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Preface

We present these exercise solutions to help you using my textbook Finite
Element Procedures, 2™ edition, K.J. Bathe, Watertown, MA, 2014. The
solutions have been largely prepared by P.-G. Lee, A. losilevich, D. Pantuso, X.
Wang, K. T. Kim and L. Zhang in my finite element research group at M.L.T.
I helped in giving guidance.

We give solutions to the exercises that do not require the use of a
computer program. However, to indicate how the exercises in which a finite
element program is to be used might be solved, we also include the solutions to
three such exercises. For these studies, the computer programs ADINA (for
structural analysis) and ADINA CFD (for fluid flow analysis) have been used.
These finite element programs are part of the ADINA System, see
www.adina.com.

I would like to express my great appreciation for the efforts made by my
research group in the preparation of these solutions. While much effort was
expended to compile this material, there is of course no certainty that there are no
errors. I would be pleased to hear of any error corrections or important
improvements to be made in these solutions.

My personal wish is that these exercise solutions will help in learning
finite element procedures so that you will experience some of the joy and
satisfaction that we have felt working in the field.

K.J. Bathe, M.L.T.
kjb@mit.edu






Part A

Solutions to Exercises of Chapters 2 to 11
(no use or little use of a computer program)
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ce, = fR(E™_6,) - 2k (6,-6,)
CQ.B:.“ l'&(ga-sz,) ‘B‘k(gb-gq)

-c;éq_ = 3% (8. 64) - 3R (gf‘sS')

o o 8, st -2k © [[s, +he "
¢ o &, |t | -2k sk -3% 6, | = o
° ©f2 | &4 o -3k 6kl 1k 6

K& = A¢
6h -2k © ¢ o o
K=zl-2k v -3k and € o C o
] =3k Gk & o C-/z
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o \elx x=o
(T = S:EA;‘%g%dx - Réutx;L* fu Su\HO
. »EA%: im 0<x< L «— DE. & aguilibrivm

With EA%F-—R:o ak xzl e« madurad B.C.
X
EA-?\..!_{QLL:O ﬁkx=° <— Mur& BC
Now J.EXUM wt\v\-‘nvp Law 13 ST'm'mU('vlc and Pos‘.-ﬁug deﬁw\te,

L.Z'm: "EA{;&‘.

Lﬁ-& SLEA dudv

Ax Ax

L
= EA % LL - SOEA %"udx Sna-mmziric-

t 1 L o
So(‘EA%)de z So EA@%) dx Do i pesitive definite
Note here that ho mogemeons Lowmlarj comdi fioms are assumed |
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3. 16 -'T“E H(Awwx Mi&w

with essembiad B.C

Tt e (e

=L

= ey

Ax* Axr
Swhbsixucte fw -{-pr 7

L i )
N = E ;‘.(_.‘i dw -
4 S LT

X | ¥=L
Usimg }n*ué,rni-’tm La) PMis

T = S-" Elw'sw” dx- MSw,

]

L . L
< Ewsw'[ -Emm( »fg Bl ™ dx - MW/ =0

ET L-J(w)= o es<x<l «— DE. gﬁ A..é_u&hkv}mw
with  Elw-M:=0 of x=L

< M:tu.\mﬁ\ BC,
Elw"=zo ak x=L
Ms: [_ 2w S EI d4
Ax*
We asstme the Lom&..rj conditions are Mmoawwus.
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Ror symmetry S: E1 u(w)valx :/,E’I/U\/”U' \ . &LE}:umU"ix
- }/{u"v’ LL + g:- Elu'v"dx
5/I/u'~u~” \: - E/I/uv"’ 1 "4 SLEIU\U‘(W}&X

B TR O S ST

For posakive al_g{-iw'utLh ess

L
- Uudyx = ,.ge EL(u ) dx Do

(V)

gfzzu
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With  kALE _ Ao gl e matarad bc
668, ot x:=o - essw){-ii b.c,
S"mmqr’) avd Pos'.ﬁve de{-iw'\'%eness
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dx (ﬁAdx

-

oAk deos (g e de 2 o
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3' — - fL M
e S o e

g: - é__‘f_ dw Lur - ) =
T\'o-—*go'rdxg_‘&_&x-kgﬁbu&x PEW,_ =0

(-]

I—n"rezrdlm L:j ?avks .

¢ - 45w o dw | & w -
gb (T T )Sw&x + TWHP>$LQH£_— T-J.:.éu = o
_le‘“’l.t_‘ﬂugo o <x <l «— D.E
X

with T4 _Poos st x:L
dx - B Cs

L= o ak xep

Con‘i\df/r;m-& Sjmme;{'rj wa'H\ L\umoawwu& LC 5 ,

S (T‘ie +‘ku)vdx= T}Z‘ J‘“"de +g Ruvdyx
=[Tu-g-; L - S d::lclx + S Hfuvdx

g QT +iu wdx = SL(-T%‘E +fzv)u4x
PY.| ﬁer- pesitive de{-'m'\’tene.ss

S (TA“ + hu ) Jxag [T 1—1m >o
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3.9 (&) The gLt Ay triad ‘(Mnd‘lﬁ S‘L\.ouﬁ;{ S%S{} both +Haa esst—«i&.ﬁ
ad 'vu*wr"Q b.e.’s | Tr) Wiy Aovaxy g, x*

P
f.JL:oITi{d,...";ik:P S X Q.:—+—--2L

~ ey = ..:F;_.,xi-(xﬂzi.x)'ﬂ,_ with L= xi-21x

(k) C‘.*SS'I(_»Q G«.lerk—lw “M—L’('LWJ :
REaD < {6 (T | ]

= LL(x‘-zLx) [—-T(zq‘)w- ﬁ{% X+ (X*-ZLX)‘LS]A* =0
( é’:%st+ %Tﬁ) a, = g g‘.f_.!:‘g

[_e.o.sk S&uru mirthod
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3. 20 Wixys &, + 4, X+ G, X*

Prom essentiad be, Wozo zd, < W= dxtdiX®

T=d(" Coqt
_Egn T(Q\TZQ;_X)AX'}S .El'k(qlx?au_xl)‘d! - P(q{LTq:_Ll>
-%E— ‘_l
35\;_0 ;ot=he
3 <4
| A {-‘;Lw et 1 a Lp
4 L] 3 =
Koot RULACT fla || p

-
-

Iz o

3.2 Ess,,.a;.ﬁ b.c.’s are u{ = 3;“9.
X

Lo

Let W= ex? (& setisfies essewtial bles )
L
= Wy e(t w :
Ts g EU(a) 4~ £ 6 (d Yo+ fha

21 3
Se=o s (GELL+ k)c = pe
ﬁEI- 3
P = 'Z'F“T‘TQL
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& ﬁLE 4‘?!..3) 2
' = - — Ja, = W
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2K
3b,

5
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323 Tle Eew-nlarj conditions are

o] o dud Sor20 < essemiial
Xlygay

b.e ' Lo
New Puforfm E.\*ZT Ma-ﬂ-a“:\‘s with B:24,+ax+a,x’ A
620+ a,x+ 8, X% ( 2 unwknown Parame)(‘u5>
Usimy 20

3 9,:.9_0

& 3a~ B ] 59!' PR , 2 ,

(k\+iz)L UM*BL)LI 1f a _E_: }3
2 4 ‘ 2

b U Gemb)l o, | | &4
+ 6 31

La a L < L
“ - i\ As X ‘&l d s
with  [{ X. "5"('&’?)4 + Sq.“?(]%)“ - 5,,85' dx _
With 4,220 +4,=40 , $sto0 and Lzi0  we have

a,= lbeo /33, 6,2 ~30/)

B=20+ 1822 x - 22 4
33 i
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T=U-W e | (v | Feds

v 3
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z t ' de\*
( Jﬂﬁh?(\.a_‘:)idr - zﬁj}hr‘,ek

Je, r,
o
T, . *
\ .. -{T_ = S éf_ - S
s re'fzrrkr(dr)dr amy hr, S,
3 v Nith the basis funchions < F-.3.3.4,

3
Z‘S\\y] 2 i Lue l’\ava
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SIS 2

2
TolGt-r e g cr. Lo =20
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(FFersn)
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(a) DE. frth Systeme | EI_......':,: = P 0<X< L

with W[ =0 =0, ElWl=o, EIW'=kW,

ok stokiom o El &
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L\J,:L\J'l.:o ety Cdﬂ:(.di
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3
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\
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2.26

C\J,L = \ {“‘J'-t -2{4); + w-‘\oi)
(L/a)‘
= T:[ £+ Sm)s 5] f‘-wf*}'f(-‘:‘dd%ww%%)l

Wet E[ Cd -.qu %] alEI 2
2(LY 7 ok N (¢5)
T, = EL Woe2l s W, V= -Q_EI_ <alw Lo N
z.(t.m“( or2iebhy s T (At
R 3 » SIEL .
e e Cntiry's 8 G
Tyos EL (wsww, v
: chm*(“ 1 We ) = 0
Er [ 189 -i08 29 M f&g_ﬂ
'E‘; -0 135 -bgq {-')3. - P
2 -pg 2,}*& 3
N el 'Ltus' ~ -LZE s

We note here that this is the come result ag am (a)
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> o
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le s |< 21 ":'*'% ds -6+ oiﬂ
dx
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T\‘=~E{TF.2L+1T3 g.(zaf_e+_s)
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3.32 sk -2k ~& I U Ry

~2 kR O-R U, =
-k -k 2k U,

(a) L“‘-S«T“"“;U' MWQ:HP'QQQ. tthed
4% <2 -4 o 3 vl
S SE-C S SR VA
-k sk 2k -1 ] o,

=
~

, Rest, R0, 23.:{

x>
oo
H
~—
[+]
i
vt
1<
[ X}

(o]

1t

—_ D -

44 -2k -k U, {
2% htd ko U, | = o
“hoched b v, L

With o = &h)xi0®

u,-_-.;-’;-, U._=2.3333—_é-- . Uyz 2.3334

From Exceraise 3.38 X = (@3(}. -

1

Nere Wit ol = (4*92) x 1o ° A=
2

"o additioual derams  fo lwpose e  congbraib

are. JLL\_Q_O,\ %T“}\ )
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-2 ¥ =1 -4 @l o 85-4&l‘ °
- Sennl
o -3 & ! 55 4c %:[0‘4‘]'\{:[01
o -4 | ) A o
6 [ %o [ 71429 ]
8, l 20 _ 2 8%
8, 7 2o I.4286
LA L~ 6o [~8. 5N 14 |
(ny ?eﬁuﬁjj mathed
ee = | ° °  ° Vo= o
R ST 2 T
o ~ 4 i
1y -2 o e, 3o
-2 C4aien -3-44 6, = o
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2 i'm e
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Frow eﬁ(u.q{*;a,qg (5,62 ) anel (3.64) of

_{»cw oV etre, Sa 2.5

A=l (2 u -V

B 2
o o hovee  hane for o= Bxlo?

¥

A= ~3 5715

Tha odditiowat ‘Lea.{:' ‘glu.xes to

Lucpera. Sl
Conuatrasu® ore tleu @T N
The  sawa  resdt s alie  obtalied \)\G.
cabcalotiu R¥ = kU . Ky o =35x101
?] = 3
R L RX ) lo lo
~ RX | T ~342856 | T | -3sa85¢
R ¥ <8.571¢ 40+ (~X)

Hemez we sen +hat the head flux of the amoumt (-X)
Should be A{?ﬂ:\d ot +ka f‘u cerresemctm.g, to s+q-.\ﬂ3,

and alse +the amownl (-54-. z&’ré) ot the \Cau. urresrm&ng.
te Stakion 2 iwm ord er y im«.?ese. 6,248,
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3.%34 (1) Lajran.gj. ’hnujlhpzt\b\, %.Q/‘tlﬂ-ot{ T B s E e | -21 i \J'=-[°]

3 -t o o 1f ¢ "R
-6 3y =25 | Pe o
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° I A L ©
[P ] [ 55/ 351 ] [ 0. 15600 )
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"
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2 [R -\ 2A 3
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2.%4

Hemer o impose the omdition of Poz 2Py the flow of +ha
amoumt of (<X} amd (2) should le added +o
t+hg  statiems C and D‘ rosfaeuﬁveﬂ‘e,

2.64) or ten
pt"ow G’.::‘,, (3»62) el (, '

. w \,\c\.a.fe.
solvbion ot excercaye =35 <

Y= o2 (v -V

4
Hewan bere, 4“‘"" <= 3ixio <
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w i el gra T Swe  resit dor e

54



From of . @ amd ®

(k+age)U
Rer +he Case comsidered im (3.60)
B:el , V= ules

A=« (8TQ -USe) s «(Us - ul)

i

R+« BTY (e (3.4%))
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) { o A L
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Note here that Ugimt +hr au_amwi'-‘{ Le—anna"\m ik hod
we obtamm tht &xack solution -far any value of X, FHer
instance  whin Ko o @ reduas to 4. (3.62) amd
Wl ol have +Hao txack  Selvtiow.
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L Differemtiol o throghout the bedy

%(A S—f) + {"&:. o
with  wmedurad be. EA -95-— R at x=L
¢otenhial b.c Wzo o
Consider any arbitravy continuous displacoment G

= o

with Uso at
o e TEZAR, g0 15
LB A28) 4 62 Tade = o
i %[ECA%)MLE R(AS) B+ EA 2L Y
5:[%§EA13&§~EA£3§;+{‘”&]AX.-_o
Now from SE%{EA‘;—: Gde = EA 245 ] - [sa%; }K
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ral _ (", da ! du
(a) Lé'grﬂ/-s -&%)’C~A(x) dx wigne T = Ed{x
[ UTttav =0 g 044s = O] - F
y — - F) ' - - Xzb
PFKMQ?QJ. aﬁ vlﬁ-w&\ aL\stuzMa a'rves
g ( V2 Awydx = U (%)
(® (1) Uxy=zaux .. €y= 4,
From Wm (*) s

LHS) s F{ta (2, 25 Ve X Vdezarl
( )= F g ('? Y ) ) ekl
(R.H.$) = a.FL
() Utxy 2 Q.x* o €(x)=2Q,X
Similarly, (LHS Y2 or( Ty (22, 2ax
b, (Lus.) R aux x (1 3¢ 7ar (-5 )dr =aF O
(RH.S.y = . F(e

.‘OKI

'OK’
() Owy= x>, Eox) s 34, x2

Sberky, (LHSY e g

(RHS.) = af?

(LRSS # (RH.SY) i s case.

Hbv\uz, the given T 15 "Wi the &xack so(]...al-im o‘f tha
manthematical ’m-odJ-Q. 4
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(4) Every guven UG satisfies the eocenkial b.C.

