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(September 2011)

1.
Algorithmic Complexity, NASA Report No.32-999 (September 1, 1966).

2.
Zero-square rings, Pacific J. Math. 30 (1969), 811-824.

3.
On the number of open sets of finite topologies, J. Combinatorial Theory 10 (1971), 74-79.

4.
The conjugate trace and trace of a plane partition, J. Combinatorial Theory 14 (1973), 53-65.

5.
Structure of incidence algebras and their automorphism groups, Bull. Amer. Math. Soc. 76 (1970),
1236-1239.

6.
Modular elements of geometric lattices, Algebra Universalis 1 (1971), 214-217.

7.
A chromatic-like polynomial for ordered sets, in Proc. Second Chapel Hill Conference on
Combinatorial Mathematics and Its Applications (May, 1970), pp. 421-427.

8.
The following papers appeared in the Jet Propulsion Laboratory Space Programs Summary or Deep
Space Network journals:

New results on algorithmic complexity, JPL SPS 37-34, Vol. IV.
Further results on the algorithmic complexity of (p,q) automata, JPL SPS 37-35, Vol. IV.
The notion of a (p,q,r) automaton, JPL SPS 37-35, Vol. IV.
Enumeration of a special class of permutations, JPL SPS 37-40, Vol. IV (1966), 208-214.
Moments of weight distributions, JPL SPS 37-40, Vol. IV (1966), 214-216.
Some results on the capacity of graphs (with R. J. McEliece and H. Taylor), JPL SPS 37-61, Vol.
III (1970), 51-54.
A study of Varshamov codes for asymmetric channels (with M. F. Yoder), JPL Technical Report
32-1526, DSM, Vol. XIV (1973), 117-123.

9.
Ordered structures and partitions (revision of 1971 Harvard University thesis), Memoirs of the Amer.
Math. Soc., no. 119 (1972), iii + 104 pages.

10.
On the foundations of combinatorial theory (VI): The idea of generating function (with G.-C. Rota and
P. Doubilet), in Sixth Berkeley Symposium on Mathematical Statistics and Probability, Vol. II:
Probability Theory, University of California, 1972, pp. 267-318.

11.
Supersolvable lattices, Algebra Universalis 2 (1972), 197-217.

12.
Theory and application of plane partitions, Parts 1 and 2, Studies in Applied Math. 50 (1971), 167-188,
259-279.

13.
An extremal problem for finite topologies and distributive lattices, J. Combinatorial Theory 14 (1973),
209-214.

14.
The Fibonacci lattice, Fibonacci Quarterly 13 (1975), 215-232.
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RESEARCH ANNOUNCEMENTS 

The purpose of this department is to provide early announcement of significant 
new results, with some indications of proof. Although ordinarily a research announce
ment should be a brief summary of a paper to be published in full elsewhere, papers 
giving complete proofs of results of exceptional interest are also solicited. Manuscripts 
more than eight typewritten double spaced pages long will not be considered as ac
ceptable. All papers to be communicated by a Council member should be sent directly 
to M. H. Protter, Department of Mathematics, University of California, Berkeley, 
California 94720. 

STRUCTURE OF INCIDENCE ALGEBRAS AND 
THEIR AUTOMORPHISM GROUPS1 

BY RICHARD P. STANLEY 

Communicated by Gian-Carlo Rota, June 9, 1970 

Let P be a locally finite ordered set, i.e., a (partially) ordered set 
for which every segment [X, Y]= {z\X^Z^Y} is finite. The 
incidence algebra I(P) of P over a field K is defined [2 ] as the algebra 
of all functions from segments of P into K under the multiplication 
(convolution) 

/*(*> y) - E /(*, z)g(z, F). 
ze.ix%Y\ 

(We write ƒ (X, Y) for f([X, F]).) Note that the algebra I(P) has an 
identity element S given by 

5(X, F) = 1, if X = F, 

= 0, if X 9* F. 

THEOREM 1. Let P and Q be locally finite ordered sets. If I(P) and 
I(Q) are isomorphic as K-algebras, then P and Q are isomorphic. 

