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Abstract

Quantitative experiments on supersaturated solutions are presented. They serve
to introduce topics such as the solubility curve and irreversible phase transitions.
Experimental results are analysed with the aid of Hess’s law. These kind of
experiments, which in the present case employed sodium acetate trihydrate,
may be chosen as a student’s project in experimental thermodynamics.

1. Introduction

Examples of metastable states are the so-called supercooled liquids, which occur when the
liquid phase (a local minimum of the Gibbs function) does exist, though the solid phase
(absolute minimum of the Gibbs function) is more stable under the same conditions [1]. In
[1], we have illustrated experimentally some phenomena undergone by supercooled liquids.
Closely related are phenomena occurring in supersaturated solutions [2]. The solubility of
a solid in a liquid is described by a solubility curve, which gives, for an equilibrium state,
the maximal amount of solid, mp(#), that can be dissolved in a certain amount of liquid, as a
function of the temperature. For a saturated solution, the mass of the solute is given by the
solubility curve, while for an unsaturated solution there is less solute and for a supersaturated
solution there is more. A supersaturated solution is metastable: it may become a mixture of
solid in equilibrium with a saturated solution.

Along the same lines of our previous paper on supercooled liquids [1], we present,
in this work, a series of experiments on supersaturated solutions. In our experiments we
used supersaturated solutions of sodium acetate trihydrate (NaCH3;COO - 3H,0), hereafter
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Figure 1. Stalagmite of solid SAT when a supersaturated SAT solution is poured over a seed
crystal. As the stalagmite grows, the temperature increases.

(This figure is in colour only in the electronic version)

referred to as SAT, in water, since they are easily prepared. A supersaturated aqueous solution
of SAT may remain indefinitely, but, when it is slightly perturbed (e.g., by the presence of
a SAT crystal—seed—or by the gentle perturbation caused, for instance, by the probe of a
digital thermometer when it is slightly shaken), crystallization occurs. One observes that
the homogeneous liquid suddenly separates into a solid and a saturated SAT-water solution
while the system temperature increases. There is a parallelism between these phenomena and
solidification in supercooled liquids [1].

Though supersaturated solutions provide experiments which are visually appealing and
even amazing (see figure 1), the description of quantitative experiments in this topic is scarce
in the literature, and this fact was indeed one of the motivations for the present work.

In principle, the theory describing the processes is not involved, but, as in other
experimental works, the results may contain an element of surprise.

When a mass m of SAT is dissolved into a fixed amount of hot water of mass mw and
then cooled down, a supersaturated solution at room temperature, f;, is obtained. When part of
the dissolved salt crystallizes, a certain amount of heat is released (crystallization enthalpy),
increasing the temperature of both the solid and of the saturated SAT-water solution. A final
temperature, #;, is eventually reached.

In order to know the mass of salt which remains dissolved after crystallization, one has
to insert #; in the equation of the solubility curve, i.e., one has to calculate mp(#). The mass
of the crystallized salt is therefore:

ms(ty) = m — mp(ty). (1
The enthalpy balance equation may be written as
Ahery(Dms (1) + ms(tp)cs(f) (t; — 1) + [mw +mp(tp)] css (tr — 1) =0, (2)

where Ahgy (7) is the enthalpy of crystallization for SAT in the interval of temperatures (7 is
an intermediate temperature between f; and #), cs(7) is the (average) specific heat of SAT and
css 1s the specific heat for saturated SAT—water solution, which is assumed to be constant.

The released heat is the enthalpy of crystallization. The term enthalpy of solidification is
not completely appropriate here, since our experiments are done by crystallizing the salt out
of the solution and not by freezing the liquid. In section 3, we shall further discuss this point.

The laboratory work should be divided into three steps: (i) previous measurement of
some quantities when they are not available in the literature, (ii) preparation of supersaturated
solutions, well in advance, and the carrying out of crystallization experiments and (iii) analysis
of experimental results.
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Table 1. For different thermostat temperatures, ¢, listed are the SAT masses, mp, which saturate
20 cm? of water.

t/°C mp/g

156 £0.1  22.85+0.02
18.5£0.1 2431 £0.02
21.5+£0.1 2536 £0.02
258 £0.1 26.55£0.02
319+£0.1 29.08 £0.02
36.1 £0.1 3230 £0.02
393+£0.1 36.10£0.02
44.6 £0.1  45.86 +0.02

This paper is organized as follows. In section 2 the SAT-water solubility curve is obtained,
as well as the SAT specific heat and saturated SAT-water solution specific heat. Additionally,
some data needed in the analysis are reported. In section 3, experimental temperatures for
supersaturated SAT-water solution crystallization are presented and SAT specific heat and
enthalpy of crystallization are obtained. These results are discussed using the SAT-water
solubility curve and Hess’s law. In section 4, we summarize the method and present the
conclusions.

