Problem Set A

Problem 1

= (a)
N[413 / (768 + 295)]
0. 388523

= (b)
27123
10633823966 279 326 983 230 456 482 242 756 608
N[%]
1. 06338 x 10%7

= (o)
N[Pi A2, 35]
9. 8696044010893586188344909998761511
N[E, 35]
2.7182818284590452353602874713526625

= (d)
N[{61 /88, 13863 /20000, 253 /365, Log[2]}]
{0. 693182, 0.69315, 0.693151, 0. 693147}

The best approximation to log(2) is given by the second fraction.



Sample Notebook Solutions

Problem 2

= (a)
N[10 % Sin[1/10], 15]
0. 998334166468282

= (b)
N[100 % Sin[1 /100], 15]
0. 999983333416666

= (0
1000 » N[Si n[1 /10007, 15]
0. 999999833333342

Thisillustrates the fact that lim(x sin(1/x) =1 as x->infty.

Problem 3

? Pl ot

Plot[ f, {X, Xmin, Xmax}] generates a plot of f as a function of x from Xin t0 Xmax-
Plot[{fy, f, ...}, {X, Xmin, Xmax}] PlOts several functions f. >
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= (a)
Plot [ x*"3-x, {x, -1.5, 1.5}]
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= (b)

Pl ot [Tan[x], {X, -2%Pi, 2%Pi }]




= (0)

? Cont our Pl ot

ContourPIot[ , {X, Xmin, Xmax}; (¥ Ynins Ymax}]
generates a contour plot of f as a function of x and y.

Sample Notebook Solutions

ContourPlot[ f == g, {X, Xmin, Xmax}s (Y, Ymins Ymax}] Plots contour lines for which f = g.

ContourPlot[{ f; == g1, fo== 0, ...

plots several contour lines.

}/ {Xr Xming Xmax}l {yr Ymins ymax}]

ContourPlot [y"2 == x"3-X, {X, -2.5, 2.5}, {y, -4, 4}]

4
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Problem 4
= (3)

? Fact or

Factor[ poly] factors a polynomial over the integers.
Factor[ poly, Modulus —> p] factors a polynomial modulo a prime p.
Factor[ poly, Extension —> {a, ay, ...}] factors a polynomial allowing
coefficients that are rational combinations of the algebraic numbers a. >
Factor [Xx*"3 +5%*x"2-17 *x -21]
(=3 +X) (1+Xx) (7 +X)
= (b)

? Fact or | nt eger

FactorInteger([n] gives a list of the
prime factors of the integer n, together with their exponents.
FactorInteger(n, k] does partial factorization, pulling out at most k distinct factors. >

Fact or I nteger [123456 789]
{{3, 2}, {3607, 1}, {3803, 1}}

Problem 5

In this problem, we find the intersections of the graphs of the functions x® and 4*.
First we graph the functions from O to 3.



Sample Notebook Solutions

P

ot [{x% 4%}, {x, 0, 3}]
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It looks like there might be a point of intersection between 0 and 2, so let's zero in on
that region.

Plot [{x%, 4}, {x, 0, 2}]
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Plot [{x® 4}, {x, 1.2, 1.3}]

8-

S S E S SR
122 1.24 1.26 1.28 1.30

It defintely looks like there's a point of intersection at about 1.24. Are there any other
points of intersection? Inthefirst plot it's hard to see what's happening at 0 (because the
vertical scaleis so large, from 0to 500). Let'stake acloser look at a neighborhood of 0.

Plot [{x® 4%}, {x, -1, 1}]

4

-10 -05 0.5 10

Now we see that there appears to be a point of intersection near the point -0.85. Are
there any other points of intersection? As x goes to -infty, the graph of x& goes off to
+infty, but the graph of 4* decaysto zero, so there are no points of intersection to the left
of the one we just iidentified at approx -0.85. Are ther any to the right of the one
identified above at approx 1.24? In the graph above, the function whose graph passes
through the point (0,1) is4*. In the very first graph of these two functions it appears
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that as x gets larger, X2 remains larger than 4*. We can use Mathematica to check
whether thisistrue.

