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Introduction

The Subject

This thesis is about Schubert Calculus on Grassmann Algebras (SCGA). Its main
goal consists in proposing a (new) aziomatic approach able to describe, within a
unified framework, different kind of intersection theories living on grassmannians,
such as the classical, the (small) quantum and the equivariant one. The latter
offers, according to the author’s opinion, the best application of the “SCGA phi-
losophy” among those discussed in this thesis and listed in the second part of the

present introduction.

Grassmann Varieties. The complex Grassmann scheme (or grassmannian va-
riety, or grassmannian tout court) Gp(P™) (see Chapter [I) is a complete smooth
projective scheme parametrizing k-dimensional linear subspaces of P": it can be
also thought as the parameter space G(1 + k,C'™) of all (1 + k)-dimensional
vector subspaces of C!*™. The most popular example is, perhaps, that of the
grassmannian G1(P?) of all the lines of the complex projective 3-space, which can
be realized as a smooth quadric hypersurface in the 5-dimensional projective space

(the Klein’s quadric).

Why Grassmann Algebras? To each module M on a commutative ring A, one
can attach its tensor algebra (T (M), ®). The Grassmann algebra /\ M is a suitable
quotient of T'(M). It is more commonly known as exterior algebra but, in spite of

daily habits, we prefer the former terminology to emphasize the fact that there is



a Schubert Calculus (the subject of this thesis) living on two “Grassmann things”:
a variety and an algebra. The whole point, which does not seem to have attracted
any previous special attention in the literature, is that Grassmann algebras carry
natural structures able to cope with the intersection theory of grassmannians,
whose knowledge (amounting to know their Schubert calculus), allows, for example,

to solve a relevant class of enumerative problems in projective spaces like:
How many lines intersect 4 others in general position in P ?

which is perhaps the most famous among them.

Intersection theory on Grassmannians. The intersection theory of a Grass-
mann variety tells us, roughly speaking, how general subvarieties of G(P") do
intersect. Let us recall a basic and well known situation, that of the grassmannian
G(1,C?), a fancy way to refer to the projective plane P?, whose intersection the-
ory is governed by Bézout’s theorem: two general plane curves of degree d and d’

intersect

A cubic and a conic curve in the plane intersect at 6 points by Bézout’s theorem

at dd' points (counting multiplicities if the curves do not intersect transversally).
The way one phrases this fact is that the Chow intersection ring A*(P?) (which
can be identified with the integral cohomology H*(P?,7Z)) is isomorphic to the ring
Z[0)/ (%), where ¢ is the class of a line. The relation ¢> = 0, holding in such a
ring, does not mean that three lines in the plane cannot intersect along a common
subvariety, but that the general ones do not!

The intersection (or cohomology) ring of a general grassmannian Gy(P") is

slightly more complicated: if 1 < k < n — k, one needs at least 1 + k elements



to generate the ring as a Z-algebra and the relations can be expressed in terms of
symmetric functions in the Chern roots of either the universal quotient bundle or

the tautological bundle living on it.

SCGA. A SCGA (Section 2.2) is a pair (A M, D;) where M is a module over
an integral Z-algebra A and D, := Y .., Dit' : AM — A M|[t]] is an alge-
bra homomorphism whose coefficients D; € End(/\ M) are pairwise commuting,

Di(\"* M) € A'*F M and Dy is an automorphism of A M. The equation
Di(anpB)=DaADp, — Va,8e \M, (%)

holding by definition, is said to be the fundamental equation of Schubert calculus
D; on \ M. Notice that equality (x) implies that the h'" coefficient Dj, of D,
enjoys the h'"-Leibniz’s rule with respect to the A-product:

h
Dp(aAB) =) DiaADyif, Vo€ \ M
=0

In particular Dy is an algebra homomorphism (Dy(a A 3) = Doa A Dyf3) and D,
is a usual derivation (Dy(a A 3) = Dy A+ a A Dy3). The properties enjoyed by
the endomorphisms D), are also properties of any SCGA. For instance, Newton’s

binomial formula for the p™* iterated of Dx:
n D -
Di(anp) =) (h)D?a NDYB,
h=0

is itself a formula of (any) SCGA.

SCGP. Recall that A M is a graded algebra, being the direct sum of all the
exterior powers of /\1+k M of M:

k+1

AM=AeP N\ M, (/O\M::A, /I\M::M).

k>0

The pair (/\Hk M, Dik)), where ng) = Dt|A1+k o will be said to be the Schubert
Calculus on the k'™ Grassmann Power (Definition 2.4.2) associated to the SCGA

3



(A M, D,) or, briefly, a k-SCGP. The pair (M, D§°)) will be said to be the root of
(A M, D,) and it is the (14 k)™-root of (A'*" M, Dt(k)), for each £ > 0. To keep
track of the root of an SCGA we will also use the notation A (M, D§°)). Given
any pair (M,D; : M — M][t]]), such that the coefficients of D, are pairwise
commuting, it is easy to see that there is a unique SCGA having (M, D;) as a
root. An SCGA is said to be simple if D§°) = (DEO))i; it is said to be regular if
there exists my € M such that the set {D;mq| i > 0} generates M as A-module.
A simple SCGA will be also written A(M, D§°)) or, since Dgo)m = Dym for all
m € M, also simply as A(M, D;), abusing notation.

In [26] (see also [27] for more examples) a suitable SCGA on a free Z-module of
rank 1-+n is constructed in such a way that the corresponding k-SCGP describes,
in a sense that will be explained in this thesis, Schubert Calculus on the Grassmann
Variety Gi(P") (k-SCGV). Then, while a k-SCGA is taking account of a fixed k-
SCGV, the SCGA deals with the intersection theory of Gy (P"), for all 0 < k <n
at once! In particular, one learns that the intersection theory of Gy (P") is induced
by that of P™ by suitably extending the Chow ring A*(P") to a ring of operators
on the Chow group A,(Gk(P")) of Gi(P™) — see the example below.

An example. Let M be a free Z-module spanned by € := (€%, ¢!, €2, €3). Let

Dy : M — M be the endomorphism defined by:
Dlei _ (1 o 5i3)6i+175i3’

where ;3 is the Kronecker’s delta. The matrix of D; with respect to the basis €
is a nilpotent Jordan block of maximal rank. Extend D; to an endomorphism of
A? M by setting:
Di("Ne') = Die" AN + € A Dyé.
Then one easily gets:
DHE N =2-ENé,

and Theorem 2.9 of [26] implies that D; may be seen as the hyperplane class of
the Pliicker embedding of G(IP?), represented by the variety of all the lines of P3

4



intersecting another fixed line while the coefficient 2 multiplying €2 A e® (“the class
of a point” in A,(G1(P?)) is precisely the number of lines intersecting 4 others in

general position in P2,

Applications to (Equivariant) Cohomology of Grassmanni-

ans

The most important achievement of this thesis, according to the author’s opinion,
is the axiomatic characterization of a SCGA. It comes together with two compu-
tational tools, Leibniz’s rule and integration by parts, which are the very abstract
counterparts of the classical Pieri’s and Giambelli’s formulas holding in the in-
tersection ring of the complex grassmannian Gy (P™). In other words, if some kind
of intersection theory on a Grassmann variety (or bundle) fits into any SCGA,
we automatically know what Giambelli’s and Pieri’s type formulas may expect to
compute, at least in principle, the structural constants of the involved intersection
algebra. When applying this general philosophy to equivariant cohomology, we so
get answers to questions raised in [43] about the construction of equivariant Pieri’s

formulas.

Regular Simple SCGAs. Our main applications come from a closer study
of regular simple SCGA defined over a free module (of at most countable rank)
over an integral Z-algebra A of characteristic zero. In other words we shall deal
with k-SCGP of the form A'™*(M, D;). For each k > 0, A" M is obviously a
module over the ring A[T| := A[T},Ts,...] of the polynomials in infinitely many
indeterminates. In fact any such polynomial can be evaluated at D := (D, Do, .. .)
yielding an operator on A% M. A key point of the theory is that if A(M, D) is
regular, then for each k > 0 there exists an element generating A'™* M over A[T).

To any regular k-SCGA over a free module we then associate a ring

1+k

A*(\ (M, Dy))

b}



which isomorphic, as an A-module, to /\Hk M itself, and will be said to be the

Poincaré dual of the k-SCGP A'"**(M, Dy).

Intersection Theory of Grassmann Bundles. The most important applica-
tion of the SCGA idea, is the generalization of the main result of [26] to Schubert
Calculus on Grassmann bundles (as in [23]). Let p : E — X be a vector bun-
dle of rank 1 + n over a reasonably well behaved base variety X. Then we show
(Theorem 3.4.2)) that the intersection theory of Gi(P(E)), where Gi(P(E)) is the
Grassmann bundle associated to £, is described by /\Hk(M, Dy), where M can be
identified with the Chow group A.(P(F)) and D; with the first Chern class of the
tautological subbundle Op(gy(—1) *. “Describes” here means that A,(Gy(P(E)),
thought of as a module over A*(G4(P(E)), is isomorphic to A'™ M, thought of
as a module over A*(A\"™*(M, D;)). When X is a point we get the result proven
in [26], and although such a generalization may taste as the n* new way to see old
results?, it says that the intersection theory of G¢(P(FE)) (k > 0) can be achieved
by that of the projective bundle P(FE), by taking exterior powers of A.(P(E)),
in a suitable sense. This remark has a quite relevant consequence, implying the
strongest and most important application of the SCGA we have found up to now,

and described below.

Equivariant Cohomology of Grassmannians Acted on by a Torus. Sup-
pose that T is a (1 + p)-dimensional algebraic (i.e. T = (C*)'*?) or compact (i.e.
T = (SY)!*?) torus acting on P" via some diagonal action with only isolated fixed
points. For such a type of action the equivariant cohomology of the projective space
is well understood and we wonder how that of the grassmannian G (P"), under

the induced action, looks like. Using Theorem (3.4.2)) we can prove Theorem 4.1.10:

!The same general result has been achieved by Laksov and Thorup in [46], within the theory
of splitting algebras. Their proof of the determinantal formula in a polynomial ring was crucial

for understanding our situation.
2The structure of the Chow ring A*(G(P(E))) was already well known!



if A5(P") := A*(P"xpET)* is described by some 0-SCGP (M, Dy), then A% (Gr(P"))
1s described by /\Hk(M ,D1). We apply this theorem to study equivariant coho-
mology of grassmannians to the situation studied by Knutson and Tao in [39],
who gave a combinatorial description based on results by Goresky-Kottwitz and
MacPherson ([30]). Knutson-Tao’s approach is based on the theory of puzzles.
Ours, instead, is closer to classical Schubert calculus, based on Pieri’'s and Gi-
ambelli’s formulas, which, by construction, are already at our disposal. In princi-
ple Pieri’s type formulas can be deduced by the combinatorial description of the
equivariant cohomology of a full flag variety offered in [65]. However, with the
exceptions of a few, though relevant, cases (see [39], Proposition 2), this may be
quite tricky in general.

Our very explicit description, by constrast, does not invoque neither Robinson’s
framework nor puzzles. The strategy is very simple: first we find a 0-SCGP
which is equivalent to the equivariant cohomology of P”. This is done directly
by hand via the explicit construction of an isomorphism. Then we construct the
k-SCGP /\Hk(M, Dy) and applies Theorem 4.1.10 to guarantee that, indeed, we
have achieved equivariant cohomology.

There are several problems studied by several authors in the equivariant coho-
mology of grassmannians, such as the determination of a corresponding Littlewood-
Richardson rule for the structure constants of the cohomology ring, as well as their
non negativity. We have not (yet?) a definitive answer to those type of questions.
By the way we are able to construct some D;-canonical bases for the equivariant
cohomology: in such bases, Giambelli’s formula coincides with the classical Gi-
ambelli’s determinantal one. The same holds for Pieri’s formula, provided that the
codimension of the two multiplied cycles does not exceed the dimension of Gy (P™).
In this range, and for such a basis, the structure constants are the same as those
of the classical cohomology of grassmannians: hence Littlewood-Richardson rule
holds in this case. Since canonical bases always exist for any simple regular SCGA,

we may say, in a sense, that all the /\Hk(M, D7) look quite the same and all look

3Here ET — BT is the universal T-principal bundle, see Chapter 4.
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like classical Schubert calculus: this is true in particular for quantum Schubert
calculus according to [5] and, as said, for the equivariant one. This important
observation, however, as already remarked, does not prevent us to get general for-
mulas in arbitrary bases. The best example is without doubt our Theorem 4.4.1,
where Pieri’s formula for T-equivariant cohomology of grassmannians is com-
puted also for the cases not deduced in the paper [39]%, so realizing the hopes of

the paper [43], in spite our Giambelli’s formula being of a rather different nature.

Other Applications

The other applications of SCGA shown in the thesis have been divided into two
parts. The former is more historical and pedagogical in its character and regards
enumerative applications, classical and new. The second is a miscellanea of results
regarding the Grassmannian of lines, obtained especially because of the simpler

combinatorics involved in a 1-SCGP (only second exterior powers occur!)

Enumerative Applications. Recall that the intersection ring of the grassman-
nian Gy (P") is generated by some Schubert cycles classically denoted as
(01,...,0k4+1). The degree dy, of the product 0§1+k)(n_k) is precisely the Plicker
degree of Gi(P™). Such a number had already been computed by Schubert in [70],
using a combinatorial remark (see [23], p. 274) whose explanation is natural in
our framework (Sect. 5.1). We can find a new easier proof computing the degree
of any Schubert variety which has the advantage to generalize to other situations.

. . . : 2(d-3
For instance, we will produce a combinatorial formula for 02( )

, computing the
number of projectively non equivalent rational curves of degree d in P? having
2d — 6 flexes at specified positions® (see Section 5.2)). Although the formula does
not look very nice (many summations over many indices) one can easily plug it in

R, a program for statistical computing, getting a table of the values up to d = 10.

4Even if in principle are deducible by Robinson’s description; see [65].
5This problem has been suggested to us by Prof. K. Ranestad



Playing with Grassmannian of Lines. The intersection theory of a grass-
mannian of lines is described by a 1-SCGP (as in [26]), where computations are

very easy. Within this context

1. in Section[6.1lwe (re)prove using SCGA framework that in the Grassmannian

G1(P™), 0 or 1 are the only possible Littlewood-Richardson coefficients.

2. in Section 6.2 we deduce a formula computing the degree of all the intersection
products kap := ofob in A*(G1(P"™)) with a + 2b = 2n. Plugging this
formula in Matematica© or R, one easily gets a table for x,, varying a and
b;

3. in Section 6.4/ some relationships with combinatorics are explored. In fact it
is known (see e.g. [53]), that the Pliicker degree of G1(P""!) coincide with
the n' Catalan number C,, (the number of different ways a convex polygon
with n + 2 sides can be decomposed into triangles, by drawing straight lines

connecting vertices (see the figure below for Cj).

Catalan’s numbers occur also in several problems of lattice path enumeration.
Niederhausen ([54], see also [76]) computed the number of different paths
from the origin to the points of a city map, bounded by some traffic blocks
and by a beach (whence the title of the paper “Catalan Traffic at the Beach”).
Then he show that such numbers, for points on the beach line, are precisely
the Catalans. We show that this fact is more than accidental: in a region of
the city map bounded by the y-axis and the beach (Fig. below), the solutions
to Niederhausen’s problem are precisely the numbers Kam n—m of lines of P+
intersecting a general configuration (in PY*") of 2m subspaces of codimension

2 and n —m subspaces of codimension 3.



The easy proof relies on the differentiation formalism peculiar of a SCGA.

4. thinking of an exterior power of a module inside its exterior algebra, it is
natural to expect that the enumerative geometry of grassmannians Gy (P")
can be studied in terms of that of grassmannian Gy (P") with &' < k and
n’ < n. For instance we easily get formulas relating the degree of grass-
mannians Go(P") with degrees of grassmannians G1(P") (See Section [5.3).
It is reasonable to believe that there may exist some generating function
encoding all possible degrees of all possible grassmannians. To support this
belief, a generating function encoding the degrees of G1(P™) is computed. It
is expressed in terms of modified Bessel functions and as a byproduct we also

got, a new generating function for the Catalan’s numbers (See Section 6.3));

About the References

Schubert Calculus is related with many branches of mathematics, such as combi-
natorics, topology, analysis and representation theory. Since the pioneering papers
by Schubert [70], Pieri [58] and Giambelli ([32], [33]; see also [44]) a rich literature
has flourished on the subject. Besides the milestone papers such as [38] and [45],
in recent years Schubert Calculus has been extended to more general (e.g. com-
plete) flag varieties (see the beautiful lecture notes [25]) and to other types of
Grassmannians (e.g. [60] and [61]). As a matter of combinatorial aspects, such
as multiplication of Schubert classes ([63]) also related with small quantum co-

homology of flag varieties, there is a wide production of many important authors
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(e.g. [3], [5], [6], [13] and references therein; see also [57] and, of course [80]). For
combinatorial problems of recognizing Schubert cells there is the important [22]).

The bibliography at the end of this thesis is far from being complete. Moreover
not all the papers and/or books included in it have been explicitly quoted in
the text, but all have influenced and inspired, proportionally to my (not always)

complete understanding, the way I tried to expose the subject of this thesis.
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Chapter 1
Grassmann Varieties

In this chapter we review basics on grassmannian varieties and their intersection
theory, rephrasing some known facts borrowed from the standard references on
the subject like [23], [31], [50], to whom the reader who wants to get into more
details is really referred. The reader who want to read the subject in a historical

perspective should read [42]. An alternative exposition can be found in [27].

1.0.1 Notation. In this and subsequent chapters, we shall denote by Z* the

subset of N'** of all increasing multi-indices of size 1 + k:
TF = {(ig, i1, .. .,ix) € N'TF |0 <ip < iy < ... <ip}. (1.1)
One also denotes by Iﬁ the subset of Z% such that i,, < n:

TF = {(io, i1, ..., ix) ENTFO<ig<iy<...<ip<n}CIF  (12)

1.1 Generalities

1.1.1 Let V be a finite dimensional complex vector space. For each integer [ > 0,
the grassmannian variety G;(V') parametrizes [-dimensional vector subspaces of
V. If I =0, then G;(V) is just a point (the null vectorspace [0]) while it is empty

if [-exceeds the dimension of V. Let
U:={Ac Homc(C,V) | A"A#0}

13



be the Zariski open subset in Homc(C!, V) parametrizing linear map A : C! — V
of maximal rank. Any A € U determines [A] := Im(A) C Gy(V). Two linear maps
A, A" € U determine the same subspace if and only if there exists ¢ € Gl (C) such
that A’ = A o ¢. Hence, at least as a set, the grassmannian G[;(V') can be seen
as the orbit space U/GI[;(C). As a matter of fact, GI;(C) acts on U algebraically
and the quotient turns out to be a smooth projective variety or, in the analytic
category, a smooth compact connected holomorphic manifold. The smoothness
comes from the fact that GI(V') acts transitively on Gy(V). Any A € U shall be
identified with the I-tuple (v;) := (A(e;)), where (e;) is the canonical basis of C'.

The corresponding [-plane shall be denoted also as [v;]1<;<; — see below.

1.1.2 Definition. The projective space associated to V' is

In other words the space P(V) parametrizes the 1-dimensional subspaces of V.
In this thesis we are more interested in working with the projective grassmannian.

Let k£ > 0 be an integer.

1.1.3 Definition. The grassmannian variety of the projective k-planes of P(V)
18:
Gi(P(V)) := Grx(V).
Evidently Go(P(V)) = P(V), the set of points of P(V) itself.
From now on, one will assume that dim(V') = 1 + n and fix, once and for
all, a basis E := (eg,eq,...,6e,) . Let € := (¢2,€!,... €") be the dual basis (i.e.,

€l (e;) = 67). A (projective) k-plane in P(V) will be denoted as:
[A] = [VOa Vi, .. 7Vk]a
represented by the k + 1-frame® A = (vo,vy,...,vs). Let

{eig Neig Ao Ne |0 <ig <iyp <...<ip<n}

LA m-frame is an ordered set of m > 1 linearly independent vectors.
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and

{EONETN . ANER|0< g <iy <...<ip<n}
be the bases of A"V and A"V = (A"V)Y, induced by E and € respectively.
Then G (P(V)) is covered by the following affine charts ([31]):

Uiirin = 1V, Vi, -, Vi) | €A €T AL AER(VoAVIA. .. AVE) #0 < n}. (1.3)

Indeed there is a bijection between U; — C=R0U+k) ([ ¢ Tk Since U; is a

dense open set, then dim Gi(P(V)) = (n — k)(1 + k).

1.1.4 An element of A"V is said to be decomposable if it is of the form
vo A Vi A ... A vy, for some v; € V. The grassmannian Gi(P(V')) can be then
identified with the subvariety in P(A'™ V) of all non-zero decomposable elements.

The ma
Yo s GEv)  — BATY)

[Vo,V1,...,Vi] = VoAVIA...AVg
is said to be the Pliicker map.
1.1.5 Proposition. The Plicker map Plg 1s an embedding.

Proof. It is not hard to see that the Pliicker map is injective. The key point is to
show that its tangent map is injective, too.

Let B, := {z € C | |z| < €}, be a disc in the complex plane, [A] € G(P(V))
and v : B. — Gi(P(V)) is a holomorphic curve such that «(0) := [A]. Then, any
tangent vector to [A] € Gi(P(V)) is of the form (dvy/dz),—o. Therefore,

d d . ,
Tin Ple (1 ) - (d—(em AT AL AER(2))
z=0 z

dz

Z:O) (10,1 5e-yig ) ETE
is the tangent of the Pliicker map at [A]. To prove the injectivity is then sufficient

to show that
dy
— 0= TinPle | — 0.
i\, # i Ple (dz ZZO”Y(Z)> 4

Since this is a local property, it suffices to check it on an affine open set of the

d

Grassmannian of the form U; (I € ZF) containing [A] . Up to a linear transforma-
tion permuting the elements of the basis E,,, one may assume that [ = (01...k).

Any k-plane in U; can be represented by a maximal rank matrix of the form:
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Tk 1yx (k1)

x1,0 e L1k

Tn—k,0 s Tn—kk

where a tangent vector can be written in the form (dw;;/dz)|.—¢. For each pair

(,7), such that 0 <i <k and k+ 1 < j <mn, one has
(ENEA A A NENFTNN) = (=) g

so that the tangent map can be written as

o da d . .
((_1)’”“1 4%ij LN A LA ER(y(2))

)
0 dz

Y

dz

Z=0> (’io,il,...,ik)GB
where B is the set of all elements of Z% such that $(B N {0,1...,k}) < k — 2.
Then, the null tangent vector is the unique pre-image of null vector through the

tangent of Plg, i.e. this is injective and the Pliicker map is an embedding. .
1.1.6 Another way to phrase the Pliicker map is as follows,
[Vo, Vi, .oy Vi = (€OANETA L AER (Vo AVIA L AVE)),

where one sets:

€o(vg) €°o(vy) ... €°(vy)

. , , €1(vy) €r(vy) ... €r(vy
EONETN L NEF(VOAVIA L AVE) = (vo) (vo) (Vi)
€*(vo) €*(vy) ... €*(vy)

1.1.7 Example. Let V := C @ C3. The Pliicker map sends

ap by

A= € C% = PIU(A) := (" N (A))o<icj<s =
as b2 - a
as bs
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= (NN EPNEN) :ONEN) e AEN) e AEN) ENE(N) =

:< ):

= (a0b1 — a1b0 : agbz — agbo : a0b3 - agb() : a1b2 — agbl : a1b3 - a3b1 : agbg — agbg) S P5.

ag b() a b() aq bo al bl ai bl a9 bz

) 9 I ) 9

ar bi| |az ba| |az b3| |az b2| |az b3| |az b3

Since, as it is apparent, the image of A depends only on its class modulo Gly(C*),

one has really got a map from G;(P?) to P°. Notice that
(AN (ENAENA) = (AN (e AE)A)+ (2 AE)A) (e Ae?)(A) =0,

for each [A] € Gy (IP?), which is the equation of the Klein quadric in P5 2 P(A\*(C*)).

