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407 gngle gfleasuces

In this section, you will:

* Draw angles in standard position.

* Convert between degrees and radians.
* Find coterminal angles.

* Use applications of angles.




407 gfngle cfleasures
> Angles in standard position
» Vertex at origin
» Initial side on positive x-
axis
» Terminal side rotates
counterclockwise

Vert

ex Initial side




407 gfngle cfleasures

w\] /

> Coterminal Angles

» 2 angles with same sides,
but different measures

> To find coterminal angles
» 8 + 360°




407 gfngle cfleasures

> Degree Measures

90°
Quadrant Il Quadrant |
180= 0
360°
Quadrant Il Quadrant IV

270°




407 gfngle cfleasures
> Radian Measures

» Angle where radius = arc
length

> Acute > 6 < 90°,~ ;

> Obtuse - 90° < 6 < 180° 1 radian 0
) g <O0<m T I 27

(R

> Com}[)lementary 2>a+p=
90°, -
2

» Supplementary 2 a + = 5
180° °r




407 gfngle cfleasures

> Find a coterminal angle > Find the supplement of 6 =
. T T
with 8 = ——= -
8 4
Coterminal
ﬂ+2 B 7t+167'[_ 17n 157
g=“"T78 8 T 8 '8
Supplement
S+%=ﬂ



407 gfngle cfleasures
» Convert radians to degrees > Convert 120° to radians
» 180° =1

T )_120n_2n

120 (180° 3

T 180 3



407 gfngle cfleasures
> Applications

> Arc Length
»S =1r0
> Where 0 is in radians

(R
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407 gfngle cfleasures
> Area of Sector

> A = fraction of circle x mtr?
0

»A = = X 112
27T

> A =197’2
2

> Where @ is in radians

(R
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407 gfngle cfleasures
> Speeds
» Angular speed: w = g

» Linear speed (tangential): v =

12



407 gfngle cfleasures
> A 6-inch diameter gear makes 2.5 revolutions per second.
Find the angular speed in radians per second.

> How fast is a tooth at the edge of the gear moving in in./s?

2.5rev <27‘[ rad) rad

S 1rev

vV=rw

rad
v=_3in.) (57TT) = 15w in./s
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4-02 Yhnit €ixcle

In this section, you will:

* Understand the unit circle.

e Use the unit circle to evaluate trigonometric functions.
e Use even and odd trigonometric functions.

e Use a calculator to evaluate trigonometric functions.
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4-02 Uhnit Cixcle

> Unit circle
yr=1
yx2+yt=1
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4-02 Ynit Cixcle
> Trigonometric Functions
(Unit circle)
»sint =y
» sine
>Ccost = x
» cosine

stant = 2
X

» tangent

1
>CSCt = —
y

> cosecant
1
»ysect = -
X
> secant
X
»cott = —
y

» cotangent
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4-02 Ynit Cixcle

. . 2
> Evaluate 6 trig functions of t = ?n
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4-02 Ynit Cixcle

> Evaluate > Cscll_n
6
41T
>SseC—
3
3m
> cot—
] 4
> sin 21
T
>tan> > cos 0

Draw angles on unit circle for reference

4r 1 1 5
sec3—x—_1—
2
sin2r =y =0
tanZ =2 = X undefined
anz— —O—un efine
11r 1 1
SC— =—=——%=—2
y _1
2
V2
t37r X T 1
cot—=—=—7—7—7—= —
4y Q
2
cos0=x=1

18



4-02 Ynit Cixcle

> Evaluate

ot
> COS—
3

. 111
> SIn (— —

7

Find coterminal angles between 0 and 2n

) 2m\ (4w
sin 3 = sin 3
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403 Right dciangle
dtigonometey

In this section, you will:

» Use right triangles to evaluate trigonometric functions.

» Use special right triangles to evaluate trigonometric
functions of common angles.

20



403 Right driangle gtigonometry

. o
>sinA = 22 RO 7
hyp opp
adj n

)COSA:—] >SeCA=Lp_
hyp ad)
O .
>tan A = 222 B _ adj
adj _opp

Opposite Hypotenuse

| 8
c Adjacent A

SOH
CAH
TOA

SOH
CAH
TOA

21



403 Right driangle gtigonometry
> Find the values of the six
trig functions

B

12

sm9=E
g = 5
cos =13
. 9_12
an @ = z
9_13
csc =17
9_13
secl = c
to = >
co =13

22



403 Right driangle gtigonometry

I > Special right triangles > sin%

T
> CSC—
V2 3

45° 30 > tan 300
1 A




403 Right driangle gtigonometry
> Sketch a triangle and find
the other 5 trig functions

>tanf = 3

24



404 Right dciangle
d'tigonometey and Udentities

In this section, you will:

» Use right triangles to evaluate trigonometric functions.

