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THEORY OF RESONANCE FREQUENCY SHIFT 
DUE TO THE RADIATION FIELD 

M. Mizurhima 
Department of Phyricr 
Univerrity of Colorado 

Boulder, Colorado 

ABS TRAC T 

A new formalirm ir developed t o  calculate radiative t rmri t ion 
proceraer,  and applied to calculate the rhift of reronaace frequency 
due to the radiation field itrelf. The serot h approximation giver the 
Bohr reronaace condition, but a rhift proportional to the photon den- 
sity is obtained in the next approximation. 

The firrt order  rhift i r  made of two t e rmr :  electric and mag- 
netic. Both of them can be interpreted a r  the recond order Stark ef- 
fect and Zeeman effect due to the orcillating field rerpectively. 

A compariron with experimental data on Cr ir made. A good 
agreement is obtained by choosing the value of parameterr ruitably. 
There valuer of parameterr can be checked by a future experiment. 

. .  . . .  
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The Hamilt- of our system I s  made of three parts, namely, tht 

of the radiation field, tbat of an atcm in  a vacuum, snd the interaction 

between them, The eggen vel- of the radiation f ie ld I s  w e l l  ham t o  be 

tb k-th photon, The elgen value for the atom i n  vacuum i s  actually vary 

The interaction between the radiation field ?nd the atom i a  

are the change, win, and “entum of tbe l-th jrarticle of the nt- 

arrd A l a  the vectar potentiel at ths poaition of the i-th particle. 

Thus we write 

%la e x p r a i a n  oeeane ain@e, but actually nee& a long coxmnt of 
renormall.aatian of char@ and  MI 1 Q Ha* we mean the #embltonian of 

the atom d t h  renormIiMd ’quantltierr. I n  thts case bom parte of the 

interaction Hamiltonian is already incldod In the other prt, 

The atom l o  in a :cavity which +des tb boundaq conditlcns for 

maul coardinates t o  satiSPg much boundsrg oondit iarr and aqre8s H 
rad. 

component8 &e to each x”1eoardimta without, inforactim 

8om of these narml vibratiom hgve a wave length 

the atcm%c d b ” i a n ,  oxGy x“l vibrationcl with longer 

.. . .,.. . . .. ~ . . ._ --_ .. 
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I. 

wave len&h are excited i n  our case. ;le thus consider only narmlvibra- 

t i c n  with a uave length very much larger that the atomic dimension, Ia 
tht case we can sxp.nd Thua 

A 
%.n (1)ahd take the first feu term8 oaly. 

of the 'K -th n m l  coordinpto, 2 58 the to ta l  number of electrons in this 

atom, L and S are total orbi ta l  and spin rt.lguler momenta, rmpectivelq, 
A A 

and K is  the propgation vector of the  'rt-th normal coordinate, The n m m l  

coordinate is not necessL?rily a plnne wme, but inside the atolnic vol- 

m e  it can be apmoximted 3s a place wave. The vopogrticn trectao. I( 
A 

should be interpreted in such an approxirmatian. 

It is convenient G O  take a revesentation in which I$aa azxl Ha. are 

both diagonal. Neglecting the zero-point vibration'of the f i e l d  tlm di- 

agonal terms of o w  Hamtltonians in such a representation are 

I n  tl-is formula n R i s  the quantum mnbor of the q+h mode, and Ma is the  

energy of the  n t o m  I n  i t 8  a-th state. 

Using the mtrix element f o r a  

we have, for non-d iagd  matrix eleme~ntm, 

. - ~ ._. . . . . .  . . . .  ............. 
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where 

0 ac - <wp - w c )  /)i 

He i 

( 9 )  

3 -L 

- e c  ri (10) 
0 and 0' are electr ic  and Pragnetic'fisld amplitude, 
a d  $is the urdt vector parallel t o  Aos or the polariziation vector. 

Atomic s ta te  c is  different fWm a and b buf c and b can be the "e. 

Nate that Aa term has diaeoml mtrh  elements, a8 xell as non-dlagonal 

matrix elements (8). 

It is very difficult t o  obtain e i p n  veluea of the Xaniltcnian 
* 

matrix we obtained above, but P?proxint?te reeulta can be obtained by 

using the perturbation method. bJe are particularly interwted. i n  a 

defenerate csse where 

aR+ cow 2A/)1 (11) 
is trow smrll compared t o  to i tsel f .  I n  such 8 cam w6 tab 

$I. a)+? I n + l B )  (12 1 

as the zeroth amcodmation far the e i p n  Rurction. In  this f"b 8 
and )1 are the numerical coefficients and n I s  the quantum number far the 

k - t h  node, or n is the! abrevlation for our previous n solving 2 x 2 

6Ub rnetrix formed by In a) and In + 1 b) otates awn (b) and (6 )  we 

ha90 

> 
4 

- w  
L 

where (n alHm \n + 1 8) can be either (6) m (7). We obtain 
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I 

(17) = cXa A lu2 
From (6rand (7) we see $ +  and J 

e y + 
ale both pure imaeinary. 