The conclusion is that the elements {€ A€t € /\2 V'} can be indeed thought of
as Pliicker coordinates of P(A* V). More in general, {¢® A et A ... Ae € N'TF V)
can be indeed thought of as Pliicker coordinates of (A" V).

1.2 Intersection Theory on G.(P(V))

This section aims to quickly review some intersection theory on Grassmann vari-

eties to allow the suitable comparisons with the k-SCGPs studied later on.

1.2.1 Let Ay(X) be the group of d-dimensional cycles classes modulo rational

equivalence of a smooth projective complex variety. Let:
AM(X) = An_r(X),

be the Chow group of cycles of X of codimension k. There is an obvious Z-module
isomorphism between A*(X) := @A (X) and A,(X) (the Chow group). If X is

smooth (as in our hypothesis), one can put on A*(X) = A.(X) an intersection

product

Y

{. L OAX) x A(X) — ATI(X)
(aaﬂ) I Oé-ﬁ

making it into a ring.

1.2.2 Geometrical interpretation of the intersection product.
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Let Vi and V5 be two subvarieties of X. Recall that each irreducible component
W of Vi N V4 satisfies codim(W) < codim(Vy) + codim (V). We say that V; and
Vy intersect properly in X, if

codim(W') = codim(Vy) + codim(V3), for each W.

Thus, we have in A*(X):

V] - [Va] = D mw [V, (1.4)

where the sum is over all irreducible components of the scheme theoretical inter-
section V) N V5, and myy is the intersection multiplicity of V; and V5 along W.
Moreover they intersect transversally along W, if and only if there exists a point
w € W such that w is a non singular point of V; and V5, and the tangent space at
X satisfy

T Vi + T,V =T,X.

The point w € W is then non singular, and T,,W = T,,V; NT, V5. If V} and V5
intersect transversally along W, the definition of intersection multiplicity is in such
a way that my, = 1. For this reason the product above is said to be intersection

product.

1.2.3 Intersection product on homogeneous varieties.

Let X is a G-homogeneous variety and [Y;] and [Ys] are any two cycles of X.
Kleiman’s transversality Theorem (see [41]) ensures that there exists a dense
Zariski open set U C G such that for each ¢ € U, Y} and L,(Y>2) meet prop-
erly, where L, : X — X denotes the left translation. In this case, according
to (L.4), [Y1]-[gYa] = [Y1 N Ly(Y2)]. Moreover, in the case of the group G = G1,,(C),

which is that acting on grassmannians, the map (L) is proper and
(Lg)s : Au(X) — A(X)

is the identity (Cf. [23], p. 207). In particular, the self intersection [Y]? is repre-

sented by the intersection of Y with a general translate of it.
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1.2.4 Remark. The cap product:

9

{m: A(X) x A(X) —  AJ(X)
(e, [V]) — an[V]

gives the Chow Group a module structure over A*(X). The map o — a N [X]

induces an isomorphism (Poincaré duality)
A(X)©,Q= A, ;(X) 02 Q.

1.2.5 To do intersection theory on grassmannians, one first notice that the basis

E of V induces a filtration E°:
E*: E°=VOE'D>...DE">]0],

where E' := [e;,€i41,...,6,]. If [A] is any (1 + k)-plane, one obviously gets the

chain of inclusions:
[A]D[A]NE'D ... D[A]NE™ D |0]
inducing the chain of inequalities

1+ k= dim([A]) > dim([A]N E*) > ... > dim([A] N E™) > 0. (1.5)

Let
e’ (vo)  €(vy) e’ (vy)
el el(vo) €(vy) el (vy)
([Vo, Vi, ..., Vi]) := -
€" €"(vo) €'(v1) ... €"(vy)
be the matrix whose entries are the components of the (1+k)-frame [vg, vy, ..., vg]

in the E-basis and denote by p;(E, A) the rank of the submatrix formed by the
first i rows (0 <i < k).

1.2.6 Proposition. The following equality holds:
dim(E* N [A]) := 1+ k — p;(E, A).
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Proof. In fact, the vectors v € [A] belonging to E? must satisfy the linear system
of equations:

{¢(v)=0, 0<j<i

The dimension of the space of solutions is precisely 1 + k£ minus the rank of the

system, which is exactly p;(E,A). .
Because of the obvious inequalities:
pi(E,A) < piva(E,A) < pi(E,A) +1
(adding a row to a matrix, the rank increases at most of 1), one deduces that
dim(E™ N [A]) < dim(E'N[A]) < dim(E"PN[A]) +1,

i.e., any possible dimension “jump” is not bigger than 1. The upshot is that in

the sequence:
k= dim([A] N E°) > dim([A] N EY) > ... > dim([A] N E"*!) = 0,

there are exactly 1+ k dimension jumps. Clearly, if [A] is in general position with
respect to the flag E*, the jump sequenceis 1,2,...,k+ 1. Such a jump sequence
shall be also called the E*-Schubert index associated to the (1 + k)-plane [A]. It is

convenient to denote it as follows:
Schps([A]) = (io + 1,01 + 1,. .. i + 1),

where 0 <79 < i1 < ... <1, <n.

1.2.7 Definition. The E*-Schubert variety associated to the Schubert index (io+
Lis+ 1, i, + 1)} is:

Qigir. i (B = {[A] | dim([A]NE%) >k —j
The Schubert variety €2;.;, i, (E*®) is the closure of

Qigir.p (E7) = {[A] | dim([A]nEY) =k —j }.
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1.2.8 Proposition. The set fzioil,_,ik (E*®) is an affine cell of codimension (ig —

0)+ (i1 — 1)+ ...+ (ir — k).

Proof. The proof is easy and standard. It is basically omitted for typographical
reasons: it consists in finding suitable representatives of the k-planes lying in the

set Qigiy.i- See e.g. [31] and [42]. .

To any (projective) k-plane one can obviously attach one and only one Schubert
index and therefore the Schubert cells form a partition of the grassmannian. A
well known result of algebraic topology guarantees that the homology classes of
their closures (the Schubert varieties themselves) generate the homology (or the
Chow group). Furthermore, Chow’s basis theorem says ([23], p.268) that Q;;, i, =
[Qoiy i (E®)] form a Z-basis of A.(Gr(P(V)). The notation reflects the fact that
the Schubert class €;,;, i,
A*(G(P(V)) its Poincaré dual, i.e.

does not depend on the chosen flag. Denote by 0;y;,.., €

Tigiy.i, V [GR(P(V)] = Qigiy iy

where [G(P(V'))] denotes the fundamental class of Gi(P(V')).

1.2.9 Remark. In the current literature it is customary to index a Schubert
variety using partitions: if I = (ig,4y,...,ix) € ZF¥, one writes £, instead of Q;
(as it is done, e.g., in [55]), where A = A\(I) := (ix — k, ..., 11 — 1,99 — 0). Similarly
one writes o instead of 0;,;, ;.. The o) are said to be Schubert cycles and they

freely generate A*(G(P(V)) as a module over the integers.

1.2.10 The general (projective)k-plane has Schubert index (1,2,...,k+ 1). In
fact, a projective k-plane is general with respect to the flag E*® if its intersection
with E'** (the subspace of codimension 1+ k) is the null vector®. Indeed, the E*-
general k-plane lives in the complement of a Zariski closed set. Let us see that. If

[A] is not general, then dim([A]N E***) > 0. Hence there exists 0 # v € [A]NE1TF,

2the general homogeneous linear system of 1+ & equations in 1+ & unknowns, has no solution

but the trivial one
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i.e. there exists u € C'**\ {0}, such that A - u satisfies the linear system:
€(A)-u=0, 0<i<k.

This is possible if det(e(A)) = 0, i.eif PAe! A ... A€*(A) = 0. IfA = (vo,vy,..., Vi),

the condition can be recast as:

(o) €*(v1) (Vi)
IO LR
e (vo) €F(vi) ... € (vp)

1.2.11 Definition. (See [27]) The expression * A et A ... A €*([A]) is said to be
the E*-Schubert Wronskian at [A].

Hence the (projective) k-planes in E*-special position live in the zero-scheme
ZEO N A NER) of @ Al AL AER Tt is worth to remark that the latter
depends only on the flag E* and not on the adapted basis to the flag itself. For,
were (¢°, ¢!, ..., ¢") another basis such that E* = [¢T! ... ¢"], then the trans-

formation matrix 7' from (¢’) to the (¢/) would be triangular, so that
PNANGNPN NG =det(T)- ANt AL AER
Let
0— Tip — Gp(P(V)) XV — Q11 — 0, (1.6)

be the tautological exact sequence: Ty.y is the universal tautological subbundle of
the trivial bundle G, (P(V)) x V and Qi is the universal quotient bundle. Since
(", €',...,€") are sections of T, it follows that € A €' A ... A€" is a section of
the line bundle A*77¥, and thus that the class of the E*-special k-planes in the
Chow group A.(Gg(P(V)) is precisely:

(Z(ENe' A AN = el (AT N [GR(P(V)).

One easily sees that this class does not depend on the flag chosen: any two

Schubert-wronskians are sections of the same line bundle. Set o = ¢; (A" T,
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the first special Schubert cycle. Because of the exact sequence (1.6) and the fact
that ¢;(7141)ct(Qi4x) = 1 (¢p is the Chern polynomial, see e.g. [23]), it also follows
that:

k k
o1 =a(\ T = —a(\Tiw) = —a(Tik) = c1(Qiin).

1.2.12 Suppose F* is another flag of V. Because of the transitive action of GI(V)
on G (P(V)), there exists an automorphism g of V' sending the flag F'* onto the flag
E* and, consequently, the Schubert variety Q;(F*) isomorphically onto Q;(E*).
Since GI(V) is rational (and connected), their classes modulo rational equivalence

in A.(Gr(P(V))) are equal (Cf. Section [1.2.3). Then one lets:
0 = [QU(E%)] € A(Ge(P(V))),

for some complete flag E* of V. One may also denote the same Schubert cycle as
Q,, where A = A(J) (Cf. Remark. 1.2.9). Clearly Qo1 = Q..0) = [Gr(P(V))],
the fundamental class of G(IP(V')). The class of ;(E*®) corresponds to a class in
A*(G(P(V))) classically denoted by o, related to it via the equality:

o N [Gr(P(V))] = Q,
expressing Poincaré duality for grassmannians. The equality
ox Ny, =0y N (0, N[GB(V))]) = (o4 0,) N [GL(P(V))].
expresses instead the fact that A.(Gr(V)) is a module over A*(Gr(V')). One also

has:

1.2.13 Proposition (Chow basis theorem). The classes Q) := oy N[Gr(V)],

of Schubert varieties modulo rational equivalence, freely generate the Chow group

A (Gr(P(V))).

Proof [23], p. 268 or [31]. .
The following example serves as illustration of how Schubert Calculus should

work.
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1.2.14 Example. Let us look for the class in A.(Go(P%)) of all the planes in-
tersecting a 3-dimensional projective linear subspace H C P along a line passing
through a point P € H and incident to five 2-codimensional projective linear
subspaces (IIy,...,II5) in general position in P°. The first step to solve such an
example is to identify the involved Schubert varieties. To do this is convenient to
see this problem in the affine grassmannian A, (G(3,C")).

Let E* be the complete flag:

C°=E'>FE'DE*>E'DE'DE° D E=(0)

If [A] € G(3,C°) intersect a 4-dimensional subspace H of C° along a 2-plane
containing a given 1-plane, one has that E° C [A]NE?, and that dim([A]NE?) > 2
thus, dim(E?* N [A]) > 2 and dim(E® N [A]) = 1. The most general such plane is
when the equality holds, which corresponds indeed to the k-planes having 1, 3,5 as
a Schubert index. If a 3-plane [A], instead, meet E?® along a positive dimensional
vector subspace, then it belongs to the Schubert cycle Q154(E*), since for the most
general such 3-plane one has dim([A]N E*) = 0. By Kleiman’s theorem, one knows
that it is possible to choose sufficiently general flags Fj, FY ..., F? such that the

intersection:
X = leg(FO.) Nn...N 9013<F4.) N 9024(]"_’5)

is proper, i.e. such that the codimension of the intersection scheme coincides
with the sum of the codimensions of those one is intersecting. The class of X in
A.(G(3,C?)) is then:

[X] = o7 - 031 N [A(G(3,C?))]

and the problem now amounts to compute explicitly the product a3, € A,(Go(P?)).

1.2.15 Via the Poincaré isomorphism:

A (Gr(PV)) — AL(Gr(PV)),
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sending o) — o,N[G,(PV)], and by Proposition/1.2.13, it follows that A*(Gx(PV))
is generated as a Z-module by the Schubert cycles o,. It turns out that o; =
¢i(Q11x) (see [23], p. 271). Doing intersection theory on the grassmannian amounts
to knowing how to multiply any two Schubert classes o) and o, i.e. to know
oy - o, in A*(Gi(PV)) or, equivalently, oy N 2, € A.(Gr(P(V))). Using the
combinatorial language of Young diagrams (see [23]), one may also say that the
Chow ring A*(Gx(P(V))) is freely generated, as a module over the integers, by the
Schubert (co)cycles:

{o) | A is a partition contained in a (k + 1)(n — k) rectangle},

where o) N [GL(P(V))] is the class of a Schubert variety §2,(E*) associated to any
flag £ of V. Schubert Calculus allows to write the product o - 0, as an explicit
linear combination of elements of the given basis of A*(G,(PV)). It consists,

indeed, in an explicit algorithm to determine the structure constants {C’il} defined

by:

|4
o) Oy = E C\uOv
l|=I A1+l

The coefficients Ci can be determined combinatorially via  the
Littlewood-Richardson rule ([49], p. 68).

The other recipe consists in determining any product via reduction to known
cases. To this purpose, one first establishes a rule to multiply any Schubert cycle
with a special one. A special Schubert cycle is a cycle indexed by a partition of

length 1. Such a product is ruled by

1.2.16 Theorem (Pieri’s Formula). The following multiplication rule holds:

O'h-O'A:ZO'& (1.7)
©

2 Pieri’s formula can be also phrased by saying that sum (1.7) is over all the partitions Iz
whose Young diagram Y (p) is gotten by adding h boxes to Y'(}), in all possible ways, not two

on the same column. For instance, in Go(P"~ 1), with n > 9, one has:

092 - 0331 = 0531 + 0432 + 0333.
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the sum over all partitions such that |u| = |[A| + h and

where n = dim(V).
Proof. (see e.g. [31], p. 203). .

It is not difficult to prove that Pieri’s formula determines, indeed, the ring
structure of A*(G). In particular, one can see that A*(G) is generated, as a ring,
by the first k special Schubert cycles o1, ..., 0. This is a consequence of another
explicit consequence of Pieri’s formula, i.e. the determinantal Giambelli’s formula,
expressing the Schubert cycle o as a polynomial in the special ones:

1.2.17 Proposition (Giambelli’s Formula). The Schubert cycle associated

to a partition A = (ry,...,r1) is a (determinantal) polynomial expression in the

special Schubert cycle o;’s:

Ory Ory+1 cer Opptk—1
Or;—1 Or, cee Opptk—2
o)\ = AA(O.) = . . . = det(arﬁj_i).
Ori—k+1 Org—k+2 .- o-’l“k

Proof. It will be given in Section [3.3.5, within the formalism of S-derivations as

a consequence of a suitable “integration by parts”. .

Therefore, the computation of an arbitrary product oy - o, is reduced to a
sequence of applications of Giambelli’s and Pieri’s formula: one first writes oy
as a polynomial in the o;’s, and then applies Pieri’s formula as many times as
necessary and then again Giambelli’s and so on. Computations become intricate
in big grassmannians and for lengthy partitions, but products are computable in

principle.

The “graphical Pieri’s formula”, in terms of Young diagrams is depicted below:

#] ] #]

(1] o = + +
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1.2.18 Remarks. Giambelli’s formula is a formal consequence of Pieri’s formula,
in spite trying to prove it may be rather tricky. See e.g. [31], p. 204-206, based on a
case by case combinatorial analysis. In [50], p. 13, the Author proves Giambelli’s
formula in the realm of symmetric functions, as a consequence of the so-called
Jacobi-Trudy formula (see [49], pp. 23 ff. and also [23], p. 422). In a subsequent
chapter we will report Giambelli’s formula on Grassmann algebras as in [27], which
it is based on the definition of determinant of a square matrix.

However, that proposed by Laksov and Thorup, in a recent preprint ([46]),

besides its elegance, seems to be the shortest and the most general.

1.2.19 Example (see [27]). Let V := C[X]/(X'*™) be the C-vector space of
polynomials of degree at most n. It is a n + 1-dimensional C-vector space spanned
by the classes of 1, X, X?,..., X™ € C[X] modulo (X'*"). Let 29 € C and consider
the flag:

VOV(=2)DV(-22%)D...0V(—=(n+1)z) =0

where '
(X — 20)" + (X1H7)
X1l+n ’

is the vector subspace of polynomials of degree less than or equal to n contained

V(—izy) ==

in the i power of the maximal ideal (X — 2y) of C[X].

Let [A] be a subspace of dimension 1+ of V" and let (po(X), p1(X), ..., pe(X))
be a basis of it. Then [A] is “special” with respect to the given flag, if there exists
0 # p(X) € [A] vanishing at 2o with multiplicity at least 1 + k. Write:

p(X) = apo(X) + a'p1 (X) + a®pa(X) + ... + a"pr(X).

Then p@(z) = 0 for all 0 < i < k, where p¥(X) is the i’ derivative of the
polynomial p(X). Hence [A] is “special” if the following determinant:

po(ZO) pl(Zo) ce pk(zo)
W(po,pl,-..,pk)(zo) — Po(:Zo) P1.('Z‘0) pk<ZO) —o.
p () 2 (z0) .. P (z0)

This is a true wronskian and hence motivates the terminology of Definition 1.2.11.
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Chapter 2

Schubert Calculus on a

Grassmann Algebra

The aim of this Chapter is to develop an easy flexible algebraic formalism which the
paper [26] suggests to name Schubert Calculus on Grassmann Algebras (SCGA), by
contrast with Schubert Calculus on Grassmann Varieties (SCGV) (see also [28]).
The latter however motivated this work. To get into the matter of the subject,

one should first begin with some review on exterior algebras.

2.1 Exterior Algebras.

2.1.1 Tensor Algebra of a module. Let A be a commutative ring with unit
and let M and N be any two A-modules. A tensor product of M and N over A
is a pair (7,v) where T is an A-module and ¢ is a bilinear map M x N — T
such that any bilinear map ¢ : M x N — P factors through v via a unique
module homomorphism 7' — P (see [2], p. 24). The tensor product is unique up
to a canonical isomorphism and it will be denoted by M ® 4 N. Accordingly, the

universal bilinear map will be denoted as ¢(m,n) := m ® n.

One may form the tensor algebra (T'(M),®) of any A-module M. It is the
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direct sum:

T(M) = M=

p=>0

where

M®:=A, M® :=M, M*:=M""'g,M.
The tensor product ® is defined as follows: if m € M® and n € M®/, then
m®@n € M®* is the universal image of (m,n) into M®* = M"®, M’. Such
a product is then extended to all pairs of elements of T'(M) via A-bilinearity. As
a classical example of tensor algebra one may recall the ring of polynomials A[X]
in one indeterminate X: it is the tensor algebra associated to A thought of as an

A-module over itself.

2.1.2 Exterior (or Grassmann) Algebra. The exterior algebra \ M of an
A-module M is the quotient of the tensor algebra T'(M) modulo the bilateral ideal
Iy:={m®m|me M}. Let a: T(M) — A M be the canonical epimorphism
and set:

mAn:=alm®n)=m®en+ I,.

Clearly m Am = 0, Vm € A M and m An = —n A m as a consequence of the
fact that (m 4+ n) A (m+n) = 0 and then m® n +n ® m € I4. The image of
the submodule M®* through a is denoted by /\Z M. Hence one can decompose the
module A M into the direct sum
A= @AM
i>0
where A° M := A and A' M := M. The submodule A\’ M C A M is said to be the
it"-exterior power of M. For each i > 2 (the cases i = 0 and ¢ = 1 being trivial),
/\i M enjoys a universal property, too. Recall that a multilinear map
o Mx...xM
i times
is said to be alternating if and only if
S(@r), - te@y) = (D)(1, . 2)
{ oz, x,x3,...,2;) = 0, Ve e M
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where 7 is a permutation on the set {1,2,...,i}. There is a universal alternating
map:

Mx...xM— [\ M

————

i times
such that, for each alternating map a : M x ... x M — P, there exists a unique
—_——
i times

t: \'M — P such that a(mq,...,m;) = ¢(mi A ... Am).
2.1.3 Exterior algebra of a free module. The exterior algebra of a free A-
module M can be explicitly described as follows. Let (u° u',...) be an A-basis
of M. Then A'** M is the A-module generated by all the expressions p® A it A

... A\ p¥ subject to the relations

PO A T A A i = (=)o A A A e YT € S
Therefore A" M is a free module spanned by the basis {u® A it A ... A pis
0 <ig<iy <...<ig}. The following is a very important:
2.1.4 Definition. The weight of the basis element o A it A ... A pie € N5 M
18:

wt(pO At AL AR = (ig—0)+ (i — 1)+ ...+ (ip — k) =

2.2 Derivations on Exterior Algebras

2.2.1 From now on, with an eye to the geometrical applications to be discussed
later on, the ring A will be assumed to be an integral Z-algebra of characteristic
zero. Let t be an indeterminate over A and let A[[t]] be the algebra of formal
power series in ¢. If M is an A-module, let M[[t]] be the formal power series with
coefficients in M, (i.e. sequences of elements of M written as series). Similarly,

/\ M[[t]] is the ring of formal power series with coefficients in the algebra A M.
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The main goal of this section is to begin a systematic study of the properties of
algebra homomorphisms D; : A M — A M|[t]]. They are in fact suited to model

cohomologies theories on grassmannian varieties.
2.2.2 If D,: AM — A M][[t]] is an A-module homomorphism, denote by
D .= (Do7 Dl, ng .. )
its sequence of coefficients, defined through the equality:
Do = ZDi(a)ti, Vo € /\M
i>0
The definition below is basically taken from [26].

2.2.3 Definition. An A-module homomorphism Dy : AN M — N\ M][[t]] is a

derivation on A\ M if it is also an A-algebra homomorphism, i.e. if the equality
Dt(CY VAN 6) = DtOé N Dtﬂ (22)

holds for each o, 3 € \ M.

Since later on the coefficients {D;} will play the role of cohomology classes, we

need indeed a further hypothesis.

2.2.4 Definition. A derivation Dy on \ M is said to be homogeneous if D;(M) C
M, for each i > 0, and commutative if D; o D; = D; o D; for all i,7 > 0. A ho-

mogeneous derivation is said to be regular if Dy is an automorphism of \ M.

2.2.5 Remark. Notice that equation (2.2) says that for a homogeneous deriva-
tion all the degrees of the exterior algebra A" M are D; invariants, i.c. D;(A"T" M) C
A" M: the restriction of D; to A" M defines an endomorphism of A" M it-
self. One can easily check, by induction, that D, is commutative if and only if
DioDj = DjoDy,,.

2.2.6 Definition. A Schubert derivation(S-derivation) on \ M is a regular

commutative derivation on \ M.

A S-derivation will be denoted either by the symbol D, (the formal power

series) or D (the sequence), with no substantial distinction.
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2.3 The Group S;(\ M)
In spite of the use of a quite different language, this section has been deeply inspired
by [46] and [47].