SKETCH OF PROOF. The idea is to show that the ordered set P can be 
uniquely recovered from I(P). Let the elements of P be denoted Xa, 
where a ranges over some index set. Then a maximal set of primitive 
orthogonal idempotents for I(P) consists of the functions ea defined 
by 

AMS 1969 subject classifications. Primary 0620, 1650, 1660; Secondary 0510. 
Key words and phrases. Ordered set, partially ordered set, incidence algebra, 

primitive orthogonal idempotents, outer automorphism group, Hasse diagram. 
1 The research was supported by an NSF Graduate Fellowship and by the Air 

Force Office of Scientific Research AF 44620- 70-C-0079. 
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PACIFIC JOURNAL OF MATHEMATICS
Vol. 30, No. 3, 1969

ZERO SQUARE RINGS

RICHARD P. STANLEY

A ring R for which x2 = 0 for all x e R is called a zero-
square ring. Zero-square rings are easily seen to be locally
nilpotent. This leads to two problems: (1) constructing finitely
generated zero-square rings with large index of nilpotence,
and (2) investigating the structure of finitely generated zero-
square rings with given index of nilpotence. For the first
problem we construct a class of zero-square rings, called free
zero-square rings, whose index of nilpotence can be arbitrarily
large. We show that every zero-square ring whose generators
have (additive) orders dividing the orders of the generators
of some free zero-square ring is a homomorphic image of the
free ring. For the second problem, we assume Rn Φ 0 and
obtain conditions on the additive group R+ of R (and thus
also on the order of R). When n = 2, we completely charac-
terize R+. When n > 3 we obtain the smallest possible number
of generators of R+, and the smallest number of generators
of order 2 in a minimal set of generators. We also determine
the possible orders of R.

Trivially every null ring (that is, R2 = 0) is a zero-square ring.

From every nonnull commutative ring S we can make S x S x S into

a nonnull zero square ring R by defining addition componentwise and

multiplication by

(x19 ylf Zj) x (x2, y2, z2) = (0, 0, x,y2 - x2y,) .

In this example we always have J?3 = 0. If S is a field, then R is
an algebra over S. Zero-square algebras over a field have been in-
vestigated in [1].

2» Preliminaries* Every zero-square ring is anti-commutative,
for 0 = (x + y)2 ~ x2 + xy + yx + y2 = xy + yx. From anti-commutativity
we get 2iϋ3 = 0, for yzx — y{ — xz) = — (yx)z = xyz and (yz)x = — x(yz),

so 2xyz = 0 for all x, y, ze R. It follows that a zero-square ring R
is commutative if and only if 2R2 = 0.

If R is a zero-square ring with n generators, then any product
of n + 1 generators must contain two factors the same. By applying
anti-commutativity we get a square factor in the product; hence
βn+i = Q# j n particular, every zero-square ring is locally nilpotent.

If G is a finitely generated abelian group, then by the fundamental
theorem on abelian groups we have

(1) G = Cβl 0 0 Can, a, I α i+1 for 1 ^ i ^ k - 1 ,

811
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1964 William Zame Faculty, SUNY
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Richard P. Stanley
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Won Cole Prize
in Algebra 1980
Shaler Arthur
Hanish
Professor of
Mathematics

Faculty, MIT
Fairchild
Scholar at
Caltech 1986

1966 (no award)  

1967 James Maiorana

Alan J. Schwenk

Inst. For
Defense
Analyses
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JOURNAL OF COMBINATORIAL THEORY 10, 74-79 (1971) 

On the Number of Open Sets of Finite Topologies 

RICHARD P. STANLEY 

Department of Mathematics, Harvard University, 

Cambridge, Massachusetts 02138 

Communicated by Gian-Carlo Rota 

Received March 26, 1969 

ABSTRACT 

Recent papers of Sharp [4] and Stephen [5] have shown that any finite 
topology with n points which is not discrete contains <(3/4)2” open sets, and 
that this inequality is best possible. We use the correspondence between finite 
TO-topologies and partial orders to find all non-homeomorphic topologies 
with n points and >(7/16)2” open sets. We determine which of these topologies 
are TO, and in the opposite direction we find finite T0 and non-T, topologies 
with a small number of open sets. The corresponding results for topologies 
on a finite set are also given. 

IfXis a finite topological space, thenXis determined by the minimal open 
sets U, containing each of its points x. X is a TO-space if and only if 
U, = U, implies x = y for all points x, y in X. If X is not To , the space 8 
obtained by identifying all points x, y E X such that U, = U, , is a To- 
space with the same lattice of open sets as X. Topological properties of the 
operation X-+x are discussed by McCord [3]. Thus for the present we 
restrict ourselves to To -spaces. 

If X is a finite TO-space, define x < y for x, y E X whenever U, C U, . 
This defines a partial ordering on X. Conversely, if P is any partially 
ordered set, we obtain a TO-topology on P by defining U, = {y/y 6 x} 
for x E P. The open sets of this topology are the ideals (also called semi- 
ideals) of P, i.e., subsets Q of P such that x E Q, y < x implies y E Q. 