For qnj g(.!'): 30(1&)

/X
Shé%/@ _5:)“1\,0-{:)}\; -("eRdxs T &

That 15, the aguuakion (%) b pant (=) hold s

Note +hat the tri-nr-lvh o{ virtuak d:«sebws holds
for any virbwd displacemats wolick cakisfy the essestiet
\ooumo'-arj comdotioms  on Su. Hema usimd the threo

D(.v-) A Pui’ (L) we set +he ?vimc_l?.Le_ of ,vlrh«.nﬂ. das-

wam&'s iy sdﬁﬂ-iul :
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L
Frmu?h { mr‘-&-;ug\ worﬂ: sMgg SLT“@A&; i, g {Dadx

Q) Gz oy = é:q
Lh.s g0 d _'FD“L}
(K .):S.{ (L-x)adx = —
"PDQL:” ISO*:'S'F'\‘P_AI

2

(T.L.S_)_._. S" ‘FD ax dx <

(1) Gzox' — € :2aX
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’ I D .2
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With &:c\xj :
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44 The Princphe of virtwl displacsmets states
- - ""';_‘T N
( _Q_T’g ay = S L;J_'Tfacl\/ + 2 U Ec. (Lec.nuse ) )
v v ~ - -
As Yhe xach soﬁw{-im{wi 15 wot ‘:mwa Lonsider o g with

é m-B_uA.Q'L 2ero . T hew the r'l?ld-kaml»'side Checlks +he

-{oru. and mmoment balance beAwatr +he hei‘a forees and
o.,??bd tonceviraded Q—amls.

(1) \/vr-hu& A-rw\!.lbr':wm: QTz [a o]

6: S: (a o ]{:(étj;i ] axd‘j}(‘([« A[:i‘;k (a e 3(;\\
z(6ea)t(-6oa)= o ok
(1) Horigondal apuafibrivm . g7z (o L 3
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WQ P!’OVQ "+l\2 \‘Cﬂ.&l{‘(o‘n -&-or '{'.‘v\a_ zD“C.RSQ— w'l*'L\OHjC LSS of 3&:1“«.&'}-)

bt Ty s L v ] and e g L2
Them frm o< (a—i:)i . 2ab € ats L*
(8% 1) 4 2ab ¢ 2 (s bt) S (aw by € 2 (ate bt)
re ‘
=> “ div Y“cz = g{%_:; +:~:~§“]zc{\(oe < 2 {[(3;%)1 . (%\LJAM
Voe Ve
Uy = W\ v\ = z
.éc. g[ be:-.-.) + (’b\a.\ + 4}:-:.) “+ (%;—-—) JJVOQH
Naf.
=< lully

He/y\{_.{ e L\AVC.
“ dfw(‘l{\*\{;)“e é c u lf“"‘fz uv

where € 18 & constant and v, W Gvi,
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iij_ S‘[Pk(,{_;,'gh)_a{;v'g;];k JVoQ:O} Bz |

V‘L
Uyl [ oo e - hy o T[4 ¢
LC{' l{k:{vk}‘{ & {\] o L\; . o i‘\g} U' = Hl{h
Uy
Vg

do Vi =BV, B= [hy« by hix buy oo ke he,y )

SV.J. Pn (’t"’lfk) E'u aVef = Sv‘k“‘”‘g‘* K‘h. dVe{

— 4P = HBV axdy (0 MClwdn) 2 ht (fosent)
P o= 1 Eu‘-u‘-uﬁu*-«;u‘wue
{2

TVt V= Vy - Vx4 V5 ‘*V'T}
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3 : defined im Exam-f:h +.17.

Plane  Stress /s}\-q;u Coud:

WH-L\ & 3%%& 3/ u-/? &eﬂ—mbvx we olbtaw he S‘Hffness
makrix a3 4w Exemple €32,

Euf } "
Kep J| P

g

kg N
v
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4. 50

@D ' @V ’ .E:{P Q“J E are a'lvw as ‘{:OHOWS‘.

§= B,

1>
15

g, = By

PaHp P L HpeDo T Pelp)

e} ?[ahe $4raca  comdid on

%9 , Eu : c{t%nai in EKA—m-fh .32

-2 [ N
—_ = o
3
@;: B ., Buz{1 1 olp
L2, - =
3 3
¢ ° i
S S §
L=3 =3 ° |
(i) plqne stress cemdition
. 2~V _ by N
B g 3 3 °
= — \ -2V -
= v ey a2y . @ sz x {-2V OIB
3 3 ! - {~9 ‘hu —
o o -0
2y L+
- L
L A
Lii\) AI‘\iTﬁmqr'.Q conditi e
x| i
3 73 ° "37
Bb= 1 2 {
bt —s—gc-ggigv:[lxoila
o o | o]
"'E- ‘--‘n ] uz—
~ 3 3 3
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4«50

PRSI

(by Let Bp=CoB

L)

KU =R Ghere [€=

[ Fere)pa | fuu] (ﬁ [ feea]

FDI“ "d‘e P\ow._’__ S‘\V‘CSS Cued Peau&_ S‘Lf“\‘lb\ Categ

‘&awe ot LC_ = g E.BT ( g; ..C:’C

st KGOSy dy,

-

aud cdu‘,@aﬁh% _c_:;{g:’_c_:b,, KCVCy i each cate
our.  cow  check  tat  dle corregpouoting  Skress - stoin
watrices  C defiued 'w Talle 4.3 are  obfajued . Therefore,
ALz uh, Joruwlabion aives the  Seucee resudt  ag  te

di&\oeo\cu.wuﬁ - hased weetuod.
bor g Q_x,;'sau.quw_{rfe cage ,  the B wakrix  deperds om
T and 4 Tere fore , i Pueral | fesults  differecct

‘fm*u e A:SF}QQM'& - bayed soluflay, are obtaiwed
() Whew +utad Twwresslhzhft’ s emsidered , K —= 0o,

Kp=o© Kuw  Kup Q R
kS oo YR e

Note that +he stafic condensalion .a S C) Cannot
be owormul kere .
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S 3 b dh
By = -3 hux 'th‘"“ The Shus
kn,.i ha 4 hi, x ha,x
-glnx -§kz,x ~3huy ""“\l,':.-
By - [ hix ha hiy  hay ]
Hy < (1] We owu byug vy, v

1

. A | “_ k
- Kep ‘S“{g”“%[ﬂ, e = -3 1)

!
£

where ?1‘-%!-[\-\—1!‘:!!-!-1]

<5 Kuw~ Kup Krp' Kpw = Kuw+ 46D
Now {rm the resalis of uw-fil; +.34,

%Sv (Ph(d‘;,'l_{.,))xd\hl = % i@ =
oL
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4.5

——

e Lt T Laln, 1w« £

-

Vel

gﬁwvgh))‘mbg £8, dved

Ve

Us‘mg =0, we Sex

K - Euu‘i’ 4K;QTQ_

—

Hewce e obtawm the Same Lot sﬁffness rnadrix &g A
uwu 4.3
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4 52 '
Tr— un Jef-mcL .T

/{/de{—om«d Uizt Ups-f Uy ~t Ug 2
J o u"_'-ul Us '-'i

Vst Vyzay Vs Ve =

Ve = - Viz |
S [Pu (J“w\{\\) - div ghl X'a. AVo,l-'-O VX—k € Qk
Vel ‘
UQ-IMS 'Q‘l‘\.l- aivew ‘hﬂu A:\stuq"e‘Mis M d;v gk = i(:f_h. + )UL

2 X '3'3"’
Ukz X, Ve X O d&v?{k = |
Lat Pk(bvqk]‘-'P.'!' P.x+ Pa'ﬁ-
Thaa,
gv.l[(P‘*P‘”P“)‘ I gdedg o Fr gt xaudy

) r , .
SV.,\J“"L} Smxalxoba Svdgulnb‘ PJ Smixala;

R LIS

Symmedric 2
! SM‘J dxdy , LP: )L Sv.ﬁ‘l""‘z,

F.=‘ {, 'P(""’P:.'."’
P&(A:\V.q_h.) = ‘

H

L
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453 Use tha form of infosup comdition qiven s 4. (£174)
Yu FuUeVy swed +hat
SV»& div(u-L1 Vg dved =0 Y €Dy ()
hull ¢eltuy
With C indipendewt of U, Us amd b
GQivew U swooth we fnd Up €V for each elemadt &), (=)
g\hl““’ (div Uy ~divl) Jp dVl ™ =0 fir 5, Gith Qu={: L)J
To define Uy, we presenibe fur modes iz (-, 4
Ugl: = Ul —_ (k)
Thew we a.lljus‘k the values at wodes (356,78 suek Hat
fs (-t ds o (u-untds = o »
for every edgg S, -, s: of the eloment with 1 +he o punall
vedkor awd T the +om.8«.“;t-1.l veter o the edsr.
As @uadtl, for every comatadt fu, 4n (),

g div (Y-Ug )$, dVed™ = §, 5 gs-((f' Uz) 1 ds —()
4

Vel ™) S, S4
Hemeer (#) is satistied becauwse of (d) omd (o),
alse, Uy comtrucked eloment Ly eliment throwal (b) awd (c)
will be tomtinuows from elemet Fo eliment; omd  mote fhak
clurﬂ.a it Y4is a (vedor) polﬁmm‘cd of degren <2 om the
el omert | we obtaim UrT U and +his eusures o?ﬁqu bounds
fr U-Us l\)a,“,[ ‘.......flh.s the condition flUrlh Sellull fornﬂ u,
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T5% (K, Ynos (K, P

(EP“)\\ (_-:)I\ = Q

H
[y
E

1§ coudlibay ¥ - ot Sadei of Leel
coul o adol *©

Wouero e ressure Qu

Ctﬁﬂ:la \ 4—04‘ o

w—cu.sm& o

Moreover .
kuz_ ] \CO" 3  veedor

Shraiy R calewtosted L @ lSS) Lesu st be.

!”"-‘“4'\""2— . T\"‘is ‘l"‘-(\-r&'ef& Hrat QE‘\AM )L\ Ll-u-c&“' EQ
‘ma\l%va. ij& ou tue Space of

vectors
%cﬁd‘m% ®@. |

Tlese Couckitious are sl suHidewt o
‘3"‘&”!, a. M:v.a, Solah oy

Leoaua—e_. a

C?uao‘ra)h.c fouchoual (i‘e.)\k{ skrou e“e*%&) fas

a Watitune F #8 wakrlx s postive  debiiie
For o weore gtrict add waafle o e praot
we ‘r&&é‘x to

Breznl , t } awmct %q‘h&_} k J Y_B-}
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T
2 ¥ l Cws;olu a Frapu—]a,
2 . _._a Sw,aipor% edl Z2x2 Q\Mt
For o ?\a.-u.m Shroay
2 4
2 GouaUHc-u we, wae .

' t

(ew)y = X E Bo C' Bs dx dy

L}

Cees (== | [ oTg dny ot

wotvices Bo, C) By, Hp owe Slew u exewwpl 432
e clliphaly  condRBew + W (k) Varel iy ld
V Vi e kee [k \-u);.] .

Thig plies st (\guu)& s o yposihue defilile
watrie o fa subspace.  keel(k ), | = Vi,

O Cow emily  cleck  Hut  Lr o propecty
supported  eleweat  (kuy)y IS A posilive  defiite
matrie e ¥ We R Vado V7 () Vo

Thecefore, s holds  for auy  subspaca
Ve R" =5 +e e\liFHe.H*/ coudition 15 sehs{ied,
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4.50 — dAsP[a(gm,M{- sef to zero

T T T T S,

Im +is case we have

; P“S cLintho ze VI._&EVH
| Vil

T mn o e mm v . )

Let ?'* Coust = ‘P..

Firsd, we know thet

Sﬁc‘)v?hol\]ol :S‘Pe'l‘_]‘,‘.)}ds =0 V‘[_j‘hevh
Vol ' S

Since S a tbvgﬁ dVol = P, P. (&‘w?{h) AVai

VoL Vol .
We have S PPy (v yh)dVa[ T 0 v Vi e\/.\
Uﬂl
Hfmf-{. ?, # Ph (aL‘\v ']_J:g) . Name&&_, O‘fk&rw‘aS{ we muﬁ_J

hoose P. (v Uy) s P and

foplemyant So
Vel

Heuco | Bare is wo P a-Ppdivh, et is, b cawct

t

be  obtoiued -"'10\-1-\ "o div B, projectioa.
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A Lick V,,
edg b s, gpd_-‘..y“ AV:S P diy Vi dV
/ ./ 7 v v
7’
e.a.u-,l &b—m:_

+§v P div U 4V

N,
Ty
Y
1
v
|
=
=
j -
[ 74 3
}
-
w\..../"‘ﬁ
<
=
2.
)

§ vonds =_FS-!, V: S dr - S: Vi tEdr}b [V“ ij't

g&y,-gd.«,ﬁgjv.-.‘-;ou- (vl adte {ve-vi ] o

S PivVidV 2 0 And we ser it is o Spuriows meode.
v

Alsc, Cougi o
(Fw)& = [ (Kl ] wlene

) i

L\( )(\)r - ET Q) (o T
~“r ) oV Hp dVel = - {"' ( {L‘u,j l"{.‘jl [1] clxc!ﬂ

Ve
= -t [ 5 -4)
S\l, 2
sty () = o [ 1 -3 )"
R R
L 2 ! :, ‘ ,  and c:,\ear-l‘a'

3 P, .
s QE"T)‘\ES = o , ?S?K o = We La.ve
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4. 58

(a) %-T Fer a sl%& e.Q,e,m.emt
2 ! ‘
ai.ivyk = é[(m;) MGEIPERIGTY CN&)E‘
2 >
(+x) Q=x) ~C=x) ~Caxy Juy
: :
A (.)Lu-e, tlT: [ U, Uy uy UtV v, v, U“l
[Q—-———-———ol = .
4
C"\oose_ GT=[ ~-{ © 6 ©6 ={ © o o ] MA, 'f'L\L PY‘CSsurt_.

dAstributten ’f},\ as Shown below.