2.3.1 Denote by S;(/\ M) the set of all S-derivations of A M. To each D; €

Si(A\ M), one may associate an A[[t]]-algebra homomorphism

Dy A\ M[t] — A\ M)
defined by:

ﬁt Zalt’ = Z DtOéZ' . tz = Z( Z DZ'Oéj)th

>0 >0 h>0 itj=h
Confusing each o« € A M with a constant formal power series with A M-

coefficients, one sees that D;a = lA)ta. Therefore:

(Dyx D) (o) =Y Z Di(Dja)t" = Di(Y " Djo- /) = Dy(Djor) = (Dy 0 D)a. (2.3)
h>0i+j= Jj=0

Moreover D, : A\ M[[t]] — A M[[t]] is an algebra homomorphism. In fact:

DY et AX ) = DY (D ains)tt =3 (D Dilein )t =

120 j=>0 h>0  it+j=h h>0  it+j=h
h>0  i+j=h >0 3=>0
= ﬁt Z Oéiti VAN ﬁt Z 5jtj, (24)
120 j=>0

as desired. One can then show that:
2.3.2 Proposition. The pair (S;((\ M), *) is a group.
Proof. Let us first show that if D;, D; € S;(\ M) then D; x D; € S;(A\M). In
fact, using (2.3)) and (2.4):
(DixD)(aAB) = Di(DifanA) = DiDja A D) =
= Dt(Dzoz) A Dt(Dgﬁ) = (D x Dy)a A\ (Dy * D;) 3,
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as desired. By its very definition, * is obviously associative. The neutral element of
Si(A M) is the map 1: A M — A M[[t]] sending any a € A M to itself thought
of as a constant formal power series. Moreover, let D, be the formal inverse of
D, thought of as an invertible formal power series with coefficients in End4(/\ M)
(the existence of such an inverse is guaranteed by the invertibility of Dy). Then
D; € Si(\ M). In fact:

Di(anB) = Dl(DexDi)an(DixD)f)) =
= ﬁt(b\tﬁta A /D\tﬁtﬁ) =
= (ﬁt o b:)(ﬁta A D:3) = Dya A D3

completing the proof of the proposition. .

2.3.3 Proposition. If D\” € End(M)[[t]]) such that D!V o D](.O) = DJ(.O) oD,
there is a unique D, € S,(\M) extending D\”) : M — M][t]], i.e, such that

0
Dy, = D).

Proof. It suffices to extend D” : M — M[[t]] to each degree A" M (k > 0) of
the exterior algebra A\ M. To this purpose, and for each k > 0, one first consider
the map:
I+k
¢ METHR — A M([1]],
defined by:
My, @mi, @ ... @mi — DV AL A DOm,
ZO /Ll o .. Zk t 1’1 DY t ch

This map is clearly alternating and hence, by the universal property of exterior

powers, it factors through a unique map A" M — A" M[[t]], defined as:
D§1+k) (mio A mi, VANPIRWAN mzk) = Dio)’rnz‘1 VANIAN Dt(o)mik,

on the basis elements, and extended by linearity. Then, for each a € /\Hk M and
for all £ > 0, one sets:

Do = D§1+k)a.
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It follows that if « € A" M and 8 € \™ M, equation (2.2) holds by definition
of D; and the fact that o A § is a finite A-linear combination of

{mio/\mil/\.../\mikl/\miklﬂ/\.../\mikﬁ@; 0§i0<i1<...<ik1+k2}.

Since any element of A M is a finite sum of homogeneous ones, equation (2.2)
holds for any arbitrary pair as well. The unicity part is straightforward: were D;

)

another extension of D,EO , one would have:

0 0 0
D;(mio/\mil/\. . /\mzk) = Dg )mZOAD,E )m“/\ . /\Dg )mlk == Dt(mio/\mil/\. . /\mzk),

for each m;, Am;, A ... Am;, and each k > 1. Hence D; = D,.
Remark 2.2.5 says that D; is commutative and homogeneous. Moreover, Dy :
AM — A M is an A-automorphism of A M: in fact

Dyt(mig Amy, Ao Amy) = Dyt (mi) A Dot (ma,) Ao A Dgt(mg,).

is the unique Dy-preimage of a homogeneous element m;, Am;, A... Am;, . Hence
Dt E St(A M) m

2.4 Schubert Calculus on A\ M

2.4.1 Definition. A Schubert Calculus on a Grassmann Algebra (SCGA) is
a pair (\ M, D;) where Dy € S((ANM). Equation (2.2) will be said to be the
fundamental equation of D;-Schubert Calculus on A\ M. The exterior algebra
A\ M is said to be the support, while D, is the defining S-derivation. Choosing
D; € S;(\ M) is the same as choosing a SCGA, the support being understood.

By Proposition 2.3.3, each (A M, D;) determines and is uniquely determined
by the pair (M, (Dy)|,,), which shall be called the root of (A M, D;). The notation
A (M, D§°)) shall be used to denote the unique SCGA extending the homomor-
phism D” : M — M[[t]] to a S-derivation of A M. Clearly one has:

1+k 1+k

(/\ M, 1)“/\1*’C IVI) - /\ (M’ Dt|M)’
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so that (M, Dy),,) is the (1 + k)™-root of A, Dy,,)-

2.4.2 Definition. The pair (N M, Dy yi,) = NFH(M, Dyy,,) will be said to
be the k-SCGP (Schubert Calculus on a Grassmann Power) associated to the SCGA
(A M, Dy).

Hence any (M, D,EO)) such that the coefficients of D,EO) are pairwise commuting
is the 0-SCGP of the corresponding SCGA A(M, D) and A**(M, D) will be
the corresponding k-SCGP. Notice that if DEO) = (D%O))i, then the commutativity

condition is automatically satisfied.

2.4.3 Definition. Let (M, D\”) be the root of a SCGA, where D := > is0 DO
The SCGA N\(M, Dgo)) is said to be regular if and only if there exists m € M such

that the sequence

@A-Dim—>M—>0

i>0

1s exact. In this case m is said to be a fundamental element.

2.4.4 Definition. If a 0-SCGP (M, D) is such that D\” = Y., Dit', then
the SCGA N(M, D) (resp. N7 (M, D,)) is said to be simple.

If \(M, D;) is simple and regular, then, (m, Dym, D¥m, ...) generates M. In spite
of having defined some distinguished classes of SCGAs (the regular and/or simple)
the rules proven in next section holds for all SCGAs. Indeed they will be used

also for making computation in SCGAs of the special kind defined above.

2.5 Some computations in a general SCGA

Once a D; € S;(/\ M) has been chosen, the corresponding Schubert calculus on
/\ M is based on two important computational tools: Leibniz’s rule and integration
by parts. They are the abstract algebraic counterparts of Pieri’s and Giambelli’s
formulas of classical Schubert Calculus for Grassmann varieties or bundles (as
e.g. in [23], p. 266) as well as straightforward consequences of the fundamental

equation (2.2).
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2.5.1 Proposition (Leibniz Rule for D). For each h > 0, the equality

Dp(aAB) = > Dy, o A Dy, 3, (2.5)

{hizo | h1+h2=h}
holds.
Proof. It is a consequence of equation (2.2)). In the left hand side one has
Di(aAB)=aA B+ Di(aAB)t+ Dy(a A B)t* + Ds(aAB)t? + ...

the right hand side instead

Dy(a) ADy(B) = (Doa+ Diat + Dyat? +...) A (Dof8 + DBt + Dyfst* 4 ...)
= DoOé A Doﬁ + (DlOZ AN Dgﬂ + DoOé A Dlﬁ)t +
+(Dya A B+ Dia A D1+ a A Do)t + ...

Then, comparing both equations one sees that Dj,(a A ) is the coefficient of "
in the expansion of Di(a A 8) and is also the coefficient of t" in the expansion of
the wedge product Dy(a) A Dy(3), that is exactly the right hand side of Equation
(2.5).
In particular, Dy is a module isomorphism

Do(Oz A ﬁ) = D()Oé A Doﬁ,
and D; satisfies the usual Leibniz’s rule

Di(aNp)=DiaAB+aNDj.

2.5.2 Given a non-negative integer n and an ordered partition (ng,ny,...,n,) €

ZMth of it (i.e. - n; = n), define the multinomial coefficient

n
2.6
<TL0,TL1,...,TLh)7 (2.6)
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through the equality

n
(l’o+$1—|—...+$h)n = Z ( )x’gox?l...xzh, (27)

no+ni+...+np=n 0, 7415 1 'oh

holding in the ring Z[zg, z1, . .., xp]. Notice that ( " ) = 0, whenever any of

10,1155 MR

the n;’s is negative instead, equals to

|

n n!

< > 1n4! K (28)
N, M1, ...,Mp nolng!. .. ny!

when all the n;’s are non-negative (with the convention 0! = 1).

2.5.3 Notation. For notational uniformity, also the usual binomial coefficient

ny\ n!
ng)  nol(n —mngp)!

n
will be written as ( )
No, N1

2.5.4 Lemma. The multinomial coefficients (2.6) satisfy the following identity:
n B i n—1
no, N, .., nn) ng, N1, ...,M; — 1, ... np

Proof. To see this, one compares the coefficients of equality:

(:po—f-xl—i—...—l—xh)":(Io+$1+--~+$h>'($0+$1+--'+1’h)n_1-

On one hand:
(o + - +xp)" = (z0+x1+...+xh)-($0+$1+-~+$h)n_1:

n—l n n n

h
n—1 ny nf ni+1 nj
— ’ ’ ’ 'TO .231 :EZ xh .
Z Z Ny, ny, ...,

=0 3} ni=n-1



_ ni+1 = n; if j=i .
Then, by setting ~, one sees that the equality:
n; = n; otherwise

h
n—1
n_ E E poght i 2.9
(o + -+ an) : (no,...,ni—l,...,nﬁl)xoxl wrts (29)

holds. On the other hand,

(wo+ - +ap) = Y ( " n)xgoqu...xzh (2.10)
s T0h

S e No, N1, ...
=

Comparing the coefficients of the last sides of (2.9) and (2.10) respectively, one

gets the claim. .

One needs to consider iterations of the operators D;’s.

2.5.5 Proposition. The n'* iterated of D), satisfies the equality:

D' (aAf) = > ( " mh) (HD") aA (HD;”) 3. (2.11)

no+ni+...4+np=n 0, 1, =0

Proof. The proof is by induction on the integer n. For n = 1 formula (2.7) is
nothing else than (2.5). Suppose it holds true for all n — 1 > 1. Then,
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D(aAf) = Dy~ (Dh(a A g)) -

ZDZ”( > DzaADmﬂ> = > D21<DlaADmﬁ> -

l+m=h l+m=h
[,m>0 [,m>0
n—1 h , h ,
— ny . n'
= > . I Dia AT D} - DB =
Mgy M5 v s My ) .
=0 1=0
l+m=h
l,m>0

ny+...+nj=n—1

h
n — 1 n/ Tllhil-f—l n’ n/ n271+1 n’l
= > ( >Dh°...Dl ...Dy"a ADy°...D," " ... DB

!/ !/ !/
ng,nys .-,
1=0
ny+...+nj=n—1
Setting nj,_; = npy — 1 and n; = ny, for each j # h — [, one has:
h h h
n n—1 Nh—i n;
DianB)= Y [ D" an]] D8,

Y, N1y- s Mp— — L, ... np 0 0
l:0 1= 1=

no+...+np=n
n; >0

and by Lemma (2.5.4):

h h
n Nh—i M
D} (aNp) = D, A D"
Mang) = )] <nwnh)ljo i 1_10 e
no+...+np=n = = ’

2.5.6 Corollary. The Newton binomial formula holds for D;:

Diang) =Y (hnk> D'a A DB (2.12)

h+k=n !
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Proof. It’s a consequence of Proposition 2.5.5, putting h = 1, k = ng and m = n,

in equation (2.11)). 0

2.5.7 Proposition. The following equality holds for each ag, o, ..., 04 € \ M:

n

D (apNar Ao ANay) = Z <
Sni=n

n; >0

Doy AD o A... A DV ey, (2.13)
no, N1, ..., Nk

Proof. By induction on the integer £ > 1. For £k = 1 the claim reduces to
Corollary 2.5.6. Suppose that the formula holds for £ — 1. Then:

n /
D?(ao/\al/\.../\ak): E (no n/>D7110040/\D?1(041/\.../\ak),
’ s 1M1
no+ni=n

still by Corollary 2.5.6. Now, by induction, last side can be written as:

/
n n
E ( /)< ! >D71‘LOOC()/\D?10¢1/\.../\D?ICC¥]€=
n07n]_ n17n27"'7nk

no+nj=n

n
- > ( )D?an/\D?lal/\.../\D?kak.
notnit...Ang=n no,N1,...,Ng

A similar expression for D} (agAag A...Aay) can be computed once one knows
the corresponding one for Dj(ag A ay A ... A ag_1). To get it, let us consider the

set:

2.5.8 Proposition. The following equality holds for each g, o, ..., € N M

h h
DZ(QO JARERWA ak) = Z (Z) (H D?él_h_in(S) ag N\ (H D?ék:i 715) ap N...
=0 =0
h h
> =i _.n
A (HDZ. Pkoi+1 6) aj A A <HD1.Z5“ 5) ap  (2.14)
=0

=0
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where § € R, N = (00,005 - - -, M6 - - - s n,.0)) and the sum is over all

n0,...0) T .-+ Ns+ ..., N, 0) =N

Proof. The proof is by induction on the integer k. For k = 1 the formula is true
by Proposition (2.11)). Suppose then that the formula is true for £ —1 > 1. Then,
we have :

DZ'(Oéo/\.../\Oék) ZDZ((OéQ/\.../\ak_l) /\Ozk) =

h h
= n MNh—i n _
= Z(noa--.,n;)E)Di (ao/\"'/\ak*)/\gDi a =
Z n ng )\ 1 3 B )
= Cee D: |8|=h—: & A D: 5, =i 1 AL
(no, ey nh) (N()) <N}L> };[O i (&%)} E) ’ a1

h h h

25,‘,_‘ =i Y5 =ins i

.../\IIDi it Ozj/\.../\IIDi 1 ak,l/\HD;“ak
i=0 1=0 i=0

where ¢ € R}, and:

.. 7n(j,;1,2 ..... He)r e 7n(j,)\2,...,)\k)a <. ')7 with (]7 M2, 7.u“k) <lew (]7 >\27 R} Ak)

since n; = g Nips,...up)s ONE May write as well:
pot.App<h—i

h h
DZ(QO A...A ak) = Z (;) HDZZIé\:h—i ngao A HDZZSIC:i néal AL
=0 =0

h Dby =iTe L D5, =ins
.../\HDZ- It aj/\...AHDi = .
i=0 =0

The proposition follows by induction. .
2.5.9 Example. As an application of Proposition 2.5.8, an expression for

Dy (ap Aoy A az).
will be computed. By definition, one has:

R2 = {00,01,02, 10, 11,20}.

lordered by (index)-lexicographical order, i.e.: ny < Ny & A <jex p with A, pp € R
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Therefore, using Proposition 2.5.8:

n

Dg(ao/\al/\az;):z:(

)D?erﬂloD;loo ap A D;L01+n11 D;LOQalD{LIUJFnll D;lm Qs
1005 10015 1002, 1211, 1020

where the sum is over ngy + ng1 + 1oz + Ny + Nog = N.
2.5.10 Proposition.
D;LDl(ao/\.../\ak) = Z DyyDiyao A ... AN Dy, Dy, o

{(hi >0 ho+...+he=h}
{l120|l0++lk:l}

Proof. The proof is a straightforward consequence of Leibniz Rule for D), (Propo-

sition 2.5.5).

]
2.5.11 Proposition. The formula for the composition of iterated holds:
DZDZ”(QO VANPAN ak) =
n\ (m\ 77 o= Tox LS .
—h—i TS —1—5 M 5, =i TV =5 A
B Z<N>(M)HDi oy e A [ DT T DT e
N,M i=0 =0 i=0 j=0
h > g l > o h 5 n l > m
Ao I D T e A A DT T [ DT
i=0 =0 i=0 =0
(2.15)
where:
N = (TL(07___70), BN UTEEE n(h,___m), with § € PI}CL
and
M = (m(ovwo), S T TR ,m(l)m,o)), with A\ € 'P;i
Proof.
By applying twice Theorem 2.5.8 to ag Aag A ... A . n

The other important tool of a SCGA is described in the following:
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2.5.12 Proposition. Let Dy, E;, Gy, € Si(\ M) such that Dy x E;, = Gy. Then
the integration by parts formula holds:

h
> DiaAG;B = Dy(anB)+Dyp_1(aNE ) +.. . +anEB =Y Dy_j(ahE;f).
i+j=h j=0

(2.16)

Proof. It is a consequence of the formula

—

Di(a N EfB) = D AN Gyf5. (2.17)

In fact, on the left hand side, one have

l/)\t(a/\Etﬁ) = l/)\t (a/\ (ZEA@H)) —

- D, (Z(aAEj(ﬁ)) -tf‘) -
= Y DilanB(B)-v =

>0

j=0 \1i>0

h
= ) (Z Di(a A E,ﬂ)) t =" Dy_j(a A E;B)t" (2.18)
J20 \i20 j>0

On the right hand side, instead,

DiaNG3 = (Z Di(a)t’) A <Z Gj(ﬁ)tj) -

i>0 §>0

= Y ) Di(a) AG(B)ET = > Di(a) AG(B)E". (2.19)

i>0 >0 i+j=h

Comparing the coefficients of t" of the right sides of (2.18) and (2.19), the claim

is proven. "
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2.5.13 In particular, if F, = D, = Zizo(—l)iﬁiti, then G, = idp p (ie. Go =1
and, for i > 0, G; = 0) and then:

Dyang = Z Dh i Oz/\Dlﬁ) Dha/\,@*Dh_lOé/\ﬁlﬁJr. . .Jr(*l)ioz/\ﬁhﬂ. (2.20)
1>0

So, e.g.:

DianB = Di(anB)—aADi3 and DyaAB = Dy(anB)—Di(aAD13)+aAD,f.
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Chapter 3

Simple and Regular SCGAs on
Free Modules

Classical Schubert Calculus on Grassmannian Varieties (SCGV) can be dealt with
via a particular kind of SCGA on a free Z-module ([26]). The natural hope is
that allowing modules over an integral Z-algebra of characteristic zero, one might
describe more general situations of some geometrical interest, such as intersection
theory on a Grassmann bundle. This hope can be indeed realized. In order to
generalize the SCGA studied in [26] to other more general situations one must
restricts the study to what one calls simple and reqular SCGAs. A peculiarity of
such SCGAs is that they induce on M certain canonical bases suited to perform

computations almost like in the classical case.

3.1 A Convention

3.1.1 Let A be a graded Z-algebra, x = (z1,...,r14%) aset of indeterminates and
M be a free A-module spanned by m := {m, }o<i<, for some n € NU{oo}. Let & :=
(g = idy, @y,...) be a sequence of pairwise commuting endomorphisms of M.

Via ® one may equip M with a structure of module over A[x] := A[zy, 29, ..., T14k),
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by defining
P-m = eve(P)(m) = P(®)(m),
where P(®) is the A-endomorphism given by P € A[x] after “substituting” x; —

¢;. Suppose, furthermore, that there is an A-epimorphism

Alzy, @2, .. @] - mg — M — 0 (3.1)

Denote by A*(M,®) the quotient A[x|/(ker(eve,m,)) (which as an A-module is
isomorphic to M) where

eV m, t AX] — M (3.2)
sends A[x] 3 P +— P(®)(my).

3.1.2 Definition. The ring A*(M, ®) is said to be the ®-Poincaré dual of M or
also the intersection ring of the pair (M, ®).

By construction, such a ring is generated by (¢1, ¢, ...) the classes of ¢; modulo
ker(eve m,). Then M gets a free A*(M, ®)-module of rank 1 generated by my.

The module structure is completely determined by the Pieri’s products:
Ti - my = ¢i(my); (3.3)

For each m € M thereis G,, € A[x]such that G,,(®)-my = m. The polynomial G,,
is unique up to an element of ker(evg ,,, ): it will be said a Giambelli’s polynomial
form € M. The element G,,(®), instead, is uniquely defined in A*(M, ®): abusing
notation will be denoted by the same symbol and abusing terminology will be said
the Giambelli’s polynomial of m. Since the m;s are an A-basis for M, clearly
G, (®) form a basis of A*(M, @) as an A-module.

Denote by G™(®) := G,,,(P) be the Giambelli’s polynomial corresponding to
m;. To know the value of z; - m; is the same as knowing the expression ¢; o G;-n(CI))
as linear combination of {G™(®)}, i.e. the constant structures of the A-algebra
A*(M, D).

3.1.3 Example. Let M = A,(P") be the Chow group of P". As a Z-module

it is freely generated by H;, the class of a hyperplane of dimension 7. It is a
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free A*(P")-module of rank 1 generated by H, := [P"]. In fact h' N H,, = H,_;,
where h = ¢1(Opn(1)). Hence the Giambelli’s polynomial of H; is h"~*. Moreover,
recalling that A*(P") = Z[h]/(h'*") the Pieri’s products are

h N Hz = Hi—l-

3.1.4 Example. Let [ € Z¥. Then A*(G1(P")) is a free Z-module generated by
or, where o7 N [GR(P™)] = ;. Classical Giambelli’s formula says that o; = A;(0).
Therefore

Q= Ag(o) N[G(B")],
i.e. Ar(o) € A*(Gi(P™)) is the Giambelli’s polynomial for ;. Pieri’s product are
o; Ny
and can be computed via Pieri’s formula holding in A*(G(P")). In fact:
oiNQr =0, N (o N [Ge(P™)]) = (07 - o1) N [Gr(P™)]

and o; N oy can be computed via Pieri’s formula.

3.2 Simple and Regular SCGAs on a Free-Module
over a Graded Algebra.

3.2.1 This section is strongly inspired by previous work already done by Laksov
and Thorup ([46], where the author identify a free A-module of rank n with the
quotient A[X]/(p), where p is a monic irreducible poolynomial of degree n. We
translate dear theory in a more elementary language which is suitable in view of

the subsequent applications. The Reader is advised to look at that paper.

3.2.2 Let A be a graded Z-algebra of characteristic zero:
A:ZAo@Al@AQ@..., (A0:Z>
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and let M be a free A-module of rank 1 + n, for some n € NU {oco}, spanned by
the basis p := (u° pt,...,u"). The module M can be given the structure of a
graded A-module:

M =My®M &My ... (3.4)

by setting
My, =A, - @A - @Al
If m € My, one says that m has weight h (wt(m) = h). In particular wt(u") = h.
For each k > 0, let A'™ M be the (1 + k)" exterior power of M. Let
1tk

/\u:{,uio/\,u“/\.../\;Li’“|0§i0§i1§...§z‘k}

be the basis of /\Hk M induced by p. Then /\Hk M is itself a graded A-module:
if a € Aj, define the weight of a - p' A p* A ... A p' as:

wt(ap™ At AL A p*) = G wt(p At A LA ™),

where

k k

Wt A A LA ) =gt ( =D)L A (=) = Y (1—5) = > i
j=0 §=0

k(k+1)
-

Then one has A" M = @wzo(/\lJ’k M), and (A" M),, is the Z-submodule of
A" M of the elements of weight h

3.2.3 Let D;: M — M be the unique endomorphism of M such that:

i+1
Dyt = (1= i )70 43 a9, 0 <i < (3.5)
j=1

and where:
e n € NU{oo} and is equal to rk(M) — 1;
e 0;, is the Kronecker’s delta;
° afflEAh,ijoandalloghgj—i—l.
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It follows that, with respect to the graduation (3.4), D; is an endomorphism of M
homogeneous of degree 1. The definition of D; depends of course on the choice of

the coefficients aé.

3.2.4 Another way to write formula (3.5).
It is worth to explain a little bit more the notation used in formula (3.5),

because it will be used again later on.

Case 1: n = oo, i.e. when M has infinite countable rank over A (M is spanned

by (1%, pt, .. 2).
In this case, d;, = 0 for each ¢ > 0 and then formula (3.5) simply says that

i+1
D1,Mi _ Mi-i—l + Z a;—l—lﬂi—l—l—j? (3.6)

j=1
for all © > 0;

Case 2: n is finite, i.e. when M has finite countable rank over A (M is spanned

by (1, 'y ..o 1)),
In this case expression (3.6) holds for all 0 < i <n — 1 and Dyp™ is a (homo-

geneous of weight n + 1) A-linear combination of (u°, u', ..., u"), ie,
Dy = Z a§+1ui+1_j. (3.7)
j=1

Let A(M, D;) be the simple SCGA associated to the pair (M, Dit?).

3.2.5 Proposition. The SCGA \(M, D,), where D is defined by formula (3.5)
is reqular with fundamental element u°.

Proof. For each i > 0, let ¢ = D;u® = Diu® (agreeing that DY = idy;). Notice
that wt(e’) = wt(y'). The proof consists in showing that € = (¢')g<i<, is an A-
basis of M, by checking that the matrix relating € to p is invertible. Indeed, we

claim that

€=+ b,
j=1
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for some bé- € A, and for each 0 < i < n, showing that indeed € freely generates
M as A-module. For i = 0, one has ¢® = u°. Assume that the property holds for
all 0 < h<i—1<n-—1. Then:

Ei — Di 0 — Dl(Diil,U/O) — D1<€i71).

