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PREFACE

This book is both a tutorial and a textbook. In this book we present an
introduction to probability and mathematical statistics and it is intended for
students already having some elementary mathematical background. It is
intended for a one-year senior level undergraduate and beginning graduate
level course in probability theory and mathematical statistics. The book
contains more material than normally would be taught in a one-year course.
This should give the teacher flexibility with respect to the selection of the
content and level at which the book is to be used. It has arisen from over 15
years of lectures in senior level calculus based courses in probability theory
and mathematical statistics at the University of Louisville.

Probability theory and mathematical statistics are difficult subjects both
for students to comprehend and teachers to explain. A good set of exam-
ples makes these subjects easy to understand. For this reason alone we have
included more than 350 completely worked out examples and over 165 illus-
trations. We give a rigorous treatment of the fundamentals of probability
and statistics using mostly calculus. We have given great attention to the
clarity of the presentation of the materials. In the text theoretical results
are presented as theorems, proposition or lemma, of which as a rule rigorous
proofs are given. In the few exceptions to this rule references are given to
indicate where details can be found. This book contains over 450 problems
of varying degrees of difficulty to help students master their problem solving
skill. To make this less wordy we have

There are several good books on these subjects and perhaps there is
no need to bring a new one to the market. So for several years, this was
circulated as a series of typeset lecture notes among my students who were
preparing for the examination 110 of the Actuarial Society of America. Many
of my students encouraged me to formally write it as a book. Actuarial
students will benefit greatly from this book. The book is written in simple
English; this might be an advantage to students whose native language is not
English.
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I cannot claim that all the materials I have written in this book are mine.
I have learned the subject from many excellent books, such as Introduction
to Mathematical Statistics by Hogg and Craig, and An Introduction to Prob-
ability Theory and Its Applications by Feller. In fact, these books have had a
profound impact on me, and my explanations are influenced greatly by these
textbooks. If there are some resemblances, then it is perhaps due to the fact
that I could not improve the original explanations I have learned from these
books. I am very thankful to the authors of these great textbooks. I am
also thankful to the Actuarial Society of America for letting me use their
test problems. I thank all my students in my probability theory and math-
ematical statistics courses from 1988 to 2003 who helped me in many ways
to make this book possible in the present form. Lastly, if it wasn’t for the
infinite patience of my wife, Sadhna, for last several years, this book would
never gotten out of the hard drive of my computer.

The entire book was typeset by the author on a Macintosh computer
using TEX, the typesetting system designed by Donald Knuth. The figures
were generated by the author using MATHEMATICA, a system for doing
mathematics designed by Wolfram Research, and MAPLE, a system for doing
mathematics designed by Maplesoft. The author is very thankful to the
University of Louisville for providing many internal financial grants while
this book was under preparation.

Prasanna Sahoo, Louisville
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Chapter 13
SEQUENCES

OF
RANDOM VARIABLES
AND
ORDER STASTISTICS

In this chapter, we generalize some of the results we have studied in the
previous chapters. We do these generalizations because the generalizations
are needed in the subsequent chapters relating mathematical statistics. In
this chapter, we also examine the weak law of large numbers, the Bernoulli’s
law of large numbers, the strong law of large numbers, and the central limit
theorem. Further, in this chapter, we treat the order statistics and per-
centiles.

13.1. Distribution of sample mean and variance

Consider a random experiment. Let X be the random variable associ-
ated with this experiment. Let f(z) be the probability density function of X.
Let us repeat this experiment n times. Let X be the random variable asso-
ciated with the k' repetition. Then the collection of the random variables
{ X1, X5, ..., X, } is a random sample of size n. From here after, we simply
denote X1, Xs,..., X;, as a random sample of size n. The random variables
X1, Xo, ..., X, are independent and identically distributed with the common
probability density function f(x).

For a random sample, functions such as the sample mean X, the sample
variance S? are called statistics. In a particular sample, say 1, 2, ..., T, We
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observed T and s2. We may consider

7:

3|~

>
i=1
and

% =

S )

i=1
as random variables and T and s? are the realizations from a particular
sample.

In this section, we are mainly interested in finding the probability distri-
butions of the sample mean X and sample variance S2, that is the distribution
of the statistics of samples.

Example 13.1. Let X; and X3 be a random sample of size 2 from a distri-
bution with probability density function

_ [6x(1—x) ifo<er<1
f(@) { 0 otherwise.
What are the mean and variance of sample sum Y = X; + X537

Answer: The population mean

px = E(X)

1
:/ x6x(1 —x)dx
0

1
:6/ 22 (1 —x)dz
0
=6DB(3,2) (here B denotes the beta function)

Il

o
N
ol =
~

N =

Since X; and X, have the same distribution, we obtain pux, = % = Ux,.
Hence the mean of Y is given by

E(Y) = E(X; + Xa)
(X1) + E(X2)

Ui

DN | =

+

ol SRR oy
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Next, we compute the variance of the population X. The variance of X is
given by
Var(X) = E(X?) - B(X)?

I
D
7N

)
S
~
\

6 5
20 20
_1
20

Since X7 and X5 have the same distribution as the population X, we get
1
Var(X;) = 20" Var(Xs).

Hence, the variance of the sample sum Y is given by

Var(Y) =Var (X; + X37)
=Var(X1)+ Var (Xz) +2Cov (X1, X2)
=Var (Xy)+ Var(Xs)

71+1
20 20
1
107

Example 13.2. Let X; and X5 be a random sample of size 2 from a distri-
bution with density

i forx=1,2,3,4
flz) =

0 otherwise.

What is the distribution of the sample sum Y = X7 + X5 7
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Answer: Since the range space of X; as well as X5 is {1, 2, 3, 4}, the range
space of Y = X1 4+ X5 is

Ry ={2,3,4,5,6,7, 8}

Let g(y) be the density function of Y. We want to find this density function.
First, we find g(2), g(3) and so on.

=P (X +X2=2)

:P(Xlzlanngzl)

=P(X;=1) P(X2=1) (by independence of X; and X5)

= P(X;+ X, = 3)

:P(X1:1andX2:2)+P(X1:2andX2:1)

+P(X1=2)P(Xo=1) (by independence of X; and X5)
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g(4) =P (Y =4)
P(X1+ Xy =4)
=P(X1:1andX2:3)+P(X1:3andX2:1)
+P(X1=2&DdX2=2)
+P(X;1=2)P(X2=2) (by independence of X; and X3)
=f)fB)+fB)f(1)+ f(2) f(2)
1 1 1 1 1 1
(3) (3)+G)G)+G)G)
3
6

Similarly, we get

3 2 1
5) = — 6) = — 7)) =— 8) = —.
9B =15 90 =15 9D =15 98 =5
Thus, putting these into one expression, we get
9(y) = P(Y =)
y—1
=D fk) fly—k)
k=1
_4-1ly—5
= =2,3,4,...,8
16 ) y ) b ) )
Common PDF of X and Y PDF of the Sum Y
Remark 13.1. Note that g(y Z f(k) f(y—k) is the discrete convolution

of f with itself. The concept of convolutlon was introduced in chapter 10.

The above example can also be done using the moment generating func-
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tion method as follows:
My (t) = Mx, +x,(t)
= MXI (t) MX2 (t)
et + o2t 4 Bt 4 it el 4 o2t 4 Bt 4 it
4 4
<6t+e2t+63t+64t 2
_ - )

6215+263t+3e4t+4e5t+366t+267t+68t
16 ’

Hence, the density of Y is given by

4—1]y—>5
g(y) = % y=23.4,..8

Theorem 13.1. If X;, X, ..., X,, are mutually independent random vari-
ables with densities fi(z1), fa(x2),..., fn(zn) and Elu;(X;)], i = 1,2,...,n
exist, then

Hui(Xi)] = H Elui(X3)]

where u; (i = 1,2,...,n) are arbitrary functions.

Proof: We prove the theorem assuming that the random variables
X1, X, ..., X, are continuous. If the random variables are not continuous,
then the proof follows exactly in the same manner if one replaces the integrals

by summations. Since

- /°° /OO Wy (1) U (T0) f (1, ooy T )dy - - day
:/_oo"'/ ur(@1) - un(@n) fr(@a) - fo(@n)dey - - day,

= wy (1) fi(zy)day - / n (1) fr(@n)d,
)

= E(ui(X1)) - E (un(Xy
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the proof of the theorem is now complete.

Example 13.3. Let X and Y be two random variables with the joint density
e (@ty) for 0 <z, y < oo
flz,y) =

0 otherwise.
What is the expected value of the continuous random variable Z = X2Y?2 +

XY2+ X2+ X7

Answer: Since
flay) = e

=e e Y

= fl(x) f?(y)a

the random variables X and Y are mutually independent. Hence, the ex-
pected value of X is

E(X)= /Oooxfl(x)d:c

oo
:/ ze *dx
0

=T(2)
=1.

Similarly, the expected value of X? is given by

E(X?) = /Oooa:Zfl(x)dx

= / z?e™ dx
0
=T(3)
=2
Since the marginals of X and Y are same, we also get E(Y) = 1 and E(Y?) =
2. Further, by Theorem 13.1, we get

E[Z]=E[X’Y?+ XY + X + X]
=E[(X*+X) (Y?+1)]
=E[X’+X]|E[Y?+1]  (by Theorem 13.1)
= (E[X?’]+E[X]) (E[Y?]+1)
=(2+1) (2+1)
=9.
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Theorem 13.2. If X, Xs,..., X,, are mutually independent random vari-
ables with respective means 1, fi2, ..., i, and variances o, o3, ...,02, then
the mean and variance of Y = >""" | a; X;, where a1, as, ..., a, are real con-

stants, are given by
n n
2 2 2
wy = E a; [ and oy = g a; oj.
i=1 i=1

Proof: First we show that py = Z?:l a; [ Since

py = E(Y)

we have asserted result. Next we show 0% = Y7 | a? 07. Consider

This completes the proof of the theorem.

Example 13.4. Let the independent random variables X; and X5 have
means p; = —4 and us = 3, respectively and variances 07 = 4 and 03 = 9.
What are the mean and variance of Y = 3X; — 2X57

Answer: The mean of Y is
py = 31 — 22
=3(—4) — 2(3)
= —18.
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Similarly, the variance of Y is
oy = (3207 +(-2)% 03
=907 +403
=9(4) +4(9)
=T2.

Example 13.5. Let X3, Xo, ..., X50 be a random sample of size 50 from a
distribution with density

{%e% for0<z <o
0 otherwise.
What are the mean and variance of the sample mean X?

Answer: Since the distribution of the population X is exponential, the mean
and variance of X are given by

ux =0, and 0% =62

Thus, the mean of the sample mean is

E(Y):E(X1+X2;-O~-~+X5o)

1 50

=— > E(X))
50 =

50

0

=1

1
_%Z

1
50
The variance of the sample mean is given by

Var (7) =Var (Z % Xi>

=1

500 = 0.
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Theorem 13.3. If X, X5, ..., X,, are independent random variables with
respective moment generating functions Mx, (t), i = 1,2, ...,n, then the mo-
ment generating function of Y = 3" | a;X; is given by

Proof: Since

we have the asserted result and the proof of the theorem is now complete.

Example 13.6. Let X7, X5,..., X109 be the observations from a random
sample of size 10 from a distribution with density

flx) = e 3" —00 < T < 00.

What is the moment generating function of the sample mean?

Answer: The density of the population X is a standard normal. Hence, the
moment generating function of each Xj is

My, (t) =€, i=1,2,..10.
The moment generating function of the sample mean is

M(t) = My~so o o (1)

i=11
10
1
= Mx, | —1t
L1 (55¢)
=1
10
+2
= Hem
i=1

42 10 (L
- {em} — el

She

).

Hence X ~ N (0, L).
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The last example tells us that if we take a sample of any size from a
normal population, then the sample mean also has a normal distribution.

The following theorem says that a linear combination of random variables

with normal distributions is again normal.

Theorem 13.4. If X, X5, ..., X,, are mutually independent random vari-
ables such that
X; ~ N (s, o), i=1,2,...n.

7
n

Then the random variable Y = ZaiXi is a normal random variable with

i=1
mean

n
NY:Z‘MM and J%:Za?cr?,
i1 '
that is Y ~ N (X0 aips, Doiyq a20?).
Proof: Since each X; ~ N (u;,0?), the moment generating function of each
X, is given by
Myx, (t) = et 300t

Hence using Theorem 13.3, we have

My (t) = [ Mx, (ait)

n
i=1

n Pt n 2,2
= ezri:1 itz Zi:l ot .

Thus the random variable ¥ ~ N <Zaiui, Zafa?). The proof of the
i=1 i=1
theorem is now complete.

Example 13.7. Let X1, X5, ..., X, be the observations from a random sam-
ple of size n from a normal distribution with mean p and variance o2 > 0.
What are the mean and variance of the sample mean X?

Answer: The expected value (or mean) of the sample mean is given by

E(Y)ZEZE(XQ

n

n
Ly
i=1
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Similarly, the variance of the sample mean is

n ) n 2 2
=S (3) -5 () -
i=1 =1

This example along with the previous theorem says that if we take a random

2

sample of size n from a normal population with mean p and variance o<,

then the sample mean is also normal with mean g and variance "72, that is

X~N (u, "72)
Example 13.8. Let X;, Xo, ..., Xg4 be a random sample of size 64 from a

normal distribution with g = 50 and 02 = 16. What are P (49 < Xg < 51)
and P (49 < X < 51)?

Answer: Since Xg ~ N(50,16), we get

P (49 < Xg < 51) = P (49 — 50 < X5 — 50 < 51 — 50)
_P<49—50 Xg — 50 51—50>

4 < 4 < 4

=0.1974 (from normal table).

By the previous theorem, we see that X ~ N (507 g). Hence

P(49 <X <51) = P (49— 50 < X — 50 < 51 — 50)
49-50 X —50 5150

< <
16 16 16
64 64 64

X —50
/16
64
=P(-2<Z<2)
—oP(Z<2) -1
= 0.9544 (from normal table).

=P

=P|-2< <2
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This example tells us that X has a greater probability of falling in an interval
containing u, than a single observation, say Xs (or in general any X;).

Theorem 13.5. Let the distributions of the random variables X1, Xo, ..., X,
be x2(r1), x%(r2), ..., x2(rn), respectively. If X, Xs, ..., X,, are mutually in-
dependent, then Y = X; + Xo 4+ - + X, ~ x? (X0, 7).

Proof: Since each X; ~ x2(r;), the moment generating function of each X;
is given by
My, (t) = (1—2t)"=.

By Theorem 13.3, we have

Hence Y ~ x* (>°7, r;) and the proof of the theorem is now complete.

The proof of the following theorem is an easy consequence of Theorem
13.5 and we leave the proof to the reader.

Theorem 13.6. If 7y, 7,5, ..., Z, are mutually independent and each one
is standard normal, then Z7 + Z3 + --- + Z2 ~ x*(n), that is the sum is
chi-square with n degrees of freedom.

The following theorem is very useful in mathematical statistics and its
proof is beyond the scope of this introductory book.

Theorem 13.7. If X1, X5, ..., X,, are observations of a random sample of
size n from the normal distribution N (u, 02), then the sample mean X =
L 5" . X; and the sample variance S? = —L- 3" (X; — X)? have the
following properties:

(A) X and S? are independent, and

(B) (n—1) 5 ~ x3(n—1).

0-2
Remark 13.2. At first sight the statement (A) might seem odd since the
sample mean X occurs explicitly in the definition of the sample variance
S2. This remarkable independence of X and S? is a unique property that
distinguishes normal distribution from all other probability distributions.

Example 13.9. Let X1, X5, ..., X,, denote a random sample from a normal

distribution with variance o2 > 0. If the first percentile of the statistics
_X)2 —

W = E?:l (Xaizx) is 1.24, where X denotes the sample mean, what is the

sample size n?
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Answer: 1
— =P <1.24
100 W< )
— (X; — X)?
=P (; = <1.24
2
= ((n -1)—= < 1.24)

Thus from y2-table, we get
n—1=7

and hence the sample size n is 8.

Example 13.10. Let X;,Xs5,...,X; be a random sample from a nor-
mal distribution with unknown mean and variance equal to 9. Let S? =
Ly (Xi—X). If P(S% < k) =0.05, then what is k?

Answer:

From Y2-table with 3 degrees of freedom, we get
3
—k=0.35
9

and thus the constant k is given by

k = 3(0.35) = 1.05.

13.2. Laws of Large Numbers

In this section, we mainly examine the weak law of large numbers. The
weak law of large numbers states that if X, Xo, ..., X, is a random sample
of size n from a population X with mean u, then the sample mean X rarely
deviates from the population mean p when the sample size n is very large. In
other words, the sample mean X converges in probability to the population
mean . We begin this section with a result known as Markov inequality
which is need to establish the weak law of large numbers.
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Theorem 13.8 (Markov Inequality). Suppose X is a nonnegative random
variable with mean F(X). Then

P(x 21 < PO

for all ¢ > 0.

Proof: We assume the random variable X is continuous. If X is not con-
tinuous, then a proof can be obtained for this case by replacing the integrals
with summations in the following proof. Since

:/_tooxf(x)dx—i-/tooxf(x)dx
> /too xf(x)dx

/00 tf(z)dx because x € [t, 00)

_t/ fa
=tP(X >1t),

we see that

P(X>1)< y

This completes the proof of the theorem.

In Theorem 4.4 of the chapter 4, Chebychev inequality was treated. Let
X be arandom variable with mean p and standard deviation o. Then Cheby-
chev inequality says that

1

P(|Xfu|<k0)>lfﬁ

for any nonzero positive constant k. This result can be obtained easily using
Theorem 13.8 as follows. By Markov inequality, we have

E((X —p)?)
P((X —py? 2 ) < PEZ1)
for all ¢ > 0. Since the events (X — u)? > t? and | X — p| > t are same, we
get
E((X —p)?)

P((X —p)? > )= P(X —pu[>1t) < 5
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for all ¢ > 0. Hence )

g
PX —ul 2 1)< 5.

Letting k = % in the above equality, we see that

1
P(|X_M|Zk0)§ﬁ-
Hence

1
1= P(X =yl < ko) < .

The last inequality yields the Chebychev inequality

1
P(|X—,u|<k:a)21—ﬁ.

Now we are ready to treat the weak law of large numbers.

366

Theorem 13.9. Let X7, Xs, ... be a sequence of independent and identically
distributed random variables with p = E(X;) and 0? = Var(X;) < oo for

i1=1,2,...,00. Then
lim P([S, — | >¢) =0
for every e. Here S, denotes X1#XattXa

Proof: By Theorem 13.2 (or Example 13.7) we have

E(S,) =p and Var(S,) = .

By Chebychev’s inequality

for € > 0. Hence

— o
P([S, —ul >¢e) < —.
(8=t 2 ) <

Taking the limit as n tends to infinity, we get
_ 0'2
lim P(|S, —p[ >¢) < lim —
n—oo n—oo N &
which yields
lim P(|S, —pu|>¢)=0

and the proof of the theorem is now complete.
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It is possible to prove the weak law of large numbers assuming only F(X)
to exist and finite but the proof is more involved.

The weak law of large numbers says that the sequence of sample means
{?n}zo:l from a population X stays close to population mean E(X) most
of the times. Let us consider an experiment that consists of tossing a coin
infinitely many times. Let X; be 1 if the i'" toss results in a Head, and 0
otherwise. The weak law of large numbers says that

g R S C R U

n - =3 as n — o0 (13.0)

but it is easy to come up with sequences of tosses for which (13.0) is false:

HHHHHNUHUHUHIHEUHHUHH
HHTHHTHIHTHIHT - -

The strong law of large numbers (Theorem 13.11) states that the set of “bad
sequences” like the ones given above has probability zero.

Note that the assertion of Theorem 13.9 for any £ > 0 can also be written

as
lim P(|S, —pu| <e)=1.

n—oo
The type of convergence we saw in the weak law of large numbers is not
the type of convergence discussed in calculus. This type of convergence is
called convergence in probability and defined as follows.

Definition 13.1. Suppose X;, X, ... is a sequence of random variables de-
fined on a sample space S. The sequence converges in probability to the
random variable X if, for any ¢ > 0,

lim P(|X, — X|<¢e)=1

n—oo

In view of the above definition, the weak law of large numbers states that
the sample mean X converges in probability to the population mean .

The following theorem is known as the Bernoulli law of large numbers
and is a special case of the weak law of large numbers.

Theorem 13.10. Let X7, X5, ... be a sequence of independent and identically
distributed Bernoulli random variables with probability of success p. Then,
for any € > 0,

lim P(|S, —p|<e)=1

n—oo
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where S,, denotes M

The fact that the relative frequency of occurrence of an event F is very
likely to be close to its probability P(E) for large n can be derived from
the weak law of large numbers. Consider a repeatable random experiment
repeated large number of time independently. Let X; = 1 if F occurs on the
it" repetition and X; = 0 if E does not occur on i*® repetition. Then

p=E(X;)=1-P(E)+0-P(E)=P(E) fori=1,23,..
and

where N(E) denotes the number of times E occurs. Hence by the weak law
of large numbers, we have

lim P<‘MP(E)‘>5> = lim P(‘X1+X2+”'+X"u'>s>
n

n— 00 n— o0 n

= lim P(’gn—u’ > ¢)

n—oo

=0.

Hence, for large n, the relative frequency of occurrence of the event F is very
likely to be close to its probability P(E).

Now we present the strong law of large numbers without a proof.

Theorem 13.11. Let X, X, ... be a sequence of independent and identically
distributed random variables with p = E(X;) and 02 = Var(X;) < o for
i=1,2,...,00. Then

Jim P([S, =) =€) =0

for every e. Here S, denotes Z1t-XatotXn,

The type convergence in Theorem 13.11 is called almost sure convergence.
The notion of almost sure convergence is defined as follows.

Definition 13.2 Suppose the random variable X and the sequence
X1, Xa, ..., of random variables are defined on a sample space S. The se-
quence X, (w) converges almost surely to X (w) if

P ({w eS| lim X,(w) = X(w)}) ~ 1.

It can be shown that the convergence in probability implies the almost

sure convergence but not the converse.
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13.3. The Central Limit Theorem

Consider a random sample of measurement {X;}.—,. The X;’s are iden-
tically distributed and their common distribution is the distribution of the
population. We have seen that if the population distribution is normal, then
the sample mean X is also normal. More precisely, if X1, Xs,..., X, is a
random sample from a normal distribution with density

z—p\2

—1
2 o

(&

2
YNNO%i)
n

The central limit theorem (also known as Lindeberg-Levy Theorem) states

then

that even though the population distribution may be far from being normal,
still for large sample size n, the distribution of the standardized sample mean
is approximately standard normal with better approximations obtained with
the larger sample size. Mathematically this can be stated as follows.

Theorem 13.12 (Central Limit Theorem). Let X1, X5, ..., X,, be a ran-
dom sample of size n from a distribution with mean x and variance o2 < oo,
then the limiting distribution of

_X—un

g

v

Zn

is standard normal, that is Z,, converges in distribution to Z where Z denotes

a standard normal random variable.

The type of convergence used in the central limit theorem is called the
convergence in distribution and is defined as follows.

Definition 13.3. Suppose X is a random variable with cumulative den-
sity function F(z) and the sequence Xi, Xa,... of random variables with
cumulative density functions Fj(x), Fa(z), ..., respectively. The sequence X,
converges in distribution to X if

lim F,(z) = F(x)

n—oo
for all values = at which F(x) is continuous. The distribution of X is called
the limiting distribution of X,,.
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Whenever a sequence of random variables X1, X5, ... converges in distri-
bution to the random variable X, it will be denoted by X, 4 x.

Example 13.11. Let Y = X; + X5 4+ -+ + X5 be the sum of a random
sample of size 15 from the distribution whose density function is

3 22 f-l<az<l1
flz) =

0 otherwise.

What is the approximate value of P(—0.3 < Y < 1.5) when one uses the
central limit theorem?

Answer: First, we find the mean i and variance o2 for the density function
f(x). The mean for this distribution is given by

1
u:/ §:E?’d;U
12

=0.
Hence the variance of this distribution is given by

Var(X) = B(X?) ~ [B(X) )

P(—03<Y <15 =P(-03-0<Y -0<15-0)

P( 03 _ Y-0 _ 15 )
V15(0.6) ~ /15(0.6) ~ 1/15(0.6)
= P(~0.10 < Z < 0.50)

= P(Z <0.50) + P(Z < 0.10) — 1
=0.6915 + 0.5398 — 1

— 0.2313.
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Example 13.12. Let X, Xo, ..., X;; be a random sample of size n = 25 from
a population that has a mean p = 71.43 and variance 02 = 56.25. Let X be
the sample mean. What is the probability that the sample mean is between
68.91 and 71.977

Answer: The mean of X is given by E (7) = 71.43. The variance of X is
given by
0% 56.25

In order to find the probability that the sample mean is between 68.91 and
71.97, we need the distribution of the population. However, the population
distribution is unknown. Therefore, we use the central limit theorem. The

central limit theorem says that XL_” ~ N (0, 1) as n approaches infinity.
Vn

n

Therefore

P (68.91 < X < 71.97)
(68.91 — 7143 X —7143 _ 71.97 — 71‘43)
= < <

B V225 T V225 T /2325
= P(—0.68 < W < 0.36)

= P (W <0.36) + P (W < 0.68) — 1
= 0.5941.

Example 13.13. Light bulbs are installed successively into a socket. If we
assume that each light bulb has a mean life of 2 months with a standard
deviation of 0.25 months, what is the probability that 40 bulbs last at least
7 years?

Answer: Let X; denote the life time of the i bulb installed. The 40 light
bulbs last a total time of

S40 =X1+Xo+ -+ Xyo.
By the central limit theorem

2?21 Xi —np ~N

g (0,1) as n — oo.

no

Thus
S0 — (40)(2) ~ N

(40)(0.25)2 (0,1).
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That is
Si0 — 80
—— ~ N(0,1).
1.581 (0,1)

Therefore
P (S40 > 7(12))

_ p(Sw0-80 _ 81-80
1581 ~ 1581

= P(Z > 2.530)

= 0.0057.

Example 13.14. Light bulbs are installed into a socket. Assume that each
has a mean life of 2 months with standard deviation of 0.25 month. How
many bulbs n should be bought so that one can be 95% sure that the supply
of n bulbs will last 5 years?

Answer: Let X; denote the life time of the i*" bulb installed. The n light
bulbs last a total time of
Spn=X1+Xo+---+ X,

The total average life span S,, has

E(S,) =2n and Var(S,) = 1_n6
By the central limit theorem, we get
Sn — E(Sp)

vn
1

~ N(0,1).

Thus, we seek n such that

0.95 = P (S, > 60)

S, —2n 60 — 2n
_P< N )
4 4

_p(z> 08
Jn
—-1_P ZSM.
vn

From the standard normal table, we get

240 — 8n
NG

= —1.645
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which implies
1.645v/n + 8n — 240 = 0.

Solving this quadratic equation for \/n, we get
Vn=-5375 or b5.581.

Thus n = 31.15. So we should buy 32 bulbs.

Example 13.15. American Airlines claims that the average number of peo-
ple who pay for in-flight movies, when the plane is fully loaded, is 42 with a
standard deviation of 8. A sample of 36 fully loaded planes is taken. What
is the probability that fewer than 38 people paid for the in-flight movies?

Answer: Here, we like to find P(X < 38). Since, we do not know the
distribution of X, we will use the central limit theorem. We are given that
the population mean is g = 42 and population standard deviation is ¢ = 8.
Moreover, we are dealing with sample of size n = 36. Thus

— X —42 38—42
P(X<38):P( — < —% )

6 6
=P(Z<-3)
=1-P(Z<3)
=1-0.9987

= 0.0013.

Since we have not yet seen the proof of the central limit theorem, first
let us go through some examples to see the main idea behind the proof of the
central limit theorem. Later, at the end of this section a proof of the central
limit theorem will be given. We know from the central limit theorem that if
X1, X, ..., X, is a random sample of size n from a distribution with mean pu
and variance o2, then

X —u

o

v

ngN(O,l) as n — 0.

However, the above expression is not equivalent to

0.2

YiZNN<M,—) as n — 00
n
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as the following example shows.

Example 13.16. Let X3, X5, ..., X,, be a random sample of size n from
a gamma distribution with parameters § = 1 and o = 1. What is the
distribution of the sample mean X? Also, what is the limiting distribution
of X as n — 00?

Answer: Since, each X; ~ GAM(1,1), the probability density function of

each X; is given by
e T if >0
flz) =

0 otherwise
and hence the moment generating function of each X; is

1
Mx, (t) = —.
() =1
First we determine the moment generating function of the sample mean X,
and then examine this moment generating function to find the probability

distribution of X. Since

therefore X ~ GAM (%, n).

Next, we find the limiting distribution of X as n — oo. This can be
done again by finding the limiting moment generating function of X and
identifying the distribution of X. Consider

lim M5 (t) = lim 0 1t)”
- 1 n
Clim e (1—2)"
1
T et
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Thus, the sample mean X has a degenerate distribution, that is all the prob-
ability mass is concentrated at one point of the space of X.

Example 13.17. Let Xy, X5,..., X,, be a random sample of size n from
1. What is the

a gamma distribution with parameters § = 1 and «
distribution of o
X —p

a

v

where p and o are the population mean and variance, respectively?

as n — oo

Answer: From Example 13.7, we know that
1
(1-%"

Since the population distribution is gamma with § = 1 and a = 1, the

Mx(t) =

population mean p is 1 and population variance o2 is also 1. Therefore

Mx_, (t) = M\/ﬁfﬂ/ﬁ (t)

= VI A (Virt)

= ef\/ﬁt 41 =
=
_ 1
evnt (1 — ﬁ)

The limiting moment generating function can be obtained by taking the limit
of the above expression as n tends to infinity. That is,

1

n— o0 ﬁ n— oo e\/ﬁt ( _ ﬁ)n
= e3t’ (using MAPLE)
X —
B N(O,1).
=

The following theorem is used to prove the central limit theorem.

Theorem 13.13 (Lévy Continuity Theorem). Let X, Xs,... be a se-
quence of random variables with distribution functions Fi(z), Fa(x),... and
moment generating functions Mx, (t), Mx,(t), ..., respectively. Let X be a
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random variable with distribution function F(z) and moment generating
function M (¢). If for all ¢ in the open interval (—h, h) for some h > 0

lim Mxn(t) = Mx(t),

n—oo

then at the points of continuity of F'(x)

lim F,(z) = F(x).

n—00

The proof of this theorem is beyond the scope of this book.

The following limit

lim {1 L M} =e, if lim d(n) =0, (13.1)
n

n—oo n n—oo

whose proof we leave it to the reader, can be established using advanced
calculus. Here t is independent of n.

Now we proceed to prove the central limit theorem assuming that the
moment generating function of the population X exists. Let Mx_,(t) be
the moment generating function of the random variable X — . We denote
Mx_,(t) as M(t) when there is no danger of confusion. Then

M(0) =1,
M(0)=EX —p)=EX)—p=p—p=0, (13.2)
M"(0)=E (X —p)?) =0
By Taylor series expansion of M(t) about 0, we get

M(t) = M(0) + M'(0)t + % M (n) t?

where 7 € (0,¢). Hence using (13.2), we have
1

M(t):1+§M”(77)t2
1 1 1
:1 - 2t2 _M// t2—— 2t2
+20 —|-2 (n) 57
1 1
=1+ 502 t?+ 3 [M"(n) — o?] £2.

Now using M (t) we compute the moment generating function of Z,. Note

that .
X—p 1 <
Zn = =—) (Xi—p).
z "\/ﬁizl( 1)

v
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Hence

M//(n) o 02) t2 n
2n 2no2

for 0 < |n| < ﬁ |t]. Note that since 0 < || < U—\l/ﬁ |t|, we have

t

lim =0, limn=0, and lim M"(n)—o*=0. (13.3)

n—oo 0 /N n—oo n— oo

Letting
(M"(n) —o?) ¢
d(n) = 552
and using (13.3), we see that lim d(n) = 0, and
2 dn)]"

My ()=|1+—+—=| . 13.4
2= 145+ 2] (13.9

Using (13.1) we have

2 n
lim Mz (t) = lim {1—1—;——&—@} —e3t

n—00 n—oo n n

Hence by the Lévy continuity theorem, we obtain

lim F,(z) = ()
where ®(z) is the cumulative density function of the standard normal distri-

bution. Thus Z, 4 7 and the proof of the theorem is now complete.

Remark 13.3. In contrast to the moment generating function, since the
characteristic function of a random variable always exists, the original proof
of the central limit theorem involved the characteristic function (see for ex-
ample An Introduction to Probability Theory and Its Applications, Volume I
by Feller). In 1988, Brown gave an elementary proof using very clever Taylor
series expansions, where the use characteristic function has been avoided.
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13.4. Order Statistics

Often, sample values such as the smallest, largest, or middle observation
from a random sample provide important information. For example, the
highest flood water or lowest winter temperature recorded during the last
50 years might be useful when planning for future emergencies. The median
price of houses sold during the previous month might be useful for estimating
the cost of living. The statistics highest, lowest or median are examples of
order statistics.

Definition 13.4. Let X1, X5, ..., X, be observations from a random sam-
ple of size n from a distribution f(x). Let X(;) denote the smallest of
{X1,Xs,..., Xpn}, X(2) denote the second smallest of {X1, X»,..., X,,}, and
similarly X,y denote the r't smallest of {Xy, Xs,..., X,,}. Then the ran-
dom variables X (1), X(2), ..., X(n) are called the order statistics of the sam-
ple X1, Xs,...,X,. In particular, X, is called the r*P_order statistic of
X1, X, ., Xn.

The sample range, R, is the distance between the smallest and the largest
observation. That is,

R=Xm—Xw-
This is an important statistic which is defined using order statistics.

The distribution of the order statistics are very important when one uses
these in any statistical investigation. The next theorem gives the distribution
of an order statistic.

Theorem 13.14. Let X1, X5, ..., X,, be arandom sample of size n from a dis-
tribution with density function f(x). Then the probability density function
of the r'" order statistic, X ), is

TL' r—1 n—r
g(z) = m [F()] f(z) [1 = F(z)] )

where F(z) denotes the cdf of f(x).

Proof: Let h be a positive real number. Let us divide the real line into three

segments, namely

R = (—o0, :c)U[z, x + h] U(:E + h, 00).
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The probability, say pi, of a sample value falls into the first interval (—oo, z
and is given by

P = /; f(¢) dt.

Similarly, the probability ps of a sample value falls into the second interval

x+h

In the same token, we can compute the probability of a sample value which
falls into the third interval
o0
L
x+h

Then the probability that (r — 1) sample values fall in the first interval, one

and is

falls in the second interval, and (n — r) fall in the third interval is

n _ _ n! _ _
( Vo T = e = Bl

r—1,1,n—r (r—=D!'(n—r
Since Pu(a)
x

— lim MY

g(z) = lim ——,
the probability density function of the rt" statistics is given by

Py(z)
=1
g(z) = lim —

n!

P Ty Y [F(2)]" ™" f(z) 1 - F(2)]" "

The second limit is obtained as f(z) due to the fact that

) 1 x+h
pm 5 / f()dt
[ pyde— [T f(t)dt

1 o , wherex <a<z+h
—0
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Example 13.18. Let X, X5 be a random sample from a distribution with
density function

e * for0<z <o
-]

0 otherwise.
What is the density function of ¥ = min{X;, X>} where nonzero?

Answer: The cumulative distribution function of f(z) is

F(z) = /OT e tdt

=1—e"

In this example, n = 2 and r = 1. Hence, the density of Y is

= W) ) [ F()

=2f(y) [1 - F(y)]
=2e7Y (171+e*y)

=92 2%,

9(y)

Example 13.19. Let Y7 < Y5 < -+ < Yy be the order statistics from a
random sample of size 6 from a distribution with density function

2x forO<z<1
f(x)Z{

0 otherwise.

What is the expected value of Yg?

Answer:
f(z) =22
F(x) :/ 2t dt
0
= 22

The density function of Yy is given by

= oo O )

=6 (y2)5 2y
= 12y%.

9(y)



Probability and Mathematical Statistics 381

Hence, the expected value of Yj is
1
E(Ys) = / y9(y) dy
0

1
=/ y 129" dy
0

-2
13
12
13

13] 1
0

Example 13.20. Let XY and Z be independent uniform random variables

on the interval (0,a). Let W = min{X,Y, Z}. What is the expected value of
(1- %)%

Answer: The probability distribution of X (or Y or Z) is
{ 1 if0<z<a
0 otherwise.

Thus the cumulative distribution of function of f(x) is given by

0 ifz <0
F(x)=4 % ifo<z<a
1 if x> a.

Since W = min{X,Y, Z}, W is the first order statistic of the random sample
X, Y, Z. Thus, the density function of W is given by

g(w) = groz (@) fw) (1~ Fu)?

= 3f(w) [1 - F(w))®

Thus, the pdf of W is given by

31— w)? if0<w<a

a

g(w) =
0 otherwise.
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The expected value of W is

382

Example 13.21. Let X7, X5, ..., X, be a random sample from a population
X with uniform distribution on the interval [0,1]. What is the probability
distribution of the sample range W := X,y — X ()7

Answer: To find the distribution of W, we need the joint distribution of the
random variable (X(n), X(l)). The joint distribution of (X(n),X(l)) is given

by

W1, xp) = n(n = 1) f(21) f(@n) [Fan) = F(21)]" 7,

where x, > x1 and f(z) is the probability density function of X. To de-
termine the probability distribution of the sample range W, we consider the

transformation

U - X(l)
W=Xm = Xq)

X(l) - U
Xy =U+W.
The Jacobian of this transformation is

1 0
J—d@t(l 1)—1.

Hence the joint density of (U, W) is given by

which has an inverse

9(u, w) = [J| h(z1, 20)

= n(n—1)f(u)f(u+w)[F(u+w) - F(u)]"
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where w > 0. Since f(u) and f(u+w) are simultaneously nonzero if 0 < u <1
and 0 < u+w < 1. Hence f(u) and f(u + w) are simultaneously nonzero if
0 <u <1—w. Thus, the probability of W is given by

where 0 < w < 1.
13.5. Sample Percentiles
The sample median, M, is a number such that approximately one-half

of the observations are less than M and one-half are greater than M.

Definition 13.5. Let X;,Xs,...,X,, be a random sample. The sample
median M is defined as

X(&) if n is odd
2

M = 1 . .

5 [X(%)A—X(#)} if n is even.
The median is a measure of location like sample mean.

Recall that for continuous distribution, 100pt" percentile, Tp, is a number
such that

p= /_7: f(z)dx.

Definition 13.6. The 100p'" sample percentile is defined as

X([np]) if p<0.5
7Tp =
X(nJrl,[n(l,p)]) if p>0.5.

where [b] denote the number b rounded to the nearest integer.

Example 13.22. Let X7, Xo, ..., X12 be a random sample of size 12. What
is the 65" percentile of this sample?
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Answer:
100p = 65

p =065
n(l—p) = (12)(1 — 0.65) = 4.2
[n(1—p)] =[4.2] =4

5th

Hence by definition of 65" percentile is

70.65 = X (nt1—[n(1—p)])

Thus, the 65 percentile of the random sample X1, Xs, ..., X15 is the 9th-
order statistic.

For any number p between 0 and 1, the 100p‘" sample percentile is an
observation such that approximately np observations are less than this ob-
servation and n(1 — p) observations are greater than this.

Definition 13.7. The 25" percentile is called the lower quartile while the
75" percentile is called the upper quartile. The distance between these two
quartiles is called the interquartile range.

Example 13.23. If a sample of size 3 from a uniform distribution over [0, 1]

is observed, what is the probability that the sample median is between i and
39
17

Answer: When a sample of (2n + 1) random variables are observed, the
(n 4+ 1)*" smallest random variable is called the sample median. For our
problem, the sample median is given by

X(2) = 2" smallest {X1, Xo, X3}.
Let Y = X(3). The density function of each X; is given by
1 ifo<z<1
flx) =

0 otherwise.

Hence, the cumulative density function of f(z) is

F(z) = z.
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Thus the density function of Y is given by

= WP ) - P

=6F(y) f(y) [L — F(y)]
= 6y (1 - y)

9(y)

Therefore

13.6. Review Exercises

1. Suppose we roll a die 1000 times. What is the probability that the sum
of the numbers obtained lies between 3000 and 40007

2. Suppose Kathy flip a coin 1000 times. What is the probability she will
get at least 600 heads?

3. At a certain large university the weight of the male students and female
students are approximately normally distributed with means and standard
deviations of 180, and 20, and 130 and 15, respectively. If a male and female
are selected at random, what is the probability that the sum of their weights
is less than 2807

4. Seven observations are drawn from a population with an unknown con-
tinuous distribution. What is the probability that the least and the greatest
observations bracket the median?

5. If the random variable X has the density function

2(1—ux) for0<z<1
fz) =

0 otherwise,

what is the probability that the larger of 2 independent observations of X
will exceed %?
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6. Let X1, X5, X3 be a random sample from the uniform distribution on the
interval (0, 1). What is the probability that the sample median is less than
0.47

7. Let X1, Xo, X3, X4, X5 be a random sample from the uniform distribution
on the interval (0, #), where 8 is unknown, and let X,,,, denote the largest
observation. For what value of the constant k, the expected value of the
random variable kX,,q. is equal to 67

8. A random sample of size 16 is to be taken from a normal population having
mean 100 and variance 4. What is the 90" percentile of the distribution of
the sample mean?

9. If the density function of a random variable X is given by

1 1
5o fore<:r<e

fz) =

0 otherwise,

what is the probability that one of the two independent observations of X is
less than 2 and the other is greater than 1?7

10. Five observations have been drawn independently and at random from
a continuous distribution. What is the probability that the next observation
will be less than all of the first 57

11. Let the random variable X denote the length of time it takes to complete

a mathematics assignment. Suppose the density function of X is given by

e (@=0) for <z <o
f(x) =

0 otherwise,

where 6 is a positive constant that represents the minimum time to complete
a mathematics assignment. If X, Xo,..., X5 is a random sample from this
distribution. What is the expected value of X )7

12. Let X and Y be two independent random variables with identical prob-
ability density function given by

e ® for x >0
-]

0 elsewhere.

What is the probability density function of W = max{X,Y} ?
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13. Let X and Y be two independent random variables with identical prob-
ability density function given by

%i: for0<z <46
f(z) =

0 elsewhere,
for some 6 > 0. What is the probability density function of W = min{X,Y }?

14. Let X, X5, ..., X,, be a random sample from a uniform distribution on

the interval from 0 to 5. What is the limiting moment generating function
of Z2£ asn — ?

N

15. Let X1, Xo,..., X,, be a random sample of size n from a normal distri-
bution with mean p and variance 1. If the 75" percentile of the statistic
w=%" (Xi— 7)2 is 28.24, what is the sample size n ?

16. Let X1, Xo, ..., X,, be a random sample of size n from a Bernoulli distri-
bution with probability of success p = % What is the limiting distribution
the sample mean X ?

17. Let X1, Xs, ..., X1995 be a random sample of size 1995 from a distribution
with probability density function
e AT

fla)=— £=0,1,2,3,...,00.

What is the distribution of 1995X ?

18. Suppose X1, Xo, ..., X,, is arandom sample from the uniform distribution
on (0,1) and Z be the sample range. What is the probability that Z is less
than or equal to 0.57

19. Let X1, Xs,..., X9 be a random sample from a uniform distribution on
the interval [1,12]. Find the probability that the next to smallest is greater
than or equal to 47

20. A machine needs 4 out of its 6 independent components to operate. Let
X1, Xo, ..., Xg be the lifetime of the respective components. Suppose each is
exponentially distributed with parameter . What is the probability density
function of the machine lifetime?

21. Suppose Xi, Xo, ..., Xon41 is a random sample from the uniform dis-
tribution on (0,1). What is the probability density function of the sample
median X(n+1)?



Sequences of Random Variables and Order Statistics 388

22. Let X and Y be two random variables with joint density

12z fo<y<2z<1
[z, y) = {0 otherwise.

What is the expected value of the random variable Z = X2Y34+ X2 - X —Y3?

23. Let X1, X5, ..., X50 be a random sample of size 50 from a distribution
with density

. for0<z <o
Flayes L% € or

-
0 otherwise.

What are the mean and variance of the sample mean X?

24. Let X4, Xo, ..., X100 be a random sample of size 100 from a distribution
with density

flz :{ — forx =0,1,2,...,00
(@) 0 otherwise.

What is the probability that X greater than or equal to 17
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Chapter 14

SAMPLING
DISTRIBUTIONS
ASSOCIATED WITH THE
NORMAL
POPULATIONS

Given a random sample X3, Xo, ..., X, from a population X with proba-
bility distribution f(x;#), where 6 is a parameter, a statistic is a function T
of X1,X5,..., X, that is

T =T (X1, Xs,...., Xn)

which is free of the parameter 6. If the distribution of the population is
known, then sometimes it is possible to find the probability distribution of
the statistic T'. The probability distribution of the statistic T is called the
sampling distribution of T. The joint distribution of the random variables
X1, X, ..., X, is called the distribution of the sample. The distribution of
the sample is the joint density

n

f@1, @, 03 0) = f(21;0) f(2:0) - f (w3 0) = [] f(wi;6)
i=1
since the random variables X1, X5, ..., X,, are independent and identically
distributed.
Since the normal population is very important in statistics, the sampling
distributions associated with the normal population are very important. The
most important sampling distributions which are associated with the normal
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population are the followings: the chi-square distribution, the student’s t-
distribution, the F-distribution, and the beta distribution. In this chapter,
we only consider the first three distributions, since the last distribution was
considered earlier.

14.1. Chi-square distribution

In this section, we treat the Chi-square distribution, which is one of the
very useful sampling distributions.

