T'ox3 —1gu A N |
iy = y2(l — 24) + 230,
o 0.2 04 0.6 08

Mathieu Claeys Measures and relaxations for optimal conrol

November 19, 2013

31/ 39



Example: contrast problem (2/2)
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Example: contrast problem (2/

Measured control Control measure

N N

1.000 1 0.9827 | 0.6
0.8984 2 0.8756 | 1.0
0.8707 9 0.8599 | 6.6

0.8256 265 0.7973 113
0.7881 5147 0.7891 1298
0.7867 | 50027 0.7871 | 10831

SO W NS
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Example: electric m

e [C., Sager, Messine]

10
inf / (Va”m z1u + Rpat m%) dt
0

u(t)
R K, Vali
st.z; = 77mx1 — l.’ltz =+ alim s
Lm Lm Lm
. Km rMgKy r3pSCx 9
Eo = —w1 — ———— — 3,
J JK; 2JK;
. r
I3 = —x2,
3 Kr,- 2

u(t) € {-1, +1},

3(10) — 23(0) = 100.
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Example: electric m

e [C., Sager, Messine|

10

inf (Va“m z1u + Rpat m%) dt

u(t) Jo
. Rm Km Vali'm

tod ="y — —2 ,

s.t. x1 I 1 I z2 + L.,
. Km rMgKy  13pSCy o
T2 = —T1 — ——— — 7 L2, SR

J JK; 2JK3 o "4‘5-

. T i
3 = ExZ,

u(t) € {-1, +1},

23(10) — z3(0) = 100.
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Example: electric motorbike (2/2)

e [C., Sager, Messine]
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Example: electric m

e [C., Sager, Messine]

10
inf / (Va”m z1u + Rpat m%) dt
0

u(t)
R K, Vali
st.z; = 77mx1 — l.’ltz =+ alim s
Lm Lm Lm
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Example: electric m

e [C., Sager, Messine]

10
inf / (Va”m z1u + Rpat m%) dt
u(t) Jo

. Rm Km Valim
stx1=———2x1 — —x2 + u,

Lm Lm Lm

. Km rMgKy r3pSCx 9

Ty =—T1 - ——— — 53 T
J JK; 2JK;

. T

T3 = — T2,

3 Kr 2

u(t) € {-1, +1},

3(10) — 23(0) = 100.

Measured control

Control measure

S UL W NS

0.5
1.0
4.7
12
63
997
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3.0
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Some difficulties

@ oo-dim decision variable

Local optimality

@ Non smooth behaviors

State constraints

Practical implementation
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Perspectives

@ Relaxation gap?

Controls LP? [C., KruZik, Henrion]

Inverse problem?

@ Sparsity structure?

Mathieu Claeys Measures and relaxations for optimal conrol November 19, 2013 38 /39



And happy birthday Jean-Bernard!
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