By the inductive hypothesis:

i1 i1
e =Dyt = Dy(pt + Z V) =t + Z b Dyt (3.8)
= =1
But Z;;ll b Dy~ is a homogeneous linear combination of weight i of p°, ..., "1,

and hence equation (3.8) proves that € is a basis and that the SCGA A(M, Dy) is

regular with fundamental element 1°. .
3.2.6 If A =7 one falls in the same situation studied in [26], while if
Dip? = (1= 83170 4 8 (@i + o+ apfyp®),

for all 0 < j < n, one says that p is a D;-canonical basis for M. All the endo-

morphisms of the form (3.5) admit a D;-canonical basis, which will be denoted by

€ := (" ¢l,...): it is in fact sufficient to set

& =p’ and ¢ = Dy (3.9)

Notice that all the elements €' are homogeneous of weight 7 (wt(e') = wt(u’) = 1).

The ordered set € is clearly a basis since it is related to p via an invertible triangular

GJ:ZB”LJ:U’L?

where Bg =1, Bi =0 for h > j and Bg = ag for 1 <4 < j. Similarly:

matrix B:

14k
/\e::{eio/\eil/\.../\eik:O§i0<i1<...<ik},

. . 1+k . . . .
is a basis of A % M, again said to be D;-canonical (notice, once more, that

WE(® A"t A LA ) = w0 A€ AL A ER),

LOne can write in another way as in [3.2.4.
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3.2.7 Lemma. Let (\ M, D,) be a simple SCGA and let D, := Z(—l)jﬁjtj be
Jj=0

the inverse of D;. Then Eh|/\1+kM =0, for each h > 1+ k.

Proof. By induction on k. If & = 0 one has Dj(m) = 0, for each h > 2 and

each m € M. In fact Dt\M = ZDW. Therefore Et\M =1— Dit, i.e. Eh‘M =0
i>0
for each h > 2. Suppose now the property true for k£ and let h > 1 4+ k. Any

Misg € /\HlC M is a finite A-linear combination of elements of the form m A my,
for suitables m € M and m; € /\k M. Tt suffices then to check the property for

elements of this form. One has:

h
Eh(m VAN mk) = Zﬁjm VAN Eh_j(ak).
j=0
As Ejm = 0 for j > 2, one has:
h
Z Djm A Dh,jmk = Dlm N thlmk
j=0

and, by the inductive hypothesis, this last term vanishes too, because h —1 > k. =

As a consequence of the above property, one has a useful particular case of

integration by parts:
Dyp(a Am) = Dpa Am+ Dp_1(a A Dym), (3.10)

for each & € A\ M and each m € M. This can be seen directly either by applying
Leibniz’s rule (2.5) for Dj, or by applying formula (2.20) and observing that D; =
D, and D;(¢') = 0, whenever j > 2.

3.2.8 Lemma. For each h,m >0 and k > 1, the following formula holds:

Dp(e™ N e TN LN EMTETEN MR = e A et A TR A et (311

Proof. By induction on k. Suppose the formula holds for all £k — 1 > 0 and all
m > 0. Then one has:

Dy (e™ N e™ TN AR A TR =

=€ ADp(e™T A AEMTFEAEMY L Dy (€T A €T LA €T A TR,
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The second summand vanishes because €™ A €™ = 0 and the first, by induction, is

precisely

Em/\eerl/\' . ./\Eerkfl /\Em+k+h.

3.2.9 Let Z[T] := Z[T},Ts,...] be the ring of polynomials in infinitely many
indeterminates and let A[T] := Z[T| ®z A. For each k > 0, consider the map
1+k
EVD pOApI AL AR - A[T] - /\ M,
sending each P € A[T] onto evp yopin pue(P) = P(D)-p® Ap* Ao A pP. Here,
P(D) is the endomorphism of A" M gotten by “substituting” 7, = D; into the
polynomial P.

3.2.10 Theorem. The map eVp op1n. auk 1S SUTjECtivE.

Proof. It is sufficient to prove that for each element z A it A ... A pit € N p,
there exists a polynomial G** € A[T] such that

1091 ...k

pEON A LAt =G (D) - pl® At AL A R

10%1...1k

Since A" € is a basis of A'** M too and, moreover,
ENEANLNE =pON PN AR,

it is sufficient to prove that for each €0 A € A ... A €™, there exists Gf,; ;€ A[T]
such that
EONETALLL N R =GE (D)- ANt AL NER,

Zoil..‘ik

since any p® A pt A... A p* is a unique A-linear combinations of elements of

/\14Fk c.

Let 0 < j < k. Declare that /\IJ”c M enjoys the property Gf if, for each
j<’ij+1 <<
there exists a polynomial G5, . ;€ A[T] such that

ENEN L NENETTNLNEF =G (D) NETA N ER
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We shall show, by descending induction, that /\1+kM enjoys G§ for each 0 <
J < k. In fact Gj, is trivially true, while G§_; is true by Lemma [3.2.8. Let us
suppose that Gj holds for some 1 < j < k—1. Then ijl holds. In fact, for each

J— 1< <. <iy,
ENENNETINE NN =Dy (O NEN L NETINE)NETFT AL NER,

by Lemma 3.2.8. Applying integration by parts (2.20) one has, therefore:

ij=J
ENENLNTTINITN L AEE =D Dy (€N AL AD(9 N NER)).
h=0

Since Dj,(¢'+1 A ... A €*) is a sum of elements of the form
A LA eh’“,

with j < hj11 < ... < hj, applying the inductive hypothesis, one concludes that

G$_; holds, too. In particular G§ holds and the claim is proven. .

3.2.11 Example. Let us find a polynomial G§; (T) such that

io
€ONeT =GE, (D) - A€t

1011

Applying twice formula (2.20)), one has:

éio /\ei1 = DiOEO /\Eil _ DiO(EO /\Eil) _ Dio—l(eo /\eiﬁ_l) _
D; D;
= DioDz‘l—l(GO/\Gl) —Dz‘o—lDz‘l(EO/\El) = ’ ’ ' " A el
Di,—1 Dj,
T, T
Thus, Gfoil(T) =TTy, -1 — Tiy1T, =
i0—1 El—l

3.2.12 Definition. The intersection ring of the k-SCGP N (M, Dy) (see Def-
inition [2.4.2) is, by definition

1+k
A*(/\<M’ D)) = (ker(evj[i]l/\ k)
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3.2.13 Definitions. According to!3.1.1, G € A[T] such that

10811k

PN PN LA = GH (D)® A pt A A

1001 ...1%

will be said to be a Giambelli polynomial of p®® A p™ A...Ap*. It is unique

modulo ker(evp opuin. nur). On the other hand we shall say, abusing terminology,

that G, ; (D) is the Giambelli’s polynomial of p’ A p™* A ... A p'*, when seen
inside A*(N"T(M, Dy)).
Similarly, for each € N N... A€* we shall denote by Gf,; . € A[T] a

Giambelli polynomial for € A€ A ... A€, i.e. such that:

EONETALLL N R =GE (D) AP AL AR

Zoil...ik
3.2.14 Proposition. The ring A*(\'"7*(M, D)) is generated by (D1, D, ..., Dyyy).
Proof. In fact, by Lemma [3.2.7, we know that Dj(¢"t A ... A €*) = 0, for each
h>1+ k. Then D), = 0 as element of A*(A"™*(M, D;)). But one also has:

Eh — Eh—lDl + ...+ (—1)hDh =0

which, for h > 1+k says that Dy, is a polynomial expression in Dy_1, Dj,_o, ..., D;.
In particular one knows that Dy s is a polynomial expression in Dy, Do, ..., Dyk.

3.3 Pieri and Giambelli’s Formulas in SCGA

3.3.1 Pieri’s Formula in Canonical form. In the D;-canonical basis /\Hk €

of /\1+k M, the operators D; have a particular simple expression:
Dip(€® A€ A  Ner) = Z glotho A ghth a0 A et

the sum being over all (1 + k)-tuples of non negative integers (hg, hy, ..., hx) such
that >~ h; = h. Because the alternating feature of the A-product, some terms may

cancel. The remaining terms are predicted by Pieri’s formula for Dj.
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3.3.2 Proposition (Pieri’s formula in canonical form). Pieri’s formula for

Dy, in the canonical basis € holds:
Dy(€°NETA L AER) = Z glotho p gthe A el (3.12)
(hs)eP(1,h)

where P(I,h) is the set of all (1 + k)-tuples (h;) € N*™* such that:
0<tww<tgt+hy<i1 <t14+h <ig<itg+hys <...<ip_14+hp1<tg

andh0+h1+h2++hk:h

Proof. Equation (3.12) is defined over the integers and then the same proof is as
in [26], Theorem 2.4, where A = 7Z, works in this case. We repeat it below, up to
minor changes, for sake of completeness.

For k = 1, formula (3.12) is trivially true. Let us prove it directly for k = 2.
For each h > 0, let us split sum (3.12)) as:

Dy (e Ne?) = E gotho \githt —p L P (3.13)
ho+hi1=h
where
P = E gotho A gt and P = E glotho p ghtht
io+ho<i1 10+ho>11

ho+hi=h ho+hi1=h

One contends that P vanishes. In fact, on the finite set of all integers iy — 19 <

a < iy —ip + h, define the bijection p(a) = i; —ig + h — a. Then:

h h
2P = Z glotho o cath—ho Z giotp(ho) A cirth—p(ho) —
ho=11—19 ho=11—1%0
h h
— Z ¢itth=ho A clotho _ Z glotho A cithi — 0,
hozil—io hOZil_iO

hence P = 0 and (3.12) holds for k = 2. Suppose now that (3.12) holds for all
1 <k <k —1. Then, for each h > 0:
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Dy(€° NeT AL AER) = Z Dh%(eio A ... NERL) A Dy, ek,
bl +hy=h
and, by the inductive hypothesis:
Z(eiﬁho AN etz A gty A gl (3.14)
(hs)
summed over all (h;) such that hg + ...+ hy = h and

1<igthy<iz <...... <p_o+ hp_o < ip_q. (315)

But now (3.14) can be equivalently written as:

Z €otho AN Rz thiez A Dy (€1 A €r)), (3.16)
(hi,h'")
where the sum is over all (ho, ..., hx_o,h”) such that hg+ ...+ hx_o + A" = h and

satisfying (3.15). Since
Dy» (Eik—l A eik) — Z eikfl‘i‘hkfl A Eik+hk’
ih—1+hk—1<ik

hi—1+hp=h"

by the inductive hypothesis, substituting into (3.16) one gets exactly sum (3.12).a

3.3.3 Remark. The reason why one calls equality (3.12) Pieri’s formula, is due
to the fact that it coincides with the combinatorial Pieri’s formula. In fact, to

each finite increasing sequence
0<g <y < ... <1y,
one may associate the partition of length < 1+ k (see e.g. [49]):
A= (M, M1y A, A0) = (g — kyige1 — (K= 1),...,41 — 1,4p).

Writing for a moment €2 for € A €1 A ... A €%, then Dper = p €2, summed over
all partitions p of length < 1+ k such that the Young diagram Y (p) of p is gotten
by the Young diagram Y (A) by adding & boxes in all possible ways, no two on the

same column ([24])
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3.3.4 As is well known, Pieri’s formula implies in a purely formal way (using
some Jacobi-Trudy identities, see [50]) Giambelli’s determinantal formula, i.e. the
Giambelli’s polynomial of €0 A €1 A ... A €, as in Definition 3.2.13, can be chosen

into the (Giambelli’s) determinantal form:

D;, D;, D;,
Gioir.in(D) = Digiy i (D) = Dﬂ“ Dijl N D"’jl . (3.17)
Diy—r Diy—r .. Diy
In other words:
EONETA L NER =Ny i (D)@ AEA LA e (3.18)

Below, a proof within SCGA formalism is offered.

3.3.5 Giambelli’s Formula in Canonical Form. Let I € ZF be a Schubert in-
dex. The Giambelli’s determinant A;(T) € Z[T] associated to I = (ig, i1, ...,ix) €

WAREETS

Tiy-1 Ty ... T
Al(T) = Z (_l)lﬂTirm)Efm—l s Ty = 0 1: - k
. : : . :
P b N
(3.19)
If A = (7, 7k—1, ..., 7o) is the partition associated to A, i.e., r; = i;—j, formulal3.19
can also be written as:
T, Toor oo Toon
Tr -1 TT cee Tr k—1
ANT) =] " v (3.20)
Tro—k Trl—k—l s T'rk

Let us denote A;(D) the elements of End(/ M) defined by evp(Ar(T)). Our

target is to show that Giambelli’s determinant A;(D) is an explicit Giambelli’s
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polynomial for € A€t A...A€*. To this purpose, for any pair of positive integers
(I,n), let L;, be the set of all (14 n)-tuples (lo,l1,...,l,) such that 0 < [; <1
and lo+ 0 +...+1, =1 If n <l—1 the set L;, is clearly empty.

3.3.6 Lemma. The following identity holds in /\ M:
(DhoDhl R th,thpa) A€ =

P (3.21)
=> (1" > DuytgDhy—ty - Dyt Diyi, (0 A €).

=0 (L)€Lt p

Proof. The proof is by induction on the integer p. For p = 1, formula (3.21)) is
nothing else than formula (3.10)). Suppose that (3.21) holds for the integer p—1 > 1
and any « € A\ M. One may then write

(DhODh1 Ce th_thpOé) VAN Gi = (DhoDh1 Ce th_l(thCY)) A\ Gi =
p—1
== (—1)l Z Dho—loDh1—ll e thfl—lpfl (thOé VAN €i+l> (322)

= (lj)ELlﬁpfl

[e=]

Using (3.10), the last side of formula (3.22) becomes:

p—1
= Z(—l)l Z Dho—loDhl—h~-~th,1—lp,1th<04 A\ EZ—H) +
1=0 ()€l p
p—1
D" > DagigDiyty-Diy sty Diyr (a0 A €711 =
=0 (1)ELLp—1
p .
= (—1)l Z Dho—loDh1—ll"'th_1—lp_1th—lp (Oé AN EH_Z).
=0 (1)EL1y

n
Let A = (r,...,r1,70), I = (ro,14+71,...,k + ri) and denote by A?‘(D) the
determinant of the matrix one gets by erasing the i row and the j** column.

3.3.7 Theorem. Giambelli’s formula on \ M holds:

ARF(D)(a) A e = Z_:(—l)’A’}’l’k(D)(a A ettty (3.23)
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Proof. Since A¥*(D) = Ay 1.r1,0) (D), one has:

kK r o T
ATEDY (@) A= N (=1)lID; oo Dy ey (@) AT
€Sk _1
Now one applies formula (3.21)) to the r.h.s. of the above equation, getting:

DT DT D) Y Di-t 0 Diy—1-1, -0 Di oy (1)1, (@ A FFTER) =
TE€Sn-1 1=0 (la)ELLk1

k—1
Z(_l)l Z Z l ‘D +(0)=lo ODZT(]') 1-1; ©- 'oDir(k—l)*(kfl)*lkﬂ(a/\€k+rk+l) =
=0 l EL[ k— 1T€Sk 1
Di,—i, Dj, i, oo Dy
k—1 . . .
( Z Dlo—-l—lo Dll_.l_ll le—.l—ll (a/\6k+rk+l).
1=0 (la)EL1 k-1 : : - :
Diy—r—1y Dii—k—1t;, - Di—r—1,
But
Diy—i, Di 1, oo Dy
Diy1-1, Dij—1-1; -+ D1 _
Z 0 ] 0 u ] 1 . Yk ] 1 (Oé A 6k+7‘k+l) — A]; l,k‘(D)(O[ A 6k+'f'k+l)7
(la)ELy -1
Diy—k—1o Diy—k—t, - Dk,
proving Giambelli’s formula (3.23)). .

3.3.8 Corollary. Giambelli’s formula on N M holds:
EONETAN L NER =A(D)- NN NE (3.24)

Proof. The proof is by induction on the integer k. For k = 0 one has € = D, ¢°
and the property holds. Suppose it holds for £k —1. Then one has, using induction:

EONEVA L NERLAER =
Aioil...ik,l(D)(eo VANPAN €k71> A Eik =
= APM(D)(a) A€,

where one set a« = €2 A el A ... A €1, Since for such an « one has
Aextl = D, A €*
Q/\€ = zrkﬂ(a € )7
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by applying Lemma [3.2.8, formula (3.23) can be written as:

e

-1

APE(D) @) A€t = Y (=1)'Dypn AT (D) (@) =

l
= AD)EOANE N AE,

Il
=)

proving the claim.

3.3.9 In general. Working with the basis /\HlC [, one can get some corre-

sponding Pieri’s and Giambelli’s formulas. Since A € and / p are both A-bases of

A" M, there exists a matrix:
B : ItxIt — A
(IJ) +— Bj:=Bpi
such that

PON A LA :ZBZO“ U0 A eI

JoJji---Jk

Let B the inverse matrix, i.e.:

1021 .- ’Lk 57071---Jk _ glo £t Tk
E B: Bt =010, ---0p;

A €k,

301 -+-Jk
JETE
One has then
Dp(u o Apt Ao oA = Z B;g;ll'.'.';’;Dhe]O NEYNLLNER =
JETE

_ § : B?Oi,l“'i,’“ E eJotho A Jith AL
Joj1---Jk

JeTk (hi)EP(J,h)

_ i01...ip, JoThoJ1 R,k the Iy
- Z Z BJO]I ]kBlOll A PEAPTA

JETE (h;)eP(J,h)

and then apply Pieri’s for canonical bases. Moreover, using Giambelli’s for-

mula (3.18)), one can write:

LON AN Pt = Z Btk Ajgiy i€ NEVA L

JoJgi---Jk

which can be thought of as the corresponding Giambelli’s for non canonical bases.

However, from our point of view, Giambelli’s polynomials can be found just by

integration by parts, as in the following:
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3.3.10 Example. The Giambelli’s polynomials G§,(D), G¥5(D) and G¥5(D) are
given by

Gpy(D) = D1 — af — af, (3.25)
Ghy(D) = D2 — (a} + af + a3) D1 + aja? + ajai + aiai + afal — a3 — (a})* — a3,(3.26)

Gf5(D) = (D1 — aj — a3)GEy(D) — GEy(D) — a3 (3.27)

Let us check that via two different methods.
e First method. Directly. To check the expression for G§,(D), one notices that
the expression for Dyu! gives u? = Dip' — (31 — yo)u°. Hence:

pO A p? = p® A Dyt — aip® Apt = (Dy = aj — a})(u° A pt) (3.28)
proving the (3.25). Similarly, isolating p? into the expression

Dopt = Dip' = Di(p* + aip! + a5p’) =
= 2+ (af +al)p? + (a3 + (a7)? + ad)p' + (ai + afa3 + asay)p’,

one can write

pO At = P A Dop' — (af + a)p® A p? = (a3 + (af)? +az)p’ At =
= WA Dopt — (af + af)p’ A Dyt + af(af + af)p® A pt +

—(a3 + (a7)” + ag)p’ A pi!
Now integrating by parts:

O A Dot = Do(p® A pi') = Di(Dyp® A pt) = (Do — ay Dy)p® A it

Similarly:
pO A Dipt = (Dy — aq)(u° A ')
Hence:
HOA? = (Dy—=(ay+ai+a7) Dy +aja) +aja) +aja) +ajay —a; — (a7)" —az)p’ At

(3.29)
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proving the claimed expression for G¥;(D). Finally one has:

pt Ap? = Dyl A —agp® A p? =
= Dy(p’ A p?) = p® A Dyp? — ayp® A p? =
= (D1 —a))Goa(D)p® A pt — p® A g — aip® A p? — asp® A pt =
= (D1 —a; —a))Go(D)p’ A ' = Gly(D)p® A ' — azp® A pt =
= ((D1 — a1 — a})G{H(D) — Gi(D) — az)pu” A !

proving also formula (3.27).
e Second method. Via canonical bases. One first write the first 4 elements

of the D;-canonical basis of the module M one is working on.

e = u

e = p+ap’;

€ = p’+(af +ap)p + (a3 + (a7)*)u;

€ = 1+ (o +a+a)p’ + (a3 + 0y + (a7)° + atay + (a7)")p +
+(a3 + azai + (a7)” + 20703)0°.

Inverting the relations above:

o _ 0.
:u - € )
W= d—de
2 2 2 1y 1 2 1 2 0.
pe = € —(aj +ay)e +(aja; —ay)e’;
3 3 1 2 3y 2 3 2 1.2 3 2 3 1.1
pw o= € —(a;+ai+ay)e’ — (a5 + a5 — ajai — aja; — ajay)e +

+(20105 + aja3 + aja; + a3ay + (a7)” — ajaiay)e’.
Therefore (recall that €¥ A €' = p® A ut),

WA = €@ N[€ —(af +ay)e' + ((af + ar)ag — (a3 + (a1)?))e’] =

= AN —(al+a) ANe' =
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At this point one uses the Giambelli’s determinantal formulas for the canonical
bases, getting:
=D ANet —(af +a7)® Aet = (Dy — (a] +a7))e’ A€
so proving formula (3.25). As for Gf3(D) one has:
A = E@A(E — (a] +ai +a))e — (a3 + a5 — ajal — alal — ajaj)e' +
+(2aja3 + aja3 + alaj + ajay + (a1)® — alaia;)e®)

= ANt —(a; +a] +a})e® Ae® — (a3 + a5 — aya; — alal — ala;)e® A€

and again, using the fact that €Y A €3 = Dy(e® A €!) one gets:
(Dz — (a1 + a3 +a)Dy, — (a3 + a3 — aja’ — aai — a‘i’a%))eo A€l

proving formula (3.26). The proof of (3.27) works as before:

prApt = (¢ —ape”) A€ = (af + ay)e’ + ((af + ay)ay — (a3 + (a1)*))e")

= Al —((al+aD)at — (a2 + (a)?)e A —ale® A€ +al(a? + al)e® A€

e L

(
= & ANE+ ((aF+at)al — (a3 + (a1)?) +aj(a] +a}))e® Aet —aje® A
(

1, 2 2 1 2 1.2 1 1_ 1 2
= &N+ (afal —a5+aj(al +a7))e At —aje® Ae

At this point one uses Giambelli’s determinantal formula (3.17) for €' A €
e ANt = (D? — Do)’ A e,

easily deducible via integration by parts which is easier in this case because the

basis € is canonical. As a consequence
oA p? = (Df — Dy — a; Dy + (2a1a} + (a))* — a%)) e Ae,

which coincides with formula (3.27) up substituting the expression of Gy (D) and

GH,(D) in that same formula.

65



3.3.11 Remark. The moral of the second part of Example [3.3.10/ is that what-
ever is the regular simple SCGA on a free A-module one is working with, Gi-
ambelli’s formula for the basis element u® A pt A... A u'* is known once one
knows Giambelli’s formulas for the canonical bases, i.e. Giambelli’s formulas hold-

ing in classical Schubert Calculus!