Definition 14.1. A continuous random variable X is said to have a chi-
square distribution with r degrees of freedom if its probability density func-
tion is of the form

xz le % fo<zr< oo

0 otherwise,

where r > 0. If X has chi-square distribution, then we denote it by writing
X ~ x%(r). Recall that a gamma distribution reduces to chi-square distri-
bution if o = § and 6 = 2. The mean and variance of X are r and 2r,

respectively.

Chi-Square Distributions

Thus, chi-square distribution is also a special case of gamma distribution.
Further, if » — oo, then chi-square distribution tends to normal distribution.

Example 14.1. If X ~ GAM(1,1), then what is the probability density
function of the random variable 2X7?

Answer: We will use the moment generating method to find the distribution
of 2X. The moment generating function of a gamma random variable is given
by

- 1
M@#t)=01-60t)"", if t< g
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Since X ~ GAM(1,1), the moment generating function of X is given by

1
MX(t):—l—t’ t<1.

Hence, the moment generating function of 2.X is

Moy (t) = M (2t)

(1—2t)3
= MGF of x?(2).
Hence, if X is GAM (1,1) or is an exponential with parameter 1, then 2X is

chi-square with 2 degrees of freedom.

Example 14.2. If X ~ x2(5), then what is the probability that X is between
1.145 and 12.837

Answer: The probability of X between 1.145 and 12.83 can be calculated
from the following;:

P(1.145 < X < 12.83)
= P(X < 12.83) — P(X < 1.145)

12.83 1.145
:/ f(a:)dx—/ f(x)dx
0 0

12.83 1 . ) 1.145 1 . .
:/ ﬁ:ﬂ_le_i dx—/ ﬁx5_16_5 dxr
0 r(3) 23 0 I (3) 23

=0.975—0.050  (from x? table)
= 0.925.

This above integrals are hard to evaluate and thus their values are taken from
the chi-square table.

Example 14.3. If X ~ x?(7), then what are values of the constants a and
b such that P(a < X < b) = 0.95?

Answer: Since
095=Pla<X <b)=P(X <b)—P(X <a),

we get
P(X <b)=0.95+ P(X < a).



Sampling Distributions Associated with the Normal Population 392

We choose a = 1.690, so that
P(X < 1.690) = 0.025.
From this, we get
P(X <b)=0.95+0.025 = 0.975

Thus, from chi-square table, we get b = 16.01.

The following theorems were studied earlier in Chapters 6 and 13 and
they are very useful in finding the sampling distributions of many statistics.
We state these theorems here for the convenience of the reader.

2
Theorem 14.1. If X ~ N(p,0?), then (M) ~ x2(1).

o

Theorem 14.2. If X ~ N(u,0?) and X1, X», ..., X,, is a random sample
from the population X, then

S (B ) e

i=1

Theorem 14.3. If X ~ N(u,0?) and X1, X»,..., X,, is a random sample
from the population X, then

(n—1)8?

0_2 NXQ(n_l)

Theorem 14.4. If X ~ GAM (0, ), then

2 X ~ x%(2a).
0
Example 14.4. A new component is placed in service and n spares are
available. If the times to failure in days are independent exponential variable,
that is X; ~ EXP(100), how many spares would be needed to be 95% sure
of successful operation for at least two years ?

Answer: Since X; ~ EX P(100),

> X ~ GAM(100,n).
i=1
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Hence, by Theorem 14.4, the random variable

100 ZX

We have to find the number of spares n such that

095=P <ZX >2 years)
P (
X; > 2 730 d
1 P= g0 TR
2 730
X, > —
(1 00 - 50)
P (x*(2n) > 14.6) .
25 (from x? table)

M:

X; > 730 days)

|
e

Sl |
=]
Ms

1

<.

|
Y

HM:

2n

Hence n = 13 (after rounding up to the next integer). Thus, 13 spares are
needed to be 95% sure of successful operation for at least two years.

Example 14.5. If X ~ N(10,25) and X1, X5, ..., X501 is a random sample
of size 501 from the population X, then what is the expected value of the
sample variance S2 ?

Answer: We will use the Theorem 14.3, to do this problem. By Theorem

14.3, we see that
(501 — 1) 52

5 x2(500).

g

Hence, the expected value of S? is given by
25 500
21 ao e 2
e191-#(5%) (3) *1
(B p[(W) ¢
500 25
1
== E[+
(20> [ (500)]
1
20
=25

) 500
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14.2. Student’s t-distribution

Here we treat the Student’s t-distribution, which is also one of the very
useful sampling distributions.

Definition 14.2. A continuous random variable X is said to have a t-
distribution with v degrees of freedom if its probability density function is of
the form

v+1
f(x;l/)_ F<2) u+1)v —o0o <<

VAT T(3) (1425
where v > 0. If X has a t-distribution with v degrees of freedom, then we
denote it by writing X ~ t(v).

The t-distribution was discovered by W.S. Gosset (1876-1936) of Eng-
land who published his work under the pseudonym of student. Therefore,
this distribution is known as Student’s t-distribution. This distribution is a
generalization of the Cauchy distribution and the normal distribution. That
is, if v = 1, then the probability density function of X becomes

fs ) = =

— — <z <
) 00 < x < 00,

which is the Cauchy distribution. Further, if v — oo, then

lim f(x; v)= e 2% —00 < x < 00,
which is the probability density function of the standard normal distribution.
The following figure shows the graph of ¢-distributions with various degrees
of freedom.

Student's t Distributions

Example 14.6. If T ~ ¢(10), then what is the probability that T is at least
2.228 7
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Answer: The probability that 7' is at least 2.228 is given by

P(T >2.228) = 1 — P(T < 2.228)
=1-0.975 (from t — table)
= 0.025.

Example 14.7. If T ~ t(19), then what is the value of the constant ¢ such
that P(|T| <¢)=0.957

Answer:
0.95=P(|T| <c¢)
=P(—c<T<¢)
=P(T<c¢)—1+P(T<¢)
=2P(T<¢)-1
Hence

P (T < ¢) = 0.975.

Thus, using the t-table, we get for 19 degrees of freedom

c = 2.093.

Theorem 14.5. If the random variable X has a t-distribution with v degrees

0 it v>2
E[X}={

DNE it v=1

of freedom, then

and
5 if v>3
VarX] = {

DNE if v=1,2

where DNE means does not exist.

Theorem 14.6. If Z ~ N(0,1) and U ~ x?(v) and in addition, Z and U
are independent, then the random variable W defined by

W:

E2

has a t-distribution with v degrees of freedom.
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Theorem 14.7. If X ~ N(u,0?) and Xi, Xo, ..., X,, be a random sample
from the population X, then

Thus

X —p

[od

n

Further, from Theorem 14.3 we know that

~ N(0,1).

52 9
(n—l)p ~ X (n—l)
Hence
X—n
<_ -
- K v ~t(n—1) (by Theorem 14.6).
S (n—1) 52
Vn (n—1) o2

This completes the proof of the theorem.

Example 14.8. Let X7, X5, X3, X4 be a random sample of size 4 from a
standard normal distribution. If the statistic W is given by

_ X1 —Xo+ X3
VX?P+ X3+ X3+ X7

then what is the expected value of W 7

Answer: Since X; ~ N(0,1), we get
X1 — Xo + X3 ~ N(0,3)

and
X - X9+ X3

= ~ N(0,1).
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Further, since X; ~ N(0,1), we have
X7 ~x*(1)

and hence
X+ X34+ X3+ X7 ~x2(4)

Thus
’ X1 —Xo+X3
\/_

5 2 )
= W ~t(4).
[ XEr X3+ X3+ (\/?? W
4

Now using the distribution of W, we find the expected value of W.

Example 14.9. If X ~ N(0,1) and X;, X5 is random sample of size two from

the population X, then what is the 75" percentile of the statistic W = X)iz ?
2

Answer: Since each X; ~ N(0,1), we have

X1 ~ N(0,1)
X3 ~x*(1).

Hence

~t(1).

7 (1)

The 75" percentile a of W is then given by
0.75 = P(W < a)

Hence, from the t¢-table, we get
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Hence the 75" percentile of W is 1.0.

Example 14.10. Suppose X1, Xo, ...., X, is a random sample from a normal
distribution with mean p and variance o2. If X = %Z?:l X; and V2 =

2
% Z?zl (Xi - X ) , and X, 41 is an additional observation, what is the value

of m so that the statistics % has a t-distribution.
Answer: Since
X~ N(M7 02)
2
=X~N </L, 0—)
n

=>Y—Xn+1NN

_ 0'2
:>XXn+1NN</L,LL7 7+02>

n
X -X,
N S =R
o /n+1
Now, we establish a relationship between V2 and S2. We know that

(n =18 = (n=1) g5 SO~ X

=nV2
Hence, by Theorem 14.3

nV? (n—1)5?
2 2

~x*(n—1).

a g

Thus

o X—Xn41
n—1\ X — Xnp1 o2l
N - "~ t(n—1).
( n—i—l) v =~

Thus by comparison, we get
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14.3. Snedecor’s F-distribution

The next sampling distribution to be discussed in this chapter is
Snedecor’s F-distribution. This distribution has many applications in math-
ematical statistics. In the analysis of variance, this distribution is used to
develop the technique for testing the equalities of sample means.

Definition 14.3. A continuous random variable X is said to have a F-
distribution with 17 and v degrees of freedom if its probability density func-
tion is of the form

) fo<z <o

0 otherwise,

where v1, v > 0. If X has a F-distribution with v; and v, degrees of freedom,
then we denote it by writing X ~ F (vq,v2).

The F-distribution was named in honor of Sir Ronald Fisher by George
Snedecor. F-distribution arises as the distribution of a ratio of variances.
Like, the other two distributions this distribution also tends to normal dis-
tribution as 7 and vo become very large. The following figure illustrates the
shape of the graph of this distribution for various degrees of freedom.

Snedecor's F Distributions

The following theorem gives us the mean and variance of Snedecor’s F-

distribution.

Theorem 14.8. If the random variable X ~ F (v1,v5), then

,,21132 if 12} > 3
E[X] = {

DNE it vy =1,2

and » )
2v5 (v1+ve—2 .
PR ) e ) if vp25

Var[X] =
DNE it vy =1,2,34.
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Here DNE means does not exist.

Example 14.11. If X ~ F(9,10), what P(X > 3.02) ? Also, find the mean
and variance of X.

Answer:
P(X >3.02)=1-P(X <3.02)

=1— P(F(9,10) < 3.02)

=1-0.95 (from F — table)

= 0.05.
Next, we determine the mean and variance of X using the Theorem 14.8.
Hence, ) 10 "
E(X):V2i2:10_2:§:1.25
and
Var(X) = 202 (v + 19 — 2)

141 (VQ — 2)2 (1/2 — 4)

2(10)? (19— 2)
9(8)%(6)

(25) (17)
(27) (16)

—425—09838
432 0 ‘

Theorem 14.9. If X ~ F(vq,v3), then the random variable % ~ F(va,11).

This theorem is very useful for computing probabilities like P(X <
0.2439). If you look at a F-table, you will notice that the table start with val-
ues bigger than 1. Our next example illustrates how to find such probabilities
using Theorem 14.9.

Example 14.12. If X ~ F(6,9), what is the probability that X is less than
or equal to 0.2439 7
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Answer: We use the above theorem to compute

1 1
<0.24 = — >
P(X = 0.2439) P(xr-oz&m)

— <F(9,6) > 1 ) (by Theorem 14.9)

=1-0.95
= 0.05.

The following theorem says that F-distribution arises as the distribution
of a random variable which is the quotient of two independently distributed
chi-square random variables, each of which is divided by its degrees of free-

dom.

Theorem 14.10. If U ~ x?(v;) and V ~ x?(1), and the random variables
U and V are independent, then the random variable

~ F(l/171/2).

NSNS

Example 14.13. Let X¢, X5, ..., X4 and Y7, Y5, ..., Y5 be two random samples

of size 4 and 5 respectively, from a standard normal population. What is the
. N /5 X2+ X2+ X24+X2
variance of the statistic 7' = (2) Yo1v? fygz FYEvE

Answer: Since the population is standard normal, we get

X2+ X2+ X2+ X2 ~X2(4).

Similarly,
VP Y+ Y+ Y+ YE ~ ().
Thus
(5 X7+ X3+ X3+ X7
4 Y12+Y22—|—Y32—|—}/42+5/52
X4 XS+X5+X2
_ 4
- Y12 +Y22 +Y32 +Y42 +Y52

5
=T ~ F(4,5).
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Therefore
Var(T) =Var[F(4,5)]
2(52(7)
4(3)2(1)
_ 350

36
=9.72.

Theorem 14.11. Let X ~ N(u1, 0?) and X1, Xo, ..., X,, be a random sam-
ple of size n from the population X. Let Y ~ N(pso, 03) and Y1, Ys, ..., Yy,
be a random sample of size m from the population Y. Then the statistic

= ~Fn—-1,m-1),

where S? and S3 denote the sample variances of the first and the second

sample, respectively.

Proof: Since,
Xi ~ N(Mh U%)

we have by Theorem 14.3, we get
52
(n—1) —; ~x%(n—1).
01

Similarly, since
Y ~ N(/’@v U%)

we have by Theorem 14.3, we get

2
(m—1)=% ~x*(m—1)
o3
Therefore
S3 (n—1) S?
2 D P11, m—1)
& = DS n ,m .
o2 (m—1)02

This completes the proof of the theorem.

Because of this theorem, the F-distribution is also known as the variance-

ratio distribution.
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14.4. Review Exercises

1. Let X1, X5, ..., X5 be a random sample of size 5 from a normal distribution
with mean zero and standard deviation 2. Find the sampling distribution of
the statistic X7 + 2Xs — X3+ X4 + X5.

2. Let Xi, X5, X3 be a random sample of size 3 from a standard normal
distribution. Find the distribution of X7 + X3 + X2. If possible, find the
sampling distribution of X? — XZ. If not, justify why you can not determine
it’s distribution.

3. Let X, X2, X3 be a random sample of size 3 from a standard normal
X1+ Xo+X3

VXEI+X2+X2

distribution. Find the sampling distribution of the statistics
X1 —Xo—X3

AR

4. Let X7, X2, X3 be a random sample of size 3 from an exponential distri-

bution with a parameter § > 0. Find the distribution of the sample (that is

the joint distribution of the random variables X7, X5, X3).

5. Let X1, X5, ..., X;, be a random sample of size n from a normal population
with mean p and variance 02 > 0. What is the expected value of the sample
variance 5% = - 3" (X, — X)Q?

6. Let X1, Xs, X3, X4 be a random sample of size 4 from a standard normal
population. Find the distribution of the statistic

7. Let X1, X5, X3, X4 be a random sample of size 4 from a standard normal
population. Find the sampling distribution (if possible) and moment gener-
ating function of the statistic 2X? +3X2+ X2 +4X2. What is the probability
distribution of the sample?

8. Let X equal the maximal oxygen intake of a human on a treadmill, where
the measurement are in milliliters of oxygen per minute per kilogram of
weight. Assume that for a particular population the mean of X is u = 54.03
and the standard deviation is ¢ = 5.8. Let X be the sample mean of a random
sample X1, Xo, ..., X47 of size 47 drawn from X. Find the probability that
the sample mean is between 52.761 and 54.453.

9. Let X1, Xo,..., X,, be a random sample from a normal distribution with
mean 4 and variance 0. What is the variance of V2 = 13" | (X, — 7)2 ?

10. If X is a random variable with mean ; and variance o2, then p — 20 is
called the lower 20 point of X. Suppose a random sample X1, X5, X3, Xy is
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drawn from a chi-square distribution with two degrees of freedom. What is
the lower 20 point of X7 + Xo + X35+ X4 7

11. Let X and Y be independent normal random variables such that the
mean and variance of X are 2 and 4, respectively, while the mean and vari-
ance of Y are 6 and k, respectively. A sample of size 4 is taken from the
X-distribution and a sample of size 9 is taken from the Y-distribution. If
P (Y — X > 8) = 0.0228, then what is the value of the constant k ?

12. Let X3, X5, ..., X, be a random sample of size n from a distribution with
density function

Ae~AE fo<z<oo
flz;\) =

0 otherwise.
What is the distribution of the statistic Y =2A>"" | X; ?

13. Suppose X has a normal distribution with mean 0 and variance 1, Y
has a chi-square distribution with n degrees of freedom, W has a chi-square
distribution with p degrees of freedom, and W, X, and Y are independent.
What is the sampling distribution of the statistic V = \/W?

PR

14. A random sample X1, X5, ..., X,, of size n is selected from a normal

population with mean g and standard deviation 1. Later an additional in-
dependent observation X,,;; is obtained from the same population. What
is the distribution of the statistic (X,11 — p)? + Y1y (X; — X)?, where X
denote the sample mean?

15. Let T = %, where X, Y, Z, and W are independent normal
random variables with mean 0 and variance o2 > 0. For exactly one value
of k, T has a t-distribution. If r denotes the degrees of freedom of that
distribution, then what is the value of the pair (k,r)?

16. Let X and Y be joint normal random variables with common mean 0,

common variance 1, and covariance % What is the probability of the event

(X +Y <3), thatis P (X +Y < V/3)?

17. Suppose X; = Z; — Zj_1, where j = 1,2,...,n and Zy, Z1,..., Z, are
independent and identically distributed with common variance o2. What is
the variance of the random variable = E;Zl X;?

18. A random sample of size 5 is taken from a normal distribution with mean
0 and standard deviation 2. Find the constant k such that 0.05 is equal to the
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probability that the sum of the squares of the sample observations exceeds
the constant k.

19. Let Xq, Xo,..., X, and Y7,Y5,...,Y,, be two random sample from the
independent normal distributions with Var[X;] = 02 and Var|Y;] = 202, for

i=1,2, . nand o> 0. U =" (X, = X) and V=3", (V; - V),
QU%;V?

then what is the sampling distribution of the statistic =5

20. Suppose X1, Xo,...,Xg and Y7,Y5,..., Yy are independent, identically
distributed normal random variables, each with mean zero and variance o2 >

6 9
0. What is the 95" percentile of the statistics W = [ZX?] / ZYf ?
i=1 j=1

21. Let X;,X5,...,Xs and Y7,Y5,...,Ys be independent random sam-
ples from a normal distribution with mean 0 and variance 1, and Z =

6 8
l42x3]/ 3y Y7 |?
i=1 j=1
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Chapter 15

SOME TECHNIQUES

FOR FINDING
POINT ESTIMATORS
OF
PARAMETERS

A statistical population consists of all the measurements of interest in
a statistical investigation. Usually a population is described by a random
variable X. If we can gain some knowledge about the probability density
function f(x;0) of X, then we also gain some knowledge about the population
under investigation.

A sample is a portion of the population usually chosen by method of
random sampling and as such it is a set of random variables X7, Xo, ..., X,
with the same probability density function f(z;0) as the population. Once
the sampling is done, we get

Xlle, XQZIQ, ey Xn:xn

where x1, xo, ..., x, are the sample data.

Every statistical method employs a random sample to gain information
about the population. Since the population is characterized by the proba-
bility density function f(x;#), in statistics one makes statistical inferences
about the population distribution f(z;6) based on sample information. A
statistical inference is a statement based on sample information about the
population. There three types of statistical inferences such as: (1) the esti-
mation (2) the hypothesis testing and (3) the prediction. The goal of this
chapter is to examine some well known point estimation methods.
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In point estimation, we try to find the parameter 6 of the population
distribution f(z;0) from the sample information. Thus, in the parametric
point estimation one assumes the functional form of the pdf f(z;0) to be
known and only estimate the unknown parameter 6 of the population using
information available from the sample.

Definition 15.1. Let X be a population with the density function f(z;6),
where 6 is an unknown parameter. The set of all admissible values of 0 is
called a parameter space and it is denoted by €2, that is

Q={0eR"| f(z;0) is a pdf }

for some natural number m.
Example 15.1. If X ~ EX P(0), then what is the parameter space of 6 ?

Answer: Since X ~ EXP(#), the density function of X is given by

_z
9.

f(x;0) =

SR

If 6 is zero or negative then f(x;6) is not a density function. Thus, the
admissible values of # are all the positive real numbers. Hence
O={cR|0<6< o0}
- ]R+ .

Example 15.2. If X ~ N (/L, 02), what is the parameter space?

Answer: The parameter space 2 is given by

Q={0eR?| f(z;0) ~ N (u,0%)}
={(1,0)ER?| —c0o<p<oo, 0<o<oo}
=R xR;
= upper half plane.

In general, a parameter space is a subset of R™. Statistics concerns
with the estimation of the unknown parameter 6 from a random sample
X1, Xo,..., X,,. Recall that a statistic is a function of X1, X5, ..., X,, and free
of the population parameter 6.

Definition 15.2. Let X ~ f(z;0) and X3, X, ..., X, be a random sample
from the population X. Any statistic that can be used to guess the parameter
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0 is called an estimator of #. The numerical value of this statistic is called
an estimate of #. The estimator of the parameter 6 is denoted by 6.

One of the basic problems is how to find an estimator of population
parameter f. There are several methods for finding an estimator of . Some
of these methods are:

(1) Moment Method
2) Maximum Likelihood Method
3) Bayes Method
4) Least Squares Method
5) Minimum Chi-Squares Method
(6) Minimum Distance Method
In this chapter, we only discuss the first three methods of estimating a

(
(
(
(

population parameter.
15.1. Moment Method

Let X1, Xo, ..., X}, be a random sample from a population X with proba-
bility density function f(z;601,0s,...,6,,), where 01,0, ..., 0, are m unknown
parameters. Let

E(Xk) :/ a® f(x;01,0s,...,0,,) dx

be the k" population moment about 0. Further, let

M, = % >k
1=1

be the k*" sample moment about 0.
In moment method, we find the estimator for the parameters 61, 0, ..., 0.,
by equating the first m population moments (if they exist) to the first m

sample moments, that is

E(X) =M
E(X?) = M,
E(X?) = Ms
E(X™) =M,

The moment method is one of the classical methods for estimating pa-
rameters and motivation comes from the fact that the sample moments are
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in some sense estimates for the population moments. The moment method
was first discovered by British statistician Karl Pearson in 1902. Now we
provide some examples to illustrate this method.

Example 15.3. Let X ~ N (u, 02) and X1, Xo, ..., X,; be a random sample
of size n from the population X. What are the estimators of the population
parameters p and o? if we use the moment method?

Answer: Since the population is normal, that is
X~N (,u,az)

we know that
E(X)=p
E(X?) =0+ 4°

Hence

=

T

=

M= =
o

I
SRR
<
[
-

=X.

Therefore, the estimator of the parameter ; is X, that is
=X

Next, we find the estimator of 02 equating E(X?) to My. Note that

0_2:02+u2_u
:E(XQ)_'LLQ

:MQ_/'I’2
:lzn:)@_YQ
n “ ‘

i=1

SIS x @

n
i=1

2

The last line follows from the fact that
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LSy -%)2=1 (X.2_2X.7+72)
n n

i)@—— ZQX X+ = ZX

1 _ _
:E;Xf—2XE;Xi+X2

zl'—‘

n

1 .
=Y x2 2XX+X
et
= 1 En:XZ _X
n =" '
Thus, the estimator of o2 is < Z , that is

i=1

—~

o % 3 (x - X)%.
i=1

Example 15.4. Let X;, Xo,...,X,, be a random sample of size n from a
population X with probability density function

6201 ifo0<z<1

fla;0) =

0 otherwise,
where 0 < f < oo is an unknown parameter. Using the method of moment
find an estimator of 8 7 If 1 = 0.2,29 = 0.6, z3 = 0.5, 24 = 0.3 is a random
sample of size 4, then what is the estimate of 6 7

Answer: To find an estimator, we shall equate the population moment to

the sample moment. The population moment E(X) is given by

E(X) :/o x f(x;0) dx

1
:/ 202’V dx
—9/ 2% dx

0+_1[ 0+1]0
0

0+1
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We know that M; = X. Now setting M; equal to F(X) and solving for 6,
we get

— 0
X=—
0+1
that is o
X
S 1-X
where X is the sample mean. Thus, the statistic % is an estimator of the
parameter 6. Hence o
~ X
0 = .
1-X
Since 21 = 0.2, 22 = 0.6, x5 = 0.5, 24 = 0.3, we have X = 0.4 and
~ 0.4 2
0 = = —
1-04 3

is an estimate of the 6.
Example 15.5. What is the basic principle of the moment method?

Answer: To choose a value for the unknown population parameter for which
the observed data have the same moments as the population.

Example 15.6. Suppose X1, Xo, ..., X7 is a random sample from a popula-
tion X with density function

6," 5 .
N e fo<z<oo
fla;p) =4 07
0 otherwise.

Find an estimator of 8 by the moment method.

Answer: Since, we have only one parameter, we need to compute only the
first population moment E(X) about 0. Thus,

B(X) = / z f(z; 8) da
o b7
:/0 Ty

w5 [ ()

wls
U
8



Probability and Mathematical Statistics 413
Since M, = X, equating F(X) to M;, we get

T8=X
that is

1
=-X.
b 7

Therefore, the estimator of 3 by the moment method is given by

B=:X.

=

Example 15.7. Suppose X1, Xo, ..., X, is a random sample from a popula-
tion X with density function

5 ifo<z<¥d
f(z;0) =

0 otherwise.
Find an estimator of § by the moment method.

Answer: Examining the density function of the population X, we see that
X ~UNIF(0,0). Therefore

Therefore, the estimator of 6 is
f=2X.

Example 15.8. Suppose X;, Xs, ..., X, is a random sample from a popula-
tion X with density function

L ifa<z<p

fla;a,8) = { -

0 otherwise.

Find the estimators of a and 8 by the moment method.
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Answer: Examining the density function of the population X, we see that
X ~UNIF(a,f). Since, the distribution has two unknown parameters, we
need the first two population moments. Therefore

2
B(x)="2 JQF 5 ad  B(X?) = (ﬁTO‘) + E(X)2.
Equating these moments to the corresponding sample moments, we obtain
agﬂ —B(X)=M =X
that is
a+p=2X (1)
and ,
(B—a) 2 2y _ _ 1 2
o HEX)? = E(X?) =M, = — ;X
which is

— _ln 2 _%)?2
=12 _n;(Xi X)].

Hence, we get

n

o= 2> (x2-%)" @

i=1

Adding equation (1) to equation (2), we obtain

_ 9% 3 - 2 _7)2
26 =2X +2 n;(Xi X)
that is
— 3 —\ 2
=X+, (x2-X)".
ni:l

Similarly, subtracting (2) from (1), we get

=\ 2

(X7 - X)".

|
S|lw

a=XF

i=1
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Since, a < 3, we see that the estimators of o and 3 are

n

~ § 2 37\2 5 = 2 37\2
a=Xx nZ(Xi X) and =X+ (x?-X)".

1

=
Slw

n

i=1 %

15.2. Maximum Likelihood Method

The maximum likelihood method was first time used by Sir Ronald Fisher
in 1912 for finding estimator of a unknown parameter. However, the method
originated in the works of Gauss and Bernoulli. Next, we describe the method
in details.

Definition 15.3. Let X, X5, ..., X, be a random sample from a population
X with probability density function f(x;#), where 6 is an unknown param-
eter. The likelihood function, L(#), is the distribution of the sample. That

L(0) = Hf(xw).

This definition says that the likelihood function of a random sample
X1, X, ..., X, is the joint density of the random variables X7, Xo, ..., X,,.

The 0 that maximizes the likelihood function L(6) is called the maximum
likelihood estimator of 6, and it is denoted by 6. Hence

9 = Arg sup L(6),
0eN

where () is the parameter space of 6 so that L(0) is the joint density of the
sample.

The method of maximum likelihood in a sense picks out of all the possi-
ble values of € the one most likely to have produced the given observations
Z1,T2,...,Tn. The method is summarized below: (1) Obtain a random sample
1, T2, ..., Ly from the distribution of a population X with probability density
function f(x;6); (2) define the likelihood function for the sample x1, zo, ..., z,
by L(0) = f(x1;0) f(x2;0) - - f(xn;0); (3) find the expression for § that max-
imizes L(#). This can be done directly or by maximizing In L(6); (4) replace
0 by f to obtain an expression for the maximum likelihood estimator for 6;
(5) find the observed value of this estimator for a given sample.
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Example 15.9. If X, X5, ..., X,, is a random sample from a distribution
with density function

(1—6)2—" ifo<z<1
f(z;0) =

0 elsewhere,

what is the maximum likelihood estimator of 6 ?

Answer: The likelihood function of the sample is given by
n
L) = [T f(z::0).
i=1

Therefore

InL(f) =1In (H f(xi; 0))
= Zln f(z450)
=> " Im[(1-0)z7
=1

=nln(l-0)—146 ZIH%‘-
i=1

Now we maximize In L(6) with respect to 6.

dinL(#) d -
— = <n In(1—6) -6 ;m:@)

n n
= —— — Inz;.
er )

Setting this derivative dlnd—g(a) to 0, we get

dinL(®)  n . B
d6 ’*1—9*;1“1’0

that is

1 1 &
R Inz;
1—-6 n;nm
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417
or

1

1-6

1< S
—— E Inz; =Inz.
n -
=1
or

1

Inx
This 6 can be shown to be maximum by the second derivative test and we
leave this verification to the reader. Therefore, the estimator of 6 is

~ 1
In X
Example 15.10. If X, X5,..., X,, is a random sample from a distribution
with density function
20 7 if 0 <z <
NN i T < 00
flapy = "7

0 otherwise,
then what is the maximum likelihood estimator of G 7
Answer: The likelihood function of the sample is given by

n

L(B) =[] f=:: .

i=1
Thus,

InL(B) = Zln f(zi,B)

n 1 n
= GZlnmi ~3 Zml —nln(6!) — Tnin(B).
i=1 =1
Therefore

d I ™
—InL(B) = = T — —.
"0 = 2 m
Setting this derivative % In L(B) to zero, we get

" m
5 D = =0
52
which yields

1 n

i=1
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This 8 can be shown to be maximum by the second derivative test and again
we leave this verification to the reader. Hence, the estimator of (3 is given by

3= X.

=

Remark 15.1. Note that this maximum likelihood estimator of 3 is same
as the one found for 3 using the moment method in Example 15.6. However,
in general the estimators by different methods are different as the following
example illustrates.

Example 15.11. If X;, X5, ..., X,, is a random sample from a distribution
with density function

f0o<z<b

S

f(x;0) =

0 otherwise,

then what is the maximum likelihood estimator of 6 ?

Answer: The likelihood function of the sample is given by

L(0) = Hf(:ci;e)

i=1
i=1
1 n
— <5> 0 > max{xy,x2,...,Tp}.

Hence the parameter space of § with respect to L(6) is given by
Q={0 €R | Zmax < 0 < 00} = (Tmax, 00).

Now we maximize L(f) on . First, we compute In L(#) and then differentiate
it to get
In L(0) = —n1n(6)

and

d n

Therefore In L(0) is a decreasing function of 6 and as such the maximum of
In L(0) occurs at the left end point of the interval (zmax, 00). Therefore, at
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0 = zmax the likelihood function achieve maximum. Hence the likelihood
estimator of 4 is given by
0 =Xw
where X(,) denotes the n'™ order statistic of the given sample.
Thus, Example 15.7 and Example 15.11 say that the if we estimate the

parameter 6 of a distribution with uniform density on the interval (0, ), then
the maximum likelihood estimator is given by

where as

is the estimator obtained by the method of moment. Hence, in general these
two methods do not provide the same estimator of an unknown parameter.

Example 15.12. Let X1, X5, ..., X, be a random sample from a distribution
with density function

2 =3 (2-0)° ifz >0
f(x;0) = "
0 elsewhere.

What is the maximum likelihood estimator of 8 7

Answer: The likelihood function L(6) is given by

2\ .
L(9) = <\/;> He_i(“_e) ;>0 (i=1,2,3,..n).
=1

Hence the parameter space of 6 is given by
Q= {0 eR | 0 S 0 S xmin} = [O,Imin]n

where @i, = min{zy,x9,...,2,}. Now we evaluate the logarithm of the
likelihood function.

n

InL(6) = 5 In (%) 5 w6y,

i=1
where 6 is on the interval [0, Zmin ]. Now we maximize In L(#) subject to the
condition 0 < 6 < ;.. Taking the derivative, we get

1 n n

d
0 In L(0) = 3 Z(xz —0)2(-1) = Z(ml —0).

i=1 i=1



Some Techniques for finding Point Estimators of Parameters 420

In this example, if we equate the derivative to zero, then we get § = Z. But
this value of 6 is not on the parameter space ). Thus, § = T is not the
solution. Hence to find the solution of this optimization process, we examine
the behavior of the In L(#) on the interval [0, Zmin |. Note that

d 1 n n

L) =~ ;(x —0)2(-1) = ;(:ﬂ —6)>0
since each x; is bigger than 6. Therefore, the function In L(0) is an increasing
function on the interval [0, Z iy | and as such it will achieve maximum at the
right end point of the interval [0, i, |. Therefore, the maximum likelihood
estimator of 6 is given by

X =Xq

where X(;) denotes the smallest observation in the random sample
X1, X0, X0

Example 15.13. Let X, Xo,..., X,, be a random sample from a normal
population with mean p and variance 2. What are the maximum likelihood
estimators of x4 and o2 ?

Answer: Since X ~ N(u,0?), the probability density function of X is given
by

Flasio) = —— e h (52"

o2
The likelihood function of the sample is given by

n

1 1(2i—r)?
L o) =[] == e 20
10 2w

Hence, the logarithm of this likelihood function is given by
I L(,0) = - In(27) — nln(o) — — i(mf 2
#o)=—3 T o 2021-:1 P — 1)

Taking the partial derivatives of In L(u, o) with respect to u and o, we get

n

g L) = =5 Y- (-2) = > i)

i=1

and
0 noo1 g 9
5o M E ) = =5 5 D (i)
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Setting % InL(p,0) =0 and 8% In L(p, o) = 0, and solving for the unknown
w and o, we get

n= T; = T.

SN

1

-
Il

Thus the maximum likelihood estimator of u is
Q=X
Similarly, we get
R A DICRIET
implies

1 n
o? = - Z(xl — )2,
i=1

Again p and o2 found by the first derivative test can be shown to be maximum
using the second derivative test for the functions of two variables. Hence,
using the estimator of y in the above expression, we get the estimator of o2
to be

n

i=1

Example 15.14. Suppose X;, Xo, ..., X, is a random sample from a distri-
bution with density function

L ifa<z<p

0 otherwise.
Find the estimators of o and § by the method of maximum likelihood.

Answer: The likelihood function of the sample is given by

n

o) = [T 5= = ()

for all @ < ; for (i = 1,2,...,n) and for all 8 > x; for (i =1,2,...,n). Hence,
the domain of the likelihood function is

Q={(a,0) | 0<a<zq and xp) <f<oo}.
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It is easy to see that L(«, 3) is maximum if « = (1) and § = z(,). Therefore,
the maximum likelihood estimator of o and 3 are

~

a= X(l) and ﬂ = X(n)

The maximum likelihood estimator 8 of a parameter 6 has a remarkable
property known as the invariance property. This invariance property says
that if § is a maximum likelihood estimator of 6, then g(g) is the maximum
likelihood estimator of g(#), where g is a function from R to a subset of R™.
This result was proved by Zehna in 1966. We state this result as a theorem
without a proof.

Theorem 15.1. Let 8 be a maximum likelihood estimator of a parameter 6
and let g(0) be a function of . Then the maximum likelihood estimator of

g(9) is given by g (5)
Now we give two examples to illustrate the importance of this theorem.

Example 15.15. Let X, Xo,..., X,, be a random sample from a normal
population with mean p and variance 2. What are the maximum likelihood
estimators of o and p — o?

Answer: From Example 15.13, we have the maximum likelihood estimator
of u and o2 to be

and

o? = % Z(Xi — X)? =: ¥? (say).

Now using the invariance property of the maximum likelihood estimator we
have
oc=X

and

Example 15.16. Suppose X1, X5, ..., X, is a random sample from a distri-
bution with density function

flz;a,8) =

[3—% ifa<z<p

0 otherwise.

Find the estimator of /a2 + 2 by the method of maximum likelihood.
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Answer: From Example 15.14, we have the maximum likelihood estimator
of @ and (3 to be
&:X(l) and ﬁ:X(n),

respectively. Now using the invariance property of the maximum likelihood
estimator we see that the maximum likelihood estimator of \/a? + (32 is

/x2 2
X(l)—l—X(n).

First time, the concept of information in statistics was introduced by Sir
Ronald Fisher and now a day it is known as Fisher information.

Definition 15.4. Let X be an observation from a population with proba-
bility density function f(z;8). Suppose f(z;60) is continuous, twice differen-
tiable and it’s support of does not depend on 6. Then the Fisher information,
1(0), in a single observation X about 6 is given by

1(0) = /00 [%ém;e)rf(x;e) dz.

— 00

dIn f(X;0)
do

Thus I(0) is the expected value of the random variable . Hence

10)=E ([4d IHJ;(QX”)D .

In the following lemma, we give an alternative formula for the Fisher

information.

Lemma 15.1. The Fisher information contained in a single observation
about the unknown parameter 6 can be given alternatively as

1) = —/Oo [W} f(w:6) da.

— 00

Proof: Since f(x;0) is a probability density function,

/_OO f(z;0)dx = 1. (3)

Differentiating (3) with respect to 6, we get

d [e.¢]
@/_Oof(x;G)dmzo.
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Rewriting the last equality, we obtain

 df(x;0) 1 ' B
/ @ fle) 0 =0

— 00

which is

 dln f(x;0) ) B

— 00

Now differentiating (4) with respect to 6, we see that

* [d? In f(x;0) . dln f(z;0) df (x;0) B
/ [7%2 fx;0) + 70 70 ] dz = 0.

— 00
Rewriting the last equality, we have

* [d? Inf(a;0) , dln f(xz;0) df (x;0) 1 _ B
/_OO [—d02 f(z;0) + 7 o w0 f(:v,@)} dx =0

which is

— 00

/°O <d2 1nd£§:c;0) N {dlnééﬂ?ﬂ)T) F2:0)do = 0.

The last equality implies that
< [dnf(z;07%,, [ [d® Inf(x;6) .
Hence using the definition of Fisher information, we have
* [d? In f(x;0)
100) = — e AN B I0%
0= [ | fwoyas
and the proof of the lemma is now complete.

The following two examples illustrate how one can determine Fisher in-

formation.

Example 15.17. Let X be a single observation taken from a normal pop-
ulation with unknown mean g and known variance o2. Find the Fisher

information in a single observation X about pu.
Answer: Since X ~ N(u,o?), the probability density of X is given by

1
V2ro?

— 5oz (z—p)*

flzip) =

(&



Probability and Mathematical Statistics 425

Hence )
1 T— U
In f(z;p) = —3 In(270?) — %.
Therefore
din f(a;p) -
du - o2
and
Pl f(n 1
dp? o2
Hence

== [ (~) flan o=

Example 15.18. Let X, Xo,..., X,, be a random sample from a normal
population with unknown mean g and known variance o2. Find the Fisher
information in this sample of size n about pu.

Answer: Let I,(u) be the required Fisher information. Then from the
definition, we have

E<d21an1aX27"'7Xn;:u>
E( Z {In f(Xq; )+---+1nf(Xn;u)})
E(dzlnf X154 ) _..._E(_dQIHf(Xn;u))
dp?
—1(0) + -+ + 1(6)
=nlI(0)
= % (using Example 15.17).

This example shows that if X7, X5, ..., X,, is a random sample from a
population X ~ f(xz;6), then the Fisher information, I,,(#), in a sample of
size n about the parameter 6 is equal to n times the Fisher information in X
about 6. Thus

1.(0) = n1(6).

If X is a random variable with probability density function f(x;6), where
6 = (64, ...,0,) is an unknown parameter vector then the Fisher information,
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1(0), is a n X n matrix given by

1(6) = (1,;(0))
- (= (55)

Example 15.19. Let X;, Xo,..., X,, be a random sample from a normal
population with mean p and variance o?. What is the Fisher information

matrix, I,,(u,0?), of the sample of size n about the parameters p and o??
Answer: Let us write §; = p and 0 = 0. The Fisher information, I,,(6),

in a sample of size n about the parameter (01,602) is equal to n times the
Fisher information in the population about (61, 62), that is

In(91,92) :’I’LI(91792). (5)
Since there are two parameters ¢; and 05, the Fisher information matrix
1(601,07) is a 2 x 2 matrix given by

I1(01,62) Ii2(61,62)
1(01,02) = (6)
I51(01,02) 1I22(01,02)

where

- 8211’1f(X;91,092)
1“(91’92)__E( 6, 00, )

fori =1,2 and j = 1,2. Now we proceed to compute /;;. Since

z—01)2
fx;01,05) = \/2;_926_%
we have 02
In f(z;01,62) = —% In(276s) — %
Taking partials of In f(z; 61, 62), we have
Oln f(x;01,02) x—06;
90, T 0y
Oln f(x;61,02) 1 n (x —61)2
00 26, 202
0% 1In f(x;01,09) 1
e~ a
0%1In f(z;01,09) 1 (x —01)2
063 T2 B

90,00, 02

0% 1In f(z;01,09) T — 01
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Hence . . )
111(01,00) =—E|(—— | = — = =
11( 15 2) < 92> 92 0_2
Similarly,
X -6, E(X) 0. 01 6
I12(01,02) = —FE = S S S
G D e S AL
and
(X —01)? 1
I12(01,0) = —E | —————+ —
12(01, 02) ( 03 + 202
E((X-6)) 1 6 1 1 1
N 03 202 03 207 203 204
Thus from (5), (6) and the above calculations, the Fisher information matrix
is given by
L 0 20
In(el, 02) =N =
0 g 0 g

Now we present an important theorem about the maximum likelihood
estimator without a proof.

Theorem 15.2. Under certain regularity conditions on the f(x;6) the max-
imum likelihood estimator 6 of 6 based on a random sample of size n from
a population X with probability density f(x;0) is asymptotically normally

distributed with mean 6 and variance - 11(9). That is

§ML ~ N <9, ﬁ) as n — oo.

The following example shows that the maximum likelihood estimator of
a parameter is not necessarily unique.

Example 15.20. If X, X5, ..., X,, is a random sample from a distribution
with density function

ifg—-1<z<0+1

N [—=

f(z;0) =

0 otherwise,

then what is the maximum likelihood estimator of 67



Some Techniques for finding Point Estimators of Parameters 428

Answer: The likelihood function of this sample is given by

(%)n if max{xzy,...,zp,} — 1 <0 <min{zy,...,z,} +1
L(9) =
0 otherwise.

Since the likelihood function is a constant, any value in the interval
[max{z1,...,zp} — 1, min{z,...,x,} + 1] is a maximum likelihood estimate
of 6.

Example 15.21. What is the basic principle of maximum likelihood esti-
mation?

Answer: To choose a value of the parameter for which the observed data
have as high a probability or density as possible. In other words a maximum
likelihood estimate is a parameter value under which the sample data have
the highest probability.

15.3. Bayesian Method

In the classical approach, the parameter 6 is assumed to be an unknown,
but fixed quantity. A random sample X1, Xo,..., X, is drawn from a pop-
ulation with probability density function f(z;6) and based on the observed
values in the sample, knowledge about the value of 6 is obtained.

In Bayesian approach 6 is considered to be a quantity whose variation can
be described by a probability distribution (known as the prior distribution).
This is a subjective distribution, based on the experimenter’s belief, and is
formulated before the data are seen (and hence the name prior distribution).
A sample is then taken from a population where # is a parameter and the
prior distribution is updated with this sample information. This updated
prior is called the posterior distribution. The updating is done with the help
of Bayes’ theorem and hence the name Bayesian method.

In this section, we shall denote the population density f(x;0) as f(z/6),
that is the density of the population X given the parameter 6.

Definition 15.5. Let X3, Xo, ..., X;, be a random sample from a distribution
with density f(z/6), where € is the unknown parameter to be estimated.
The probability density function of the random variable 6 is called the prior
distribution of 8 and usually denoted by h(6).

Definition 15.6. Let X5, Xo, ..., X;, be a random sample from a distribution
with density f(z/0), where 6 is the unknown parameter to be estimated. The
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conditional density, k(8/x1,xa, ..., x,), of O given the sample z1, 3, ..., x, is
called the posterior distribution of 6.

Example 15.22. Let X; = 1, X5 = 2 be a random sample of size 2 from a
distribution with probability density function

3
x

f(z/0) = < )095(1 —0)>", r=0,1,2,3.

If the prior density of 0 is

k if 1 <6<1
h(0) =
0 otherwise,

what is the posterior distribution of 8 ?

Answer: Since h(f) is the probability density of 8, we should get

/:h(e)de—1

which implies

1
/ kdf =1.

2

Therefore k = 2. The joint density of the sample and the parameter is given
by

(a1, 22,0) = f(w1/6)f(x2)0)h(6)
= (2)ema—opn (2 ooy

2 (P)(2 )
I X2

Hence,
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The marginal distribution of the sample

9(1,2) = /1 u(1,2,0)do

1

2

1
= / 186%(1 — 0)® do

1

2

1
:18/ 6% (14 36> — 30 — 6°) do

2

1
:18/ (0° +30° — 30" — ¢°) do

1

2

The conditional distribution of the parameter 6 given the sample X; = 1 and
Xo =2 is given by

u(1,2,0)
9(1,2)
1863 (1 — 6)3

9
140

=2806° (1 —0)>.

k(@/xl = 1,1’2 = 2) =

Therefore, the posterior distribution of 6 is

28062 (1 — )3 if1<f<1
k:(@/xl = 1,3}2 = 2) =

0 otherwise.

Remark 15.2. If X, X5, ..., X, is a random sample from a population with
density f(x/0), then the joint density of the sample and the parameter is
given by

n

(@1, 09, . Ty 0) = h(0) [ | £(:/0).
i=1
Given this joint density, the marginal density of the sample can be computed
using the formula

0o n

g(x1, T2, oy ) :/ h(0) I ] f(xi/0) db.

-0 i=1
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Now using the Bayes rule, the posterior distribution of 6 can be computed
as follows:

MO T, S:/0)
[ hO) T, Flwi/6)do

k(@/xl,xg, ,xn) =

In Bayesian method, we use two types of loss functions.

