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REE 307 - Internal Fluid Flow
Sheet 2 - Solution
Fundamentals of Fluid Mechanics

1. Is the following flows physically possible, that is, satisfy the continuity
equation? Substitute the expressions for density and for the velocity
field into the continuity equation to substantiate your answer:

A gas is flowing at relatively low speeds (so that its density may be
assumed constant) where

2xyz
2 2
X- = Z
”:mUwL
(" + y7)
w = 2)/ UL
xXT+ y°

Here Us and L are a reference velocity and a reference length,
respectively.
Let us use ‘H’HZL mﬁnufk‘ eg(t,ud','nq for a
Haree - dimensiona | Plow, ive., equakion C’A.t\'.
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For constant densih.l flow, this equation becones:
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. E_{—l‘j—-; U,,.,U] =0
o % +Ij
Since. Us and L are coastants and since -H«:Ij
ppear in very term, +he.‘.1 can be divided ou ieam‘nﬂ:

- 2yr o 2xqz (2K |29z, (a-)2(D)

= 0O
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Therefore, the conhinuily equakion Vs satisted.

Dr./ Ahmed Nagib Elmekawy 1of15 Sheet 3- Solution



REE 307 Zewail City - University of Science and Technology Fall 2017

2. Two of the three velocity components for an incompressible flow are:
u=x>+3xz v=y +3yz

What is the general form of the velocity component w(x,y,z) that
satisfies the continuity equation?

For incompressible flow this becomes:

du dv dw
Lz 0

dx dy dz

Find the derivatives of the given velocity components:

du _ 2 du _ 5
™ 3(x* +12) p 3(y°+2)
Therefore:

dw

W aa2 442
— 3(x*>+y*+22)

Integrating yields:
Ww=—3z (.\‘2 +_1‘2 +2) =flxy.z.0)

Where fix.y.z.7) is an arbitrary function (x,y.z.r). Since the first two velocity components are not
a function of time, it may be possible to assume the flow is steady and drop the time function
from the arbitrary constant.
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3. The velocity components for a two-dimensional flow are
C(y* — x%) — 2Cxy
Uu=—"-55 V=5
(x> + y?)? (x2 + 1?)?

where C is a constant. Does this flow satisfy the continuity equation?

Given: Velocity components for a 2D incompressible flow:
”:Cq__qxz v=- qzcx}:z
(v +57°) (+5?)

Assume 2D incompressible flow and that C is a constant. For 2D incompressible flow the
continuity equation is:

Taking the required derivatives yields:

Sy N2l ) )20 )

&= 20n2e o) @) 2 )
— 4(?X:(}:3 — x3) 2Cx . 8ny2 ~ 20x o

(;»:3+y2)J _(x2+y3)2 (.r2+y2)3 (x3+y2)'

after some algebra and patience!
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4. For the two-dimensional flow of incompressible air near the surface of
a flat plate, the steamwise (or x) component of the velocity may be

approximated by the relation
3

u=a 2 a 4
= — Ay =
Vx X'

Using the continuity equation, what is the velocity component vin the y
direction? Evaluate the constant of integration by noting thatv=0aty
=0.
Re.('-e(‘rincﬁ to the. continw e.q(uah‘an for a
two-dimensional , iacompressible Flow.

ou oV _

YH 3y ~
3
O _ _du — Loy - 3 24
oy ~ oY% 2 x* 2 x*®

In'\—e.:ica,l-ing with re_spec.‘\' 1o J
= 1.3 : - 3 =7 4
To evaluate the constant of iategration C, we note
that 4=0 when \_-J?-O.Thus’ C=0 and

V= aq_._.%.m“_

I 2
? X S X 25
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5. Given the velocity field

—

V=1(6+2xy + )i — (xy*> + 10r)] + 25k
what is the acceleration of a particle at (3,0, 2) attime t=17?

T-N_ N W Y v
T 3?*“3‘;-?“?—\-’--*“%—5-
T= 2t - 10] + [orzay+ ] (247 - 4?7

- [ijl + ‘iO‘t:H_Z’KT —Zij 'ﬂ + 25 [O]
when (ﬁ&,tj,a‘) is (SJOJZ) and T=1

—r

F= 7 [e-¢0] +4[-10]=-58%-10f
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6. A viscous, incompressible fluid flows between the two infinite, vertical,
parallel plates of Fig. Determine, by use of the Navier-Stokes equations,
an expression for the pressure gradient in the direction of flow. Express

your answer in terms of the mean velocity. Assume that the flow is
laminar, steady, and uniform.