2. Solubility curve and specific heats

2.1. Solubility curve

To obtain the SAT-water solubility curve we introduced 20 cm? of distilled water in a test
tube, which was placed inside a thermostat, and measured the mass of dissolved SAT?. When
a small crystal remains undissolved at the bottom of the test tube, the mass which remains
from a previously known amount is measured in order to obtain the dissolved mass. Table 1
shows our experimental results.

With the data of table 1, we obtained the following polynomial fit for the SAT solubility
curve (in 20 cm?® of water)

mp(t) = —2.24 +3.00¢ — 0.1147% + 0.001 597°. (3)

This expression is valid around and above room temperature.

2.2. Specific heats

When a SAT supersaturated solution precipitates, solid SAT and saturated SAT solution remain
in the test tube. In the final analysis, the solid SAT and the SAT saturated solution specific heats
(both at constant pressure) will be important. We performed a set of calorimetric experiments
in order to obtain those specific heats.

The present case is similar to that discussed in [1] with the sum of all enthalpy variations
vanishing (see equation (1) of that reference). Therefore, the water equivalent of the
calorimeter for these kind of experiments, mc, is obtained as in [1], yielding

muw (fiw — Hw)

mce = W — mp. (4)

3 When the salt is added, the temperature inside the test tube decreases initially; but, when the solution is close
to saturation, the temperature does not change anymore. This observation can be used to recognize the vicinity of
saturation.
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Table 2. Results of calorimetric experiments. A mass of hot water, myw, at initial temperature
tli—lw is placed inside a calorimeter. In a metallic recipient with a thin wall a mass m,, of cold water
{1}, SAT supersaturated solution {2}, sodium chloride (Na Cl) {3} and sodium acetate trihydrate
{4}, at initial temperature ¢!, are placed in thermal contact with the hot water. After 3 min of gentle
stirring, the final temperatures of hot water, t}ilw’ and of the substance in the metallic recipient, tf,
are measured.

muw/g  thw/°C  mp/g  1/°C  thy/°C  tf/eC

{1} 1357 45.0 1413 20.0 322 31.6
{2} 180.7 45.0 129.8  20.1 31.7 31.0
{3} 183.1 45.0 196.6  21.5 39.3 37.6
{4} 1346 44.0 140.1  21.6 379 34.0

All quantities in this expression are introduced in the caption of table 2.
Also from AH = 0, and in a similar way, the specific heat, c, can be obtained:

|:me (tiw — thw) mc:|
cC=Ccwy | ————F—————— 5

mp (1t — 1) mp

&)

where cw = 4.18 J g7! K~! is the water specific heat. Our calorimetric data are given in
table 2.

Using equation (4) with data {1} from table 2 we obtained mc = 8.4 £ 0.6 g. Using
equation (5) with data {2} in table 2, we obtained css = 3.47 J g~' °C~! for the heat capacity
of SAT saturated solution. After performing three experiments of this kind, we obtained
css =3.45+0.15) g ' °C.

Since sodium acetate trihydrate is solid (powder), we checked this simple calorimetric
method with NaCl (tiny crystals). According to the data in the literature, the heat capacity of
NaCl is cp(NaCl) = 0.902 J g’1 °C~!, at 298 K. Using equation (5) with data {3} in table 2,
we obtained cp(NaCl) = 0.87 £ 0.05 J g~' °C~! (the error bars result from a set of three
experiments). Using equation (5) with data {4} in table 2, we obtained cs = 1.72J g~! °C~!
for the sodium acetate trihydrate heat capacity. After performing three different experiments
of this kind, we arrived at cg = 1.754+0.08 J g~' °C~!.

2.3. Data in the literature

According to the literature [3], the heat capacity of solid SAT (whose molecular weight is
136.08 g mol~!) at constant pressure is cp = 229.0Jmol ' K~™! = 1.68J g7 ! K~'at298.15K
and cp =322.0J mol ' K*! =237Jg ' K~ 'at 325K.

The SAT enthalpy of fusion is Ak, = 20.250 kJ mol~! = 148.10J ¢~', and the entropy
of fusion Asps = 61.0 Jmol™! K~ = 0.448 J g’1 K~! at the normal fusion temperature
Trws = 331.7 K.

