
  

REAL ANALYSIS NOTES 

Math 401 

Bridgewater State University 



 

Recall that  

 A statement is a sentence which has a true or false value 

 An implication is a statement of the type `If P then Q’ where P and Q are two 

given statements. 

 

Address the following: 

1. Give an example of a sentence which is not a statement. 

 

 

2. Give an example of a sentence which is a statement. 

 

 

3. Given an example of a statement which is an implication 
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Notes 
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Warmup Exercises (try these at home) 

 

 

 

 



Chapter 1 

The set of Natural Numbers 
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Question 

 Can we derive Axiom N5 from Axiom N1 through Axiom N4? 

Answer here 
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Exercise 1 
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Exercise 2 
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Exercise 3 
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Section 2 

The Set of Rational Numbers
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Proof 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Answer 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 



 

 We equip the real numbers with two operations: addition and multiplication. 

 The following sets of axioms will be exploited to derive fundamental well-known facts about real 

numbers.  

Field structure 

 

 

Order Structure 
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Exercise Using the axioms above, prove the uniqueness of the opposite of a real number.  

 

 

 

 

 

Exercise Using the axioms above, prove the uniqueness of the opposite of a if a is a nonzero real 

number.  

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Proof of Theorem 3.1 (i) 

 

 

 

 

 

Proof of Theorem 3.1 (ii) 
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Proof of Theorem 3.1 (iii) 

 

 

 

 

 

 

 

 

 

Proof of Theorem 3.2 (i) 

 

 

 

 

 

 

 

 

 

 

Proof of Theorem 3.2 (ii) 

 

 

 

 

 

 



 

Proof of Theorem 3.2 (iii) 

 

 

 

 

 

 

 

Proof of Theorem 3.2 (iv) 

 

 

 

 

 

 

 

 

 

 

 

 

Proof of Theorem 3.2 (v) 

 

 

 

 

 

 



Proof of Theorem 3.2 (vi) 

 

 

 

 

 

 

 

 

 

Proof of Theorem 3.2 (vii) 

 

 

 

 

 

 

 

 

 

 



 

Notes 

 

 

 

 

 

 

 

 



Proof of Theorem 3.5 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Warm-up Exercises (attempt these exercises at home) 
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Answer here 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 



Chapter 2 
Section 7 Limits of a Sequence 

 
Question  
Write down an example of a sequence  
 
 
 
 
 

 
Question  
What do you observe? Base on your observation are you able to make a conjecture? 
 
 



 

 
 

 
Answer 
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Practicing epsilon-delta proofs 

 
Scrap work 
 
 
 
 
 
 
 
 
 
 
 
 
Proof 
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Chapter 7

Writing Correct ε-N Proofs

Exercise 1 Using the ε-N definition, give a formal proof for the following statement

lim
n→∞

2n + 5
n

= 2.

Scrap work

Proof

1

Vignon
Text Box
      Section 8



Exercise 2 (Your turn) Using the ε-N definition, give a formal proof for the following statement

lim
n→∞

5n + 2
7n

=
5
7

.

Scrap work

Proof

2



Exercise 3 Using the ε-N definition, give a formal proof for the following statement

lim
n→∞

2n + 1
5n + 2

=
2
5

.

Scrap work

Proof

3



Exercise 4 (Your turn) Using the ε-N definition, give a formal proof for the following statement

lim
n→∞

5n + 7
3n + 1

=
5
3

.

Scrap work

Proof
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Exercise 5 Using the ε-N definition, give a formal proof for the following statement

lim
n→∞

n2 + 2n + 1
n2 + n + 2

= 1.

Scrap work

Proof
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Exercise 6 (Your turn) Using the ε-N definition, give a formal proof for the following statement

lim
n→∞

2n2 + 3n + 2
3n2 + 7n + 1

=
2
3

.

Scrap work

Proof
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Chapter 8 A Discussion about Proofs

Example 1 Prove that

lim
4n3 + 3n

n3 − 6
= 4.

Scrap work

Proof

1



Example 2 (Your turn) Prove that

lim
7n5 + n2

9n5 − 1
=

7
9

.

Scrap work

Proof

2



Example 3 Let (sn)n∈N be a sequence of nonnegative real numbers such that lim sn = s. Prove that

lim
√

sn =
√

s.

Scrap work

Proof

3



Example 4 Let (sn)n∈N be a sequence in R. Prove that

lim sn = 0 if and only if lim |sn| = 0.