Let P be a finite partially ordered set of order p, and define 
w(P) = j(P) 2-p, where j(P) is the number of ideals of P. If Q is another 
finite partially ordered set, let P + Q denote the disjoint union (direct 
sum) of P and Q. Thenj(P + Q) = j(P)j(Q) and w(P + Q) = w(P) w(Q). 
Let H, denote the partially ordered set consisting of p disjoint points, so 
w(H,) = 1. 
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JOURNAL OF COMBINATORIAL THEORY (A) 14, 53-65 (1973) 

The Conjugate Trace and Trace of a Plane Partition 

RICHARD P. STANLEY* 

Department of Mathematics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 02139 

Communicated by the Late Theodore S. Motzkin 

Received November 13, 1970 

The conjugate traceand traceof a planepartition aredefined,and thegenerating 
function for the number of plane partitions TT of n with <r rows and largest part 
<m, with conjugate trace t (or trace I, when m = co), is found. Various proper- 
ties of this generating function are studied. One consequence of these properties 
is a formula which can be regarded as a q-analog of a well-known result arising 
in the representation theory of the symmetric group. 

1. INTRODUCTION 

A plane partition n of n is an array of non-negative integers, 

fill n12 rI13 -** 

n21 n22 n23 *-a (1) 
. . . . . . 

for which & nij = n and the rows and columns are in non-increasing 
order: 

nii > n(i+l)i , nii 2 w+l) , forall i,j> 1. 

The non-zero entries nij > 0 are called the parts of n. If there are Xi 
parts in the i-th row of 7~, so that, for some r, 

4 > A2 3 **- > A, > A,,, = 0, 

then we call the partition h, >, X2 > **a 2 X, of the integer p = 
A, + **- + A, the shape of n, denoted by X. We also say that v has 

* The research was partially supported by an NSF Graduate Fellowship at Harvard 
University and by the Aii Force Office of Scientific Research AF 44620-70-C-0079. 
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ACYCLIC ORIENTATIONS OF GRAPHS* 

Richard P. STANLEY 
Department of Mathematics, University of California, 
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Received 1 June 1972 

Abstract. Let G be a finite graph with p vertices and x its chromatic polynomial. A combinato- 
rial interpretation is given to the positive integer (-l)px(-A), where h is a positive integer, in 
terms of acyclic orientations of G. In particular, (-l)Px(-1) is the number of acyclic orienta- 
tions of G. An application is given to the enumeration of labeled acyclic digraphs. An algebra 
of full binomial type, in the sense of Doubilet-Rota-Stanley, is constructed which yields the 
generating functions which occur in the above context. 

8. The chromatic polynomial with negative arguments 

Let G be a finite graph, which we assume to be without loops or mul- 
tipk edges. Let V = V(G) denote the set of vertices of G and X = X(G) 
the set of edges. An edge e E X is thought of as an unordered pair {u, u) 
of two distinct vertices. The integers p and q denote the cardinalities of 
V and X, respectively. An orientation of G is an assignment of a direc- 
tion to each edge {u, u), denoted by u + u or u + u, as the case may be. 
An orientation of G is said to be acyck if it has no directed cycles. 

Let x (X) = x(G, X) denote the chromatic polynomial of G evaluated 
at X E C. If X is a non-negative integer, then x(X) has the following 
rather unorthodox interpretation. 

Proposition 1 A. x(X) is equal to the number of pairs (u, (I), where u is 
any map 0: I/+ {1,2,..., A) and 0 is an orientation of G, subject to the 
two conditions: . 

(a) The orientation 0 is acyclic. 
(b) If u + u in the orientc:!ion 0, then (T(U) > (J(U). 

* The research was supported by a Miller Research Fellowship. 
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LINEAR HOMOGENEOUS DIOPHANTINE EQUATIONS
AND MAGIC LABELINGS OF GRAPHS

RICHARD P. STANLEY

1. Introduction. Let be a finite graph allowing loops and multiple edges.
Hence G is a pseudograp in the terminology of [10]. We shall denote the set
of vertices of G by V, the set of edges by E, the number IVI of vertices by p,
and the number IEI of edges by q. Also if an edge e is incident to a vertex v, we
write v e. Any undefined graph-theoretical terminology used here may be
found in [10]. A magic labeling o] G o] index r is an assignment L :E .--.
{0, 1, 2, of a nonnegative integer L(e) to each edge e of G such that for each
vertex v of G the sum of the labels of all edges incident to v is r (counting each loop
at v once only). In other words,

(1) L(e) r, for all v Y.

For each edge e of G let z, be an indeterminate and let z be an additional
indeterminate. For each vertex v of G define the homogeneous linear form

(2) P,=z- z,, v V,

where the sum is over all e incident to v. Hence by (1) a magic labeling L of G
corresponds to a solution of the system of equations

(3) P, 0, v V,

in nonnegative integers (the value of z is the index of L). Thus the theory of
magic labelings can be put into the more general context of linear homogeneous
diophantine equations. Many of our results will be given in this more general
context and then speciali,ed to magic labelings.