» Use special right triangles to evaluate trigonometric
functions of common angles.

25



4-04 Right deiangle dfeigonometey and Udentities

» Basic Identities
> Reciprocal

. 1 1 1
>y sinu = cosu = tanu = —
cs<1:u selcu cotu
> CSCU = — secu = cotu =
Sinu cosu tanu
> Quotient
sinu cosu
> tanu = cotu = —
cosu Sinu
> Pythagorean
>sin2u+2coszu=1 1+ tan?u = sec?u cot?u +
1 =csc“u

> Note: sin® u = (sinu)?

26



4-04 Right deiangle dfeigonometey and Udentities

> Cofunction Identities

»sin(90° — u) = cosu » cos(90° — u) = sinu
> tan(90° — u) = cotu » cot(90° — u) = tanu
»sec(90° —u) = cscu » csc(90° — u) = secu

27



4-04 Right deiangle dfeigonometey and Udentities

> Let 6 be an acute angle > Find tan 0
such that cos 8 = 0.96
> Find sin 6

sin? @ + cos? 0 =1

sin? 6 + 0.96% = 1

sin? 6 + 0.0784 = 1
sinf = 0.28

These could also have been solved using right triangles

28



4-04 Right deiangle dfeigonometey and Udentities

> Let § be an acute angle »secf
such thattanf = 4
> Find cot 8
1
cotp = tan
cotp = %

1+ tan? B = sec?

1+ 42 =sec?p
V17 = secp
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4-04 Right deiangle dfeigonometey and Udentities

> Angles of Elevation and
Depression

Angle of Depressio
> Both are measured from
the horizontal

ngle of Elevation

$0)

30



4-04 Right deiangle dfeigonometey and Udentities

> A 12-meter flagpole casts a 6-meter shadow. Find the angle
of elevation of the sun.

tanf = —

tang = 2
6 ~ 63.4°
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4-05 dltigonometeic gfunctions

of ftny Ftngle

In this section, you will:
« Evaluate trigonometric functions of any angle.
* Find reference angles.

32



4-05 dtigonometeic gfunctions of gftny gfingle

. r (-'L',y)
>sin@ =2 csch = — .
r y |
X Tr !
»cos O == sech = - s\
T X |
X : f
stan @ = 2 cotfd = - :
x y T

>Tr =

=
N
T‘
<
N\

33



4-05 dtigonometeic gfunctions of gftny gfingle

> Let (-2, 3) be a point on the terminal side of 8. Find sine,
cosine, and tangent of 6.

Use Pythagorean Theorem to find r

r=+(-2)2+32=V13

ing 3 3v13
sinf =—=——
V13 13
p 2 2V13
cosf = — = —
V13 13
tanf = — =
an >

34



4-05 dtigonometeic gfunctions of gftny gfingle

> Given sin 8 = %and tanfd < 0

find cos 8 and csc 6.

Sin

Quadrant Il

sin @, csc

All

Quadrant |

sin @, csc 0
cost, sect
tané, cot #

Quadrant Il
tan @, cot @

Quadrant IV

cosf, secd

Quadrant Il (sine +, tangent -)

Use Pythagorean theorem to find r = -3

4 vy
1 9—_—_
sin =T=7
cosH———g

9—5
csc =2

35



4-05 dtigonometeic gfunctions of gftny gfingle

> Evaluate sin

VA
> tan —
2

= |(-1,0)

©1)

(110) 0

27

(0! _1)

3

36



4-05 dtigonometeic gfunctions of gftny gfingle

> Reference Angle > Find the reference angle for
. 51
» Angle between terminal <

side and nearest x-axis

> Find the reference angle

51
for —
4

37



4-05 dtigonometeic gfunctions of gftny gfingle
> Use a reference angle to »sin 150°
evaluate cos %ﬂ

Reference angle isg

T 1
. Cos 3 = 2
Quadrant IV where cos is +
Reference angle is 30°
sin30° = =

Quadrant Il where sin is +

38



. 4-06 dftigonometeic gfunctions of d?n# Jngle

1
> Use a reference angle to evaluate tan T

Reference angle is%

Quadrant IV where tan is -
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4-05 dtigonometeic gfunctions of gftny gfingle

> Let 6 be an angle in >tan 0
quadrant III such that
: 5 .
sinf = ——. Find
13
> sec B
5y
sinf = =7
y=-=5r=13
Use Pythagorean theorem to find x = —12
13
secld =—= 1
gt "5 _5
My T 2T 12

40



4-06 $xaphs of §ine and
Cosine

In this section, you will:

 Graphy=sinxandy = cos x.

e Graph transformations of sine and cosine graphs.
* Write mathematical models using sine and cosine.