Direction of flow

ehbeia]
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5
5 ¥R
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7. Alayer of viscous liquid of constant thickness (no velocity perpendicular
to plate) flows steadily down an infinite, inclined plane. Determine, by
means of the Navier-Stokes equations, the relationship between the
thickness of the layer and the discharge per unit width. The flow is
laminar, and assume air resistance is negligible so that the shearing
stress at the free surface is zero.

//9

|
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. e ;
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e -
T
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~

v
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'V':O} Lu‘:o/ and om The Co”;‘/ﬂu/'@ ejga_flg,, g_;l =0

from 7he x- component of The MNavier -Stokes pfua{/afm

. T/Iu‘i}
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o +/Oi / dy*
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. o
In#ffrn‘ma of é‘z_{z) j/e/i;'
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u= LF sind [ Rn= J
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8. An incompressible, viscous fluid is placed between horizontal, infinite,
parallel plates as is shown in Fig. The two plates move in opposite
directions with constant velocities, U1 and U, as shown. The pressure
gradient in the x direction is zero, and the only body force is due to the
fluid weight. Use the Navier-Stokes equations to derive an expression
for the velocity distribution between the plates. Assume laminar flow.

U
ﬁ-
] I [
b
|
| .
Vi {
—-h
U2
oy e .s/:ecf// ec/ condi tons V=0, wr=o SR ED awk &= o
) J ) X J dx Y,
So  That 7The )C—wm/wnpdt oF The Naviev - Stokes €& uatlons
‘/E"Z‘ (9,/27@) reduces +o ‘
d?u _
dy? —E
Zm‘e»;m tioy o4~ Eg.01) 7/3/5&
“:C;jf' (2_ c2)
FZV = 0 y /«LT—L;_ and Therefore From IPRES
€, » =L
For Y=06, a=U, so 7hat
= G b—UL
e £ o+ LA
/ b
Thus
/ (U + U .
U=\ Z /I 4 = UZ.
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9. Two immiscible, incompressible, viscous fluids having the same
densities but different viscosities are contained between two infinite,
horizontal, parallel plates (Fig.). The bottom plate is fixed, and the upper
plate moves with a constant velocity U. Determine the velocity at the
interface. Express your answer in terms of U, y;, and y,. The motion of
the fluid is caused entirely by the movement of the upper plate; that is,
there is no pressure gradient in the x direction. The fluid velocity and
shearing stress are continuous across the interface between the two
fluids. Assume laminar flow.

v Fixed
plate

1

- TV Wz
oy ﬁ7€ S/Df‘C/fC/E(/ (_'0/15/17(/0;;5 V=0, w=0 2F =0 and 9. =¢
J / -l J 7x

That The x- (&m/wnmf of The Navier- Stokes {’5«0.1‘:1&;15 ;/g‘g‘ b./274)
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Which ?iVES The velocity distrs bution 'n elThey /"4'7{,-
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B, <e |
where The ﬁubSCr/Pt z  vebers +o e lower layer. Thus

U = A /j—Zf;)#—U
and
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2
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Since The Ve/ou'fv chistribution 15 11near In eack }aqer
The shearing stvess

o g . Y . du
Ty p (5555 ) arr
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10. An infinitely long, solid, vertical cylinder of radius R is located in an
infinite mass of an incompressible fluid. Start with the Navier-Stokes
equation in the u direction and derive an expression for the velocity
distribution for the steady-flow case in which the cylinder is rotating
about a fixed axis with a constant angular velocity w. You need not

consider body forces. Assume that the flow is axisymmetric and the fluid is
at rest at infinity.
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Ejuation 12) can be indegrated o yreld
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11. Aviscous fluid is contained between two infinitely long, vertical,
concentric cylinders. The outer cylinder has a radius r, and rotates
with an angular velocity w. The inner cylinder is fixed and has a radius
ri. Make use of the Navier-Stokes equations to obtain an exact solution
for the velocity distribution in the gap. Assume that the flow in the gap
is axisymmetric (neither velocity nor pressure are functions of angular
position u within the gap) and that there are no velocity components
other than the tangential component. The only body force is the
weight.

o £

From problem 10 solution
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12. An incompressible Newtonian fluid flows steadily between two infinitely
long, concentric cylinders as shown in Fig. The outer cylinder is fixed, but
the inner cylinder moves with a longitudinal velocity Vo as shown. The
pressure gradient in the axial direction is — Ap /L. For what value of Vo will
the drag on the inner cylinder be zero? Assume that the flow is laminar,
axisymmetric, and fully developed.
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D/‘férentf/é:ée Eg.(/) wielh reS/:eci- to ¥ teo obrun
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;2/—/« %);2.,. Vo @a/&z}f’? Z

h. Ly L

o

- _i 2 2 L% 2 2
s = 4 (2)[ 25740 % )]

oy

Dr./ Ahmed Nagib Elmekawy 150f 15 Sheet 3- Solution



