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Abstract—This paper deals with the development of square-
root balanced truncation algorithm to reduce the order of power 
system models along with the preservation of interaction 
relations between study area and the external area. Further, the 
balanced approach is extended with the singular perturbation 
approximation technique. For illustration of developed 
algorithms, external area model of a four machine system is 
reduced to 3rd order. The resulting reduced order models are 
guaranteed to preserve the characteristics of original systems. 

Keywords—model order reduction; square-root balanced 
truncation; singular perturbation approximation; power system 
models. 

I.  INTRODUCTION 
Higher order systems are usually described by large 

number of differential or difference equations that lead to state 
variable or transfer function models. The dimensionality 
problem of such models is well known and in many situations 
it is often desirable and sometimes necessary to replace the 
higher order system by a lower order system for design and 
analysis purposes. The reduced order model should retain the 
important and key qualitative properties such as stability, 
steady state value etc. of the original higher order system.  

Moore [1] introduced the balanced realization theory and 
suggested that input-output behavior of the system is not 
changed too much if the least controllable and/or least 
observable part is deleted. This approach is based on 
simultaneous diagonalization of controllability and 
observability Gramians. Further, it is shown that all their 
reduced order models are stable, their solutions are of closed 
form and they have a priori frequency response error bounds. 
Later, Pernebo and Silverman [2] presented the proof for 
several stages of Moore’s work [1] and reiterated that 
input/output behavior of the system does not change after 
truncation of least controllable and/or least observable states 
along with extension of the theory for discrete time systems. 
Fernando and Nicholson [3]-[4] applied balanced realization 
along with singular perturbation theory [5] for model order 
reduction and it is later discussed by Liu and Anderson [6] 
with several properties in both the time and frequency 
domains. As far as reduction of power system models are 
concerned, the coherency equivalent approach [7]-[10] and 
model equivalent approach [11]-[12] are introduced. Later, 
Chaniotis and pai [13] applied Krylov subspace method [14]-

[15] for order reduction of external area of a power system 
model. Recently, Ghosh and Senroy [16]-[17] used balanced 
truncation [1] for simplification of power system models. 
Several other methods [19]-[24] are developed for 
simplification/ reduction of power system model by various 
authors. 

In this paper, modeling and order reduction of external 
area system is discussed through square-root balanced 
truncation and square-root balanced singular perturbation 
approximation algorithm as an extension of Hung et al’s 
approach [18]. In section II, an interconnected power system 
network division as study area and external area is included 
whereas in section III, square-root balanced truncation and 
square-root balanced singular perturbation approximation 
algorithms are discussed. In section IV, a four machine power 
system is considered as example problem and external area 
model of this system is reduced to 3rd order. It is observed 
from the step responses and ∞H norm computation that 
reduced order model preserves the characteristics of original 
higher order model. 

II. SYSTEM MODELING [18], [25] 
For the interconnected power system network, it is possible 

to divide power network into two areas: a) Study area, with 
system variables of interest where detailed modeling and 
analysis of generator and loads are performed; b) External area, 
which is only of interest in terms of its effects on study area. 
With this assumption, the external area is transformed into a 
standard linear time invariant system by expanding the input 
variables. Further, order reduction of transformed external area 
is discussed to obtain an equivalent power system network by 
preserving the interaction relation between study area and 
external area. The topology of study and external area [16]-
[18], [25] of a power system network is shown in Fig. 1 which 
is partitioned into study and external area by k buses, called as 
partitioned buses.  

 

Fig. 1. Division of Power system network  
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Considering m generators in external area model, each 
generator may be represented by following set of state 
equations [18], [25]: 
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with ....,2,1 mi =  The ( )yx VV , and ( )yx II , are the voltage and 
current vectors respectively, the connection relation between 
network in external area and ith generator is defined by 
variables ( )E

yi
E

xi
E
yi

E
xi VVII ,,,  where current vector ( )E

yi
E
xi II ,  

describes the effect of power system network on ith generator 
and  voltage vector is used to describe influence on power 
network from ith generator. Similarly, if the ith bus is 
partitioned, current vector ( )P

yi
P
xi II ,  describes the effect of 

study area on external area whereas voltage vector ( )P
yi

P
xi VV , is 

used to reflect the influence of external area on the study area.  

The stator voltage equations of generator are 

qiaididiqiqi IRIxEV −−= ''     (2a) 

diaiqiqididi IRIxEV −+= ''     (2b) 
Further, voltage and current vector are obtained in x-y 
coordinate axis from the d-q coordinate after transformation as 
below: 
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The network equations for partitioned buses and generator 
buses of external area [18], [25] are obtained as: 
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3Z & 4Z are block impedance matrices with appropriate 
dimension.  

Further, the output equations of external area are 
considered as 

P
xixi Vy =       (5a) 
P
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with ....,2,1 ki =  After the linearization of Eqs. (1)-(5) around 
the operating point, the linearized model of external area is 
obtained such that effects of study area on external area are 
given by wΔ and influences of external area on the study area 
are included through yΔ as below  
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 Transforming the model obtained in Eq. (6) by expanding 
the input variables as 

 ( )wuu ref ΔΔ=Δ ,      (7) 

along with ( )wu FBB ,=  and ( ),, wu HDD =  the linearized 
model of external area in standard linear time invariant state 
space model may be expressed as 

uBxAx Δ+Δ=Δ      (8a) 
uDxCy Δ+Δ=Δ      (8b) 

which may be reduced to appropriate order using the algorithm 
discussed in next section. 

III. MAIN RESULTS  
In this section, Square-root balanced truncation [26] and 

square-root balanced singular perturbation approximation 
algorithms are discussed for order reduction of external area 
model along with Gramians and balanced realization theory.  