Definition 15.7. Let X1, Xo, ..., X, be a random sample from a distribution
with density f(xz/6), where 6 is the unknown parameter to be estimated. Let
0 be an estimator of #. The function

L2 (0.0) = (9~ 9)2
is called the squared error loss. The function
£:(8,0) =16 -9
is called the absolute error loss.

The loss function £ represents the ‘loss’ incurred when 9 is used in place
of the parameter 6.

Definition 15.8. Let X, Xo, ..., X,, be a random sample from a distribution
with density f(z/60), where 6 is the unknown parameter to be estimated. Let
0 be an estimator of @ and let £ (5, 0) be a given loss function. The expected
value of this loss function with respect to the population distribution f(z/6),
that is

Re(6) = /c (3.0) f(e/0)da

is called the risk.
The posterior density of the parameter 8 given the sample x1, x2, ..., Ty,
that is

k(0/x1,22,...,2n)

contains all information about #. In Bayesian estimation of parameter one
chooses an estimate 6 for 6 such that

k(a/xhxg,...,xn)

is maximum subject to a loss function. Mathematically, this is equivalent to

minimizing the integral

/Qz (5,9) k(01,2 oy 2n) dO



Some Techniques for finding Point Estimators of Parameters 432

with respect to 5, where  denotes the support of the prior density h(6) of
the parameter 6.

Example 15.23. Suppose one observation was taken of a random variable
X which yielded the value 2. The density function for X is

% fo<ax<¥6

flx/0) =

0 otherwise,
and prior distribution for parameter 6 is
{% if1<60<oo
h(0) =
0 otherwise.
If the loss function is £(z,0) = (z — 0)?, then what is the Bayes’ estimate for
07

Answer: The prior density of the random variable 6 is

T ifl<6<oo
h(0) =

0 otherwise.
The probability density function of the population is

5 ifo<z<¥

fz/0) = {
0 otherwise.
Hence, the joint probability density function of the sample and the parameter

is given by
u(@,8) = h(0) f(z/6)
_31
Y
367° f0<zx<6 and 1<60<c0

I
—N

0 otherwise.
The marginal density of the sample is given by

o(z) = /z " ula, 0)do

:/ 307°d
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Thus, if z = 2, then ¢(2) = %. The posterior density of § when x = 2 is
given by

u(2,6)

k(O/z =2)=—"
e/ 9(2)
64
=—-307°
3
{649—5 if2<60< o0
0 otherwise .

Now, we find the Bayes estimator by minimizing the expression

E[L(0,z)/x =2]. That is
= Arg max / L(0,2)k(0/x =2)db.
2€Q Jq

Let us call this integral ¢(z). Then
w(z) = / £(0,2) k(02 = 2) do
Q
_ /Oo(z —0)2 k(6 = 2) db
2

:/ (z—0)*64075 d6.
2

We want to find the value of z which yields a minimum of ¥ (z). This can be

done by taking the derivative of ¥(z) and evaluating where the derivative is

Z€ero. p .
— =— —0)%64075 df
o= [ -9
=2 / (z —0)640~° do
2
=2 / 26407° do — 2 / 0646~° do
2 2
16
=2z —.
T3
Setting this derivative of ¥ (z) to zero and solving for z, we get
16
22— — =0
T3
S
=3
Since % = 2, the function t(z) has a minimum at z = %.

. . 8
Bayes’ estimate of 6 is 3.

Hence, the
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In Example 15.23, we have found the Bayes’ estimate of 6 by di-
rectly minimizing the fQE 5,9 k(0/x1, 29, ...,2,) d0 with respect to 9.
The next result is very useful while finding the Bayes’ estimate using
a quadratic loss function. Notice that if £(8,6) = (6 — 6)2, then
Jo £ (5,9) k(0/z1,22,...,2,)d0 is E ((9 —5)2 /xl,xg,...,a:n). The follow-
ing theorem is based on the fact that the function ¢ defined by ¢(c) =

E [(X — ¢)?] attains minimum if ¢ = E[X].

Theorem 15.3. Let X, Xo, ..., X,, be a random sample from a distribution
with density f(z/6), where 6 is the unknown parameter to be estimated. If
the loss function is squared error, then the Bayes’ estimator 9 of parameter
0 is given by

0=E@0)z1,79,.... 1),

where the expectation is taken with respect to density k(6/x1,xa, ..., zy).
Now we give several examples to illustrate the use of this theorem.

Example 15.24. Suppose the prior distribution of # is uniform over the
interval (0,1). Given 6, the population X is uniform over the interval (0, 8).
If the squared error loss function is used, find the Bayes’ estimator of 6 based

on a sample of size one.
Answer: The prior density of 4 is given by
1 ifo<d<1
h(0) =
0 otherwise .

The density of population is given by

fo<ae<o

S

f(z/0) ={

0 otherwise.

The joint density of the sample and the parameter is given by

u(z,0) = h(0) f(x/6)

- ()

{% fo<z<l<1

0 otherwise .
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The marginal density of the sample is

1
g(as):/ u(x, ) do

1
1
= —db
I
:{—lnx fo<z<1
0 otherwise.

The conditional density of # given the sample is

k(0/x) = =

{—m ifo<z<f<l

0 elsewhere .

Since the loss function is quadratic error, therefore the Bayes’ estimator of 6
is R
6 = E[f/x]

1
:/ 0k(0/x)do
1
-1
_/I oﬁlnxde
1 1

do

T

lna
r—1

Inz
Thus, the Bayes’ estimator of § based on one observation X is
X -1
InX -~

0=

Example 15.25. Given 6, the random variable X has a binomial distribution
with n = 2 and probability of success 6. If the prior density of 6 is

k if 3 <f<1
h(8) =
0 otherwise,

what is the Bayes’ estimate of 6 for a squared error loss if X =1 7

Answer: Note that 6 is uniform on the interval (%, 1), hence k = 2. There-
fore, the prior density of 6 is

{2 if 5 <6<1

0 otherwise.



Some Techniques for finding Point Estimators of Parameters 436

The population density is given by

2
f(z/6) = (") 6% (1 —0)"* = < ) 6% (1 —)>~*, r=0,1,2.
x x
The joint density of the sample and the parameter 6 is

u(x,0) = h(0) f (x/0)
=2 (i) 0 (1—0)>"

where % <6 <1landzxz =0,1,2. The marginal density of the sample is given
by

I
Wl WIN Wl
| — |
—
w
I
[N}
—
|
TN vk e
=] w
|
| N
"
| I

Therefore, the posterior density of 6 given x = 1, is

_ u(1,0)

k(@/z=1) e

=12(0 — 6?),

where % < 6 < 1. Since the loss function is quadratic error, therefore the
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Bayes’ estimate of 0 is

0

Elf/z = 1]

0k(0)z =1)do

Il
wh—-\ MI»—‘\

1
126 (0 — 62) do

— [46° —36%]}

16
o
T 16°

Hence, based on the sample of size one with X = 1, the Bayes’ estimate of 8
is %, that is
~ 11
0=—.
16
The following theorem help us to evaluate the Bayes estimate of a sample
if the loss function is absolute error loss. This theorem is based the fact that

a function ¢(c) = E[|X — ¢|] is minimum if ¢ is the median of X.

Theorem 15.4. Let X, X, ..., X, be a random sample from a distribution
with density f(z/6), where 6 is the unknown parameter to be estimated. If
the loss function is absolute error, then the Bayes estimator 9 of the param-
eter 6 is given by

6 = median of k(0/x1,22,...,2,)
where k(0/x1, 22, ...,x,) is the posterior distribution of 6.
The followings are some examples to illustrate the above theorem.

Example 15.26. Given 6, the random variable X has a binomial distribution
with n = 3 and probability of success 6. If the prior density of 6 is

k ifi<6<1
h(§) =

0 otherwise,

what is the Bayes’ estimate of 6 for an absolute difference error loss if the
sample consists of one observation x = 37
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Answer: Since, the prior density of 6 is

2 if 3 <f<1
h(0) =
0 otherwise ,
and the population density is
3 T 3—x
fa/o) = 7 )era -0,

the joint density of the sample and the parameter is given by
u(3,0) = h(0) £(3/6) = 26%,

where § < 6 < 1. The marginal density of the sample (at z = 3) is given by

Therefore, the conditional density of 6 given X = 3 is

u(3,0) {%93 ifi<o<1

k(O =3) = =

3
9(3) 0 elsewhere.

Since, the loss function is absolute error, the Bayes’ estimator is the median
of the probability density function k(8/x = 3). That is

1 T64
—:/flmw
2 15

(B

Ol Ol



Probability and Mathematical Statistics 439

Solving the above equation for 5, we get

~ 1
0=1 3—; = 0.8537.

Example 15.27. Suppose the prior distribution of # is uniform over the
interval (2,5). Given 0, X is uniform over the interval (0,0). What is the
Bayes’ estimator of € for absolute error lossif X =17

Answer: Since, the prior density of 6 is

3 if2<60<5
h(0) =
0 otherwise ,
and the population density is
5 ifo<z<6
fz/0) =
0 elsewhere,

the joint density of the sample and the parameter is given by

1

u(w,0) = h(0) f(@/6) = =,

where 2 < § < 5 and 0 < z < 6. The marginal density of the sample (at
x = 1) is given by

5
g(l)z/1 u(1,8) df
_/12u(1,9)d0+[u(1,9)d9
/jgieda
(),

Therefore, the conditional density of € given the sample z = 1, is

kE(@/x=1) =
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Since, the loss function is absolute error, the Bayes estimate of  is the median
of k(8/x = 1). Hence

Solving for @, we get

9 =10 = 3.16.

Example 15.28. What is the basic principle of Bayesian estimation?

Answer: The basic principle behind the Bayesian estimation method con-
sists of choosing a value of the parameter 6 for which the observed data have
as high a posterior probability k(0/z1,za,...,x,) of 8 as possible subject to
a loss function.

15.4. Review Exercises

1. Let X1, Xo, ..., X,, be a random sample of size n from a distribution with

a probability density function

¥ i —f<az<o

fla;0) =
0  otherwise,
where 0 < 6 is a parameter. Using the moment method find an estimator for

the parameter 6.

2. Let X7, Xo, ..., X;, be a random sample of size n from a distribution with
a probability density function
O+ %2 if 1<zr<oo
fla;0) =
0 otherwise,
where 0 < 6 is a parameter. Using the moment method find an estimator for
the parameter 6.

3. Let X1, X5, ..., X,, be a random sample of size n from a distribution with
a probability density function
Pref if 0<z<oo

f(x;0) =

0 otherwise,
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where 0 < 6 is a parameter. Using the moment method find an estimator for
the parameter 6.

4. Let X4, Xo, ..., X,, be a random sample of size n from a distribution with
a probability density function

0201 if O<ax<1
fla;0) =
0 otherwise,
where 0 < 6 is a parameter. Using the maximum likelihood method find an
estimator for the parameter 6.

5. Let X1, Xs, ..., X, be a random sample of size n from a distribution with
a probability density function

O+1)z7972 if 1l<zr<oo
fla;0) =
0 otherwise,
where 0 < 6 is a parameter. Using the maximum likelihood method find an
estimator for the parameter 6.

6. Let X1, X5, ..., X, be a random sample of sizen from a distribution with
a probability density function

Pref* if 0<z<oo
fla;0) =
0 otherwise,
where 0 < 6 is a parameter. Using the maximum likelihood method find an
estimator for the parameter 6.

7. Let X1, X2, X35, X4 be a random sample from a distribution with density

function
—(z—4)

%e B for =>4

0 otherwise,
where 8 > 0. If the data from this random sample are 8.2, 9.1, 10.6 and 4.9,
respectively, what is the maximum likelihood estimate of 37

8. Given 6, the random variable X has a binomial distribution with n = 2
and probability of success 6. If the prior density of 6 is
kifi<6<1
h(f) =

0 otherwise,
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what is the Bayes’ estimate of 8 for a squared error loss if the sample consists
of 1 =1 and x5 = 2.

9. Suppose two observations were taken of a random variable X which yielded
the values 2 and 3. The density function for X is

s if0<z<b

f(x/0) =

0 otherwise,

and prior distribution for the parameter 6 is

307% ife>1
h(0) =

0 otherwise.
If the loss function is quadratic, then what is the Bayes’ estimate for 67

10. The Pareto distribution is often used in study of incomes and has the

cumulative density function
0 .
1-— (%) fa<zx
F(z;0,0) = '
0 otherwise,

where 0 < a < 0o and 1 < 6 < oo are parameters. Find the maximum likeli-
hood estimates of a and € based on a sample of size 5 for value 3, 5, 2, 7, 8.

11. The Pareto distribution is often used in study of incomes and has the
cumulative density function

1-— (%)9 fa<zx
F(x;a,0) =
0 otherwise,
where 0 < a < oo and 1 < 6 < oo are parameters. Using moment methods
find estimates of o and 6 based on a sample of size 5 for value 3, 5, 2, 7, 8.

12. Suppose one observation was taken of a random variable X which yielded
the value 2. The density function for X is

1

1 2
flz/p) = e 2@=n) —o00 <z < 00,
V2
and prior distribution of p is
1 1,2
h(p) = e 2t — 00 < p < 00.
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If the loss function is quadratic, then what is the Bayes’ estimate for u?

13. Let X4, Xo, ..., X, be a random sample of size n from a distribution with
probability density
if 20 <2z <30

S

fz) =

0 otherwise,

where 6 > 0. What is the maximum likelihood estimator of 87

14. Let X, Xo, ..., X, be a random sample of size n from a distribution with
probability density

2 1
1-6 1f0§ac§1_02

flz) =

0 otherwise,

where 8 > 0. What is the maximum likelihood estimator of 67

15. Given 6, the random variable X has a binomial distribution with n =3
and probability of success 6. If the prior density of 6 is

koifi<6<1
h(0) =

0 otherwise,

what is the Bayes’ estimate of 6 for a absolute difference error loss if the
sample consists of one observation x = 17

16. Suppose the random variable X has the cumulative density function
F(z). Show that the expected value of the random variable (X — ¢)? is
minimum if ¢ equals the expected value of X.

17. Suppose the continuous random variable X has the cumulative density
function F'(z). Show that the expected value of the random variable | X — |
is minimum if ¢ equals the median of X (that is, F(c) = 0.5).

18. Eight independent trials are conducted of a given system with the follow-
ing results: S, F, S, F, S, S, S, S where S denotes the success and F' denotes
the failure. What is the maximum likelihood estimate of the probability of
successful operation p ?

19. What is the maximum likelihood estimate of 3 if the 5 values %, %, 1,
%, g were drawn from the population for which f(z;8) = % (1+ ﬁ)5 (%)ﬂ ?
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20. If a sample of five values of X is taken from the population for which
f(x;t) = 2(¢t — 1)t*, what is the maximum likelihood estimator of ¢ ?

21. A sample of size n is drawn from a gamma distribution

3 —% .
e B fo<z<oo

fla;B) =4

0 otherwise.
What is the maximum likelihood estimator of 3 ?

22. The probability density function of the random variable X is defined by

—ZA+ ANz if0<z<1
flasA) =

0 otherwise.

What is the maximum likelihood estimate of the parameter A based on two

independent observations x1 = i and xo = 1% ?

23. Let X1, Xo, ..., X,, be a random sample from a distribution with density
function f(z;0) = %e“"”_“‘. Let Y1,Y5,...,Y, be the order statistics of
this sample and assume n is odd and p is known. What is the maximum
likelihood estimator of o 7

24. Suppose X1, Xs, ... are independent random variables, each with proba-
bility of success p and probability of failure 1 — p, where 0 < p < 1. Let N
be the number of observation needed to obtain the first success. What is the
maximum likelihood estimator of p in term of N 7

25. Let X1, X5, X3 and X4 be a random sample from the discrete distribution
X such that

20 _—02
0" e forx=0,1,2,...,00
xZ:

0 otherwise,

where 6 > 0. If the data are 17, 10, 32, 5, what is the maximum likelihood
estimate of 6 ?

26. Let X1, X5, ..., X, be a random sample of size n from a population with
a probability density function

FA<3> 22 lem A7 if 0<z< oo
flrioX) =

0 otherwise,
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where o and A are parameters. Using the moment method find the estimators
for the parameters a and .

27. Let Xy, Xs,...,X,, be a random sample of size n from a population
distribution with the probability density function

flasp) = ({f)pz (1-p)'o®

for x = 0,1,...,10, where p is a parameter. Find the Fisher information in
the sample about the parameter p.

28. Let X1, Xs5,...,X,, be a random sample of size n from a population
distribution with the probability density function

2zxe?® if 0O<z<oo
fz;0) =
0 otherwise,
where 0 < 0 is a parameter. Find the Fisher information in the sample about
the parameter 6.

29. Let X1, Xs5,...,X,, be a random sample of size n from a population
distribution with the probability density function

n(x)—p)2
) m}/ﬂeié(#)’ if0 <z <oo
f(z;p,0%) =

0 otherwise ,

where —oo < 1 < oo and 0 < 02 < oo are unknown parameters. Find the
Fisher information matrix in the sample about the parameters y and o2.

30. Let Xi,Xs5,...,X, be a random sample of size n from a population
distribution with the probability density function

3 _A-w?
i N 1/%96_5 e 2tz if0<z<oo
5 [y =

0 otherwise ,
where 0 < gt < o0 and 0 < A < oo are unknown parameters. Find the Fisher

information matrix in the sample about the parameters p and .

31. Let X, X5, ..., X,, be a random sample of size n from a distribution with
a probability density function
Wxafle*% if 0<z2<oo

fx) =

0 otherwise,
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where @ > 0 and 6 > 0 are parameters. Using the moment method find
estimators for parameters o and f3.

32. Let X1, X3, ..., X;, be a random sample of sizen from a distribution with
a probability density function

1
f(z;0) = —00 < x < 00,
T

1+ (x—0)?%

where 0 < 6 is a parameter. Using the maximum likelihood method find an
estimator for the parameter 6.

33. Let X1, Xo, ..., X, be a random sample of sizen from a distribution with
a probability density function

1
flz;0) = 3 e~ =0l —0 << o0,
where 0 < 6 is a parameter. Using the maximum likelihood method find an

estimator for the parameter 6.

34. Let X1,X5,...,X, be a random sample of size n from a population
distribution with the probability density function

AZ e—)\
x!

ifx=0,1,...,00
flasA) =

0 otherwise,

where A > 0 is an unknown parameter. Find the Fisher information matrix
in the sample about the parameter .

35. Let X1,X5,...,X,, be a random sample of size n from a population
distribution with the probability density function

(1—p)*~1ip ifz=1,...,00
flaip) =

0 otherwise,

where 0 < p < 1 is an unknown parameter. Find the Fisher information
matrix in the sample about the parameter p.
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Chapter 16

CRITERIA
FOR
EVALUATING
THE GOODNESS OF
ESTIMATORS

We have seen in Chapter 15 that, in general, different parameter estima-
tion methods yield different estimators. For example, if X ~ UNIF(0,0) and
X1, Xo, ..., X, is a random sample from the population X, then the estimator
of 6 obtained by moment method is

é\MM =2X
where as the estimator obtained by the maximum likelihood method is
Ovr =X (n)

where X and X (n) are the sample average and the nt order statistic, respec-
tively. Now the question arises: which of the two estimators is better? Thus,
we need some criteria to evaluate the goodness of an estimator. Some well
known criteria for evaluating the goodness of an estimator are: (1) Unbiased-
ness, (2) Efficiency and Relative Efficiency, (3) Uniform Minimum Variance
Unbiasedness, (4) Sufficiency, and (5) Consistency.

In this chapter, we shall examine only the first four criteria in details.
The concepts of unbiasedness, efficiency and sufficiency were introduced by
Sir Ronald Fisher.
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16.1. The Unbiased Estimator

Let X1, X5, ..., X,, be a random sample of size n from a population with
probability density function f(z;6). An estimator 9 of 0 is a function of
the random variables X1, Xo, ..., X, which is free of the parameter 6. An
estimate is a realized value of an estimator that is obtained when a sample
is actually taken.

Definition 16.1. An estimator 8 of 6 is said to be an unbiased estimator of

E@ = 0.

If 8 is not unbiased, then it is called a biased estimator of 6.

0 if and only if

An estimator of a parameter may not equal to the actual value of the pa-
rameter for every realization of the sample X1, X, ..., X,,, but if it is unbiased
then on an average it will equal to the parameter.

Example 16.1. Let X7, X5,...,X,, be a random sample from a normal

2

population with mean p and variance o2 > 0. Is the sample mean X an

unbiased estimator of the parameter p 7

Answer: Since, each X; ~ N(u,0?), we have

2
7~N<M,U—>.
n

That is, the sample mean is normal with mean p and variance "72 Thus
E (X ) = u.

Therefore, the sample mean X is an unbiased estimator of .

Example 16.2. Let X1, X5, ..., X,, be a random sample from a normal pop-
ulation with mean p and variance o2 > 0. What is the maximum likelihood
estimator of o2 ? Is this maximum likelihood estimator an unbiased estimator
of the parameter o2 ?

Answer: In Example 15.13, we have shown that the maximum likelihood

estimator of o2 is
n

2= (x-%)2

n -
=1
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Now, we examine the unbiasedness of this estimator

E[?}:E

S|

S

n

L Z(&—Y)ﬂ

i=1

e S

i=1

=F

E [S?]

2 -1 -1
=—EFE {n SQ] (since o S% ~ x%(n —1))
o

Therefore, the maximum likelihood estimator of o2 is a biased estimator.

Next, in the following example, we show that the sample variance S2
given by the expression

n

1 —\ 2
52=n712(xi—x)
i=1

2

is an unbiased estimator of the population variance o° irrespective of the

population distribution.

Example 16.3. Let X, Xo,..., X,, be a random sample from a population
with mean p and variance 02 > 0. Is the sample variance S? an unbiased
estimator of the population variance o2 ?

Answer: Note that the distribution of the population is not given. However,
we are given F(X;) = p and E[(X; — p)?] = ¢%. In order to find E (5?),
we need F (Y) and F (Y2> Thus we proceed to find these two expected
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values. Consider

I
S|
N
g
o
I
S|
M=
=
I
=

Similarly,
Var (X) =V (X1+X2-7: ~+Xn>
1 < I 2
—EZVM(Xi):—zZaQ:%
=1 i=1
Therefore
2 — 2 2
E(X") =Var (X)+E(X)" =2+,
Consider
o 1 = w2
E(S*)=E n—1;(XZ X)]
1 " 9 v | T2
-—F ;(xi—zxmrx)
1 = 2
=—F ;Xf—nX]
1 ” 9 2
_nl{;E[Xi]—E{nX}}
_ 1 2 2 2, 0
=7 n(o —I—,u)—n(,u —|—;>}
1
== [(n,1)02]
= o2

450

Therefore, the sample variance S? is an unbiased estimator of the population

variance o2.

Example 16.4. Let X be a random variable with mean 2. Let 0A1 and

9A2 be unbiased estimators of the second and third moments, respectively, of

X about the origin. Find an unbiased estimator of the third moment of X

about its mean in terms of é\l and 9; .
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Answer: Since, 9/\1 and 5\2 are the unbiased estimators of the second and
third moments of X about origin, we get

E(h)=EB(X) and E(f)=E(X?).
The unbiased estimator of the third moment of X about its mean is
E [(X - 2)3} = E[X? - 6X? 412X —§]
=FE[X?] -6E [X?] + 12E[X] -8
=0, — 66, +24—8
=0, — 60, + 16.

Thus, the unbiased estimator of the third moment of X about its mean is
0, — 66071 + 16.

Example 16.5. Let X1, X5, ..., X5 be a sample of size 5 from the uniform
distribution on the interval (0, 6), where 6 is unknown. Let the estimator of
0 be k Xmax, where k is some constant and Xp,ax is the largest observation.
In order k X,,ax to be an unbiased estimator, what should be the value of
the constant k 7

Answer: The probability density function of X,,.x is given by

If £ X,ax is an unbiased estimator of @, then

0 = E (k Xmax)
=k E (Xmax)

:kz/ogxg(x)dat

0
5 5
:k/og—Bxdx

5
=—ké.
6

Hence,
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Example 16.6. Let X1, X5, ..., X,, be a sample of size n from a distribution
with unknown mean —oo < p < oo, and unknown variance o2 > 0. Show

that the statistic X and ¥ = W are both unbiased estimators
2(n D)

of y1. Further, show that Var (X) < Var(Y).

Answer: First, we show that X is an unbiased estimator of

E(Y)ZE<X1+X2+"'+X7L>

Il
S|+
Ing
=
s

I
S
]
=
|
=

Hence, the sample mean X is an unbiased estimator of the population mean
irrespective of the distribution of X. Next, we show that Y is also an unbiased

estimator of .

EY) = E( n (n+1) )
2

2 S5
- n(n+1) ZZE(Xi)

2 n
- n(n+1) ;zu
2 n(n+1)
n(n—i—l)u 2

Hence, X and Y are both unbiased estimator of the population mean irre-
spective of the distribution of the population. The variance of X is given

by
X1+ Xo+--+ X,
n

Var [X] = Var {

1
= 5 Var[Xi + Xo+ -+ X,)]
n

1 n
i=1
0.2

n
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Similarly, the variance of Y can be calculated as follows:

n (n+1)
2

4
- VarIX;+2Xe+--+nX,
n?(n+1)2 ar{1X 2 X g n X

4 n
= Var[i X;
n2 (n+1)2 ; ar [i X]

Var[Y]=Var

[SCIN CREGU N )
5
+
=
S

Since 2 (27:1;;11) > 1 for n > 2, we see that Var [ X | < Var[Y]. This shows
that although the estimators X and Y are both unbiased estimator of u, yet

the variance of the sample mean X is smaller than the variance of Y.

In statistics, between two unbiased estimators one prefers the estimator
which has the minimum variance. This leads to our next topic. However,
before we move to the next topic we complete this section with some known
disadvantages with the notion of unbiasedness. The first disadvantage is that
an unbiased estimator for a parameter may not exist. The second disadvan-
tage is that the property of unbiasedness is not invariant under functional
transformation, that is, if 9 is an unbiased estimator of § and g is a function,

~

then g(f) may not be an unbiased estimator of g(6).
16.2. The Relatively Efficient Estimator
We have seen that in Example 16.6 that the sample mean

X1+ Xo -+ X,
n

Y:

and the statistic

1424 +n
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are both unbiased estimators of the population mean. However, we also seen
that

Var (X) < Var(Y).

The following figure graphically illustrates the shape of the distributions of
both the unbiased estimators.

Distributions of Sample Mean Distributions of Y

If an unbiased estimator has a smaller variance or dispersion, then it has
a greater chance of being close to true parameter . Therefore when two
estimators of 6 are both unbiased, then one should pick the one with the
smaller variance.

Definition 16.2. Let 51 and 52 be two unbiased estimators of 6. The
estimator #; is said to be more efficient than 65 if

Var (51) < Var <§2> .

The ratio n given by
A Var (6.
(0 02) = Vﬁgﬁ

is called the relative efficiency of 671 with respect to 9\2.

Example 16.7. Let X, X5, X3 be a random sample of size 3 from a pop-
ulation with mean p and variance o? > 0. If the statistics X and Y given
by
X1 +2X5 +3X3

6

are two unbiased estimators of the population mean g, then which one is

Y

more efficient?
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Answer: Since E (X;) = p and Var (X;) = 02, we get

E(Y):E<X1+)§2+X3)

(E(X1) + E(X2) + E(X3))

and

S
>
I
<

(Xl +2X5 + 3X3>
6

(E(X1)+2E(X2) +3E(X3))

6u

T ol—ol-

Therefore both X and Y are unbiased. Next we determine the variance of
both the estimators. The variances of these estimators are given by

Var (7) =Var (—Xl T Xo X3>

3
1
=3 [Var (X1) + Var (Xs) + Var (X3)]
1
= § 30’2
= B 2
36
and
X 2X 3X
Var ) = v (B 2 )
1
=3 [Var (X1) + 4Var (X2) + 9Var (X3)]
_ 1 1402
36
14
=— o2
36
Therefore 1 "
36 o?=Var (X) <Var(Y) = 36 o?.
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Hence, X is more efficient than the estimator Y. Further, the relative effi-

ciency of X with respect to Y is given by

14 7
n(Xy)=2_T
126
Example 16.8. Let X7, Xo,..., X,, be a random sample of size n from a

population with density

%e_% fo<z<oo
f(@;0) =

0 otherwise,

where 6 > 0 is a parameter. Are the estimators X; and X unbiased? Given,
X, and X, which one is more efficient estimator of 6 ?

Answer: Since the population X is exponential with parameter 6, that is
X ~ EXP(0), the mean and variance of it are given by

E(X)=10 and Var(X) = 6>

Since X;, Xo, ..., X, is a random sample from X, we see that the statistic
X1 ~ EXP(0). Hence, the expected value of X; is 6 and thus it is an
unbiased estimator of the parameter 6. Also, the sample mean is an unbiased

estimator of 6 since

E(Y):lZE(Xi)

Next, we compute the variances of the unbiased estimators X; and X. It is

easy to see that
Var (X;) = 6?

and

<X1 +X2+ +Xn)
Var =
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Hence )
v _ Var (X) < Var (X;) = 6°.
n

Thus X is more efficient than X, and the relative efficiency of X with respect
to X7 is
. 62
X, X1)= 45 =n

n

Example 16.9. Let X7, X5, X3 be a random sample of size 3 from a popu-
lation with density

MeZ ifp=0,1,2,..,00
fl@; ) =

0 otherwise,

where \ is a parameter. Are the estimators given by

o= (X7 42X + X3) and Ay = — (4X1 + 3X, + 2X3)

| =
O =

unbiased? Given, A; and As, which one is more efficient estimator of A 7
Find an unbiased estimator of A whose variance is smaller than the variances
of )\1 and )\2.

Answer: Since each X; ~ POI()\), we get
E(X;)=\ and Var (X;) = A\
It is easy to see that

£ (7) -

(B (X1) +2E (X5) + E (X3))

4N

> O =]

)

and

&
~
&)
N——
I

— (4FE (X;1) + 3E (X2) + 2E (X3))

9N

I
> Ol o=
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Thus, both XI and X; are unbiased estimators of A. Now we compute their
variances to find out which one is more efficient. It is easy to note that

Var (XI) = 1i6 (Var (X1) + 4Var (X2) + Var (X3))

1

= — 6A
166
16
486

1296
and

VM(E)=-£cmvmwxg+yvmmxg+4VM¢&»

oo
==

Since,

Var (X;) < Var (XI) ,

the estimator :\; is efficient than the estimator XI We have seen in section
16.1 that the sample mean is always an unbiased estimator of the population
mean irrespective of the population distribution. The variance of the sample
mean is always equals to % times the population variance, where n denotes
the sample size. Hence, we get

- A 432
VGT(X):§:T96 .

Therefore, we get
Var (Y) < Var (X;) < Var (XI) .

Thus, the sample mean has even smaller variance than the two unbiased
estimators given in this example.

In view of this example, now we have encountered a new problem. That
is how to find an unbiased estimator which has the smallest variance among
all unbiased estimators of a given parameter. We resolve this issue in the

next section.
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16.3. The Uniform Minimum Variance Unbiased Estimator

Let X1, X5, ..., X,, be a random sample of size n from a population with
probability density function f(x;60). Recall that an estimator 6 of 6 is a
function of the random variables X1, X5, ..., X,, which does depend on 6.

Definition 16.3. An unbiased estimator # of # is said to be a uniform
minimum variance unbiased estimator of 6 if and only if

Var (5) <Var (f)
for any unbiased estimator T of 6.

If an estimator @ is unbiased then the mean of this estimator is equal to

E (é) -y
and the variance of @ is

Var ((3) —E [(5 E (67))1
B [(5— 9)2] .

This variance, if exists, is a function of the unbiased estimator 0 and it has a

the parameter 6, that is

minimum in the class of all unbiased estimators of 8. Therefore we have an
alternative definition of the uniform minimum variance unbiased estimator.

Definition 16.4. An unbiased estimator # of # is said to be a uniform

minimum \éariance unbiased estimator of 6 if it minimizes the variance
p|(7-0))

Example 16.10. Let 0A1 and 9/\2 be unbiased estimators of #. Suppose
Var (91) =1, Var (92) = 2 and Cov (01, 02) = % What are the val-

ues of ¢; and ¢y for which 010A1 + c205 is an unbiased estimator of 8 with

minimum variance among unbiased estimators of this type?

Answer: We want 610: + 020/\2 to be a minimum variance unbiased estimator
of . Then

E |:0191 + 6292:| =40

o E [9}} Yo E {9}} —0

C1 0 + o 0=20

Cl-l-CQ:].

A

62:1—01.
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Therefore
Var {clé\l + 629/;} = c% Var [9/\1} + c% Var [9}] +2¢1 ca Cov (0:, é\l)
= +2¢2 + ciem
=421 —c1)* +e1(1—¢1)

= 2(1 — 01)2 +Cl
=24 2¢2 — 3¢;.

Hence, the variance Var [cleAl + 029;} is a function of ¢;. Let us denote this
function by ¢(cq), that is

¢(c1) :==Var [clei + 029;} =242¢2 — 3¢;.
Taking the derivative of ¢(¢q) with respect to ¢1, we get

d
d—Cl¢(C1) = 401 - 3.

Setting this derivative to zero and solving for ¢1, we obtain
3
4c0 —3=0 = c1 = Z

Therefore 3 1
= ]_ — = ]_ —_— = —,
Co C1 1 1
In Example 16.10, we saw that if é\l and 52 are any two unbiased esti-
mators of 0, then ¢6; + (1 — ¢) 6, is also an unbiased estimator of 8 for any

c € R. Hence given two estimators 51 and 52,
c= {(3\ 0=cl+(1—c)bs, cG]R}

forms an uncountable class of unbiased estimators of . When the variances
of (/9\1 and @\2 are known along with the their covariance, then in Example
16.10 we were able to determine the minimum variance unbiased estimator
in the class C. If the variances of the estimators 51 and 52 are not known,
then it is very difficult to find the minimum variance estimator even in the
class of estimators C. Notice that C is a subset of the class of all unbiased
estimators and finding a minimum variance unbiased estimator in this class
is a difficult task.
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One way to find a uniform minimum variance unbiased estimator for a
parameter is to use the Cramér-Rao lower bound or the Fisher information
inequality.

Theorem 16.1. Let X, X, ..., X,, be a random sample of size n from a
population X with probability density f(x;6), where 6 is a scalar parameter.
Let 0 be any unbiased estimator of §. Suppose the likelihood function L(6)
is a differentiable function of # and satisfies

d oo o
@/_oo-~-/_Ooh(x1,...,xn)L(9)das1--~dxn

:/ / h(xy, .y y) %L(G)da:y-dacn

for any h(zq,...,x,) with E(h(X1, ..., X)) < co. Then

(1)

Var (5) > (CR1)

2
dln L(6
e[(ae)]
Proof: Since L(0) is the joint probability density function of the sample

XlaX27"'7X’na
/ / L(0) dzy - -~ da, = 1. 2)

Differentiating (2) with respect to 6 we have

d o [e.¢]
@/_Oo~-~/_OOL(0)dx1---dxn—O

and use of (1) with h(x1,...,z,) = 1 yields

/_Z~-~/_O;%L(9)da;1-~-dmn:0. 3)

Rewriting (3) as

20 > dLh) 1 B
/_w.-./_wwmua) dzy - dzy, =0

we see that

/ A LO) 1oy oy - day, = 0.

— 00 — 00
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/ / lendg(e)L(Q)dxy'-dxn:O.

Since @ is an unbiased estimator of 0, we see that

E(é):/_oo /_OO GL(0)dz, - de, = 0.

Differentiating (5) with respect to 6, we have

d o0 OO/\
@/700-.-/7@%(9)619:1---51%:1.

Again using (1) with h(Xy,...,X,) = 8, we have

Hence

/ [T L 10) day - day = 1.

Rewriting (6) as

o0 ° _dL) 1

o  ~dlnL(0
/ / 0 nde()L(ﬂ)dm“-da:n:l.

From (4) and (7), we obtain

we have

[ [ (-0) PO L) e =1,

By the Cauchy-Schwarz inequality,

L dl‘l -dz )

(L

<(f- [0

. (/Z/m <d1nd’;(9)> () dx1-~~d£cn>
—Var (3) [(“TJ;‘”)] .

/ (7-0) L dgcl...dxn)Q
o)

462
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Therefore )

and the proof of theorem is now complete.

Var ((3) >

If L(0) is twice differentiable with respect to 6, the inequality (CR1) can
be stated equivalently as

-1

82In L) ]°
B | =5

Var ((/9\) > (CR2)

The inequalities (CR1) and (CR2) are known as Cramér-Rao lower bound
for the variance of @ or the Fisher information inequality. The condition
(1) interchanges the order on integration and differentiation. Therefore any
distribution whose range depend on the value of the parameter is not covered
by this theorem. Hence distribution like the uniform distribution may not
be analyzed using the Cramér-Rao lower bound.

If the estimator # is minimum variance in addition to being unbiased,

then equality holds. We state this as a theorem without giving a proof.

Theorem 16.2. Let X, X, ..., X,, be a random sample of size n from a
population X with probability density f(z;0), where 0 is a parameter. If 0
is an unbiased estimator of 8 and

~ 1
Var (0) =——
d1n L(6)
2| (25|
then 0 is a uniform minimum variance unbiased estimator of #. The converse

of this is not true.

Definition 16.5. An unbiased estimator 8 is called an efficient estimator if
it satisfies Cramér-Rao lower bound, that is

Var (é\) = L

In view of the above theorem it is easy to note that an efficient estimator

of a parameter is always a uniform minimum variance unbiased estimator of
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a parameter. However, not every uniform minimum variance unbiased esti-
mator of a parameter is efficient. In other words not every uniform minimum
variance unbiased estimators of a parameter satisfy the Cramér-Rao lower

bound
1

Example 16.11. Let X7, Xo,..., X, be a random sample of size n from a

Var (9\) >

distribution with density function

30 x2e 0" fo<z<oo
f(@;0) =

0 otherwise.

What is the Cramér-Rao lower bound for the variance of unbiased estimator
of the parameter 6 ?

Answer: Let 0 be an unbiased estimator of §. Cramér-Rao lower bound for
the variance of 6 is given by

~ -1
Var (9) = 92InL) |’
B

where L(0) denotes the likelihood function of the given random sample
X1, X, ..., Xy Since, the likelihood function of the sample is

L) = H 30 xfe‘gm?
i=1

we get
InL(#) =n ln0—|—Zln (327) — 0 fo
i=1 i=1
OMLO) n <~ 3
20 6 ;x
and

*mImL@O) n

002 62
Hence, using this in the Cramér-Rao inequality, we get
92

Var (5) > o
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Thus the Cramér-Rao lower bound for the variance of the unbiased estimator
of 0 is %

Example 16.12. Let X, Xo,..., X,, be a random sample from a normal
population with unknown mean y and known variance o2 > 0. What is the
maximum likelihood estimator of u? Is this maximum likelihood estimator
an efficient estimator of u?

Answer: The probability density function of the population is

1 2
. — Pl (x l‘)
) = e 2
f(@sp) 53
Thus
lnf(x,u) = __ln(Qﬂ—Uz) - 202 ( - 1“)2
and hence
lnL(,u):——ln (2mo?) ~ 3 22

Taking the derivative of In L(p) with respect to u, we get

dln L(p 1 &
_:0_;

Setting this derivative to zero and solving for u, we see that i = X.
The variance of X is given by

varc?)var<

o2

n

X1+X2+~-+Xn>
n

Next we determine the Cramér-Rao lower bound for the estimator X.
We already know that

din L(p 1 —
720_2 1)

and hence
PInLp)  n

du2 o2’

E(fﬁﬂ&>:_£

du?

Therefore
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and
ot e
E (_d2 I(Zﬁ(ﬂ)) n
Thus 1
Var (X) TR mZ00
B (45

and X is an efficient estimator of p. Since every efficient estimator is a
uniform minimum variance unbiased estimator, therefore X is a uniform

minimum variance unbiased estimator of .

Example 16.13. Let X, Xs,..., X,, be a random sample from a normal
population with known mean p and unknown variance o2 > 0. What is the
maximum likelihood estimator of ¢2? Is this maximum likelihood estimator

a uniform minimum variance unbiased estimator of ¢2?

Answer: Let us write # = o2. Then

and

In L(0) = —g m(2r) — in(g) — - Z(x — )2

Differentiating In L(6) with respect to 6, we have

n

d nl 1 9
@IHL(Q) =759 22 i=1(33z' — W)

Setting this derivative to zero and solving for 6, we see that

0= % Z(Xi -

i=1

Next we show that this estimator is unbiased. For this we consider

Il

| %

|
uMz
7 N

s
Al

=
N————
N

SIleo3l 3
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Hence @ is an unbiased estimator of . The variance of @ can be obtained as
follows:

92 )
= 5 Var(x“(n))
92 n
=2ty
_ w2t
o n - n

Finally we determine the Cramér-Rao lower bound for the variance of 9. The
second derivative of In L(#) with respect to 6 is

Mzﬂ_iz:(xi_ﬂ)?

do? 202 03 P
Hence
d?In L(9) n 1 - )
E(—@TJ-EE‘%Eiﬂ“FW
n 0 9
~ 9 gt (X))
_n_n
202 62
o
202
Thus
B 1 B 02 B 204
2O\ n  n
E ( d92( )) n
Therefore 1
Var (0) = —

d?InL(6)\
B (<)

Hence 6 is an efficient estimator of 6. Since every efficient estimator is a
uniform minimum variance unbiased estimator, therefore 1 7" | (X; — p)?

is a uniform minimum variance unbiased estimator of 2.

Example 16.14. Let X;, X, ..., X;, be a random sample of size n from a
normal population known mean j and variance o2 > 0. Show that $% =
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L > (X; — X)? is an unbiased estimator of o2. Further, show that S?

n—1
can not attain the Cramér-Rao lower bound.

Answer: From Example 16.2, we know that S? is an unbiased estimator of
02. The variance of S? can be computed as follows:

Var (5?) = Var (n Loy - 7)2>

=1

- e (S ()

Next we let § = 02 and determine the Cramér-Rao lower bound for the
variance of S2. The second derivative of In L(f) with respect to 6 is

FLEO) 0 gy

do? 202 03 <
i=1
Hence
d*In L(6) n 1 i 9
El————% ) =— - —=F X —
( 62 ) 202~ 93 Z,:l( i~ H)
n 0
“ 5 gt (X))
n n
202 62
o
202
Thus
1 _ 62 _ 204
E (d2 larlleg(a)) n n
Hence A 4
20 9 1 20
m = VG/I" (S ) > - =

42 1n L(6) n
B(5EE)

This shows that S? can not attain the Cramér-Rao lower bound.
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The disadvantages of Cramér-Rao lower bound approach are the fol-
lowings: (1) Not every density function f(x;0) satisfies the assumptions
of Cramér-Rao theorem and (2) not every allowable estimator attains the
Cramér-Rao lower bound. Hence in any one of these situations, one does
not know whether an estimator is a uniform minimum variance unbiased

estimator or not.
16.4. Sufficient Estimator

In many situations, we can not easily find the distribution of the es-
timator 0 of a parameter 6 even though we know the distribution of the
population. Therefore, we have no way to know whether our estimator g is
unbiased or biased. Hence, we need some other criteria to judge the quality
of an estimator. Sufficiency is one such criteria for judging the quality of an
estimator.

Recall that an estimator of a population parameter is a function of the
sample values that does not contain the parameter. An estimator summarizes
the information found in the sample about the parameter. If an estimator
summarizes just as much information about the parameter being estimated
as the sample does, then the estimator is called a sufficient estimator.

Definition 16.6. Let X ~ f(z;0) be a population and let X7, Xs,..., X,
be a random sample of size n from this population X. An estimator 0 of
the parameter 6 is said to be a sufficient estimator of @ if the conditional
distribution of the sample given the estimator 9 does not depend on the
parameter 6.

Example 16.15. If X, X5, ..., X,, is a random sample from the distribution
with probability density function
6% (1 —0)t—= ifx=0,1
fla;0) =
0 elsewhere ,
where 0 < § < 1. Show that Y = )" | X, is a sufficient statistic of 6.

Answer: First, we find the distribution of the sample. This is given by

n

Far g, o) = [] 61— 0)' 7 = v(1 — 0)" .

i=1
Since, each X; ~ BER(6), we have

Y =Y X; ~ BIN(n,0).

i=1
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Therefore, the probability density function of Y is given by

st =)o -y,
Y
Further, since each X; ~ BER(#), the space of each X; is given by
Rx, ={0,1}.
Therefore, the space of the random variable Y = Z?:l X; is given by
Ry ={0,1,2,3,4,...,n}.

Let A be the event (X; = 21, X3 = 22, ..., X, = 2,,) and B denotes the event
(Y = y). Then A C B and therefore A(\B = A. Now, we find the condi-
tional density of the sample given the estimator Y, that is

flr1, 29, y2n)Y =y) =P (X1 =21, Xa =20,.... Xp =2, /Y = y)
= P(A/B)
P(ANB)
P(B)

o)
N (1) 6v (1 -0y
1

(;)

Hence, the conditional density of the sample given the statistic Y is indepen-

dent of the parameter . Therefore, by definition Y is a sufficient statistic.