It may happen that there are edges e of G that are always labeled 0 in any
magic labeling. If this is the case, then these edges may be ignored in so far as
studying magic labelings is concerned; so we may assume without loss of gen-
erality that for any edge e of G there is a magic labeling L of G for which L(e) > O.
We then call G a positive pseudograph. If in a magic labeling L of G every edge
receives a positive label, then we call L a positive magic labeling. If L1 and L2
are magic labelings, we define their sum L LI - L2 by L(e) Ll(e) L2(e)
for every edge e of G. Clearly if L and L are of index r, and r, then L is
magic of index rl -t- r.. Now note that every positive pseudograph G possesses
a positive magic labeling L, e.g., for each edge e of G let Lo be a magic labeling
positive on e, and let L Lo.

Received October 1, 1972. Revisions received April 30, 1973. This research was supported
by a Miller Research Fellowship at the University of California at Berkeley.
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MAGIC LABELINGS OF GRAPHS, SYMMETRIC
MAGIC SQUARES, SYSTEMS OF PARAMETERS,

AND COHEN-MACAULAY RINGS

RICHARD P. STANLEY

1. Introduction.
Let r be a finite graph allowing loops and multiple edges, so that r is a

pseudograph in the terminology of [5]. Let E E(F) denote the set of edges
of r and 1 the set of non-negative integers. A magic labeling of r of index r
is an assignment L :E -- N of a non-negative integer L(e) to each edge e of r
such that for each vertex v of F, the sum of the labels of all edges incident to v
is r (counting each loop at v once only). We will assume that we have chosen
some fixed ordering el e2, e, of the edges of F; and we will identify the
magic labeling L with the vector a (al, a, a,) N, where a L(ei).

Let Hr(r) denote the number of magic labelings of F of index r. It may happen
that there are edges e of r that are always labeled 0 in any magic labeling. If
these edges are removed, we obtain a pseudograph / satisfying the two condi-
tions: (i) Hr(r) Ha(r) for all r 1, and (ii) some magic labeling L of A
satisfies L(e) > 0 for every edge e of 4. We call a pseudograph A satisfying (ii) a
positive pseudograph. By (i) and (ii), in studying the function Hr(r) it suffices
to assume that r is positive. A magic labeling L of P satisfying L(e) > 0 for
all edges e E(F) is called a positive magic labeling. Any undefined graph
theory terminology used in this paper may be found in any textbook on graph
theory, e.g., [5].

In [14] the following two theorems were proved.

THEOREM 1.1. [14, Thm. 1.1]. Let r be a finite pseudograph. Then either
Hr(r) rio, (the Kronecker delta), or else there exist polynomials Pc(r) and Qr(r)
such that Hr (r) Pr (r) -- (- 1)Qr (r) ]or all r ll.

THEOREM 1.2 [14, Prop. 5.2]. Let F be a finite positive pseudograph with at
least one edge. Then deg Pr(r) q p -- b, where q is the number o] edges o] F,
p the number o] vertices, and b the number o] connected components which are
bipartite.

For reasons which will become clear shortly, we define the dimension of F,
denoted dim r, by dim P 1 + deg Pr(r). In [14, p. 630], the problem was
raised of obtaining a reasonable upper bound on deg Qr(r). It is trivial that
deg Qr(r) _< deg Pr(r), and [14, Cor. 2.10] gives a condition for Qr(r) 0.
Empirical evidence suggests that if P is a "typical" pseudograph, then deg Qr(r)

Received November 11, 1975.
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A combinatorial reciprocity theorem is a result which establishes a 
kind of duality between two related enumeration problems. This rather 
vague concept will become clearer as more and more examples of such 
theorems are given. We will begin with simple, known results and 
see to what extent they can be generalized. The culmination of our 
efforts will be the “Monster Reciprocity Theorem” of Section 10, 
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From Chicago (movie version, 2002), “Mama’s Good To You” (excerpt)
Sung by Queen Latifah.

Ask any of the chickies in my pen
They’ll tell you I’m the biggest Mutha. . . .Hen
I love them all and all of them love me -
Because the system works;
the system called reciprocity!
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I love them all and all of them love me -
Because the system works;
the system called reciprocity!

Got a little motto
Always sees me through -
When you’re good to Mama
Mama’s good to you!

Let’s all stroke together
Like the Princeton crew -
When you’re strokin’ Mama
Mama’s strokin’ you!
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Ask any of the chickies in my pen
They’ll tell you I’m the biggest Mutha. . . .Hen
I love them all and all of them love me -
Because the system works;
the system called reciprocity!

Got a little motto
Always sees me through -
When you’re good to Mama
Mama’s good to you!

Let’s all stroke together
Like the Princeton crew -
When you’re strokin’ Mama
Mama’s strokin’ you! HAPPY BIRTHDAY RICHARD!
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