Thw. S Py day U, = P,j div Uy, 4Vol”
plo | o Vol Vol &
o6{o | o z f.g %-{(Hgﬂ(\.;.x)% AN
o{o | o | Ve

(Pe>0) = b >o

by Cl\,,se a c.kecku- Laarti trg.ssure. A-isfr'\kuﬁm as Ph

Forn.s‘m?b. Loment
+ - -+ . ;
( P dav v vl
-e ‘i‘ = V..lb ' A
= ~ - - : { - - { U
P I PPLr-t=v1 il 1 -1 -1l
AT .
+ o 4ap where 9=[u.uau;u*::v, Ve vy v ]

The ek of te selutfiow (o“ow S e davelo \‘W+
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4.5 (&) 1w tha u/P,c {c\'MMM we have

Usuu)h (Suf)k L_Jh @h
SERE: — 0

(Kpa )y -2+ T
The 'mf-s...,P tondition 13 written as

mb  sup Sv.), Padiv @) dov i d Vol

Wae Vi, ’{hévh i\ Ph(.i;.v L\_Js\)“ I U Ul
amd n the mmatrix form
b sup Sv.L WU G Vi dved

WiV Z§ >o
W G W IV Sy Vel

220

Where W:G_k\!_h s the madrix {or'm O‘E P (div Yh) Liv Vi
Frm -'-3@ (L(P‘qgk - -(K.'.Th Et. =0
T:(‘Sfu)h v the malrix f-m» associated with Pg(d.‘w 'g.)
USQ“)». t the ome associaked with duv (il,.
Gy = (Kwp)y T“.‘(‘SN)»
(&> §t: Qy = X T v where G

/]

USP“ h S;\(g“f)h —Q
Co'n;‘,alu"m.& G \{ = A Sh Y_ ) ——
([T Y = ASY
Lkp)y SV CRup), T () V= A(Er)L Y
Gy Qq, Ta Qo

iy
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4. 60 31 Lemant

n Lﬂ.!&rs M= totad doofos o Y

%

'10“?": +=+..Q d-'-’g‘% - F

X

n Laws Nu=2(nt ')z'f' nt

'h. =“{-7\a

X diascontinuous

pressure do S-

. n
g-‘mu-—-—-gi

» -y on Tl? 4

T8 T e waxed formullated 2~ 3 and 9-mode elosments

k.
EIS (B dx > 2 WU Y7 ¢ Koo

because V}fh [ K'h(n) we have
wea Poiucqrc - Fnea\'r-lcl‘s
tk.-.‘y«u.h
° DUI. (Qh)‘lx <& (_Q_)el
i < awg (2 e o< EL
21
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pIN
i;.e_l in?-ﬁu-f WAA'HW . AM{ g.,‘,f SV,{ h[ — Qh}
Y],GD], 'U'hEVh il
) Ewn |

2 ¢ o

(D diSp\aM& ~based eleweuts:
Deliua e "E"“"W"‘*(j Spaced |
\(&(03: 1\_?" z(w“‘%‘)é\]_&.: k&(?k)zckl wlera_

¥e (ty) =

)
T
g
s ehotee wplies at K (o) “{Yﬂ“- Ve #‘?h{'.
Thue  iud - Sup condibion, for ta.  Ludt case ('ﬁ":*«ssi
'lc. =°§ Cau be wnlten au:
( Yu[ ox T Pa]&‘(&-

wé S z o
we Kalo) VeV, e Wvd

%?/!-ore‘ C“/tewrla de ih{- - U Condkilon 18 Wbt
SA-HSQCCA. _

(1) Mtd-?’do...{:obiul eloments -
A5 kkf-“)*{"lj; ‘F'r a "&7?‘!‘.‘.&1 'Xh &‘\Vem. we o‘uose,

& [?h] ath frzo ed 2227,

2K

G
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4.62

W —

New cons i der

g v [ 526 T4v
v

X N

. f Sm(n ) Ve k

Himu. e \uve

oW 0, 2
Sup Su.a [ S - b ]dud ug [ 32 14wk
Vee Vy v ) Y
= ) 4Vs
fgv,x( ) AV
Th
u—e.f"re. S‘ Y. [ it:a__ Qh] Vel
ot Sup v > |
e B Ve Vn A% 0 [Vl

A'Ml +he 3V\€-.St~? tomdition is s‘-ﬁs{-{u{.
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e lud - sup coudibon  w T watrin Hrw:

wlu:u;_ \S\« 1s T lwa’&r 1% At N—pre&eu&s
\ }}:n“ = _ g (’Mm.) (’b&u )z.l doe = V:§i. V.
L

For e huo - ueds al\‘sp\qcamg.u{ - bazed eloat we kave:
Yk = [ W, . 1: Wa ‘92111
Gy = §&T-E->k , where g&"[h‘x ~h. ; l‘z.x ‘L21

>

I t’l.,nz © L\l,l ht.,u © ]
_S_"‘ = o Lzb\;‘:- ’ o Lzl\\,n \nz'x
\'\Hx\nz,x (o) ‘\2‘: <
o LZLH.\: \ng,n = LZLZ:‘

Tae b Wk cgp waba Ch s Guew by Yhe Swwllest
weuzero elseualue. of T @iguproblen, G ‘t = Su ‘i
For  fa  wixed -iulerpdated twe - wedte  elecelt
we bwe: By = [ h. ,.w b k| )

X=o )
m*a\ _G‘fq

[f]

TB‘,_ (hele  Huat tlis waw Gy is still

Sau«weh‘tc.)
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4.64

4/,

N, = Number of Jisrinwmbnt ai.o.{.

Ny = 2(ne1y  Apzn?
ratio = L—vn. ..n_‘.‘.. = -.?:. = 2
> 0 np 1
&/, .
& X [ ]

Ny :i(mﬂ)’: n"&.z Mp=

4/5-02.

ratie = = )

Ny

8/3

/4

Ny = Number of pressure t{.o.f,

ralie = -%- T 2
X X

[y . ®
4 X

Nu= (2.1\*1)4-2 Mp = 4n*
- -

r Feo = o =

atTio P 2

Ny = {(‘M\)‘-\- n‘(‘-z t (47\"}2.

Np = (ne1)e n?
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9/9-¢ ® S
® 0 @
&—o
Nus 2N, rakie = 2
/4

Naz2(anad Np= ()’

rd—i»:-%-«.-@

3/5‘-0 @-—o——@
i !

Nus 2(2n41)" . Mg = (m+1y" s nd

. &
ra}h- reli

7/(4-c+ )

Mus 2fane)? My (neend

!‘A.?F\ ::.E..:
s > 4
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. For

o f-node  Frugs e«{ezm*w?h a cubie, in.to\fo(’.q;f
Po%m‘h-v;»ﬁ IS %?\Icabﬁe.

Lt he=a,varsa,ri, a, r’
z i
— ’1.; :{ f G\J‘ . /3

(o] a)& r:-{,“‘é‘ﬂm&{ {
L\q’ = Fé(‘-’-rlrs“ﬁrlv?.qr?? )

[}

— A, = 9A6, q,:.w/;é’
=~9/1 Ay= -2/

For by | by Superimposimg 4 Lineay {unckion -gc:-r}, and als
GrY) and he  such tlhat

b s { RS
at raz ./ , Y3 and |
hy = ";'i'(“")‘“}!'(i‘\">+r}g (9o 9ray)
Si"w:ﬂ.arioa, ‘gor ha and (43) We  obtain -
hy =

-4

20 dtr e Lo ge

hy= (1-r2) +-,-%C2’1r3-+'}r‘~z')rsq)
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f‘_‘__z_._ Comstruct first hg ohich centaing 5 and s ay the ‘w'uzkesi‘
powexs P oand S res‘nd-uveﬂ—«&‘ Te iy a PA!’ABOQ-A “ T

A
and § as Shown. 1 s

Let hys= g (-1*) (1= 8%)  with hg= | ot Co,e)
a‘ﬁz { —aly kﬁ = (l* ‘.a) (l- Sl)

Fw "\5‘ the \n&akest power am T i 1t whereas Auese s o Civear

somiatisn \u fle s direction . bet §s F Qs Ct-r O (ers)

. SL | ot r=e, 5=}
3 o ot other MJ&&, esctud&% wode 4.

flpes o gssluercis

H"NWW w‘n% Wode 9 is v?regeqb . L\g 15 difeched , Shd homea.

;'\ = —E(l- z)(i‘l'S) éh‘) k"- S
SimLar \ \
q"é he = = U= r) - 3 hy
i b2 > r
l"qz 2( ) (- 5) % g

hy= 2080 i~ S hy
Rrom these hi's +25,6.7,8, 9 we can obtam the hWis | {=1.4
bj SGUPMEMOSIM-& the Linear and Panloo’l‘w- {unetions For hy,
which g qffeute.a\- by he and hp om the sides of rel and S=1, and
by hq of the cemter, fot k;:%(lﬂ)CHS)-&- b;hﬂk;ha*"ak’_
hyzo ak medes 5,8 and § — b;‘-‘-%:lh, *’s"%

h.‘-‘%(\*‘l‘)(l-\-s) -% he —%hg -;‘l-_-"\g
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5.2

This Prou_du.re Can be einwi@w% a,febu( Yo hyhy and k.;)

Which dives
a L\L:%([-r)(t-t-s)--l-“\g'\-kg)-;{_'»k?

R,_\: %(L-r)[l-s)-%( he + kql -% hq

hg = %(Hn(hﬂ ~-},: Chyt hg) - zl hg
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53 us;,\‘g the ]ufc'r?oa.mﬁm {uncﬁcms A Faa 5.4 5 :
We obtain he =(-r2) (- 52 T
)
he = Jg([-r*)CHs) - % he
o r ?
f’\[ = ?(l't'!")CHS} - -g-l'\g ol i\G

hy = é(l-r)(l%s) -_~-2L hs —%ké

hys d (-1 (t~5) - ;%kg,

Y
hg = Clamyass) o 2 he
h‘ Ry ‘\l.
y s
? /ﬁ, %f
/)] )
¢ / —d
- hy § hy s
—> T r
' i
hy, i s l’\‘ p
f * i f j : > r

>y
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54 Led's comsiruct firsi s Gl )G, G4 4, )’ L=4_8
for @;'-‘ifl [ @:\:o

S e e /[\ ¢

SASER NS GCR.03) = 1- "

Then, we emslﬁ? g et g;:ércr,r;)é;-(s,ea)ér(:&,i;).
New modify 906 with +la effect of i (A4}), j=a.20

Fc!“ MC(Q,{) M I\1=ﬁ|*q!g°}+a’£3m* q5gl1

t
hizo of wedes 9,12 and 17
Q ‘{"fuvl-is} ot rzo, g2y da
!':!, S:o,*:{
s r=1\, :'l, i:o
r oa . {
S hsdsays L

" Ln'-'- %‘-'r“el'gq '\"L—a"z'\' '-l—g”] .

‘S‘I'vw'\L\YLa, ‘Pﬂ‘f 'woa[,es 2,0y, -, @ "t‘ixe, ?\'D{‘MI:OQA)H% thLJ{-aMS
Can be 'mwt“f‘ie.o{ To qive those shown in Ra.S.S.
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5.5 The indivi duad 'fuv\d{ms are obtained ‘oj mb'miﬂ-s_ the bagic

Linear, para%obc , and cubic En?U?"MW\S c—orres?oncbi«-g. to

tha r- and $- cirections . Thus Uyimsg +ha {und‘xms A F"ua.'s,},

e ohtain

hy = [Tl'a('zq o arteafr +9) ]{-ﬁ-(n.ﬂ}

hes [Q-r) « Tia(a.‘\ra-*ﬂr"-z'\\'-'])1[-[5({-1-5)]
hy = L%(i-r% %(\-rzh-{%(*?"‘ﬂ‘ﬁr*l)H {:(ws)l
by = ;[F-(i-r)(bs)

L"l :(%(l-\-r)l[-& (-4.'}33-“ ‘)Sl"}-l‘]s +3)1
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6.33

(b Asswbl,iwg, the eloament madrice s omd A-PPLarm.g_ +hL EOUVWAAF)
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4

€yz g . 28y | 0. ol

—

E
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path 3-4 1 defzc006, Bl:o i@
63‘54‘ =ET (a.bo£+ A,h): EA; ) AL-‘-B‘ooﬁ,x[[;é
e‘¥ 3 e.00f 6@} x - 199. 9 MPa
P“’H'\ g-5 - Ae =0 'é? T 0.0/|8
€5 = Rg+ 2 (o_oo:) = 0,007
Gy = E( (Joot) = 200 MPa
Pq—t\‘;"g' G‘Q*GQ-ET(GQ‘EFB Sc:luﬂ.lMPq
AG = Gg,/E : .00l
d-éP: (o,ols _O,bOi) “O.Obé = p.ol}
-é‘?: 0.oif + 0,010 = o.o;_C)
B4
4 G
5
: .2 /
6“ 1/
i > of
0.6{Ll  o.018 0.029
3 (o:.d— 0{ Scaté)
-6 l
%
\.4

330



trat A t
- 2 r& § - 6
B a&?r_ _s)\* 8 = --..__E_.__..l_ 4—-(&.126) and (5'234.)
P

— O

(%1- AT < d e (6.210) " aE““E + X¥etg o d —— @

Frmﬂ“"b.QMA@) a 1’.!‘.3?‘- 3 tu*é-tGI’ A
Ep
‘™ + - iy
R e I P 2l e ity
¢ Z'E? lEPqE‘t 3

Rirsk Soﬁv'm.& for the 2ero value of the effechive gtress fund‘{m will
provide thu solidion Ffor *tatF and A . And the goluwkioms for the
Currewk stress stafe ™S (ag. 6.209) amd the inoremendtak.

pﬂ.o.sﬁc. Styaims AQP (45.. 6.225 ) are sbtaimed . The ke.; step Ao
the soletion Lies an the cal ol akiom of the 2ere of o {undﬁm

‘S(E* ). For 414,;3 reqoq,,‘ﬂ\e, qlao rl’fL\m L\A& been +e,rrmu‘. +he

ESE algorithm.
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We stark {""""’ A (6.230) @ a*tots g 2o

»

oy a‘hdt%_cl:o i(li—\-’_t_)\)t-\-dig-'_d\:o
&

[+ t“tg + )\'t-tct.g - d =0 m 1.-1»4&3 " i &E‘,?
E i’ E 2 trey™s

( e acse o{.(é.zzz ))

‘Ehﬂ:E - A:o

204 -
;u) ~t+¢.t6 . 3(’&41&? _teP) -2d =20

ot § oy o (e’ ol ) - aud o ( =em)

2 {tey) :

Hewt, we have
Ve Gy (Ttel) pau (Mot re) - FEL L

or fel) = 3pu(el -te?) v 6, (e)) - §¢
Note that  §& is the effective  stress carresfnal,\m.% to the
triaf eplagbic.  stress. The veasem S &S fo[lawst

@ =(apd) s (S dy s 2 B v E ey
T

=3tf¢t E dvetc b . P
Zetst 7 (with 4gfso)

and we ser the state whidd BT rerreswi‘s is at tha Fo‘mi'
B in F‘.& 6“
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.76

U‘At§ - { (f(dtgnh ,_{\,E_P) —_—0
qE

In +he case of kinematic [\.ara{zni—mg' the
)mu comdition 15

tvatd _ [ tratg teatg _Ll¢g e —0
wfys g res - g lGe)se

i
Lhere  tiet Sz teatg _ ety —®

The tansHtuiive r&a.k-n‘ans are

Asf - )\ 'btqté - t+4t~i') @

2 BET -
44 = caef where C--g T ®

Llc,‘.»-.& the aLove. afrrux'wn.ai{ms Loe -f-}m{ 'i-k«vf +L\e, 7':&14 mi&ﬁm
is Qn.ﬁsf-ie;l when

Betg stk oy (LsCa) U E ©
e AL E ™
Hemer the 4-5-.@, when usimg 0-%@ and @, becomes
‘EM"Z}_ - _a\__ (-&utg”“ )\t*dtg ) @
E