Example 16.16. If X, X5, ..., X}, is a random sample from the distribution
with probability density function

e~ (@=0) ifl<zx<oo
f(x;0) =
0 elsewhere ,
where —0o < 0 < oco. What is the maximum likelihood estimator of 6 7 Is
this maximum likelihood estimator sufficient estimator of 6 ?
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Answer: We have seen in Chapter 15 that the maximum likelihood estimator
of 0 is Y = Xy, that is the first order statistic of the sample. Let us find
the probability density of this statistic, which is given by

9Y) = —, [FW)° fy) [1 - Fy)" ™

—ne w0 [1 _ {1 _ e—(y—H)}]nil

=ne" e,

The probability density of the random sample is

f(@1, @2, ) = He—(m—e)
i=1

_ enO e—nz7

where nZ = le Let A be the event (X1 = 1, X3 = za, ..., X, = ) and
i=1

B denotes the event (Y =y). Then A C B and therefore A\ B = A. Now,
we find the conditional density of the sample given the estimator Y, that is

flr1, 29, y2n)Y =y) =P (X1 =21, Xa =22,... Xpn =2, /Y =)
P(A/B)
P(ANB)

f(xlax27 axn)
9(y)

en@ efnf

nene e—nvy

—nzT

e

ne-ny’

Hence, the conditional density of the sample given the statistic Y is indepen-
dent of the parameter . Therefore, by definition Y is a sufficient statistic.
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We have seen that to verify whether an estimator is sufficient or not one
has to examine the conditional density of the sample given the estimator. To
compute this conditional density one has to use the density of the estimator.
The density of the estimator is not always easy to find. Therefore, verifying
the sufficiency of an estimator using this definition is not always easy. The
following factorization theorem of Fisher and Neyman helps to decide when

an estimator is sufficient.

Theorem 16.3. Let X, X5,..., X,, denote a random sample with proba-
bility density function f(x1,s,...,2,;6), which depends on the population
parameter 6. The estimator 6 is sufficient for 8 if and only if

flx1, 22,y 2n;0) = (;5(5, 0) h(x1, 2, ..., )
where ¢ depends on z1,xs, ..., x, only through 6 and h(z1,x2, ..., 2y) does
not depend on 6.

Now we give two examples to illustrate the factorization theorem.

Example 16.17. Let X1, X5, ..., X, be a random sample from a distribution
with density function

MeZ ifr=0,1,2,...,00
flz;\) =

0 elsewhere,

where A > 0 is a parameter. Find the maximum likelihood estimator of A
and show that the maximum likelihood estimator of )\ is sufficient estimator
of the parameter .

Answer: First, we find the density of the sample or the likelihood function
of the sample. The likelihood function of the sample is given by

L)) = Hf(xi; A)

n )\w, e—)\
= H A
=1 T

)\n?efn)\

n

| J ()

=1
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Taking the logarithm of the likelihood function, we get

InL(A) =nZ InA—nA—1In H(xz')

i=1

Therefore

d 1
alnL(A) =y nT—n.

Setting this derivative to zero and solving for A\, we get
A=T.

The second derivative test assures us that the above A is a maximum. Hence,
the maximum likelihood estimator of X is the sample mean X. Next, we
show that X is sufficient, by using the Factorization Theorem of Fisher and
Neyman. We factor the joint density of the sample as

nT ,—nA
L)) = AteT™?

n

H(%‘!)

[

i=1

= ¢(7, )\) h(l‘l,.’lﬁg, ,,’Bn) .

Therefore, the estimator X is a sufficient estimator of .

Example 16.18. Let X, Xo,..., X,, be a random sample from a normal
distribution with density function

1 e~ sl@—m?

V2T ’

f(zp) =

where —oo < p < 0o is a parameter. Find the maximum likelihood estimator
of p and show that the maximum likelihood estimator of p is a sufficient
estimator.

Answer: We know that the maximum likelihood estimator of y is the sample
mean X. Next, we show that this maximum likelihood estimator X is a
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sufficient estimator of . The joint density of the sample is given by
[, 2, s 1)

Hf(fﬂz';#)

=1

474

Hence, by the Factorization Theorem, X is a sufficient estimator of the pop-

ulation mean.

Note that the probability density function of the Example 16.17 which

is

MeZ ifr=0,1,2,...,00
flx; ) =
0 elsewhere ,
can be written as
f(a?, )\) — e{xlnA—lnx!—A}
for x = 0,1, 2, ... This density function is of the form

Fla:\) = e K@ANTS@+BO)

Similarly, the probability density function of the Example 16.12, which is

1

e 3(z—m)?
V2T

flzip) =
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can also be written as

u?_1

f(q;; M) = e{l‘“_é_T_E ln(27")}'
This probability density function is of the form

flx;p) = AK (@) A()+S(@)+B(1)}

We have also seen that in both the examples, the sufficient estimators were

n

n
the sample mean X, which can be written as lZXZ-.
i=1
Our next theorem gives a general result in this direction. The following
theorem is known as the Pitman-Koopman theorem.

Theorem 16.4. Let X, X, ..., X,, be a random sample from a distribution
with probability density function of the exponential form

F(2:0) = I K@AOFS@+BO))

n

on a support free of §. Then the statistic ZK (X;) is a sufficient statistic
i=1

for the parameter 6.

Proof: The joint density of the sample is

Il
—

Q)
.
=
=
=
+
2
e
o)
=
-

{ZK(xi)A(a) +n B(G)}

i=1

ZS(%)]
i=1 )

n

Hence by the Factorization Theorem the estimator ZK (X;) is a sufficient
i=1

statistic for the parameter #. This completes the proof.
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Example 16.19. Let X1, X5, ..., X, be a random sample from a distribution
with density function

f 01 for0<z<1
f(x;0) =

0 otherwise,

where 6 > 0 is a parameter. Using the Pitman-Koopman Theorem find a
sufficient estimator of 6.

Answer: The Pitman-Koopman Theorem says that if the probability density
function can be expressed in the form of

F(2:0) = I K@AO+S@)+B0))

then Y"1 | K(X;) is a sufficient statistic for §. The given population density

can be written as

f(z:0)=02"""
— {n[o2"""]
— imo+(6-1)Ina}
Thus,
K(z)=Inz A0) =46
S(z) =—Inz B(6) =Inb.

Hence by Pitman-Koopman Theorem,

=1 i=1

Thus In ]}, X; is a sufficient statistic for 6.
n

Remark 16.1. Notice that HXi is also a sufficient statistic of 6, since
i=1

knowing In (HX’> , we also know HXi'
i=1 i=1

Example 16.20. Let X, X5, ..., X,, be a random sample from a distribution
with density function

%e 7 for 0 <z < o0
f(z:0) =

0 otherwise,
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where 0 < 6 < 0o is a parameter. Find a sufficient estimator of 6.

Answer: First, we rewrite the population density in the exponential form.
That is

f(a30) = %6_%
ln[% 8_5]
—Ino—%
Hence 1
K(z)==z A(Q):—g
S(z)=10 B(#) = —1n#.

Hence by Pitman-Koopman Theorem,

n

Y K(X) = ixi =nX.

=1

Thus, nX is a sufficient statistic for . Since knowing nX, we also know X,
the estimator X is also a sufficient estimator of 6.

Example 16.21. Let X7, X5, ..., X, be a random sample from a distribution
with density function

—(z—0)

e ford <z <o

f(2;0) =

0 otherwise,

where —oo < 6 < oo is a parameter. Can Pitman-Koopman Theorem be
used to find a sufficient statistic for 07

Answer: No. We can not use Pitman-Koopman Theorem to find a sufficient
statistic for € since the domain where the population density is nonzero is
not free of 6.

Next, we present the connection between the maximum likelihood esti-
mator and the sufficient estimator. If there is a sufficient estimator for the
parameter 6 and if the maximum likelihood estimator of this 6 is unique, then
the maximum likelihood estimator is a function of the sufficient estimator.
That is

L = 1/1(58)7

where 9 is a real valued function, é\ML is the maximum likelihood estimator
of A, and g is the sufficient estimator of 6.
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Similarly, a connection can be established between the uniform minimum
variance unbiased estimator and the sufficient estimator of a parameter 6. If
there is a sufficient estimator for the parameter 6 and if the uniform minimum
variance unbiased estimator of this # is unique, then the uniform minimum
variance unbiased estimator is a function of the sufficient estimator. That is

§MVUE = 77(58)7

where 7 is a real valued function, Oyyvug is the uniform minimum variance

unbiased estimator of 8, and é\s is the sufficient estimator of 6.

Finally, we may ask “If there are sufficient estimators, why are not there
necessary estimators?” In fact, there are. Dynkin (1951) gave the following
definition.

Definition 16.7. An estimator is said to be a necessary estimator if it can
be written as a function of every sufficient estimators.

16.5. Consistent Estimator

Let X1, Xo, ..., X, be a random sample from a population X with density
f(x;0). Let 0 be an estimator of @ based on the sample of size n. Obviously
the estimator depends on the sample size n. In order to reflect the depen-
dency of 9 on n, we denote 0 as §n

Definition 16.7. Let X1, X5, ..., X,, be a random sample from a population
X with density f(z;6). A sequence of estimators {6,} of 6 is said to be
consistent for # if and only if the sequence {6,} converges in probability to
0, that is, for any ¢ > 0

lim P (

n—oo

§n—9‘ze)=o.

Note that consistency is actually a concept relating to a sequence of
estimators {0,}72,, but we usually say “consistency of 6,” for simplicity.
Further, consistency is a large sample property of an estimator.

The following theorem states that if the mean squared error goes to zero
as n goes to infinity, then {6, } converges in probability to 6.

Theorem 16.5. Let X, X5, ..., X,, be a random sample from a population
X with density f(z;0) and {6,} be a sequence of estimators of 6 based on
the sample. If the variance of 6,, exists for each n and is finite and

fimp ((30)7) =0
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then, for any € > 0,
lim P (

n—oo

@179‘26):0.

Proof: By Markov Inequality (see Theorem 13.8) we have

P((@—G)Qz@) §E<(9AZ—2_9)2>

for all e > 0. Since the events

(5;—9)2262 and |§;—9|26

P((@—9)2>62> — P (|6n— 0 =) <E<(9:—2_9)2>

for all n € N. Hence if
- 2
lim E<<0n9> ) )

lim P(|§;—0|26>:0

n—oo

and the proof of the theorem is complete.
Let
B(0,0) =E(0) -0
be the biased. If an estimator is unbiased, then B (5, 9) = 0. Next we show

e 5((5-0)") = var (5)+ [2.(20)]". "

To see this consider

are same, we see that
then
:E(é?) —92F 5) 0 + 6>
?) i

= (%) -E(9) +E(§)2—2E(§) 6+ 6°

— Var A>+E(A)2—2E<§) 0+ 6
)
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In view of (1), we can say that if

7lli_>ngo Var (@l) =0 (2)
and

lim B (ﬁn, 9) =0 (3)
then

R 2
lim E ((9n ~9) ) =0.
n—oo
In other words, to show a sequence of estimators is consistent we have to
verify the limits (2) and (3).

Example 16.22. Let X;, Xo,..., X,, be a random sample from a normal
population X with mean p and variance o2 > 0. Is the likelihood estimator

n

A=Y (i -X)
=1

of 02 a consistent estimator of o2?

Answer: Since 02 depends on the sample size n, we denote o2 as 02,,. Hence
n
1 -\ 2
O'Qn: — E (XZ—X) .
n -
=1
The variance of ¢2,, is given by

Var (ﬁn) =Var (% i (Xl- _ Y)2>

i=1
= Lvr (2 02 D5
4 2
= FVa?" ((n 021)3 )
ot 9
=3 Var (X (n— 1))
~ 2(n—1)0*
n2



Probability and Mathematical Statistics 481

Hence

lim Var (@) = lim {l — i] 204 =0.

n— o0 n—oo | N n2

The biased B (é\n, 9) is given by

B (@n,ﬂ) =F é\n) —o?

1 — —\2
=F|- X;—X) | -o?
(rr )
- 2
n o
o’ 2 2
A ) 1) —
—E(*(n-1) -0
—1)o?
:(n )o _o?
n
T n

Thus
2

~ o
lim B (9,,,9) — —1im = =0
n—oo n—oo N
- 2
Hence % E (Xi — X) is a consistent estimator of o2.
i=1

In the last example we saw that the likelihood estimator of variance is a
consistent estimator. In general, if the density function f(x; ) of a population
satisfies some mild conditions, then the maximum likelihood estimator of  is
consistent. Similarly, if the density function f(z;6) of a population satisfies
some mild conditions, then the estimator obtained by moment method is also

consistent.

Since consistency is a large sample property of an estimator, some statis-
ticians suggest that consistency should not be used alone for judging the
goodness of an estimator; rather it should be used along with other criteria.

16.6. Review Exercises

1. Let 77 and 75 be estimators of a population parameter § based upon the
same random sample. If T; ~ N (6,02) i = 1,2 and if T = bTy + (1 — b)T5,
then for what value of b, T' is a minimum variance unbiased estimator of 6 7
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2. Let X1, X5,...,X,, be a random sample from a distribution with density
function )
||
f(z;&):%e*T —00 < x < 00,
where 0 < 0 is a parameter. What is the expected value of the maximum

likelihood estimator of 8 ? Is this estimator unbiased?

3. Let X1, X5, ..., X,, be a random sample from a distribution with density
function )
o]
r;0)=—e 7 —o00 <z < 00,
F:0) = o
where 0 < 6 is a parameter. Is the maximum likelihood estimator an efficient

estimator of 67

4. A random sample X1, Xs, ..., X, of size n is selected from a normal dis-
tribution with variance 0. Let S? be the unbiased estimator of o2, and T
be the maximum likelihood estimator of o2. If 207 — 1952 = 0, then what is
the sample size?

5. Suppose X and Y are independent random variables each with density

2 62 f0r0<$<%
fx) =

0 otherwise.

function

If k(X 4 2Y) is an unbiased estimator of !, then what is the value of k?

6. An object of length ¢ is measured by two persons using the same in-
strument. The instrument error has a normal distribution with mean 0 and
variance 1. The first person measures the object 25 times, and the average
of the measurements in X = 12. The second person measures the objects 36
times, and the average of the measurements is Y = 12.8. To estimate ¢ we
use the weighted average a X +bY as an estimator. Determine the constants
a and b such that ¢ X + bY is the minimum variance unbiased estimator of

c and then calculate the minimum variance unbiased estimate of c.
7. Let X1, X5, ..., X, be a random sample from a distribution with probabil-

ity density function

3022¢ 97" for0<a < oo
fx) =

0 otherwise,

where 6 > 0 is an unknown parameter. Find a sufficient statistics for 6.
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8. Let X1, X5, ..., X,, be a random sample from a Weibull distribution with
probability density function

9% P e_(%)ﬁ ifx>0
f(z) =

0 otherwise ,

where 8 > 0 and 3 > 0 are parameters. Find a sufficient statistics for 6
with 8 known, say § = 2. If 8 is unknown, can you find a single sufficient
statistics for 67

9. Let X1, X2 be a random sample of size 2 from population with probability
density
se 7t if0 << oo

f(x;0) =

0 otherwise,

where 6 > 0 is an unknown parameter. If Y = /X3 X5, then what should
be the value of the constant k& such that kY is an unbiased estimator of the

parameter 6 7

10. Let Xy, X5, ..., X,, be a random sample from a population with proba-
bility density function

fo<z<b

S

f(x;0) =

0 otherwise ,

where § > 0 is an unknown parameter. If X denotes the sample mean, then
what should be value of the constant & such that kX is an unbiased estimator
of 07

11. Let X1, X, ..., X,, be a random sample from a population with proba-
bility density function

fo<x<b

S

f(x;0) =

0 otherwise ,

where 6 > 0 is an unknown parameter. If X,,.q denotes the sample median,
then what should be value of the constant k such that kX4 is an unbiased
estimator of 6 7
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12. What do you understand by an unbiased estimator of a parameter 67
What is the basic principle of the maximum likelihood estimation of a param-
eter 87 What is the basic principle of the Bayesian estimation of a parame-
ter 87 What is the main difference between Bayesian method and likelihood
method.

13. Let X7, X5, ..., X, be a random sample from a population X with density
function

W for0§x<oo

f(z;0) =
0 otherwise,
where 6 > 0 is an unknown parameter. What is a sufficient statistic for the

parameter 67

14. Let X1, X3, ..., X;, be a random sample from a population X with density
function P
gz e 207 for0<z<o0
fla;0) =
0 otherwise,
where 6 is an unknown parameter. What is a sufficient statistic for the
parameter 67

15. Let X1, X5, ..., X, be a random sample from a distribution with density

function
e~ (@=0) for <z <o

fla;0) =
0 otherwise,
where —oo < 6 < oo is a parameter. What is the maximum likelihood
estimator of 87 Find a sufficient statistics of the parameter 6.

16. Let X1, X5, ..., X,, be a random sample from a distribution with density

function
e~ (z=0) for <z <o

f(x;0) =
0 otherwise,
where —oco < 6 < oo is a parameter. Are the estimators X(;) and X — 1 are
unbiased estimators of #7 Which one is more efficient than the other?

17. Let X1, X5, ..., X, be a random sample from a population X with density

function
62?1 for0<z <1
f(x;0) =

0 otherwise,
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where 6 > 1 is an unknown parameter. What is a sufficient statistic for the
parameter 67

18. Let X1, X3, ..., X;, be a random sample from a population X with density

function .
Oaxele 0 for0<z <>

f(@:0) =
0 otherwise,
where 6 > 0 and « > 0 are parameters. What is a sufficient statistic for the
parameter 6 for a fixed a?

19. Let X1, X5, ..., X, be a random sample from a population X with density

function oo
Eny fora <z < o0
fla;0) =
0 otherwise,
where 6 > 0 and « > 0 are parameters. What is a sufficient statistic for the
parameter 0 for a fixed a?

20. Let X1, Xo, ..., X,, be arandom sample from a population X with density
function

(1;?)093(1—9)’”’9” forx=0,1,2,....m
flz;0) =

0 otherwise,

% is a uniform minimum variance

where 0 < 6 < 1 is parameter. Show that
unbiased estimator of 6 for a fixed m.

21. Let X1, Xo, ..., X;;, be arandom sample from a population X with density

function
001 for0<z<1

fla;0) =
0 otherwise,
where 6 > 1 is parameter. Show that —1 3"  In(X;) is a uniform minimum
variance unbiased estimator of %.

22. Let X1, X5,...,X,, be a random sample from a uniform population X
on the interval [0, 6], where 6 > 0 is a parameter. Is the likelihood estimator
0 = X(n) of 6 a consistent estimator of 7

23. Let X1, X, ..., X,, be a random sample from a population X ~ POI()),
where A > 0 is a parameter. Is the estimator X of A a consistent estimator
of \?
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24. Let X1, Xo, ..., X,, be a random sample from a population X having the
probability density function

021, ifo<z<1
. 9 — ’
f(z:9) {O otherwise,

where 6 > 0 is a parameter. Is the estimator 0= % of 8, obtained by the
moment method, a consistent estimator of 67

25. Let X1, Xo, ..., X;, be a random sample from a population X having the
probability density function

(Z) p*(1—p)" % ifz=0,1,2,...,n
flz;p) =

0 otherwise,

where 0 < p < 1 is a parameter and m is a fixed positive integer. What is the
maximum likelihood estimator for p. Is this maximum likelihood estimator
for p is an efficient estimator?
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Chapter 17

SOME TECHNIQUES

FOR FINDING INTERVAL
ESTIMATORS
FOR
PARAMETERS

In point estimation we find a value for the parameter 6 given a sample
data. For example, if X1, X, ..., X, is a random sample of size n from a
population with probability density function

\/;e*%("‘/”e)2 forx > 6
f(x;0) =

0 otherwise,

then the likelihood function of 6 is

L)
=1

where 1 > 0, o >0, ...,x,, > 0. This likelihood function simplifies to

n

Loy - {_} n 6—%;(@ - 9)27

where min{zy, zs,...,x,} > 0. Taking the natural logarithm of L(6) and
maximizing, we obtain the maximum likelihood estimator of 6 as the first
order statistic of the sample X7, Xo, ..., X,,, that is

~

0= Xqu,



Techniques for finding Interval Estimators of Parameters 488

where X(1) = min{X1, X»,..., X;,}. Suppose the true value of # = 1. Using
the maximum likelihood estimator of 6, we are trying to guess this value of
f based on a random sample. Suppose X; = 1.5, Xs = 1.1, X3 = 1.7, Xy =
2.1, X5 = 3.1 is a set of sample data from the above population. Then based
on this random sample, we will get

Ouir, = X(1) = min{1.5,1.1,1.7,2.1,3.1} = 1.1.

If we take another random sample, say X; = 1.8, Xo = 2.1, X3 = 2.5, X, =
3.1, X5 = 2.6 then the maximum likelihood estimator of this 6 will be 0=1.8
based on this sample. The graph of the density function f(xz;6) for 6 =1 is
shown below.

Graph of the Density Function
0.3
0.6
0.%
0.2
X
| 2 3 L3 5
e=1
-0.2

From the graph, it is clear that a number close to 1 has higher chance of
getting randomly picked by the sampling process, then the numbers that are
substantially bigger than 1. Hence, it makes sense that € should be estimated
by the smallest sample value. However, from this example we see that the
point estimate of 8 is not equal to the true value of . Even if we take many
random samples, yet the estimate of § will rarely equal the actual value of
the parameter. Hence, instead of finding a single value for 6, we should
report a range of probable values for the parameter 6 with certain degree of
confidence. This brings us to the notion of confidence interval of a parameter.

17.1. Interval Estimators and Confidence Intervals for Parameters

The interval estimation problem can be stated as follow: Given a random
sample X1, X5, ..., X,, and a probability value 1 — «, find a pair of statistics
L=L(Xy,Xs,...X,) and U =U(X1, X2, ..., Xp,) with L < U such that the
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probability of 6 being on the random interval [L, U] is 1 — «. That is
P(LLO<U)=1-a.

Recall that a sample is a portion of the population usually chosen by
method of random sampling and as such it is a set of random variables
X1, X, ..., X,, with the same probability density function f(z;0) as the pop-
ulation. Once the sampling is done, we get

Xi=xz1, Xo=x9, -+, Xpp=12,
where 1, zs, ..., x, are the sample data.

Definition 17.1. Let X;, Xo,...,X,, be a random sample of size n from
a population X with density f(z;60), where 6 is an unknown parameter.
The interval estimator of 6 is a pair of statistics L = L(X1, X, ..., X,) and
U=U(X1,Xs,....X,) with L < U such that if x1, z, ..., z,, is a set of sample
data, then 0 belongs to the interval [L(z1,z2,...2s), U(21, T2, ...24)]-

The interval [I, u] will be denoted as an interval estimate of § whereas the
random interval [L,U] will denote the interval estimator of §. Notice that
the interval estimator of 6 is the random interval [L, U]. Next, we define the
100(1 — )% confidence interval for the unknown parameter 6.

Definition 17.2. Let X, Xs,..., X,, be a random sample of size n from a
population X with density f(z;0), where 0 is an unknown parameter. The
interval estimator of 6 is called a 100(1 — @)% confidence interval for 6 if

PLLH<U)=1-au
The random variable L is called the lower confidence limit and U is called the

upper confidence limit. The number (1—«) is called the confidence coefficient
or degree of confidence.

There are several methods for constructing confidence intervals for an
unknown parameter ¢. Some well known methods are: (1) Pivotal Quantity
Method, (2) Maximum Likelihood Estimator (MLE) Method, (3) Bayesian
Method, (4) Invariant Methods, (5) Inversion of Test Statistic Method, and
(6) The Statistical or General Method.

In this chapter, we only focus on the pivotal quantity method and the
MLE method. We also briefly examine the the statistical or general method.
The pivotal quantity method is mainly due to George Bernard and David
Fraser of the University of Waterloo, and this method is perhaps one of
the most elegant methods of constructing confidence intervals for unknown

parameters.
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17.2. Pivotal Quantity Method

In this section, we explain how the notion of pivotal quantity can be
used to construct confidence interval for a unknown parameter. We will
also examine how to find pivotal quantities for parameters associated with
certain probability density functions. We begin with the formal definition of
the pivotal quantity.

Definition 17.3. Let X, Xs,..., X,, be a random sample of size n from a
population X with probability density function f(x;6), where 6 is an un-
known parameter. A pivotal quantity @ is a function of X1, X, ..., X,, and 6
whose probability distribution is independent of the parameter 6.

Notice that the pivotal quantity Q(X1, Xs, ..., Xy, 8) will usually contain
both the parameter § and an estimator (that is, a statistic) of 6. Now we
give an example of a pivotal quantity.

Example 17.1. Let X, X5,..., X, be a random sample from a normal
population X with mean i and a known variance o2. Find a pivotal quantity
for the unknown parameter p.

Answer: Since each X; ~ N(u,0?),

Standardizing X, we see that

The statistics @ given by

Q(X17X27"'7Xna:u) = o

is a pivotal quantity since it is a function of X7, X5, ..., X,, and p and its
probability density function is free of the parameter u.

There is no general rule for finding a pivotal quantity (or pivot) for
a parameter § of an arbitrarily given density function f(z;6). Hence to
some extents, finding pivots relies on guesswork. However, if the probability
density function f(x;0) belongs to the location-scale family, then there is a
systematic way to find pivots.
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Definition 17.4. Let g : R — R be a probability density function. Then for
any p and any o > 0, the family of functions

F={fwmor= 1o (*51) 1 ne (-0 o€ 0.) |

is called the location-scale family with standard probability density f(x;8).
The parameter p is called the location parameter and the parameter o is
called the scale parameter. If ¢ = 1, then F is called the location family. If
u =0, then F is called the scale family

It should be noted that each member f (z;u,o0) of the location-scale

family is a probability density function. If we take g(z) = \/%e*%f, then

the normal density function

1 (z—p 1 —i(zse)?
T, 0) = — = e 2 4 : —o<r<ox
flasp, o) UQ( . ) G

belongs to the location-scale family. The density function

%e’% fo<z<oo

f(x;0) =

0 otherwise,

belongs to the scale family. However, the density function

f 01 fo<z<l1
f(x;0) =

0 otherwise,

does not belong to the location-scale family.

It is relatively easy to find pivotal quantities for location or scale param-
eter when the density function of the population belongs to the location-scale
family F. When the density function belongs to location family, the pivot
for the location parameter p is @ — p, where i is the maximum likelihood
estimator of p. If 7 is the maximum likelihood estimator of o, then the pivot
for the scale parameter o is 2 when the density function belongs to the scale

family. The pivot for location parameter u is £<£ and the pivot for the scale
ag

~

parameter o is £ when the density function belongs to location-scale fam-

ily. Sometime it is appropriate to make a minor modification to the pivot
obtained in this way, such as multiplying by a constant, so that the modified
pivot will have a known distribution.
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Remark 17.1. Pivotal quantity can also be constructed using a sufficient
statistic for the parameter. Suppose T' = T'(X;, Xo, ..., X,,) is a sufficient
statistic based on a random sample X1, X5, ..., X,, from a population X with
probability density function f(x;8). Let the probability density function of
T be g(t;0). If g(t;0) belongs to the location family, then an appropriate
constant multiple of T'— a(#) is a pivotal quantity for the location parameter
6 for some suitable expression a(8). If g(¢; 8) belongs to the scale family, then
an appropriate constant multiple of Wj(;) is a pivotal quantity for the scale

parameter 6 for some suitable expression b(#). Similarly, if g(¢;0) belongs to

T—a(6)
b(0)

a pivotal quantity for the location parameter 6 for some suitable expressions

a(f) and b(0).

is

the location-scale family, then an appropriate constant multiple of

Algebraic manipulations of pivots are key factors in finding confidence
intervals. If Q = Q(X1, Xo, ..., X, 6) is a pivot, then a 100(1—«)% confidence
interval for # may be constructed as follows: First, find two values a and b
such that

Pa<@Q<b=1-aqa
then convert the inequality a < @ < b into the form L <6 < U.

For example, if X is normal population with unknown mean p and known

variance o2, then its pdf belongs to the location-scale family. A pivot for u
is X;” . However, since the variance o2 is known, there is no need to take

S. So we consider the pivot % to construct the 100(1 — 2a)% confidence
interval for p. Since our population X ~ N(u,0?), the sample mean X is

also a normal with the same mean p and the variance equals to <%=. Hence

NGR

o = o
—P<#Za%§X§H+ZQ%)
7 < 7
vt vn/)

Therefore, the 100(1 — 2a))% confidence interval for y is

IN

Y—&—za

[y_zai, yﬂai} .
n

vn vn
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Here z, denotes the 100(1 — a)-percentile (or (1 — a)-quartile) of a standard
normal random variable Z, that is

P(Z<zy)=1—-aq,

where o < 0.5 (see figure below). Note that o = P(Z < —z,) if @ < 0.5.

0.4

021
1-a

A 100(1 — @)% confidence interval for a parameter 6 has the following
interpretation. If X7 = z1, Xo = x9, ..., X, = z, is a sample of size n, then
based on this sample we construct a 100(1 — a)% confidence interval [I,u]
which is a subinterval of the real line R. Suppose we take large number of
samples from the underlying population and construct all the corresponding
100(1 — )% confidence intervals, then approximately 100(1 — «)% of these

intervals would include the unknown value of the parameter 6.

In the next several sections, we illustrate how pivotal quantity method

can be used to determine confidence intervals for various parameters.
17.3. Confidence Interval for Population Mean

At the outset, we use the pivotal quantity method to construct a con-
fidence interval for the mean of a normal population. Here we assume first
the population variance is known and then variance is unknown. Next, we
construct the confidence interval for the mean of a population with continu-
ous, symmetric and unimodal probability distribution by applying the central

limit theorem.

Let X1, Xo, ..., X;, be a random sample from a population X ~ N (u,0?),
where y is an unknown parameter and o? is a known parameter. First of all,
we need a pivotal quantity Q(Xi, Xa, ..., Xn, ). To construct this pivotal
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quantity, we find the likelihood estimator of the parameter . We know that
i = X. Since, each X; ~ N(u,0?), the distribution of the sample mean is

2
ywzv(p,"_).
n

It is easy to see that the distribution of the estimator of u is not independent

given by

of the parameter p. If we standardize X, then we get

X —p

v

~ N(0,1).

The distribution of the standardized X is independent of the parameter .
This standardized X is the pivotal quantity since it is a function of the
sample X7, X5, ..., X;, and the parameter u, and its probability distribution
is independent of the parameter p. Using this pivotal quantity, we construct
the confidence interval as follows:

X —
1—a:P<—z < MSz)

(5= () =0 () )

Hence, the (1 — @)% confidence interval for p when the population X is

v
[Nfe)

Sh

vl

normal with the known variance o2 is given by

() v ()

This says that if samples of size n are taken from a normal population with
mean ;. and known variance o2 and if the interval

() 7 ()

is constructed for every sample, then in the long-run 100(1 — )% of the
intervals will cover the unknown parameter p and hence with a confidence of
(1 — a)100% we can say that p lies on the interval

() v ()
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The interval estimate of u is found by taking a good (here maximum likeli-
hood) estimator X of x4 and adding and subtracting zg times the standard
deviation of X.

Remark 17.2. By definition a 100(1 — «)% confidence interval for a param-
eter 6 is an interval [L, U] such that the probability of 6 being in the interval
[L,U]is 1 — a. That is

l—a=PL<O<U).
One can find infinitely many pairs L, U such that
l—a=P(L<OLU).

Hence, there are infinitely many confidence intervals for a given parameter.
However, we only consider the confidence interval of shortest length. If a
confidence interval is constructed by omitting equal tail areas then we obtain
what is known as the central confidence interval. In a symmetric distribution,
it can be shown that the central confidence interval are the shortest.

Example 17.2. Let X, Xo,..., X717 be a random sample of size 11 from
a normal distribution with unknown mean p and variance 0% = 9.9. If
leil x; = 132, then what is the 95% confidence interval for p ?

Answer: Since each X; ~ N(1,9.9), the confidence interval for p is given

T @ @)

Since Zzlil x; = 132, the sample mean T = % = 12. Also, we see that

2
JE =122~ o,
n 11

Further, since 1 — a = 0.95, o = 0.05. Thus

nlR

za = 20.025 = 1.96 (from normal table).

Using these information in the expression of the confidence interval for u, we
get
12 -1.96 v0.9, 124 1.96v0.9

that is
[10.141, 13.859).
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Example 17.3. Let X, Xo,..., X1 be a random sample of size 11 from
a normal distribution with unknown mean p and variance o = 9.9. If
leil x; = 132, then for what value of the constant k is

[12—/@\/@, 12+k\/®}

a 90% confidence interval for pu ?

Answer: The 90% confidence interval for x4 when the variance is given is

ER GRS CAR

Thus we need to find 7, \/%2 and za corresponding to 1 — a = 0.9. Hence

2

w2

11
dic1 T

T
W
11
=12.
7 _ [50
n 11
=+0.9.
z0.05 = 1.64 (from normal table).

Hence, the confidence interval for p at 90% confidence level is
[12 — (1.64) V0.9, 12+ (1.64) \/@] .
Comparing this interval with the given interval, we get
k= 1.64.

and the corresponding 90% confidence interval is [10.444, 13.556].

Remark 17.3. Notice that the length of the 90% confidence interval for u
is 3.112. However, the length of the 95% confidence interval is 3.718. Thus
higher the confidence level bigger is the length of the confidence interval.
Hence, the confidence level is directly proportional to the length of the confi-
dence interval. In view of this fact, we see that if the confidence level is zero,
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then the length is also zero. That is when the confidence level is zero, the
confidence interval of p degenerates into a point X.

Until now we have considered the case when the population is normal
with unknown mean p and known variance o2. Now we consider the case
when the population is non-normal but it probability density function is
continuous, symmetric and unimodal. If the sample size is large, then by the
central limit theorem

X—p

g

v

~ N(0,1) as n — 0o.

Thus, in this case we can take the pivotal quantity to be

X —
Q(Xl,X%"'vXnmu‘): o ’uv

v

if the sample size is large (generally n > 32). Since the pivotal quantity is
same as before, we get the sample expression for the (1 — a)100% confidence

- () 0 ()]

Example 17.4. Let X, Xo,..., X40 be a random sample of size 40 from

interval, that is

[Ne)

a distribution with known variance and unknown mean p. If 2?21 T; =
286.56 and o2 = 10, then what is the 90 percent confidence interval for the
population mean p ?

Answer: Since 1 —a = 0.90, we get § = 0.05. Hence, 2,05 = 1.64 (from
the standard normal table). Next, we find the sample mean

286.56

= 7.164.
10 7.16

T =

Hence, the confidence interval for u is given by

[7.164(1.64) (&), 7.164+(1.64)< %)]

[6.344, 7.984].

that is
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Example 17.5. In sampling from a nonnormal distribution with a variance
of 25, how large must the sample size be so that the length of a 95% confidence
interval for the mean is 1.96 7

Answer: The confidence interval when the sample is taken from a normal
population with a variance of 25 is

() 20 ()

Thus the length of the confidence interval is

2
éZQZg U—
2 n
25
=220.025 \/ —
n

2
= 2(1.96) 35

But we are given that the length of the confidence interval is £ = 1.96. Thus

2
1.96 = 2(1.96) —5
n
Vn =10
n = 100.

Hence, the sample size must be 100 so that the length of the 95% confidence
interval will be 1.96.

So far, we have discussed the method of construction of confidence in-
terval for the parameter population mean when the variance is known. It is
very unlikely that one will know the variance without knowing the population
mean, and thus topic of the previous section is not very realistic. Now we
treat case of constructing the confidence interval for population mean when
the population variance is also unknown. First of all, we begin with the
construction of confidence interval assuming the population X is normal.

Suppose X1, Xo, ..., X,, is random sample from a normal population X
with mean p and variance o2 > 0. Let the sample mean and sample variances
be X and S? respectively. Then

(n—1)52

5~ xX*(n—1)
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and _
X—p

a2
n

~ N(0,1).

Therefore, the random variable defined by the ratio of ("_012)52 to X ~~ has
a t-distribution with (n — 1) degrees of freedom, that is '
X—p
o2 X —pu
vy Xy pb) = - ~t(n—1),
Q(X17X27 ) M) (n—l)S2 52 (n )
(n—1)02 n

where @ is the pivotal quantity to be used for the construction of the confi-
dence interval for u. Using this pivotal quantity, we construct the confidence
interval as follows:

1—a:P<—t%(n—1)<7_“<t%(n—1)>

:P(Y— (%)t%(n—l) <p<X+ (%) t%(n—1)>

Hence, the 100(1 — «)% confidence interval for p when the population X is
normal with the unknown variance o2 is given by

{Y— <\%) ta(n—1), X+ <%>t%(n—l)] .

Example 17.6. A random sample of 9 observations from a normal popula-
tion yields the observed statistics Z =5 and % Z?:l(xi —7)? = 36. What is
the 95% confidence interval for p ?

Answer: Since

s? =36 and 1—a=0.95,

the 95% confidence interval for u is given by

- (e o (1]

[5 - (%) to.025(8), 5+ <%> t0.025(8)} ,

that is
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which is

{5 - (\%) (2.306), 5+ (%) (2.306)} .

Hence, the 95% confidence interval for p is given by [0.388, 9.612].

Example 17.7. Which of the following is true of a 95% confidence interval
for the mean of a population?
(a) The interval includes 95% of the population values on the average.
(b) The interval includes 95% of the sample values on the average.
(c) The interval has 95% chance of including the sample mean.

Answer: None of the statements is correct since the 95% confidence inter-
val for the population mean g means that the interval has 95% chance of
including the population mean pu.

Finally, we consider the case when the population is non-normal but
it probability density function is continuous, symmetric and unimodal. If
some weak conditions are satisfied, then the sample variance S? of a random
sample of size n > 2, converges stochastically to o2. Therefore, in

X—u

= _X-qp
(n—1)s2 g2
(n—1)o02 n

the numerator of the left-hand member converges to N (0, 1) and the denom-
inator of that member converges to 1. Hence

X—pu

S2
n

~ N(0,1) as n — oo.

This fact can be used for the construction of a confidence interval for pop-
ulation mean when variance is unknown and the population distribution is
nonnormal. We let the pivotal quantity to be

Q<X17 X27 "'7Xn7 M) =

and obtain the following confidence interval

()0 7 ()1
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We summarize the results of this section by the following table.

Population Variance o2 Sample Size n Confidence Limits
normal known n>2 TF2g %

normal not known n>2 TFta(n—1) Vo
not normal known n > 32 TFzg Ln

not normal known n < 32 no formula exists
not normal not known n > 32 TFte(n—1) 5=
not normal not known n < 32 no formula exists

17.4. Confidence Interval for Population Variance

In this section, we will first describe the method for constructing the
confidence interval for variance when the population is normal with a known
population mean p. Then we treat the case when the population mean is

also unknown.

Let X;,Xs,..., X, be a random sample from a normal population X
with known mean p and unknown variance o?. We would like to construct
a 100(1 — @)% confidence interval for the variance o2, that is, we would like
to find the estimate of L and U such that

P(L<o*<U)=1-q
To find these estimate of L and U, we first construct a pivotal quantity. Thus

X; ~ N (p,0%),
(Xo8) xom,
(Xia_ “)2 ~x3(1).

: (%)2 ~ x*(n).

We define the pivotal quantity Q(X1, Xa, ..., X,,,02) as

K3

Q(X1, Xa oo, Xpy0?) = 3 <_>

£ g
=1
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which has a chi-square distribution with n degrees of freedom. Hence

l—a=P(a<Q<b)

1 &~ o? 1

:P<aZ§hxﬁwyZz>

—p (Z?_l X —p)? >02> 2 (Xi N)2>
a -~ b

-p (Z:‘lﬂ(xz —w? <2< Z:‘l:l(Xz — M)2>
b -~ a

o Z?fl(Xi - ,“)2 o2 Z?:l(XZ - /‘)2

‘])< A ST ST am )

Therefore, the (1 — )% confidence interval for o when mean is known is

given by

¥ A

[ZZJ&—MV ZZJ&—MV}
L

Example 17.8. A random sample of 9 observations from a normal pop-
ulation with pu = 5 yields the observed statistics %Z?:l r? = 39.125 and
Z?:l x; = 45. What is the 95% confidence interval for o2 ?

Answer: We have been given that

n=9 and w=>.
Further we know that
9 12
_ 2 _
Z z; = 45 and < Z 22 = 39.125.
=1 i=1
Hence
9
> a} =313,
i=1
and
9 9 9
> o = Y- Y o
i=1 i=1 i=1

= 313 — 450 + 225
= 88.
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Since 1 — a = 0.95, we get 5§ = 0.025 and 1 — § = 0.975. Using chi-square
table we have

X2 025(9) = 2.700 and X2 975(9) = 19.02.

Hence, the 95% confidence interval for o2 is given by

[Zlﬂ&uf zgmmmﬂ

¥ B

that is
s 88
19.02° 2.7

[4.583, 32.59).

which is

Remark 17.4. Since the x? distribution is not symmetric, the above confi-
dence interval is not necessarily the shortest. Later, in the next section, we
describe how one construct a confidence interval of shortest length.

Consider a random sample Xi, X5, ..., X,, from a normal population
X ~ N(p,0?), where the population mean p and population variance o
are unknown. We want to construct a 100(1 — «)% confidence interval for

the population variance. We know that
(n—1)82

o2 NX2(n7 1)

Z?:l (Xi - 7)2

=
02

~x*(n—1).

N (xi-X)? . .
We take ==1"———— as the pivotal quantity () to construct the confidence
interval for o2. Hence, we have

:P<@m—n 2 S Xam D)
_p(Zh X, YL (- X)
EEN O R A Y
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Hence, the 100(1 — )% confidence interval for variance o2 when the popu-
lation mean is unknown is given by

Z;L:I (Xi — 7)2 Z;L:I (Xi — 7)2
Gos—1) e

Example 17.9. Let X7, X5,..., X,, be a random sample of size 13 from a
normal distribution N(u,o?). If leil x; = 246.61 and leil 4806.61. Find
the 90% confidence interval for o ?

Answer:
T = 18.97
RE
s% = — Z(xl —7)2
i=1
1 1 2
2
:nilz[aci —nm]
i=1
1
=1 [4806.61 — 4678.2]
1
= — 128.41.
12 8

Hence, 12s* = 128.41. Further, since 1 — a = 0.90, we get § = 0.05 and
1 — 5 = 0.95. Therefore, from chi-square table, we get

X0.95(12) = 21.03, X2.05(12) = 5.23.

Hence, the 95% confidence interval for o2 is

128.41 128.41
5.23 7 21.03 |’

that is
[6.11, 24.57].

Example 17.10. Let X, Xo,..., X,, be a random sample of size n from a
distribution N (/1,,02), where p and o2 are unknown parameters. What is
the shortest 90% confidence interval for the standard deviation o ?

Answer: Let S? be the sample variance. Then

@%£EL~X%H—U-
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Using this random variable as a pivot, we can construct a 100(1 — &)% con-
fidence interval for o from

1_a:p(a<@:iﬁf<g

o2

by suitably choosing the constants a and b. Hence, the confidence interval

n—182 [(n—1)82
e

The length of this confidence interval is given by

for o is given by

1 1
L(a,b) = (vn—1 {——}
WS
In order to find the shortest confidence interval, we should find a pair of
constants a and b such that L(a,b) is minimum. Thus, we have a constraint

minimization problem. That is

Minimize L(a,b)
Subject to the condition

b
/ flwdu=1-a,

1 n—1 x
f({I?) = T\ an-1 iET_le_g'

r(h) o

where

Differentiating L with respect to a, we get

d—L—S\/n— (——a 2 4 — b db).

da
b
/ fu)du=1-q,

we find the derivative of b with respect to a as follows:

@/f L)

From

that is
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Thus, we have

db  f(a)

da— f(b)’

Letting this into the expression for the derivative of L, we get
dL 1 s 1 3 f(a)
—=Svn—1[-= b2 = .
da oV (2“2+2 0

Setting this derivative to zero, we get
1 1
Svn—1 (—§a_% + §b—% @> =0
which yields
a f(a)=b> f(b).

Using the form of f, we get from the above expression

_a 3, n=3
a2a 2z e 2 =b2b 7 ¢

that is

From this we get

u ()= ()

Hence to obtain the pair of constants a and b that will produce the shortest
confidence interval for o, we have to solve the following system of nonlinear

equations

/abf(u)duzl—a

n(;)- 55

If a, and b, are solutions of (*), then the shortest confidence interval for o

(n—1)52 (n—1)52
bo ’ Go

Since this system of nonlinear equations is hard to solve analytically, nu-

(%)

is given by

merical solutions are given in statistical literature in the form of a table for
finding the shortest interval for the variance.
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17.5. Confidence Interval for Parameter of some Distributions
not belonging to the Location-Scale Family

In this section, we illustrate the pivotal quantity method for finding
confidence intervals for a parameter 6 when the density function does not
belong to the location-scale family. The following density functions does not
belong to the location-scale family:

Gzf1 fo<z<1
f(z;0) =
0 otherwise,
or
% ifo<z<6
f(x;0) = {
0 otherwise.

We will construct interval estimators for the parameters in these density
functions. The same idea for finding the interval estimators can be used to
find interval estimators for parameters of density functions that belong to
the location-scale family such as

%e_% fo<z <o
f(x;0) =

0 otherwise.

To find the pivotal quantities for the above mentioned distributions and
others we need the following three results. The first result is Theorem 6.2
while the proof of the second result is easy and we leave it to the reader.

Theorem 17.1. Let F(z;6) be the cumulative distribution function of a

continuous random variable X. Then

F(X;6) ~UNIF(0,1).

Theorem 17.2. If X ~ UNIF(0,1), then

~InX ~ EXP(1).

Theorem 17.3. Let X, X, ..., X,, be a random sample from a distribution
with density function

se” 0 if0<z<oo
f(z;0) =

0 otherwise,
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where 6 > 0 is a parameter. Then the random variable

2 n
3 ZXi ~ x*(2n)

i=1

Proof: Let Y = % Z?:l X;. Now we show that the sampling distribution of
Y is chi-square with 2n degrees of freedom. We use the moment generating
method to show this. The moment generating function of Y is given by

Since (1 — 2t)7% corresponds to the moment generating function of a chi-

square random variable with 2n degrees of freedom, we conclude that

>
i=1

N

Theorem 17.4. Let X, Xo, ..., X;, be a random sample from a distribution
with density function

e fo<z<l1
f(x;0) =

0 otherwise,

where 6 > 0 is a parameter. Then the random variable —26 " | In X; has
a chi-square distribution with 2n degree of freedoms.