. . .  . - .  _ _  , ..- .. .- - 
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Since 

(. . 

If we put (16) in  we have 

The (n u\Hm 1 n + 18) part of * will pwduce the aatural Ilne wldth if 

hot neylected. Since we are not interested i n  ths mturrl 1- width hov 

ue just  neglected the matrix element of Hint in (26). 

Equation (25) glves t he  fandliar trpnsition Fobabi l i ty  formula and 

(26) gives the Bohr's s x ~ e s s i o n  of the resonace Prequency 

0 ' 0  (27) aP 

The comrentional results obtdned in the previous section crn be 

imprcmed by t d d n g  M@er ordar apppradmation t o  ~ u r  e i p n  value ovem (u). 
Ihe ordinary second order perturbation mthod cm be used for that  
I ,  

.. . . .- -. . . . ~  
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- %,a,b,- According t o  the discussion i n  the previoue section En a b + 

gives the resoname frequency. 

the following formula is useful. 

S $ S  

In calcuhtinl;  this quantity from ( 2 9 )  

(PI 

where 



OperPtor D can be either electric dipole term given in (7) QP: m a p t i c  d i -  

pole dven i n  (6). Matrix elements of the electric dipole term l a  about 

10 times those of the magnetic dipole term. The selection rule, however, 6 

i s  such that the ratp#tic dipole can combine almost degenerate states, but 

that is Inpossible far the electric dipole. The dexxrminatars in (35) thue 

8 

.. . I . .  . . , .  ~. 
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c .  1 where the dispersion relation 58 used acXing zero term 

+ @e* 0 t h  r )(KGovd(n-d (37 1 
t o  tb first expression. I n  the l a s t  expreseion of (36) we defined the 
electr ic  field eneregr density 

Pe = n QJ o*P (38) 
and the polaritability of t h e  atom u- and u 
final states, respectively. Xote tha t  far a standing wave Ga and p 
depend on the position. %rice t h e  energy density ia 

where e is the  average e l e c t d c  f i e ld  intensity of the radiation f i e ld  
a t  the position where t h e  atom is, we 886 the  dipole term (36) h 

in the initial alld the  
e$ 

Po - €,€r/2 (39 )  

or the resomnce fkequency shift is dven by the difference of the average 
Stark shift of the i n i t i a l  cnd t h e  final stete due t o  the radiation field 
i t a e l f ,  

The shlft due t o  the mametic dipole term is 

where 

a? tb magnetic dipole "t, rad b ~ i 6  the average magmtlc flur donsbty 
of the radiation f i e l d  ltsolf, Farmila (bl) can a@n be interpreted in 
turma of the ordinary',second order Zaemftn effect. 

APPLICATION TO Ca 9 ltM0 UISg 

The p u n d  state of the Cs atom I s  %u2 and the mrclepr ' 8ph  of 7/2 

s-t it in to  F=4 and 3 e a t e s .  F=h state I s  higher i n  enerm than P 3  
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2 s ta te  by about 9 kHc. Beehler, Snider and F l o c U e r  obserped the bhange 

of the resonance frequency due t o  the f i e l d  intensity. In hi8 experhart 

atcmic degenerecy is removed 

theory is app3icable. The transition F - b 3  is the mgnetic dipole 

transition. 

the s t a t i c  mametic f ie ld  Bo 80 that m 

T h e m  are tu0 cases, namely, if tho mapetic component of the micro- 

mve is parallel or perpendicular t o  .the exterm1 stpt ic  rimmetic field. 

hey are called u and r' cwes, respectively. The 8electim.rule for the 

m n p e t i c  dipole transit ion is 

b M - 0  forocase 

AM - - + 1 for *case (L2) 

Let us consider the electric dimle shift first. Since ths micro= 

wave frequmcy is very low the  polarirability t o  be usad in formula (LO) 

is slmost equal t o  that with R stc?tic field. 

I n  Beehler, Snider, Pnd I.:ocl&w's experiment the electric component 

of the microwave is nltmys  perpendicular t o  the s t a t i c  nvlpnetic field. 