41



406 Zraphs of §ine and Cosine
>y =sinx
» Starts at 0
» Amplitude = 1
» Period = 27

>y = COSX
» Starts at 1
» Amplitude = 1
» Period =21

y = sin(a)

Point out
+ Amplitude
+ period
» key points

42



406 Zraphs of §ine and Cosine
> Transformations
>y =asin(bx —c) +d
» a = amplitude = vertical stretch
> b = horizontal shrink

> Period T = %ﬂ

» ¢ = horizontal shift

> Phase shift PS = % (Right if c is positive)
» d = vertical shift

> Midliney = d

cis like h
dis like k

43



406 gta,o/zb of Sine and Cosine
» Graph f(x) = 2sinx

Same as sine, but amp =2

44



406 gta,o/zb of Sine and Cosine

> Graphy = Cosg

Period T = 27”

a1

H

Il
SN

Il

45



406 gta,o/zb of Sine and Cosine
> Graph y = 2 sin (x — %)

a=?2
b=1->T=2m
T
h=C ps=t_Z T ione
= — - = —_=— = —
> 5 1 > orig

Draw 2sinx first and then do the phase shift

46



406 gta,o/zb of Sine and Cosine
> Graph

1
y = —Esin(nx+n) +1

a=—=—=amp
2w 2m
b=n1->-T=—>—=
b T
h T
h=-nr->PS=->——=—
b T
PS left 1
k=1
Shift up 1

Graph %sin nx first labeling the key points with a period of 2

Reflect over the x-axis because a is negative
Shift left 1 and up 1

47



4-07 3«1,0/& of Gthex
dtigonometeic gf unctions

In this section, you will:
* Graph tangent, secant, cosecant, and cotangent
e Graph a damped trigonometric function

48



> Period =1t

T
T =—
b

» Asymptotes where

_ 3
tangent undefined, %, .

|

=]

49



> Period =1t

7'[ | |
T == : i 2
b | :

» Asymptotes at 0, T, 2T 1




407 Zraphs of Gther Jrigonometric functions
> Graphy = tan%

~

I
o I3 o
I I
,_\~l>|*—‘|=|.|;|,._;

I

NS

3

51



407 Braphs of Gther o’ t{gomlamet'cic d un.ctf'on.s

>y = CSCX
» Period = 21t

» Asymptotes where sine =
O E y = csc (z)

>0, m, 2 N

52



>y = secx
» Period =27t
» Asymptotes where
cosine =0
T 3T AN
>—,— .
2’ 2 .

A
2n "\




407 Zraphs of Gther Jrigonometric functions
» Graphy = 2 csc (x + g)

a=?2
b=1
T_21T_271'_2
b1 T
__r
‘=73
T
c —3 T
PS=—=—=——
1 2
k=0

Start by graphing 2 sin x
Then shift left ~

Then draw asymptotes at the x-intercepts
Then draw csc graph
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407 Zraphs of Gther Jrigonometric gfunctions

> Damped Trig Functions :
>y =[x]sinx \\\ 4
» The x is the damping 3
function L 2 <
» Graph the damping /\\1/\

3
&,
’

function and its
reflection over x-axis

» Graph the trig between

[
’

—_
’

55



4-08 QUnvetse gfrigonometeic
df unctions

In this section, you will:

* Use the inverse sine, cosine, and tangent functions
e Evaluate inverse trigonometric functions

56



408 Unverse gfrigonometric gfunctions

> Inverses switch x and y
» Reflects graph overy = x

>y =sinx & x =sin"ly

> Inverse trig functions give the angle

57



408 QUnverse gfrigonometric g ?

1
> Inverse Sine /\
. _ 2n -3n/2 - -n/2 n/2 m 3n/2
»y =sin"1x 7, ENS%

» y = arcsin x
n/2
> Domain: [-1, 1] n/4
mw T
> Range: [_E’E] E 5 - :
K\ —T/ 4
» arcsin(—1) K/
-n/2
Vs
arcsin(—1) = —3

sinf =y=-1



408 Unverse gfrigonometric gfunctions
> Inverse Cosine
>y = cos 1 x

> Y = arccos x

3n/4
> Domain: [-1, 1]
> Range: [0, 1] : /2
L
> arccos = Kj
2
H -2 -1 0
Think cos§ = =

2

1_7‘[
arccos2 =3

59



408 Unverse gfrigonometric gfunctions
» Inverse Tangent
»y =tan 1 x
> y = arctan x

> Domain:

