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Abstract—This paper deals with the development of square-
root balanced truncation algorithm to reduce the order of power
system models along with the preservation of interaction
relations between study area and the external area. Further, the
balanced approach is extended with the singular perturbation
approximation technique. For illustration of developed
algorithms, external area model of a four machine system is
reduced to 3™ order. The resulting reduced order models are
guaranteed to preserve the characteristics of original systems.

Keywords—model order reduction; square-root balanced
truncation; singular perturbation approximation; power system
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L INTRODUCTION

Higher order systems are usually described by large
number of differential or difference equations that lead to state
variable or transfer function models. The dimensionality
problem of such models is well known and in many situations
it is often desirable and sometimes necessary to replace the
higher order system by a lower order system for design and
analysis purposes. The reduced order model should retain the
important and key qualitative properties such as stability,
steady state value etc. of the original higher order system.

Moore [1] introduced the balanced realization theory and
suggested that input-output behavior of the system is not
changed too much if the least controllable and/or least
observable part is deleted. This approach is based on
simultaneous  diagonalization of controllability and
observability Gramians. Further, it is shown that all their
reduced order models are stable, their solutions are of closed
form and they have a priori frequency response error bounds.
Later, Pernebo and Silverman [2] presented the proof for
several stages of Moore’s work [1] and reiterated that
input/output behavior of the system does not change after
truncation of least controllable and/or least observable states
along with extension of the theory for discrete time systems.
Fernando and Nicholson [3]-[4] applied balanced realization
along with singular perturbation theory [5] for model order
reduction and it is later discussed by Liu and Anderson [6]
with several properties in both the time and frequency
domains. As far as reduction of power system models are
concerned, the coherency equivalent approach [7]-[10] and
model equivalent approach [11]-[12] are introduced. Later,
Chaniotis and pai [13] applied Krylov subspace method [14]-
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[15] for order reduction of external area of a power system
model. Recently, Ghosh and Senroy [16]-[17] used balanced
truncation [1] for simplification of power system models.
Several other methods [19]-[24] are developed for
simplification/ reduction of power system model by various
authors.

In this paper, modeling and order reduction of external
area system is discussed through square-root balanced
truncation and square-root balanced singular perturbation
approximation algorithm as an extension of Hung et al’s
approach [18]. In section II, an interconnected power system
network division as study area and external area is included
whereas in section III, square-root balanced truncation and
square-root balanced singular perturbation approximation
algorithms are discussed. In section IV, a four machine power
system is considered as example problem and external area
model of this system is reduced to 3™ order. It is observed
from the step responses and H_norm computation that

reduced order model preserves the characteristics of original
higher order model.

II.  SYSTEM MODELING [18], [25]

For the interconnected power system network, it is possible
to divide power network into two areas: a) Study area, with
system variables of interest where detailed modeling and
analysis of generator and loads are performed; b) External area,
which is only of interest in terms of its effects on study area.
With this assumption, the external area is transformed into a
standard linear time invariant system by expanding the input
variables. Further, order reduction of transformed external area
is discussed to obtain an equivalent power system network by
preserving the interaction relation between study area and
external area. The topology of study and external area [16]-
[18], [25] of a power system network is shown in Fig. 1 which
is partitioned into study and external area by k buses, called as
partitioned buses.

K" bus

External Area

Study Area Network Network

Fig. 1. Division of Power system network



Considering m generators in external area model, each
generator may be represented by following set of state
equations [18], [25]:

do,
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dE' i ' '
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with i=1,2,...m. The (VX,Vy)and (Ix,ly)are the voltage and

current vectors respectively, the connection relation between
network in external area and /" generator is defined by
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xi’Iyi7in ’

V}f) where current vector (I ET 5)

xi >

variables (I

describes the effect of power system network on i generator
and voltage vector is used to describe influence on power

network from ;" generator. Similarly, if the i” bus is
partitioned, current vector (If;,lf;) describes the effect of

vy )is
used to reflect the influence of external area on the study area.