Haun 3rd Zacharias 3 &send the Stark effect  of (F=3, M-0)- (F-&, M-0) 

transition p.eswbly in the snme situation md obtalned 

AE/h - -2.9 x lom2 ea cpe (13) 
where€ is the electr ic  fleld in volts/m. 'de thus expect gar M -Ow0 t r d t i o a  

J2 (o-o)/h - -2.9 x loo2 pJGo cpa 
0 - -3.3 x lop p a cpe (w1) 

aut- Ir . According t o  tht theoozy'w expect the emgy  of both -3 and 

when, p I s  the  electric emrw density of the adcrowave Fie ld  io 3 e .  
0 

The theory of the Stark effect (b) ia p?oposed by the p.wSnt 

F=& states t o  change 06 (ao + AExp)E' v l th  dlf'fereJnt eonstante due 

t o  the external electric field. %US the kec t r ic  shift o f  the fl- tr- 

I 

- - . ..... - - . . . -  _ -  . .  . ., . . . ~ .- . . 
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oitions is expected t o  be @veri by 

fie ( M t r M ) / h  (-3.3 x lo9 + DiP)p CPS 
e 

and that o f  the b r a n s i t i o n  must bo 

A, (F-3, W F + L ,  El)/h (-3.3 x lo9 +C+XH - +Dd)pe cps (La 
where C and D are constants. 

As for t he  mgnetic dipole shift we see that  it i s  nepligible in the 

o transitions, sinc ; i n  the experiment such a transit ion is induced with 

microwaves whose B comoonent is completely parallel t o  the external 

s t a t i c  m e e t i c  field. 

d2 ( r s i t +  PI) - o m 

I n  the n-tyye transition, on the other hand, we have the selection 

rule AN = + 1, which makes the mcnetic dipole term impcrtant i n  the 

frequency shift  n o  If the microwave i s  l inemly  polrsimd, ES i n  the 

present cases, the  transit ion (F.3 11 )- (Fib, M +l), for example, is 

perturbed by (F-3, M )t., (F-4. W -1) very stronQly since l e a a  1 is 
equal t o  the separation of (Fib, H +1) l eve l  axxi (F=b, M -1) level which 

is very small compared t o  a. Cther transitions (F-3, 1% W ( F . 3 ,  M +l), 

(W4, M +1)NF=4,  M ), and (F=4,H+1)4+(F&,M+2) also contdbute t o n  t o  

some, but to  a much smaller extent. Bo 

- 

If the static magnetic field is 

Bo (ew’) N/8 for F=& (b9) 

FSrst consider (?=3,M)+-, (PI4,lHl) 

transition. The frequency of tUs 

transi t ion is 

ao+B,(4f/8p)(2M+1) in . tha zer&h 
appr ax-ti on. 

The SMft due t o  (F=3,M)++(F-b,M-l) 
Fig. 1. Transitiom 

IS, from (U) Perturbing on (F=3,+0) 
_. (F.IL, Mp-1) Requencg. 
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The same consideration gives the followinc form la for the mr-c 

shift of (F-3, W ) M  (F-&, W-1) trnsit ion,  
L 

I z f i  = =1100 (p/b0)(7*2W (53) 

In Beehler, Snider, and Nockler'r experiment input parer ua8 mbaetured, 

but the energy densitie8 pe and pm In the cadty were not. Me believe, 

however, that the input power ir ppopcirtional to pe and pap. since tha 

cavlty baa Q o f  about m, we 88tl.w.te that input power of 1 mr car- 

responds t o  p of about loo9 joules@. T h i s  emtimath, houever, am bo 

wrong a fpctor of 100, 

Transitiona 80 far observed are listed i n  Table 11. s! me tw did 

negligible I n  the oberved range of input power up t o  about 10 1 ~ .  .I 

'r 

8 1  

Ahearetical curve8 are compnred with experlment~l data rrfth th, 

following choice of pnrmterr 

' I  

.b 

I 

. . , . .  .. . I - _ .  . , .~ . . .  .- . . - . 
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I x lo8 p$ inp = L.7 cp/= (56)  

* where inp. i s  the input power in W. Equation (%) &Ow8 that 

4 
pm = 1.2 x lo4 joulee/2 

a t  1 mu input, while R.am M4-0 transition we sa9 

(57) 

at 1 nw input. Thsse values are reaeonable. fL repsonable ageanent is 

shown i n  the medium p e r  range Ixcof i  In one case, In the lowest power 

region the experinent~l Inaccuracy i s  supposed t o  bo large. 

input region the experiment shoim larp deviation from linear behaviur. 

Themwon is  not known yut. 

In the higher 

.. ... __. ._ - .. - .. ,.. . - 
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1. For example, A, I. Akhiezer ani 0. B. Barestetslgr, ~Quu&~ 
E l e c t r m c s ,  AEC+r.-2876, p. 360 

2, Reehler, Snider, m d  &,cUer, private commtnication 

3. R. D. Hnu, Jr. and J, R. Zacharias, phse. Rev. 107, 1W (1957). 

h. 11, Maushima, t o  be prbllohed. 
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