> Range: (

(-OO, OO)

nn)
2’2

N

n/2

/4

-T/2

60



408 Unverse gfrigonometric gfunctions

> Evaluate > arcsin V3

/1
> sin 1(—)
2

Think sin@ =

N |-

T
- 0=-
6

Think sin® = V3 — Not possible

61



il 408 Unverse gligonometric functions
V3
> arctan —

> Evaluate

1¥2

> COS

T

ol

Think cos 8 =§—>9 =

« |G
I
Gl

Think tan 6 =

62



4-09 €ompositions involving
QUnverse gleigonometeic
df unctions

In this section, you will:
« Evaluate compositions of inverse functions

63



4-09 Com,ooaltious in.volvlng Qnverse o/t tigonometeic
dfunctions

»If—1<x<1and —% <y< g, then sin(arcsin x) = x and
arcsin(siny) =y

> tan(arctan(—14))

Check domain of inner: arctan domain (-, «) so -14 is in domain.
Check range of outer: tan range (-, =) so -14 is in range
Ans: -14

64



4-09 Com,ooaltious in.volvlng Qnverse o/t tigonometeic
dfunctions

» sin(arcsin ) » cos(arccos 0.54)

Check domain of inner: arcsin domain [-1, 1]
n is not in domain, so not possible

Check domain of inner: arccos domain [-1, 1] so 0.54 is included
Check outer range: cos range [-1, 1] so 0.54 is included
Ans: 0.54
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4-09 Com,ooaltiom in.volvlng Qnverse o/t tigonometeic
dfunctions

. . 5m 7T
> arcsin (sm ?) > arccos (COS ?)

Check domain of inner: sin domain (-, «) so 5?“ is included

Check range of outer: arcsin range [—%%] so use coterminal angle

Ans =2
3
Check domain of inner: cos domain (-, ») so 7?” is included

Check range of outer: arccos range [0, n] so use reference angle to find another
angle with same sign and reference angle

5
Ans 22
6
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4-09 Com,ooaltiom in.volvlng Qnverse o/t tigonometeic
dfunctions

> cos (tan‘1 (— %)) > sin (Cos_l (é))

The input is in arctan so they are ratio of sides. Use those to make a triangle.
Use Pythagorean theorem to find r
Evaluate cos of that angle in the triangle

4
Ans: =

The input is in arccos so they are ratio of sides. Use those to make a triangle.
Use Pythagorean theorem to find y

Evaluate sin of that angle in the triangle

Ans: \/3—§
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4-09 Com,ooaltious in.volvlng Qnverse o/t tigonometeic
dfunctions

» sec(arctan x)

The input is in arctan so they are ratio of sides. Use those to make a triangle.
Use Pythagorean theorem to find r = vx? +1

Evaluate sec of that angle in the triangle
Vx2+1
Ans: -
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4-10 gRpplications of Right
dtiangle gfrigonometey

In this section, you will:
* Solve problems with right triangles and trigonometry

69



4-10 gRpplications of Right dfeiangle geigonometey

> Right triangle trigonometry

> Draw a triangle and label it

> Solve

70



4-10 gRpplications of Right dfeiangle geigonometey
> A ladder leaning against a house reaches 24 ft up the side

of the house. The ladder makes a 60° angle with the
ground. How far is the base of the ladder from the house?

Draw picture

24

tan 60° = —

X

24

3="—

Vi

24 2443

x=—=—=8V3~13.86 ft
N 4
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e
417 _Bearings and Simple

dtatmoniec gflotion

In this section, you will:
* Solve problems involving bearings
* Solve problems involving simple harmonic motion

72



417 Bearings and §imple ftatmonic gflotion

> Bearings show direction »30°S of W
>»30°N of E
z N
W 30° e W e




417 Bearings and §imple ftatmonic gflotion
> A sailboat leave a pier and heads due west at 8 knots. After
15 minutes the sailboat tacks, changing course to 16° W of
N at 10 knots. Find the sailboat’s bearing and distance
from the pier after 12 minutes on this course.

Draw a diagram and find all components of the 16° W of N
Add the x components

Add the y components

Draw a new triangle with those sums

Use Pythagorean theorem to find the hypotenuse

Use inverse tangent to find the angle

3.19 mi at 37.0° N of W
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417 Bearings and §imple ftatmonic gflotion
> Simple Harmonic Motion
(SHM)

>y = asin wx

> Y = @ COS WX

> Period T = zn
w

» Frequency (cycles per
second) f = %

> Equilibrium is the centerline
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417 Bearings and §imple ftatmonic gflotion

> Find a model for simple harmonic motion with
displacement at t = 0 is 0, amplitude of 4 cm, and period
of 6 sec.

Starts at 0 so use sine
y = asin wt

= 4sin(3 1)
y =4sin{
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417 Bearings and §imple ftatmonic gflotion
> Given the equation for simple harmonic motion
d = 4 cos 6t

> Find maximum displacement
> Find frequency
> Find value of d when t = 4

> Find the least positive value of t for whichd = 0

4 (amplitude)

w 61
f=m=m =3

d =4cos6rd =4

0=4cos6nt—>0=cos6nt—>§=6nt —>1—12=t
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