study area on external area whereas voltage vector (VP

xi

The stator voltage equations of generator are
ti = E'qi_x'di Iy = Rm‘[qi (2a)
Vi=Ey +x’qi Iqi -R,1, (2b)

Further, voltage and current vector are obtained in x-y
coordinate axis from the d-q coordinate after transformation as
below:

{H =1l v.f (3a)

yi

E} =7l1, 1,f (3b)

yi
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sind, —cosd,

The network equations for partitioned buses and generator
buses of external area [18], [25] are obtained as:
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where ¥, =(V,,V,, .V,

Z,& Z,are block impedance matrices with appropriate
dimension.

Further, the output equations of external area are
considered as

y xi = fo (5 a)

Y=V (5b)

with =1, 2, ... k. After the linearization of Eqs. (1)-(5) around
the operating point, the linearized model of external area is
obtained such that effects of study area on external area are
given by Aw and influences of external area on the study area
are included through Ay as below

A% = AAx+ B,Au™ + F Aw (6a)

Ay=CAx+D,Au'! + H Aw (6b)
where Ax = (A8, A@,, , AE, ,AE) AP, . A AE -, AS,,
Aa)gm b AE;]m H AEcyim H Angm H Augm H AE/m )’ Au o = (APL’T/ ’Al/tref H
AR AV ) Ay = AV AV AV LAV L A= (AL,

H ,, are constant matrices.

u’

15, 1%,1%) and 4,B,,F,,C,D

e

Transforming the model obtained in Eq. (6) by expanding
the input variables as

Au = (Au ref ,Aw) (7

along withB=(B,,F,) and D=(D, H,), the linearized
model of external area in standard linear time invariant state
space model may be expressed as

Ax = AAx + BAu (8a)

Ay = CAx+ DAu (8b)

u’

which may be reduced to appropriate order using the algorithm
discussed in next section.

III. MAIN RESULTS

In this section, Square-root balanced truncation [26] and
square-root balanced singular perturbation approximation
algorithms are discussed for order reduction of external area
model along with Gramians and balanced realization theory.

A. Preliminaries
Let P>0andQ > 0 be the controllability and observability

Gramians [27] for the linearized system given in Eq. (8) is
defined respectively as

P= J.e“BB*e“de (9a)
0



0= jeﬂ‘c*ce“dr (9b)
0

which may be obtained by solving following set of Lyapunov
equations

AP+ PA"+BB =0
A'Q+Q04+CC=0

(10a)
(10b)

A balancing transform is used to convert the original
system {4,B,C,D} into an equivalent “internally balanced”

system {A4,,,,B,,,C,.>D,}. A lower order truncated model is

then obtained by eliminating the least controllable and/or least
observable part of the transformed system.

B. Square-Root Balanced Truncation

Tombs and Postlethwaite [26] presented truncated
balanced realization algorithm to compute the reduced order
model of a stable state-space system that may be arbitrarily
close to being unobservable and/or uncontrollable. Eq. (10a)
can be solved for S, as a factor of P such that

P=S"S (11a)
Similarly, R matrix may be obtained such that
O=R"R (11b)

Now, singular value decomposition of SR’ is obtained as
below

SR" =UzV" (12)
where X is the diagonal matrix of the Hankel singular values
of the system obtained in Eq. (8) which have been arranged in

order of decreasing magnitude diagonally. Then the square-root
balanced realized model is given by

Asr al Bsr al TAT+ B
Gsribal = =2 = = + (13)
Csribal D cT D

with T=%"V'R and T*=S5"UZ"?. The
reduced model by square-root balanced truncation is obtained
by truncating the weak subsystem from the balanced realized
model obtained in Eq. (13) as

™ order

Arr bt Bw‘ bt
G, , == — 14
sr_bt |:C5,b, D :| ( )
where 4, , € R™.