Thew us'im.&. e—s.@ o.hti@ we ohtac

“E#dt-g: [ 3.
Qg + (HCGS),\

333



& %6

B3/ neegy - ag
t+ Ca,

The effective stress funetion 15 mow chbtaimed Lrom 4_3@ Ly

fohing the scallar produck on both sides,

.{(‘ﬁidtg-) - Q; tﬁat@z__ d‘-

Wwith, A=

"
) gz‘t‘.\--Atg‘aEt‘é

o

i

Where  d* 2 ..i_ff P o trate”_ ) ety

’
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6.1 E&_(G,zl‘)) and (E.152) stake

PRSI

tratg | AALIPe P targ, ( ¢ | & > Leat e/:'

— O

=

Qe « N T srestel Oee X (Ge w\Y Jttey

Hemee we meed to calecdate 22 (From mowon we omit +4he
a‘hdt‘e&

Sweersc.rkfft ttat {ar bfevi’f)).
Uf;'l»\.g tha, -fhw rudo and Aﬁffwi“ﬁ’“ﬁ

< L - ‘__5___”3; i
S:S3 - 36y =0, 46y 5 {453 —_—0

From sy (6.226) and the hardemimg rule

A6y < Bpd(48") = Bp 2 dNT) = 2Ey( €dhs NAE) — 0
Epuntions @ and @ wivh Gy=8 give

(1-2Epn) 55;dSs) - T EAN=o

4\)\:%--%;:-5-; (- 2EA) Sy 4Sy —®
C«nslc[e/r;-n_g S2ydS:y, we have

L4 s P l «*
Six e dSns —— dey’ - — e AN = ——(deg-Sudy)

! Gt A ! : Qg+ A ! (quf ! Gga
4 t ” 2 =2
S:idSyz — Sivde: - SarSs u{,\)-.- Siidesn - £§%dN
1975 q“’\( (R (R %ﬂ( () )

Us]mg, thas, we can S“”"‘PQ’;G% +ha -‘-ﬁ-@ as

P
c{)\: q l--SEPX
28" 2E,05+3

Sz,\‘\ dezj
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£ .32

————

Hemce e obtain

______3)\ = AS{‘ ol _a}\ = A ‘ e:\

>ey 26{  Ogax
L~ ZE A

where A = 1- Pl

167 2B0p+
Now redem.& Hhas in o, (6.252) |

at«mt S.‘._ i
teab p 4 = \ g:'k - { 3 A e; 84._"
3 Ek GE*')\ (QE"' X)

In Aol r X m'\'d'\‘aw)
{ A

I —_— e

-

C= —

= - ;
Gee X S
where L i5 the &% order denkity omadrix
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6.8 tgc: a.tsﬁlt“z,
0,2 64x16'% , 0,549, 6,20
o<t< gh  G=ico MPa 1>4h 5= 200 MPa
et (x10°)
»
8 o
C
¢ e
‘\A!‘dfm—in&.
J S S S .
*Ecw‘d'h 8
§z200 MPu
2 Strain
‘mrdwviw&.
tet Lith §zieo MPq
------ T 4 Chewr)
t L4 (178
T 2. 4 é T 2 o
0.89 .89
tet = Tt
‘6‘::05“{?& 4o3¥xio ¢
tat - -8 ,a
€ {sthGHPq.- £.52%5 2 {o 1
At poaat A, tef = (.46 x16°
Ax Pu;uwt' B, = 4-'02.4”0'6
Ax ?oh—v\k‘c, tofs "[.3.2.6;(;9'6



6.9

—— &L OF) fun £,C) — (&25)
aEs At T £, (1) £, (Te) — (Goage)
Lhere o= (1a)te ¢ oL tretp ~— (L.240)

T= ke LAk

He,,,m_ -f-r- the Psemlo-'ﬁmsg ’tf , 3¢ 4+ AESc trae gt
téc? "(dt{: (Ta)f;('ﬁ?)f;('es) = 'E(.T@)"F..(Tp) F![te)
TR0 [wakf (T~ fctp ] < o
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tear T 1
. 0 4 - g— - (!“i)dx 3’ § e [_*_‘l"‘y
_E_.ﬁ-—-— + f_% = ’ 4 taE = (@_. ste ,27”)

Tt f AT+ N Lt

ing #ha seaar prachac o Lotk sides im (6265)

,é_ ‘hdts‘ti-a&s - _‘?_ __i_[i&abeq‘iﬁot%"_ 2‘({__*)4-& *“te"-té "!‘-b/
2 - 2 o* - el

+ {Q-.{)ai&lbg,{g TBI“ ]

where  as *fag + LY+ N

trat = 1_ ._L 1 teat, 7 deat, 7 teat, 7 ¢
§ = a@[(‘i vatg ¥ Uate ).. 3= ag T e’ §(11X
t{U-d) b} gt 2y }

&1 1ut€l+ {3(1"&)41 iu'ihe-u-*g.&'rr _ {(l-d)di*-@ &Lwl

43 g v 7 <o
2 — ~—

a.'t' t+413."-+ LTY - C-i?xl. - Cl": o
where  a:" 0 « dat™+ XN b= 3C-)af eS8

- A . . P
C:({-d)d‘k*ﬁ , A._. % 'imtg_r_ i &Ef

Nou 'qu_ e{{u,ﬁue,-s'\'ress- '{und—{m \!S alvw bj
f3%) = @E Y (By -y -d) =0
To cllelate 4he turvalure mear T with LF% V20 (e bawve

to krow 2% a4 2%
P 2%2

Ng‘\-e .h‘q-{ a = q( -S'*) Q“A t}, '-'.?Y( .GN* ) . HQNLU”} near
with $(§*%)=0 we consider ﬁt?“) = 05@*)1 +C  where C
15 a»fpro:,‘\w#ai-& ot co«s#a...:\-, ot we ser tuak deo ,(\,.,‘d.;w
hog e curvohue  Sowu  ou {:i%‘ 6.\4.

§=6"
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G. 8l

e PR

The elasbic  shain  lucrewadts are calesfoled  ay
Weally ool te vkeoelubie  chain  lucreccadts  are
calechated  ay:

€V [6- (6 E,€™)] wivh s
: cvp O S A
1) EVP:O-. & :X(S*sz) ; E:E-f&o (6—-6‘&\!)&#
€c v V(661

i) E, %0 v n
vp ¥ O, d€ +“6EV,€VP=X(5‘6!¢)

La EVP

eV?

Cyamp (ARY +Co ) then e" \+=-:D S =g

"

C\[enpiat) - 1]

it

¢, 2epnky (At FEup ) - ¥ L Epp Gt (6-8) =0
§-Syv
Evp

(1~ exp(~TEwk) ]

N -¥E, ., C= -

EV? - 6--6111-
Eve
v S0 e (FE,0) ]

vp

€ -

m| e

¢
‘T' EVP -

..?...""9‘ %Ew ‘s

~
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6.82 Fnr l'D Proubm. t& z 6.. z i

T m————— o fy HP&>6\VT-).=MPR,
(2451)(116%) !

Hewce 6, will approach *§ ( frem 20MPa to o MPa )
ond there will be v'\sc.op(o.sﬁc 'Fﬁ‘ew

¥

ta T, L_;G‘u -%@., -%@,, o o o]

—

— ——

N - bg.t8,
) 3 -E-S- A—i ) dle,VP=Q —E—:——”——'d)t --—-..._.-@
Z't"& tGo

From  the maferncd effective Siress. v‘xsc,olof-as’ﬁr. Strace VMMSL.LF,
—éVP - tE"/Ev? = -t-'é-‘;/g—

| QVP _ (‘L‘& —tE,

\ t&b

€
E2.Q ad @ gwe o
) ! 7 7y %o g,
‘“"-—2—:* :(ED -
8,
U‘ﬁm-g the Euler backward muethod ,
taat 7~ te - tratg
6, ~ 0 =(m‘) Lo - THAtg 9
2 A% ‘!'.1-4&8‘“
-T,-r\ S'MA,QJ\ g'\‘rﬂ-:m_ Mﬁ%s]i‘
*ef”“iza":__“. tel v tel o Manto <o @

L0808 0

Krom 4——&-@ annd @ , we obtarw tlo v'tsr_afhsﬁc
$traim owd rksrl-xcwwt.

resf)msp_ o‘f
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6. .82

LE6 (MPa)
6o 1
4o
20 o
¥ ?t(ltos)
i 2 3
» fu (""\\h)
o 4
40
v — t(x“,;)
I kY 3
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, R

\_fi_ , }\Ei -‘P - )\P
C) 5

P

&
oL
i
12<
i
1C

LA S

£exn

al

i

)3 /‘IZ
SRS SR S D W
ToIRTRE — TeAT

5 -t
< [ AN

'rm
1]
1
17
£
]
.
y.
n
re
o L
a
L W—
e
it
H"':v
+
r
m

Now define g ;/AEE’ ] 24 he
- —LL*E
3 g )
Lk
En=3kBn | EE« bk,

The eﬂe.dc'\ue. sStress s %‘:vm bj

%y
v

2.4 13 . A
e-/\E 2 =T TN

il
i
3

:‘{' Ky § G'a-w , the process 3 eQasﬁc,

stheywise , ta procass is P[mch..
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Frome cK =} EET XP where T CarYanmds to the velaxed
ky PoH\UH CA.Q cvn-(:—icaurc\)(—{m we have -§or Smﬂ Straqmg
e =efy EP. Hewar “w Table 6.0 for swall "USPQ"‘CQ‘-'-‘—N«%J

amd ghvasng-

X = RIUS=ur, x"gryraur
X=RY =V
=> Ef*’e“—"‘E"H:?*E, EP*{’“H?';Q'P) E__.,ﬁ,,g:e
Mee X=X (%7)7) te, UD=T (U we hawe
e, = e-¢gf
tr(Te) = 2k (BS) = Ar(S.) =3k 4e (ek
Se = 2pmEY => & =2mel
E;::Y" %?_«,'_3;,5 2‘["?;_' 9'»;@*’

Plastic So Luhiom s‘fe.f:

3 tuﬂ,'é?__ b . A‘é?
)\:'5: - 3 (Swm.e, as (£.229)
'Eﬂ'tj ttat g 2 t+‘t&".
— Er - Vi ?’
‘f.*qt-s = §1\ - 2 M E,g - §-x _ __e& - ..e..
tr2m A [+2 X ;:_M-. + X Y e
l
trat i o
S = ",y =3 (‘Sw ag’ (6.?.2.9))
= A
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685 (i Hemlcj Strdsm

t ACY
..X_:{“,L , I:[-i-%.‘i tU=tX
Lo fEEel
i
i
gy -
E:L«tg»— a‘“(i*-::)a & ‘ ?”:3.3
-] <2 &
o [»] o
* oy - (H-‘ ~ -
"""-'L‘P' < 't'u: K“i'tl\ = E ﬁ‘“ L) UL\&!’Q E = gt‘ ]JJ
A (+ 34 (l+v)(1-2Y)
‘L
(1) PLﬂne siress comdition
As i execise 6.61,
tu
4 ——
tx - ° ty ta Nt &0 st X
T= z (e = - — PRI
g'-_t.é.. 4 I +OL)({ .L i - -—
‘L
(-4
L o
rﬂm({ i.".’.f.
E'.:. QMEQ = "t
- ba C1- )
+
fo (1= 2)

Frow, tue plawe stress coud. e have

(-3 = -y Al 32)

R O3 MRS LRCR Y (P ) e

345



6 g5

ERR G el R Y (- (WA (R S

oL L
Hfmu. - H-w
:;:'tutrhlt:\:( [ELQ? 1
A
t tu
—.:E' = B “H(HTE
nA by
(H L
.LP He‘“"\“& 2D Couolihion
2.5
E°A _ [
—0:.4 —D;.Z 052 0!4 0,6( OEB 3.
| place  shress ) fu
Coueld how L
-0.5
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6.86

[

N [ . . .

W < 'a- ’C-\uﬂ (u“‘“ + u“,ﬁ‘l ) = ,(\_‘.""\ e'w\n

Tho rate -§ increase of intermal emeryy per wnit undeformed volume -
W :—i:*w =IW = 3§'QE: §'QE

('E = anuLj Stress tewsor, 0= ‘C‘.rc%keﬁ Stress MMSM-)
Uz XX'=L

it
o
—~
1 C
£
I
1 C
A
 l
™
C
<
..'.
1
1 <
L
!

347



6.3¢

———

Krom the aations - @,
U4 09 s 2l 0 2R AW R RTLA R —0
FUTRTRU ¢ URCE U
( _I_L =1 '_LTR“.L«-R‘LTR:E_ =0 )

Us‘.m.é @ annd @

Wos Toht - T(RIR LU + LU RIR ) e LB(UETR Y 4 R
Tl - (BAU- LU TR R L0 U U U R R

"

T
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6.87
‘.Q tsa’“-t (L__) =

Frew Ex. C.76

géu..h‘en,r%)

Jrop'r 3 oEe (L7een) sy e LT e
x ée‘;r(xe)u]

gikq ﬂ

$”‘"" - e wateriat 1\50‘{1‘0?& A

T and HE cowmmnte,
barelore, |
UE"D%%-@Y where  DPs sy, (L™
= /
aud  L7= x5 LP(x®)7
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c.81

We use dhe sgaa_‘ Connveution 'aivau_ Lt Fi?. G. 18,
%Q? -{-uh.c.t;oh.- - 1, (?.S ’t) = (5 - }*)T !_'L*
Tis  functiow

represents the olistauce betweon

He  two  coutact Po‘._wts . The countact

ore  that  tere wast be
cowtaet  Sur{aces.

r‘-e?.; ire megts

ko iht{&r\oem'trq'{:?on A

o Courge, Hee distauce (x - l»&*)w‘;\_-* wmast  be
ar.urtzr ot eo'ua.ﬁ t zero +o .Sa'f:isf'a Hee abseuce.

o{- tuter \oeu_e,"t ratiown ol e coutact  Syrfaceg,

Heuee , % >0
A - vabue

The  Lorwual coutact

draction. A mugt be Comfre:—

sive ow  the coutact Sorfaces . with  twe Slau_.
Gouvec;ﬁow. A Fosi{-i Ne, -(ov coe hnr("-e&s;on. on.  the
coutact Surlace . X2o,

Norwal coutact couditious

Tue ‘:\«ésicouﬂ comocli tioun s tuat , '\{' fuere s
a I*r betwea, 4o two coutact surfaces, tuere
Com be o Cowlact <ractions. Ou fee otter

wil\

\\MA‘ & 4 he aar ¥ Zero, Coukact trachoug

be lwitiated o are Ou te countact .Sur.[.a.c-e.&,
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6 .31

emmiiss———-

Makumahcdﬁa_ . we tucefore  Aave :
W g70 tew X =0 add
£ 4= dew X oze
Thete  +wo  couotitous cam  be  cowmbined iu %.)\‘--o.
Hewee  Eouabionw (6.308) 15 correct.
Frictiouod  coutact cCoudution
1) Slidiug coudlition 1 T ddo , H:"—:/\;.}\.
Us‘m% (6.30‘1) . we Aave Ity =4

2)  Stiddiug  comtife: i d=o | e tau -
‘ég,uﬁai coutact Arackion IS _&55 tuau or is Jusk
(‘eqcl&u% 4l -Gric-l:i‘o\.\_ oL resistauee at Yo towtock
Sw.-f(a.us) fn.\.