3.4 Intersection Theory on Projective Bundles.

3.4.1 Let p: E — X be a vector bundle of rank 1+ n over a smooth connected
complex algebraic variety of dimension m > 0. For each 0 < k < n, let py :
Gr(P(F)) — X be the induced Grassmann bundle. Let

0— T — pl — Q — 0,

be the k-tautological sequence over Gi(P(E)): 7 is the (rank 1 + k) universal
tautological sub-bundle of p;E, while Qy is the (rank n — k) universal quotient
bundle. If k = 0, po : P(F) — X is the usual projective bundle and 75 =
Opgy(—1). Recall that A*(P(E)) is an A*(X) algebra generated by ¢ := ¢,(7p)
with a relation defining the Chern classes of E. More precisely (see [23], p. 141):
A*(X)[d
(CmH +pra(E)C + .+ pren(E))
By Poincaré duality A,(P(E)) = A*(P(E)) is freely generated by € = (€%, ¢!, ..., €"),

where €’ is gotten by capping with the fundamental class:

I

A (P(E))

(3.30)

Define Dy : M — M by setting

Die' =(ne =Cn(CN[GHP(E)] =T N[GHP(E)], 0<i<n.
Clearly one has

Diet = (1 = 0i) €% — 55 (p*c1 (E)DT + ...+ pen(E)) 0<i<n,
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so that € is a Dj-canonical basis for M. By construction, the pair (M, D;) is a
0-SCGP and there is a natural identification between A*(P(E)) and A*(M, D)
via the map ¢ — D;. We contend that the k&-SCGP A'**(M, D;) describes the
intersection theory of Gi(P(E)). Let us recall some basic facts quoted from [23],
p. 266ff: for our own commodity, some notation will be adapted in a obviously
equivalent way. Let C; := ¢;(Q) — piE) be the Chern polynomial of Qr — p;E €
K°(Gr(P(F))), the Grothendieck group of locally free sheaves on Gi(P(E)), and
let A;(C) := Ar(Cy) be the Giambelli’s determinant associated to C; and to
I € TF. Then, the basis theorem ([23], Proposition 14.6.5) implies that A;(C) and
A[(C) N [Ge(P(E)] freely generate A*(G(P(F)) and A.(Gr(P(F)), respectively,
as modules over A*(X). In particular, A*(Gy(P(F)) is generated by C; := ¢;(Qx —
piE) as A*(X)-algebra. Let
A ATE M — A, (GL(P(E))

EONETNLLNEE — N, i (O) N [GR(P(E))]
Clearly A is an A*(X)-module isomorphism. Moreover:

3.4.2 Theorem. The map C : A*(AN'"""(M,D,)) — A*(G(P(E)) , D; — C;

is an A*(X)-algebra isomorphism and the following diagram

A(NTHM, D)) @a oy NTM — AT M
lc ® A lA (3.31)
A (Gr(B(E)) ®a00x) A(GR(P(E))  —=  A(G(P(E))
1s commutative, where N is the capping bilinear map, the upper horizontal map
sends (Dp, €® A€t A ... AN e*)— Dp(e® A€ A ... A€*) and the vertical maps are

1somorphisms.

Proof. To begin with, the map C is an A*(X)-module isomorphism. In fact the
A*(X)-module A*(\"7"(M, Dy)) is freely generated by {A;(D)|I € IF}, as well
as A*(G(P(E)) is freely generated, by the basis theorem, by {A;(C)|I € IF},
hence the map D; — C; sends A;(D) onto A;(C). This map is indeed an A*(X)-
algebra isomorphism. To show this, since A*(A\"™*(M, Dy)) and A*(G,(P(E)) are
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generated, as A*(X)-algebras, by D; and C; respectively, it suffices to show that:
C(DrA(D)) = C(Dy)C(A[(D)) = CrAL(C), (3.32)

for every 0 < h < k and every I = (i, i1, ...,i) € ZF.

Now,
DhA[(D)EO/\Gl VAN Ek = DhAio'h...ik (D)EO/\Gl VAR Ek = Dh(GiO A\ Eil VARRAN Eik),

by Giambelli’s formula (3.18)). On the other hand, applying Pieri’s formula (3.12),

one has

Dp(e® Ne" A...N€e*) = D, Z glotho p girthy oA ginthi | —

= Z Arg(D)YEC N AL NER,
(hi)eP(I,h)

where one applied again Giambelli’s formula (3.18), by setting H = (hg, h1, ..., hx) €
P(I,h). Therefore

DyAigir..ii(D) = > Apn(D)

(hi)EP(I,h)

in the ring A*(A""*(M, D;)) and, therefore:
C(DyAigi.;,(D)) = C( Y ApuD)= Y  CAnu(D)) =

(hi)eP(I,h) (h;)EP(I )

= Z A (C) = ChAL(C)

(hi)eP(I,h)

where last equality holds by Pieri’s formula in [23], p. 264, Lemma 14.5.2.
Hence equality (3.32) holds, implying that C is an A*(X)-algebra isomorphism.
This implies that C ® A is an isomorphism too and that diagram (3.31)) is com-

mutative, as a standard check easily shows. .

Notice that when X is a point one gets, as particular cases, the results of ([26]).
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3.4.3 Remark. Notice that in (3.31) the pair (M, D;) is indeed (A.(P(E)), ().

The diagram can be re-written as:

A(NTHAUP(ER)), Q) @axxy N AUP(E)) — ATTA(R(E))
lc ® A lA

N

A" (GrP(E)) ®a-x) A= (Gr(P(E)) —  A(Gr(P(E))

To say that there is such a commutative diagram expressing the intersection theory
of Gx(P(F)) via that of P(E), by “taking exterior powers”, one shall briefly write,

as a reasonable notation:

A" (Gr(P(E)) = \ (A(P(E))). (3.33)

Equality (3.33)) certainly holds in the category of A*(X)-modules and will be un-
derstood at level of A*(X)-algebras in the sense explained above (i.e. as algebra
of operators over AT A, (P(E)).
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Chapter 4

Equivariant Cohomology of

Grassmannians

For space reasons we shall not recall in this chapter all preliminaries regarding the
general definitions of equivariant cohomology and/or intersection ring. However
there are very well established references on the subject, such as [11], [15] which
combine the difficulty of the subject with an advanced expository skill. To these
references we want also add [52], our first happy experience on the subject and the
beautiful exposition in [68]. For the reader not yet aware of basics definitions of
the theory, we want to address a quick introduction. The results of this chapter

will be also collected in [29].

4.1 T-Equivariant Intersection Theory of Grass-
mannians
4.1.1 Grassmann bundle. Let p: £ — X be a holomorphic vector bundle of

rank 1+ n and let myp : Uy N Uz — Gli4,(C) be a cocycle defining it, where

U :={U, : a € A} is an open covering of X trivializing £. The transition functions
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of the corresponding projective bundle py : P(£) — X are
[Magp] : Ua NUs — Sli1n(C),
where one sets [mqs] = mag/ det(mas). The Grassmann bundle
pi s GR(P(E)) — X,

can be realized as follows. First recall that Gi(P(£)) = G14x(E). Let

[Ap) IP>(/+\ £) — X

be the projective bundle corresponding to the vector bundle

1+k

AFFp /\€—>X.

Then G,(P(£)) € P(A'"™FE) is the closed subvariety of all points of P(A'™* &)
which over a point © € X corresponds to the variety of C-lines spanned by a totally
decomposable vector of A'**&,. The induced fibration py : Gx(P(€)) — X is
precisely the sought for Grassmann bundle. Its transition functions are the same

as those of the bundle P(A'™ &) which are themselves determined by those of £.

4.1.2 Bundles associated to a principal bundle. Let G be an algebraic group
and let P — X be a holomorphic principal G-bundle: P is a smooth complex
scheme acted on freely and algebraically on the right by G, in such a way that
the orbit space G\ P is isomorphic to X, and the transition functions of P — X
are holomorphic. For example, the scheme C'*™™ \ {0} is acted on the right by
C* via componentwise multiplication and the orbit variety is precisely P™. Hence
CH*m\ {0} — P™ is a holomorphic principal C*-bundle over P™ meeting our
hypotheses.

Suppose now that F'is a scheme equipped with any algebraic left G-action. The
following theorem is copied by [14], p. 91, (16.14.7), there stated in the category
of differentiable manifolds. However the same proof holds in the holomorphic

category.
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4.1.3 Theorem. The group G acts holomorphically on the right on P x F via
(p, f)g = (pg, g7 f). Suppose that the orbit scheme P xg F : P x F/G emists
in the holomorphic category (it always exists in the differentiable category). Then
7w PxXgF — X is a bundle ( the “associated bundle to F”) such that the fibers

are holomorphically equivalent to F'.

Let us see a few applications of the above theorem. Suppose that p : G —
GI(V) is a holomorphic representation, where V' is a complex vector space. Then
V' becomes a left G-module via the action g * v.= p(g)v. Let P x,V — X be
the associated bundle to V' (we write P x, V instead of P X V to emphasize the
representation p). It is a vector bundle &€ — X whose transition functions are
precisely

p(gap) : Ua NUg — GIU(V),

where g,5 : Uy N Ug — G are the holomorphic transition functions of P — X
with respect to some open covering i = (U, : « € A) trivializing X. Similarly, one
concludes that P x, Gi4,(V) — X is a holomorphic grassmann bundle over X.
One contends that indeed P x, G141(V) — X is isomorphic to G144(E) — X.
In fact the transition function of the first bundle are [A*p(gas)] where

N 0(gap(x)) (Vo A AVE) = p(gap(x)) (Vo) A - .. A p(gas(x)) (Vi)

while those of the second bundle are A'*(p(g,s)). But

N (p(9as)) (@) (Vo A - A Vi) = p(gap()) (Vo) A - A p(gas(@)) (V)

so that /\1+kp(gaﬁ> = AHk(P(Qaﬁ))-

4.1.4 Let G be a complex Lie group. Then there exists a universal G-bundle
EG — BG satisfying the following property: for each G-bundle P — X, there
exists a unique map ¢ : X — BG, up to homotopy equivalence, such that
P = ¢*BG. 1t turns out that EG is contractible, i.e. all the homotopy groups are
zero. Let now G being the compact torus 7" := (S')*?, for some p > 0, and let

ET" — BT’ be the corresponding universal principal T'-bundle : T" acts freely
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on ET', ET' is contractible and BT" is the product of (1+p)-copies of the complex

infinite projective space P>°. The latter is thought of as the inductive limit lim P™,

—

with respect with the chain of natural inclusions
s P e P,

and equipped with the inductive topology. The principal T’-bundle ET" itself
can be seen as the inductive limit of the bundles FE,, 7" — B,,T’, where E,, T’ =
(S2mye B T = (S*m+hite /(§1)IH+P o P [n particular E,,T" is 2m-connected
(ie. m(S*™ ) =0 for all 1 < i < 2m).

If X is a paracompact topological space equipped with a continuous right 7"-

action, the T"-equivariant cohomology ring of X is:
H;(X) = H*(ET xp X)

The key result we shall need in the sequel is that for each m > r > 0, there is a
map

Omrj: H (BT xpr X) — H/(E,T" x70 X)

which is an isomorphism for all 0 < j < 2r (see [L1], [37], [16]). In particular
H7(X) = @50 Hp(X), where each Hy, (X) = lim H(E,,T" x¢ X), where the
inverse limit is taken with respect to the the system of (iso)morphisms ¢y, , ;. It

follows that for each r > 0, there is a morphism
Gri: Hy(X) — HY(E,T x X)

which is an isomorphism for each i < 2m and such that, for each m > r, the

natural inclusion E,T" — E,, T’ gives a map
ET xp X — E, T xp X
inducing a ring homomorphism
Gmy s H(EnT' xp X) — HY(E, T X1 X)
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such that ¢, ,.; : H(E,T' xp X) — H'(E,T" x7 X) is an isomorphism for each
J < 2r. Moreover

gbm,r,j © gbm,j = QSTJ?

(by the universal property of the inverse limit).
It turns out that H7,(X) is a ring with respect to the equivariant cup product. If
& € HE(X) and & € HE(X), then for each r > q1+q2, H5(X) & H(E,T' X1 X),

for each 1 < ¢ < r. Then one set:

§1U& = ;,;1+q2<¢7"7111 (51) U (br,qg (52»

Notice that if m > r, one has:

;,;14-(]2 (Qbmn (51) U qun (52» -
= (¢mmq1+q2 o ¢m,q1+q2)_1(¢m,r,q1 <¢m,q1 (51)) U ¢m,r,qz (Qbm,qz (51))) =
= ;z%qﬁrqz © ;r:r,q1+q2 © ¢m,r,q1+q2((¢m,q1 (51)) U ¢m,Q2 (£1>> =

= ;jqﬁqg (‘bm,cn (fl) U (bm,qz (52))

4.1.5 T-equivariant Chow groups. Let now X be a complex smooth projec-
tive variety acted on by T := (C*)'? a (1 + p)-dimensional algebraic torus. Then
ET is the product of (1+p) copies of C*\ {0} and BT is again (P>°)'"*?. If T' acts
on X, there is an obvious induced action of 7" on X, and since S! is a deformation

retract of C*, it turns out that
H(X) = H7.(X).

From now on, then, we shall only deal with T-equivariant cohomology. It is possible
to define a Chow equivariant intersection theory (see e.g. [15], [11], [52] for details).
For the purposes of this exposition, we prefer to avoid the foundational details
involved in the definition of such a ring by invoquing a result of Bialynicki-Birula

([7]), saying that there is a natural cycle map, doubling degrees,
cly : Ap(GR(P")) — Hyp(Gr(P")),
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which is an isomorphism in this case (see also [11], p. 25). Hence, in the case that

T is a 1 + p dimensional torus, we define:
AL(X) = Hi(X). (4.1)

Up to now, (4.1) is just a different notation for denoting the T-equivariant co-
homology. We shall relate it to the ordinary Chow intersection theory as fol-
lows. According to definition (4.1), for each m > 0 and for each 0 < i < 2m,
AL(X) = H(E,,T xr X). Now, if X is a grassmannian G(P") (or the projective
space P itself, when k& = 0), the bundle

EnT 7 Gy(P") — BT,

is the grassmann bundle G (P(€,,)) — (P™)'*?, where £,, — X is the holomor-
phic vector bundle E,, T xC'*" — B,,T associated to E,,T — B,,T. Therefore
Gr(P(&,)) — BT is a flag bundle over a CW-complex (the product of projec-
tive spaces) and by [23], p. , it follows that H*(G(P(E))) = A*(Gr(P(E,,)). The
latter, in particular, is a module over the ring A*(B,,T) = H*(B,,T).

Therefore we can link the equivariant Chow ring A%(X) to Chow intersection

theory by saying that there is a map
Omi : AN(X) — A(E,T x7 X) = AY(P(Ey))

which is an isomorphism for all m > 0 and all 0 < i < 2m.

4.1.6 Recall that the equivariant Chow ring A%(P") (= H}(X)) of P" is a free
module of rank n + 1 over A = A%(pt), generated by T-invariant cycles classes
represented by intersections of the (7-invariant) coordinates hyperplanes. Suppose

there is a regular 0-SCGP (M, D;), where
M=AldAu & ...0 A",

such that:

i) M is a free A% (P")-module of rank 1 generated by p°. If ¢ € A%(P") and n € M,

one writes £ N’ n for the module multiplication;
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ii) The rings A% (P™) and A*(M, D;) = A|T|/(ker(evp ,0) are isomorphic, and the
) g T ’ Nl p )

following diagram »

A*T(]Pm> QXKa M —

LOJ l1 , (4.2)

A (M,Dy)@a M — M
is commutative, the vertical arrows being isomorphisms (the right one is just the

identity).

4.1.7 Let M(m) := A*(B,,T)u° ® A*(B,,T)u' ®...® A*(B,, T)u". Then one has
M(m); = A(B,T)u® & AV (B, D' @ ... (B, T)u"

where one sets AY(B,,T) =0, if i < 0.
Now, for each j > 0 there exists m such that A%(pt) := AY(BT) = AYB,,T),
for all 0 <17 < j. Hence

M; = A/(BT)u’ @ A"YBT)u' @ ... A7(BT)u" = M(m);.

Hence M (m) can be seen as an approximation of M. Since A%(BT) = lim._ AY(B,,T),
it follows that M; = lim. M (m);. Let ¢,,; : M; — M (m); be the approximation
map. Define D, : M(m) — M (m) as follows:

D1t = thmj1(D1p)

Then (M(m), Dy ,,) is a 0-SCGP, and one can consider the corresponding k-SCGP
(/\Hk(M(m), D ). We have an isomorphism

1+k

thn + AT(GR(B(En)) — A"(/\ (M(m), Dy)

which is that prescribed by Theorem [3.4.2.
Furthermore M (m) is isomorphic to A.(P(€,,)) through the A*(B,,T")-isomorphism
Xom : M(m) — A.(P(Ey)) defined by

uj = C1 (%,m)j N [P(gm]
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where 7} ,,, is the tautological bundle over G (P(E,,)). Hence the following diagram

m/

A (P(Em)) @ M(m)  —  M(m)

A (P(En) © A(P(En)) = AdB(En)

LO,'r77,(®X0,7‘n,71 l J/

A*(M(m), Dym) ® M(m) 2= M(m)

has the top commutative square if N’ is defined as £ ' n = £ N xo.mn. As for the
bottom one, is just a special case of Theorem 3.4.2/ (for k£ = 0). Therefore the

diagram

A*(P(En)) @ M(m) —  M(m)

LO,m®1J( J/

A*(M(m), Dym) ® M(m) 22 M(m)
is commutative and is an approximation of the diagram (4.2).

4.1.8 Notice now that A" M(m) is an approximation of (A'™ M) in the fol-
lowing sense. For each w > 0, there exists m > 0 and a natural approximation
isomorphism (A" M); — (A" M(m));. In fact

1+k

(/\ M), = 69 AU (BT) /\u,
0<wi(I)<
where if I = (ig,i1,...,ix) € ZF, then A" p = o Apit A ... Apis. Let m >
max(w, ix). Then ¢, ; : A1(BT) — AJ(B,,T) is an isomorphism for all 0 < j <
m. One can then write

1+k 1

1
(AM(m),= B A"D(B,T) \pu= @ G- (A" (BT)) \ p
wi(si

0<wt(I)<i

4.1.9 By abuse, denote again by ¢,; : A M(m); — (A" M(m)); the ap-
proximation homomorphism and define ¢, ; : AN (M, D)) — AN (M(m), Dy )

78



and ¥y, . : A(NTH(M(m), Dy ) — AN (M(r), Dy,) imposing the commu-
tativity of the following two diagrams:

ANTHOLDY) s A

ANTHOI), Dyp)) S N A ()

and
; V30 ApiL AL AL
AN ), D)) S AT M (),
;n,r,i | l ¢m,r,i
ANTHMI(), D)) N M ),
Moreover 9. ; 0 4y, .. = 1y, ; as well as ¥.; 0 ¥y, i = Y, by definition of inverse
limits. Let
1+k

ton + AN (GR(P(En)) — A*(\ (M, Dy )

be the isomorphism defined in Theorem [3.4.2 (corresponding to the inverse of C
in diagram (4.3)). Then, The main result of this section (and of the thesis) allows a
sharp description of the equivariant Schubert Calculus, alternative to the puzzle’s

techniques described in [39].

4.1.10 Theorem. There is an A-algebra isomorphism

1+k

e : An(GR(P") — A*(/\(M, Dy)),

making N"FM into a free A3 (GR(P"))-module of rank 1 spanned by
LOALEA. L A isomorphic to N M thought of as a module over A*(N'"T*(M, Dy)).

Proof. Let £ € A%(Gr(P")). It is a finite sum of homogeneous elements. So,
we may assume, without loss of generality, that ¢ € AL(Gy(P")). Define ¢, :
Al (GR(P™)) — A*(N"T* (M, Dy)) as follows. Let m such that ¢y, ; : A%(Gy(P")) —
AY(GR(P(E,,)) is an isomorphism, and define:

(€)= ¥ it (D (€)))

One has, for each ¢ > m:

w/;z%z(bk,m<¢mn<€))) = w/;z'l(bk,q(ghq,i(g)))
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and hence ¢4 (&) is well defined. We claim that ¢, is an A-module homomorphism.

In fact

W U&) = Vs (thm(Pmiri (€1 U &))) =
W it e (Gmi(61) U dm 3 (€2)) =
= ¢mz+](0km(¢mz(fl)bkm(¢mg(52))
W i (U (B (€0) U i (b (D 3 (€2)) = 1r(€1) U ta(&2).

Moreover, if 1(§) = 0, then 1/1/mlLkm(¢mz(f)) =0, then ¢,,;(§) = 0, because zb’;il
and ¢y, are isomorphisms, too. Then & = 0, because ¢,,; is an isomorphism.

1+k

Moreover, each n € A" M, is sent onto 1, ;(n) and L,;}nwm,i(n) is a pre-image of

n in AL(Gy(P")). Hence ¢ is an isomorphism. 0

Define £ ' n = 14(&)n. Then the following diagram is commutative.

Ap(GrB)) @A NTM T AT M
w1 K (4.3)

AN, D)) @a AT M <5 AR
and exhibits A" M as a free A% (G (P"))-module of rank 1 isomorphic to A" M
thought of as a free A*(A\"""(M, Dy)) of rank 1, generated by pi® A it A ... A it

4.2 Tao-Knutson T-Equivariant Schubert Calcu-

lus.

4.2.1 In this section we shall apply Theorem 4.1.10/ to offer the promised alter-
native description of the equivariant Schubert Calculus investigated by Knutson
and Tao in [39]. There the authors use the combinatorial tool of puzzles, which is
interesting in its own. Our approach, however, will consist in identifying a 0-SCGP
(M, Dy) describing the equivariant intersection ring of the projective space, and
looking at the corresponding A'*"(M, D;). The situation is as follows: a com-

pact n + 1-dimensional torus 7' := (S')"*! acts diagonally on P, with isolated
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fixed points and one aims to compute the T-equivariant Schubert Calculus, i.e. the
structure constant of the algebra. Our way to compute Schubert calculus is, instead

using puzzles, via Pieri’s and Giambelli’s formulas for equivariant cohomology.

4.2.2 The model. Let M be a free A-module of rank 1 4+ n spanned by
(u pt, ... u™), where A = Z[yo,y1,---,ya] (playing the role of the equivariant
cohomology of a point). Consider the 0-SCGP (M, D), where Dy : M — M is

the unique A-endomorphism such that:

Dipd = (1= 83,) 7 7% 4 (y; —yo)p?, 0<j <m, (4.4)

where 4, is the Kronecker’s delta. Denote by Dy = DY the identity of M and let
GY € Z[T1] C Z|T] such that Gy =1 and, for each 1 <i <n, G € A[T}] C A[T]
is defined by

i—1

Gl = H(Tl — (Y5 — v0)),

J=0

so that
i1

evp(GY) == G} (D) = H(Dl — (Y; — yo) Do) € Enda(M).

=0
In particular G{'(D) = D;. An easy check shows that, for 1 <i < n,

p=GHD) - . (4.5)

In other words, G* is a Giambelli’s polynomial for x‘, in the sense of for each

0 <4 < n. Because of the surjection evp 0 : A[T] — M, one has:

A[T]
(ker(evp u0))

Hence, A*(M, Dy), is freely generated as a module over A, by

12

A*(M, Dy) = M. (4.6)

GH(D):=1, G™D), ..., G*D).

Since each G (D) is an (explicit) A-polynomial expression in G}(D) = D; with
A-coefficients, it follows that D generates A*(M, D;) as an A-algebra. Moreover,
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D"t is a (unique) A-linear combination of 1, Dy, ..., DT since the last are A-
linearly independent in A*(M, D;). The corresponding relation can be given by
noticing that (Dy — (yu — o))" = 0 ie. (Dy — (yn — 40))GH(D)® = 0, easily

implying that AIDy
1

(ITi=o (D1 = (i — w0)))

4.2.3 We contend that the ring A*(M, D;) is canonically isomorphic to the

A (M, D) =

(4.7)

T-equivariant intersection (or cohomology) ring of P, as implicitly described
in [39], to whom the reader is referred for additional details. Consider the module
A= @7, Hi(pt) together with the A-algebra structure defined by componen-
twise multiplication of polynomials. Then, in [39], one identifies the equivariant
cohomology H%(P™) of P with the A-subalgebra of A" which is freely generated,

as A-module, by the classes
So 1= 5'011...17 Sy = g101...1, Sy 1= 5’110..‘17 Sy, = S'111...0

where the subscript of S denotes the position of the “0” in the indexing string of
S (notice that our indeterminates y are indexed by the set {0,1,...,n}, so all our
notation are 1-shifted with respect to those of [39]). The first generator Sy is the
(1 + n)-tuple whose components are all equal to 1 (the identity of H}(P")), while
the components of S; (i > 0) must satisfy the Goresky—Kottwitz—MacPherson
(GKM) conditions ([30]): applying the recipe of [39], p. 230, one sees that S; can
be chosen in such a way that its j'* component is:

i—1

S = =) wi—w) - (= vim) = [ [ — wn).