A. Preliminaries 
Let 0>P and 0>Q be the controllability and observability 

Gramians [27] for the linearized system given in Eq. (8) is 
defined respectively as 
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which may be obtained by solving following set of Lyapunov 
equations 

0** =++ BBPAAP      (10a) 
0** =++ CCQAQA     (10b) 

A balancing transform is used to convert the original 
system },,,{ DCBA  into an equivalent “internally balanced” 
system }.,,,{ balbalbalbal DCBA  A lower order truncated model is 
then obtained by eliminating the least controllable and/or least 
observable part of the transformed system. 

B. Square-Root Balanced Truncation 
Tombs and Postlethwaite [26] presented truncated 

balanced realization algorithm to compute the reduced order 
model of a stable state-space system that may be arbitrarily 
close to being unobservable and/or uncontrollable. Eq. (10a) 
can be solved for S, as a factor of P such that  

SSP T=       (11a) 

Similarly, R matrix may be obtained such that 
RRQ T=       (11b) 

Now, singular value decomposition of TSR is obtained as 
below  

TT VUSR Σ=      (12) 

where Σ  is the diagonal matrix of the Hankel singular values 
of the system obtained in Eq. (8) which have been arranged in 
order of decreasing magnitude diagonally. Then the square-root 
balanced realized model is given by 
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reduced model by square-root balanced truncation is obtained 
by truncating the weak subsystem from the balanced realized 
model obtained in Eq. (13) as 
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C. Square-root Singular Perturbation Approximation 
The balanced realized model obtained in Eq. (13) may be 

represented as 
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If the subsystem )(2 sG is stable and fast (i.e. it’s states 
have very fast transient dynamics and decay rapidly to certain 
steady state values) in the neighborhood of a given frequency 

0σ=s  then by ignoring the dynamics of the fast subsystem, 
the system with transfer function )(_ sG balsr  can be written as 
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The required reduced order model by proposed algorithm is 
obtained by putting ,00 =σ  
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Remark 2: At ,0 ∞=σ the balanced singular perturbation 
approximation technique corresponds to balanced truncation 
technique as ,)( 110 AAbspa →σ  1010 )(,)( CCBB bspabspa →→ σσ  
and .)( 0 DDbspa →σ  

 
 

 
Fig. 2. Two area, Four machine Test system 
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IV. SIMULATION RESULTS  
In this section, a four machine system is considered as an 

example problem in which study area and external area are 
divided by bus 8, shown in Fig. 2. Table I includes the 
operating points of the system under consideration and system 
parameter may be referred from [28]. The state space model for 
external area is obtained as 
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TABLE I.  OPERATING POINTS OF TEST SYSTEM AT BASE 900 MW [18] 

Unit 0δ  0'qE  0'dE  0qV  0dV  0qI  0dI  0mP  
G1 1.1062 0.94781 0.47927 0.7492 0.7069 0.4167 0.6586 0.77778 

G2 0.9231 0.95439 0.46357 0.7436 0.6835 0.4031 0.6994 0.77778 

G3 0.6576 0.93787 0.48931 0.7349 0.7216 0.4255 0.673 0.79832 

G4 709 0.93255 0.47527 0.7272 0.7009 0.4132 0.6809 0.77778 
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Fig. 3. Bar Chart of Hankel Singular values for external area model 
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The Hankel singular values (HSVs) for the above model are 
obtained as 

[ 0.12370.44331.58661.68066.23036.587014.7441=HSV  
         ]0.00020.00220.00390.00830.01160.03810.0769  

Further, the bar chart of HSVs is plotted in Fig. 2 from 
which it is clear that only first few HSVs are significant and 
these should be preserved in the reduced order model. For the 
purpose of comparison with [18], the above model is reduced 
to 3rd order. The transformation matrices are obtained as 
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Finally, the 3rd order model by Square-root balanced truncation 
algorithm as discussed in section III, is obtained as 
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and the 3rd order reduced model by square-root balanced 
singular perturbation approximation algorithm is given by 
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 Step responses for original and reduced order models by 
square-root balanced truncation (SR-BT) and square-root 
balanced singular perturbation approximation (SR-BSPA) are 
plotted in Fig. 3 from which it is clear that both the developed 
algorithms preserve the characteristics of original system. 
Frequency domain computations for the reduced order models 
are listed in Table II. It is observed that relative error bound for 
the SR-BT and SR-BSPA is less than the Hung et al’s approach 
[18]. 

V. CONCLUSIONS  
In this paper order reduction algorithm based on square-

root balanced truncation and square-root balanced singular 
perturbation approximation are discussed. For the verification 
of the algorithms, a four machine power system network is 
considered with the division in study area and external area at 
8th bus by maintaining the interaction relations between study 
area and external area.  The external area of this model is 
reduced to 3rd order and simulation results indicate that reduced 
order model can approximate the original system in well 
manner. 
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Fig. 4. Step responses for original external area model and reduced order models 

TABLE II.  FREQUNECY DOMAIN COMPUTATIONS 

S.N. Frequency domain computations 
 29.2331)( =

∞
zG   

Algorithm Values 

1.  
H∞ norm 

1. SR-BT 
2. SR-BSPA 
3.Reduced Model [18] 

29.2654 
29.2331 
29.3313 

2.  Actual  H∞  norm error bound in modeling 
 

∞
−= )()( zGzGr

 

 

1. SR-BT 
2. SR-BSPA 
3.Reduced Model [18] 

3.3220 
3.2630 
3.2472 

3.  Actual relative error bound  

∞

=
)(zG

normerrorActual  
1. SR-BT 
2. SR-BSPA 
3.Reduced Model [18] 

0.1136 
0.1116 
0.1111 
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