Limt[x*"8/4"x, x =>Infinity]
0

So certainly 4% eventually is bigger than x8.
Plot [{x8, 4}, {x, 2, 20}]

1.5x10%

1.0x 10%°

5.0x10°

10 ‘ 15 ‘ ‘ ‘ ‘ 20
Thereitis. Let'szeroinonit.

Plot [{x® 4%}, {x, 15, 17}]
1A2x101°f—
10x10°
8.0><109f
6.0x10° |

20%10°]

\ T SO S S S
155 16.0 16.5 17.0

It looks like the intersection is pretty close to x=16. Now let's use the command
"FindRoot" to numerically find these points of intersection. Here's the syntax for this
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command:
? Fi ndRoot

FindRoot[ f, {x, Xo}] searches for a numerical root of f, starting from the point x = xo.
FindRoot[Ihs == rhs, {X, xo}] searches for a numerical solution to the equation |hs == rhs.
FindRoot[{ f1, fa, ...}, {{X, Xo}, (Y, Yo}, ---}]

searches for a simultaneous numerical root of all the f;.
FindRoot[{egn,, ean,, ...}, {{X, Xo}, {¥, Yo}, ...}] searches for a

numerical solution to the simultaneous equations eqn;. >

This command looks for the "closest”" root to the starting point xg. To find the three
different points of intersection we will have to use three different starting points.
Fi ndRoot [x"8 == 4"Xx, {X, -1}]

{x - -0.861345}

Fi ndRoot [x"8 == 47X, {X, 1}]
{x - 1.23963}

Fi ndRoot [x"8 == 47X, {X, 16}]
{x - 16. }

Those are the three values (at least to five decimal places) where the two functions x8
and 4* have the same value. Just for the record, here is the unhelpful output using Solve.
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Sol ve[x"8 = 47X, X]

Solve::ifun: Inverse functions are being used by Solve, so some solutions
may not be found; use Reduce for complete solution information. >

[, Log_s[“ } 8 Product Log [ - % iLog[4]]

bo{x-- }

8 Product Log

{{X -

Log[4] Log (4]
8 Product Log [ ¢ i Log[4] | 8 Pr oduct Log { Logi4 ]
x-- b {x - - L
Log (4] Log [4]

8 ProductLog[- ¢ (-1)%*Log[4] ]

{X - -
Log[4]

8 Product Log[% (-1)Y*Log (4] |
{X - -

Log[4]
8 Pr oduct Log[—% (-1)3%% Log[4] |

],

{x > - b

{x-- H

Log (4]

Problem 6

This problem demonstrates Mathematica's Limit command.
= (a)

Limt [Tan[x] /X, X => 0]

1
m (b)

Limt[l/X, x>0, Direction - -1]

[ee)
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Limt[l/x, x>0, Direction- 1]
-
= (0
Limt [Xx Exp[-x"2], x =>Infinity]
0
Limt [X EXp[-x], X > -Infinity]
-
= (d)
Limt[(Log[l-Xx]+ X)/x"2, x-0]
1

2

11

Problem 7

We find the derivatives of the given functions using Mathematica’s D command.

?D

D[ f, x] gives the partial derivative 6 f /o x.

D[ f, {x, n}] gives the multiple derivative " f /5 X".

D[f, x, v, ...] differentiates f successively with respect to x, y, ....