From these data it is obvious that H}.(P") is indeed generated as a ring by S,

because each S; is an A-polynomial expression of Si. In fact:
Si = GF(51). (4.8)
The proof of (4.8) is straightforward: it suffices to check equality for each compo-
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nent of S;. Then:

(@250 = TT(51 — (n — o)) = [0 — 0 — v+ w0) = [ [ (s — ) = 5.

4.2.4 Proposition. There is a ring isomorphism v : A*(M,D;) — H5(P")
giwen by Dy — 5.

Proof. Since any generator G¥(D) of A*(M, Dy) (resp. Hj(P™)) is a polynomial
expression in D; (resp. in Sj), it is sufficient to show that «(G¥(D)) = S;, and

this is true because of formula (4.8). .

4.2.5 Notation. From now on, for notational simplicity, we shall use variables

Yy, ..., Y,, defined by
Yi =y — Yo.

4.2.6 The k-SCGP A" (M, D). By Theorem 4.1.10, A'™ M is a free module
of rank 1 over A%(Gj(P")) which is itself isomorphic to A*(A""*(M, D;)) and
hence with it identified. One then knows that A% (G(P™)) is indeed generated by

(D1, ..., Dy, Diy)

as an A-algebra, by Proposition 3.2.14. As an A-module, instead, A%(Gx(P")) is

freely generated by Giambelli’s polynomials G}, ; (D) (recall our various abuse
of notation and terminology in Section [3.1.1), one for each p™ A u'* A... A p'.
Moreover we have Pieri’s type formulas at our disposal: they are just Leibniz’s
rule. As a matter of fact, Giambelli’s polynomial of ™ A u* A ... A u'* correspond
to the A-module basis indicated by Knutson and Tao. However we can use several

different bases, including the canonical ones, as we shall see in a moment.

4.2.7 Example. This example is a revisitation of [39], p. 231. Let A :=
Zlyo, Y1, Y2, y3], M == Ap® @ ... ® Ap? and Dy : M — M defined by

{Dlui = pM 4+ Y if 0<i<n
Dip" = Yu"
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(recall Notation [4.2.5).
Let us lexicographically order the basis z' A u? of A® M. Then one easily finds,

either directly or via canonical bases as in Example 3.3.10,

Ggl(D) =1

Gho(D) = D1 — Y1 Dy;

Gh3(D) = Do — e1(Y1, Y2) D1 + ea(Y1, Yz) Dy;
G15(D) = D% — Dy;

GH(D) = (D1 = Y3) Giy(D);

G5 (D) = (D2 = Y5)Gly(D) — (Y1 + Y3)Giy(D).

Notice that for each (i, 7) € Z2, G¥%(D) € A*(A\*(M, D)) is an A-endomorphisms
of M. Let us write the matrices associated to G;;(D) in the basis A2u. G§; (D) is

just the identity matrix (the 6 diagonal entries are all 1);

1 000 0 0
0100 0 0
o 0010 0 0
o 000100
000010
00000 1
As for Gfy(D) one has:
( YlDo)quul = p A+ AP YRt — (- yo)p’ Apt =
— OA 2
( 0)#0/\M2 = g AP A (P A+ Yop!) = (g1 —yo)pl At =

= AP A+ (Yo = Y1) Ap?
( Y1Do>u°Au3 = WA O A (V- YOR) — (Vi Yol AP =

= ' Apd+ (Y3 = Y)ul A
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(D1 — Y1Do>u1 At = (P +Yaph) A+t A (P + Yap?) = Yipt A =
— Vit AR 4t AR 4 Yo A R — Yiph At =

= g AR+ Youl A

(Dl — Y1Do>u1 At = (Yt A+t A (Yap®) = Yiph A
= AP+ Yapt Ay
(Dl - Y1D0> WA = (04 Yap®) A 4 P A (Yap®) = Yap® A

= (Ys+ Y2~ Y2 npd

Then, matrix of G¥, in the basis {u’ A p?} is:

0 0 0 0 0 0

1 Y2-Y1 0 1 0 0
(GSE(D)) _ 0 1 Ys—Y1 0 0 0

0 0 0 Y2 1 0

0 0 1 0 Ys 0

0 0 0 0 1 Y3+Y2-Y:

In the same way, one can compute the matrices of the remaining Gg (D), getting

0 0 0 0 0 0
0 0 0 0 0 0
1 Y3—Yi (Ys—Y1)(Ys—Y2) O 0 0
I —
(Go3(D)) =
0 0 0 0 0 0
0 1 Y3—Y2 Y3 Y3(Y3—Y2) 0
0 0 1 0 Y3 Y3(Y3—Yq)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
w _
(G12(D)) =
1 Y 0 YiY: 0 0
0 1 Y3 Y1 Yi1Y3 0
0 0 0 1 Y3 Y2Ys
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0 0 0 0 0 0
0 0 0 0 0 0
[ —
(Gr3(D)) =
0 0 0 0 0 0
1 Y3 Yi(Ys—Ys) Yi¥s Y1Ys(Ys—Yz) 0
0 1 Y3 Ys Y32 Y. (Y3 -Y1 )Y3
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
[ —
(G5 3(D)) =
0 0 0 0 0 0
0 0 0 0 0 0

1 Y3+Yo—Y1 Y3(Ys3—Yi) Y3Ya Y3Ya(Ys—Yi) Y2(Y3-Y1)Y3(Y2-Y1)
to each (4, 7) such that 0 <i < j < 3, associates the sequence
a;; - {0,1,,3} — {0,1}

such that a;;(i) = 0, a;;(j) = 0 and a;;(m) = 1 if m # 4, j, one sees that the
polynomials occurring in the diagonal of G} (D) satisfy GKM conditions prescribed
to the restriction a € A%(G1(P?)) to the equivariant cohomology of a point. In
other words we got the basis described by Knutson and Tao: the map sends (remind

that we are using a left 1-shifted notation for the indices)

ij<D)'—>Saij-
The polynomials occurring in the picture at p. 231 of [39] are precisely the diagonals
elements of the triangular matrices associated G} ;(D): notice that our description
of the basis of equivariant cohomology is even more explicit of that occurring
in [39], since one “physically” sees, here, that setting all the y to zero one gets the
basis of the classical intersection ring of the Grassmannian (as a consequence of

the fact that our Giambelli’s are the classical ones setting all y to zero ).
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In particular one gets the identification
v NM — A(G(PY)

~

Co (4.9)
prAR Sai

and one can easily check by hands that

Sai;San, = VGE(D)u" A ")

and this means that one may identify the A-basis described in [39] with our p? A p?.

4.2.8 Consider the following diagram, depicting the Chevalley-Bruhat order in-

side Z}:
(01)

l
(02)

(13)
l
(23)
Let o € A%(G1(P?)) and let oy = (av;) be the restriction of « to each fixed point
of the T-action: in particular each a;; € A%(pt) = Z[yo, Y1, Y2, y3]. Then the GKM
conditions spelled in the article [39], can be translated into the following: «;; —

is divisible by y; — v; and ay; — a5 is divisible by y; — yu.

4.3 Equivariant Schubert Calculus in Canonical

bases.

Before continuing the analysis of equivariant Schubert calculus in the bases pro-
posed by Knutson and Tao, let us see what it looks like when canonical bases are

used. First of all we have a combinatorial proposition:
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4.3.1 Proposition. The following formula holds for all i > 0:
Di(i?) = Di() = hia(Yy,..., Vi)™ 0<j<n
1=0

where

hon( X1, ..., Xp) = > X - Xp oo X,

1<i1 <<, <im <k

m)

are the complete homogeneous symmetric functions.

Proof.
The proof is by induction on the integer ¢. If ¢ = 1, by definition
Dyd = 7+ Yy
= @+ ha (V).

(4.10)

Suppose that the formula is true for i > 1. Thus, since D;(p?) = D1 Di™*(117), the

induction’s hypothesis says that:

i—1
Di(p’) = D1<Z hici—a (Y, ... ,Yj+z),uj+l>
=0

i—1
= Z hiflfl(Y;ﬁ e 7Y}+Z)D1(Mj+l) =
1=0

Using the first statement, one has:

—1
= Y b (YY) i (Y)d) =
=0

i—1 i—1
= Y hia (VoY) R hi (Y, Y (Yt =
=0 1=0

Putting I’ =14 1 in the first summation , one has:

i—1

= Z hi—l’(Y}a SR >Y}+l’—l),uj+l, + Z hi—l—l(Y}a s 7Y}+l)h1<}/}+l)u

I'=1 =0
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i—1

= ho(Vju o Y)W D (Y, Vi)t

=1

1—1
Hhi (V)b (V) +> hia (Y, oY) (Vi) =
=1

Simplifying the summations, one sees that:
= ho(Yj, ..., Y)Wt + hi(Y)) 4 +

(Y;
i—1
hiv (Y, ..., Y, hicia (Y, Y )ha(Y; =
+ 3 (b (Vs Yo ) + hia (Y, Y (Vi) ) =

i—2
= h0<Y}7 s 7)/j+i—1),u/j+i + hz(}G):U“J + Z hi—l’(}/ﬁ s 7Y}+l’):uj+l/
I'=1

Therefore
Di(i’) = Zhi—l(yjy LYt 0<j <
1=0

Using the inductive hypothesis the Proposition is proven.

4.3.2 In particular:

i i—1
Di+1,u0 = Dz‘Ml = Z hi (Y1, ... >Y1+Z)M1+l = Mi + Z hii(Y1, ... 7Y1+Z)M1+l-
=0 =0

It follows that the explicit expression of the D;-canonical basis € is:
J
=p and M= "hi (Vi Yig)ptt, (4.11)
m=0

Canonical bases solve the problem of computing equivariant Schubert calculus

in the most classical possible combinatorial way. In fact:

4.3.3 Proposition. Let h > 0. If iy + h <n
Dpe® A€t AL A€
can be computed via Pieri’s formula of classical Schubert calculus.
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Proof. In fact, if i + h < n one has that
Dyé = éth,
and hence the same proof as Proposition 3.3.2 works in this case. .
More than that one has:
4.3.4 Proposition. Giambelli’s determinantal formula holds:
EONETA L NET=A

(D)E® At AL A€

i1 ik
Proof. It is Giambelli’'s determinatal formula for canonical bases already proven

in Corollary [3.3.8. .

It follows that {A;(D)|I € I} is an A-basis for the equivariant cohomology
of the grassmannian G}, (P"). The structure constants {C%} defined by

AI<D) ’ AJ(D) = Z Cf]AK(D)7

KeTk
are the same as Littlewood-Richardson coefficients as soon as wt(I) + wt(J) <

(1+k)(n — k). When wt(I) + wt(J) > (1 + k)(n — k), one uses the relation
Die" =e1(Yy,..., V)€ —ea(Ye, ..., Y ) b+ (=) "en(Y1, ..., Yy)e!

to get the desired expression.

4.3.1 The presentation of A%(G1(P?)).

As a further illustration of our methods, let us deduce the presentation of the T-
equivariant intersection ring of A% (G (P?)). This is generated, as a Z[yo, y1, Y2, Y3)-

algebra, by Dy and Ds. Let us explicitly write the canonical bases in this case:

& = 40
61 — ul

e = 2rvi

& = P (N Ya)d YR (4.12)
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from which

0 0

noo= €

pto= (4.13)
pr o= € —Ye (4.14)
o= &€ — (Y1 + YY) + Y Yae (4.15)

Using expresion (4.12)), one has:

Die® = (Vi+Ye+Y3)pd + (V2 + V1Yo + Y7 )u? + Vit (4.16)

Thus substituting expresions (4.13), (4.14), (4.15) into (4.16) and taking e; :=
ei(Y) = e;i(Y1, Ys2.Ys), one has:

Die® = e1€® — ege? + eget (4.18)

Also,

3

Dye® = D?e* =ei(e1€® — eae® +eze’) — ex€® + e3e” =

= ele® — (e1en — e3)€” + erese’ (4.19)

We claim that there is no relation in degree 2. In fact Die?Ae! = 2 Ae® + €' A€
and Do’ Al = € A€, Any non trivial A-relation between D? and Dy would hence
imply an A-relation between € A €? and €! A€?, and this is impossible because they
are A-linearly independent. One can find a relation between D} and D;D,. In
fact

DI AN =Di(PNE+ e A?) =28 A+ A Dy
and

DiDy(e Ne') =Dy Ae¥) = Ae® 4+ @ A Dyéd.
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Hence:

(D? — 2D D) Aet + e A D =0 (4.20)

Substituting (4.18)) into (4.20) one gets

0 = (D} —2D1Dy)e" At +er® Ae® —epe® Ae? +ese® Ael =
= (le — 2D1D2 + €1D2 — €2D1 + 63D0)€0 VAN 61

Therefore
Rg(Dl, DQ) = D? — 2D1D2 + €1D2 — €2D1 + €3D0 =0

in A*(A\*(M, D1)) = A7(G1(P?)).

Similarly one has
DIEoAe' = D12 N+ A D) =2-ENE+2-' AD€ + €' ADye* + € A DI
On the other hand
D" Ne') = Dy( Ae?) = Ned + et A Dy + A Die

and then
(Dt —2D3)" Ne! — P AD?é + e ADie? =0 (4.21)

Plugging into (4.21) the expressions (4.18) and (4.19) and arguing as above, one
finally gets the relation:

D% — QDS — (6% — 62)D2 + (6162 — 63)D1 +ees+ 61(D1D2 — Dg) — GQ(D% — Dg) =0

Still, in the above formula, one must substitute D3 in terms of D; and Dy: we

know a priori that this relation exists, in fact:
0= D3 = DyD; — DDy + Ds,
from where D3 = D? — 2D D,. The final expression is hence:
Ry(Dy, Dy) := D} —2D3—eIDy+(e1e3—e3) Dy +eres+e1(3D1 Dy — D3) —ea D = 0
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Hence one can conclude that:
A[Dy, Dy
<R3(D17 D2)7 R4(D17 DQ))

Notice that if one sets all y-indeterminates to be zero one gets the classical pre-

A3 (G1(P?)) =

(4.22)

sentation of the intersection ring of the grassmannian G (P?):
A[Db DQ]

. 3V)
AY(G(P?)) = (D} — 2D, Dy, D} —2D3)’

4.3.5 The equivariant intersection ring of G;(P?) in the bases gaij. In the
basis S’aij used in [39], one has that A% (G (IP?)) is generated by S, and Sa,,. In
fact

D, —Y, — 5'a02 and Dy — (Y1 +Y2)Dy + V1Yo — S‘aog

Hence one gets

Dy = Say, + YiSa,, (4.23)
D2 = 5303 + (Yi + }/é)‘g’aoz - Yfgam (4'24)

expressions that, substituted into (4.22) give the desired presentation.

4.3.6 Some Examples of Computations.

1) In the first part of this example the reader is assumed to have some knowledge
of the puzzle technique, especially that involving the equivariant piece (see [39]).

In G;(P?) = P? one wants to compute

Saog . Sa12 (302 = (010), ajg = (100))

e Via puzzles. To make computations, one has to construct all the equivariant

puzzles with borders labelled with 010 and 100 (or 100 and 010) i.e.,




in order to compute the weight of the equivariant piece, i.e.,

Y1 — Y%

so that, finally, one has:

3302 ’ 5312 = <y2 - yﬂ)galz = (y2 — Y1+ Y — y0>5’a12 = 5802 : ‘galz

e Via SCGA. Recall that S,, = D; — Y1 Dy seen as element of A%(P?) while
Say, = p'Api seen as element of A\*(Ae"® Ae' @ Ae?). Therefore (see formula (4.9)):

Sae - Sary = V(D1 =Yt Ap?) = y(Di(ph A p®) = Yiph A p) =
= (D' Ap? 4 pt A Dy =Yt A p®) =

= yMp! A+ Yop' Ap? =Yt A p?) =

= Y(You' A1) = YaSa1, = Saps * Sas

2) In this example we shall compute the product
Gf23(D) ’ Ggl4(D)

in A%(G5(P™) with n very large. This means that we shall work with a free A-
module M of sufficiently high rank, spanned by p = (u° ut,...) studying the
2-SCGP A*(M, Dy), Dy as in (4.4). This example is combinatorially tricky with

puzzles. First we observe that:

Glos(D) - Gl (D)’ A ' A p® = Glog(D)p® A A

Although it is not strictly necessary, we shall use canonical bases to speed

up computations. To this purpose, in order to make notation easier, we shall
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write €;(Yi<i<n) (resp. h;(Yi<i<n)) to denote the j™ elementary symmetric poly-
nomial (resp. the j* complete symmetric polynomial in (Yi,...,Y,). Of course
61(Y1§i§n) = h1 (Yigign). First

,ul/\uQ/\,u?’:el/\eQ/\eg.
On the other hand
A At =@ NN —er(Vicies) A et A€+ ea(Vicics)ed A et A e
We shall compute
GSys(D) - ("N et A et — e1(Vicics) A et A€+ ea(Vicics)e A el A é?)
But G$y3(D) = D3 := Ajp3(D). Therefore

Glos(D) - G (D)’ A pt A i =
= Ds(" Ne' Aet —e1(Vicics)e A e A€+ ea(Yicics)e A€l A€) =

= dNENE —e1(Yicics)e AE At +ea(Vicies)et NN =
Returning to the original basis /\3 , one easily gets:

Glas(D) - Ggm(D)NO Apt A p? =

= p AP AP+ T (Vicica) — e (Vicics) ! A p? At +

4+ [ha(Yicica) — e1(Yicics)hi (Yicizs) + e2(Yicics) ' A A p® =

= P AP AP Yap AP At (Y Yo+ Y+ Y)Y A AP =
(Glli%(D) +YiGo (D) + (Y1 + Yo + Y3 + Y4)Y4G{L23(D)>/LO A pt A

showing the power of our methods.

4.4 Equivariant Pieri’s Formula
Let [ > 0 and g0 A pit A .. A pik € A% M. Leibniz’s rule of SCGA gives:
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Dy A AR = YT Dl AL A Dy
lo+l1+..+1k=l

Thus, using Equation (4.10), and defining (for computational reasons) Y; :=

Y; — Yo, one has:

lo
- Z [( Z th—mO(Yim }/;(H-la s 7}/;0+m0)ﬂm+m0> VAN

lo+l1+...+lk=l mo=0

Uk
e A (Z hlk—mk(Y;ink-H,...,Y;k+mk)ﬂlk+mk>] _

mk:(]

expanding the wedge products:

lo+li+...+lk k
S Sl i || Ry |
7=0

lo+...+lx=l Lmo+...4+m=0 =

! k
- Z [( Z thj_mj(yij’y;j"‘l""’}/;j-i-mg')) Mio+m0 AN

mo+...+mgr=0 lo+...+1=l j=0

Therefore, by property of symmetric polynomials,

l

- Z |:hl*2?=0mj (Y;o’ T 7Y;0+mov T 7}/;k7 tee 7}/;k+mk):ui0+m0 ARRS

mo+...+mr=0

Thus, putting u =1 — Z?:o m;, one finally gets:

Dy(p A .. A p*) =

l
= Z Z hu(}/;(n“'JY;;0+mo7"'7}/;k7"'7§/ik+mk)/’l’i0+mo/\“‘

u=0 mo+m1+...+mp+u=Il
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Relying on what has been said, and keeping into account the alternating feature
of the A-product, causing cancellations of terms, we can finally state (solving a

problem proposed in [43]):

4.4.1 Theorem. Pieri’s formula for T-equivariant cohomology of grassmannians
holds:

= > D hi o Yigsmes o Yigs oo Ym0 N A
(4.25)
where P(I,1 — u) is the set of all (1 + k)-tuples (m;) € N'** such that:
0<ig<igtmg<ip <ip+m <ig<ig+mg<... <ip_1+mp_1<ig

and mo+my+mo+ ...+ my =1—u.

Proof.

The proof is inspired by [26], and works by induction on the integer k. For k = 1,
formula (4.25)) is trivially true. Let us prove it directly for &k = 2. For each h > 0,
let us split sum (4.25) as:

l
Dl(/’bio N /’l’“) = Z Z hu<}/;07 s 7)/7:0+m07 }/i17 s 7}/”i1+m1)ﬂi0+m0 A ,LLilerl =

u=0 mog+m1+u=I

= P+P
where
l
P = Z Z hU(Y;O’ s 7Y;o+mov Yin . aY;1+m1)/Li0+mO A /Liﬁ_ml
u=0
mo+my = l—u
10 +mo < 11
and
l
P = Z Z hU(Y;O’ T 7}/;0+m07 Yil? s 7Y;1+m1)//}0+m0 A Hlﬁ_ml
u=0

B m0+m1:l—u

19 +mo > 11
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One contends that P vanishes. In fact, on the finite set of all integers i, — g <

a <11 —ig + | — u, define the bijection p(a) =i, —i9p + ! — v — a. Then:

l
25 - Z hu(}/;07 te 7Y;o+mo7 Y;N s 7Y;1+l*ufmo):ui0+m0 A Mil“iuimo +
+ h'u(Yvim s 7}/;0+p(m0)7 Yvip s 7Y;1+l—u—p(mo)),ui0+p(m0) A Mil+liu*p(m0) =

l
- - Z Z hu(Y;(n e 7}/;0+m07 }/Z’U e 7n1+l—u—m0),u“+l_u_m0 A Mlo+m0 _'_

l
+ Z h’LL(Yi(n s 7}/;0-&-77107 Yi17 s aYi1+l—u—m0)Mi1+l_u_mO A /“Li0+m0 = 0

hence P = 0 and (4.25) holds for k = 2. Suppose now that (4.25) holds for all
1 <k <k —1. Then, for each h > 0:

Dy(pi® A A AR =Y Dy (i AL A ) A Dy i
U+ =l

and, by the inductive hypothesis:

i
= DD huYigs o Yigtmor s Yigoys o+ Ya g DOm0 A LA k1R ) A
u=0 (m;)

Uk
A Z hlk,mk (}/;ka Yvik-l-l? SRR Ek+mk)ﬂzk+mk (426)

mp=0

summed over all (m;) such that mg + ...+ my =1 — u and

1<ig+mo <y <ot <ip_o +Mmp_o < ip_1. (4.27)

But now (4.26) can be equivalently written as:

l_l/l
- Z Z hu(mov ce 7Yio+moa s 7Yik—27 S Y;k—z-l—mk—z)lu’ermD ARERNA :ulk72+mk72 A
u=0 (m;)

ADpr (=1 A p'*) (4.28)
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where the sum is over all (mq, ..., mg_2,1"”) such that mg+...+mgp_o+1" =1 and

satisfying (4.27). Since

Dy (=1 A p'*) =
l//

= Z Z hu(mkfl’ s 7}/ik—1+mk—1’y;:k7 te 7}/’£k+mk)luik+mk A Nik_i_mk

O e +mp = 1" —u

tp—1 +mp_1 < ig
by the inductive hypothesis, substituting into (4.28) one gets exactly sum (4.25).m

4.4.2 Example. The coefficient of u?> A u® A p” in the computation of D3(u? A
1> A ), s

hi (Y, Y3, Y5, Ye,Y7) =Yoo+ Ys + Ys + Y5 + Yo = vo + y3 + y5 + ¥s + Y7 — 5yo.

4.4.3 In particular Pieri’s rule for codimension 1 subvarieties, is given by

Dy(p® AL A p't) = Z Dyt A .. A Dy, ™ =
no—i-nl—i-...—i-nk:l

ng
= Z ( Z hno—mo (Y;ov Ygo-&-b ce 7Y;o+mo)ﬂm+m0 ARRS

no+ni+...4+ng=1 \mop=0

ng
A Z h”k—mk (Eka Y;'k-&-l, N ,}/;k+mk)ulk+mk>

mi=0
k 1
= Z;ﬂ“ AN Z him, (Yiy, Y1, - - ,}/;j+mj)u’f+mf A.optt =
Jj=0 m;=0
k

= Y i A A (ho(Viy, Yi s ) (Yo ) AL =
= Zuio/\.../\(Mij+1+Yijuif)/\...uik:
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k k
- Z#io/\-../\uijﬂ/\...,ui’“+Z}qui°A.../\uij/\...pf’“:
=0 =0

k
- Z#io/\.../\u”“/\...pi’“—1—(Y;~O+...+Y,~k)ui°/\.../\ui’“
=0

k

k
- Z#io/\.../\u”“/\...,ui’“—{—ZYikuio/\.../\,ui’“
7=0 r=0

4.4.4 Remark. Knutson and Tao, in [39], computes a Pieri’s formula for codi-
mension 1 subvarieties. It can be gotten within our formalism as follows (see [4.4.5

for the detailed comparison).