Heuce, L 5/\4.}\
Us:uca_ (6.309)  we Adave el < 4.
Acc.ot-dih%, o e two  couditions ot setaul.a_
coutact and chich‘uaa coutact | we can write
Covlowb's law  of  drickiou o4
=l <4

. « 3
MSO, oSS bne u 7 o, e e s¥ o>

S‘id.n,g {past \Da‘h&_ 1 t:

Hewee , e -Qr‘ucﬁounﬂ fraction (t) v s L,bd‘a T

is ?bs‘vﬁve. oa s 4. erelore S | ‘u.wp\:es Siah (-{l) = Sta\ ()
Wewee. . Ear. (e.21) s correck,

L1

ut.g*  aad Boohéﬂ

- - '
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6,82
The prineiple  of wirbal work s fuew i B (6.201)

oud e Couskradut famehow (o givew L& (6.312).

USEL‘% Ba. (6.2314) oud the vewft of  Excsrcise 3.35

we. tu.gPow_, e coustraint  Low aa:

f (%-}\ w(%;-\) + m\d\,‘)\)as e, where = is B

peuakly porauws ber

The  fudde ot equetions  are wow obteiwed ag
oo giew  fn E4 (c.a15) b (6.322), witk  te
'g'ta’dma.!i powatranut  wobt  tucluded | aud  te  discreb'-

!

2abion of  ter BA added b be  equations
wl
This  bteruw OL\M%M e arector Tt EC& e
t+nt

o .

wiatrix {\S St.‘c C\-cwrouhgﬂa

Note et oo couverdeat couwstradut forchou "W(.’;):A)
Showll a’ame,e.ﬁ Le wied b euable e elluduwabion

ok ftwe X degrees of  freedow, (see Breercize 2.35)
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6.93%
Constraiut @hdiovz.

Cousider w(z}l XY = -?‘:2%— - \j(%—'&r-r&

Tl ‘(:;ad“res Show e behaviour of tua fouction
Aiftereut values & Note that wite  tlds  Aunction o
wig, M) mo | we have gh=g,  end s
o,f,]grox;y“a%e& ‘e -@qudciou th F?a, & \9

L3571

(4:0) <9

0.3

0.2 , . ; . A
@'2 0.25 0.3 0.35 0.4 0.45 015‘:z

w(%()\) w(%,)\) Lt
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N £ =000l

w(q A} =9
af w(a,X)>o

0.1+

(g, \) <

v

M

-l .
o . 0.2 0.3 c.4

w3 w(g,2) <o

nfs%
Tua fonction w(ﬁl.&) 1S coutiiyous | Aud  ta

devivative: are: |
Pwo. L L _%g - 2)

2 4
% j:&'-..zﬁ_\ + X% 4 4

D

—— -
-—

A ‘ik +2J\
-3 Y Z

—

A
4

\1 %2‘ -'Za.)\ £ )2 448

These derivatives are  Used it  sdutied US;“&
Newtou - Raploy, eration,
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.94
For -f'rici' onad coud tiows ! te  coustrait  fuuctiow

shoul o Sa.%is(\é, :
T <4

)
oy <4 1mP€ieg {L’—fc}
et =4 Implies Siﬁu () = .Sicak (=)
Piciorio.ﬂ-bat

T

b

A

— ( see Fig. 6.19)

whexe g is Swall  but Fo&ltive_ waavn loer,

'“M‘.s -{'chjﬁou afprox.‘.mkl e Mmﬂ«a“wﬂ value of T

o i e
S| o dhucion ol &
M -=- A fouckion v (=, G)
o 1S how vew. b
"——Jl - ) C—o-trl’rud:\‘u? Ya Hs{,rlﬁu__
obkoiued \otﬁ -krmuSEAHuﬁ. a shm‘BH L (4, -4 1)

A«Qou% g3 tutve (T l:l) )
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L
.
=
v‘tv

L ]

x

i

fodV = 8 8 > dV +g 84S « Z 8@ (5.00)
T v S -
k
here E"": 0 Q- ¢ am this case
S __r"&@_/ol\/ :SS _Sis%-sclg with 6208, = Jg
5
—h °
G here -@;::Eo 14 E-S:‘&“éa% P SB_
o d o7 [ 28 28
- 2% 24
X g k(ﬁﬁéﬁ+é§.iﬁ)av
2 v 2x 2 X d 2

v
= (4 28 - = e 2% - - s
= . (9(‘& N)JS Svgkm-r;.%l)d\/-gsﬁneg. 48
As S = Se ¥, 33_ e oLhum
o , 2o .
ﬁ( e T e ) © V
@=Be oW %9
88 _ os
k€2 = 3% o S
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_f[__"?; tomduchHon terans:

ol a -— P —
s “f}ﬁ x G ML+ 5’5(‘9‘ g, )de

& teti, ~ -8 tg) 258 2t g\ 2ds
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8.25

Results:
Starting vectors

§]
0.000000CE+GO
0.0CO0000E+0Q0
0.0C000CCE+0Q

ITER= 1 ALPHA=

U
0.0000000E+C0
0.50000C00E+00
0.0000000E+CO

ITER= 2 ALPHA=

5}
¢.5000000E+00
C.1000000E+01
C.5000000E+00

ITER= 3 ALPHA=

9]
0.5000000E+00
0.1500000E+01
0.1500000E+01

r
0.C00C000E+00
0.1000000E+02
0.0000000E+00

0.5C00000E+00 BETA=

r
0.5000000E+00
0.0000000E+GD
0.5000000E+00

0.1000000E+01 BETA=

r
-0.5000000E+00
0.0000000E+00
0.5000000E+00

0.1000000E+01 BETA=

r
0.0000000E+00
0.0000000E+00
C.0000000E+00

P
0.00C0000E+00
0.1000000E+01
0.0000000E+00D

0.50000C00E+00 ERR-NOEM=

D
0.5000000E+00
0.5000000E+00
0.5000000E+00

0.1000000E+01 ERR-NORM=

P
0.0000000E+00
0.5000000E+00
0.1000000E+0]

0.0000000E+00 ERR-NORM=

B
0.0000000E+00
0.0000000E+00
0.0000000E+00

0.1000000E+0;

0.7071068E+00

0.5129892E+00

Of course, s showfd ke e case. |  becowse
we lave cvu.&d ‘hﬂ-eo_ eﬁyl.mi': Ot (aml Youid - ot{ etror
s M.?f-z a} be. whow 30 {w eor;q‘Hma are Solvedh ) i

We use as

of 4ue textbook.

ERR -NorM e errer  hotw  iu

Ec‘,, (8.63)
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B.26

e

Ve
esults:
irarting vectors

8]
0.0000000E+0C
G.0000000E+0C
0.0000000E+CC

ITER= 1 ALPHA=
8]
0.00G0000E+0GO
0.50000C00E+00
0.000C0C0E+00
ITER= 2 ALPHA=
U
0.5000000E+00
0.150000CE+01
0.1500000E+01

We we

r
0.0000000E+00
0.1600000E~+01
0.0000000E+00

0.1000000E+01 BETA=

r
0.500C000E+00
0.000CO00E+0D
0.5000000E+0CO

0.3000000E+01 BETA=

r
0.0000000E+00
0.0000000E+00
G.0000000E+0C

ERR . NoeM

ol 4ue textbook.

P
0.0C0000G0E+DQ
0.5000CC00E+00Q
0.00000C0CE+0D0

z
0.00C000CE+00
0.50C000CE+0Q0
0.0000000QE+0CD

0.6666667E+00 ERR-NORM=

P
0.1666667E+0D
0.3333333E+00
0.5000C000E+00

0.0000000E+00 ERR-NORM=

P
0.00000C0E+00
0.0000000E+CD
0.0C00000E+00

oy

415

error

nOtiym

Z

0.1000000E+01

0.1666667E+00
0.00C0000E+00
0.50C0000E+00

z

0.8583851E+00

0.0000000E+00
C.CO00COCOE+Q0
C.CO0C000E+QO

iu

Eq. (3.62)



ITER=

ITER=

< R 3
-0, 2

-0.2

8
i

Results:

Starting vectors

U
0.0000000E4+00
0.0000C00E+00
0.00C0000E+0D
0.0000000E+0D

1 ALPHA=

U
0.11111131E+00
0.0000000E+00
0.0000000E+00
0.55B5556E+00

2 ALPHA=

[8)
0.1428571E+00
0.7142857E-01
0.7142857E-01
0.5714286E+00

c e

r
0.0000000E+00
0.0000000E+00
0.0000000E+00
0.1000000E+01

0.111131131E+01 BETA=

r
0.0000000E+0C
0.1111111E+00
0.1111111E+00
0.0000000E+00

0.1285714E+01 BETA=

r
-0.24533958~16
0.2775558E-16
0.2775558E-16
0.4460718E-17

416

p
0.10000008+00
0.0000000E+00
0.0000000E+00
0.5000000E+00

0.2469136E-C1 ERR-NORM=

P
0.2469136E-01
0.5555556E-01
0.5555556E~01
0.1234568E-01

0.5204650E-31 ERR-NORM=

P
~0.3816392E-18
0.1142439E-156
0.1142438E-156
~0.223035%E-18

-o-z

-0z - o2
O O
1 o

4
0.1000000E+00
0.00000C0E+00
C.000C000E+00
0.50000008+00

z
0.2222222E-01
0.5555556E-01
0.5555556E-01
0.0000000B+00

z
0.3816392E-18
0.1142439E-156
0.1142439%E-16
0.22303598~18

0.1000000E+{01

0.1751613E+00




B.27

\.

ITER=

ITER=

1l ALPHA=

&
0.0000000E+00
0.0000000E+00
0.0000000E+00
0.5C00000E+00

2 ALPHA=

U
0.1250000E+00
0.6250000E~01
0.0000000E+0Q0
0.5625000E+00

ITER= 3 ALPHA=

U
£ .1428571E+00
0.7142857E~01
0.7142857E-01
0.5714286E+00

We wse

.1000000E+0]1 BETA=

r
0.50000008+00
0.0000000E+0O
0.0C00000E+0C
0.0C0000CE+Q0

.1125000E+01 BETA=

r
-0.1110223E-15
0.0000000E+QD
0.1250000E+00
0.0000000E+00

.1142B57E+01 BETA=

T
-0.1189525E~16
0.0000000R+00
-0.2775558E~16
-0.2775558E-16

as ERR - NowvM

of 4ue textbeok .

0.1111111E+00 ERR-NORM=

P
0.11111118+00
0.5555556E-01
0.0CQ0000E+00
0.5555556E-01

0.1406250E+00 ERR-NORM=

b
C.1562500E-01
0.7812500E-02
0.6250000E~01
0.7812500E-02

0.1026324E~30 ERR-NORM=

P
-0.2643388E-17
-0.1321694E-17
-0.1387779E~16
-0.138777%E-16

4o error

417

ot

B) USEuﬁ =y %{U-Q.q k? , we ol&q,i-.‘
Results:
starting vectors
54 r P z
0.0000C00E+00 0.0000000E+00 0.0000000E+0QD 0.000000CE+00
0,0000000E+00 0.0000000E+0D 0.0000000E+00 0.000000Q0E+0QD
0.C0000000E+0D 0.0000000E+00 0.0000000E+00 0.0000000E+00
G.0000000E+00 0.1000000E+0C1 0.5000000E+00 0.5000000E+00

z
0.13111111E+00
0.5555556E-01
0.C00000CE+0O
0.0000C00E+00

z
-0.2467162E-16
~-0.1233581E-16

0.6250000E-01
0.0000000E+00

z
-0.26433888-17
-0.13216594E-17
-0.13877739E-16
-0.1387779E-16

[ E?. (&68)

0.1000000E+01

0.2641353E+00C

0.1250000E+00



F%ECohdigﬁuer (\) B

Results:
Starting vectors

U
0.0000000E+0O
0.0000000E+00
0.G000DGO0E+0OD
0.0000C00E+00

ITER= 1 ALPHA=
U
0.CO0C0O000E+DO
0.1666667E+00
0.0000000E+00
0.0000000E+00
ITER= 2 ALPHA=
U
0.39153828+00
0.6615274E+00
0.3262818E+00
-0.9788455E-01
ITER= 3 ALPHA=
13
0.9662502E+00
0.1211063E+01
0.6581368E+00
0.2311680E+00
ITER= 4 ALPHA=
‘g
0.1600000E+01
0.2600C00E+01

0.2400000E+01
0.1400000E+01

r‘
0.0000000E+00
0.1000000E+01
0.0000000E+0D
0.0000000E+00

.1000000E+01 BETA=

r
0.6666667TE+00
0.0000000E+00
0.6666667E+00

~0.1666667E+00

.2936536E+01 BETA=

r
0.3621370B+00
0.2637631E~16

-0.9465758E-01
0.1133023E+01

.1931788E+01 BETA=

r
-0.6451345E+00
0.2037631E-16
(0.8538545E+00
0.26356436E+00

.6346110E+01 BETA=

r
0.15543128-14
-0.3326282E-14
0.3330669E~14
-0.1831868BE-14

418

A
-‘

n
o

p
0.0000000E+D0
0.1666667E+00
0.0000000E+00
0.0000000E+00

0.1011111E+01 ERR-NORM=

o
0.1333333E+00
0.1685185E+00
0.1111111E+00

-0.3333333E~01

0.1688064E+01 ERR-NORM=

P
0.2975026E+00
0.2844700E+00
0.1717864E+00

'0.1703357E+00

0.7693756E+00 ERR-NORM=

P
0.99B86430E-01
0.2188643E+00
0.2744773E+00
0.1B41809E+00

0.2214726E-28 ERR~NORM=

p
0.3108624E~15
-0.5543804E-15
0.5551115E-15
-0.3663736E-15

z
0.0000000E+00
0.16666867E+00
0.0000000E+00D
0.0000000E+00

Z
0.1333333E+00
0.0000C00E+CD
0.13111113E+00

-0.3333333E-01

z
0.7242739%E~01
0.3396052E-17

-0.1577626E~01
0.2266045E+00

z
-0.1250269E+00C
0.3356052E-17
0.1423091E+00
0.53128738-01

z
0.3108B624E~15
-0.5543804E-15
0.5551115E-15
-0.3663736E-15

G.100CO0OE+D]

0.852B662E+0(

0.5428368E+00

0.6285014E+00



.28

Precondi fover (2):