Proof: We are given that

X; ~ 020 0<z<l.
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Hence, the cdf of f is
F(z;0) = /OZG.Z'Q_ld.%‘ =2’
Thus by Theorem 17.1, each
F(X;;0) ~UNIF(0,1),

that is
X! ~UNIF(0,1).

By Theorem 17.2, each
—InX? ~ EXP(1),

that is
—0InX; ~ EXP(1).

By Theorem 17.3 (with § = 1), we obtain

—20 ) "InX; ~ x*(2n).

i=1

Hence, the sampling distribution of —26 Y7 | In X; is chi-square with 2n
degree of freedoms.

The following theorem whose proof follows from Theorems 17.1, 17.2 and
17.3 is the key to finding pivotal quantity of many distributions that do not
belong to the location-scale family. Further, this theorem can also be used
for finding the pivotal quantities for parameters of some distributions that
belong the location-scale family.

Theorem 17.5. Let X1, Xo,..., X,, be a random sample from a continuous
population X with a distribution function F(x;0). If F(x;6) is monotone in
g, then the statistics Q@ = =2, In F'(X;; ) is a pivotal quantity and has
a chi-square distribution with 2n degrees of freedom (that is, @ ~ x%(2n)).

It should be noted that the condition F(x;#) is monotone in 6 is needed
to ensure an interval. Otherwise we may get a confidence region instead of a
confidence interval. Also note that if =237 | In F' (X;;60) ~ x?(2n), then

—2271:111 (1—F(X30)) ~ x*(2n).
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Example 17.11. If Xy, X5, ..., X,, is a random sample from a population
with density
G201 ifo<z<1
fla;0) =
0 otherwise,
where 6 > 0 is an unknown parameter, what is a 100(1 — «)% confidence
interval for 67

Answer: To construct a confidence interval for 8, we need a pivotal quantity.
That is, we need a random variable which is a function of the sample and the
parameter, and whose probability distribution is known but does not involve
f. We use the random variable

Q=-20 ZlnXZ- ~x%(2n)
i=1

as the pivotal quantity. The 100(1 — )% confidence interval for 6 can be
constructed from

1l—-a=P (XQ% (2n) <Q < Xi%@n))

=P (XQ% (2n) < —26 ZlnXZ- < X%%(2n)>

i=1

2 2
Xea(2n Xi_a(2n
en)_, dsn

—2ZL:111X1 —2zn:lnXl
i=1 i=1

Hence, 100(1 — a)% confidence interval for 6 is given by

=P

3(2n) s (2n)

—QilnXl —Qi:lnXi
i=1 i=1

Here X%_% (2n) denotes the (1 — %)—quantile of a chi-square random variable
Y, that is

Wl N

P(Y <xi_g(n)=1-3
and XZ% (2n) similarly denotes §-quantile of Y, that is

P (Y < X%(?n)) - %
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for o < 0.5 (see figure below).

0.1

/2 o/2

Example 17.12. If X;, X5, ..., X,, is a random sample from a distribution
with density function

if0<z<b

S

f(a;0) =

0 otherwise,

where 6 > 0 is a parameter, then what is the 100(1 — «)% confidence interval
for 67

Answer: The cumulation density function of f(x;6) is

5 ifo<z<¥
F(z;0) =

0 otherwise.

Since

—ZilnF(Xi;H) = —Qiln (%)
i=1

i=1
n
=2n1Inf — 221nXi
i=1
by Theorem 17.5, the quantity 2nInf — 23" InX; ~ x*(2n). Since
2nInf — 23" InX; is a function of the sample and the parameter and
its distribution is independent of 0, it is a pivot for . Hence, we take

Q(X1, Xz, ., Xp,0) =200 —2) InX;.
i=1
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The 100(1 — a)% confidence interval for 6 can be constructed from

1—a:P(X (2n) <Q < x2_ (2n)>

o Y

=P (X%(Qn) <2nln6— QZlnX <xi (2n)>

=1

ol

:P(X (2n) —|—ZZlnX <2n ln9<X1 (2n) +QZIDX>
i=1

=1

S (LRI AR ),
Hence, 100(1 — a)% confidence interval for ¢ is given by

&= {x_ (2m)+2) In Xi} + {Xf% (2m)+2) In XZ}
e e

i=1 i=1

3

The density function of the following example belongs to the scale family.
However, one can use Theorem 17.5 to find a pivot for the parameter and
determine the interval estimators for the parameter.

Example 17.13. If X, X5, ..., X,, is a random sample from a distribution
with density function

%e 7 fo<z<o
f(x;0) =

0 otherwise,

where 6 > 0 is a parameter, then what is the 100(1 — «)% confidence interval
for 67

Answer: The cumulative density function F(z;60) of the density function

%e_% fo<z <o
f(x;0) =
0 otherwise
is given by
F(z;0)=1—e"7.
Hence

Cbll\.’)

—22111 1—F(X;;0))

D
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Thus
2 n
7 Y Xi ~x*(2n).

i=1

We take Q = %ZXi as the pivotal quantity. The 100(1 — «)% confidence
i=1
interval for # can be constructed using

[
Vg @n) " X3 ()

In this section, we have seen that 100(1 — «)% confidence interval for the
parameter € can be constructed by taking the pivotal quantity @ to be either

Q=-2) InF(X;;0)
=1
or

Q= —2iln(1 —F(X;;0)).
i=1

In either case, the distribution of @ is chi-squared with 2n degrees of freedom,
that is Q ~ x?(2n). Since chi-squared distribution is not symmetric about
the y-axis, the confidence intervals constructed in this section do not have
the shortest length. In order to have a shortest confidence interval one has

to solve the following minimization problem:

Minimize L(a,b)

b (MP)
Subject to the condition / fwdu=1-a,
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where 1
n—1 x
@)= ————= 27 le s
(st 2w
In the case of Example 17.13, the minimization process leads to the following

system of nonlinear equations
b
/ fwdu=1-«
@ NE
! (a) a—b (NE)
n(—)=——-—.
b 2(n+1)
If a, and b, are solutions of (NE), then the shortest confidence interval for 0
is given by

{22?_1)(1' 22?:1)(1‘ ]

bo ’ Go
17.6. Approximate Confidence Interval for Parameter with MLE

In this section, we discuss how to construct an approximate (1 —«)100%
confidence interval for a population parameter 6 using its maximum likelihood
estimator 0. Let X1, Xo, ..., X;, be a random sample from a population X
with density f(x;0). Let 9 be the maximum likelihood estimator of 0. If
the sample size n is large, then using asymptotic property of the maximum
likelihood estimator, we have

"20) o

v (9)

where V' (5) denotes the variance of the estimator . Since, for large n, the

as n — 0o,

maximum likelihood estimator of 6 is unbiased, we get

09 ~ N(0,1) as n — oo.
V()

The variance V (5) can be computed directly whenever possible or using the
Cramér-Rao lower bound

v(§)>ﬁjw)]

do?
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Now using Q = 66
V@)

(1 — @)100% confidence interval for 6 as

as the pivotal quantity, we construct an approximate

l—a=P(-2zg <Q<zg)

ItV (@\) is free of #, then have

104P<§z%m§9§§+z%m>.

Thus 100(1 — a)% approximate confidence interval for 6 is

[é—z% m, 0+ 2 m

provided V (5) is free of 6.

[Nfe)

Remark 17.5. In many situations V' (5) is not free of the parameter 6.
In those situations we still use the above form of the confidence interval by
replacing the parameter 6 by 6 in the expression of V (9)

Next, we give some examples to illustrate this method.

Example 17.14. Let X1, Xo, ..., X;, be a random sample from a population
X with probability density function

p* (1 —p)d-= ifz=0,1
f(x;p) = {

0 otherwise.

What is a 100(1 — )% approximate confidence interval for the parameter p?
Answer: The likelihood function of the sample is given by

n

L(p) = [[»" (1 = p)* .

=1
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Taking the logarithm of the likelihood function, we get

n

InL(p) = Z [z;Inp+ (1 —z;) In(1 —p)].

i=1

Differentiating, the above expression, we get

L) Ly~ L shg

dp p 4

Setting this equals to zero and solving for p, we get

nT n —nt

)

2 1-p
that is
(1-pnT=p(n—nI),
which is
nNT—pnIT=pn—pnx
Hence

The variance of X is

Since X ~ Ber(p), the variance 02 = p(1 — p), and

v =v @) =00

Since V' (p) is not free of the parameter p, we replave p by p in the expression
of V (p) to get

v~ PO

The 100(1 — )% approximate confidence interval for the parameter p is given

by
=T 5 =T 5
Fzg/p( p{ Fis /p( pﬂ
n n

[N
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which is

The above confidence interval is a 100(1 — )% approximate confidence
interval for proportion.

Example 17.15. A poll was taken of university students before a student
election. Of 78 students contacted, 33 said they would vote for Mr. Smith.
The population may be taken as 2200. Obtain 95% confidence limits for the
proportion of voters in the population in favor of Mr. Smith.

Answer: The sample proportion p is given by

33
5= 20 —(.4231.
P=7g

Hence

= 0.0559.

\/ﬁ(l -p) \/(0.4231) (0.5769)
n 78
The 2.5 percentile of normal distribution is given by
20.025 = 1.96 (From table).
Hence, the lower confidence limit of 95% confidence interval is
~1_7
Fex p(1—p)
n
= 0.4231 — (1.96) (0.0559)
= 0.4231 — 0.1096
= 0.3135.

w2

Similarly, the upper confidence limit of 95% confidence interval is

p(1—p)
n
= 0.4231 + (1.96) (0.0559)

= 0.4231 4+ 0.1096
= 0.5327.

p+z

vl

Hence, the 95% confidence limits for the proportion of voters in the popula-
tion in favor of Smith are 0.3135 and 0.5327.
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Remark 17.6. In Example 17.15, the 95% percent approximate confidence
interval for the parameter p was [0.3135,0.5327]. This confidence interval can
be improved to a shorter interval by means of a quadratic inequality. Now
we explain how the interval can be improved. First note that in Example
17.14, which we are using for Example 17.15, the approximate value of the

variance of the ML estimator p was obtained to be @. However, this

is the exact variance of p. Now the pivotal quantit = p—p — becomes
p p q y Q \/W
p—p
Q=1L
p(1—p)

n

Using this pivotal quantity, we can construct a 95% confidence interval as

0.05=P [ — 20005 < 2L < 2 005
p(1-p)
—p| |22 | <196
p(1-p)

n

Using p = 0.4231 and n = 78, we solve the inequality

N <1.96
/p(1=p)
which is
w < 1.96.
p(1—p)
78

Squaring both sides of the above inequality and simplifying, we get
78 (0.4231 — p)? < (1.96)% (p — p?).
The last inequality is equivalent to
13.96306158 — 69.84520000 p + 81.84160000 p* < 0.

Solving this quadratic inequality, we obtain [0.3196, 0.5338] as a 95% confi-
dence interval for p. This interval is an improvement since its length is 0.2142
where as the length of the interval [0.3135, 0.5327] is 0.2192.
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Example 17.16. If Xy, X5,..., X, is a random sample from a population

with density
62?1 fo<ax<l1
f(z;0) =

0 otherwise,

where 6 > 0 is an unknown parameter, what is a 100(1 — a)% approximate
confidence interval for @ if the sample size is large?

Answer: The likelihood function L(6) of the sample is

L) =JJo="
i=1

Hence

ML) =nf+(0-1) Y Ina.

i=1

The first derivative of the logarithm of the likelihood function is

d n "

L) =5+ ;mxi.

Setting this derivative to zero and solving for 6, we obtain
n

Yy Inai

Hence, the maximum likelihood estimator of @ is given by

0=—

n

0= —————.
S InX;

Finding the variance of this estimator is difficult. We compute its variance by
computing the Cramér-Rao bound for this estimator. The second derivative
of the logarithm of the likelihood function is given by

Hence
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Therefore

v (5) > %.
Thus we take 0

v(e?)gn.

Since V (@) has 6 in its expression, we replace the unknown 6 by its estimate

0 so that
02

~ 0
v (0) ~—.
n
The 100(1 — )% approximate confidence interval for 6 is given by

(/9\—2 é\ g—l—z @
3\/57 \/ﬁ bl

w2

which is

_Znil + Z% <~ 1.v ] " 1. v Z% ~" 1. v .
i=1 IlXi Ei:l thi Zi:l thi Zi:l lIle

Remark 17.7. In the next section 17.2, we derived the exact confidence
interval for # when the population distribution in exponential. The exact
100(1 — )% confidence interval for § was given by

LG e
22?:1 lnXZ-’ 22?:1 IHXZ '

Note that this exact confidence interval is not the shortest confidence interval
for the parameter 6.

Example 17.17. If Xq, X5, ..., X49 is a random sample from a population
with density
6 201 ifo<z<1
f@:0) =
0 otherwise,
where 6 > 0 is an unknown parameter, what are 90% approzimate and exact
confidence intervals for 6 if Zil In X; = —0.75677

Answer: We are given the followings:

n =49
49
Zln X; = —0.7576
i=1

1 —a=0.90.
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Hence, we get

Z20.05 — 164,
n 49
= = —64.75
ST InX;  —0.7567
and
v 7 = —90.25.

SeoInX,  —0.7567

Hence, the approximate confidence interval is given by
[64.75 — (1.64)(9.25), 64.75+ (1.64)(9.25)]

that is [49.58, 79.92].
Next, we compute the exact 90% confidence interval for 6 using the

B XZ% (2n) _ Xi% (2n)
22?:1 thz" 22?:1 lnX,’ '

formula

From chi-square table, we get
X2os(98) =77.93  and  x245(98) = 124.34.

Hence, the exact 90% confidence interval is

77.93 124.34
(2)(0.7567)"  (2)(0.7567)

that is [51.49, 82.16].
Example 17.18. If X, Xs,..., X, is a random sample from a population
with density

(1-6)6" ifz=0,1,2,..,00
f(z;0) =

0 otherwise,

where 0 < 6 < 1is an unknown parameter, what is a 100(1—«)% approximate
confidence interval for 6 if the sample size is large?

Answer: The logarithm of the likelihood function of the sample is

InL(#) =1nb Zml +nln(l —0).

i=1
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Differentiating we see obtain

d Zn, ZT; n
—InL _ Li=17t .
g L 0) 7 1-0

Equating this derivative to zero and solving for 6, we get § = 14—% Thus, the
maximum likelihood estimator of 6 is given by

~ X

H = .

1+ X

Next, we find the variance of this estimator using the Cramér-Rao lower
bound. For this, we need the second derivative of In L(6). Hence

2

d

nT n

T a—or

Therefore
d2

:E<‘§‘<ln0>2>

n — n
=@ P~y
n 1 n

=2 10 — e (since each X; ~ GEO(1 —0))

n 1 0
T e1-9) {EJF 19}
_ n(1 -0+ 6%
02 (1 —0)2
Therefore ( )2
~ 02 (1-6
V)~ (i)

The 100(1 — «)% approximate confidence interval for 6 is given by

s, §(1f§) 5t (3(1 Aé)

n(l—é\—i—@)’ n(1—9+§2) 7

R
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where o
1+ X
17.7. The Statistical or General Method

Now we briefly describe the statistical or general method for constructing
a confidence interval. Let X, Xs,..., X,, be a random sample from a pop-
ulation with density f(x;#), where 6 is a unknown parameter. We want to
determine an interval estimator for 8. Let T(X71, X, ..., X,,) be some statis-
tics having the density function g(¢;6). Let p; and py be two fixed positive
number in the open interval (0,1) with p; + p2 < 1. Now we define two
functions hi(#) and ho(6) as follows:

hl(g) h2(9)
m= [ aoya and p= [ gt
such that - -

P(hl(H) < T(Xl,XQ, ,Xn) < hg(e)) =1 —Pp1 — P2.

If hq(6) and h2(#) are monotone functions in 6, then we can find a confidence
interval
Pup <0 <uz)=1-p1—p2

where u; = w3 (t) and ug = us(t). The statistics T'(X;, Xo, ..., X;,) may be a
sufficient statistics, or a maximum likelihood estimator. If we minimize the
length us —u; of the confidence interval, subject to the condition 1—p; —py =
1 -« for 0 < a < 1, we obtain the shortest confidence interval based on the
statistics T'.

17.8. Criteria for Evaluating Confidence Intervals

In many situations, one can have more than one confidence intervals for
the same parameter 6. Thus it necessary to have a set of criteria to decide
whether a particular interval is better than the other intervals. Some well
known criteria are: (1) Shortest Length and (2) Unbiasedness. Now we only
briefly describe these criteria.

The criterion of shortest length demands that a good 100(1 — @)% con-
fidence interval [L,U] of a parameter 6 should have the shortest length
¢ = U—L. In the pivotal quantity method one finds a pivot @) for a parameter
f and then converting the probability statement

Pla<@Q<b=1-«
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to
PL<f<U)=1—-«

obtains a 100(1—«)% confidence interval for 6. If the constants a and b can be
found such that the difference U — L depending on the sample X1, Xo, ..., X,
is minimum for every realization of the sample, then the random interval
[L,U] is said to be the shortest confidence interval based on Q.

If the pivotal quantity @) has certain type of density functions, then one
can easily construct confidence interval of shortest length. The following
result is important in this regard.

Theorem 17.6. Let the density function of the pivot @ ~ h(g; ) be continu-
ous and unimodal. If in some interval [a, b] the density function h has a mode,
and satisfies conditions (i) ff h(g;0)dg = 1—a and (ii) h(a) = h(b) > 0, then
the interval [a,d] is of the shortest length among all intervals that satisfy
condition (i).

If the density function is not unimodal, then minimization of ¢ is neces-
sary to construct a shortest confidence interval. One of the weakness of this
shortest length criterion is that in some cases, ¢ could be a random variable.
Often, the expected length of the interval E(¢) = E(U — L) is also used
as a criterion for evaluating the goodness of an interval. However, this too
has weaknesses. A weakness of this criterion is that minimization of F({)
depends on the unknown true value of the parameter §. If the sample size
is very large, then every approximate confidence interval constructed using
MLE method has minimum expected length.

A confidence interval is only shortest based on a particular pivot Q. It is
possible to find another pivot Q* which may yield even a shorter interval than
the shortest interval found based on (). The question naturally arises is how
to find the pivot that gives the shortest confidence interval among all other
pivots. It has been pointed out that a pivotal quantity () which is a some
function of the complete and sufficient statistics gives shortest confidence

interval.

Unbiasedness, is yet another criterion for judging the goodness of an
interval estimator. The unbiasedness is defined as follow. A 100(1 — a)%
confidence interval [L, U] of the parameter 6 is said to be unbiased if

>1—a if6*=90
P(L<0*<U) {
<l—o if6*#6.
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17.9. Review Exercises

1. Let X1, Xs5,..., X, be a random sample from a population with gamma
density function

Wwﬂ_le_% for0<z < o0

f(x:0,8) =

0 otherwise,

where 6 is an unknown parameter and 3 > 0 is a known parameter. Show
that

22?:1)(2' 22?=1Xi

o @n) 5 (2nD)

is a 100(1 — @)% confidence interval for the parameter 6.

2. Let X3, Xo,...,X,, be a random sample from a population with Weibull
density function

%xﬁ’le’wﬁ for0<z < o0
f(x;0,8) =

0 otherwise,

where 6 is an unknown parameter and 5 > 0 is a known parameter. Show
that

2 0, X7 2y, XY

s G 2n)

is a 100(1 — @)% confidence interval for the parameter 6.

3. Let X1, X5,...,X,, be a random sample from a population with Pareto
density function

6% 2=+t for f<x < 0
f(@:0,8) =

0 otherwise,

where 0 is an unknown parameter and 8 > 0 is a known parameter. Show
that

25" In (%) 25" In ()g)
SENCT AT

is a 100(1 — )% confidence interval for .
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4. Let Xy, Xs,..., X,, be a random sample from a population with Laplace
density function

1 |z|

f(z;0) = %6__

v, —00 < x <00

where 6 is an unknown parameter. Show that

22?:1‘Xi| 22?:1|Xi|
s (2n) G (2n)

is a 100(1 — «)% confidence interval for 6.

5. Let X1, Xs,...,X,, be a random sample from a population with density

function .

2

#ﬁe”z— for 0 <z < o0
f(x;0) =

0 otherwise,

where 6 is an unknown parameter. Show that

i X Y X?
g (dn)" X3 (4n)

is a 100(1 — @)% confidence interval for 6.

6. Let X1, X5,...,X,, be a random sample from a population with density

function -
F(2:0.8) BO Gt for0<z<oo
XU, -

0 otherwise,

where 6 is an unknown parameter and 3 > 0 is a known parameter. Show
that
¥ (2n) ¥y (2n)

2y (14 X7) 2% I (14 X7)

is a 100(1 — )% confidence interval for 6.

wlp

7. Let X1,X5,..., X,, be a random sample from a population with density

function
e=(@=0) fo<z<oo
f(x;0) =

0 otherwise,
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where 6 € R is an unknown parameter. Then show that @ = X ;) — 0 is a
pivotal quantity. Using this pivotal quantity find a a 100(1 — @)% confidence
interval for 6.

8. Let Xq, X5, ..., X, be a random sample from a population with density

function
e~ (@=0) fo<z<oo
f(x;0) =

0 otherwise,

where 6 € R is an unknown parameter. Then show that @ = 2n (X(l) — 0) is
a pivotal quantity. Using this pivotal quantity find a a 100(1—a)% confidence
interval for 6.

9. Let Xq, X5,...,X,, be a random sample from a population with density

function
e=(@=0) fo<z<oo
f(x;0) =

0 otherwise,

where 6 € R is an unknown parameter. Then show that Q = e~ (X0=9) i5 a
pivotal quantity. Using this pivotal quantity find a 100(1 — «)% confidence
interval for 6.

10. Let X7, Xo, ..., X;, be a random sample from a population with uniform
density function
5 ifo<z<é
fla;0) =

0 otherwise,

where 0 < 6 is an unknown parameter. Then show that @ = % is a pivotal

quantity. Using this pivotal quantity find a 100(1 — @)% confidence interval
for 6.

11. Let X1, Xo, ..., X, be a random sample from a population with uniform
density function
7 ifo<z<o
fla;0) =

0 otherwise,

where 0 < 0 is an unknown parameter. Then show that Q = w is a
pivotal quantity. Using this pivotal quantity find a 100(1 — «)% confidence

interval for 6.
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12. If Xy, X5, ..., X, is a random sample from a population with density

\/gefé("”’ef o<z <oo
f(x;0) =

0 otherwise,

where 6 is an unknown parameter, what is a 100(1 — «)% approximate con-
fidence interval for 6 if the sample size is large?

13. Let X4, X5, ..., X,, be a random sample of size n from a distribution with
a probability density function

O+1)z7972 if l<zr<oo
fla;0) =

0 otherwise,

where 0 < 6 is a parameter. What is a 100(1 — «)% approximate confidence
interval for 6 if the sample size is large?

14. Let X, Xo, ..., X,, be a random sample of size n from a distribution with
a probability density function

2ref* if 0<z<oo
f(z:0) =

0 otherwise,

where 0 < 6 is a parameter. What is a 100(1 — «)% approximate confidence
interval for 6 if the sample size is large?

15. Let X1, X5, ..., X, be a random sample from a distribution with density

function
—(z—4)

% e for =>4
fla) =

0 otherwise,
where 8 > 0. What is a 100(1 — «)% approximate confidence interval for 0
if the sample size is large?

16. Let X1, X5, ..., X;, be a random sample from a distribution with density
function
(0 —-1)0* forx=0,1,...,00
fla;0) =
0 otherwise,
where 0 < 8 < 1. What is a 100(1 — @)% approximate confidence interval for
0 if the sample size is large?
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17. A sample X1, X, ..., X,, of size n is drawn from a gamma distribution

37£
ze P if0<z< oo

flag) =4

0 otherwise.

What is a 100(1 — «)% approximate confidence interval for 6 if the sample
size is large?
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Chapter 18

TEST OF STATISTICAL
HYPOTHESES
FOR
PARAMETERS

18.1. Introduction

Inferential statistics consists of estimation and hypothesis testing. We
have already discussed various methods of finding point and interval estima-
tors of parameters. We have also examined the goodness of an estimator.

Suppose X1, X, ..., X,, is a random sample from a population with prob-
ability density function given by

(14+60)2 for 0 <z < oo
f(z;0) =

0 otherwise,

where 0 > 0 is an unknown parameter. Further, let n = 4 and suppose
r1 = 0.92, 2o = 0.75, xz3 = 0.85, 4 = 0.8 is a set of random sample data
from the above distribution. If we apply the maximum likelihood method,
then we will find that the estimator 8 of 6 is

4

§=-1- In(X1) + In(X3) + In(X3) + In(X3) "

Hence, the maximum likelihood estimate of 6 is

4

i
b n(0.92) + In(0.75) + In(0.85) + In(0.80)

=—-1+ = 4.2861

0.7567
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Therefore, the corresponding probability density function of the population
is given by
5.2861 242861 for 0 < z < o0
ﬂ@Z{
0 otherwise.
Since, the point estimate will rarely equal to the true value of 8, we would
like to report a range of values with some degree of confidence. If we want
to report an interval of values for # with a confidence level of 90%, then we
need a 90% confidence interval for 6. If we use the pivotal quantity method,
then we will find that the confidence interval for 6 is

[_1 X2ﬂ(8) 1 X%—%(S) 1 -

e _
25 Inx,’ 25 X,

Since X2 05(8) = 2.73, xZ45(8) = 15.51, and Z?:l In(z;) = —0.7567, we

[_1+ 2.73 14 15.51 ]
2(0.7567)° 2(0.7567)
which is
[0.803, 9.249].

Thus we may draw inference, at a 90% confidence level, that the population
X has the distribution

(1+6)z? for0<z< oo
fla;0) = (*)
0 otherwise,
where 6 € [0.803,9.249]. If we think carefully, we will notice that we have
made one assumption. The assumption is that the observable quantity X can
be modeled by a density function as shown in (x). Since, we are concerned
with the parametric statistics, our assumption is in fact about 6.

Based on the sample data, we found that an interval estimate of 6 at a
90% confidence level is [0.803,9.249]. But, we assumed that 6 € [0.803, 9.249].
However, we can not be sure that our assumption regarding the parameter is
real and is not due to the chance in the random sampling process. The vali-
dation of this assumption can be done by the hypothesis test. In this chapter,
we discuss testing of statistical hypotheses. Most of the ideas regarding the
hypothesis test came from Jerry Neyman and Karl Pearson during 1928-1938.

Definition 18.1. A statistical hypothesis H is a conjecture about the dis-
tribution f(x;0) of a population X. This conjecture is usually about the
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parameter 6 if one is dealing with a parametric statistics; otherwise it is
about the form of the distribution of X.

Definition 18.2. A hypothesis H is said to be a simple hypothesis if H
completely specifies the density f(z;6) of the population; otherwise it is
called a composite hypothesis.

Definition 18.3. The hypothesis to be tested is called the null hypothesis.
The negation of the null hypothesis is called the alternative hypothesis. The
null and alternative hypotheses are denoted by H, and H,, respectively.

If 6 denotes a population parameter, then the general format of the null
hypothesis and alternative hypothesis is

H,:0€Q, and H,:0e€Q, (%)
where €2, and (Q, are subsets of the parameter space 2 with

QoNQe =10 and Q, U, CO.

Remark 18.1. If Q, UQ, = Q, then (x) becomes
H,:0¢€qQ, and H,:0¢&Q,.

If Q, is a singleton set, then H, reduces to a simple hypothesis. For
example, Q, = {4.2861}, the null hypothesis becomes H, : § = 4.2861 and the
alternative hypothesis becomes H, : § # 4.2861. Hence, the null hypothesis
H, : 0 =4.2861 is a simple hypothesis and the alternative H, : 0 # 4.2861 is
a composite hypothesis.

Definition 18.4. A hypothesis test is an ordered sequence
(Xla X27 S} Xn7 HO) Ha; C)

where X1, X, ..., X, is a random sample from a population X with the prob-
ability density function f(x;6), H, and H, are hypotheses concerning the
parameter 6 in f(z;0), and C is a Borel set in R".

Remark 18.2. Borel sets are defined using the notion of o-algebra. A
collection of subsets A of a set S is called a og-algebraif (i) S € A, (ii) A° € A,
whenever A € A, and (iii) [y ; Ax € A, whenever Ay, Ay, ..., A, ... € A. The
Borel sets are the member of the smallest o-algebra containing all open sets
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of R™. Two examples of Borel sets in R™ are the sets that arise by countable
union of closed intervals in R™, and countable intersection of open sets in R”.

The set C' is called the critical region in the hypothesis test. The critical
region is obtained using a test statistics W (X1, X, ..., X;;). If the outcome
of (X1, Xs,..., X,,) turns out to be an element of C, then we decide to accept
H,; otherwise we accept H,.

Broadly speaking, a hypothesis test is a rule that tells us for which sample
values we should decide to accept H, as true and for which sample values we
should decide to reject H, and accept H, as true. Typically, a hypothesis test
is specified in terms of a test statistics W. For example, a test might specify
that H, is to be rejected if the sample total >_;_, Xy is less than 8. In this
case the critical region C is the set {(x1,z2,....,x,) |21 + T2 + - + 2, < 8}.

18.2. A Method of Finding Tests

There are several methods to find test procedures and they are: (1) Like-
lihood Ratio Tests, (2) Invariant Tests, (3) Bayesian Tests, and (4) Union-
Intersection and Intersection-Union Tests. In this section, we only examine

likelihood ratio tests.

Definition 18.5. The likelihood ratio test statistic for testing the simple
null hypothesis H, : 0 € (), against the composite alternative hypothesis
H, : 0 & Q, based on a set of random sample data x1, zo, ..., z, is defined as

m%XL(H,xhxg, ey L)

o
W(Il T2y ...i L ) = °
PrE IeneaécL(Q,xl,xg, ey @)

where Q denotes the parameter space, and L(f, 1,2, ...,z,) denotes the
likelihood function of the random sample, that is

L0,z1,22,...,x0) = H f(@i;0).

i=1

A likelihood ratio test (LRT) is any test that has a critical region C (that is,
rejection region) of the form

C=A{(z1,22,....,xn) | W(x1,22, ... ) < k},

where k is a number in the unit interval [0, 1].
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If H, : 0 = 6y and H, : § = 0, are both simple hypotheses, then the

likelihood ratio test statistic is defined as

L0, 21,22, ..., 2,)
W ) = .
(@1, 22, -, Tn) L0y, 1,22, ..., Ty

Now we give some examples to illustrate this definition.

Example 18.1. Let X1, X5, X3 denote three independent observations from
a distribution with density

(1+0)2° ifo<z<1
f(@;0) =
0 otherwise.

What is the form of the LRT critical region for testing H, : § = 1 versus
H,:0=27

Answer: In this example, 6, = 1 and 6, = 2. By the above definition, the

form of the critical region is given by

L (0, 71,2, x3)

L (0a7x17x271'3) o k}

3 0o
151 Zo JC3 E]RB (1 + 90)3 Hz 1% <k
o (1+04)° H? 1 xfa a

{xlvéerxd 61&3 M<k}
(e

C = {(xl,l‘g,l‘g) €R3

2,2
27x{x575

1 27
,T2,73) ER® S—k}
T1X2X3 8

R®
(1,22, 23) | zi@ow3 > a, }

where a is sorrée constant. Hence the likelihood ratio test is of the form:
“Reject H, if HXi >a

i=1
Example 18.2. Let X, Xs,..., X2 be a random sample from a normal

population with mean zero and variance o?. What is the form of the LRT
critical region for testing the null hypothesis H, : 02 = 10 versus H, : 02 = 5?

Answer: Here 02 = 10 and 02 = 5. By the above definition, the form of the
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critical region is given by (with 0,2 = 10 and 0,2 = 5)

L (0'02,.I1,I2,...,CC12) <k
L(O’a2,$1,l‘2,...,$12) -

C:

(.%171'2, ...,1’12) G]R12

—

—

(,7:1,372,...,:612) E]Rl 1 — (:_;)2 <

e
\/2mo?2
2
1% <k

6
1 1
(3317332,...73312) E]R12 ‘ (5) e?
where a is some constant. Hence the likelihood ratio test is of the form:

[N

<.
—_

=N

2 1 e_%(:_f))z
{ 2 \2mo? <k

(]

1
Ozri
12
2
i <a g,

= {(1'1,3?2,...7.’1712) E]Rlz ‘
1

%

“Reject H, if fo‘ <a”

i=1
Example 18.3. Suppose that X is a random variable about which the
hypothesis H, : X ~ UNIF(0,1) against H, : X ~ N(0,1) is to be tested.
What is the form of the LRT critical region based on one observation of X7

Answer: In this example, L,(z) =1 and L,(x) = \/%6*%“52. By the above
definition, the form of the critical region is given by

C:{xe]l{

:{x eR ‘ \/%e%mj §k}

:{xG]R x2<21n<\/%>}

={zeR |z<a,}

Sk}, where k € [0, 00)

where a is some constant. Hence the likelihood ratio test is of the form:
“Reject H, if X <a.”

In the above three examples, we have dealt with the case when null as
well as alternative were simple. If the null hypothesis is simple (for example,
H, : 8 = 6,) and the alternative is a composite hypothesis (for example,
H, : 0 # 0,), then the following algorithm can be used to construct the

likelihood ratio critical region:

(1) Find the likelihood function L(0, x1, z2, ..., z,) for the given sample.
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(2) Find L(6,, 21,22, ..., Tn)-
(3) Find reneagL(G,thg,...,wn).

(4) Rewrite — £Wem1@2en@n) 4y 5 “gyitable form”.
reneagL(H,xl,a:Q,...,xn)

(5) Use step (4) to construct the critical region.
Now we give an example to illustrate these steps.

Example 18.4. Let X be a single observation from a population with

probability density

9= e’ _
| forx =0,1,2,...,00

f(z;0) =

0 otherwise,

where § > 0. Find the likelihood ratio critical region for testing the null
hypothesis H, : § = 2 against the composite alternative H, : 8 # 2.

Answer: The likelihood function based on one observation z is

g e—?

z!

L(0,z) =

Next, we find L(6,,x) which is given by

2r e~2

z!

L(2,z) =
Our next step is to evaluate I§1>aé<L(9,x). For this we differentiate L(6,x)
with respect to 6, and then set the derivative to 0 and solve for 6. Hence

dL(9,$) _ 1 -0 z—1 z ,—0
T = ; [6 z0 —0%e ]

and % =0 gives § = x. Hence

maxL(0,z) = re
>0 z!
To do the step (4), we consider
Lx)

paxL@.2) =5
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which simplifies to

L2,x) (%Y‘/’Z'

maxL(0, ) x
0eQ

Thus, the likelihood ratio critical region is given by

2e\" 2¢\”
C=<qzeR — ) e“ <k ;=<zxz€R — <a
x x
where a is some constant. The likelihood ratio test is of the form: “Reject
H,if (2)* <a”

So far, we have learned how to find tests for testing the null hypothesis
against the alternative hypothesis. However, we have not considered the
goodness of these tests. In the next section, we consider various criteria for
evaluating the goodness of an hypothesis test.

18.3. Methods of Evaluating Tests

There are several criteria to evaluate the goodness of a test procedure.
Some well known criteria are: (1) Powerfulness, (2) Unbiasedness and Invari-
ancy, and (3) Local Powerfulness. In order to examine some of these criteria,
we need some terminologies such as error probabilities, power functions, type
I error, and type II error. First, we develop these terminologies.

A statistical hypothesis is a conjecture about the distribution f(z;6) of
the population X. This conjecture is usually about the parameter 6 if one
is dealing with a parametric statistics; otherwise it is about the form of the
distribution of X. If the hypothesis completely specifies the density f(x;0)
of the population, then it is said to be a simple hypothesis; otherwise it is
called a composite hypothesis. The hypothesis to be tested is called the null
hypothesis. We often hope to reject the null hypothesis based on the sample
information. The negation of the null hypothesis is called the alternative
hypothesis. The null and alternative hypotheses are denoted by H, and H,,
respectively.

In hypothesis test, the basic problem is to decide, based on the sample
information, whether the null hypothesis is true. There are four possible
situations that determines our decision is correct or in error. These four

situations are summarized below:
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H, is true H, is false

Accept H, Correct Decision Type II Error

Reject H, Type I Error Correct Decision

Definition 18.6. Let H, : 8 € Q, and H, : 0 € Q, be the null and
alternative hypothesis to be tested based on a random sample X1, X, ..., X,
from a population X with density f(z;6), where 6 is a parameter. The
significance level of the hypothesis test

H,:0€qQ, and H,:0¢&Q,,
denoted by «, is defined as
a = P (Type I Error).

Thus, the significance level of a hypothesis test we mean the probability of
rejecting a true null hypothesis, that is

a = P (Reject Hy, / H,, is true) .
This is also equivalent to

a = P (Accept H, / H,, is true).

Definition 18.7. Let H, : 8 € Q, and H, : 0 € Q, be the null and
alternative hypothesis to be tested based on a random sample X1, X5, ..., X,
from a population X with density f(z;6), where 6 is a parameter. The
probability of type II error of the hypothesis test

H,:0€qQ, and H,:0¢&Q,,
denoted by (3, is defined as
B = P (Accept H, / H, is false) .
Similarly, this is also equivalent to

8 = P (Accept H, / H, is true).

Remark 18.3. Note that a can be numerically evaluated if the null hypoth-
esis is a simple hypothesis and rejection rule is given. Similarly, § can be
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evaluated if the alternative hypothesis is simple and rejection rule is known.
If null and the alternatives are composite hypotheses, then v and § become
functions of 6.

Example 18.5. Let X, X5, ..., X509 be a random sample from a distribution
with probability density function

p*(1 —p)t=—= ifx=0,1
flz;p) =

0 otherwise,

where 0 < p < % is a parameter. The hypothesis H, : p = % to be tested
against H, : p < % If H, is rejected when 2?21 X; < 6, then what is the
probability of type I error?

Answer: Since each observation X; ~ BER(p), the sum the observations
20

ZXi ~ BIN(20,p). The probability of type I error is given by
i=1

a = P (Type I Error)

P
P (Reject H, / H, is true)

P<§):Xi§6/HO istrue)

12:01 1
BIORCHE
— k 2 2

= 0.0577 (from binomial table).

Hence the probability of type I error is 0.0577.

Example 18.6. Let p represent the proportion of defectives in a manufac-
1
4>
size 5 is taken from the process. If the number of defectives is 4 or more, the

turing process. To test H, : p < i versus H, : p > a random sample of

null hypothesis is rejected. What is the probability of rejecting H, if p = %?

Answer: Let X denote the number of defectives out of a random sample of
size 5. Then X is a binomial random variable with n = 5 and p = é Hence,
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the probability of rejecting H, is given by

a = P (Reject H, / H, is true)
=P (X >4/ H, is true)

!
- 3125
Hence the probability of rejecting the null hypothesis H, is 521

Example 18.7. A random sample of size 4 is taken from a normal distri-
bution with unknown mean p and variance o2 > 0. To test H, : u = 0
against H, : p < 0 the following test is used: “Reject H, if and only if
X1+ Xo+ X3+ Xy < —20.” Find the value of ¢ so that the significance level
of this test will be closed to 0.14.

Answer: Since

(significance level)

I
7 N
|
SEI
o
A
|
ot
[NE) |
o
N———

we get from the standard normal table

10
1.08 = —.
o)
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Therefore

10

= —— =9.26.
1.08 926

g

Hence, the standard deviation has to be 9.26 so that the significance level
will be closed to 0.14.

Example 18.8. A normal population has a standard deviation of 16. The
critical region for testing H, : u = 5 versus the alternative H, : p = k is
X > k — 2. What would be the value of the constant k and the sample size
n which would allow the probability of Type I error to be 0.0228 and the
probability of Type II error to be 0.1587.

Answer: It is given that the population X ~ N (M, 162). Since

0.0228 =
= P (Type I Error)

P (Reject H, / H, is true)

P(X>k—2/H,:pn=5)

|
o

5

25 256
n

=P

&‘

k-7

256
n

|
—
I
e

7 <

Hence, from standard normal table, we have

(k—=T7)vn
16

=2

which gives

(k —7)v/n = 32.
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Similarly
0.1587 = P (Type II Error)
= P (Accept H, / H, is true)
=P(X<k-2/Hy:p=

)
—PpP Xﬁ“ 2“/[{&#

Hence 0.1587 = 1~ P (2 < %) or P(Z < %) = 0.8413. Thus, from

the standard normal table, we have

2vn _

16
which yields
n = 64.
Letting this value of n in
(k —7)v/n = 32,

we see that k = 11.
While deciding to accept H, or H,, we may make a wrong decision. The
probability v of a wrong decision can be computed as follows:
~v = P (H, accepted and H, is true) + P (H, accepted and H, is true)
= P (H, accepted / H, is true) P (H, is true)
+ P (H, accepted / H, is true) P (H, is true)
=« P (H, is true) + 8 P (H, is true).

In most cases, the probabilities P (H, is true) and P (H, is true) are not
known. Therefore, it is, in general, not possible to determine the exact
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numerical value of the probability v of making a wrong decision. However,
since 7 is a weighted sum of o and 3, and P (H, is true)+ P (H, is true) = 1,

we have
v < max{a, }.

A good decision rule (or a good test) is the one which yields the smallest ~.
In view of the above inequality, one will have a small v if the probability of
type I error as well as probability of type II error are small.

The alternative hypothesis is mostly a composite hypothesis. Thus, it
is not possible to find a value for the probability of type II error, 3. For
composite alternative, 3 is a function of §. That is, 8 : Q¢ :— [0, 1]. Here Q¢
denotes the complement of the set 2, in the parameter space 2. In hypothesis
test, instead of 3, one usually considers the power of the test 1 — 3(9), and
a small probability of type II error is equivalent to large power of the test.

Definition 18.8. Let H, : 8 € Q, and H, : 0 € Q, be the null and
alternative hypothesis to be tested based on a random sample X1, X, ..., X,
from a population X with density f(xz;0), where 6 is a parameter. The power
function of a hypothesis test

H,:0eQ, versus H,:0&Q,
is a function 7 :  — [0, 1] defined by

P (Type I Error) if Hy, is true
w(0) =
1 — P (Type II Error) if H, is true.

Example 18.9. A manufacturing firm needs to test the null hypothesis H,
that the probability p of a defective item is 0.1 or less, against the alternative
hypothesis H, : p > 0.1. The procedure is to select two items at random. If
both are defective, H, is rejected; otherwise, a third is selected. If the third
item is defective H, is rejected. If all other cases, H, is accepted, what is the
power of the test in terms of p (if H, is true)?

Answer: Let p be the probability of a defective item. We want to calculate
the power of the test at the null hypothesis. The power function of the test
is given by

P (Type I Error) if p<0.1

m(p) =
1 — P (Type II Error) if p>0.1.
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Hence, we have
(p)
= P (Reject Hy, / H, is true)
= P (Reject H, / H, : p=p)
= P (first two items are both defective /p)+
+ P (at least one of the first two items is not defective and third is/p)

— Pt (—pPpt (2> p(1 - p)p

1
=p+p° —p°.

The graph of this power function is shown below.

"] n(p)
n.a—:

0.5

0.2

Remark 18.4. If X denotes the number of independent trials needed to
obtain the first success, then X ~ GEO(p), and

P(X=k)=(1-p"'p,
where k = 1,2, 3, ...,00. Further
P(X <n)=1-(1-p)"

da-pflp=pd 1-p*t
k=1 k=1
_ 1-(1-p"
Pi-a—p
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Example 18.10. Let X be the number of independent trails required to
obtain a success where p is the probability of success on each trial. The
hypothesis H, : p = 0.1 is to be tested against the alternative H, : p = 0.3.
The hypothesis is rejected if X < 4. What is the power of the test if H, is
true?

Answer: The power function is given by

P (Type I Error) ifp=0.1

m(p) =
1 — P (Type II Error) if p=0.3.

Hence, we have

a=1— P (Accept H, / H, is false)
= P (Reject H, / H, is true)
=P (X <4/ H, is true)
=P(X<4/p=03)

P(X =k /p=0.3)

I
ES
P! Mux
=

(1—p)tp (where p = 0.3)

bl

e
A

(0.7)*=1(0.3)

k

4
0.3 ) (0.7
k

=1
=1-(0.7)*
= 0.7599.

Il
_

Hence, the power of the test at the alternative is 0.7599.

Example 18.11. Let X3, Xo, ..., Xo5 be a random sample of size 25 drawn
from a normal distribution with unknown mean p and variance o2 = 100.
It is desired to test the null hypothesis © = 4 against the alternative y = 6.
What is the power at p = 6 of the test with rejection rule: reject p = 4 if
S X, > 1257
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Answer: The power of the test at the alternative is
m(6) =1 — P (Type II Error)
=1— P (Accept H, / H, is false)
= P (Reject H, / H, is true)

25
:P(inzlzzs/ﬂazuz(s)

i=1

=P(X>5/ Hyu=6)

X—-6_5-6
:P<1_o = 1_0>
V25 25

Example 18.12. A urn contains 7 balls, 6 of which are red. A sample of
size 2 is drawn without replacement to test H, : 8 < 1 against H, : 6 > 1.
If the null hypothesis is rejected if one or more red balls are drawn, find the
power of the test when 6 = 2.

Answer: The power of the test at § = 2 is given by

"(2)=1-P
=1— P (Accept H, / H, is false)

(T
(
=1 — P (zero red balls are drawn /2 balls were red)
0
()
10

21
11

T 21
= 0.524.

ype II Error)

In all of these examples, we have seen that if the rule for rejection of the
null hypothesis H, is given, then one can compute the significance level or
power function of the hypothesis test. The rejection rule is given in terms
of a statistic W (X1, Xs, ..., X,,) of the sample X7, X5, ..., X,,. For instance,
in Example 18.5, the rejection rule was: “Reject the null hypothesis H, if
ngl X; <6.” Similarly, in Example 18.7, the rejection rule was: “Reject H,
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if and only if X7 + X5+ X3+ X4 < —207, and so on. The statistic W, used in
the statement of the rejection rule, partitioned the set S™ into two subsets,
where S denotes the support of the density function of the population X.
One subset is called the rejection or critical region and other subset is called
the acceptance region. The rejection rule is obtained in such a way that the
probability of the type I error is as small as possible and the power of the
test at the alternative is as large as possible.