Gg,l,...7k—1,k+1<D)Mi0 AL At =

k
= <D1—ZYT>M°/\.../\M’“:
r=1

k
DO Apt AL AR = Z,uo/\,ul/\...,uj_l/\Dl(,uj)/\uj+1/\...Auk
=0

k
= >l Aapt AT A (T Yl AT A A P
7=0
k
= ZYj,uO/\ul/\...uj_l/\uj/\ujﬂ/\.../\pk+
7=0
O At A LA A R

= V4. YAt A AR O At A A R A R

k
= > Vel Apt Ao apE O Apt A A T A
r=1
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4.4.5 Comparison with Pieri’s Formula as in [39].

Let 0 < k < n be a fixed integer. Denote, as in [39], by {} } the set of all the
sequences &y, ., : 10,1,...,n— 1} — {0, 1} such that a;;, ,;_,(j) =1 for all

J but {ig,71,...,ix_1} where it takes the value 0. For example
{,} ={1100,1010, 1001, 0110, 0101, 0011}.

The elements of {:} may be clearly employed to index Schubert classes and are
used by Knutson and Tao to spell the puzzle rule as in [40]. The cardinality of this
et 7} s ()
Let Sy be the equivariant Schubert variety corresponding to some \ € {: }
Then Pieri’s rule for a codimension 1 equivariant Schubert variety, as is spelled

in [39], is given by :

SaivSx = (gdw’)\> Sit+ Y. Sy
NN
where

n+1

"7, } with one inversion;

i) div == ag1,. k—1k+1 denotes the unique element of {

ii) the expression ' : ' — X\ means that X differs by A in only two spots 7,7 + 1,
where A has 01 and )\ has 10;

iii) the coefficient (§d¢v|/\> is given by ([39], p.236, Lemma 3):

n k
(Sanld) = S =20 — D
=0 i=0
Thus, if A = a;, 4., one has:
N k
<de|)\> = Wi+ Un+FU)— Wotum+ .+ u) =D (Wi — )
r=0
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Therefore Knutson and Tao’s formula reads as:

k

SaivSx = Z(yzr —yr)Sh + Z Sy

r=0 NN =X

which is precisely formula 4.29.

102



Chapter 5
A few Enumerative Examples

In this section we go back to classical Schubert calculus to see how much SCGA
point of view may help in solving enumerative problems. Our main examples will
be i) offering a new way to prove the formula for computing the Pliicker degree
dy.» of Schubert varieties in G (P™) and ii) a combinatorial formula expressing the
number of projectively non equivalent rational curves of degree d in P? having

flexes at 2d — 6 prescribed points.

5.0.6 Let Mi,; be a free Z-module spanned by (€% €', ... ¢) and let D, €
S:(/\ M) induced by the shift polynomial D, : M; — M;][[t]] defined by:

éti o if i+ <l
0 if i+j>1

Dy(¢) = Z(Diej)ti where Diel = {

i>0

Because of Pieri’s formula (3.12), the main result of [26], or its generalization (The-
orem [3.4.2), there is the following dictionary between the k-SCGP A" (M, Dy)
and the SCGV on G(P'):

5.0.7 Dictionary.
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Dh € "4*(/\]ngl Ml-i—naD)
EONEVA. L NEF

on € H(Gr(P™))
G (P")]
g, N [Gi(P")]
(on U a,) N [Gi(P")]
(0x U a,) N [Gi(P")]

€0 NN LN R
Dp(e0 A€t AL Ner)
Ay(D) (€0 Net AL A €r)

(N R R R I

where p = (ig, ..., ). In particular the degree dy, of the Pliicker image of G (P")

is given by
A — /Uik—i-l)(n—k)’

and therefore dj ,, fits into the equality:

ngﬂ)(nfk)eo NN AN =din € TFA L NE

5.1 Degree of Schubert Varieties

Let E = (eg,e1,...,¢e,) be a E*-adapted basis of C!™" € = (e, ¢!, ..., ¢") its dual
and let
E* Pt =V'oVio. . . DVro Vit =g

be a complete flag of projective subspaces of P”.

5.1.1 Proposition. Let d
Q (F'*). Then:

i, be the Pliicker degree of the Schubert variety

10,815+,
20,815+ 0k

_ T (n—k‘)(l—i-k)—w
digin,i = ) (_1)|<n_k+7(0)—io,n—k+r(1)—z’l,...,n—k+r(k)—z'k§3'1)

TES 14k
—k)(1+k)—w
_ . |T< | (n , ) 5.2
TGSZHk( ) n—iro) —kn—iry—(k=1),....,n—ir gy — (k—k) (5-2)

where w is the codimension of €; ;. (F*).

Proof.
The degree of the Schubert variety (€2;,.,...:, (F'®)) satisfies the following equal-

ity:
Dng)(n*k)*weiO ANETNA .. A€ = igivoin - NN AER
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Hence all the matter consists in evaluating the left hand side of the equality above.
This will be done by using the general formula (2.13).

. . . N n, k;7 W . ) .
DiV(n’k’w)Elo ANEYA ... Ner = Z (ho }(Ll ;Lk) ¢lotho VAN ¢hth VAN i the

the sum over all distinct (1+ k)-tuple of non negative integers (hg, h1, ..., hy) such
that hg + hy + ...+ hy = N(n, k,w), where for sake of notational brevity we set
N(n,k,w) := (1 + k)(n — k) —w. The only surviving terms are those for which
(1o + ho, i1 + A1, ..., ik + hg) is a permutation of (n —k,n —k+1,...,n), i.e.:

{io+ho=n—k+70),i1+hi=n—k+7(1),....ig+hy=n—k+7(k): 7 € S14n}.

This gives h; =n — k + 7(j) — i;. Therefore one concludes that:

N(n,k,w)
igir,ir, = —1)!7! N
08tk Z ( ) <n—k+7’(0)—’L'o,n—]f—l-’i'(l)—il,...,n—k+T(/€)—ik>’

TES1+n

which is expression (5.1)). Equation (5.2) is simply the “transpose” of (5.1).

In particular one has:
— _ N (1+k)(n—Fk)
dhn = dov = 3, (1) <n—k+7’(0),n—k‘+7(1)—1,...,n—k+7’(k)—k » (53)

TES14n

5.1.2 Formula (5.2) is suited to be put in the classical form the degree of Schubert

varieties is known with. In fact:

vl n—k)(1+k)—w _
Z ( 1) <n—i7(0)—k,n—i.r(l)—(k—l),...,n—z'T(k)—(k—k))

TES1+k
7 N(?’L, k‘, w)'
Z ( 1) (n — iT(O) — k)'(n - ir(l) - (k‘ — 1))' e (n - Z’T(k‘))' (5.4)

TGSl+k

The common denominator of the alternating sum (5.4)) is precisely

(n—ig)l(n—i)!- (n—1i) = (n—1i-(0)(n—i, (1)) (n—i(k))!
for each 7 € Sy4x. Therefore sum (5.4) can be written as:
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Z (=D)I"IN(n, k, w)! ' (n—i-(0)(n—i (). (n—ir(k))! _
(n—i)ln—i)!...(n—ix)! (m—i(0) =K (n—i.(1)—(E=1)...(n—i(k))!

TES14k

Yresy, (DI 1520 —iro) —jo) - TI5 2o (n = irqy — 1)+ -+ (0 — iry)
(n — Zo)'(’n - 7,1)' N (’I’I, — Zk)'

= N(n,k,w)!

Since the numerator of (5.5) is a homogeneous polynomial of degree k(k +1)/2 in
n,n—1,....n—k-+1and ig,1,...17 and it changes sign if one permutes j < k,
it must be an integral multiple of [],_;(i; — ix). To determine this multiple it is
sufficient to compare the coefficients of a same monomial occurring on both sides.
In the expansion of the left hand side, the monomial

Bk=d) fo1.k—2.k—3 :
(1) 2 ig iy iy Tk

occurs, corresponding to the identical substitution 7 = (012. .. k); the same mono-
mial, with the same sign, occurs on the right hand side, proving that the numerator

of formula (5.5) is indeed equal to [],_;(i; — ix). Then the final formula is:

(= k) (k+ 1) — ) T (i — 1)
Bioinsit = (n—i)n—i)...(n—ip)! (56)

In particular:

12! n—k)(k+1))!
dypn = dor2..kx = (n — 1<>(' (n)<— B ) . (5.7)

To generalize formulas (5.6) or (5.7) to other kind of integrals (=top intersec-
tion products in the cohomology ring) seems to be a hard task. However, the

generalization (5.3) is straightforward.

5.1.3 Remark. Proposition (5.1.1) can be seen as a particular case of the fol-

lowing Theorem (one takes I = (0,...,k) and J = (n —k,...,n)).

More in general, it is possible to compute the number

/ (00)27 U ) 1 [Ga(B™],
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where A, p, are any partitions such that A < p in the Bruhat-Chevalley order.
Let I = (ig,i1,...,i) and J = (Jo,J1,---,7%) € Z¥ be the index associated

respectively to the partitions A and p. By our dictionary,

/ (0027 U ) 1 [GL(B™)] = K

where Kj j is given by the equality:

D|1J|7u|(5i° Ao ANe®) = Kry-e® A Agk,
Since A =X p, also I < J. Thus, this number is given by:

5.1.4 Proposition.

e 111
K Z( 1) (U(jo)_io,...,a(jk)—ik)

ocESk

= ([ = D! ()|

where |(ay,)| is the determinant of the matriz (ayy,), where:

1
Ay = 77— ,Oﬁl,mgk
(]m_ll)!

Proof.

By Corollary 2.5.6, Newton’s binomial formula (2.12) holds. The proof is by
induction on the integer k. If k£ = 0, the formula is easily seen to be true, by
definition of the D;’s. In fact

Diloiogio — (‘7:0 a 750) gl0 = ploTiogio — gio,
Jo — %
If kK =1 we have, by (2.12):

l31=111

B A A Tl — I . i
Do peiny = 3 (l !b"! \_ &‘ !_ Z>D11€m A DM 0
=0 "’
171111
3 [TI=1I1 Y Lot 5 cintal=111-1
2 1|7~ |1~ 1
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In the above sum one needs to check only the coefficient of the terms €70 A g/t and

g A gdo Then

io+l=jo = l=7Jo— 1o
w+l=5 = l=j—1

For this

_ . - J| = |1 J| =1
pte sy < (L DIy
Jo —%0,J0 +J1 =% — 1 — Jo + %0 J1—1%0,J0 +J1 =% — 1 —J1+ 1%
( | J| = 1] >_< | J| = ] )
Jo —to,J1 — i1 J1—t0,Jo — i1
Now, suppose that the formula is true for each £ > 0. We have:

[J]=11]
D|1J|_|I|(5i° A ANEHRTAgh) = Z (‘J‘l_ll‘)Dll(eiO A ANERT)A D'l‘]'_l”_laik
=0

|J]—|1]
= Z (\J\?U\)Dll(gio AL A 6ik71) A giktlJI=1]-=1
=0

In the above sum one needs to check the coefficient of the terms €701 A ... A

£70r) . Therefore,
i+ = =l=0(k) = l=[J]=]+ir—0(jk)

Then, by induction’s hypothesis, D'l‘]l_m(giO A...Ag™) is equal to

k
7]=11] _1)l@l 1= 1] :
:( AUEDBNEY <0( 7U(jk)_ik—1>

h=0 5ESK_1 jo)_iOa"WE(jh—l)_ih—l,a(jh_i,_l)—ih,...

(&AL NI AL NER) A i

Wlthjh:U(]k) and [ = ’J’ - ’[’—i‘lk—U(jk)
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k
=3 (Vy (= 3T (_1)|0|( ‘ .|J| - |I.| ‘ - )
P ! =35 a(jo) — %0, -, 0(Jh=1) — th=1,0(Jh+1) —%n, ..., O (Jk) — th—1

= OCOk—-1
(T AL N ETR)
k
S35 e - )
Py iy 7(jo) =0, ---,0(jn-1) = th—1,0(Jn+1) = Iy -, 0 (k) — ik—1,Jn — ik
=00€Sk-1

(e AL AETR)

= —1)lel |J| — || i N
Z( 1) <U(jo)_io""’g(jk)_ik—lya(jh)—ik)g AN...N€

o€Sk

Then, by induction, the formula is true V £ > 0

5.2 Flexes of Rational Curves

Our last example has been suggested us by K. Ranestad. One may like to compute
the number Ny of all projectively non equivalent rational curves of degree d in
P3 which have flexes at 2d — 6 prescribed points. These can be constructed by
projection of a rational normal curve in P? with 2d — 6 marked points from a

P44 intersecting the osculating plane of the curves at the marked points. Such a

Nd:/ag(d_g)

in the grassmannian Gy_3(P?) 2 G3(P?). Basing on our dictionary, one has:

number is counted precisely by

Dg(df?’)eo ANE'AENE =Ny €3 N2 NN el

An expression for Ny can be figured out by applying Proposition 2.5.8. One has:

— § ( n )DSOODD?OOI+"OIO+”100QO A
1000, 1001, 70025 17010, 12011, 700205 72100, 72101, 72110, 72200
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/\D?001+n011+n101 Dgomal A D711010+n011+n110 DSLOZO ag A D711100+n101+n011 DSQOOO@

Renaming the ns for commodity, one has:

2(d—3
DQ( JONE AN =
— E < 2(d - 3) >€2n0+n1+n3+n6 A 61-1-2n2+n1-i-n4-|-n7 A €2+2n5+n3+n4+n8 A 634-2119-i-n4-i-n6-i-n77

ng,...,1N9

the sum being over all non negative integers ng,...,ng such that Z?:o n; =
2(d — 3).

We are interested in the coefficient of €273 Ae?=2 Ae?1 A€e?, the class of a point.

Such a coefficient gets the contributions of all 10-uples of non-negative integers

such that:

2no+ni1+ng+ng = d—3+7(0)
14+2ng4+n1+ns+n; = d—3+7(1) (5:8)
242ns5+n3+ng+ng = d—3+7(2)
34+2ng+ns+ng+ny = d—3+7(3)

where 7 € Sy, the group of permutation on {0, 1,2, 3}, or:

2ng+ny1+ng+ng = d—3+7(0)
2ng+mni+ng+ny = d—3+7(1)—1 (5.9)
2ns+ng+ng+ng = d—3+7(2)—2 .
2ng+ng+ng+ny = d—3+7(3)—3
Then
2(d —3)
Ny=Y (-1 5.10
¢ Z( ) (no,m,...,ng) (5.10)

the sum being over all 7 € Sy and over all (ng, n1, ..., ng) satisfying (5.8) or (5.9).
Using the final formula in R (a program for statistical computing) (or Mathematica

slower than R for these computations) one gets the following table:

n ||0]1]|2]3] 4 5 6 7 8 9 10
Ng||1]0]1]5|126 | 3396 | 114675 | 4430712 | 190720530 | 8942188632 | 449551230102
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which can also be achieved via the package Schubert developed by Katz and
Strgmme. However we have a way to see (namely formula (5.10) together with
conditions (5.9) and (5.8)) how complicated a general formula expressing such

number may be.

5.3 Playing with S-Derivations.

Working in /\k M suggests that Schubert calculus for grassmannians Gy (P™) must
be linked recursively with Schubert calculus of Gy (P") with &' < k and n’ < n.
This is also observed in [31]. To this purpose, and as a matter of example, we
will determine the way of linking these Schubert Calculus for the grassmannians
G1(P'™), Go(P*™™) and G3(P*).

5.3.1 Example. Working on A\* M, one has:

2n 2n

2 2
D Aeh) = Z ( :) DI p DPnhel = Z ( :) A ntish (5.11)

h=0 h=0

Since D?" sends (A\° M)y onto (A M),, (D is homogeneous of degree 1

with respect to the weight graduation of A* M) and D,e® = dy,e" and D, e =

41 it follows that only the sum

2 2
( n) don€” Ne" + ( n) d071+n61+” A€
n n

can survive in expression (5.11). Therefore:

2 2
DA€l = K ”) do — ( " )do,m} € A et (5.12)

n 1+n

do,1+n€

so that

2n 2n (2n)! ,
dl,l—i—n = (n )d(),n — (1 i n) d0,1+n = m (smce d0,1+m = 1, Vm)
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5.3.2 Example. Working on /\3 Ms,,,, one has:

3n
3
DM Nt NP = Z ( ;;) DM A ety A 2Enh (5.13)
h=0

In the above sum only will survive multiples of the terms:
ENETENETE P AETEAET TN TN

Then, the possible values of h are 2n, 2n 4+ 1 and 2n + 2. Thus,

3n
2n

3n

DI ANt nE?) = ( o+ 1

)D%”(eo A €1> AeXtn 4 ( )D%”H(eo A 61) Aeltn 4

3n n n
+(2n N 2) DI A el) Ne

Using Example (5.3.1) one has the coefficient of the first addendum. For

the second one only observe that the coefficient of €* A €**2

in the expansion
of D" (" A €!) is equal to the degree do,,. In the last addendum, instead one
observes that the coefficient of €+ A €"*2 in the expansion of D?"™(e” A¢!) is the

degree dj 14+,. Thus,

3n
2n

3n

DM ANt NE) = ( o4 1

)d172+n€n A En-‘rl A En—i—2 + ( )dl,Q—i—nEn A €n+2 A 6n+1 +

2n + 2

3n 3n 3n
drotn = [<2n> - (2n+ 1)} d124n + <2n+2) di,14n
3n 3n 3n
= [(0) = () oot (7 )
n n—1 n—2

5.3.3 Example. Working on /\4 My, one has:

3n
+( )d171+ne"+1 A2 A e

4an
4
DI AN NENE) = Z < :) DO A et A e2) A FTanh (5.14)
h=0
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In the above sum will only survive multiples of the terms:

n/\en+2/\€n+3/\€n+1 €n+1 /\en+2/\€n+3 A"

€ €

PAEMTIAEM T2 NS, €

n/\en—l-l /\en+3 A€n+2,

Then, the possible values of h are 3n, 3n + 1, 3n + 2 and 3n + 3. Thus,
DI Nt NN =

4 4
— (3”) D3O AN AEE) AT 4 (3 i 1) DO AN AE) AT 4
n n

4
+<3n i 2) Di’"+2(60 Aet A 62) At 4 (

4n
3n+3

>Di’"+3(60 AL AE) A e
Using Example (5.3.3) one easily sees that the first addendum is dy94,. In
the same way, one see that the third and fourth addendum are ds34,. To end

computations one only needs to know the coefficient of the second addendum:

3n+1
3n+1
DTN A ) =D < n; )D{L(eo A€y A edsnh
h=0

In the above sum will only survive multiples of the terms:

AN AT AT LA A

Then, the possible values of h are 2n, 2n + 2 and 2n + 3.
Thus,

3 1
Di’”“(eo/\el/\ez) = <n+

D20 A b)) A nt3
2n>1(€ €)Ne +

3n+1 3n+1
(2n+2) D%n+2(60 /\61) /\6n+1 + <2n+3>D%n+3(60 /\61) A el

Using the same idea of previous examples one sees that the coefficients of the first,

second and third addenda are, respectively dj 144, di34+n — di 24, and dj g4p.

Thus,
3n+1

Di’”“(eo Ael A 62) = < )
n

>d171+n6n AeThA et +

3n+1
i <2n + 2) (di34n — d1n)e” AP AT 4

3n+1
+(2n N 3) d1,3+n€n+1 A E'rz—|-3 N
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2n+ 3
3n+1 3n+1 3n+1 3n+1
= d d - d TAETEA TS,
{( on ) 1,14n T <2n+2> 1,24n T [<2n+3> (2n+2>] 1,3+n}€ € €

Reorganizing the results, one has:

N [( 2n >d171+n a <2n + 2) (d134n = di24n) + < )d1,3+n] P NN =

4n
DI Nt N NE) = <3n> d2.24n€" A ETEN TN TS

an 3n+1 3n+1
d d
+<3n+1>{< 2 > 1’””+<2n+2> L24nt

d n n+1 A n+3 n—+2
[(2714—3) (2n—|—2>] 1’3+n}6 e ‘ e

4

o
(

2
4
d en—i—l A 6n+2 A 6n—i—3 N
3n+3> 2,34n

S

+ >d273+n6n A 6n-i-2 A 6n—|—3 A 6n-i-l +

3

+

Thus,

4n 4n 4n 4n 3n+1
d3s34n = dooin - do34m — d114n
S (n) 224+ [(”—2> <”—3>} 23 <n—1> {(n+1) Lint
3n+1 3n+1 3n+1
+ d12+n + - di34n (-
n—1 n—2 n—1
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Chapter 6
The Grassmannian of Lines

The intersection theory of the Grassmannians of lines is described by a 1-SCGP (as
in [26]), where computations get very easy. The model for its intersection theory
is the same of Chapter 5 when k£ = 1.

This Chapter shall be devote to show some applications of our theory in the

grassmannian of Lines.

6.1 Littlewood-Richardson Coeflicients

Littlewood-Richardson Coefficients have a variety of interpretations, often in terms
of symmetric functions, representation theory and geometry. In each case they
appear as structure coefficients of rings. In geometry, Littlewood-Richardson Co-
efficients are structure coefficients of the cohomology ring of the Grassmannian
with respect to the basis of Schubert cycles. In this section we prove, using our
framework, a well know result about Littlewood-Richardson coefficients: In the
Grassmannian G1(P") Littlewood-Richardson coefficients are always 0 or 1. First

recall:

6.1.1 Definition. Let A;(D) and Aj(D) be the Giambelli’s polynomial for €' =

€ON . AER and €)= 0 AL AR respectively. Then:
'] [e'] = Ar(D)(e”)
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= > M (6.1)

[M|=|1]+]J]|
with €M = €™ A .. AE€™ and my < my ... < my.

The C’% are the Littlewood-Richardson Coefficients.

6.1.2 Examples. Computing some LR coefficients in the Grassmannian G(1,P").
1) [N x[2Nne)] = Ap(D)( Ae)*x[EAe] =

= Ap(D)(EAe) =

Dy D,
B ‘Do D,
= (D} —Dy)(eNe¥) =€ Neh.

GENHE

Then,
(0,7) _ (1,6) _ (2,5) _ (3.4) _
C(1,2),(2,3) =0, C'(1,2),(2,3) =0, C(1,2),(2,3) =0, 0(1,2),(2,3) =1
2) [eEne]x[eENnet] = Ap(D)(E@Ae)x[2Nne] =
= Ap(D)(EAet) =
Dy D
= ‘ b (2 Net) =
Dy D,
= (D1D2 — D3)(E2 A 64) =
= 62/\67—|—e3/\e6+e3/\66+e4/\e5+
—ENE—ENS —ANE — DN
= SANS+e N
Then,
(2,7) _ (3,6) _ (4,5) _
0(1,3),(2,4) =0 0(1,3),(2,4) =1 CY(1,3),(2,4) =1

6.1.3 Proposition. (LR coefficients on G(1,P")) Let I, J and M be Schubert
indices of length 2, such that |I| + |J| = |M|. Then,

0<C, <1
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Proof.

