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char(k) =0,k =k
g semisimple Lie algebra /k, 0:g 5 g, >=1d, g=t®p.

Generalizations:

Uq(g) quantum envel. algebra. g symmetrizable Kac-Moody alg.
P1. Construct 6, : Ug(g) — Uq(g) dim(#(b*)Nb~) < oo (1st kind)
P2. Construct U(t) C Uq(g) dim(f(b*) N b+) < oo (2nd kind)
Solved by M. Noumi, T. Sugitani, classified by V. Kac, S. Wang '92.

M. Dijkhuizen, G. Letzter

Main result of this talk

Let g be a symmetrizable Kac-Moody algebra and 6 an involutive
automorphism of the second kind. Then both 6, and Ug(¢) can be
constructed. There exists a rich structure theory.
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@ quantized generalized intersection matrix algebras
(Y. Tan, R. Lv ’05, ’'12)
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with the following relations (for all i, € I):

(1) KK '=1=K"K, Kk =Kk
(2) KEK '=q%E, KFK '=q %F
K — K

(3) EFj— FE = 5,,ﬁ

(4) Fi(Ei.E)=0=Fj(Fi,Ff) ifi#]

where Fj(x,y) = 131 )”[1*aa‘}qx1—ai,-—nyxn

n=1

[N]gIN—1]4...[N—n+1] L
with [], = S Imle = G

Hopf algebra with coproduct: A(Ej) = E;® 1+ K ® E;
AF)=FoK '+10F
A(K) = K ® Ki

m




Right coideal subalgebras

Observe: Let x € ¢'.
~ kx C g’ (commutative) Lie subalgebra of g'.
~ k(x) Hopf subalgebra of U(g’).

But k(F;) is not a Hopf subalgebra of U,(g').

Definition
A subalgebra C C Uy(g') is called a right coideal subalgebra if

A(C) C C® Uy(y).

General principle: Quantum group analogs of Lie subalgebras of g’
appear as right (or left) coideal subalgebras of Uy(g’).

Example: k(F;) is RCSA of Uy(g').



Admissible pairs

A generalized Cartan matrix, g = g(A)
Definition

Let X C / be of finite type and 7 € Aut(A, X).
The pair (X, 7) is called admissible if

Q@ ~2°=1d

Q 7[x = —wx

Q Ifje/\ X and 7(j) = j then oj(py) € Z.

Notation: Aut(A, X): diagram automorphisms which fix X.
wyx: longest element in the parabolic subgroup Wx C W.
px: half sum of positive coroots for my.
(mx: semisimple Lie subalgebra corresponding to X.)
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Involutive automorphisms of the second kind

Br(W): Braid group associated to W.
Action: Ad : Br(W) — Aut(g)

si — Ad(s;) = exp(ad(e;)) exp(ad(—£)) exp(ad(e;))

Theorem (Kac, Wang '92)
The following map is a bijection:

admissible involutive automorphisms
Aut
{ pairs } / AUt(A)%{ of g of the second kind } ut(a)

(X,7) — 0(X,7) = Ad(s(X, 7)) o Ad(wx) o 7 o w.

v

Notation:

@ w Chevalley involution:
w(e)=—f,w(f)=—e,wh)=-h Viel heh.
s(X,7) € Hom(Q, k*)

1 ifje Xorr(j)=/j
s(X,7)(ey) = { i(@ex) ifj ¢ Xand 7(j) > j
(—i)@ex) if j ¢ X and 7(j) < j



Lusztig’s braid group action

Br(W) — Aut(Uy(g")), sis T, we Ty
where

Ti(Ej) = —FiKi, T(F)=-K'E, TiK) = KK %

l

and for j # i one has

ey ad(E,’_aij)(E/)
TI(E/) = [—aj/]q[—aij_ﬂq oo [1]qa

Ti(F)) = —q~ Mw(Ti(E)))-

Notation:
@ w Chevalley involution for Ugy(g’):
w(E) = —F, w(F)=-E,w(K) =K' Viel
@ ad(E))(x) = Eix — KixK 'E; ( ).
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Quantum involution

(X, ) admissible pair, 8 = 0(X, 7)
Notation: Mx = k(q)(E;, Fi, K*' |i € X)
Kn=TT;e, K™ for h="13",c,mih; € Q"
Goal: Define algebra automorphism
Og = 0q(X,7) - Ug(g") = Ug(g')
such that (1) eq(Kh) = Kyn) Vhe QY

@ Things we do not ask for: e 64 Hopf algebra automorphism
® (6g)* = ldy,(g)
@ The ansatz 6, = Ad(s(X, 7)) o Tu, o 7 ow does not satisfy (2).



Quantum involution Il

Define algebra homomorphism

V2 Ug(g') = Ug(a')
W(E)=EK, W(F)=K"F, WK)=K.