Next, we give two definitions that will lead us to the definition of uni-
formly most powerful test.

Definition 18.9. Given 0 < § < 1, a test (or test procedure) T for testing
the null hypothesis H, : 6 € (), against the alternative H, : 8 € £, is said to
be a test of level § if

max 7(0) < 6,
0eQ,

where 7(6) denotes the power function of the test T.

Definition 18.10. Given 0 < § < 1, a test (or test procedure) for testing
the null hypothesis H, : 6 € (), against the alternative H, : 8 € §, is said to
be a test of size ¢ if
0) = 0.
ol

Definition 18.11. Let T be a test procedure for testing the null hypothesis
H, : 0 € Q, against the alternative H, : 6 € Q,. The test (or test procedure)
T is said to be the uniformly most powerful (UMP) test of level 0 if T is of
level ¢ and for any other test W of level 9,

mr(0) > 7w (0)

for all § € Q,. Here 77 (0) and my () denote the power functions of tests T
and W, respectively.

Remark 18.5. If T is a test procedure for testing H, : 8 = 6, against
H, : 0 = 0, based on a sample data x1,...,z, from a population X with a
continuous probability density function f(z;6), then there is a critical region
C associated with the the test procedure T', and power function of T' can be
computed as

7TT=/ L0y, 1,y @p) day - - - dayy.
C
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Similarly, the size of a critical region C, say «, can be given by

Q :/ L0y, w1, ., xp) dxy - - - dy.
c

The following famous result tells us which tests are uniformly most pow-
erful if the null hypothesis and the alternative hypothesis are both simple.

Theorem 18.1 (Neyman-Pearson). Let X1, X5, ..., X,; be a random sam-
ple from a population with probability density function f(x;6). Let

n

L0, z1,...,zp) = Hf(xige)

i=1

be the likelihood function of the sample. Then any critical region C of the

L(607x17"'7x71) <k
L(by,x1,.cixn) —

form

C = {(.’1?17.’1?2, ,l‘n) ’

for some constant 0 < k < oo is best (or uniformly most powerful) of its size
for testing H, : § = 0, against H, : § = 0,.

Proof: We assume that the population has a continuous probability density
function. If the population has a discrete distribution, the proof can be
appropriately modified by replacing integration by summation.

Let C be the critical region of size « as described in the statement of the
theorem. Let B be any other critical region of size &. We want to show that
the power of C'is greater than or equal to that of B. In view of Remark 18.5,
we would like to show that

/L(Ga,xl,...,xn)dxl---dxn2/L(Ga,xl,...,xn)dxl~-~da:n. (1)
c B

Since C' and B are both critical regions of size «, we have
/ L0y, 1, .., xp) dxy - - day, = / L0y, 1, ..., xp) dxy - - - dxy. (2)
c B
The last equality (2) can be written as

/ L0y, 1, ...y zp) da:l---dxn—t—/ L0y, 21, .., xp) dxy - - - dy
cnB CcnBe

:/ L(Oo,xl,...,xn)d:cl~-~dxn—|—/ L0y, 1, ..., xy) dxy - - - dy
CcNB C°nB
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C=(CNBUCNBY) and B=(CNB)U(C*NB). (3)

Therefore from the last equality, we have

/ L0, 1,y Tp) day -+ - day, = / L0y, 21, ..oy xp)dzy - - dxy. (4)
cnBe cenB

Since
C= {(xl,xm...,xn) ’ H < k} )
we have
Lo, 1,y ) > M "
on C, and
L(Oa, 21,y n) < M -

on C°. Therefore from (4), (6) and (7), we have

/ L(0a7x17...7xn) dxl'dxn
cNnBe

L0y, 1, ..., Ty
2/ 2 1’ ’ )d:c1~-~dxn
CcnBe
L0y, x1, ..., zp
:/ 09 17 ) )dxldxn
CenB
2/ L(Ogyx1y .oy ) day - - - dxyy.
CenB

Thus, we obtain

/ L(ba,21,....xyn) dxy - - - dxy 2/ L(b4,21,...;xn) dxy - - - dy,.
cnBe CcenB

From (3) and the last inequality, we see that

/L(Ha’xl““axn)dxl"'dl‘n
c
:/ L(Ga,xl,...,mn)dm...dxn+/ L(Oq, 1, ..., ) dzy - - - day,
cnB e
2/ Liba, 21, 1y n) das - i +/ L(Og,21,...;xpn) dxy - - - dy,
oe CcenB
2/L(aa,l‘h...,xn)dml...dmn
B

and hence the theorem is proved.
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Now we give several examples to illustrate the use of this theorem.

Example 18.13. Let X be a random variable with a density function f(x).
What is the critical region for the best test of

% if—-l<z<l1
H,: f(z) =
0 elsewhere,
against
1— || if-l<z<l1
H,: f(x)=
0 elsewhere,

at the significance size a = 0.107

Answer: We assume that the test is performed with a sample of size 1.
Using Neyman-Pearson Theorem, the best critical region for the best test at
the significance size « is given by

1 1
- xe]l{|ﬁ—l<x<1——}.

2k
Since
0.1=P(C)
L, .
:P(La Eg <k /H,is true)
1
- P 2 <k /H,istrue
1— |z
1 1 . )
:P(%_1§x§1—ﬂ/Ho1strue>
lflk]_
= ’ idl'
L1
o 2k’

we get the critical region C' to be

C={zeR| —01<z<0.1}.
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Thus the best critical region is C' = [—0.1, 0.1] and the best test is: “Reject
H,if -0.1 <X <0.1".

Example 18.14. Suppose X has the density function

(1+6)2? ifo<z<1
ﬂ%@={

0 otherwise.

Based on a single observed value of X, find the most powerful critical region
of size a = 0.1 for testing H, : 6 = 1 against H, : § = 2.

Answer: By Neyman-Pearson Theorem, the form of the critical region is
given by

={zeR|z>a,}

where a is some constant. Hence the most powerful or best test is of the
form: “Reject H, if X > a.”

Since, the significance level of the test is given to be a = 0.1, the constant
a can be determined. Now we proceed to find a. Since

0l=«
= P (Reject H, / H, is true}
=P(X>a/0=1)
1
= / 2x dx
a
=1-d?
hence
a’>=1-0.1=0.9.
Therefore

a=+v0.9,
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since k in Neyman-Pearson Theorem is positive. Hence, the most powerful
test is given by “Reject H, if X > 1/0.9”.

Example 18.15. Suppose that X is a random variable about which the
hypothesis H, : X ~ UNIF(0,1) against H, : X ~ N(0,1) is to be tested.
What is the most powerful test with a significance level a = 0.05 based on
one observation of X7

Answer: By Neyman-Pearson Theorem, the form of the critical region is

Cz{xE]R| 28 <k}

= 1;611{|\/%e%x2§k
{ J

z{xelﬂ|x2§21n(\/i2_ﬂ_>}

={zeR|z<a,}

given by

where a is some constant. Hence the most powerful or best test is of the
form: “Reject H, if X < a.”

Since, the significance level of the test is given to be a = 0.05, the
constant a can be determined. Now we proceed to find a. Since

0.05 =«
(Reject H, / H, is true}
(X<a/X~UNIF(0,1))

P
P
a
/ dzx
0
a?

hence a = 0.05. Thus, the most powerful critical region is given by

C={z€eR|0<z<0.05}
based on the support of the uniform distribution on the open interval (0, 1).
Since the support of this uniform distribution is the interval (0, 1), the ac-

ceptance region (or the complement of C' in (0,1)) is

Cc={xeR|0.05<z<1}.
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However, since the support of the standard normal distribution is R, the
actual critical region should be the complement of C¢ in R. Therefore, the
critical region of this hypothesis test is the set

{r eR|z <0.050r z>1}.

The most powerful test for a = 0.05 is: “Reject H, if X <0.05 or X > 1.7

Example 18.16. Let X;, X5, X3 denote three independent observations
from a distribution with density

(1+60) ifo<z<1
fla;0) =
0 otherwise.

What is the form of the best critical region of size 0.034 for testing H, : 6 =1
versus H, : 6 = 27

Answer: By Neyman-Pearson Theorem, the form of the critical region is
given by (with 6, =1 and 6, = 2)

L(007x17x2a13) <
L(0a7x17x2,$3) o
1+6,)% T, 2%
]R,3| ( + ) Hz 1:1719 k
(1+6a)% [T

1T,

3 81‘1.132333

x2,23) ER” | 555 <k
27rix5758

=

C= {(xl,xg,xg) eR? |

IA

$1,9U27963 B
K

$1
1 27
x17$27$3 Rg | S _k}
T1X2T3 8

{ Z1,T2,T3) E]R | ©12923 > a, }

where a is some constant. Hence the most powerful or best test is of the
form: “Reject H, if HXi >a.”
i=1
Since, the significance level of the test is given to be a = 0.034, the
constant a can be determined. To evaluate the constant a, we need the
probability distribution of X7 X5X3. The distribution of X;X5X3 is not
easy to get. Hence, we will use Theorem 17.5. There, we have shown that
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—2(1+90) Z?Zl In X; ~ x2(6). Now we proceed to find a. Since

Reject H, / H, is true}

X1 XoX3>a/0=1)

In(X;XoX3)>Ina /0=1)
—2(14+60)In(X1X2X3) < —2(1+0)Ina / 6=1)
—4In(X; X5 X3) < —41na)

=P (x*(6) < —4Ina)

[
i~ Jia~Ria Ria Bilac

hence from chi-square table, we get
—41lna =14.

Therefore
a=e 935 =0.7047.

Hence, the most powerful test is given by “Reject H, if X1 X2X3 > 0.7047”.

The critical region C is the region above the surface x1xox3 = 0.7047 of
the unit cube [0,1]3. The following figure illustrates this region.

o 02 |:|.4_!II_|:|.B oz 1

Critical region is to the right of the shaded surface

Example 18.17. Let X3, X5, ..., X12 be a random sample from a normal
population with mean zero and variance o2. What is the most powerful test
of size 0.025 for testing the null hypothesis H, : 02 = 10 versus H, : 02 = 5?
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Answer: By Neyman-Pearson Theorem, the form of the critical region is
given by (with 0,2 = 10 and 0,2 = 5)

C= {(.131,1‘2, ...,l‘lg) E]Rlz

L(0027m17x27“-7x12) <k
L(Ua2,$1,$2,...71'12) o

12 L eié(j%f

\/2mo2
= (:171,1:2,...,112)611{12 H :U—<k

e_%(z_;)Q B
{(xhl'z,...,l'lQ) G]Rlz ‘ (

12
= {($1,CL’27~--7$12) eRr" | Z%Q < a},

where a is some constant. Hence the most powerful or best test is of the
12
form: “Reject H, if ZXlQ <a
i=1
Since, the significance level of the test is given to be a = 0.025, the
constant a can be determined. To evaluate the constant a, we need the

probability distribution of X? + X2 + --- + X?%,. It can be shown that the
distribution of 3,2, (%)2 ~ x%(12). Now we proceed to find a. Since

0.034 =«
= P (Reject H, / H, is true}

:P(i(%)2<a/02:10>

hence from chi-square table, we get

R
10

Therefore
a = 44.
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Hence, the most powerful test is given by “Reject H, if Zil X2 <44 The
best critical region of size 0.025 is given by

12
C= {(an,xz,-.-,xlz) R D) a7 < 44}-

i=1

In last five examples, we have found the most powerful tests and corre-
sponding critical regions when the both H, and H, are simple hypotheses. If
either H, or H, is not simple, then it is not always possible to find the most
powerful test and corresponding critical region. In this situation, hypothesis
test is found by using the likelihood ratio. A test obtained by using likelihood
ratio is called the likelihood ratio test and the corresponding critical region is
called the likelihood ratio critical region.

18.4. Some Examples of Likelihood Ratio Tests

In this section, we illustrate, using likelihood ratio, how one can construct
hypothesis test when one of the hypotheses is not simple. As pointed out
earlier, the test we will construct using the likelihood ratio is not the most
powerful test. However, such a test has all the desirable properties of a
hypothesis test. To construct the test one has to follow a sequence of steps.
These steps are outlined below:

(1) Find the likelihood function L(0, z1, z2, ..., z,) for the given sample.

(2) Evaluate gr.lg%;iL(G,xl,a:g, ey L)

(3) Find the maximum likelihood estimator 9 of 6.

(4) Compute Iglaé(L(a, X1,L2,...,Ty) using L (5,3617332, ,xn)
€

maxL(0,x1, xo, ..., Ty)
. _ 0eq,
(5) Using steps (2) and (4), find W(xy,...,z,) = %Eaél/(o’xl’x% et

(6) Using step (5) determine C = {(x1,z2,....,2,) | W(z1,...,2,) < k},
where k € [0,1].

(7) Reduce W(x1,...,x,) < k to an equivalent inequality W(wl, ey Tpy) <AL
(8) Determine the distribution of W (1, ..., 2,,).

(9) Find A such that given « equals P (W(azl, weyTp) < A| H, is true).
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In the remaining examples, for notational simplicity, we will denote the
likelihood function L(f,x1, s, ..., x,) simply as L(0).
Example 18.19. Let X, Xo,..., X, be a random sample from a normal
population with mean p and known variance o?. What is the likelihood
ratio test of size « for testing the null hypothesis H, : © = p, versus the

alternative hypothesis H, : o # pio?

Answer: The likelihood function of the sample is given by

() et
oV 2T

=1

L(p)

Since Q, = {0}, we obtain

L(p) = L,
max L () = (o)

oV 2T

1 n _%%Z(xl - NO)Q
= < ) e ' .
We have seen in Example 15.13 that if X ~ N(u,0?), then the maximum
likelihood estimator of y is X, that is
e

Hence

max L(p) = L(p) =

L e e
( > e i .
oV 2

Now the likelihood ratio statistics W (z1, 22, ..., Z5) is given by

n

" —2(%2 (l'i—,U/O)Q
(e
o2
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which simplifies to

_n_(F— 2
W (21, 22, ..., @) = € 202 T H)"

Now the inequality W (z1, z2, ..., ) < k becomes
67#(57#0)2 S k.

and which can be rewritten as

2
(7 — 1) > — 22 In(k)
n

or
‘E_uo| > K

559

where K = /=222 In(k). In view of the above inequality, the critical region

n
can be described as

C:{(x17x2’~~~,xn) | |T*M0| EK}

Since we are given the size of the critical region to be «, we can determine

the constant K. Since the size of the critical region is a, we have

a=P (X - | > K).

For finding K, we need the probability density function of the statistic X — 1,

when the population X is N(u,0?) and the null hypothesis H, : u = p, is

true. Since o2 is known and X; ~ N (u,0?),

X

e~ N0, 1)
and o
a=P([X=p|2K)
:P<‘X;Mo EK@>
ﬁ g
:P(|Z|2K ) where Z =
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we get
za =K @
2 o
which is
o
K=za —
2 \/ﬁ’

where zg is a real number such that the integral of the standard normal
density from zg to oo equals 5.

Hence, the likelihood ratio test is given by “Reject H, if
X = | 2 25

If we denote

T — Ho
2T T
NG
then the above inequality becomes
2

Thus critical region is given by
C= {(:El,xQ, e ®p) | |2 > 2e )

This tells us that the null hypothesis must be rejected when the absolute
value of z takes on a value greater than or equal to zg.

-Za2 Zaf2
Reject Ho Accept Ho Reject Ho

Remark 18.6. The hypothesis H, : p # p, is called a two-sided alternative
hypothesis. An alternative hypothesis of the form H, : pu > p, is called
a right-sided alternative. Similarly, H, : pu < u, is called the a left-sided
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alternative. In the above example, if we had a right-sided alternative, that
is Hy @ pt > pio, then the critical region would have been

C= {($1,$2,...7$n) | z > Za}-

Similarly, if the alternative would have been left-sided, that is H, : p < o,
then the critical region would have been

C={(z1,22, ., Tn) | 2< =24}

We summarize the three cases of hypotheses test of the mean (of the normal
population with variance) in the following table.

H, H, Critical Region (or Test)

= o | K> o z= 22t > o,

L= po | < fho 7=t < —z,

W= fo | [F o |2 =

Example 18.20. Let X7, X5, ..., X,, be a random sample from a normal
population with mean y and unknown variance o?. What is the likelihood
ratio test of size « for testing the null hypothesis H, : © = p, versus the
alternative hypothesis H, : 0 # pio?

Answer: In this example,

Q:{(,u,oz) ER?| —o00 < < o0, 02>O},
Qo = {(1t0, %) eR? | o2 >0},
Q= {(1,0%) €R? | u # 1o, 0* >0}

These sets are illustrated below.
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o
Q
Q
Uo
Graphs of Q and Qo

The likelihood function is given by

L (%) :11(%) )’

:( 12> 3202271(% “)
V2no

Next, we find the maximum of L (,u,02) on the set €,. Since the set €, is
equal to { (o, 0?) eR?|0<o< 00}, we have

— 2
Za, P (0 7) = g E (o)

Since L (,uo, 02) and In L (,uo, 02) achieve the maximum at the same o value,
we determine the value of o where In L (uo, 02) achieves the maximum. Tak-
ing the natural logarithm of the likelihood function, we get

In (L (p,0%)) = 7; In(o?) — gln(Zﬂ') — % Z:(xZ — o).

=1

Differentiating In L (,uo, 02) with respect to o2, we get from the last equality

d n 1 &
Tz (L (o) = =55 2—;

Setting this derivative to zero and solving for o, we obtain

i=1

S|
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n
Thus In (L (p,0?)) attain maximum at o = %Z(ml — 11p)2. Since this

value of ¢ is also yield maximum value of L (,u, 02), we have

1 n ) -2 .
(rfni}éL(/‘m ?) = (2”5 ;(fﬂi — Ho) ) e 2.

Next, we determine the maximum of L (u, 02) on the set 2. As before,
we consider In L (,u,UQ) to determine where L (u,UQ) achieves maximum.
Taking the natural logarithm of L (u, 02)7 we obtain

1

202

In (L (,0%)) = =5 In(0?) — 5 In(2r) -
i=1

Taking the partial derivatives of In L (u, 02) first with respect to p and then
with respect to o2, we get

0
8—lnL w,o°) = 22
and
8 n 1 <«

respectively. Setting these partial derivatives to zero and solving for p and

o, we obtain
n—1
_ = 2 _ 2
L=z and ot =— 5%,

where 52 2 is the sample variance.

nl

Letting these optimal values of u and o into L (u, 02)7 we obtain

B 1 n - o -5 .
s ) = (00 3] et

i=1
Hence
n -z . x
max L (,u, ) (27T% (@i — Mo)2> e~ 3 Z(ml — 1o)?
(1,0%)€00 i=1 i—1

max L (u,o n -7 n -
(1,02)EQ ( ) <2W%Z(xi_5)2> % Z(xi—x)Q
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Since .
Z(wi ~7)? =(n—-1)s
i=1
and . .
Z(xz - N)Q = Z(zz - 1')2 +n (T - ,Uo)2 )
=1 i=1
we get
max L (M,O‘Z) _ 2\ ~%
(11,0?)€Q0 n (T — po)
W(xy,xa,...,Tn) = =(1+ —_— .
(@1, 22 ) max L (p,0°) ( n—1 52 )

(n,02)€Q

Now the inequality W (x1, xa, ..., z,) < k becomes

Lo @\
n—1 s2 -

and which can be rewritten as

or

where K = (/(n—1) [ - 1} . In view of the above inequality, the critical

- k)

and the best likelihood ratio test is: “Reject H, if [Z=Le| > K”. Since we
Vn
are given the size of the critical region to be a, we can find the constant K.

For finding K, we need the probability density function of the statistic Z=5e

n
when the population X is N(u,0?) and the null hypothesis H, : u = p, is

region can be described as

T —
C= {(xlyl'%--wxn) ‘ ‘ suo

v

true.

Since the population is normal with mean p and variance o2,

>

— o
S

n

~t(n—1),
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n—

n
where S? is the sample variance and equals to —1— X;i-X ?. Hence
1
i=1

K:t%(n—l)\/i_7
n

where ¢4 (n — 1) is a real number such that the integral of the t-distribution
with n — 1 degrees of freedom from tg (n — 1) to oo equals §.

Therefore, the likelihood ratio test is given by “Reject H, : pu = p, if

5% S 9
[X —to] 2 5 (n 1) o

If we denote

t = T : Ho
==
then the above inequality becomes
IT| > ta(n—1).

Thus critical region is given by
C={(z1,22,ymn) | [t| >tg(n—-1)}

This tells us that the null hypothesis must be rejected when the absolute
value of ¢ takes on a value greater than or equal to ta (n —1).

- ta/2(n-1) ta/2(n-1)
Reject Ho Accept Ho Reject Ho

Remark 18.7. In the above example, if we had a right-sided alternative,
that is H, : > o, then the critical region would have been

C={(z1,22, ;) | t>ta(n—1)}.
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Similarly, if the alternative would have been left-sided, that is H, : p < pio,
then the critical region would have been

C={(z1,22,..;xn) | t< —ta(n—1)}
We summarize the three cases of hypotheses test of the mean (of the normal
population with variance) in the following table.

H, H, Critical Region (or Test)
= fo | 1> po t="te >¢1,(n—1)
v

= [l < o t:z_fog—ta(n—l)

T—po
s

= to | KF o It| =

Example 18.21. Let X, Xo,..., X,, be a random sample from a normal
population with mean p and variance o2. What is the likelihood ratio test

of significance of size a for testing the null hypothesis H, : 02 = o2 versus

H, : 0% # 027

Answer: In this example,
Q:{(,u,a2) ER? | —o00 < p < o0, 02>0},
Qo ={(1,02) €R? | — 00 < pu < oo},
Qa:{(,u,o2) ER? | —o00 < p < o0, o#0,}.

These sets are illustrated below.

o}
A
o, Q,
Q
> > U
Graphs of Q@ and Qo
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The likelihood function is given by

n

L(uo®) =11 <¢#7> e H(E)

=1

2mo

Next, we find the maximum of L (,u,UQ) on the set €,. Since the set €, is

equal to {(u,02) ER?| —co<u< 00}, we have

(5, L) = L (o).

Since L (p, 02) and In L (1, 02) achieve the maximum at the same y value, we

2

2) achieves the maximum. Taking

determine the value of 1 where In L (1, 0
the natural logarithm of the likelihood function, we get

(.’L’Z‘ — M)Q.

In (L (M,ag)) = —g ln(og) — gln(%‘) —

2
202

3

Differentiating In L (u, 03) with respect to u, we get from the last equality

d ) 1<
@ln (L (u,a )) = U—g Z(zz — ).
Setting this derivative to zero and solving for p, we obtain

n=Tc.

Hence, we obtain

max L(u,aQ) = ( ! )2 e_ﬁ (@D’

—oo< <00 2no2

Next, we determine the maximum of L (u, 02) on the set 2. As before,
we consider InL (p1,0?) to determine where L (y,0?%) achieves maximum.

Taking the natural logarithm of L (,u, 02), we obtain

1

In (L (,u702)) = —nln(o) — gln(QW) ~ 5,2

(i — ).
i=1
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Taking the partial derivatives of In L (u, 02) first with respect to g and then
with respect to o2, we get

a—ulnL(%U)*ﬁg(% 1),

and

0 n 1 <
9oz B (%) = —g57 + 551 2 (i = w)

respectively. Setting these partial derivatives to zero and solving for p and

o, we obtain
_ n—1
UW=T and o? = - 52,

n

where 5% = - E (x; — T)? is the sample variance.

i=1

Letting these optimal values of y and ¢ into L (u, 02), we obtain

n ] _ 2

27 2(n—1)s2 Z(xl 733)

max L(M 02) o n e 3

e 2m(n — 1)s2
Therefore
max L (p,o0?
 (mo?EQ, (M )
W(x1, 29,0y ) = T (u 02)
(p,02)EQ )
(27‘.10.3 ) % e_ﬁzz;l(aii_f)z

n

5 n n 72
__n 2 e 2(n71)‘52211:1(xl I)
27 (n—1)s2

n 1)e2
n on (n—1)32 2 7%
=n 2e2 P — e 205

o
Now the inequality W (x1, za, ..., z,) < k becomes

2\ % (n—1)s2
n n n—1)s R Lol L

2
05

which is equivalent to

_ 2\ " (n-1)s? ny\ 2
(%) 5 g(k(g)) - K,

gy
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where K, is a constant. Let H be a function defined by
H(w)=w"e"".

Using this, we see that the above inequality becomes

" (u) <K,

2
05

The figure below illustrates this inequality.

H(w)

Graph of H(w)

From this it follows that

(n—1)s?
o

—1)s?
< K, or u>K'2.

< p
In view of these inequalities, the critical region can be described as

(n—1)s?
o

Ve
C= {($1,$27~-~7$n) ‘ <K; or (n=1s” 2K2}7

and the best likelihood ratio test is: “Reject H, if

(n—1)82

—1)82
0-2 (n )S > K2.7’

2 =
0o

< Kj or

Since we are given the size of the critical region to be a, we can determine the

constants K1 and Ks. As the sample X1, X5, ..., X,, is taken from a normal

2

distribution with mean p and variance o*, we get

(n—1)8?

2
~ 1
> X“(n—1)
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when the null hypothesis H, : 02 = 02 is true.
Therefore, the likelihood ratio critical region C' becomes

(V)

(n—1)s?
o

(n—1)s?

<
=X o2

a(n—1) or

{(wl, Xy eeey Tny) ‘

and the likelihood ratio test is: “Reject H, : 0% = o2 if

(n—1)8?

2
0o

(n — 1)52 2

<X (n—1) or >33 s (n 1)

o
2

2
05

where XZ% (n — 1) is a real number such that the integral of the chi-square

density function with (n — 1) degrees of freedom from 0 to XQ% (n—1)is §.
Further, xi% (n — 1) denotes the real number such that the integral of the
chi-square density function with (n—1) degrees of freedom from Xi% (n—1)

to oo is %

Remark 18.8. We summarize the three cases of hypotheses test of the
variance (of the normal population with unknown mean) in the following
table.

H, H, Critical Region (or Test)
2
0? = o2 %> o? X* = (n;?s > Xi_a(n—1)
o’ =02 | o?<o? X* = —("2?32 <xaln—1)
2 _ 2 2 2 2 _ (n=Ds® o 2 1
0~ =0, g #Jo X" = o2 7X1_a/2(n )
or
—1)s2

18.5. Review Exercises

1. Five trials X1, X, ..., X5 of a Bernoulli experiment were conducted to test

H, :p = 3 against H, : p = 3. The null hypothesis H, will be rejected if

Z?Zl X; = 5. Find the probability of Type I and Type II errors.

2. A manufacturer of car batteries claims that the life of his batteries is
normally distributed with a standard deviation equal to 0.9 year. If a random
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sample of 10 of these batteries has a standard deviation of 1.2 years, do you
think that ¢ > 0.9 year? Use a 0.05 level of significance.

3. Let X1, X5, ..., Xg be a random sample of size 8 from a Poisson distribution
with parameter A\. Reject the null hypothesis H, : A = 0.5 if the observed
sum Z§:1 x; > 8. First, compute the significance level « of the test. Second,
find the power function (3(\) of the test as a sum of Poisson probabilities
when H, is true.

4. Suppose X has the density function

% forO<z <8
f($)={

0 otherwise.

If one observation of X is taken, what are the probabilities of Type I and
Type II errors in testing the null hypothesis H, : 6 = 1 against the alternative
hypothesis H, : § = 2, if H, is rejected for X > 0.92.

5. Let X have the density function

(@+1)2% for 0 <z <1 where 6 >0
flz) =

0 otherwise.

The hypothesis H, : 6 = 1 is to be rejected in favor of Hy : 8 = 2 if X > 0.90.
What is the probability of Type I error?

6. Let X1, Xo,..., Xg be a random sample from a distribution with density

function
0zf~1 for 0 <z <1 where § >0
f(x) =

0 otherwise.
The null hypothesis H, : § = 1 is to be rejected in favor of the alternative
H, : 0 >1if and only if at least 5 of the sample observations are larger than
0.7. What is the significance level of the test?

7. A researcher wants to test H, : 0 = 0 versus H, : § = 1, where 0 is a
parameter of a population of interest. The statistic W, based on a random
sample of the population, is used to test the hypothesis. Suppose that under
H,, W has a normal distribution with mean 0 and variance 1, and under H,,
W has a normal distribution with mean 4 and variance 1. If H, is rejected
when W > 1.50, then what are the probabilities of a Type I or Type II error
respectively?
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8. Let X; and X5 be a random sample of size 2 from a normal distribution
N(u, 1). Find the likelihood ratio critical region of size 0.005 for testing the
null hypothesis H,, : p = 0 against the composite alternative H, : u # 07

9. Let X1, Xo, ..., X190 be a random sample from a Poisson distribution with
mean 6. What is the most powerful (or best) critical region of size 0.08 for
testing the null hypothesis Hy : 6 = 0.1 against H, : § = 0.57

10. Let X be a random sample of size 1 from a distribution with probability
density function

(1-9 40z ifo<z<1
f(xve):{

0 otherwise.

For a significance level o = 0.1, what is the best (or uniformly most powerful)
critical region for testing the null hypothesis H, : § = —1 against H, : 0 = 17

11. Let X7, X5 be a random sample of size 2 from a distribution with prob-
ability density function

07’ if2=0,1,2,3,....

f(l‘,e) =

0 otherwise,

where 8 > 0. For a significance level a = 0.053, what is the best critical
region for testing the null hypothesis H, : § = 1 against H, : § = 27 Sketch
the graph of the best critical region.

12. Let X1, X5, ..., X3 be a random sample of size 8 from a distribution with
probability density function

el ifr=0,1,2,3,...

fz,0) =

0 otherwise,

where 6 > 0. What is the likelihood ratio critical region for testing the null
hypothesis H, : § = 1 against H, : 6 # 17 If & = 0.1 can you determine the
best likelihood ratio critical region?

13. Let X7, Xo, ..., X, be a random sample of size n from a distribution with
probability density function

166% :
INGYIE ifz >0
flx,0) = (1B

0 otherwise,
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where 0 > 0. What is the likelihood ratio critical region for testing the null
hypothesis H, : § =5 against H, : 8 # 57 What is the most powerful test ?

14. Let X1, X5, ..., X5 denote a random sample of size 5 from a population
X with probability density function

(1-0)*=1to ifr=1,2,3,..,00
f(x;0) =

0 otherwise,

where 0 < 6 < 1 is a parameter. What is the likelihood ratio critical region
of size 0.05 for testing H, : 8 = 0.5 versus H, : 8 # 0.57

15. Let X, X5, X3 denote a random sample of size 3 from a population X
with probability density function

1 _(@—w)?
e 2 —o << oo,
V2T

where —oo < p < oo is a parameter. What is the likelihood ratio critical

flapu) =

region of size 0.05 for testing H, : p = 3 versus H, : p # 37

16. Let X;, X5, X3 denote a random sample of size 3 from a population X
with probability density function

se7 0 if0<x< oo

f(x;0) =

0 otherwise,

where 0 < 6 < oo is a parameter. What is the likelihood ratio critical region
for testing H, : 6§ = 3 versus H, : § # 37

17. Let X1, X5, X3 denote a random sample of size 3 from a population X
with probability density function

e o if 2 =0,1,2,3,...,00

f(x;0) =

0 otherwise,

where 0 < 6 < co is a parameter. What is the likelihood ratio critical region
for testing H, : 8 = 0.1 versus H, : 0 # 0.17

18. A box contains 4 marbles, 6 of which are white and the rest are black.
A sample of size 2 is drawn to test H, : 0 = 2 versus H, : 6 # 2. If the null
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hypothesis is rejected if both marbles are the same color, find the significance
level of the test.

19. Let X;, Xo, X5 denote a random sample of size 3 from a population X
with probability density function

for0<z <80

S

f(x;0) =

0 otherwise,

where 0 < 6 < oo is a parameter. What is the likelihood ratio critical region

of size Eg for testing H, : § = 5 versus H, : 0 # 57

20. Let Xy, X5 and X3 denote three independent observations from a dis-
tribution with density

e B for0<z < o0

fx:8) =

jan} |~

otherwise,

where 0 < 3 < oo is a parameter. What is the best (or uniformly most
powerful critical region for testing H, : 3 = 5 versus H, : 8 = 107
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Chapter 19

SIMPLE LINEAR
REGRESSION
AND
CORRELATION ANALYSIS

Let X and Y be two random variables with joint probability density
function f(x,y). Then the conditional density of Y given that X = x is

fly/z) =

where

g(x) = /jo f(z,y)dy

is the marginal density of X. The conditional mean of Y

oo

E(Y|X =)= / yf(y/z) dy

is called the regression equation of Y on X.

Example 19.1. Let X and Y be two random variables with the joint prob-
ability density function

ze *(HY) if 2 >0,y >0
flz,y) =
0 otherwise.

Find the regression equation of Y on X and then sketch the regression curve.
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Answer: The marginal density of X is given by

gla) = / we ") dy

(oo}
= / ze Te " dy
— 00

o0
=ge " / e "Ydy
— 00

The conditional density of Y given X = z is

—z(1+y)
:f(x,y):xe = re %Y y>0

fy/x) @) e ,

The conditional mean of Y given X = z is given by

E(Y/x) = / Z yf(y/) dy = / sy =

— 00

Thus the regression equation of Y on X is

1

The graph of this equation of Y on X is shown below.

x infinity

Graph of the regression equation E(Y/x) = 1/ x
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From this example it is clear that the conditional mean E(Y/z) is a
function of z. If this function is of the form a + [z, then the correspond-
ing regression equation is called a linear regression equation; otherwise it is
called a nonlinear regression equation. The term linear regression refers to
a specification that is linear in the parameters. Thus E(Y/z) = a + B2? is
also a linear regression equation. The regression equation F(Y/x) = az” is

an example of a nonlinear regression equation.

The main purpose of regression analysis is to predict Y; from the knowl-
edge of x; using the relationship like

E(Y;/xz;) = o+ Ba;.

The Y; is called the response or dependent variable where as x; is called the
predictor or independent variable. The term regression has an interesting his-
tory, dating back to Francis Galton (1822-1911). Galton studied the heights
of fathers and sons, in which he observed a regression (a “turning back”)
from the heights of sons to the heights of their fathers. That is tall fathers
tend to have tall sons and short fathers tend to have short sons. However,
he also found that very tall fathers tend to have shorter sons and very short
fathers tend to have taller sons. Galton called this phenomenon regression
towards the mean.

In regression analysis, that is when investigating the relationship be-
tween a predictor and response variable, there are two steps to the analysis.
The first step is totally data oriented. This step is always performed. The
second step is the statistical one, in which we draw conclusions about the
(population) regression equation E(Y;/x;). Normally the regression equa-
tion contains several parameters. There are two well known methods for
finding the estimates of the parameters of the regression equation. These
two methods are: (1) The least square method and (2) the normal regression
method.

19.1. The Least Squares Method
Let {(zi,y:)|i=1,2,...,n} be a set of data. Assume that
E(Yi/zi) = o+ Bx;, (1)

that is
yi = o+ Pz, i=1,2,...,n.
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Then the sum of the squares of the error is given by
E(e,f) = (i —a—Br;)*. (2)
i=1
The least squares estimates of « and (§ are defined to be those values which

minimize £(a, $). That is,

(&,B) = arg min &(q, ).

(@,8)

This least squares method is due to Adrien M. Legendre (1752-1833). Note
that the least squares method also works even if the regression equation is
nonlinear (that is, not of the form (1)).

Next, we give several examples to illustrate the method of least squares.

Example 19.2. Given the five pairs of points (z,y) shown in table below

-2
) 0 0 6 3

what is the line of the form y = x + b best fits the data by method of least
squares?

Answer: Suppose the best fit line is y =  + b. Then for each z;, x; + b is
the estimated value of y;. The difference between y; and the estimated value
of y; is the error or the residual corresponding to the i*" measurement. That
is, the error corresponding to the i*" measurement is given by

Ei:yiflfifb.

Hence the sum of the squares of the errors is

5
:Z(yi_xi_b)2~

Differentiating £(b) with respect to b, we get

d 5
TEB) =23 (i — w1 — ) (-1),

i

I
—
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Setting %S(b) equal to 0, we get
5
Z(yi*%*b):o
1=1
which is

5 5
5b = Zy, - Zl‘z
i=1 i=1

Using the data, we see that
5b=14—-6

which yields b = %. Hence the best fitted line is

.8
=z+—.
4 5

Example 19.3. Suppose the line y = bz + 1 is fit by the method of least
squares to the 3 data points

What is the value of the constant b?

Answer: The error corresponding to the i*® measurement is given by

Hence the sum of the squares of the errors is
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Setting %S(b) equal to 0, we get

3
=1

7

which in turn yields

n n
E TiYi — E T
=1 i=1
b= n
2
>
i=1

Using the given data we see that

6—7 1
b = - —
21 21’
and the best fitted line is ]
=—— 1.
Y 21£C +

Example 19.4. Observations y1, y2, ..., Y are assumed to come from a model
with
E(Y;/x;) =0+ 2Ina;

where 6 is an unknown parameter and x1, z, ..., z,, are given constants. What
is the least square estimate of the parameter 67

Answer: The sum of the squares of errors is

n n

£(0) :Ze? :Z(yifﬂ—anxi)Q.

i=1 i=1

Differentiating £(f) with respect to ¢, we get
i<€'(t9) = Qi( ; —0—2lnx;) (—1)
a0 = £ Yi i .
Setting -££(6) equal to 0, we get

n
(yi—0—2Inz;) =0
i=1
which is

0= % (Zyi_2;1n$i> .

i=1
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n
Hence the least squares estimate of 6 is § =7 — %Z In z;.
=1

Example 19.5. Given the three pairs of points (z,y) shown below:

1 2
2 1

What is the curve of the form y = 2” best fits the data by method of least
squares?

Answer: The sum of the squares of the errors is given by

>
=1
5 ()

i=1

£(B)

2

Differentiating £(3) with respect to 3, we get
i5(ﬁ) = 2i (y - xﬁ) (-2 Inwz;)
dﬂ — 7 [ [ ?

Setting this derivative %E(ﬂ) to 0, we get

n n
Zyixf Inz; = Zx? x? In z;.
i=1 i=1
Using the given data we obtain
24°In4 =4%"1n4+ 2% 2

which simplifies to
4=24° 41

or

3

4P =
2

Taking the natural logarithm of both sides of the above expression, we get

_ In3—1n2

= = 0.2925
f In4
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Thus the least squares best fit model is y = z9-2925,

Example 19.6. Observations y1, yo, ..., Y, are assumed to come from a model
with E(Y;/x;) = a + Bz;, where o and ( are unknown parameters, and
T1,%2, ..., &, are given constants. What are the least squares estimate of the
parameters « and (§7

Answer: The sum of the squares of the errors is given by

=

5(@5) =

M

s. s.
I Ms I M:
[S [S

(yi — —a — Ba;)”.

Differentiating &€ («, 3) with respect to « and 3 respectively, we get

0

8_045(@’5) = 22 (yi —a — pr;) (—1)

and

a n
8—55(0%5) = 2; (yi —a — fr;) (—x;).

Setting these partial derivatives a%é'(a, 0) and %5(0[, B) to 0, we get
> (yi—a—Ba;) =0 (3)

i=1

and

From (3), we obtain
S 3
i=1 i=1

which is
y=a+pT. (5)

Similarly, from (4), we have

n n n

2
E %yi:aE x¢+6§ 5
i—1 i=1 i=1
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which can be rewritten as follows

n n

Z(zi —T)y; —Y)+nxTy = naf+52(aji —T)(x; — T) +nBT>

i=1 i=1

Defining

we see that (6) reduces to
Say +nZTY = anT+ B[Sy + nT’
Substituting (5) into (7), we have
Sey +nTY = [J— BTInT + B [Sya + nT?] .
Simplifying the last equation, we get
Say = 0 Sza

which is

In view of (8) and (5), we get
S

Ty —
y.’IJ.

a=7y—

Thus the least squares estimates of o and § are

Szy _

5., T and B: Sey

xrr

a=y- ;

N

respectively.

583

(6)

We need some notations. The random variable Y given X = z will be
denoted by Y. Note that this is the variable appears in the model E(Y/x) =
a+ Bz. When one chooses in succession values x1, 2, ..., £, for x, a sequence

Yo, Yoo, ..., Yy, of random variable is obtained. For the sake of convenience,

we denote the random variables Y, ,Y,,,..., Y, simply as Y¥1,Y5,...,Y,. To

do some statistical analysis, we make following three assumptions:

(1) E(Y,) = a+ Bz so that u; = E(Y;) = a + Bxy;
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(2) 1,Y5,...,Y, are independent;

(3) Each of the random variables Y7, Ys, ..., Y;, has the same variance o2.

Theorem 19.1. Under the above three assumptions, the least squares esti-
mators & and S of a linear model E(Y/x) = a 4+ B« are unbiased.

Proof: From the previous example, we know that the least squares estima-

tors of a and (3 are

n

SIYX and J= ¥

~ _ ? B
@ Sra Sea’

where

i=1

First, we show (3 is unbiased. Consider

E(B):E<S”>= L B (Suy)

Sz Sz
L (@ o, —?))
:SLM é(xi—f) E(Y;-Y)
:Sim g(:rzf) E(YZ)—SLM é(zi@ E(Y)
- S B - o B() Y 7)

Il

Q
2 —
[
B

I
\&E/I
+
®
O)’H
E)

I
\%l
&

{\L
2 —_
E)
|

&l
8

8
8
—

I
Y
B =

8
(=
—~
&
|
Nl
&
|
®
—
£
|
5
S—
5|

Il
Y
& =

8

INgE
—~
&

I
&
—~
&

|
Nl

[t

I
@

%

8
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Thus the estimator E is unbiased estimator of the parameter .

Next, we show that & is also an unbiased estimator of a.. Consider

n

Trxr xrx

—E(Y)-7E(B)=E(Y)-74

=% (iE(Yi)> -zp
:% <ZE(a+ﬁxi)> —Zf

na—l—ﬁZmi) -z
i=1
=a+0T-TPF=«

This proves that & is an unbiased estimator of o and the proof of the theorem
is now complete.

19.2. The Normal Regression Analysis

In a regression analysis, we assume that the x;’s are constants while y;’s
are values of the random variables Y;’s. A regression analysis is called a
normal regression analysis if the conditional density of Y; given X; = x; is of
the form

1 _1 (yiza—B=z;)?
\/—262( [ )’
2ro

where o2 denotes the variance, and o and 3 are the regression coefficients.

fyi/zi) =

That is Y|, ~ N(a + Bz,0%). If there is no danger of confusion, then we
will write Y; for Y|,,. The following figure shows the regression model of ¥’
populations with equal variances, and with means falling on the straight line

Hy = o+ .

Normal regression analysis concerns with the estimation of o, «, and
(. We use maximum likelihood method to estimate these parameters. The
maximum likelihood function of the sample is given by

n

L(O’,Oz,ﬁ) = H f(yl/xl)

i=1



Simple Linear Regression and Correlation Analysis 586

and
InL(o, o, B) = Zlnf (yi/z:)
=1
:—nlna—gln (2m) — 2:: a—ﬂxi)2-
N y
o o o
1 W2 Us
? = a+PX
X1

X2
X3
Normal Regression

Taking the partial derivatives of In L(o, «, §) with respect to a, 3 and o
respectively, we get

n

ailnL(aaﬁ Z i —a— [Bx;)

aaﬁlnL(aaﬂ Z i —a— Bx;) T

n
n

2lnL(Uozﬂ) —+%Z(yz‘*a*5$i)2~

do o
1=1

Equating each of these partial derivatives to zero and solving the system of
three equations, we obtain the maximum likelihood estimator of 3, a, o as

B:SC”Y a:?ﬁ%yf, and c?\/l {SYYSEYSrY}
n

S(E(l? ’ SZEI SIZIJ
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where
n

SIYZZ(.’L‘l—f)(Y;—Y)

i=1
Theorem 19.2. In the normal regression analysis, the likelihood estimators

B and @ are unbiased estimators of 3 and «, respectively.

Proof: Recall that

n
~

x

3=

95)

TT

LS oo (v, - 1)

1

n

95)

rxr .
7

= (”“"S_ f) Y,

; T
i=1

where Syp = >0 (v — 5)2. Thus B is a linear combination of Y;’s. Since

Y,~N (a + Bx;, 02)7 we see that B is also a normal random variable.

First we show E is an unbiased estimator of 3. Since
> - Ty — T
E(5) :E(Z_;( o )Y)

- T, —T
> (%) e

i—1 T

- T, — T
> (5T ) ok o =

i=1

the maximum likelihood estimator of 3 is unbiased.

Next, we show that & is also an unbiased estimator of a. Consider
SzY

so7) e e ()
~BE(Y)-7E(B)=E{)-78

E(a):E(?_

S|
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This proves that & is an unbiased estimator of « and the proof of the theorem

is now complete.

Theorem 19.3. In normal regression analysis, the distributions of the esti-

mators E and @ are given by
R o2 2 522
ﬂNN(& ) and awN(a,U——i—xU)
Sex n Sex

n

:Z(mz—_

i=1

where

Proof: Since

w)
I
%
l-<

! ) (Y - 7)

Sil)m .

(% x)nv

TT

<

i—1
the B is a linear combination of ¥;’s. AsY; ~ N (a + ﬁxz, ) we see that
ﬁ is also a normal random variable. By Theorem 19.2, ﬁ is an unbiased
estimator of 3.