C. Square-root Singular Perturbation Approximation

The balanced realized model obtained in Eq. (13) may be
represented as

Bl
Gsribal(s):[cl C2]SA|:B :|+D (15)

2

-1
- A12
S[n—r - A22

Now, G,, ,,(s) additively decomposed as

sl —A
where SA={ ,A !
— A

Gsribal (S) = Gl (S) + G2 (S) (16)

where
Gl (S) = Cbxpa (S)Sl Bbspa (S) + Dbspa (17)
and
Sl = (Slr - Abspa (S))71 (1 8)
Abspa (s)=4,, —A4,(s1,, — 4, )_1 4, (19a)
Bbspa (s)=B,+A4,(sl,., — 4, )71 B, (19b)
Chspa (S) = Cl + C2 (SInfr - A22 )_1 A21 (190)
G, (s)=C,(sl,_, — 4,, )_l B, (20)

If the subsystem G,(s)is stable and fast (i.e. it’s states

have very fast transient dynamics and decay rapidly to certain
steady state values) in the neighborhood of a given frequency
s =0, then by ignoring the dynamics of the fast subsystem,

the system with transfer function G,, ,,(s) can be written as
Ghspa (S) = Cb.\'pa (O-O )SAo'Bb.\'pa (O-O ) + Dhspa (O-O ) (21)

where
Sio =51, = Ay ()] (22)
and
Ay (00) = Ay — A, (O], — Ay,) ™" 4y, (23a)
Byu(00) =B, + 4,(0,1, , — 4, )" B, (23b)
Crpa(00) =C +Cy (01, — Ayy) ™ Ay, (23¢)
Dy,,(0))=D+C,(0,1,, — A4y, )" B, (23d)

The required reduced order model by proposed algorithm is
obtained by putting o, =0,

All _A12A2_21A21 Bl —A12A2_21B2

G, (s)=
bs} ( ) Cl _C2A2_21A21 D_CzAz_lez

(24)

Remark 2: At o, =, the balanced singular perturbation
approximation technique corresponds to balanced truncation
technique as Abspa (0,) > 4,, Bbspa (0,) > B,.C bspa (0,) =>C

and Dy, (0,) = D.

2 4
o (o)
e U0
N RN J
" Y
Study Area External Area

Fig. 2. Two area, Four machine Test system



IV. SIMULATION RESULTS

In this section, a four machine system is considered as an
example problem in which study area and external area are
divided by bus 8, shown in Fig. 2. Table I includes the
operating points of the system under consideration and system
parameter may be referred from [28]. The state space model for
external area is obtained as

Ax = AAx +[B, Aw]"

F [Au"™ (25a)

Ay=CAx+[D, H, A Aw]" (25b)

where Ax = (A8, A@,,AE 43,AE 43,AP, At s, AE 11, AG.,.

b mg3° 7

AE ) s = (AP AV

3

A@,,,AE ¢4,AE 44,AP, ,,Au

mg4> g4»