D[ f, {{X1, X, ...}}] for a scalar f gives the vector derivative (0 f /9%, 8 f /9xy, ...).
D[ f, {array}] gives a tensor derivative. >

= (a)
nsk= D[x”*3/ (x"2+1), X]

2 x4 3 x2

Out[5]= - +
(l + X2> 2 14x?

inel= Si I'T'pl i fy [%]

x? (3 +x2)
Outf] ——

(1+X2>2
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= (b)
D[Sin[Sin[Sin[x]]], X]
Cos[x] Cos[Sin[x]] Cos[Sin[Sin[x]]]
= (0)
n7i= D[ArcTan[x], {X, 3}]
8 x2 2

Out[7]= -

(1+x2)°  (14x2)?

ingl= Si ITpl i fy [%]
-2 +6x?
Ooutf8]= ——
(1+x2)°
= (d)
D[Sgrt [1+x”"2], X]

X

A1+ x2

= (e)
DIExp[x » Log[x]1], X]

x* (1 +Log[x])

Problem 8

This problem demonstrates Mathematica's | ntegrate command. We check some of the
answers by differentiating. Here is a description of the command.
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?lntegrate

Integrate[ f, x] gives the indefinite integral ff dx.

Xmax
Integrate[ f, {X, Xmin, Xmax}] gives the definite integral f fdx
Xmin

Integrate[ f, {X, Xmin, Xmax}, {Ys Ymins Ymax}s -]

Xmin

Virex
gives the multiple integral d xf dy.. f. >
Yirin

" ()

Integrate[Exp[-3 *Xx] *Sin[x], X]

1
- —e3X (Cos[x] +3Sin[x])
10

D[%, X]

L 3
- — e (3C0s[x] - Sin[x]) + — e* (Cos[x] +3Sin[x])

10 10
Simplify[%]
e3XSin[x]
= (b)

Integrate[(x +1) »Log[x], X]

x2 1
-Xx - — +x Log[x] + —x? Log [X]
4 2

D[%, X]
Log[x] +x Log[Xx]

= (0
Integrate[Sgrt [x / (1-x)1, {X, 0, 1}]

2
= (d)

Integrate[Exp[-x"2], {X, -Infinity, Infinity}]

Vo
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= (e

Integrate[Sqrt [x*4 +1], {x, 0, 1}]
1 1 5

Hyper geometric2F1|-—, —, —, -1
2 4 4

N[%]

1.08943

Problem 9

Solve[x"5-3*x"2+x+1 =0, X]

1 2 1/3 1 s
T O T LY P )
3 11+3+/69 2
e
et o) [ s )
3 6 2 3, 22/3 (11+3\@)1/3
i3
{“*E*E(l—iﬁ) [1(11+3m)]“3+ 5(1+13) |
3 6 2 3 . 22/3 (11+3@)1/3
N[%]

{({x-=1.}, {x-=1.}, {x - -0.43016},
{Xx - -0.78492 -1.30714 1}, {Xx - -0.78492 +1.307141}}
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pl ot Plot [x"5-3*x"2+x+1, {X, -2, 2}]

20+

0]

10+

-20 ;

Show[pl ot, Pl otRange - {-5, 5}]

Thereisaroot at approximately x = -0.43, adoubleroot at x = 1, and the other two roots
are complex.

Problem 10

fIt_]:=t"6 -4xt"4 - 2t"3 + 3t"2 +2 %t
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= (a)
Plot [f[t], {t, -3/2, 5/2}]

8-

o

= (b)
Thereisalocal min near t = 1.6, alocal max near t = 0.6, another local min near t =-0.4,
and we cannot tell what is happening near t = -1.

Plot [f[t], {t, -1.2, -1/2}]

0.05F

-005}
-0.10f
-0.15}

-0.20f

Might be aninflection point at t = -1.
= (0)
DIf [t], t]

2+6t -6t2-16t3+61t°
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hit _]:=2+6t-6t2-16t3+61t°

Alternatively, you can define h[t_]:=Evaluate[D[f[t],t]],
but the command Evaluate is not discussed unitl Chapter 8 of DEwMma.
Plot [h[t], {t, -3/2, 5/2}]

30+

10+

1 L L L 7/\_\ L 1 L L L L 1

—~10+

Looks like there are four points where the derivative is zero as predicted by part (b).