The variance of B is given by

Var (3) - Zn: <xsz_j)2 Var (Y;/z;)

Hence B is a normal random variable with mean (or expected value) 3 and
variance 3‘7—2 That is BN N (ﬂ, 5‘72 )

Now determine the distribution of @. Since each Y; ~ N(«a + Bx;, 02),
the distribution of Y is given by

YNN(O(+ﬁf7 —)
n
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Since

the distribution of T B is given by
~ 0'2
TB~N|(ZB, 20— .
T3 (x B, T Sm)

Since & =Y — EB and Y and EB being two normal random variables, & is

also a normal random variable with mean equal to a + 87 — 87 = « and

. . 2 =2 2 .
variance variance equal to Z- + #=>-. That is
.

x

2 =2 2
aNN<a7U_+3UU>

n Sea

and the proof of the theorem is now complete.

In the next theorem, we give an unbiased estimator of the variance o2.

For this we need the distribution of the statistic U given by

=2
no
U=—-.
2
It can be shown (we will omit the proof, for a proof see Graybill (1961)) that
the distribution of the statistic

~2

no

where ¢ = \/% {SYY - ?91 wY]'
Proof: Since o
no
E(S*)=E
(5%) (n - 2)

o? > na?
n—2 o2
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The proof of the theorem is now complete.

SSE

222 where

Note that the estimator S? can be written as S? =

2
SSE = Syy = BSwy =Y _[yi —a — Bui]

i=1

the estimator S? is unbiased estimator of o2. The proof of the theorem is
now complete.

In the next theorem we give the distribution of two statistics that can
be used for testing hypothesis and constructing confidence interval for the
regression parameters o and (3.

Theorem 19.5. The statistics

and
a—a | (n—2)S.

o n (Z)° + Sua

have both a t-distribution with n — 2 degrees of freedom.

Proof: From Theorem 19.3, we know that

Hence by standardizing, we get

Further, we know that the likelihood estimator of o is

~ 1 Sz
o= \/E |:Syy—S—m:SIy:|

and the distribution of the statistic U = ”0022 is chi-square with n — 2 degrees

of freedom.
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Since Z = £=2 ~ N(0,1) and U = 25"
Szx

~ t(n —2). Hence

x2(n—2), by Theorem 14.6,

the statistic

n—2
R R 5-p
- -2 Swz - -
BB e g R SO
g n no? no?
(n—2) Spx (n—2) o2
Similarly, it can be shown that
a— -2 T
Qu="2" (=25 t(n —2)

7 \'n @+ S
This completes the proof of the theorem.

In the normal regression model, if 8 = 0, then E(Y,) = a. This implies
that E(Y;) does not depend on z. Therefore if § # 0, then E(Y,) is de-
pendent on x. Thus the null hypothesis H, : § = 0 should be tested against
H, : 8 # 0. To devise a test we need the distribution of 3 Theorem 19.3 says
that B is normally distributed with mean (§ and variance % Therefore, we
have

In practice the variance Var(Y;/x;) which is o2 is usually unknown. Hence
the above statistic Z is not very useful. However, using the statistic Qgs,
we can devise a hypothesis test to test the hypothesis H, : § = 3, against
H, : 8 # B, at a significance level «.. For this one has to evaluate the quantity

B—p
no?
(n—2) Szx

| =

B_ﬁ (n_2)Sww

- n

and compare it to quantile ¢, /o(n — 2). The hypothesis test, at significance
level a, is then “Reject H, : 3 = (3, if [t| > to/2(n —2)”.

The statistic R
ﬁ - 6 (n - 2) S;Ez

el n

Qs =
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is a pivotal quantity for the parameter (3 since the distribution of this quantity
Qg is a t-distribution with n — 2 degrees of freedom. Thus it can be used for
the construction of a (1 —+)100% confidence interval for the parameter 3 as

follows:
1—7v
=P (—t%(n—2) < ﬁ;ﬁ (”_3)5” <t%(n—2)>
~ N n ~ —~ n
:P(ﬁ—t%(n—Z)U méﬁéﬁ—l—t%(n—Z)a (n—Q)sz)

Hence, the (1 — )% confidence interval for (3 is given by

{ﬁ—tg(n—%&,/m, B+t%(n—2)a}/m],

In a similar manner one can devise hypothesis test for a and construct
confidence interval for o using the statistic Q),. We leave these to the reader.

Now we give two examples to illustrate how to find the normal regression
line and related things.

Example 19.7. Let the following data on the number of hours, x which
ten persons studied for a French test and their scores, y on the test is shown
below:

4 9 10 14 4 7 12 22 1 17
31 o8 65 73 37 44 60 91 21 84

Find the normal regression line that approximates the regression of test scores
on the number of hours studied. Further test the hypothesis H, : § = 3 versus
H, : 8 # 3 at the significance level 0.02.

Answer: From the above data, we have
10 10
> @ =100, > a} =1376
i=1 i=1
10 10
> i =564, >y =
i=1 i=1

10
> @iy = 6945
=1
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Spe =376, Sy, = 1305, S, = 4752.4.

Hence
G=2" _3471 and a=7- 37 = 21.690.
S.’EI
Thus the normal regression line is
y = 21.690 + 3.471x.

This regression line is shown below.

100

80

> 60

40

20 T T T T
0 5 10 15 20 25

Regression line y = 21.690 + 3.471 x

Now we test the hypothesis H, : § = 3 against H, : § # 3 at 0.02 level
of significance. From the data, the maximum likelihood estimate of o is

~ 1 Sx,y
"‘Vﬁ S0 52254
1 ~
= \/; (S = 552

1
= \/E [4752.4 — (3.471)(1305)]

=4.720
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and
3.471 -3 /(8)(376)

4.720 w0 |-t

Hence
1.73 = |t| < t0.01(8) = 2.896.

Thus we do not reject the null hypothesis that H, : = 3 at the significance
level 0.02.

This means that we can not conclude that on the average an extra hour
of study will increase the score by more than 3 points.

Example 19.8. The frequency of chirping of a cricket is thought to be
related to temperature. This suggests the possibility that temperature can
be estimated from the chirp frequency. Let the following data on the number
chirps per second, = by the striped ground cricket and the temperature, y in
Fahrenheit is shown below:

20 16 20 18 17 16 15 17 15 16
89 72 93 84 81 () 70 82 69 83

Find the normal regression line that approximates the regression of tempera-
ture on the number chirps per second by the striped ground cricket. Further
test the hypothesis H, : 8 = 4 versus H, : 8 # 4 at the significance level 0.1.

Answer: From the above data, we have

10 10
> @i =170, > a? =2920
zjol zi)l
> v =89, Y y? = 64270
=1 . i=1

Z 2y = 13688

=1

Spe =376, Sy, =1305, S, = 4752.4.

Hence

Szx

Thus the normal regression line is

y=9.761 + 4.067x.
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This regression line is shown below.

95

90

85

>80

75

70

65 T T T T T T
14 15 16 17 18 19 20 21
X

Regression liney = 9.761 + 4.067x

Now we test the hypothesis H, : # = 4 against H, : § # 4 at 0.1 level of
significance. From the data, the maximum likelihood estimate of ¢ is

~ 1 S;Ey
1 ~
- \/ﬁ Sy =35

1
_ \/ 5 [589 — (4.067)(122)

= 3.047
and
4.067—4 /(8)(30)
t frng = . 2 .
g 3.047 10 0.528
Hence

0.528 = [t| < t0.05(8) = 1.860.
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Thus we do not reject the null hypothesis that H, : 8 = 4 at a significance
level 0.1.

Let p, = a + S and write )/}m =a+ Bx for an arbitrary but fixed x.
Then Y, is an estimator of p,. The following theorem gives various properties
of this estimator.

Theorem 19.6. Let x be an arbitrary but fixed real number. Then
(i) Y, is a linear estimator of V3, Ya, ..., Y,,

(i) Y, is an unbiased estimator of fi,, and
(i) Var (V,) = {1 + 5221 02

Proof: First we show that ?x is a linear estimator of Y7, Y5, ...,Y,,. Since

f@z@—&—ﬁx
=Y - Bz +Ba
=Y +3(z-7)
. (2, —T) (x — )
=Y
LTy, %
k=1
B " Y 2 (2 — ) (x — )
_Z?—FZ Som Y
k=1 k=1
-y (1+<xk—f><x—x)>yk
—\n S

}Afx is a linear estimator of Y7, Y5, ..., Y,,.
Next, we show that ?x is an unbiased estimator of p,. Since
E (ﬁ) - F (a+ﬁx)
—E@)+E (8 x)
=a+fx
= Ug
3705 is an unbiased estimator of .

Finally, we calculate the variance of 171 using Theorem 19.3. The variance
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of Y, is given by
Var <}7w) =Var (& + Bm)
=Var(a)+ Var (Bx) + 2Cov (&, 336)
2

1 T2 9 O S
= (E+Sm>+x S—m+2xC’ov(a, ﬂ)

= l+ = —2x§02
(1 (-2 ,
N (n + Sex >U '

In this computation we have used the fact that

~ To?

Cov (& B) S

whose proof is left to the reader as an exercise. The proof of the theorem is

now complete.

By Theorem 19.3, we see that

R 2 2 =2 2
BwN(ﬁ, g—) and awN(a,a——&—xa).

Since Y, = a + (8 x, the random variable Y, is also a normal random variable
with mean p, and variance

var (7.) = (1 + 00 2

Hence standardizing Y,, we have

~

Y. —
_fa "l N(0,1).
Var (ﬁ:)
If 02 is known, then one can take the statistic Q = Y“”;“i as a pivotal
Var(Yw)

quantity to construct a confidence interval for ;. The (1—-)100% confidence
interval for p1, when o2 is known is given by

{}A’w — 234/ Var(?z), f/m + 234/ Var(f/w)} .
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Example 19.9. Let the following data on the number chirps per second, x
by the striped ground cricket and the temperature, y in Fahrenheit is shown
below:

20 16 20 18 17 16 15 17 15 16
89 72 93 84 81 (0] 70 82 69 83

What is the 95% confidence interval for 3?7 What is the 95% confidence
interval for pu, when x = 14 and o = 3.047?

Answer: From Example 19.8, we have

~

n=10, B=4.067, &=23.047 and S,, = 376.

The (1 — v)% confidence interval for 3 is given by

R L e L o

Therefore the 90% confidence interval for 3 is

(8) (376) (8) (376)

10 10
4.067 — t0_025(8) (3047) —, 4.067 + t0,025(8) (3047) 7‘|

which is
[4.067 — tg.025(8) (0.1755), 4.067 + tg.025(8) (0.1755)] .

Since from the t-table, we have ¢y 25(8) = 2.306, the 90% confidence interval
for B becomes

[4.067 — (2.306) (0.1755), 4.067 + (2.306) (0.1755)]

which is [3.6623, 4.4717].

2

If variance o“ is not known, then we can use the fact that the statistic

U = "f; is chi-squares with n — 2 degrees of freedom to obtain a pivotal
quantity for u,. This can be done as follows:

Q_f/x*#x (n—2) S,
o Sz +n(x—T)2
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Using this pivotal quantity one can construct a (1 —-)100% confidence in-
terval for mean p as

- s —T)?2 A
Yx_t%(n_g)\/m’ Y, +t

Sz +n(z —T)2
(n—2) S (n—2)\/

(n—2) S

]2

Next we determine the 90% confidence interval for u, when x = 14 and
o = 3.047. The (1 — v)100% confidence interval for u, when o2 is known is

|:)/}$ 2 Y, VCLT‘()/};K), i}x tz3y Var(?x):l :

From the data, we have

given by

~

Y,=a+ Bx =9.761 + (4.067) (14) = 66.699
and

S\ (1 (14-17)2\ , -
Var (YT) = <1o+ o )g = (0.124) (3.047)? = 1.1512.

The 90% confidence interval for u, is given by
[66.699 — 20095 V11512, 66.699 + 20 025 \/1.1512}

and since zg 25 = 1.96 (from the normal table), we have
[66.699 — (1.96) (1.073), 66.699 + (1.96) (1.073)]

which is [64.596, 68.802].

We now consider the predictions made by the normal regression equation
EA@ =a+ ﬁx The quantity 1730 gives an estimate of u, = a + Bx. Each
time we compute a regression line from a random sample we are observing
one possible linear equation in a population consisting all possible linear
equations. Further, the actual value of Y, that will be observed for given
value of z is normal with mean o + Sz and variance o%. So the actual
observed value will be different from p,. Thus, the predicted value for }Afx
will be in error from two different sources, namely (1) & and B are randomly
distributed about « and 8, and (2) Y; is randomly distributed about .
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Let y, denote the actual value of Y, that will be observed for the value
z and consider the random variable

D=Y,—a-fuz.

Since D is a linear combination of normal random variables, D is also a

normal random variable.

The mean of D is given by

~

E(D) = E(Y,) — E(@) —x E(B)
=a+fr—a—zpf
=0.

The variance of D is given by

Var(D) = Var(Y, —a — Ba)

=Var(Yy) + Var(Q) + 2* Var(3) + 2z Cov(a, )

o2 T2 o2 9 o2 T
+a°— —2x

_ 2,0
SOt s, s, s,
IS C it )i

n Sea
_(n—l—l)S’M—&—na2

Therefore
DNNQLmi&&jﬁg)

n Sye

We standardize D to get

D —
7-——2°0 N0,
(n+1) Sez+n o2
n Sz

Since in practice the variance of Y, which is ¢? is unknown, we can not use
Z to construct a confidence interval for a predicted value y,.

We know that U = 22> ~ x2(n — 2). By Theorem 14.6, the statistic

o2
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ZU ~ t(n —2). Hence
n—2

ya,f&—ﬁx (n—2) S,

Q= o (n+1)Sez+n

~ o~
Yrz—a—fBzx
/(D) Szatn 2
n Sy

(n—2) 02
D—0
Var(D)

—~

=
no?

(n—2) 02

N

=2 ~tn-2).
n—2
The statistic Q is a pivotal quantity for the predicted value y, and one can
use it to construct a (1 —v)100% confidence interval for y,. The (1 —~)100%
confidence interval, [a, b], for y, is given by

:P(agyxgb),

where

a=a+fr—ty(n-2)7 (n(z_l_)zb;z;;n

and

o~ v [(R+1) S+
b=a+pBz+tz(n—2)0 Sy

This confidence interval for y,, is usually known as the prediction interval for
predicted value y, based on the given x. The prediction interval represents an
interval that has a probability equal to 1—+ of containing not a parameter but
a future value y, of the random variable Y,. In many instances the prediction
interval is more relevant to a scientist or engineer than the confidence interval

on the mean .

Example 19.10. Let the following data on the number chirps per second, x
by the striped ground cricket and the temperature, y in Fahrenheit is shown
below:
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20 16 20 18 17 16 15 17 15 16
89 72 93 84 81 75 70 82 69 83

What is the 95% prediction interval for y, when x = 147

Answer: From Example 19.8, we have
n=10, B=4.067, a=09.761, &=3.047 and S,, = 376.
Thus the normal regression line is
Yp = 9.761 + 4.067x.
Since x = 14, the corresponding predicted value y, is given by

Yo = 9.761 + (4.067) (14) = 66.699.

Therefore
o~ ~ [n+1)Sz +n
a=at ety =DF\
(11) (376) + 10
=66.699 — ¢t 8)(3.047) | —F————t——
= 66.699 — (2.306) (3.047) (1.1740)
= 58.4501.
Similarly

(n+1)Ses +n

:A 3 ol _2/\
b=a+pfz+tz(n—2)7 1=2) 5.

(11) (376) + 10
(8) (376)

— 66.699 + (2.306) (3.047) (1.1740)
= 74.9479.
Hence the 95% prediction interval for y, when x = 14 is [58.4501, 74.9479].

= 66.699 + £0.025(8) (3.047)

19.3. The Correlation Analysis

In the first two sections of this chapter, we examine the regression prob-
lem and have done an in-depth study of the least squares and the normal
regression analysis. In the regression analysis, we assumed that the values
of X are not random variables, but are fixed. However, the values of Y, for
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a given value of z are randomly distributed about E(Y,) = p, = a + fz.
Further, letting e to be a random variable with E(g) = 0 and Var(e) = o2,

one can model the so called regression problem by
Y,=a+Bx+e.

In this section, we examine the correlation problem. Unlike the regres-
sion problem, here both X and Y are random variables and the correlation
problem can be modeled by

E(Y) = a + BE(X).

From an experimental point of view this means that we are observing random
vector (X,Y’) drawn from some bivariate population.

Recall that if (X,Y) is a bivariate random variable then the correlation
coefficient p is defined as

p= E((X—NX)(Y—MY))
VE (X —px)?) E((Y — py)?)

where px and py are the mean of the random variables X and Y, respec-
tively.

Definition 19.1. If (X1, Y1), (X2, Y2), ..., (X,,Ys) is a random sample from
a bivariate population, then the sample correlation coefficient is defined as

> (X —X)?

i=1 i

n
(Y -Y)?

=1

The corresponding quantity computed from data (z1,y1), (Z2,Y2), -y (Tns Yn)

will be denoted by r and it is an estimate of the correlation coefficient p.

Now we give a geometrical interpretation of the sample correlation coeffi-
cient based on a paired data set {(x1,y1), (z2,¥2), .., (Tn,yn)}. We can asso-
ciate this data set with two vectors & = (1, Z2, ..., ) and ¥ = (Y1, Y2, -, Yn)
inR". Let £ be the subset {Aé&| X € R} of R", where &€ = (1,1,...,1) € R™.
Consider the linear space V' given by R" modulo £, that is V =R"/L. The
linear space V is illustrated in figure below when n = 2.
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lllustration of the linear space VvV for n=2

We denote the equivalence class associated with the vector Z by [Z]. In
the linear space V' it can be shown that the points (z1, y1), (2, Y2), ..y (T, Yn)
are collinear if and only if the the vectors [Z] and [g] in V are proportional.

We define an inner product on this linear space V' by

n

(@] [9) =D (@ =) (v — 7).

i=1

Then the angle 6 between the vectors [Z] and [7] is given by

cos(8) — (L1
V@ VA

which is

Z(xi - ) Z(Z/z‘ -7

i=1 i=1

Thus the sample correlation coefficient r can be interpreted geometrically as
the cosine of the angle between the vectors [Z] and [7]. From this view point
the following theorem is obvious.
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Theorem 19.7. The sample correlation coefficient r satisfies the inequality
-1<r<i1.

The sample correlation coefficient » = +1 if and only if the set of points
{(z1,11), (2,Y2), -y (T, Yn)} for n > 3 are collinear.

To do some statistical analysis, we assume that the paired data is a
random sample of size n from a bivariate normal population (X,Y) ~
BV N(u1, pi2,0%,03,p). Then the conditional distribution of the random
variable Y given X = z is normal, that is

g
Y[ ~N (Mz +PU—?($ — ), o3(1 - P2)) :

This can be viewed as a normal regression model E(Y|,) = o + S« where
a=p—pZu, f=p2Z,and Var(Y|,) = o3(1 - p?).

Since § = pg—f, if p = 0, then 8 = 0. Hence the null hypothesis H, : p =0
is equivalent to H, : 8 = 0. In the previous section, we devised a hypothesis
test for testing H, : B = 3, against H, : 8 # [(3,. This hypothesis test, at
significance level v, is “Reject H, : 3 = B, if [t| > 3 (n —2)”, where

,_B=8 [0=2)Sn
o n
If 8 =0, then we have
3 —2
=2, f1=2) 5 (10)
o n
Now we express t in term of the sample correlation coefficient r. Recall that
~ S,
= 11
7 S ()
1 S,
~92 Ty
=— Sy — = Say| » 12
and
r= _ Sw (13)
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Now using (11), (12), and (13), we compute

‘P E (n—2) Sz
G n
_ Sey vn (n—2)85,,
Swa: Sa n
[Syy 5. Sxy}
_ S ! V=2
\/SII Syy \/|:1 _ Say Swy]
Sea Syy
=vn-—2 " >
-7

Hence to test the null hypothesis H, : p = 0 against H, : p # 0, at
significance level v, is “Reject H, : p = 0 if [t[ > t3(n — 2)”, where t =
vn—2 5.

This above test does not extend to test other values of p except p = 0.
However, tests for the nonzero values of p can be achieved by the following
result.

Theorem 19.8. Let (X1,Y7), (X2,Y3), ..., (X,, Y,) be arandom sample from
a bivariate normal population (X,Y) ~ BV N(u1, pa, 0%, 03, p). If

1 1+R 1 1+p
Vv QH(I—R) and m 2n(1—p>’

Z=+vn—-3(V —m)— N(0,1) asn — oo.

then

This theorem says that the statistic V' is approximately normal with
mean m and variance # when n is large. This statistic can be used to
devise a hypothesis test for the nonzero values of p. Hence to test the null
hypothesis H, : p = p, against H, : p # p,, at significance level v, is “Reject
Ho:p=poif 2| > 237", where 2z = Vn=3(V —m,) and m, = £ In (%).
Example 19.11. The following data were obtained in a study of the rela-
tionship between the weight and chest size of infants at birth:

z, weight in kg | 2.76 | 2.17 | 553 | 431 | 230 | 3.70
y, chest sizeincm | 295 | 263 | 36.6 | 278 | 283 | 28.6




Probability and Mathematical Statistics 607

Determine the sample correlation coefficient r» and then test the null hypoth-
esis H, : p = 0 against the alternative hypothesis H, : p # 0 at a significance
level 0.01.

Answer: From the above data we find that
T = 3.46 and y = 29.51.

Next, we compute S;., Syy and S, using a tabular representation.

T-T y—7 (z —7)(y —7) (z —m)* (y—19)°
—0.70 —0.01 0.007 0.490 0.000
~1.29 —3.21 4.141 1.664 10.304

2.07 7.09 14.676 4.285 50.268

0.85 171 —1.453 0.722 2.924
~1.16 —1.21 1.404 1.346 1.464

0.24 —0.91 —0.218 0.058 0.828

Spy = 18557 | Spo =8.565 | S,, = 65.788

Hence, the correlation coefficient 7 is given by

Sey 18.557

r = = =

V/See Sy 1/(8.565) (65.788)

The computed ¢ value is give by

r 0.782
= /(6 —2) ————— = 2.509.
VI—12 (6-2) 7= (0.782)2

From the t-table we have tg.005(4) = 4.604. Since

t=+vn—2

2.509 = |t| 2 to.005(4) = 4.604
we do not reject the null hypothesis H, : p = 0.
19.4. Review Exercises

1. Let Y1,Y5,...,Y, be n independent random variables such that each
Y; ~ N(Bz;,0%), where both 3 and o2 are unknown parameters. If
{(z1,91), (z2,92), .., (Tn,yn)} is a data set where yi,ys,...,y, are the ob-
served values based on 1, xo, ..., z,, then find the maximum likelihood esti-
mators of B and &2 of # and o2.
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2. Let Y1,Y5,...,Y, be n independent random variables such that each
Y; ~ N(Bz;,0%), where both 3 and o2 are unknown parameters. If
{(z1,91), (z2,y2), -, (Tn,yn)} is a data set where y1,ys,...,y, are the ob-
served values based on 1, xs, ..., T,, then show that the maximum likelihood
estimator of B is normally distributed. What are the mean and variance of
3?7

3. Let Y1,Y5,....Y, be n independent random variables such that each
Y; ~ N(Bz;,0%), where both 3 and o2 are unknown parameters. If
{(x1,91), (T2,Y2)s vy (Tn,yn)} is a data set where y1,y2, ..., yn are the ob-
served values based on 1,23, ..., Z,, then find an unbiased estimator 52 of
02 and then find a constant k such that k52 ~ x2(2n).

4. Let Y7,Y5,...,Y, be n independent random variables such that each
Y; ~ N(Bz;,0%), where both 3 and o2 are unknown parameters. If
{(z1,91), (z2,y2), ..., (Tn,yn)} is a data set where y1,ys,...,y, are the ob-
served values based on z1, s, ..., x,, then find a pivotal quantity for 8 and
using this pivotal quantity construct a (1 —-)100% confidence interval for 3.

5. Let Y1,Y5,...,Y, be n independent random variables such that each
Y; ~ N(Bz;,0?), where both 8 and o? are unknown parameters. If
{(z1,11), (2,Y2)s s (Tn,yn)} is a data set where y1,y2,...,yn are the ob-
served values based on z1, T3, ..., Z,, then find a pivotal quantity for o2 and
using this pivotal quantity construct a (1 —+)100% confidence interval for

o2,

6. Let Y7,Y5,...,Y,, be n independent random variables such that
each Y; ~ FEXP(Bx;), where ( is an unknown parameter. If
{(z1,91), (T2,Y2)s vy (T, yn)} is a data set where yi,ys, ..., yn are the ob-
served values based on x1, x2, ..., T,, then find the maximum likelihood esti-
mator of ﬁ of 3.

7. Let Y1,Y5,...,Y, be n independent random variables such that
each Y; ~ EXP(Bx;), where [ is an unknown parameter. If
{(z1,91), (z2,y2), -, (Tn,yn)} is a data set where yi,ys,...,y, are the ob-
served values based on x1, s, ..., ., then find the least squares estimator of

B of S.

8. Let Y1,Y5,...,Y, be n independent random variables such that
each Y; ~ POI(Bz;), where [ is an unknown parameter. If
{(z1,91), (2,Y2)s vy (T, yn)} is a data set where y1,y2,...,yn are the ob-
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served values based on x1, x2, ..., T,, then find the maximum likelihood esti-
mator of 3 of 3.

9. Let Y1,Y5,...,Y, be n independent random variables such that
each Y; ~ POI(Bz;), where [ is an unknown parameter. If
{(z1,11), (2,Y2)s vy (T, yn)} is a data set where y1,y2, ..., yn are the ob-
served values based on x1, s, ..., x,, then find the least squares estimator of

B of 8.

10. Let Y7,Y5,...,Y, be n independent random variables such that
each Y; ~ POI(Bz;), where [ is an unknown parameter. If
{(z1,91), (z2,y2), ..., (Tn,yn)} is a data set where y1,ys,...,y, are the ob-
served values based on x1, s, ..., x,, show that the least squares estimator
and the maximum likelihood estimator of 8 are both unbiased estimator of
s.

11. Let Y3,Y5,....,Y, be n independent random variables such that
each Y; ~ POI(Bx;), where [ is an unknown parameter. If
{(x1,91), (T2,Y2)s vy (T, yn)} is a data set where y1,y2, ..., yn are the ob-
served values based on x1, 2o, ..., T,,, the find the variances of both the least
squares estimator and the maximum likelihood estimator of 3.

12. Given the five pairs of points (z,y) shown below:

10 20 30 40 50
Ui 50.071 0.078 0.112 0.120 0.131

What is the curve of the form y = a + bx + cz? best fits the data by method
of least squares?

13. Given the five pairs of points (z,y) shown below:

4 7 9 10 11
10 16 22 20 25

What is the curve of the form y = a + bz best fits the data by method of
least squares?

14. The following data were obtained from the grades of six students selected

at random:

Mathematics Grade, x 72 94 82 74 65 85 ‘
English Grade, y 76 86 65 89 80 92 |
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Find the sample correlation coefficient r and then test the null hypothesis
H, : p = 0 against the alternative hypothesis H, : p # 0 at a significance
level 0.01.
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Chapter 20
ANALYSIS OF VARIANCE

In Chapter 19, we examine how a quantitative independent variable x
can be used for predicting the value of a quantitative dependent variable y. In
this chapter we would like to examine whether one or more independent (or
predictor) variable affects a dependent (or response) variable y. This chap-
ter differs from the last chapter because the independent variable may now
be either quantitative or qualitative. It also differs from the last chapter in
assuming that the response measurements were obtained for specific settings
of the independent variables. Selecting the settings of the independent vari-
ables is another aspect of experimental design. It enable us to tell whether
changes in the independent variables cause changes in the mean response
and it permits us to analyze the data using a method known as analysis of
variance (or ANOVA). Sir Ronald Aylmer Fisher (1890-1962) developed the
analysis of variance in 1920’s and used it to analyze data from agricultural

experiments.

The ANOVA investigates independent measurements from several treat-
ments or levels of one or more than one factors (that is, the predictor vari-
ables). The technique of ANOVA consists of partitioning the total sum of
squares into component sum of squares due to different factors and the error.
For instance, suppose there are ) factors. Then the total sum of squares
(SSt) is partitioned as

SST = SSA + SSB + -+ SSQ + SSErrom

where SSA, SSg, ..., and SSq represent the sum of squares associated with
the factors A, B, ..., and Q, respectively. If the ANOVA involves only one
factor, then it is called one-way analysis of variance. Similarly if it involves
two factors, then it is called the two-way analysis of variance. If it involves
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more then two factors, then the corresponding ANOVA is called the higher
order analysis of variance. In this chapter we only treat the one-way analysis

of variance.

The analysis of variance is a special case of the linear models that rep-
resent the relationship between a continuous response variable y and one or
more predictor variables (either continuous or categorical) in the form

y=Xp+e (1)

where y is an m x 1 vector of observations of response variable, X is the
m X n design matrix determined by the predictor variables, § is n x 1 vector
of parameters, and € is an m x 1 vector of random error (or disturbances)
independent of each other and having distribution.

20.1. One-Way Analysis of Variance with Equal Sample Sizes

The standard model of one-way ANOVA is given by
Yii = i + e for i=1,2,...m, j=12,..n, (2)
where m > 2 and n > 2. In this model, we assume that each random variable
Yij ~ N(pi,0?)  for i=1,2,..m, j=12..n (3)

Note that because of (3), each €;; in model (2) is normally distributed with

mean zero and variance 0'2.

Given m independent samples, each of size n, where the members of the

i sample, Y1, Yo, ..., Yin, are normal random variables with mean p; and

unknown variance o2. That is,
Yij ~ N (15,0°), i=1,2,...m, j=1,2,..,n.
We will be interested in testing the null hypothesis
Ho:pp=po=--=pm=n
against the alternative hypothesis

H, : not all the means are equal.
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In the following theorem we present the maximum likelihood estimators

of the parameters ji1, fi1, ..., it and o2.

Theorem 20.1. Suppose the one-way ANOVA model is given by the equa-
tion (2) where the ¢;;’s are independent and normally distributed random
variables with mean zero and variance o2 fori =1,2,...,mand j = 1,2,...,n
Then the MLE’s of the parameters p; (i = 1,2,...,m) and o2 of the model

are given by

n

where Yo = %ZY” and SSw = ZZ i _l. is the within samples
= i=175=1

sum of squares.

Proof: The likelihood function is given by

mon (Yij—1i)?
L(H17H27~-~7Hm702) _HH{ 202 }

=1
1 nm 20 ZZ ij :ul
:< 5 2) e 1=175=1
V 2TTo

Taking the natural logarithm of the likelihood function L, we obtain

m n

nm
hlL(,ul,,uQ,...,,um,g?):—Tln(Qﬂ'a ZZ i — i) (4)

1=175=1

Now taking the partial derivative of (4) with respect to p1, po, ..., tm, and

02, we get
M = 022 o~ i) (5)
and o
Bor = g+ r oV ) (©
==

Equating these partial derivatives to zero and solving for p; and o2, respec-

tively, we have
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where
1 n
Yio = ﬁ ZEY;J
Jj=

It can be checked that these solutions yield the maximum of the likelihood
function and we leave this verification to the reader. Thus the maximum

likelihood estimators of the model parameters are given by

f=Yie i=1,2..m,

- 1
0?2 = —SSw,
nm

where SSw = ZZ (Yij — 7¢.)2. The proof of the theorem is now complete.
i=1j=1

Define
— 1
Y.o = }/’L 7
3>y, 7)
Further, define

SSp = f:f: (Y~ Yao) (8)

i=1j=1

SSw = zmjzn: (Vi — Vi) (9)

i=1j=1

and

$55 = 33 (Vie — Vuu)? (10)

i=1j=1

Here SSt is the total sum of square, SSw is the within sum of square, and
SSg is the between sum of square.

Next we consider the partitioning of the total sum of squares. The fol-
lowing lemma gives us such a partition.

Lemma 20.1. The total sum of squares is equal to the sum of within and
between sum of squares, that is

SSt = SSw + SSg. (11)
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Proof: Rewriting (8) we have

Sy = zmjznj (Y~ Vo)

i=1j5=1
=35 (¥~ Vo) + (Yie — Vo))
i=1j=1
= ZZ(Y;J - ?io)Q + ZZ(Y” — ?,.)2
i=1j=1 i=1j=1
+23° 3 (¥~ Vie) (Vie — V)
i=1j5=1
=SSw+SSE+2) > (Vi = Vis) (Yie — Vo).
i=1j=1

The cross-product term vanishes, that is

ZZ(YU Vi) (Vie—Yao) = Z(n. - Y..)Z(nj —Yi) =0.

Hence we obtain the asserted result SSt = SSw + SSg and the proof of the
lemma is complete.

The following theorem is a technical result and is needed for testing the
null hypothesis against the alternative hypothesis.

Theorem 20.2. Consider the ANOVA model

}/ij :,UJz'—i-Eij 1= 1,2,...,m, j: 1,2,...,717
where Y;; ~ N (1/1-, 02). Then
(a) the random variable Sg;” ~x2%(m(n — 1)), and
(b) the statistics SSw and SSp are independent.
Further, if the null hypothesis Hq : 11 = pio = - -+ = py, = p is true, then

(c) the random variable 22B ~ x2(m — 1),

(d) the statistics SSSS%H ~ F(m —1,m(n — 1)), and

(e) the random variable SULQT ~ x%(nm —1).
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Proof: In Chapter 13, we have seen in Theorem 13.7 that if X1, Xo,..., X,
are independent random variables each one having the distribution N (u,o?),

then their mean X and Z:(X7 — X)? have the following properties:

i=1

(i) X and Z(Xi — X)? are independent, and
i=1

(i) ) (X = X)* ~x*(n—1).

i=1
Now using (i) and (ii), we establish this theorem.

Using (ii), we see that
1< = \2 2
S (V= T) - )
j=1

for each i = 1,2, ..., m. Since

(Vij — Yio)Z and Z (Yirj — 71".)2

1 j=1

J

are independent for ¢/ # ¢, we obtain

m 1 n o
D52 (Vi = Yi) ~ C(m(n — 1)),
i=1 j=1
Hence
O_;N = Z (1/;.] Yzo)

3 (Y~ Yie)” ~ 2 (m(n — 1))

I
M= 2=
Qw|,_. ’

Since for each i = 1,2,...,m, the random variables Y;1, Y;o,
independent and
Y1, Yz, .., Yin ~ N (i, 0?)

we conclude by (i) that

Y (Y -Yu)  and

Jj=1

<

i

.oy Yy are
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are independent. Further

Z (Vi — 72‘.)2 and Yie

is independent of the statistics Y 1e,Y 2, ..., Y me, and the statistics

j=1
are independent. Thus it follows that the sets

(Vi;—Yi)"  i=12..m and Y. i=12..m
1

n

J

are independent. Thus

S -Va)? amd 3 (T Ve
i=1j=1 i=1 j=1

are independent. Hence by definition, the statistics SSw and SSp are
independent.

Suppose the null hypothesis H, : g = po = -+ = py, = p is true.

(c) Under H,, the random variables Y1, Y 2, ..., Y ;ne are independent and
identically distributed with N (u, %2) Therefore by (ii)

Therefore
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(d) Since
SSw
5~ X (m(n — 1))
o
d
an S8, ,
2 ~x“(m—1)
therefore
SSp
m—1) o2
T~ F(m—1,m(n —1)).
(n(m—1) o2
That is
SSp
m—1
(ST\/) ~ F(m—1,m(n—1)).
(n(m—1)

(e) Under H,, the random variables Y;;, ¢ = 1,2,...,m, j = 1,2,...,n are
independent and each has the distribution N(u,0?). By (ii) we see that

1 e = 2
3D (- T o )
i=1j=1
Hence we have
we hav 59, ,
oz X" (nm —1)
and the proof of the theorem is now complete.

From Theorem 20.1, we see that the maximum likelihood estimator of
each u; (i =1,2,...,m) is given by

/'/l/\i = ?i.7

and since Y;o ~ N (Mm %2),

E (i) = E (Yie) = pi-
Thus the maximum likelihood estimators are unbiased estimator of u; for
i1=1,2,...,m.

Since
02 =——
mn

and by Theorem 2, 2 SSw ~ x?(m(n — 1)), we have

E(;a) :E(SS—W) = LUQE(iQSSW> = %ozm(n—l);«éﬁ.
o

mn mn
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Thus the maximum likelihood estimator o2 of o2 is biased. However, the

estimator —>SW__ is an unbiased estimator. Similarly, the estimator —S5I_
m(n—1) ’ mn—1

an unbiased estimator where as % is a biased estimator of 2.

is

Theorem 20.3. Suppose the one-way ANOVA model is given by the equa-
tion (2) where the ¢;;’s are independent and normally distributed random
variables with mean zero and variance o2 fori =1,2,...,mand j = 1,2,...,n.
The null hypothesis Hy, : 1 = po = --- = p, = p is rejected whenever the
test statistics F satisfies

SSg/(m —1)
SSw/(m(n — 1))

where « is the significance level of the hypothesis test and F,,(m—1, m(n—1))

F= > Fo(m—1, m(n—1)), (12)

denotes the 100(1 — «v) percentile of the F-distribution with m — 1 numerator
and nm — m denominator degrees of freedom.

Proof: Under the null hypothesis H, : g3 = pe = -+ = pyy, = p, the
likelihood function takes the form

) mon 1 _vig—w?
L(MaU)ZHH{me 202 }

i=1j=1

m n
Loy —ﬁZZ(YU - p)?
= —— e i=1j=1 .
( V2mro? )
Taking the natural logarithm of the likelihood function and then maximizing
it, we obtain
I="Ye and on, = LSST
mn

as the maximum likelihood estimators of u and o2, respectively. Inserting
these estimators into the likelihood function, we have the maximum of the
likelihood function, that is

L\ A Y’
20 N A
max L(p,0%) = | ——— e ei=li=l .

=
A/ 27TO‘HU

Simplifying the above expression, we see that

nm

1

=
A/ 2770H0

o~ 738 85T

max L(p, 0%) =
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which is
nm

1 mn
max L(p,0%) = | —— e 2. (13)

A/ 27rc712{0
When no restrictions imposed, we get the maximum of the likelihood function
from Theorem 20.1 as
n

m
U 5 SRy
max L(py, fi2, -y flm, 0°) = <—,\> e i=1j=1 )
V 2ro?

Simplifying the above expression, we see that

\% 271';5

1 nm
maXL(:U/la,U/Qa "'7/1771’0-2) = ( > 672?37;\/ SSw

which is

1\ .
maXL(/’[’hMQv'“a,uvaQ) = <—> e 2. (14)

Vv 271'c/r5

Next we find the likelihood ratio statistic W for testing the null hypoth-
esis Hy : u1 = g = - -+ = pym = p. Recall that the likelihood ratio statistic
W can be found by evaluating

max L(u, 0?)

maxL(,ul,u% "'7.U’TVL7U2) .

Using (13) and (14), we see that

mn
2

EA "

o

Hence the likelihood ratio test to reject the null hypothesis H, is given by
the inequality
W < kg

where kg is a constant. Using (15) and simplifying, we get

—

2
o
H
=2 >k

o2
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2

where k1 = (kio) . Hence

SSt/mn  of,

—_— S = = k.
SSw/mn 2 -k
Using Lemma 20.1 we have
SSw + SSB
— > k.
SSw M
Therefore
SSp
— >k 1
Sy (16)

where k = k1 — 1. In order to find the cutoff point & in (16), we use Theorem
20.2 (d). Therefore

F_ SSg/(m —1) - m(n —1)

= SSw/mn =1~ m=-1 "

Since F has F distribution, we obtain

—1
%k = Fo(m—1, m(n —1)).
Thus, at a significance level «, reject the null hypothesis H,, if

_ SSB/(m— 1)
F= SSw/(m(n —1))

and the proof of the theorem is complete.

> Fo(m—1, m(n—1))

The various quantities used in carrying out the test described in Theorem
20.3 are presented in a tabular form known as the ANOVA table.

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between SSg m—1 MSg = % F = 11\\/1/1883
Within SSw m(n —1) MSw = m?TSLV—vl)
Total SSt mn — 1

Table 20.1. One-Way ANOVA Table
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At a significance level «, the likelihood ratio test is: “Reject the null
hypothesis Hy : g1 = po =+ = iy = p if F > Fy(m — 1, m(n — 1)).” One
can also use the notion of p—value to perform this hypothesis test. If the
value of the test statistics is F = -y, then the p-value is defined as

p —value = P(F(m —1,m(n — 1)) > ~).

Alternatively, at a significance level «, the likelihood ratio test is: “Reject
the null hypothesis Hq : 11 = po = -+ = iy, = p if p — value < o.”

The following figure illustrates the notions of between sample variation

and within sample variation.

Between
sample

variation
_ Grand Mean

— T

Within
sample
variation

Key concepts in ANOVA

The ANOVA model described in (2), that is
Yij = pi + e for i=1,2,...m, j=12,...n,
can be rewritten as

Yij = p+ oy + €5 for i=1,2,....m, j=12,..n,

m

where p is the mean of the m values of u;, and Zai = 0. The quantity «; is
i=1

called the effect of the i*? treatment. Thus any observed value is the sum of
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an overall mean u, a treatment or class deviation a;, and a random element
from a normally distributed random variable €;; with mean zero and variance
o2. This model is called model I, the fixed effects model. The effects of the
treatments or classes, measured by the parameters «;, are regarded as fixed
but unknown quantities to be estimated. In this fixed effect model the null
hypothesis Hy is now

H:acpo=a=--=a,, =0
and the alternative hypothesis is
H, : not all the o4 are zero.
The random effects model, also known as model 11, is given by
Yij=p+Ai + € for i=1,2,....m, j=12,...,n,
where p is the overall mean and
A; ~ N(0,0%) and €ij ~ N(0,0%).

In this model, the variances 0% and o2 are unknown quantities to be esti-
mated. The null hypothesis of the random effect model is H, : 04 = 0 and
the alternative hypothesis is H, : 04 > 0. In this chapter we do not consider
the random effect model.

Before we present some examples, we point out the assumptions on which
the ANOVA is based on. The ANOVA is based on the following three as-
sumptions:

(1) Independent Samples: The samples taken from the population under
consideration should be independent of one another.

(2) Normal Population: For each population, the variable under considera-
tion should be normally distributed.

(3) Equal Variance: The variances of the variables under consideration
should be the same for all the populations.

Example 20.1. The data in the following table gives the number of hours of
relief provided by 5 different brands of headache tablets administered to 25
subjects experiencing fevers of 38°C or more. Perform the analysis of variance
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and test the hypothesis at the 0.05 level of significance that the mean number
of hours of relief provided by the tablets is same for all 5 brands.

Tablets
A B C D F

LW O O = Ot
O© O 0N ©
N W N otw
=R W N
Nk O O

Answer: Using the formulas (8), (9) and (10), we compute the sum of
squares SSw, 33 and SSt as

SSw = 57.60,  SSp =79.94, and  SSt = 137.04.

The ANOVA table for this problem is shown below.

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 79.94 4 19.86 6.90
Within 57.60 20 2.88
Total 137.04 24

At the significance level a = 0.05, we find the F-table that Fj o5(4, 20) =
2.8661. Since
6.90 = F > Fp05(4, 20) = 2.8661

we reject the null hypothesis that the mean number of hours of relief provided
by the tablets is same for all 5 brands.

Note that using a statistical package like MINITAB, SAS or SPSS we
can compute the p-value to be

p — value = P(F(4,20) > 6.90) = 0.001.

Hence again we reach the same conclusion since p-value is less then the given
« for this problem.
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Example 20.2. Perform the analysis of variance and test the null hypothesis
at the 0.05 level of significance for the following two data sets.

Data Set 1 Data Set 2
Sample Sample
A B C A B C
8.1 8.0 14.8 9.2 9.5 9.4
4.2 15.1 5.3 9.1 9.5 9.3
14.7 4.7 11.1 9.2 9.5 9.3
9.9 10.4 7.9 9.2 9.6 9.3
12.1 9.0 9.3 9.3 9.5 9.2
6.2 9.8 7.4 9.2 9.4 9.3

Answer: Computing the sum of squares SSyw, SSg and SSt, we have the
following two ANOVA tables:

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 0.3 2 0.1 0.01
Within 187.2 15 12.5
Total 187.5 17
and
Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 0.280 2 0.140 35.0
Within 0.600 15 0.004
Total 0.340 17
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At the significance level & = 0.05, we find from the F-table that Fy o5(2, 15) =
3.68. For the first data set, since

we do not reject the null hypothesis whereas for the second data set,
35.0=F > Fp5(2, 15) = 3.68

we reject the null hypothesis.

Remark 20.1. Note that the sample means are same in both the data
sets. However, there is a less variation among the sample points in samples
of the second data set. The ANOVA finds a more significant differences
among the means in the second data set. This example suggests that the
larger the variation among sample means compared with the variation of
the measurements within samples, the greater is the evidence to indicate a
difference among population means.

20.2. One-Way Analysis of Variance with Unequal Sample Sizes

In the previous section, we examined the theory of ANOVA when sam-
ples are same sizes. When the samples are same sizes we say that the ANOVA
is in the balanced case. In this section we examine the theory of ANOVA
for unbalanced case, that is when the samples are of different sizes. In ex-
perimental work, one often encounters unbalance case due to the death of
experimental animals in a study or drop out of the human subjects from
a study or due to damage of experimental materials used in a study. Our
analysis of the last section for the equal sample size will be valid but have to
be modified to accommodate the different sample size.

Consider m independent samples of respective sizes ni,ng, ..., Ny, where
the members of the i*" sample, Y;, Yio, ..., Yin,, are normal random variables

with mean p; and unknown variance o2. That is,
Yij ~ N (1i,0°), i=1,2,...m, j=1,2,...,n,.