AP AV L Ay = AV, AV ) aw= (A7, A7 )and 4,B,,C

D,,F,,H, matrices are as below
[ 000 1.00 0.00 0.00 0.00 0.00 0.00
-2361 —0.16 —40.04 -0.16 3053 0.00 0.00
-0.14  0.00 -0.32 -0.05 0.00 0.00 0.13
0.85  0.00 0.68 —4.65 0.00 0.00 0.00
0.00  0.00 0.00 0.00 -333 333 0.00
0.00 —-0.66 0.00 0.00 0.00 -5.00 0.00
A= 93259 0.00 —1159485 -7084.84 0.00 0.00 —100.00
0.00  0.00 0.00 0.00 0.00 0.00 0.00
2541  0.00 5.81 —-19.87  0.00 0.00 0.00
0.13  0.00 0.13 -0.04  0.00 0.00 0.00
-1.14  0.00 0.57 1.34 0.00 0.00 0.00
0.00  0.00 0.00 0.00 0.00 0.00 0.00
0.00  0.00 0.00 0.00 0.00 0.00 0.00
| 9325 000 -455303 -2531.58 0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00  0.00 0.00 ]
19.29 0.00 —-5.06 -20.16 0.00 0.00 0.00
0.14 0.00 0.10 -0.07 000 0.00 0.00
-0.50  0.00 1.25 1.11 0.00  0.00 0.00
0.00 0.00 0.00 0.00 0.00  0.00 0.00
0.00 0.00 0.00 0.00 0.00  0.00 0.00
—182661 0.00 —-562395 -1287.17 0.00 0.00 0.00
0.00 1.00 0.00 0.00 0.00 0.00 0.00
-3039 -0.16 -5191 0.41 30.53  0.00 0.00
-0.12  0.00 -0.37 -0.09  0.00 0.00 0.13
1.60 0.00 1.41 -5.00 0.00 0.00 0.00
0.00 0.00 0.00 0.00 -333 333 0.00
0.00  -0.66 0.00 0.00 0.00 -5.00 0.00
—-142521 0.00 -1255375 -528823 0.00 0.00 -100.00]
TABLE L OPERATING POINTS OF TEST SYSTEM AT BASE 900 MW [18]
Unit [ £y, E' Vio Vao 1y Ly P
Gl | 1.1062 | 094781 | 047927 | 0.7492 | 07069 | 0.4167 | 0.6586 | 0.77778
G2 | 09231 | 095439 | 046357 | 0.7436 | 0.6835 | 0.4031 | 0.6994 | 0.77778
G3 | 06576 | 093787 | 048931 | 07349 | 0.7216 | 0.4255 | 0673 | 0.79832
G4 [109 093255 | 047527 | 0.7272 | 0.7009 | 04132 | 0.6809 | 0.77778

Hankel Singular Values (State Contributions)

I stzble modes

State Energy

State

Fig. 3. Bar Chart of Hankel Singular values for external area model

0.00 0.00 0.00 0.00 0.00 5.00 0.00
r_|0.00 0.00 0.00 0.00 0.00 0.00 2000000
“710.00 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.00  0.00
0.00 0.00 0.00 0.00 0.00 0.00  0.00
0.00 0.00 0.00 0.00 0.00 5.00  0.00
0.00 0.00 0.00 0.00 0.00 0.00 2000000

P = 0.00 990 0.07 -028 0.00 0.00 -82341
" 71000 1043 0.00 —092 0.00 0.00 257340

0.00 1504 0.10 -0.52 0.00 0.00 -834.52
0.00 11.50 -0.03 -1.19 0.00 0.00 377846

022 0.00 035 -0.01 0.00 0.00 0.00
036 0.00 -0.04 -035 0.00 0.00 0.00

0.38 0.00 050 -0.09 0.00 0.00 0.00
036 0.00 -021 -044 0.00 0.00 0.00

w

_[026 -0.73 _[0.00 0.00 0.00 0.00
“lo78 034 | 34 1900 000 000 0.00

The Hankel singular values (HSVs) for the above model are
obtained as

HSV:[14.7441 6.5870 6.2303 1.6806 1.5866 0.4433 0.1237
0.0769 0.0381 0.0116 0.0083 0.0039 0.0022 0.0002]

Further, the bar chart of HSVs is plotted in Fig. 2 from
which it is clear that only first few HSVs are significant and
these should be preserved in the reduced order model. For the
purpose of comparison with [18], the above model is reduced
to 3" order. The transformation matrices are obtained as

0.1235 0.0369 -0.0442 -0.0145 0.2680 0.1539 -0.0001
77 =|-0.0048 -0.0159 0.0210 -0.0455 -0.3189 -0.2269 0.0000
-0.0417 0.0291 -0.0449 0.0037 0.0682 -0.0543 -0.0001

0.1274 0.0344 -0.0966 -0.0201 0.2501 0.1444 -0.0001
-0.0157 -0.0178 0.0630 -0.0543 -0.3063 -0.2113 0.0001
-0.0286 0.0255 -0.0700 -0.0188 0.0412 -0.0638 -0.0001