1

Then _
Og=Ad(s(X,7))oTxoTow  With Tx =Ty, oW

X

satisfies (1), (2), and (3). Moreover, Ty commutes with 7.
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Quantum symmetric pair coideal subalgebras

(X, 7) admissible pair, 0 = (X, 1), g =¥ & p’
@ The Lie algebra ¥ is generated by
@ h forall he b’ with8(h) = h
e my (semisimple Lie subalgebra corresp. to X')
o fi+0(f) forallie I\ X.

@ Notation: Ky =[];c, K" it h=3",., nihi € Q".

Define Uy (¥') to be the subalgebra of Uy(g’) generated by
@ K for all h € Q¥ with 6(h) = h
@ My
@ Bi:=Fi+0g(FK)K™ '  forallie/\X.

© Why 6g(FiK)K™" ?
e Because there exist Z.;) = E;, ... E;, and a;, a; € k(q) s.t.

0q(FiKi) = ai Twy (E-(i)) = @iad(Z(i))(Ex(i)-
@ Consequence: Uy (') is a right coideal subalgebra of Uy(g’), i.e.

A(Uq(¥)) € Ug(t') @ Ug(a")-



Specialization
Ki — 1
qg-1’
Uy = A<E,-, Fi, K=, (K 0)q ‘ i /> * A-form’

Define A = k[q, g~ "](g—1) and (K;; 0)q =

u1/ ::k®,4uj4

Proposition (‘well known’)

There exists an isomorphism of algebras ¢/; — U(g’) such that

1® E — e, 1@ F—f, 1Q (Ki;0)g — hi
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Specialization

K —1
qg-1°

Uy = A<E,, Fi, K=, (K 0)q ‘ ie /> * A-form’

Define A = k[q, g~ "](g—1) and (K;; 0)q =

Uy =keaUy

Proposition (‘well known’)

There exists an isomorphism of algebras ¢/; — U(g’) such that

1® E — e, 1@ F—f, 1Q (Ki;0)g — hi

¢ Ug(g') = Ug(g’) linear map s.t. ¢(U)y) C U
~ p=1d® Plow, Uy — Uy ('specialization of ¢)
V C Uy(g’) subspace. Define V4, = VN, and

V=ko V4 CU (‘'specialization of V’)

Proposition

Bq(X, ™) = (X, 7) and Us(¥') = U(¥).




Generalization and classification

Let ¢ = (C)ienx: S = (Si)ienx € A\X such that ¢;(1) = 1.
Define Uy (¥')c, s to be the subalgebra of Ug(g’) generated by
° K forall he QY with 6(h) = h
*} MX
@ B = Fi+cilg(FK)K ' +sK™'  forallic I\ X.



Generalization and classification

Let ¢ = (C)ienx: S = (Si)ienx € A\X such that ¢;(1) = 1.

Define Uy (¥')c, s to be the subalgebra of Ug(g’) generated by
° K forall he QY with 6(h) = h
@ My
@ B = Fi+cilg(FK)K ' +sK™'  forallic I\ X.
Properties of C = Ug(¥')c s (for ‘good’ ¢, s):
(1) Cis aright coideal subalgebra of Uy(g’).
(2) C specializes to U(¥).
(8) Maximality condition: Let V C Uy(g’) be a subspace such that

e V specializes to U(¥')
e CCV

then V = C.



Generalization and classification

Let ¢ = (C)ienx: S = (Si)ienx € A\X such that ¢;(1) = 1.

Define Uy (¥')c, s to be the subalgebra of Ug(g’) generated by
° K forall he QY with 6(h) = h
@ My
@ B = Fi+cilg(FK)K ' +sK™'  forallic I\ X.
Properties of C = Ug(¥')c s (for ‘good’ ¢, s):
(1) Cis aright coideal subalgebra of Uy(g’).
(2) C specializes to U(¥).
(8) Maximality condition: Let V C Uy(g’) be a subspace such that

e V specializes to U(¥')
e CCV

then V = C.

Theorem (Letzter ’02)

Let g be of finite type. If C C Uy(g) is a subalgebra satisfying (1), (2),
and (3) above. Then C = Ug(E)gé for some ¢, s as above.




Generators and relations

Let U = k(q)(Kn| h € Q¥,0(h) = h) and M}, = k(q)(Ei|i € X).

The algebra U (¥'). is generated over MF U3 by elements B; for all
i € I and relations

KB = g BiKj, forall K, e US,iel (1)
g1

E,‘Bj = BjE,' = 5,1;(’_7}(’_1 forallie X,jel (2)

Fii(Bi, Bj) = Cj(c) (3)

for some Cjj(c) € 3 <1_a, Mx U3 By

Here, for any multi-index J = (ji, j2, - - - , jn) € I” we define
BJ:B]HBJ'Z...B/” and |J|:f7

with B; = F;if i € X.



Problems and outlook

@ Complete the classification of subalgebras C satisfying (1), (2),
and (3) up to Hopf algebra automorphism of Uy(g’) in the
Kac-Moody case.

Relate the result to Poisson geometry for the corresponding
symmetric space in the finite case.

@ Perform the program of harmonic analysis/special functions in
the non-finite case.

@ Dream something up !