Let us denote N = nj +ng + -+ - n,,. Again, we will be interested in testing
the null hypothesis

Ho:pr=po == pim=p
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against the alternative hypothesis

H, : not all the means are equal.

Now we defining

?10 = ZY;J’ (17)
e
Y *im nY (18)
Ni:lj:l "
$Sr =33 (Vi — Ve, (19)
i=1j=1
SSw=> (Vi ~ Vi), (20)
i=1j=1
and I
SSE=>.> (Vie —Yaa)’ (21)
i=1j=1

we have the following results analogous to the results in the previous section.

Theorem 20.4. Suppose the one-way ANOVA model is given by the equa-
tion (2) where the ¢;;’s are independent and normally distributed random
variables with mean zero and variance o2 fori = 1,2,...,mand j = 1,2, ..., n;.
Then the MLE’s of the parameters y; (i = 1,2,...,m) and o2 of the model
are given by

ﬁ\i:?io Z:1727 , M,
— 1
2=_—_S8S
g N W
ng mo ng 9
where Y;, = %ZYM and SSw = ZZ (Yij — Yi.) is the within samples
j=1 i=1j=1

sum of squares.

Lemma 20.2. The total sum of squares is equal to the sum of within and
between sum of squares, that is SSt = SSw + SSg.

Theorem 20.5. Consider the ANOVA model

}/7/] = M +€l] 1=1,2,...,m, j =1,2,...,n,
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where Y;; ~ N (1/1-, 02). Then
(a) the random variable S5 ~ 2 (N —m), and
(b) the statistics SSw and SSp are independent.

Further, if the null hypothesis H, : 3 = pio = - -+ = pyy, = p is true, then

(c¢) the random variable SGLQB ~x%3(m—1),

(d) the statistics Ssss%m ~ F(m—1,N —m), and

(e) the random variable 558 ~ y2(N —1).

Theorem 20.6. Suppose the one-way ANOVA model is given by the equa-
tion (2) where the ¢;;’s are independent and normally distributed random
variables with mean zero and variance o2 fori = 1,2,...,mand j = 1,2, ..., n;.
The null hypothesis Hy, : 1 = po = -+ = pyy, = p is rejected whenever the
test statistics F satisfies

SSB/(m — 1)

7= Swiv—m)

> Fo(m—1, N —m),

where « is the significance level of the hypothesis test and F,(m—1, N —m)
denotes the 100(1 — ) percentile of the F-distribution with m — 1 numerator
and N —m denominator degrees of freedom.

The corresponding ANOVA table for this case is

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between SSp m—1 MSp = S8 F= %
. . SS
Within SSw N-—m MSw = =%
Total SSt N -1

Table 20.2. One-Way ANOVA Table with unequal sample size

Example 20.3. Three sections of elementary statistics were taught by dif-
ferent instructors. A common final examination was given. The test scores
are given in the table below. Perform the analysis of variance and test the
hypothesis at the 0.05 level of significance that there is a difference in the
average grades given by the three instructors.
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Elementary Statistics
Instructor A Instructor B Instructor C
75 90 17
91 80 81
83 50 55
45 93 70
82 53 61
75 87 43
68 76 89
47 82 73
38 78 58
80 70

33
79

Answer: Using the formulas (17) - (21), we compute the sum of squares
SSW, SSB and SST as

SSw = 10362,  SSp =755, and  SSy = 11117.

The ANOVA table for this problem is shown below.

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 755 2 377 1.02
Within 10362 28 370
Total 11117 30

At the significance level a« = 0.05, we find the F-table that Fj o5(2, 28) =
3.34. Since

we accept the null hypothesis that there is no difference in the average grades
given by the three instructors.

Note that using a statistical package like MINITAB, SAS or SPSS we
can compute the p-value to be

p — value = P(F(2,28) > 1.02) = 0.374.
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Hence again we reach the same conclusion since p-value is less then the given
« for this problem.

We conclude this section pointing out the advantages of choosing equal
sample sizes (balance case) over the choice of unequal sample sizes (unbalance
case). The first advantage is that the F-statistics is insensitive to slight
departures from the assumption of equal variances when the sample sizes are
equal. The second advantage is that the choice of equal sample size minimizes
the probability of committing a type II error.

20.3. Pair wise Comparisons

When the null hypothesis is rejected using the F-test in ANOVA, one
may still wants to know where the difference among the means is. There are
several methods to find out where the significant differences in the means
lie after the ANOVA procedure is performed. Among the most commonly
used tests are Scheffé test and Tuckey test. In this section, we give a brief
description of these tests.

In order to perform the Scheffé test, we have to compare the means two
at a time using all possible combinations of means. Since we have m means,
we need (Tg) pair wise comparisons. A pair wise comparison can be viewed as
a test of the null hypothesis Hy : p; = px against the alternative H, : pu; # pk
for all 7 # k.

To conduct this test we compute the statistics

— — 12
P = (Yie = Yia) 7
M Sw (ni + %)

where Y;, and Y, are the means of the samples being compared, n; and
ny are the respective sample sizes, and M Sy is the mean sum of squared of
within group. We reject the null hypothesis at a significance level of « if

Fy > (m—1)Fa(m—1,N —m)

where N =nq +ngo + -+ + nyp,.

Example 20.4. Perform the analysis of variance and test the null hypothesis
at the 0.05 level of significance for the following data given in the table below.
Further perform a Scheffé test to determine where the significant differences

in the means lie.
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Sample
1 2 3
9.2 9.5 94
9.1 9.5 9.3
9.2 9.5 9.3
9.2 9.6 9.3
9.3 9.5 9.2
9.2 9.4 9.3

Answer: The ANOVA table for this data is given by

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 0.280 2 0.140 35.0
Within 0.600 15 0.004
Total 0.340 17

At the significance level « = 0.05, we find the F-table that Fy¢5(2, 15) =
3.68. Since

35.0 = F > Fyos(2, 15) = 3.68

we reject the null hypothesis. Now we perform the Scheffé test to determine
where the significant differences in the means lie. From given data, we obtain
Yie = 9.2, Y3e = 9.5 and Y3, = 9.3. Since m = 3, we have to make 3 pair
wise comparisons, namely g1 with po, uy with ps, and po with ps. First we
consider the comparison of py with ps. For this case, we find

— — 2 9
Yofyo L d.
F, = (Vi = Va) (92 195)1 — 67.5.
M Sy (nl—l + 7%2) 0.004 (5 +5)

Since
67.5 = Fy > 2F0,05(27 15) =7.36

we reject the null hypothesis Hy : 1 = po in favor of the alternative H,, :
Bl 7 2.
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Next we consider the comparison of p; with pg. For this case, we find

v v 2 B 2
P (Yie—Ya)” (92 19.3)1 o
M Sy (,%1 + n%) 0.004 (5 +5)

Since
7.5=F; > 2F‘0_05(27 15) =17.36

we reject the null hypothesis Hy : u3 = pg in favor of the alternative H, :
M # ps.

Finally we consider the comparison of po with pus. For this case, we find

oo (M Va)®  @95-937 o
MSy (% ¥ %) 0.004 (+1)

Since
30.0 = Fy > 2F"005(27 15) =17.36

we reject the null hypothesis Hy : s = ps in favor of the alternative H,, :
p2 F s

Next consider the Tukey test. Tuckey test is applicable when we have a
balanced case, that is when the sample sizes are equal. For Tukey test we
compute the statistics

where Y, and Y}, are the means of the samples being compared, n is the
size of the samples, and M Sy is the mean sum of squared of within group.
At a significance level «, we reject the null hypothesis Hy if

Q > Qa(m,v)

where v represents the degrees of freedom for the error mean square.

Example 20.5. For the data given in Example 20.4 perform a Tukey test
to determine where the significant differences in the means lie.

Answer: We have seen that Yie = 9.2, Yoo = 9.5 and Y3, = 9.3.
First we compare p; with pe. For this we compute

Vie—Ya 92-93

MSw 0.004
n 6

Q= = —11.6189.
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Since
11.6189 = |Q| > Qo.05(2, 15) = 3.01

we reject the null hypothesis Hy : u3 = po in favor of the alternative H, :
M # Ha.

Next we compare p; with psg. For this we compute

Yie—Y3. 92-95
Q=1 Se — = —3.8729.

MSw 0.004
n 6

3.8729 = |Q| > Q0'05<2, 15) =3.01

Since

we reject the null hypothesis Hy : pu1 = p3 in favor of the alternative H,, :
Bl # P

Finally we compare ps with pg. For this we compute

Yoe—Yie 95-93
[ MSw N /0.004
n 6

7.7459 = |Q| > Qo.05(2, 15) = 3.01

Q= = 7.7459.

Since

we reject the null hypothesis Hy : uo = pg in favor of the alternative H, :
Ko 7 H3.

Often in scientific and engineering problems, the experiment dictates
the need for comparing simultaneously each treatment with a control. Now
we describe a test developed by C. W. Dunnett for determining significant
differences between each treatment mean and the control. Suppose we wish
to test the m hypotheses

Hy:po=p; versus Hg:pg # g for i =1,2,...,m,

where pg represents the mean yield for the population of measurements in
which the control is used. To test the null hypotheses specified by Hy against
two-sided alternatives for an experimental situation in which there are m
treatments, excluding the control, and n observation per treatment, we first
calculate

?iof?o
Dj=-—"—_"0%  i-12..,m.

2MSy
n
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At a significance level «, we reject the null hypothesis Hy if

|Di| > Dg (m,v)
where v represents the degrees of freedom for the error mean square. The
values of the quantity Dg (m,v) are tabulated for various a, m and v.

Example 20.6. For the data given in the table below perform a Dunnett
test to determine any significant differences between each treatment mean
and the control.

Control Sample 1 Sample 2
9.2 9.5 9.4
9.1 9.5 9.3
9.2 9.5 9.3
9.2 9.6 9.3
9.3 9.5 9.2
9.2 9.4 9.3

Answer: The ANOVA table for this data is given by

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 0.280 2 0.140 35.0
Within 0.600 15 0.004
Total 0.340 17

At the significance level o = 0.05, we find that Dg g25(2,15) = 2.44. Since
35.0 = D > Dy g25(2, 15) = 2.44

we reject the null hypothesis. Now we perform the Dunnett test to determine
if there is any significant differences between each treatment mean and the
control. From given data, we obtain 70. = 9.2, Yie = 9.5 and Yae = 9.3.
Since m = 2, we have to make 2 pair wise comparisons, namely o with pq,
and pg with po. First we consider the comparison of pg with . For this

case, we find

Yie — Yo
D, = 1 s _

2MSw
n

9.5-9.2

/2 (0.004)
6

= 8.2158.
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Since
8.2158 = Dy > Dy g25(2, 15) = 2.44

we reject the null hypothesis Hy : 1 = po in favor of the alternative H, :
1 # Ho-

Next we find
Y2e — Yoo 9.3—-9.2
Dy = =2 O — — 2.7386.
[2 MSw /2(0.004)
n 6
Since

2.7386 = Dy > D0.025(2, 15) =244

we reject the null hypothesis Hy : pus = po in favor of the alternative H, :
H2 7 Ho-

20.4. Tests for the Homogeneity of Variances

One of the assumptions behind the ANOVA is the equal variance, that is
the variances of the variables under consideration should be the same for all
population. Earlier we have pointed out that the F-statistics is insensitive
to slight departures from the assumption of equal variances when the sample
sizes are equal. Nevertheless it is advisable to run a preliminary test for
homogeneity of variances. Such a test would certainly be advisable in the
case of unequal sample sizes if there is a doubt concerning the homogeneity
of population variances.

Suppose we want to test the null hypothesis

L2 22 2
Hy:0{=05="---0,,

versus the alternative hypothesis

H, : not all variances are equal.
A frequently used test for the homogeneity of population variances is the

Bartlett test. Bartlett (1937) proposed a test for equal variances that was
modification of the normal-theory likelihood ratio test.

We will use this test to test the above null hypothesis Hy against H,.
First, we compute the m sample variances S7, 53, ..., 52, from the samples of
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size N1, Mo, ooy Ny, With ny +ng + -+ + n,, = N. The test statistics B, is

given by

(N —m)InS2 — z:(nZ —1) InS?
B, — i=1

m

1 1
1
1+3(m—1) <Zln"_1 - N_m>

1=

where the pooled variance S; is given by

m

Z(ni — 1) S?

2==__ _ MSy.
p N -—-m w

It is known that the sampling distribution of B, is approximately chi-square

with m — 1 degrees of freedom, that is
B, ~ X2 (m - 1)
when (n; — 1) > 3. Thus the Bartlett test rejects the null hypothesis Hy :
2 2
o] =05 =0

2 at a significance level « if

B. > xi_,(m—1),
where x7_,,(m — 1) denotes the upper (1 —)100 percentile of the chi-square
distribution with m — 1 degrees of freedom.

Example 20.7. For the following data perform an ANOVA and then apply
Bartlett test to examine if the homogeneity of variances condition is met for
a significance level 0.05.

Data
Sample 1 Sample 2 Sample 3 Sample 4
34 29 32 34
28 32 34 29
29 31 30 32
37 43 42 28
42 31 32 32
27 29 33 34
29 28 29 29
35 30 27 31
25 37 37 30
29 44 26 37
41 29 29 43
40 31 31 42
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Answer: The ANOVA table for this data is given by

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 16.2 3 5.4 0.20
Within 1202.2 44 27.3
Total 1218.5 47

At the significance level o« = 0.05, we find the F-table that Fyo5(2, 44) =

3.23. Since

we do not reject the null hypothesis.

Now we compute Bartlett test statistic B.. From the data the variances
of each group can be found to be

S? = 35.2836, S2 = 30.1401, S3 = 19.4481, S2 = 24.4036.
Further, the pooled variance is

Sy =MSy = 27.3.

The statistics B, is

(N—m) InS; — Z(nz —1) InS?

i=1

B, = —
1 1
1
1+3(m*1) (Zni—l o N—m)

=1

44 In27.3 — 11[In 35.2836 — In 30.1401 — In 19.4481 — 1n 24.4036 ]

1 4 1
L+ 3(4-1) ( 12—1 48—4)

10537

= = 1.0153.
1.0378

From chi-square table we find that x2 ¢5(3) = 7.815. Hence, since

1.0153 = B, < x3.5(3) = 7.815,
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we do not reject the null hypothesis that the variances are equal. Hence
Bartlett test suggests that the homogeneity of variances condition is met.

The Bartlett test assumes that the m samples should be taken from
m normal populations. Thus Bartlett test is sensitive to departures from
normality. The Levene test is an alternative to the Bartlett test that is less
sensitive to departures from normality. Levene (1960) proposed a test for the
homogeneity of population variances that considers the random variables

— 12
Wi; = (Yij — Yie)
and apply a one-way analysis of variance to these variables. If the F-test is

significant, the homogeneity of variances is rejected.

Levene (1960) also proposed using F-tests based on the variables
Wij = |Y;J - ?io|, WZJ = 1n|Y;'j — ?i0|7 and Wij = D/U —7"|
Brown and Forsythe (1974c) proposed using the transformed variables based
on the absolute deviations from the median, that is W;; = |Y;; — Med(Yi)],

where Med(Y;e) denotes the median of group . Again if the F-test is signif-
icant, the homogeneity of variances is rejected.

Example 20.8. For the data in Example 20.7 do a Levene test to examine
if the homogeneity of variances condition is met for a significance level 0.05.

Answer: From data we find that Yie = 33.00, Yae = 32.83, Yse = 31.83,
and Y. = 33.42. Next we compute Wi = (YZ—- —71-.)2. The resulting
values are given in the table below.

Transformed Data
Sample 1 Sample 2 Sample 3 Sample 4
1 14.7 0.0 0.3
25 0.7 4.7 19.5
16 3.4 3.4 2.0
16 103.4 103.4 29.3
81 3.4 0.0 2.0
36 14.7 1.4 0.3
16 23.4 8.0 19.5
4 8.0 23.4 5.8
64 174 26.7 11.7
16 124.7 34.0 12.8
64 14.7 0.0 91.8
49 3.4 0.7 73.7
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Now we perform an ANOVA to the data given in the table above.
ANOVA table for this data is given by

639

The

Source of Sums of Degree of Mean F-statistics
variation squares freedom squares F
Between 1430 3 477 0.46
Within 45491 44 1034
Total 46922 47

At the significance level o = 0.05, we find the F-table that Fp5(3, 44) =
2.84. Since

we do not reject the null hypothesis that the variances are equal. Hence
Bartlett test suggests that the homogeneity of variances condition is met.

Although Bartlet test is most widely used test for homogeneity of vari-
ances a test due to Cochran provides a computationally simple procedure.
Cochran test is one of the best method for detecting cases where the variance
of one of the groups is much larger than that of the other groups. The test
statistics of Cochran test is give by

max 57
1<i<m

C= —m
>s:
i=1
2

The Cochran test rejects the null hypothesis Hy : 02 = 03 = ---02, at a

"
significance level « if
C > C,.

The critical values of C,, were originally published by Eisenhart et al (1947)
for some combinations of degrees of freedom v and the number of groups m.
Here the degrees of freedom v are
v = max (n; —1).
1<i<m
Example 20.9. For the data in Example 20.7 perform a Cochran test to

examine if the homogeneity of variances condition is met for a significance
level 0.05.
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Answer: From the data the variances of each group can be found to be
S? = 35.2836, S2 = 30.1401, S2 = 19.4481, 52 = 24.4036.

Hence the test statistic for Cochran test is

35.2836 35.2836

— = = . 2 .
¢ 35.2836 + 30.1401 4 19.4481 + 24.4036  109.2754 03328

The critical value Cy5(3,11) is given by 0.4884. Since
0.3328 = C' < Co5(3,11) = 0.4884.

At a significance level a = 0.05, we do not reject the null hypothesis that
the variances are equal. Hence Cochran test suggests that the homogeneity
of variances condition is met.

20.5. Exercises

1. A consumer organization wants to compare the prices charged for a par-
ticular brand of refrigerator in three types of stores in Louisville: discount
stores, department stores and appliance stores. Random samples of 6 stores
of each type were selected. The results were shown below.

Discount Department Appliance
1200 1700 1600
1300 1500 1500
1100 1450 1300
1400 1300 1500
1250 1300 1700
1150 1500 1400

At the 0.05 level of significance, is there any evidence of a difference in the
average price between the types of stores?

2. It is conjectured that a certain gene might be linked to ovarian cancer.
The ovarian cancer is sub-classified into three categories: stage I, stage IT and
stage III-IV. There are three random samples available; one from each stage.
The samples are labelled with three colors dyes and hybridized on a four
channel cDNA microarray (one channel remains unused). The experiment is
repeated 5 times and the following data were obtained.
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Microarray Data
Array mRNA 1 mRNA 2 mRNA 3

1 100 95 70
2 90 93 72
3 105 79 81
4 83 85 74
) 78 90 7

Is there any difference between the three mRNA samples at 0.05 significance
level?
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Chapter 21

GOODNESS OF FITS
TESTS

In point estimation, interval estimation or hypothesis test we always
started with a random sample X1, Xo,..., X, of size n from a known dis-
tribution. In order to apply the theory to data analysis one has to know
the distribution of the sample. Quite often the experimenter (or data ana-
lyst) assumes the nature of the sample distribution based on his subjective
knowledge.

Goodness of fit tests are performed to validate experimenter opinion
about the distribution of the population from where the sample is drawn.
The most commonly known and most frequently used goodness of fit tests
are the Kolmogorov-Smirnov (KS) test and the Pearson chi-square (x?) test.
There is a controversy over which test is the most powerful, but the gen-
eral feeling seems to be that the Kolmogorov-Smirnov test is probably more
powerful than the chi-square test in most situations. The KS test measures
the distance between distribution functions, while the x? test measures the
distance between density functions. Usually, if the population distribution
is continuous, then one uses the Kolmogorov-Smirnov where as if the pop-
ulation distribution is discrete, then one performs the Pearson’s chi-square
goodness of fit test.

21.1. Kolmogorov-Smirnov Test

Let X1, X5, ..., X,, be a random sample from a population X. We hy-
pothesized that the distribution of X if F(x). Further, we wish to test our
hypothesis. Thus our null hypothesis is

H,: X ~ F(x).
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We would like to design a test of this null hypothesis against the alternative
H,: X +# F(x).

In order to design a test, first of all we need a statistic which will unbias-
edly estimate the unknown distribution F'(x) of the population X using the
random sample X1, Xo, ..., X;,. Let z(1) < z(3) < -+ < x(,) be the observed
values of the ordered statistics X (), X(2), ..., X(n). The empirical distribution
of the random sample is defined as

0 if z< Z(1),

Fn(q;) = if T(k) & < T(k+1), fork=1,2,...,n—1,

n

1 if Ty < T

The graph of the empirical distribution function Fy(z) is shown below.

Fag
1.00
0.75
0.50
0.25
0 X'D X'z) Xm X(4\
Empirical Distribution Function

For a fixed value of x, the empirical distribution function can be considered
as a random variable that takes on the values

1 2 n—1 n

)

0,

nn 7 n
First we show that Fj,(x) is an unbiased estimator of the population distri-
bution F'(z). That is,

E(Fy(z)) = F(x) (1)
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for a fixed value of x. To establish (1), we need the probability density
function of the random variable F),(x). From the definition of the empirical
distribution we see that if exactly k observations are less than or equal to x,
then

k
F,(x)=—
(0) =~
which is

nF,(z) =k.

The probability that an observation is less than or equal to z is given by

X(K) X X(K+D
- > - >
Threre are k sample There are n-k sample
observations each observations each with
with probability F(x) probability 1- F(x)

Distribution of the Empirical Distribution Function

Hence (see figure above)

for k=0,1,...,n. Thus

n F,(x) ~ BIN(n, F(z)).
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Thus the expected value of the random variable n F,(x) is given by

EnF,(z)) =nF(x)
E(Fy(x)) = F(x).

This shows that, for a fixed z, F,,(z), on an average, equals to the population
distribution function F(z). Hence the empirical distribution function F,(x)
is an unbiased estimator of F'(z).

Since n Fy,(x) ~ BIN(n, F(x)), the variance of n F,,(z) is given by
Var(nF,(x)) =nF(x)[1 - F(x)].

Hence the variance of F),(x) is

F@)[1 - F(z)]

Var(F,(z)) = -

It is easy to see that Var(F,(x)) — 0 as n — oo for all values of x. Thus
the empirical distribution function F,(z) and F(x) tend to be closer to each
other with large n. As a matter of fact, Glivenkno, a Russian mathemati-
cian, proved that F,(x) converges to F(z) uniformly in 2 as n — oo with
probability one.

Because of the convergence of the empirical distribution function to the
theoretical distribution function, it makes sense to construct a goodness of
fit test based on the closeness of F),(x) and hypothesized distribution F'(x).

Let
D,, = max|F,,(z) — F(z)|.
xeﬁf{d () ()]

That is D,, is the maximum of all pointwise differences |F, () — F(z)|. The
distribution of the Kolmogorov-Smirnov statistic, D,, can be derived. How-
ever, we shall not do that here as the derivation is quite involved. In stead,
we give a closed form formula for P(D,, < d). If X1, Xs,..., X, is a sample
from a population with continuous distribution function F(x), then

0 ifd <5
n 2i—L4d
P(Dn <d) = n!H/ du if 55 <d <1
2

i=1721—d
1 ifd>1
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where du = duydus - - - du, with 0 < u; < ug < --- < u, < 1. Further,

o0
lim P(VnD, <d)=1-2) (-1t le 2K,
n—oo
k=1
These formulas show that the distribution of the Kolmogorov-Smirnov statis-
tic D, is distribution free, that is, it does not depend on the distribution F
of the population.

For most situations, it is sufficient to use the following approximations
due to Kolmogorov:

1
P(VaD, <d) ~1-22"  for d> NG
If the null hypothesis H, : X ~ F(z) is true, the statistic D,, is small. It
is therefore reasonable to reject H, if and only if the observed value of D,
is larger than some constant d,,. If the level of significance is given to be «,
then the constant d,, can be found from

a = P(D,, >d, [/ H, is true) = 2¢~ 2.

This yields the following hypothesis test: Reject H, if D,, > d,, where

=5 (3)

is obtained from the above Kolmogorov’s approximation. Note that the ap-
proximate value of dy2 obtained by the above formula is equal to 0.3533 when
a = 0.1, however more accurate value of dys is 0.34.

Next we address the issue of the computation of the statistics D,,. Let
us define

D = max{ F(x) — F(x)}

and

D, = max{F(z) - Fu(x)}.

Then it is easy to see that

D, = max{D;, Dy}

Further it can be shown that

Dy = e | = Flag)] 0}

1<i<n [N
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and

D = max{ max [F(x(i)) _i 1] , 0}.

1<i<n

Therefore it can also be shown that

D,, = max {max [i - F(x(i))y F(x(i)) . } } s
n

1<i<n n

where F, (z(;)) = % The following figure illustrates the Kolmogorov-Smirnov

statistics D,, when n = 4.

1.00
0.75 D4 F(x)
0.50 /
0.25 ///
0 X(l) X'z) Xm Xa
Kolmogorov-Smirnov Statistic

Example 21.1. The data on the heights of 12 infants are given be-
low: 18.2, 21.4, 22.6, 17.4, 17.6, 16.7, 17.1, 21.4, 20.1, 17.9, 16.8, 23.1. Test
the hypothesis that the data came from some normal population at a sig-

nificance level a = 0.1.

Answer: Here, the null hypothesis is
H,: X ~ N(u,o?).

First we estimate 1 and o2 from the data. Thus, we get

930.3
T=22"_192
YT
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and L )
2 4482.01 — 55 (230.3) _ 62.17

12—-1 11
Hence s = 2.38. Then by the null hypothesis

5 —19.2
Flze) =P (Z < L)

= 5.65.

S

2.38

where Z ~ N(0,1) and i = 1,2,...,n. Next we compute the Kolmogorov-
Smirnov statistic D,, the given sample of size 12 using the following tabular

form.
i v | Flrw) 5 —Flzw) | Flew) — 5
1 16.7 0.1469 —0.0636 0.1469
2 16.8 0.1562 0.0105 0.0729
3 17.1 0.1894 0.0606 0.0227
4 174 0.2236 0.1097 —0.0264
5 17.6 0.2514 0.1653 —0.0819
6 17.9 0.2912 0.2088 —0.1255
7 18.2 0.3372 0.2461 —0.1628
8 20.1 0.6480 0.0187 0.0647
9 21.4 0.8212 0.0121 0.0712
10 21.4
11 22.6 0.9236 —0.0069 0.0903
12 23.1 0.9495 0.0505 0.0328
Thus
D1z = 0.2461.

From the tabulated value, we see that dio = 0.34 for significance level a =
0.1. Since Dj5 is smaller than d;2 we accept the null hypothesis H, : X ~
N(u,0?). Hence the data came from a normal population.

Example 21.2. Let X3, X5, ..., X0 be a random sample from a distribution
whose probability density function is

1 ifo<z<1
f(x)={

0 otherwise.

Based on the observed values 0.62, 0.36, 0.23, 0.76, 0.65, 0.09, 0.55, 0.26,
0.38, 0.24, test the hypothesis H, : X ~ UNIF(0,1) against H, : X «
UNIF(0,1) at a significance level o = 0.1.
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Answer: The null hypothesis is H, : X ~ UNIF(0,1). Thus
0 ifx<O
F(z){x ifo<z<1
1 ifx>1.

Hence
F(xy)) =z fori=1,2,...,n.

Next we compute the Kolmogorov-Smirnov statistic D,, the given sample of
size 10 using the following tabular form.

i v | Flrw) 55— Flrw) | Flow) — 55
1 0.09 0.09 0.01 0.09
2 0.23 0.23 —0.03 0.13
3 0.24 0.24 0.06 0.04
4 0.26 0.26 0.14 —-0.04
5 0.36 0.36 0.14 —0.04
6 0.38 0.38 0.22 —0.12
7 0.55 0.55 0.15 —0.05
8 0.62 0.62 0.18 —0.08
9 0.65 0.65 0.25 —0.15
10 0.76 0.76 0.24 —0.14
Thus
Dio = 0.25.

From the tabulated value, we see that d1g = 0.37 for significance level & = 0.1.
Since Dy is smaller than dyy we accept the null hypothesis

H,:X ~UNIF(0,1).

21.2 Chi-square Test

The chi-square goodness of fit test was introduced by Karl Pearson in
1900. Recall that the Kolmogorov-Smirnov test is only for testing a specific
continuous distribution. Thus if we wish to test the null hypothesis

H,: X ~ BIN(n,p)

against the alternative H, : X # BIN(n,p), then we can not use the
Kolmogorov-Smirnov test. Pearson chi-square goodness of fit test can be
used for testing of null hypothesis involving discrete as well as continuous
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distribution. Unlike Kolmogorov-Smirnov test, the Pearson chi-square test
uses the density function the population X.

Let X1, X5, ..., X,, be a random sample from a population X with prob-
ability density function f(x). We wish to test the null hypothesis

H,: X ~ f(x)
against
H,: X # f(x).
If the probability density function f(x) is continuous, then we divide up the

abscissa of the probability density function f(z) and calculate the probability
p; for each of the interval by using

b= iﬂx)dx,

where {zg,21,...,,} is a partition of the domain of the f(z).

Discretization of continuous density function

Let Y1,Y5, ..., Y,, denote the number of observations (from the random sample
X1, Xo, ..., Xp) is 15t,20d 3rd 0 mth interval, respectively.

Since the sample size is n, the number of observations expected to fall in
the i** interval is equal to np;. Then

— (Vi —np;)?
oy o’
i=1 "pi
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measures the closeness of observed Y; to expected number np;. The distribu-
tion of @ is chi-square with m — 1 degrees of freedom. The derivation of this
fact is quite involved and beyond the scope of this introductory level book.

Although the distribution of @ for m > 2 is hard to derive, yet for m = 2
it not very difficult. Thus we give a derivation to convince the reader that @
has x? distribution. Notice that Y; ~ BIN(n,p1). Hence for large n by the

central limit theorem, we have

Y, —
_ TP N(O,1).
np1 (1 —p1)

Thus )
(}/i_npl) ~ 2(1)
np (1 —p1)

Since

(Y1 —np1)? (Y1 —np1)? N (Y1 —np1)?

npy (1 —p1) np1 n(l—p)’
we have This implies that
(Y1 —np1)? n (Y1 —np1)?

np1 n(l—p1) ~x )

which is ( )2 ( )2
Yi—np n—Ys—n+np
+ ~x*(1)
npi np2

due to the facts that Y7 + Yo = n and p; + p2 = 1. Hence

2
Yi—n i2
S HanE e,
npi

i=1

that is, the chi-square statistic () has approximate chi-square distribution.

Now the simple null hypothesis
Ho :p1 = pio, P2 =p20, "+ Pm = Pmo
is to be tested against the composite alternative
H, : at least one p; is not equal to p;g for some 1.
Here p1g, p20, ---, Pmo are fixed probability values. If the null hypothesis is

true, then the statistic
m

o= Z (Yi — npi())2

no;
i—1 DPio
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has an approximate chi-square distribution with m — 1 degrees of freedom.
If the significance level a of the hypothesis test is given, then

=P(Q>x;_o(m—1))

and the test is “Reject H, if Q > x%_,(m — 1).” Here x3_,(m — 1) denotes
a real number such that the integral of the chi-square density function with
m — 1 degrees of freedom from zero to this real number x3_,(m—1)is 1 —«
Now we give several examples to illustrate the chi-square goodness-of-fit test.

Example 21.3. A die was rolled 30 times with the results shown below:

Number of spots 1 2 3 4 5
Frequency (z;) 1 4 9 9 2 5

If a chi-square goodness of fit test is used to test the hypothesis that the die
is fair at a significance level a = 0.05, then what is the value of the chi-square
statistic and decision reached?

Answer: In this problem, the null hypothesis is

1

me=m=m=m=a

The alternative hypothesis is that not all p;’s are equal to =. The test will
be based on 30 trials, so n = 30. The test statistic

Q:Z npz

i=1

whereplzpzz-u:pﬁ:%. Thus

and
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The tabulated x? value for x3 o5(5) is given by
Xg.05(5) = 11.07.

Since
11.6 = Q > X2 95(5) = 11.07

the null hypothesis H, : p1 =ps = -+ =pg = % should be rejected.

Example 21.4. It is hypothesized that an experiment results in outcomes

K, L, M and N with probabilities %, 1%, % and %, respectively. Forty

independent repetitions of the experiment have results as follows:

Outcome K L M N
Frequency 11 14 5 10

If a chi-square goodness of fit test is used to test the above hypothesis at the
significance level a@ = 0.01, then what is the value of the chi-square statistic
and the decision reached?

Answer: Here the null hypothesis to be tested is

Hyp(K) = Fop(0) = 2 pn = L vy =2,

The test will be based on n = 40 trials. The test statistic
 (z1 — npp)?
k — NPk
N
k=1 Pk
_ (331 — 8)2 n (.732 — 12)2 n (333 — 4)2 (x4 — 16)2

8 12 4 16
C(11-8)2  (14-12)%  (5-4)2 (10— 16)?
s T 12 "1 T
_9,4 1 36
8 12 416
95
= 53 = 3958,

From chi-square table, we have
XC00(3) = 11.35.

Thus
3.958 = Q < X§.99(3) = 11.35.
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Therefore we accept the null hypothesis.

Example 21.5. Test at the 10% significance level the hypothesis that the
following data
06.88 06.92 04.80 09.85 07.05 19.06 06.54 03.67 02.94 04.89
69.82 06.97 04.34 13.45 05.74 10.07 16.91 07.47 05.04 07.97
15.74 00.32 04.14 05.19 18.69 02.45 23.69 44.10 01.70 02.14
05.79 03.02 09.87 02.44 18.99 18.90 05.42 01.54 01.55 20.99
07.99 05.38 02.36 09.66 00.97 04.82 10.43 15.06 00.49 02.81

give the values of a random sample of size 50 from an exponential distribution
with probability density function

%e_% fo<z< o

f(x;0) =

o

elsewhere,

where 6 > 0.
Answer: From the data T = 9.74 and s = 11.71. Notice that
H,: X ~EXP(0).

Hence we have to partition the domain of the experimental distribution into
m parts. There is no rule to determine what should be the value of m. We
assume m = 10 (an arbitrary choice for the sake of convenience). We partition
the domain of the given probability density function into 10 mutually disjoint
sets of equal probability. This partition can be found as follow.

Note that T estimate 8. Thus
h=7=0974

Now we compute the points x1, g, ..., 19 which will be used to partition the
domain of f(z)

Hence
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Using the value of z1, we can find the value of x5. That is

Hence )
o = —0 In (eITl — 1—0>
In general
- 1
xk:—gln(e_ O —E>
for k = 1,2,...,9, and z19 = oo. Using these z;’s we find the intervals

Ay = [k, Tk41) which are tabulates in the table below along with the number
of data points in each each interval.

Interval A; Frequency (o) Expected value (e;)
0, 1.026) 3
1.026, 2.173)
2.173, 3.474)
)
)

[

[

[

[3.474, 4.975
[4.975, 6.751
[6.751, 8.925)
[8.925, 11.727)
[11.727, 15.676)
[15.676, 22.437)
[22.437, c0)
Total

W I DN T JO0 O
U Ot Ot Ot O O Ot UL O Ot

(SN
)
ot
)

From this table, we compute the statistics
(0i — )
= —— =64.
Q=2 —

and from the chi-square table, we obtain
X2 o(9) = 14.68.

Since
6.4=0Q < x3o(9) = 14.68
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we accept the null hypothesis that the sample was taken from a population
with exponential distribution.

21.3. Review Exercises

1. The data on the heights of 4 infants are: 18.2,21.4,16.7 and 23.1. For
a significance level a = 0.1, use Kolmogorov-Smirnov Test to test the hy-
pothesis that the data came from some uniform population on the interval
(15,25). (Use dy = 0.56 at o = 0.1.)

2. A four-sided die was rolled 40 times with the following results

Number of spots 1 2 3 4

Frequency 5 9 10 16

If a chi-square goodness of fit test is used to test the hypothesis that the die
is fair at a significance level a = 0.05, then what is the value of the chi-square
statistic?

3. A coin is tossed 500 times and k£ heads are observed. If the chi-squares
distribution is used to test the hypothesis that the coin is unbiased, this
hypothesis will be accepted at 5 percents level of significance if and only if &
lies between what values? (Use x25(1) = 3.84.)
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ANSWERES
TO
SELECTED
REVIEW EXERCISES

CHAPTER 1
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. S has countable number of elements.

. S has uncountable number of elements.
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CHAPTER 2
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13. &
14. 2.
15. (2) (5) (52) + (3) (56
16.
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18. 5.
19.

20.
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CHAPTER 3

1. 1.

2. Qkk—:-ll

3. %

4. Mode of X = 0 and median of X = 0.
5.0 1n (1),

6. 2 1n2.

7. 0.25.

8. f(2)=0.5, f(3) =0.2, f(r) =0.3.

9. f(z) = gade™™.

10. 2.

11. a = 500, mode = 0.2, and P(X > 0.2) = 0.6766.
12. 0.5.

13. 0.5.

14. 1 — F(—y).

15. 1

. 3
16. Ry = {3,4,5,6,7,8,9}:

F3)=f(4) =55, f(5) = [(6) = [(T) = 55. [(8) = (9) = 5.

17. Rx ={2,3,4,5,6,7,8,9,10,11,12};

F(2) = 55, F3) = 55, F(4) = 55, f(5) = 55, [(6) = 55, f(T) = 55, f(8) =
500 = 5, £10) = &, S(1) = &, £(12) = .

18. Rx = {0,1,2,3,4,5};

F(0) = S8, £(1) = 90, 5(2) = B 7(3) = 39, F4) = £, F6) = 1.
19. Ry = {1,2,3,4,5,6,7}:

) = 04, f(2) = 0.2666, f(3) = 0.1666, f(4) = 0.0952, f(5) =
0.0476, £(6) = 0.0190, f(7) = 0.004S.

20. ¢ =1 and P(X = even) = 1.

2l.c=1, P1<X<2) =3

22.c=%andP(X§%):%.
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CHAPTER 4

~0.995.
(a) 53, (b) 33, (¢) 55

(c) 0.25, (d) 0.75, () 0.75, () 0.
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CHAPTER 5
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CHAPTER 6

. flx)=e" 0<z<o0.

.Y ~UNIF(0,1).
_1(lnw—p\2

) = A

. 0.2313.

. 31n4.

. 20.10.
3

g
. 2.0

. 53.04.

. 44.5314.
. 75.

. 0.4649.

n!
. a—n-

. 0.8664.
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0 otherwise.
19. 0.5.

20. 0.7745.

21. 0.4.

22. iy’%e*T.

23. iye’y?‘

24. In(X) ~ A\(u, 02).

25. et

26. e,

27. 0.3669.

29. Y ~ GBETA(«, 8,a,b)

32. (i) \/—7 (ii) 5, (i) /7, (iv ) 3

33. (i) 125, (i) (100)'® 27 (iii) 52

35. (1 %)2.
") =

36. ( o I(n+a)

T'(a) -
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CHAPTER 7
L. fi(z) =28, and fo(y) = 245°.
w  fl<z<y=2r<12
2. flmy) =4 2  ifl<z<y<2r<I12
0 otherwise.

—
|)_l mlH

fN

(gg):{2(1—x) if0<x<1
0 otherwise.
M.

eb

© ® N o Uk w
~ Wl N
= 5]

0.2922.
5
2.
5 3y
10. fi(z) = { So(8—a%) if0<z<2
0 otherwise.
2y if0<y<1
11. — {
f2v) otherwise.

0
12 f(y/x):{(m if (x—12+@E-1)2<1

otherwise.
13. &

5, H0<y<2r<l1
0  otherwise.

14. f(y/z) =
15. 2.

16. g(w) = 2e7" —2¢72v.
17, gw) = (1- 1) %
18.
19. &
20. 2.
21. No.
22.
23.
24.
25.

26.
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CHAPTER 8

1. 13.
2. Cov(X,Y) = 0. Since 0 = f(0,0) # f1(0)f2(0) = 1, X and Y are not

independent.
1
3. 7
4. (17415)1(17&)'
5 X +Y ~BIN(n+m,p).
6. 1 (X2-Y?) ~ EXP(1).
7. M(s,t) = 5+
8.
9. -2

10. Cov(X,Y) = 0. No.
11. a = g and b = %
12. Cov = f%.
13. Corr(X,Y) = —1.

14. 136.

15. 2 T+p.

16. (1—p+pe)(1—p+pe?).
17. < [1 4 (n —1)g).

18.

o

19.

LS

20.
21.

N[
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CHAPTER 9

© ® N s @k W N o=

11.
12.
13.
14.
15.
16.
17.
19.

20.

N N S =
8 + 5, ey
8 0 F
8
NG

22 112
px = —% and py = 5=,

243y—28y°
14+2y—8y2 *
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CHAPTER 10

1 1
= + —_—
2 4

1. g(y) = { vy

0 otherwise.

for0<y<1

3 M for 0 <y <dm
16 m/m <y<
2. g(y) = vom
0 otherwise.
2y for0<y<1
3. g(y) =
0  otherwise.
L (z44) for—4<2<0
4. g(z) = 54—z for0<z<4

otherwise.

e for0<zr<z<24+zr<o0

N [=

0 otherwise.

1
0
5. g(z,z) = {
4

L o for0<y<v2

&
)
—~
NS
S~—
Il
——
<

0  otherwise.

Z3 22 o
15000 — 250 T 25 for 0 <2 <10
7. Z) = 8 _ 2z _ P _ 23
9(2) 15— % — 250 — Tsaoo 1or 10 <z <20

0 otherwise.

2 a(u—za
%ln(“*“)Jr% for 2a < u < 0o

0 otherwise.

9. h(y) = 37241 2 =1,2,3,4,5,6.

4h3 2z _2h?z
mvre \Ume T for0<z<oo

10. g(z) =
0 otherwise.
*%Jr?%—vo for 10 <3u+v<20, u>0,v>0
11. g(u,v) =

0 otherwise.

2u .
o f0<u<oo
(1+u)3 1 =
12. g1(u) = {

0 otherwise.
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5 [91}3—5u21)+3u1)2+u3]
13. g(u,v) = 32768
0 otherwise.

4L for 0 <wu+v < 2ybv—3u <8
g(u,v) =

for0<2v+2u<3v—u<16

14.
0 otherwise.
24+ 4du+2u? f-1<u<0

15. g1(u) = 2yT—4u  if0O<u<i

0 otherwise.
ju  if0<u<l1

16. g1(u) = u™® ifl1<u<oo
0 otherwise.

dus —4du ifO<u<l1

17. g1(u) =
0 otherwise.
2073 fl<u<oo
18. gi(u) =
0 otherwise.
N fo<w<2
% fa2<w<3
19. f(w) =
2w if3<w<5b
0 otherwise.
20. BIN(2n,p)
21. GAM(6,2)
22. CAU(0)
23. N(2u,20?)
12—la]) iflal <2 -3 In(|g) if sl <1
24. fi(a) = f2(B) =
0 otherwise, 0 otherwise.
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%
S~

3. 960

6. 0.7627.
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CHAPTER 12
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CHAPTER 13

© ® X s 0ok ®
e
w
ot
[\

11. 60+ L.
12. 2¢72w

13. 6 ’;’—3( %).
14. N(0,

15. 25.

16. X has a degenerate distribution with MGF M (t) = ez!.

17. POI(1995)).

18. (1)" (n+1).

19. 55 35.

20. f(z) =% (1- e’%)g e % for 0<z < oo.

21. X(p41) ~ Beta(n+1,n +1).
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CHAPTER 14

© ® N S @k W N o=

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

N(0,32).

x%(3); the MGF of X? — X7 is M(t) =

£(3).

1 — (w1+I92+w3)

f(x11x27x3) = p3€

o2

£(2).
M (t)

_ 1
T /=20 (1—4t)(1-6t)(1-8¢)
0.625.

4

752(n —1).

. 0.

V1—4t2"
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CHAPTER 15

1-X-

e

© ® 3 @

11. & = 3.534 and 3 = 3.400.
12. 1.

13. %max{xl,xg,...,xn}.

1
14. \/1 EETTE r——
15. 0.6207.

18. 0.75.

19. —1+ 2

:

20.

[ :
. 4

21.

22,

*

3

23.

> IXi—pl

=1
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27.

28.

29.

30.

31.
32.
33.
34.
35.

1
-
VX.
N X ~ nX?
A= (n—1)52 and & = (n—1)52
10n
p(1-p)
2n
92
% 0
0 502/
0 55
a=% f=f XL X?-X].

n 2(x;—0) 0

9 is obtained by solving numerically the equation > ; T =

9 is the median of the sample.
n
X .

(172)172'
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CHAPTER 16

o2 —cov(Ty,Tz)
o’f-i—a% —2cov(Ty1,T "

1. b=

2. 6= [X[|, E(]X]) = 6, unbiased.

11. k= 2.

n
13. In JJ(1+ X))
=1

14. zn:XE.
i=1

15. X(1), and sufficient.
16. X(q) is biased and X — 1 is unbiased. X (1) is efficient then X —1.

17. ilnXi.
=1

18. ) X;.

19. ZlnXi.

22. Yes.
23. Yes.
24. Yes.
25. Yes.
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CHAPTER 17
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CHAPTER 18

8.

9.

10

11

12

. =00511and BN) =1-)

. a=0.03125 and B = 0.76.

. Do not reject H,.

7 (8)\)30678)\

, A#£0.5.
x!

=0

. a«=0.08 and 8 = 0.46.
. a=0.19.
. a=0.0109.

.« = 0.0668 and 8 = 0.0062.

C = {(x1,22) | 7> > 3.9395}.

C = {(CCl, ey 1‘10) |f > 03}

. C={zel0,1]]z > 0.829}.
.C= {(3’51,1‘2”331 +x2 > 5}

. C={(z1,...,28) |T—TInT < a}.

13. C ={(z1,...,2,)|35InT — T < a}.

14.

15.

16.

17.

18.

19.

20.

684