.E:P = ]-4

Starting vectors

U
0.0000000E+0D
0.00000600E+00
0.0000000E+00
C.0000000E+00D

ITER= 1 ALPHA=
U

(.2857143E+00
0.3571429E+00
0.0000000E+00
0.0000000E+00

ITER= 2 ALPHA=

4
0.5395074E+00
0.6743843E+00
0.2484688E+00

-0.9317580E~01

ITER= 3 ALPHA=

U
0.1383946E+01
0.2474616E+01
0.2246837E+01
0.12611458+01

ITER= 4 ALPHA=
U

0.1600000E+01
0.2600000E+01
0.2400000E+01
0.1400000E+01

We use

s -4

as

5

r
0.000G000E+00
0.1000000E+01
0.0000000E+00
0.000000CE+0D

.1000000E+01 RETA=

r
0.0000000E+00
0.0000000E+00
0.1142857E+01

-0.3571429E+00

-1304461E+0] BETA=

r
~0.2484688E+00
0.19877508+00
0.2945137E+00
0.7853699E+00

.1198837E+02 BETA=

r
0.7318379E+00
-0.5854703E+00
0.7771730E-01
0.2072461E+00

.1074282E+01 BETA=

r
0.1110223E-14

-~0.5440093E-14

0.89372958-14
-0.6605827E-14

ERR .- NogM

of 4due textbook.

b
0.2857143E+00
0.3571429E+00
0.000C000E+DD
0.0000000E+00

0.6809524E+00 ERR-NORM=

P
C.1945578E+00
0.2431973E+00
0.1504762E+00

-0.7142857E-01

0.6174613E+00 ERR-NORM=

P
0.7043817E-01
0.1501649E+00
0.1666973E+00
0.1129696E+00

0.7772401E+00 ERR-NORM=

p
0.2012149E+00
0.1167142E+00
0.14251678+00
0.1292537E+00

0.2543515E-27 ERR-NORM=

P
-0.1078502E-14
-0.1625684E-14

0.1489549E-14
-0.1321165E-14
ta

errof

419

hotiu

z
0.2857143E+00
0.3571429E+00
0,0000000E+00
0.0000000E+00

4
G.00C0000E+0D
0.0000000E+00
0.1904762E+00

-0.7142857E-01

z
~0.4969376E-01
-0.1526557E-15

0.4908562E-01
0.1570740E+00

z
0.1463676E+00
0.1582068E~14
0.1295288E-01
0.4144922E-01

z
~0.1078502E-14
~-0.1625684E-14

0.14895498-14
-0.1321165E-14

i

0.1000000E+01

0.5370923E+00

0.8163478E+00

0.7854372E-01

ET' (8.68)
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Pnaum«d4{4uuef'(l) N

Results:
Starting vectors

U
0.0000000E+00
0.0C0COCOE+0D
0.0C00000E+0Q0
0.CO0000CE+00

ITER= 1 ALPHA=

U
0.000000CE+00
0.0C00000E+00
0.0000000E+00
0.1000000E+C1

ITER= 2 ALPHA=

U
0.0000000E+00
-0.2848723E+00
0.6836935E+00
0.2652259E+01

ITER= 3 ALPHA=

U
-0.5328341E+00
-0.6944756E-01

0.1938680E+01

0.4546808E+01
ITER= 4 ALPHA=-
u
0.2000000E+012
0.7000000E+01
0.1400000E+02
0.2200000E+02

r
0.0000000E+00
0.0000000E+00
0.0000000E+00
0.1000000E+01

.1000000E+01 BETA=

x
0.000C00CE+00
~0.1000000E+01
0.2000000E+01
0.0000000E+00

.1709234E+01 BETA=

r
-0.1823183E+01
6.1791745E+01
0.7465619E+00
0.0000000E+00

.2046168E+01 BETA=

r
0.1514068E+01
0.1092861E+01
0.4553589E+00
0.4543406E-15

-30022478+02 BETA=

r
0.4756163E~13
=0.1094680E-12
0.1054157E~12
-0.3621046E-13

420

bS]
0.0G000000E+00
G.0000000E+00
0.CO0000CE+0D
0.1000000E+01

0.9666667E+00 ERR-NORM=

2
0.0000000E+00
~0.1666667E+00
0.4000000E+00
0.9666667E+00

0.1160056E+01 ERR-NORM=

P
-0.2604547E+00
0.1052820E+00
C.6133349E+00
0.1121388E+01

3.5065279E+00 ERR-NORM=

D
0.B436794E-01
0.2354719E+00
0.4017430E+00
0.56801428+00

0.103157%E-25 ERR~NORM=

154
0.6851662E~14
~0.1824467E~13
0.2108314E-13
=0.3621046E~13

-4
.C000C00E+00
.0000000E+0D
.0GCO0COE+QD
-10C0000E+G1

Lo I o 0 B o

z
0.00C0000E+00
~0.1666667E+00
0.4000000E+00
£.00000008+00

Z
~0.2604547E+00
0.2986248E+00
0.1493124E+00
0.0000000E+00

z
0.2162955E+00
0.1821436E+00
0.810717%E-~01
0.4543406E-158

z
0.6851662E-14
-0.18244678-13
0.2108314E-13
-0.3621046E-13

0.1000000E+0]

0.6575343E+00

0.5014291E+00

0.8198423E+00



829

Precou ditiouer (2)

Starting vectors

U
C.00000008+00
0.00CO0000E+0D
0.0000000E+00
0.0000000E+00

ITER= 1 ALPHA=
[¥)
0.0080000E+00
0.C0000000E+0D0
0.0000000E+00
0.1000000E+01
ITER= 2 ALPHA=
U
-0.2478732E+00
-0.4332532E+00
0.6436904E+00
0.2720634E+01

ITER= 3 ALPHA=

u
-0.1334577E+00
0.2862778E+01
0.7016006E+01
0.1216823E+02

ITER= 4 ALPHA=

U
0.2000000E+01
0.7000000E+01
0.1400000E+02
0.2200000E+02

We wuse

X

r
0.C0C0000E+00
0.00000008+00
C.0000000E+00
0.1000000E+01

0.1000000E+01 BETA=

r
0.00CG0000E+00
-0.1000000E+01
0.20000008+01
0.0000000E+00

0.1609226E+01 BETA=

r
-0.6436904E+00
0.1463354E+01
0.7373764E+00
0.00C0000E+00

0.1924111E+02 BETA=

r
0.5369310E+01
~0.1818709E+01
0.8430076E+60
0.2136192E-14

0.2099260E+01 BETA=

r
~0.7993606E-14
-0.3956803E-14

0.1243450E-13
-0.5321878E-14

ERR-NopM

as

of 4w dextbook.

B
0.000000CE+00
0.0000000E+00
0.0000000E+00
0.1000000E+01

0.1069231E+01 ERR-NORM=

P
-0.1538462E+00
-0.2692308E+00

0.4000000E+00
0.1069231E+01

0.4592678E+00 ERR-NORM=

P
0.59308228~02
0.1713016E+00
0.3311824E+00
0.4510633E+00

0.9536382E+01 ERR-NORM=

P
0.1016290E+01
0.1970800E+01
0.3326883E+01
0.4682967E+01

0.1881768E-28 ERR-NORM=

o
-0.2459571E-14
~0.2305848E-14

0.2486900E-14
-0.5321878E-14

e

errar oty

421

z
0.0000000E+00C
0.00600000E+00
0.0000000E+00
0.1000000E+01

0.1C00000E+01

z
~0.1538462E+00
-0 .2692308E+00

0.4000000E+00
0.0000000E+00

0.67031398E+00

z
0.7658741E-01
0.2949506E+00
0.1474753E+00
0.0000000E+0Q

0.8275670E+00

z
0.9597317E+00
0.3372030E+00
0.1686015E+00
0.2136192E~-14

0.4774425E+00

-4
-0.2459571E~14
-0.2305848E-14

0.2486900E-14
~-0.5321878E8-14

tu

Eq. (s.62)
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(&) '{hﬁﬂ MEHJ+nx-£akacvu matthod

[H- 3c{*‘“*u“"’§‘] au® .

ini+ial

ITER

LEL R SR N O

R'-dfl F-‘:urCU}

u ERROR
4.00000 -10000E+01
2.896%5 -44138E+00
2.51931 .31282E-01
2.47858 -30117E-03
2.47814 .34202E-~07

stress amathod

txo.

F i-iyg d
4 - (tuﬂu( 1*C { tmtuﬂ ua(r ]

°K¢u(i-)= Au('“: € -~ [t&atu{i-d* C %ttntuf‘;“)ga ] ( ﬂk.._ {)

The solidion JJ\\J&-&&&.

U

ERROR

0.40000E+01
~0.24000E+01
0.53824E+01
-0.11593E+02
0.15980E+03
0.30947+139

.10000E+01
.25600B+01
-37854E+01
-18010E+02
.18361E+04
.55859+276

ITER
1
2
3
4
5
9
BRGS muthed
ITER U(i-1)
1 0.00000E+00
2 0.40000E+01
3 0.15385E+01
4 0.21460E+01
5 0.25730E+01
6§  0.24697E+01

dUbar
0.400008+01
-3.24615E+01
0.607%8E+00
0.42695E+00
-0.10333E+00
0.82684E~02

Ui
0.40000B+01
0.153858+01
0.21460E+81
0.25730E+01
0.24697E+01
0.24779E+01

423

gamma {1}
0.10400E+02
-0.84974E+01
0.12318E+01
6.11420E+01
-0.30043E+00
0.23448E-01

[ e 20 e i B e T o }

Kinv{i)

-38462E+00
-28968E+00
.49324E+00
.37387E+00
.34385E+00
-35262E+00
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Newtou - Ra.rh;w weetod  oloes

w [ The ]

Lot Couverys

Stork wa, ousp\acwm{s Po,\.:“UQ..

aud e L)

B

207

X 104

T fwy=u-oiud-4

-io -ls \_/o

-20+

10
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£32

f...ﬂ.Q Namm-ﬁﬁk;m teative wmethed

[....‘_ Cos h‘tu(“” 1 aut&) =
L L
ITER u
1. 0.50000
2 0.52344
3 0.52360
4 0.52360

mital  Stress amedhod

’k: = [-J- a8 lﬂ ] = ni"
Uz e

0.5 -

ERRCR
.10000E+01
.192%4E-02
.B247T7E-D7
.16355E~15

*tqtu(&-n

-

L [ L
ITER G
1 0.50000E+00
2 0.52057E+00
3 0.52320E+00
4 0.52354E+00
5 0.52359E+00
7 0.52360E+00
BEGS muthod

(im&K'\ )“’: V(VL) : L

ITER

) b g

U(i-1})
0.00000E+00
0.50000E+00
0.52146E+00
0.52358E+00

dUbar
0.50000E+00
0.21457E-01
0.21271E-02
0.142578-04
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ERROR
.10000E+01
.16932E-02
.27487E~04
.48710E~06
.87281E-~08
.28112E~11

Ui}
G.S0000E+G0
0.521468+00
0.523588+00
0.52360E+00

QOO

gamma (i)

L479438+00
.18719E-01
.18433E-02
-12347E~04

Kinvi{i)
0.106429E+01
0.11463E+01
0.11540E+01
0.11547E+02



B a3
by we use ouﬂgf Liva, 5em~cl~£ua,, e  selubiowr  sheoft
be ob£ﬂigg4 &oleia {rouu :
[ taatpy et e ¢ Tl [teotpy
Le.‘l: g = | '{:tA{:R -b*A{-._F ci}] / | + et R[
i
ouad AU = 8, SToL = (o1 We. searck  Lor  yM?
RS"L(% Twe  bisection sebe g Here
4- (u'h ms) :
£ - “a + O U { i i
< | ;£ (u®) = 4- (u"1-atu‘”3)

(i) - l )
u 2 (ul 4 Uo) , where i e  Latest u("’ (k=(.. €~r)
C.arraiu% e oppasie Sign  of -f(u“’),
Starting value

UL U2
0.0000000E+00 0.5000000E+01

ITER
i

2

10
11

U

.2500000E+01
.1250000E+01
.1875000E+01
.2187500E+01
.2343750E+01
.2421875E+01
.2460938E+01
.2480469E+01
.2470703E+01
.2475586E+01

.2478027E+01

EPS

-1562500E-01
.6386719E+00
.3664551E+00
.1914368E+00
-52197428-01
-3939486E-~01
.1216636E-01
.1658253E~02
.5271825E~02
.1B1I213E-02

.7T758733E-04
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-0.
0.
0.

£{wm
6250000E-01
2554688E+01

1465820E+01

.765747T1E+00
-36B7897E+00
.1575794E+00
.4866624E-01
.6633013E-02
-2108730E-01
. 7244850E-02

.3103493E-03



8.34

(a_) Usiu% dee C.crn?qle-r Prc«arou_u A'DIUA , wWe

o.sstnxu\ oue  slep o feacl, the  coufy ?um{fo«-\ *.
(Ul =04 Uz =0.3
9 “S: 6.3 uF =02 “Fl = 04478 10"
Uy =00 Uf=o.o + = 0.4
_L{f-.:o,q Uz =o.0
Wik e applicatioe.  of "restart ¢ i« ADING,
at b secoud step we  have:
(U!=0.4+ 0.02. Ul =03
J U*= 0.3 Us = o2 tutF: =0,478{ - i0°
u® = oo Uy =o.0 MU . 044002
L Y=o, U = 0.0 |
*
tku"" tht‘?}-—*?f = LSIS. 10>
4teat Uf _-Lu:
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834
I = e.3 - — U, YRow ok L (4 + "%+ E'X;)
0.2 r I’.s
- & .
(\3) .x.l 0{ X.l x3_+ _-—(51. x\)(l?-xl)
. tx 2t 3
o EE S} ——— = 28 2
a'xj
- H-‘Xz 4;-*_ IK‘
~| le— o <o 4o

23T+ K4 €5t

2N + "X+ 45K, o KX, Fhl+ FooXy 4 oy

¢

¢ O 4 - E
'§=‘g~§:°§t§ here -C =

- S — i [
t-p? e o Cth)/z
. £3, 20831 + 1854.4 °X, + 20604 X'y [IN34°K, 4 4048 X2
s 3 S A =
- 053_1 358‘21‘6(3‘.5 °X1*£&.631‘xl2+ 4‘1105} °X;'Q‘ Zo.go*{- eK:
%Si!.