3.2839 3.0731 -0.1490 0.0052 -0.1542 -0.3106 -0.9753
7*7 =| 2.9153 3.3801 -0.0811 0.0719 -1.0741 -1.2572 0.5693
-2.8341 13.6049 0.1177 -0.3133 0.1469 -0.8511 -4.9387

3.7411 3.3165 -0.6753 0.1946 -0.1710 -0.3173 -3.0044
24021 2.9466 0.1074 0.0111 -0.9932 -1.0594 9.7156
-2.6598 11.6521 0.0350 -0.3320 0.0147 -0.9026 -7.1332

Finally, the 3" order model by Square-root balanced truncation
algorithm as discussed in section III, is obtained as

G - _Asl'bl Buisrbl Fwisrbt
srbt Csml D H

u_srbt w_srbt

where

[-0.3297 -0.9088 0.8081
A, =| 0.8851 -0.4530 3.4050
-0.7617 -2.6903 -0.4323

1.0353 0.2040
=|-0.4730 0.1359|,
0.7926 0.1294

0.7695 -1.1382 0.7222-2.4896
=|-1.1345 05941 -1.05631.7232 |, F, _,,
-0.2715 -1.1614 -0.3188-1.7937

0000
Du _srbt = >
0000

B

u_srbt

_|1.7367 1.5778 -1.5425
72,5893 1.8649 -1.7342[

_[0.2600 -0.7300
v 0.7800  0.3400 [

and the 3™ order reduced model by square-root balanced
singular perturbation approximation algorithm is given by

G — Asrbt Buﬁsrbl Fwisrbt
o Csrbt Duisrbt Hw;srbt

where

-0.331 -0.9077 0.8058
Ayppe=| 0.8807 -0.447  3.396

-0.7566 -2.697 -0.4224

0.7746 -1.205 0.7341 -2.463 1.034  0.1815
B, yppe=|-1.126 04727 -1.037 1758| F, ,  =|-0.4743 0.09396|

-0.28 -1.038 -0.3385 -1.826 0.7938 0.172

_[1.842 1.425 -1.351} _{0.2502 -0.5303}
sr_bspa w_srbspa >

"12.523 1.965 -1.854 “10.7921 0.3294
_[-0.008125 0.4013 -0.0117 0.4398
uosrbwe 1002364 0.09802 -0.05993 -0.4569

Step responses for original and reduced order models by
square-root balanced truncation (SR-BT) and square-root
balanced singular perturbation approximation (SR-BSPA) are
plotted in Fig. 3 from which it is clear that both the developed
algorithms preserve the characteristics of original system.
Frequency domain computations for the reduced order models
are listed in Table II. It is observed that relative error bound for
the SR-BT and SR-BSPA is less than the Hung et al’s approach
[18].

V. CONCLUSIONS

In this paper order reduction algorithm based on square-
root balanced truncation and square-root balanced singular
perturbation approximation are discussed. For the verification
of the algorithms, a four machine power system network is
considered with the division in study area and external area at
8™ bus by maintaining the interaction relations between study
area and external area. The external area of this model is
reduced to 3" order and simulation results indicate that reduced
order model can approximate the original system in well
manner.
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Fig. 4. Step responses for original external area model and reduced order models

TABLE II. FREQUNECY DOMAIN COMPUTATIONS
S.N. Frequency domain computations Algorithm Values
[G(2)|. =29.2331

1. 1. SR-BT 29.2654
H,, norm 2. SR-BSPA 29.2331
3.Reduced Model [18] 29.3313

2. Actual H, norm error bound in modeling | 1. SR-BT 3.3220

=|G.(2)-G(2)|. 2. SR-BSPA 3.2630

3.Reduced Model [18] 3.2472

3. Actual relative error bound 1. SR-BT 0.1136

_ Actual error norm 2. SR-BSPA 0.1116

lo). 3.Reduced Model [18] | 0.1111
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