Fi ndRoot [h[t] =0, {t, -1}]
t - -1.1
Fi ndRoot [h[t] == 0, {t, -0.4}]
{t > -0.314273}
Fi ndRoot [h[t] =0, {t, 0.6}]
{t > 0.629579}
Fi ndRoot [h[t] == 0, {t, 1.6}]
{t > 1.68469}

= (d)

k[t_]:=Evaluate[D[h[t], t]]

17
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Plot [k[t], {t, -1.2, -0.8}]

10+

-11 -1.0 -0.9 -0.8

This graph shows that t = -1 isindeed an inflection point because to the left it is convex
up (the second derivative is positive) and to the right it is concave down (the second
derivative is negative). Alsot = -1 is an extreme point of the first derivative, correspond-
ing to an inflection point of the function.

Problem 11
= (a)
Solve[{x"2-y"2 =1, 2xX+Yy =2}, {X, Y}]
5 4
X -1, 01, {x - -—
(xonyo0 ko 2y o]

= (b)
Plotl:=ContourPlot [2*X+Yy =2,
{x, 0.5, 2}, {y, -2, 0.5}, ContourStyle -» Red]
Plot2:=ContourPlot [x"2-y"2 =1,
{x, 0.5, 2}, {y, -2, 0.5}, ContourStyle -» G een]
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Show[Pl ot 1, Pl ot 2]

o5C T T T T T T T ]
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Problem 12
= (3)

Zl/n"Z

®
=1
2

>

Tt
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= (0
fIx_1] :=ix"n/n
n=1
f[x]
-Log[1 -x]
= (d)
DIf [x]1, x]
1
1-x
= (¢)
iD[x"n/n, X]
n=1
1
7—1+x

This suggests that you can differentiate a power series, like a polynomial,
term-by-term.

Problem 13

See Problem 3 for the syntax of the function Contour Plot:

Here's asample wherein it gives a collection of level curves:



Contour Pl ot [x? +y?, {x, -5, 5}, {y, -5, 5}]
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= (a)
ContourPlot [8y +y3-x3=5, {x, -10, 10}, {y, -10, 10}]

10 \ \ \ M

~10- _
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= (b)

ContourPlot [{3y +y3-x%=-2, B3y +y3-x3=0, 3y+y®-x*=2,
3y+y®-x®=5, 3y+y®-x*=8}, {x, -5, 5}, {y, -5, 5}]

_4-

_4 ) 0 2 4
= (0)

fIx_, y_1:=y*Log[x] +Xx*Log[y]

fr1, 1]

0
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Contour Pl ot [f [x, y] =f[1, 1], {x, -1, 5}, {y, -1, 5}]
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N
T T T T [ T T T T [ T T T T [ T T T T [ T T T T [ T T T T ]
T S T O SO SO R

Problem 14

u:=Exp[-x]*Sin[x]+Exp[x] *Cos[X]
u
e* Cos[x] +e*Sin[x]
= (a)
xpts = Table[j «Pi, {j, -1, 1, 1/4}]
37 s s

n o1 3rx
e I Uyl
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= (b)
u/. X->xpts
e—S /4 e377/4 e—n/4 e71/4
{——e’”, - e -
NPy NFENFY
efn/él e?T/4 ‘573 /4 e37T/4
1’ + , e—n/Z’ . , _e”
NFENFY V2 Vz
= (0)
fIx_1:= Exp[-Xx] *Sin[x]+Exp[x] *Cos[Xx]
= (d)
f [xpts]
@73 /4 e3 n/4 (e—n/4 e71/4
{—@7”, _ _ , _e/l/Z’ _ ,
vz V2 vz oz
e /A /4 e3m4  g3n/4
1, + , e*ﬂ/z’ _ , 7@”}
V2o 2 V2o 2
N[%, 5]

{-0.043214, -7.5275, -4.8105, -1.2285
1. 0000, 1.8733, 0.20788, -7.3935, -23.141}
= (€)
Table[{j] »Pi, N[f[j «Pi], 51}, {j, -1, 1, 1/4}] // Tabl eForm

-0. 043214
-7.5275
-4. 8105
-1.2285

1. 0000
1.8733

0.20788

IR J>|<,J |
N

o

FENERESE

5

-7.3935
-23.141

>44>|