48078 (297 + °X, 4 257K, + *X,"X, )
[or i&sr[«wms

YU, = (4404370 |ty 1‘_ (S+%) (14°%)
Ul:'- %(l*Qku)(lﬁ'okL)Lh y U;_:.D

Beu = °U‘)‘ + EU*,{ °U’k,| = 'T:"L(l't“x;> u|
o

€z oUsaa ¥Up 0 Uy, = 2o (1+0x,) u,
o

Deu =z -Z—f.(-ul,;'b-U;,g +fU'h,l uU-h,;*' °U+_,;fu+.,a)

I

l .
T (29 + 217X+ 3°%) U,
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TN
'7u= ':]2‘°U*.{°u“k,l - ‘z[‘"‘“rg‘"‘“‘""“ u\
97121 l QU{'Z oUﬁ" = %{#:‘)_ u‘il
P - ! (H‘X.J(H‘X;) ]
7!;‘ N °U4!.n °U'kl re E ~ Uz’

-

te
(ih).ﬁgg L—E—(w‘m 3?:(;+-x.) -go—(zﬂ"xtﬂ“x*)loc d°%,d %,
g I~y

"

= [225-13—(7 . /
S.HM;‘LYEA&)
Ve - L . i L) -
(ikm_)“:g g [ -(_l:!_g_"l&s“.{.(_l:.!_;'l ES;; + (H- k‘)(sh- xa.) :Su] Atk‘A.xl

= 272171

(.:-K)" ""'QE k‘-)u * QE K“‘-)n = (49031«
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855- . b (‘ClT ~
= (P ST g — o

¢

. ) . N : . ~ (<) N
with N2 a8 (j“:L_J_( l]«rd(_) +aXNT sy €

from @ ad @ e obtain +hy predratic wpuatioe for axl8)

(Q*AETA@)(A)\(;,)Z 2[ %)\(‘Lu{t (gca~':+dQc;;)TA§ ] a)\(;"
[ I 06 - (g, gy g, A= 0 ~0
E%.@ Aag ~+wo rosks ;DU 1 pesitiye annd Hu other ong he_ja,{-}ve,, Ag
am the SFLuriu,Q comatant arcf&m&ﬂ scheme el el abs o frowlure.
Mayehes {orwqro{ , we GL'\SCAYG{ ‘Hm!. Vu_gwﬁve FG‘O:{- and e “f‘L.L ros;-i-iue
root «m tha Pm:}%uﬁ\ :WJPIMM“:\HW
We Cau write @ oy {o“ow&‘_

f,\ L\M to be seloeledl such o d %> o For

uereweutal ‘eoqab‘ua select aXND = (d-c) /\IF* AUTAY
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£
-
jrad
1C

i
o
1C

i
1O

=LA
S.Qu‘m«g_ the e;‘awprololm of fsfff : w‘ﬂi\

w514 W,z 2.9452

¢
,N
=1
H
o
T
hd
[\
P 1]
._.l
L]
re
=
[}

] ‘ — =2.(33¢
L,j .dt:;f-;-‘- = 0.24 , M\A 'Q':H‘( -K'g-q-‘&):[m}

L Lol

a_-(m_zz.ene, a,:a.z.aslo, 0, 2G,3 45.352
8= Lo 0.02:05
L

- . .2
«A*Q =oq~4tnu* +asog - [O :9;]
N

fa)
Now we comsider M ety o R

UL &=QOM= 22.6M6 -t‘\- fo - ) ‘. tat ()
e SRl i asase) ¢ 07| o |t (K-GO AN

Tl«e res?mse ef the S'jsfm {or 0 t<4 is as -F.[lms;

N t+dt Ul u2
1 0.21000 0.22050E+00 0.00000E+0Q0C
2 0.42009 0.804212+00 0.14586E~01
3 0.63000 0.15471E+01 0.81084E-01
4 0.84000 0.21550E+01 0.24277E+00
5 1.945000 0.25431E+01 0.52831E+0¢
6. 1.26000 0.25040E+01 0.33548E+00
7 1.47000 0.21463E+01 0.14258E+01
8 1.68000 0.16609E+01 0.19323E+01
9 1.85%0¢0 0.12862E+01 0.23783E+01
10 2.10000 0.12134E+01 0.269958+01
11 2.31000 0.15107E+01 0.28630E+01
12 2.52000 0.20947E+01 0.28739E+01
13 2.73000 0.27610E+01 0.27698E+01
14 2.94000 0.32606E+0L 0.26041E+01
15 3.1500¢ 0.33954E+01 0.24244E+01
16 3.36000 0.30941E+01 0.22555E+01
17 3.57000 0.2440SE+01 §.20923E+01
1e 3.78000 0.16438E+01 0.15060E+0L
19 3.98000 G.96031E+00 0.16604E+01
20 4.20000 0.59868E+00 0.1331BE+01
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As om axerase 9.4 Wwe wse disoe 2|l and £:0.§ oo o

it °J o() = D oi) = {ao 1
=0 T T = e
— Q8,3 80703 0,2 9. 5238 G4,:=1%.04¢ az,=5\4=\
Qe = o A¢ = 0. lo§ = a-,
thbl‘d%i*n% K irat Q = tiat é
Chere K=[B - } ao.m[* 1{’”"5 -3 ]
- “y o« 2 -3 185 4,
i.neé _ | e { YU . . g
=) ol el 2 (0 U e deq@ g « 0 )

oworvm‘wﬁ the cal cedaki s

t+dt
0.21000
0.42000
0.63000
0.84000
1.05000
1.26000
1.47000
1.68000
1.89000
2.10000
2.31000
2.52000
. 2.73000
2.954000
3.15000
3.36000
3.57000
3.78000
3.99000
4.20000

Ul
0.20273E+00
0.74594E+00
0.14571E+01
0.211538+01
0.25269E+Q1
0.25909E+01
0.23320B+0]
0.18889E+01
0.14636E+01
0.12475E+01
0.135278+01
0.17704E+01
0.237248+01
0.29551E+01
0.33098E+01
0.32962E+01
0.28921E+01
0.22030E+01
0.142708+01
0.78817E+0Q0
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e nL"'?MIm.

u2
0.32803E-02
0.24908E~-01
0.95383E-01
0.25108E+00
0.51802E+00C
0.89818E+00
0.13633E+01
0.18587E+01
0.23163E+01
0.267218+01
0.28832E+01
0.29381E+Q1
0.28571E+01
0.26827E+01
0.24644E+01
0.224178+401
C.203258+01
£.183058+01
0.16118E+01
0.13485E+01



9.2

smm—

Now we wse 4 Q—nravf‘ 4ax (>d*¢r:°-6&> To see how
LQ_X d* s {.eo QY\G( ‘EDHOUJ ’Q—L\L S B
thin we have The following

the Yespense CL\:«n_j,e_c._

& ‘For'
V‘es?mse, vaioL V5

procedore at=o.2

o t s-lee,_

Ul

t+dt u2
1.00000 0.17778E+01 0.44444E+00
2.00000 0.28444E+01 0.18963E+01
3.00000 0.14828E+01 0.30571E+01
4.00000 0.20Q283E+C1 0.21014E+01
5.00000 0.23951E+01 0.32745E+00
6.00000 0.37621E+00 -0.84367E-01
7.00000 0.88305E+00C 0.62396E+Q0
8.00000 0.31128E+01 0.18141E+01
9.00000 0.21640E+01 0.29036E+0]
10.00000 0.12572E+01 0.22962E+01
11.00000 0.22380E+01 0.37123E+00
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9.3

urpiara

Cousid-t.r ‘bﬂi -('ohowiu% J(.ibu.l iquto;L‘% e‘y‘-‘q'éiwi ‘

LAt o g o T t+oat - i )
=S U o+ = - U
Y ~ Bat 4 -)
TTUatg o« [ (- = 3) Y0 - 'E'She‘ﬂ"] |~
==y o Bat - Set - ¢
tac + Ly 2 L .= U = Trets
u=%u Tt e =t (4 sadt) U e EM

w‘uu'e. oL T e eat

We luue ‘t\q ol
4 3’-"2‘": \ cs!=é- 5 é%q{ibks Q) 3‘1\& e Wiltew &
wethod (S22 paye 777 o tua dedbook)

Nole fuat e ear\.a..‘!ikﬁuw -ey.m‘(n‘ms lied are:

. . -+ hovied
Mf*oﬁcu + g*ﬂou:g - E-t-gaqtu - + Oat B.

whore Mu’cée R +9L-&m’tg ~*B)
Li) d= _l_‘ %= “‘2"‘ & -={; e-}uq'l'iws (D 31». fa. '&hfeeo:da_g
rule, Now we uge w e e‘-" G),

¥

.. . +
B-uu:u . c-\-.-\-a‘cli « S-\-u-&‘i = tes R

- ——

The  couputatioual stlouce can be  staded a3 follows:
A. Twitial  caleufations:
4. Porww  hee shiffuess  weatrix K| wass wetrix H,
owc AMPM& wattie €
2. Tuhalize °¢, °q °4

3. Se\ed‘ tle diwa sle.r at Guadd cale Cate
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B.

‘\u.leara:Hou Coustats (-{or Newmark watlod

whe O=()
a, = 1 = ? = _._1....-—-
deat)" 7 d(ost) ol (8at)
, y .
0y =) (33 -1), aa= T, s -3,
{
Qg ‘“Zd_'e , Glp‘(l-g)&"‘.} 53: 3at

) 2 _ z
b, = zﬁ -1, by = o\, %s= (é 'd-)b*; ba=dat

4 Torw ha ellechve SiHuer wabrix K=k~ aMeag
S Trougalarize R=LDL"

For each +Huwa slep:

\. Clewlode ellective loads at Huw 4+ eat:

-k*erhﬁ‘ = -Eg_ + D (-{;t-.n-g

~*R) 4 M (a.tu + diU 4k th)
+ ¢ (et « B%U o« Qa'tg_)

2. Sdve for d-is':lncnm{s ot fi ttoat:

Ay
EQLT k\OA‘tu =+§9A'€Q

— -

—

3. Cofeulale

bt -+ &5

—
-

"l:Sle—i‘:g, velocihies, oud acceleratiowy:

i

]

+eat -

* 0y +eat
B* Q'I L.t. + kz l.'{..,

] et
]

. .. * -
tiat B - -L‘i X A"t*\;l_ N 0-:*9* \34 -&A’cu

—
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For the '-ﬁirst Squs-feF, we usé

o tte-Rat )
t+ (-{E)at |’ . Cty +

+4(2-5)At U

’ —:a.'t — t_u_"" =
++(2-E)A u — ty + Y (2- B)at

Then, with the finite elenent ﬁgutlibh“um 8060\0-1‘?0!08 ot hme t+(2-R)AL,
we obtoin +he ef{eoﬁve s‘ﬁ#n@% motrix E,:

E\:K+_‘LM+ =

- (l’E)lAtl —_— (I-E)At g .
52mi|arly, with Hhe finite element ezéu}libkium e%uaJ(:or\s ot +ime t+at,
H we use for the second SuL—s+eP

+tat U , 2 -1 + - ‘ ++(2-G)AfU + Y -HA'LU
= 7 (-F)at = (E-) (-t = (G-1)at =,

ttat)) __E,__L—-*L‘J _ ! _ ttawat) 4 T ety
Q T (-m)at (F-D(-Tat L—J (Ix-1) 4t Q

we hove the eFFea‘ive sﬁ#negs E

K. K + ——= M + =

= (m-nat 2 (G-1)at =-

1
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9.5

-

Here we lave At = & = A
« o Jio

st = Lot ate, = .04
s

T problecs  caw be sdved W differect Waugt | but

bue  appreachk & b uge e cewtral  differccce

m‘k\ual iu "h-d. 401"!“ :
€4at 2-w at *u *u
u =~ A - - A
+ W o 'E'v"fu 'E'Atu

t
(see  afio  pase 904 of e dextbook).

Froua det (& -J\'.E;_) =0  we hae:
[ (2-w2at) -3) (X)) +4 =0 =
=> AL (2. wiat) X a =0

T Spectrad rackua of A s

S_x(g\_\ = wax A3} = {.52?

itl‘z,

Let u  be e wuwber of Hue slep. Thew we
Lo Q&HM-LGA'Q M {"HM.e S)c-p 41: Teacl, overgol-u

fow (5O %0 =™, or

" 'eo% (103"/%9_‘1) - 242
e (p (1))
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§6 U+ COM-, U, «— Trapesoidad

{ {U, - B -3 Y, - o o ‘_obz
[ llLO}K*L‘s ﬁl[ualg[°l , UETYEe

D.o.f. [T ‘.L.J,-ﬁ- ¥U, -~ 3, = |0 —_—
D.o.f. 2 1 teat U,_-?;t’“u,-\- 4;_'E.+a'tUL = 0 —_—
U‘timg_ CDM L O ) t{:)" = (‘“‘U. - 2%, 4 toet U‘)/at‘ —0
With the 1?@{:&3»1“ rule -f-r ®,
vt ot e (D bt
1 *Ul-:"U;i--;_-‘U,.*“ tU,_) @

. at? o iy
teat Ua. - iU‘ *'&U,‘dt + T (tua..,'f.titul )
The imitiad comditioms are
.U1=0O;=°U&:.szout=°, aUlalo

Rrom - (9.1) “aty, =00, —-.At'(}, +‘-’-§'U‘ = b at?

New ‘F‘" eacl +Hime s'(e.f we wse @D and@ to soflve 'f‘r trat (J,  thew
@) omd @ +to sofve for tat ), 1«{94:.1'?(), i.e

3

d.of. | t0, = 10~ 8%, + 3t U,

e e p————

teat U‘ = dtl .tU‘ + atu‘ - ‘t-‘tu\

2.

: . 4 e
.o.f. 2 ““‘U,_ = ____(_____ [ 3 at “’“‘U, + tU,. + &t tU,_ - it.'.tu‘}
lvatt < 4

'i.u*tUL z ) teet gy, o 4_"E+4'I:UL

teat Oz.