Aig,in(D)(€0 N elt) =

ap+a1 = i
co+ec1 = i1 —1

i9g t1—1

Dio—l

glotaotco A jitaiter

" (GJO A 6]1) = (DiODi1,1 — DilDiofl)(EjO VAN 611) =

D;, 1

10

glotbotdo p citbitdr

>

bo+by = ig—1
do +d1 = i1
io—1 i1

— Z Z glotaotco A cgitiotii—(ao+eotl) _ Z Z glotbotdo p gitiotii—(bo+do+1l)

ap=0 cop=0
io—1 41—1

bo=0dp=0
11—1

_ Z Z glotaotco A €j1+io+i1—(ao+00+1) + Z elotiotco A 6j1+i1—(co+1)_

ap=0cp=0

i90—1 91—1

co=0

ip—1

_ § E gJo+bo+do /\6j1+io+i1*(b0+do+1) _ E edotiitbo /\6j1+2'0*(b0+1) _

bop=0 dp=0

i—1
co=0
Since i1 — ig > 0, then,

Afigin) (D) (€ N e) =

bo=0

i9—1

_ Z glotiotco A €j1+i1—(60+1) N Z €j0+i1+bo A 6j1+i0—(bo+1)

bo=0
11—1 i0—1
E elotiotco A €j1+i1—(60+1) _ E €j0+i1+b0 A €j1+i0—(b0+1)
co=0 bo=0
i1—10—1 i1—1

Z gJotiotco A 6j1+i1_(00+1) + Z eJotiotco A 6]’1-&-1'1—(004-1) _
co=0 co=11—10
i0—1
_ Z cotittbo a cjitio—(bo+1)
bo=0
i1—i0—1
Z glotiotco p cjitii—(co+1)

co=0

To prove that all coefficients are bigger or equal to zero, it is sufficient proves

that:

Jot+iot+co<jit+ii—(co+1), Vegst. 0<co<i1—ip—1 (Jo <71, io <i1).

Let us suppose that j; — jo > i1 — ip.

(j1+i1—(co—|—1)> - <jo—|—io+co> = (j1—Jo) + (41 —i0) — (2c0 + 1)
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> (j1 —Jjo) + (i1 —io) — (2(41 —d0 — 1) + 1)
> (j1—Jo) — (i1 —dp) +1>0
Then,

j1+i1*(00+1)>]’0+i0+00, Vegst, 0<cg<ip—i9—1 (j0<j1, i0<i1).

For this, one concludes that 0 < C}\f] <1 .

6.1.4 Example A. Computing some LR coefficients in the Grassmannian G(1,P").

1A) [éAnE]x[2Ne¥] = Ap(D)(eEne) =

0

co=0

24) [Nl x[ENet] = Ap(D)(eAet) =
1
= Z STONSTO = SNS Lt AE

co=0

6.2 Top Intersection Numbers in G;(P!™)

Let M,,, the free Z-module spanned by (¢, ¢, ..., ¢"™) and A*(Mayn, D1) the
2-SCGP as in Chapter /5.
Let a,b > 0 such a + 2b = 2n. Then, in /\2 My, the following equality holds:

DIDS( A el) = kgp - € AT
By virtue of our dictionary, £, is nothing else than

/a?ag N [G1(PH™)].

One has:
2

1 2 1
Z (aoaal) (bo bbl b2> HD?H HD?HEO A H D H Dhiel —
7 L =0 i=0 =0

1=0
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b
— Z b a an+b1+2bo A 61+a1+b1+2b2 —
bo, b1, by Qp, a1
b 2n—2b
2n — 2b
— .C, 6.2
Z: (CL(), 2n — 2b — CLO> 0,50 ( )

where

b b
Cao,bo N (bo,nao2b0,b+b0+a0n>_(b0,nao2b0+1,b+b0+a0n1>

Formula (6.2) can be considered a new formula in Schubert calculus. Here is a

table computing k,; asking Mathematica 5.1 to use formula (6.2).

nia|b| Kgp
njalb]kap 81 0|7 36
1[0JO0] 1 J[n]a|b]|kap 2 (6| 51
2101 o 610 15| 6 45| 72
n|a|b| Kgp
200/ 1 214] 9 6 | 4| 102
10019 232
3lol2] 1 4 3] 13 8 | 3| 145
2 | 8| 323
211 1 6 2] 19 10]2] 207
4 17| 450
4l0]| 2 8 1] 28 12 1] 297
10| 0| 42 14 0| 429 66| 628
410131 1 8 |5 878
71010615908 91
212) 2 10 | 4 | 1230
2 15| 21 2 17| 127
4113 12 [ 3] 1727
4 14| 30 4 16| 178
6]0] 5 14 | 2| 2431
slolal 3 6 | 3] 43 6 | 5| 250 6|1 | 3432
8 |2/ 62 8 | 4| 352
213 4 18 | 0 | 4862
dlal 6 10 1] 90 10 | 3| 497
6l1l 9 120|132 12 2] 704
slol 14 14 | 1| 1001
16 | 0 | 1430
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6.2.1 Remark. The term C,, 4, in expression (6.2) can be simplified, one has

b! b!
Cao bo bo!(n — ag — 2bg)! (b + by + ag — n)! - bo!(n —ag — 2by + )1(b+ by + ag — n — 1)!
. b![(n—ao—2b0—|—1)—(b—{—b0+ao—n)]
~ bol(n—ag — 2bg + 1)/(b+ by + ag — n)!
. b!(2n—b—2a0—3b0+1)
"~ bol(n —ag — 2by + 1)!(b+ by + ag — n)!
. b+1 2n—b—2a0—3b0+1
N (bg,na02b0+1,b+bo+a0n> b+1
and then,

by, n—ag—2bg+1, b+by+ag—n b+1 ’

bU an 0

6.2.2 In particular, if b = 0, we know that x, is the Pliicker degree of the

grassmannian G(1,P"™!). Computing this number, we have:

2n 2n — 2a9 + 1
,‘Qa :[Qn =
0 2n.0 ag OnfaoJrlaofn 1

““( (1))
- <n> - (n+1>

1 (2n)! 1 (2n
n+1 nn!  n+1l\n
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6.3 Bessel Function and Degree of the Grass-

mannian of Lines

In Example5.3.1( also in (6.2.2)) we have seen that the degree of the grassmannian

G1(P'™) is the coefficient kg, := dj 14, of the expansion
DI Ae) =dygyne” At

in \*> M where M is a free Z-module of rank 2 + n and D; is the extension of
the shift endomorphism to /\2 M. This coefficient, as remarked, is equal to the

Catalan number:

1 [2n (2n)!
Den = 2 ( n> ECES (6:3)

In this chapter we will find an expression involving modified Bessel’s functions
as generating function for the Pliicker degrees of the grassmannians of lines in a
projective space.

The problem is motivated because using our formalism (see Section 5.3, and
also [27]) we can easily prove that the degree of the grassmaniann G (P**") can
be written as an explicit linear combination of degrees djs j4,v, with k" < k. This
fact seems to suggest that it should be possible to collect all the degrees of the
grassmannians (for all £ and n) in some general generating function. Below we

analyze a very special case, inspired by this philosophy.

6.3.1 A Few Words about Bessel Functions. As well known, for each z € C,
the function f.(t) = e2*(=%) is holomorphic on C \ {0} and admits therefore
a Laurent series expansion converging at the function itself at all points of its

domain:
[ee]

e 71 = N g, (2). (6.4)

The coefficient of t" (n € Z) of such an expansion will be said Bessel function. An

explicit expression for J,(z) is given by the equality:
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Tn(2) =) (_S!(nis>! and  J_pn(2) = (=1)"Jn(2). (6.5)

Differentiating expression (6.4) with respect to ¢, one gets the recurrence formulae:

o a(2) + Toa(2) = %”Jn(z) and  Jo1(2) — Jnea(2) = 27 (2),

from which the Bessel differential equation:
d?Ja(z)  dIn(z)

2 n n

s A e dz

For each n € Z, then, J,(2) is a solution of the (Bessel) differential equation:

+ (22 = n?)Ja(z) = 0.

2y 42y + (22 =ny=0. (6.6)

Another linearly independent solution is given by the Weber’s function:
Jn(2) cos(nm) —J_n(2)
sinnm '

The function J,(z) is also said to be the n-Bessel function of first kind while

Ya(z) =

(6.7)

Y, (%) the n-Bessel function of second kind. For each v € C one defines the Bessel

function of order v, J,(z) and Y,(z), to be solutions of the equation:

2y b2y + (22 =1y =0 (6.8)
which will be called Bessel differential equation for functions of order v.
The Bessel functions are related to the Hankel’s functions, also called Bessel
functions of the third kind,
HWV(2) =J,(2) +iY,(2) (6.9)
(6.10)

o
N
—~
N
~—
I
[
AN
—~
N
~—
|
~.
..<
AN
—~
I
~—

14

This functions have many interesting properties.
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6.3.2 Modified Bessel functions. Now we consider the differential equation
2y b2y — (24 n?)y =0 (6.11)

called modified Bessel differential equation and occurring in many problems of
Mathematical Physics.
One of the solutions of this equation is called modified Bessel function of first

kind I,(z). This solution is related with J,(z) in this way :
I,(2) =i "Jn(iz)

Then,

s=0
0 (1)s42s 1 n+2s
_ Z—ninz ( ) ¢ (2 )
— sl(n+ s)!
= 2. (6.12)
|
— sl(n+s)!
Then we can see that:
I_,(2) =1a(2) (6.13)

In fact,

I,(2) = i"J_y(iz) =
= "(=1)"Jn(iz) =
= i?i(=1)"Tu(iz) =
= (=D)" " (=1)"Juliz) =
= i "Ja(iz) = 1u(2)

The second solution of this equation is called modified Bessel function of second
kind, K,(z) with

Ko(z) = (f) In(z) = La(2) (6.14)

2 sinnw
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6.3.3 A Generating Function for the d, ,1;’s. Easy computations show that

the numbers d; 14, of formula (6.3) satisfy the recurrence below:
(n -+ 2)d17n+2 — 2(277/ -+ 1)d1,n+1 = O, (615)

holding for each n > 1. Let us organize them into a formal power series:

o] d "
F(z) =) %z”. (6.16)
n=0 ’

The power series F'(z) is indeed an entire holomorphic function. In fact:
6.3.4 Proposition. The series (6.10) converges for all z € C .

Proof. One simply applies the ratio test using the recursive relation (6.15). One

has:
din
i (7114;)2! . n!dl,n+2
im | —=| = lim — | =
n—o0 %{‘r n—o0 (TL+ 1).d17n+1
. Q(Zzzl)dl,nﬂ
= lim | ————+7—| =
e | (n + Ddins
2(2 1
_ gim | 22ED |y .
n—oo | (n 4 1)(n + 2)

6.3.5 Proposition. The function w = F(z) (formula (6.16)) is solution of the

Cauchy problem:
2w" 4+ 2(1 = 22)w' —2w =0
w(0) =1 : (6.17)
w'(0) =1

Proof. First of all one can immediately check that F'(0) = F'(0) = 1. Secondly,
using (6.15), one has that:

2F" 4+ 2(1 = 22)F' — 2F = (2F') + F' — 4(zF)' + 2F.

Substituting expression (6.16) in the above equality, using (6.15), one then gets,
for each n > 0:
[(2F) + F' — 4(zF) + 2F](z2) =
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n+ 1)dy, din, 4(n + 1)dy ., 2dy , "
_ Z(( )‘ 1, +2+ 1, ‘+2 ( ') 1, +1Jr 1"H>z _

n>0

n!

_ Z ((n + 2)d17n+2 — 2(2n + 1)d1’n+1) Zn —0

n>0

6.3.6 Theorem. The solution of the Cauchy problem (6.17) is :
w(z) = e*(Io(22) — 11(22)), (6.18)

where »
n S
o (57)
(

L(z) = S|

— 6.19
— sl(n+s)! (6.19)

1s the modified Bessel function of first kind, satisfying Bessel’s differential equation
2w’ + 2w’ — (22 +n®)w = 0.

Proof. One first multiplies by z the differential equation occurring in (6.17), get-
ting

Z2w” +2(1 — 22)2w" — 22w = 0. (6.20)
Then one looks for a solution in the form of a convergent power series convergent

in a neighborhood of 0. This will be achieved using Frobenius method ([4], p. 1),

looking for a solution of the form:
m) =Y A" with A #0. (6.21)

This is possible, in this case, because 2(1 — 2z)z and 2z are (entire) holomorphic

function. From equation (6.21) one has :

d o0
o mAgz™ ! + Z m + k)Apzm R

dz
k=1
d2w = m—+k—2
k:l
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Then, in order to satisfy equation (6.17), for w = w(z), one must have:

2

d“w dw
2 - _— pu—
s +2(2 — 42) 7 2zw =0,

which, using the power series expansion, will be written as:

_l’_

22 !m(m —1)Ap2™ 2 + Z(m +k)(m 4k + 1) Az T2
k=1

o¢]
+2(1 —22)z —2z |Ap2™ + ZAkzm“‘k] =0.

k=1

o¢]
mAygz""1 + Z(m + k) Apzm Rt
k=1

Dividing by 2™, this gives:
[m(m — 1)Ag + 2mAg) 2™ + [(m + 1)mA; — 4mAy — 240 2™ 4. ..
o+ m+n)(m4+n—1)A,+2(m+n)A,+
—4(m+n—1)A,_ 1 — 24, 4] 2"+ ... =0,
and then,
(m® +m)Apz™ + [(m + 1)mA; — (m + 2) A" + ...+
+{(m+n)m+n+1)A, —[4dm+n—1)+2]4, 1} 2" =0
The left-hand side of equation (6.22) identically vanishes in its convergence domain

if and only if all the coefficients occurring in the z-power series vanish. Imposing

such a vanishing one deduces that
m(m + 1)Ay =0, (6.22)

together with the recursive relation:

dm+n—1)+2
An == An, 3 6.23
(m+n)(m+n+1)" """ (6:23)

holding for each n > 1. Therefore, using (6.23) one has:

dm + 2 (4m + 6)(4m + 2)

(m+ 1) (m+2)° (m+&ﬂm+2ﬂ@%+$g+

w(z,m) = Apz™ |1+

(6.24)
(4m 4 10)(4m + 6)(dm + 2)

(m+1)(m+2)2(m + 3)2(m + 4) 24
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We know, by the way A;, Ao, ... have been constructed, that :

d? d
z2d—;§ +2(1 — 22)zd—f — 22w = m(m + 1) Ag2™ 2.

That last equation can be rewritten in the form :

d? d
2 m
(z i +2(1 - 2z)z—z — 2z> w =m(m+ 1)Apz™. (6.25)

Since Ay # 0, the right hand side of (6.25) is zero if and only if m = 0 or m = —1.
The case m = —1 must be excluded, since contrarily one would get solutions not
converging in any neighborhood of the origin of the complex plane. On the other
hand, setting m = 0, one has:

<22dd—; +2(1— 2z)zdiz - 2z> w(z,0) =0,
which shows that w(z,0) is a solution of equation (6.20). Using (6.24) one has
found, then:

5 7
0) =1 e s S
w(z,0) +2+2 +6z —|—12z+
B 2 , 5 4 14,
—1—#2—#52 +§Z +Ez + ...
. ‘ b n (22)7 .
Using (6.19), the fact that e** = Z ; and an easy computation, one finally
n!
n=0
gets :
w(z,0) = *(Io(22) — 11(22)),
a function solving the given Cauchy problem, as an immediate check shows. .

We have hence proven that

6.3.7 Corollary.
F(z) = e*(I(22) — 1,(22))

is a (exponential) generating function for the degrees of the grassmannians Gy (P"1)

(n > 0). n
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6.4 Catalan Traffic and Top Intersection Num-

bers

6.4.1 Catalan Numbers. As remarked e.g. in [53] the n'* Catalan number
Cn _ 1 (Qn)

is equal to the Pliicker degree of the grassmannian of lines G;(P"*!). Catalan
numbers occur in several combinatorial situations®, especially in problems of lattice

paths enumeration.

(1) (2) (3) (4)

Jg,z) (2,2) /(2,2) (2,2)
(0,0) (0,0) (0,0)

(0,0)

Flg 1. Paths (1), (2), (3), (4) are given respectively by the sequence of points
gl = (07 0)7 (17 0)7 (17 1)7 (27 1)7 (27 2)7 §2 = (070)7 (07 1)7 (07 2)7 (17 2)7 (27 2)7 §2(07 0)7 (17 1)7 (27 2)7

S4 = (07 0)7 (17 1)7 (17 2)7 (2’ 2)'

Recall that a lattice path ¢ of length ¢ is a finite sequence (ag,bo), .- ., (as,by)
of points of Z?, where (ag,by) is the starting point, (ag,b;) is the end point and
a path reaches (ay,by) starting from (ag, by) through a sequence of steps obeying
certain rules. Figure 1 depicts some examples of lattice paths starting from (0, 0)

o (2,2), where only unitary steps are allowed. Within this context, it is well

1 Just to give an example of the many combinatorial occurrences of Catalan’s, one can think
of (', as the number of different ways a convex polygon with n + 2 sides can be decomposed into

triangles, by drawing straight lines connecting vertices (the figure below depicts the case n = 3),

/\\/ \//v / ,>;< \

or as the number of finite sequences of 2n terms, such that n elements are equal to 1 and n

elements are equal to —1, and the sum of the first i elements is > 0, for every 1 < i < 2n.
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known (see e.g. [75]), that C,, is the number of lattice paths joining (0,0) to
(x,z) € S:={(r,y) € ZxZ|0 <z <y}, allowing unitary steps only, along the

x or y direction.

6.4.2 The Catalan Traffic Game. In the paper [54], Niederhausen constructed
and studied the following traffic game. One is given of a city map C C Z? where
one aims to enumerate lattice paths joining the origin to a point (m,n) € C. The
city map is bounded by the line m +n = 0 (the beach) and the traffic rules (the

steps conditions) are subject to constraints, such as gates and block points (see Fig.
below).

-4 - o- o
4 b e o
-4 -0 -o- o
4 -4 -d m
4 -0 -0 o
4 -4 -t -4

Start here B Block traffic

Fig. 2. The city map with the traffic rule. The beach separates the town from the sea.

A first rule of the game is that one cannot walk beyond the beach line?. Further-

more:

i) At lattice points strictly below the line 2m+mn = 0, only North (1) or West («+)

directions are allowed;

ii) At lattice points strictly above the line 2m + n = 0, only East (—) or NE (/)

directions are allowed;
iii) Block out all traffic at the points (m,n) € Z? lying on the line 2m+n =1 (H);

iv) On the line 2m + n = 0 (gates), allow W (), E (=), and NE ( ') (because
of the road blocks at 2m +n = 1).

ZWhence the title of the paper [54]: Catalan traffic at the beach.
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The city map of Fig. 2 is precisely that occurring in [54] after a harmless
counterclockwise rotation of 90 degrees.

Let YT(m,n) be the number of distinct paths joining (0,0) to (m,n) € C. The
main result of [54], there proven in three different ways, is that Y(n,n) = C,,. One

way this is proven is to show that the following recursive formula:

YT(m+1,n) = T(m,n)+L(m,n—1)
T(0,0) = 1 (6.26)
1(0,1) = 0

holds for all (m,n) € Z?* such that —n < 2m < 2n. Using recursive formula (6.26)),

the city map can be completed by attaching the number Y (m,n) to each (m,n) €
C:

A
\J

3 9 -1 /l 1 2 3 4 5 6
t

Start poin l Block point

Since Y (n,n) turns out to be the n'™ Catalan number, it is also the degree of
the grassmannian G (P"™!) in its Pliicker embedding. This fact can be generalized.

In fact the main result of this section is to prove the following:

6.4.3 Theorem. For all0 < m < n, the number Y(m,n) is the number Kam n—m
of lines in P"*! incident 2m linear subspaces of codimension 2 and n—m subspaces

of codimension 3 in general position in P!,
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The proof will consist in showing that the numbers Koy, n—m enjoy the same
recursion enjoyed by T.
6.4.4 Setup for the proof of Theorem 6.4.3. Let M be a free Z-module rank
n + 2 spanned by £ := (%, ¢!,..., "), Let D; : M — M be D, where D, is
the unique Z-endomorphism of M whose matrix with respect to the basis £ is a
Jordan block of maximal rank (See Section (3.2). Let D, : AM — A M][[t]] be
the S-derivation gotten by extending D; := 3. D;t/ : M — MI[t]].

Moreover let D; := > . oD;jt’ : AM — AM]J[t] the inverse of D, €
S:(\ M). By intersection theory on Grassmann varieties, the number of lines
in P**! incident 2m linear subspaces of codimension 2 and n — m subspaces of

codimension 3 in general position in P"*! is computed by the degree

2m __n—m
/ 01 02 )
G1(Pn+1)

which, by virtue of the dictionary 5.0.7, is equal to the coefficient K9, y—n, Occurring
in the equality:
DD ™ A e') = Kommom - €A T (6.27)

6.4.5 Proof of Theorem 6.4.3. For commodity, we set K(m,n) := Kamn—m-
Clearly K(0,0) =1="7(0,0) and K(0,1) =0="7"(0,1). In fact
DVUEOAE)=1- A€ and Dy(" Aet) = 0.

Recall that Dy = D? — D,. Now, using [6.27/ and by definition of K (m,n), one
has

DI"Dy™ Nel) = DDy Y (DY — Dy) (e Ae') =
— (D%m-i-ZDg—m—l _ D%ng—m—152)(€0 A El) —
= DDy Ael) — D™Dy Dy(€0 A €(6.28)
Now, on the r.h.s of formula (6.28), the former summand is precisely K(m +

1,n)e” Ae"*! while the latter, is equal to D?™ Dy~ (¢! A€?). This last expression

can be read in /\2 M’ where M’ is a free Z-module of rank n + 1, generated by

131



(e',..., "), and, therefore, is equal t0 Komn m_1€" A €', Hence, keeping in

mind that Ko —m—1 = K(m,n — 1), one has, using (6.28):
K(m,n) " Ae"t = (K(m+1,n) — K(m,n—1))-€" A"
As a conclusion
Km+1,n) = K(m,n)+ K(m,n—1), (6.29)

which is the sought for recursive formula (compare with formula (6.26)), which

together with the initial conditions proves that Y (m,n) = K(m,n), as claimed. =

6.4.6 Then,

n—m 2m
2m n—m+1 m+n—2a—3b+1
m,n—m ,V > 207
R2m, ;a_o(a)<b,na2b+1,b+am> n—m-+1 n=m

gives the way to arrive in the point (m, n) in the described city map starting from
(0,0).

6.5 Bessel Functions and Catalan Traffic

In Chapter 6.3/ we proved that:
F(z) = e*(Iy(22) — 1,(22))

is a (exponential) generating function for the degrees of the grassmannians G (P"*!)
(n > 0).

Then, using recursive relations 6.29, we have that:

6.5.1 Theorem.

k
k
Hy(z) =Y (—1)" (h) FEM(z), 0<k<n. (6.30)
h=0
is a generating function for the integrals in the grassmannians Go(C"2), i.e.
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Ko(n—k) k= H,i”_'“)(O), 0<k<n

Proof. The proof is by induction on the integer k. If £ = 0, we have:

Let us suppose that the formula is true for all £ > 1:

k—1

He1(2) = Z(—nh(k . 1) FO-1m),
pars
Then,
Hy(z) = Hp_1(2) — Hp-1(2)
_ Czé(_l)h<k . F(klh)(2)>, B ::(_1)h<k¢ - 1>F(k1h)(z)
- :2} ot (* ) - :;:<—1>h ("3 D))
= F® +:§(—1)h <k ) 1) Fk=h) () — :(—1)h <k ; 1>F(k_1_h)(z) + (=) F
- F<’“>+§( )yt <I:;1)F(k—r—1)<z)+§( 1)h+1 (kh 1>F<’f—1—h>(z)+( DR
b2

Il
52k
=
+
(]
p—
N—
<
+
—
N
7N
=
+
—_ =
~_
+
N
??4
=< |
—
N~
~_
52k
=
!
=
O
+
=
=
L
e

r=0
k—2
_ F(k) + Z(_l)r—I—l <i7> F(k—r—l)(z) + (_1)k—1F
r=0
k
= Sy -

6.5.2 In particular, since

dl,(z)
dz

= ]L(Z) = %[Iu—l(z) + I;H-l(z)]?
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H,(z) = e**(I,(22) — I»(22)) is a (exponential) generating function for (ka(,—1y1),
the number of planes incident “2n — 2”7 linear subspaces of codimension 2 and
“1” linear subspaces of codimension 3 in general position in P**!. In fact, by the

theorem:
Hi(z) = F'(2)—F(2)ym>1
= 2e*(Iy(22) — 1(22)) + €**[211(22) — I(22) — I5(22)] —
—e*(1y(22) — I(22)) = e**(11(22) — 15(22)).
In the same way, one sees that the generating function for (Hg(n_2)72) is Ho(z) =
e?*(Iy(22) — I3(22)):
Hy(z) = F"(2) —2F'(2)+ F(2),m >2
— Hi() - () =
= ¥ (I(22) — I3(22)).
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