3. The experiments

To obtain supersaturated SAT solutions, we poured different amounts of SAT into different test
tubes, all containing 20 cm? of distilled water. All solutions were gently heated, immersing
the test tube into hot water. Solutions were filtered to avoid impurities and then slowly cooled
down to room temperature.

Afterwards, a metallic probe of a digital thermometer was merged into each solution. A
small disturbance induces the salt solidification and the observed temperature increase was
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Figure 2. Graphic of A, given by equation (7) versus # — f¢. The values mp(#f) can be obtained
using equation (3) and # given in table 3. The least-squares fit gives A = 1.85(¢; — #r) + 111.8.

Table 3. After dissolving the mass m of SAT into 20 g of water and gently heating, solutions were
filtered and slowly cooled down to room temperature #. A disturbance induces salt to crystallize
and the final temperature, f¢, was measured.

m/g 1i/°C 1t/°C

46.50+0.02 20.6£0.1 30.7+0.1
49.81+0.02 2054+0.1 31.74+0.1
54.89£0.02 204£0.1 33.2£0.1
60.01 £0.02 205+0.1 34.7+0.1
65.02£0.02 199£0.1 354=£0.1
70.51 £0.02 202+£0.1 36.8+0.1

measured (3 min were necessary for the temperature to stabilize). Our data for several test
tubes are given in table 3.

For my = 20 g, in order to know mp(#;) after crystallization, we insert each final
experimental temperature 7, given in table 3, in the solubility equation, equation (3). Then,
using equation (1), mg () was obtained.

Equation (2) may still be written as

A =cs(ti — tr) — Ahgy, (6)
where the quantities
Ir —
_ st —h) [y + mp(t)] and At =t — 1 7
ms (fr)

can be determined from the data in table 3 and other above-mentioned data.

Figure 2 represents A versus (¢ — ;). From this we get cs = 1.85J g~'°C~! and
Ahgy = —111.8T g7 1.

According to the literature, cs varies with temperature as 0.026 J g=! K72, ¢5(T) =
1.68 +0.026(T —298) J g=! K~!, and at 32 °C it can be estimated to be cs = 1.86 J g7 ! K~

On the other hand, Ahy is quite different from the previously reported data on
Ahys. Actually, SAT-water supersaturated solution crystallization is slightly different from
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the ligxuid—solid SAT phase transition. Given the aqueous solution character of liquid SAT,
it is possible to guess that the enthalpy of crystallization will not be very different from the
enthalpy of fusion, Ahery (Ttus) ~ — Ahgys(Tius)-

The experimental result for the enthalpy of crystallization at temperature 7 may be
obtained using Hess’s law. It is given by

T
Ay (Trae) = / css AT + Ahery (T) + f s dT, ®)

Ttus T
and, assuming css to be constant and cg(7') as given above,

0.026
Ahery (T) = Mhery(Trus) + (55 = 1.68) (Thus — T) = ——[(Trus = 298)° — (T' = 298)”].

)

Thus

By a similar calculation, the entropy of solidification at temperature 7 is given by

The The
ASery(T) = ASery(Thus) + (css — 1.68) ln< ;) — 0.026(Tsys — T) +7.751In ( ;) . (10

Using the previously reported data and assuming that the temperature for sodium acetate
supersaturated solution solidification is around 32 °C (7T ~ 305 K), we get Ay (305) = —112
J g7 and Asgy(305) = —0.333 J g7! K71, with Asey(305) = —0.333 > Ahgy(305)/
305 = —0.367, according to Clausius’ inequality and showing that this kind of crystallization
is an irreversible process.

4. Conclusions

Our first goal was to determine the final temperature of a supersaturated solution that evolves
to a final state with a solid phase in equilibrium with a saturated liquid. The analysis requires
knowing the specific heats of the solid, which depends on the temperature of the saturated
solution, which is assumed constant, and the crystallization enthalpy. Due to the large
difference between the specific heats of the solid and of the saturated solution, according to
Hess’s law, the crystallization enthalpy strongly depends on the final temperature. In order
to predict the final temperature, one has to perform a self-consistent calculation for which a
good guess of the final temperature is required.

In this work we studied phenomena occurring in supersaturated solutions, using sodium
acetate trihydrate as working substance. In order to obtain the final temperature it was
necessary to know the solubility curve, so that this function had to be previously obtained
in a set of experiments. Moreover, the specific heats of the solid and the saturated solution
were obtained also in a set of calorimetric experiments. The use of the Hess law and Clausius
inequality showed that the phase transition was indeed irreversible.

The material required to perform these kind of experiments is easily available, making
them suitable for student’s projects in laboratory thermodynamics.
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