Proof

4



Section 9: Limit Theorems for Sequences

A sequence (sn)n∈N of real numbers is said to be bounded if the set

{sn : n ∈N}

is a bounded set. In other words, there exists a constant M such that

|sn| ≤ M for all n ∈N.

Exercise 1 Let (sn)n∈N be a sequence of real numbers such that

sn =
n3 + 1

n3

1. Prove that (sn)n∈N is a convergent sequence.

2. Prove that (sn)n∈N is a bounded sequence.

Exercise 2 Can you come up with an example of a convergent sequence which is not bounded?

1



Theorem 3 Convergent sequences are bounded.

2



Theorem 4 If (sn)n∈N is convergent to s and (tn)n∈N converges to t, prove that

lim (sn + tn) = s + t.

3



Theorem 5 If (sn)n∈N is convergent to s and (tn)n∈N converges to t, prove that

lim (sn · tn) = s · t.

4



Theorem 6 If (sn)n∈N is convergent to s, if sn 6= 0 for all n and if s 6= 0, then (1/sn)n∈N

converges to 1/s.

5



Theorem 7 Suppose that (sn)n∈N is convergent to s and (tn)n∈N converges to t. If sn 6= 0 for
all n and if s 6= 0, then

lim
(

tn

sn

)
=

t
s

.

Example 8 Prove the following results

1. Assume that p > 0

lim
n→∞

(
1

np

)
= 0.

2. Assume that |a| < 1. Then
lim

n→∞
(an) = 0.

3. limn→∞
(
n1/n) = 1

4. Assume that a > 0. Then
lim

n→∞

(
a1/n

)
= 1.
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Example 9 Let limn→∞ n2 + 1.

1. Let M = 100. Find a positive number N such that if n > N then n2 + 1 > 100

2. Let M = 1000. Find a positive number N such that if n > N then n2 + 1 > 1000.

3. Let M > 0. Find a positive number N such that if n > N then n2 + 1 > M.

9



Definition 10 For a sequence (sn)n∈N , we write that

lim sn = ∞

provided that for each M > 0 there is a number N (which may depend on M) such that if n > N
then sn > M.

Definition 11 For a sequence (sn)n∈N , we write that

lim sn = −∞

provided that for each M < 0 there is a number N (which may depend on M) such that if n > N
then sn < M.

Example 12 Prove formally that

lim
n5 + 1
n + 2

= ∞.

10



Example 13 (your turn) Prove formally that

lim
n4 + 1
n3 + 5

= ∞.

Theorem 14 Let (sn)n∈N and (tn)n∈N be sequences such that

lim sn = lim tn = ∞.

Prove that
lim (sntn) = ∞

11
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Homework (try to solve this problems on your own)  

 

 

 

Solutions (without details)  

 

 

Solutions (without details) 
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Section 11 Subsequences 
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The following are fundamental results in real Analysis 
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(Before Section 17) Preparing for Continuity 
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Section 17  

Continuity 

 

Exercise Find the domain and range of the following function  

 

Solution 



 

 

Proof 
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Solution 
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Section 18 Properties of continuous functions

April 23, 2016

• Let f : D → R be a real-valued function where D is a subset of the reals.

• We say that f is a bounded function if there exists a real number M such that

|f (x)| ≤M

for any x ∈ D.

Example 1 Answer the following questions

1. Give an example of a bounded real-valued function.

2. Given an example of an unbounded real-valued function.

Theorem 2 Let f : [a, b] → R be a continuous real-valued function. The following holds
true

1. f is a bounded function

2. f assumes its maximum and minimum on [a, b]

1



Proof of Theorem 2

2



3



Example 3 Give an example which supports that the theorem above fails if we replace [a, b]
by an open interval.

Theorem 4 (Intermediate Value Theorem) If f is a continuous real-valued function
on I ⊆ R then if a, b ∈ I, a < b and y lies between f (a) , f (b) then there is at least one
x ∈ (a, b) such that f (x) = y.

Proof of Theorem 4

4
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Exercise 5 Show that a polynomial of odd degree with real coefficients has at least one real
zero.

Proof of Exercise 5

Exercise 6 Let f be a continuous function which maps [0, 1] into [0, 1] . Show that f has a
fixed point. In other words, there exists x0 ∈ [a, b] such that f (x0) = x0

Proof of Exercise 6
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