]

. . dt e
., 4 9_} U, + SR
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A

o a0 ~F gn UE e b D E

c+dt

n.21000
0.42000
¢.63000
0.84000
1.08000
1.26000
1.47000
1.68000
1.8%000
2.1000¢C
2.31¢000
2.52000
2.73000
2.34000
3.15000
3.36000
3.57000
3.78000
3.99000
4.20000

Ul

0.22050E+00
§.80513E+00
0.15527E+01
Q.22138E+01
§.25829E+01
0.257248+01
0.22407E+02
0.17652E+C1
0.13709E+01
0.12425E+01
0.14541E+01
0.19413E+01
0.25268E+01
0.29888E+C1
0.31453E+01
0.29224E+01
0.23818E+01
0.18975E+01
0.10901E+01
0.74601E+00
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uz

0.69850E-02
0.455758-01
$.1533BE+00
0.36299E+00
0.68303E+00
§.10989E+01
0.35550E+01
0.19873E+01
0.23328E+01
0.2549SE+01
0.26270E+01
0.25870E401
9.24716E+01
0.23270E+01
0.21863E+01
0.20591E+01
0.19313E+01
0.17750E+01
0.15636E+01
0.12873E+01



5.1

- [ = .
e K:[g .5‘& , M:( 1 P P: -“-[;‘O\& , Uty =20
N I -l 2 L e S

Cons“aiuiy\.s_ +lne,r uampwb\m

€ $
f.d.“:. f0—3»fz - ‘.: 58 - J—a—z -
—=: 13258 s =

-
-~

) s¢de-2)/TE
-5(8e2)/ ielg

3. 091
-9 Fipz
E::.Q_ a.,u\,l &:9_

2
\f:{x‘l - -&‘;(k-‘vsu.i) =) 22348 (- ey Liv(g)
X

]

-E.:(i-usu,,i) ~(.6987 (I~ cos 2.9452% )

L3

L_f :QE = (L7391 = é.éﬂzo’] ces L1514 k) ~ o4 ‘—05(2.345‘2"{)
(304% ~ 15397 cas (LiEeE) + 0. 23532 s (29452 %)
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78 f 1{6“[ {8 o S{UHX—Q °U:°LI/'=:C

zji‘jal Y4 U
(2) First comsider the ergenproblom of K& 2 aM§

23 20k +23 =0
|D+3YZ

A\: —--_.....__”‘«'3{-é , 2 =
2 2

“

POA) s det (K-AM ) =

we obtam the e;«awued-ors ¢

USEA-.S the qawvgﬁues A, omd A )
tnd cﬁz LQLALL. are M-ﬁr‘*l\omrm& as

& - 6. 30291 b, - -c.c]’:‘so?.}
= © 6M389 ' kT ¢.21419
A load veckor +hat will exate mﬂ} +he secomd meode of +he Syshem

e

carmsrom[s t. any vector PTGPOF'HWUDO\ to Mo,

R_ = Q%Q#_a, = C ”0'35’301 ; C-::Cous*a.uf"'
b4 2B4

() Ay g proportional f b1 il excite ol he first mode

°U{sx = C | *de2d . C = coustaut
- 0.61389
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9% }.(1...12{.)&'1.{4&{ = M\-»:J'k Latth l%-:G.L

(%)

The towplelt  solubiow of tue eqctiow Couiists od dlg Lol-uogamu.\

and  parkeutar Solubeus X4 aud Xp \re.sraedwﬂ\‘a.

ATE

K:XK+X{; where Kpz € (A cos LT Alpmwi) Whem i(\

to = Im; N
Al and A determined Ly m ‘-m"HA-Q mi.;ﬁms_
Ln}t X 'X F“""C*“’i Cf’) ‘-""1-4 ‘Su.ius‘i'\'fui‘\'h-&_ XF ,«,_,:t.,(*) we obtain

{ 2
X - /Lu - " , ¢ - M‘:}T_;
RESITEESS (2
B) Ae'ﬁ“&ﬁm +the Jaan Load -F-.dkor D is
= TR A
0 */L, /[ NCOYNCEIE
Heme, we have <the PL:'(" 'fw ‘i z0.2 a5 Showw -

AP

. . L . "x
x+a‘~'5ux+UK= fene
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Uﬁin—g_ owLa tha, lgt mode we have
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O SR CE T Y IR (3:929) pln w, (1-2)d2 |

LSRR

—
w,

]

= {Di [(u(\ from W Ak B cos w,i).., ;I-i(s.oz?)(i-f-cs w;*)]

) }( = 1 \ ! .

Uk %‘ [(J w"‘”w‘i-Q'w‘P*ww'k)-h- ;\}{3-“3)0\)\ Mw“k]
Frow the E.C.'S'

Utey = ‘f\ﬂflw\ = o Sood,zo

U(") = Ch Q, = 9_ Q\ =0
— Utk):?‘{;{}(l.oaﬁ)((-qs UJ:*)}

The stadic correchom s
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9.13

The results of time integration scheme would be:

u = e $@tcos (wt) (1.1)

Hence percentage period elongations and amplitude decays are

PE/T(100%) = 100% -1)(1.2)

AD(100%) = 100(1 — e~267) (1.3)

In order to obtain the amplitude decay parameter £, and frequency @, we should first
analyze the initial value problem with Bathe method. Then we could obtain both

parameters with the help the least-square-fitting algorithm (post-processing software such
as Abscissa will have the fitting module)
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2 25¢
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<
‘—,—%_ 201 7\-34»""& 0.3
80
g
5 104
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051
0.0 t t !
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9. 14

L tar®

_ 1 -Jwat
+Ywat (+3wat U s AU
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f+ Jwat (+3 wat
rolau.a—u.}a.Q. We  wact
oud A2 Sq‘l-\‘sf\a LAl s ¢,

P(l) s a secoud ordder
et due  roots ),

L=12,
Heuce, we wanct e Po[«au.ou-da.«? k‘&ol( Like Sleow,
To  see uader what Cameolu B oy,
P Lokt Like slowu  we
-1; —— *':{ _i evaluale :

Pl) e (o 220N I fuet | wht?

> ——
[+ % wat I+fwat (+3 wat =° 0
Pery = (4 _z_-w‘at‘+ 1-Jwat 4 - Ltat? % & 6
t3wat l+ Jwat [+ Jwat
-(.o eusure ‘b«\o‘* Lot Toots a&‘e bet weg  ~1|

'() we weed the condition 0 < w?At® <4
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26652 %07 —0j321x/6"  2.53303x/07°
A =~
A 1 . .
8] I o

IA] & 6.32189x/0F | A} = [ As] A ¢.32990 x (o™t

S plA) RO

- Newmar me“Hnool ( §= % , O(:?\F )

A A - ~4/st -4/at
- 5.06606 x /o at — ~ 2/ 0t
-9 ~q
2.53303%x/6°Aat  l.o[321 Xlo at  |.ol32X/(o

M xo0 , [A] =1l &
L oplA) =]

° Bothe method

—[.o13x| x o At “).]9052x% 078 1.59066 x)07 co

A~ —N.0924% x10 ! 7.95075 X /6° 4.91276x10 Yo"
k ). naLssxio’at™ —].26651x/07'at —4.8[2]¢ x(0™ T

M xo, (A =1Al & 1955 0007

w-[)(,/‘3) X O.
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9.1

Houbolt me+thod

t+Ndt

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

WO TR UL WN O
OO U WN RO

Us]ng On

oy = 6o+ ot + 0,t* + 0st’ with Hhe dota given ot

X({t-dt)

.00000E+00
.09017E-01
.09017E-01
.88537E-01
.80753E-01
.01913E+00
.44212E-01
.95162E-01
.10713E-02
.08674E-01
.58938E-01
.62259E-01
.03702E-01
.45924E-01

N=8,9,/0 and 11, we have

X(t)

.09017E-01
.09017E-01
.88537E-01
.80753E-01
.01913E+00
.44212E-01
.95162E-01
.10713E-02
.09674E-01
.58938E-01
.62259E-01
.03702E-01
.45924E-01
.30890E-02

X(t+dt)

.09017E-01
.88537E-01
.80753E-01
.01913E+00
.44212E-01
.95162E-01
.10713E-02
.09674E-01
.58938E-01
.62259E-01
.03702E-01
.45924E-01
.30890E-02
.78306E-01

in+erPo‘thin9_ Polynomioé o{'\ okcle\—- 3, 507 )

Qo & =172, o4 x1.8117 . &, = ~0.043305 ond 03 & -0.0026556.

{y(tmnx) -0

Peraen‘{“age Feriao( e'onaaﬁor\ ~

Porcente g¢ amP|i+u46 Jecoxl

= tpw X 10.9044
Ftmax) = 0.36345.

/o.9044—/0

Pad
L~
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. Newmork method (§ =1/> and &=1/4)

N t+Ndt
0 0.00000 1.
1 1.00000 8.
2 2.00000 3.
3 3.00000 -2
4 4.00000 -7
5 5.00000 =9
6 6.00000 -8
7 7.00000 -4
8 8.00000 1
9 9.00000 )
10 10.00000 v 9
11 11.00000 9.
12 12.00000 5
13 13.00000 -6
Using (ng) , We
At

O — IOX + 5

where we set t=lo, t*% = "X oand *HX =0

X
00000E+00 O
20340E-01 -3
45914E-01 -5
.52805E-01 -6
.60687E-01 -4
.95238E-01 -6
.72179E-01 3
.35729E-01 5
.57288E-01 6
.93788E-01 4
.80995E-01 v 1
15711E-01 -2
.21393E-01 -5
.02725E-02 -6
lmve
(°x +"X)

DAt A 0.32563 =t > 10-326.

From (9.81) ., we howe

loraty = X 4 at "k +

Peu—cen{’age Pcﬁod eXor\cAa‘Hor\

Percen+age omn))h'h)o(e Aecoy

at’
%

452

X' X"
.00000E+00  -3.94784E-01
.59321E-01  -3.23857E-01
.89530E-01  -1.36562E-01
.07909E-01  9.98035E-02
.07854E-01  3.00307E-01
.12483E-02  3.92904E-01
.07365E-01  3.44323E-01
.65536E-01  1.72019E-01
.20498E-01  -6.20948E-02
.52502E-01 -2.73896E-01
.21913E-01 + ~3.87281E-01
.52482E-01 v -3.61508E-01
.36155E-01  -2.05838E-01
.27176E-01  2.37946E-02
(°% +"x) = [.00085

10326~ /0

= X 100 3.26.
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° Bovu\e me-H'oA :

COLdOAUIWN R OZ

10
11
12
13

Usir\a_

||}i

whete we set +=r0

t+Ndt

OCOJoUTdx WN O

.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000
.00000

10.00000

11
12

.00000
.00000

13.00000

X

.00000E+00
.14444E-01
.27651E-01
.79914E-01
.83267E-01
.96225E-01
.40264E-01
.73480E-01
.31057E-01
.49468E-01
.89976E-01
.63851E-01
.18143E-01
.81869E-01

(9.90) , we hove

|

—

at

Iak

4
At

Jot+ath ¢

Xl

.00000E+00
.64028E-01
.92962E-01
.02208E-01
.88569E-01
.13358E-02
.37133E-01
.80456E-01
.08706E-01
.11646E-01
.24350E-02
.09530E-01
.66561E-01
.13648E-01

< <
P
YPRPWWNORFRWWWEHE

X"

.94784E-01
.21530E-01
.29351E-01
.10506E-01
.09222E-01
.93294E-01
.31723E-01
.47444E-01
.12177E-02
.95878E-01
.90827E-01
.41035E-01
.65076E-01
.17990E-02

From (4.86), (3.87) ond (9.88).we hove

lo+atfs

X =

It

(L)z(éag)a

From @ and @, we obtain

At =~ 0.1666]

:47' 'tmat = /O-/éq

Using (9-89), we hove

/o+atx = 0% 4+

st

3 (/o)'(

oty o Y and ttetX =o0.

-

ap At
w (£

+ /o+at/z>'<)

Percen*foge FeHoA e,fangahon ~

Percentage o.myli'l'ulde Aecay o~

T each cose -H\e va‘ues Co\w‘a‘fed here ore

given n F‘Sqé

453

J§ ok

10°:

at
+4x

e o1
AN

Jo.161-10
/o
| — 0.9496l

_.._..___———-—')(/Oo

0.9951.

X]jloO =

p—

close

.67
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55 thakesQ , 8l 6 0
(1) Asseme @I?Q'—)‘tm\.& Q:Q , thew _@:—/\C_{’Q&)\k
c(-A%eM)yegde Mo ok ipcd —— @

(il} Lej: q_’TKdz = ‘/_\/ am.ol ¢T§ q_s = I; L.JLu—g \/}f is a Laaa\uﬁ ’kuv{r'l)(
g—isﬁm-g_ tha ﬂ%zmv«ﬂuas o @ . US}M.& 6:=2J\v where @;[rg, @1
we Ob“tﬁ-;u -&'Lo-w @'.

X5 WX < 37 0

Cousideriug  le  idh equation . B, we obtaiw:

Xy + )\X;:}L &

New we obta the solukion u-F @ Lj MS'&MS, +he )’esemu of@
o @< BX

@ el a5, 9]
. ¢

A= %—@za.ﬂs‘xs 451:[‘:.;“91]
- 0.9294 |
)\ﬁ- Ly‘*n =4 56055 437_2 ~f 31438
) °.3({eo}
L!i Q:[?s#}] ,'[']'\.L... éTst_: 0.5219)
- [-1‘5:439]
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9.28

r————

\“UQ new C’”’“S.«AW

i(_* J;\'>_§=§j' where ETSEX‘ L
K =87C"8 <[ o2kefe o-ezfml-a‘ Lx
~0. 65719 e. 36f o5 ) "8, RS
A . = -E::.'. K- —g:; :
5 - 'S (x.\, /\ )c..oc,x,*’k

A
X :{:‘ '[ ] { [1qo4 + (~11904+0.2{096°8, + a.‘iaﬂm"el)wv\.fﬁ
14

~0, 288 [4 Xy ( b, 28814 -.D_Csrtiq B+ 8. 3¢ f“; 591) L"/\t{

[ { 4 us)\,t (-o. b2(27 ¢+ 0.13620°0, + °~49'§‘a‘}’91)

toeos Kok (2030803 4 080380 8, 0. 48500 °6,)

(4 oo Ak (=1 106 0. 294254 °8,46.8{380 "G,_)

teshk (o le3g 02425470, 4 ©.(3(20°8,)

where A\ za 43847,

Ar: 45616

455

-

|



926 Comsider the af/v\uai System A head 'frw;fu‘ c\ma.La
CO+K6 =Q

—

513

Let 9’? be, +the respowmse pre.cbdut Ey mede su.rurfos‘»ﬁm u&iu} P dodes .
4 ertor weasure €F as lw structural aua%s;s ‘s
efry = Qs - [ C8tnr+ kMBI,
Qo

Where we agyime IRt il, + o

Here we may Say +hat €f s a measure of tha Parf of tha {«f'tr‘NASL
foed veckor that has mot bemd included i A wode Superposition Moﬁﬂ.

gis . S}“u G = Z };g?b , e Comn ﬁuwt

P
AQ = Q "’zt B-,(g?~)
For a P"[’”p‘a rand e 4 PnHm +he response to AQ_ Ca, be
apploxiuated \uea\ediua e deru C_Zé Tharefore, a aood correction AP 4o

+le WJQ SuoPtp»?oaiHm SoLa:Hu @P Cobvnn Le, obw 'f\y-m
KaBw) = a@uh)

[/ . g
Ghere 48 st stekRe C-erre.d'\m’.
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921 c(p+ko < @

P g —

We first shew that for any finite elomimt assemiloge we haye
An < max (AG)

Where K¢, = A% of +h compl e assemblage  and
K™P 2 A4S of  elimet m

h oowd N dewote M Rorgaat  Cigevalias I eack cage

Us‘tm& tha, R*a’“*a‘* WHM.

SZETd  Fuw

PGl N %_L_‘:‘

where U 2 TR, L2 gl g,

For o s‘.mxﬂ.n. Lorment
e STETE U™

/\\'_:

1]

-
.

¢Te~e, L
Sinee pem ¢ ALY U A=

{on (o (=)
oA WL o) B e A)
T ZL" |

Heqo__e we see {Uat n e Euler -‘orw«ro\ et o

- < .X P
Waayx (J\(“" '
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9.27%

e ——

Cous{olerfué Wb ('-D Anm\o‘af,';s ul,'\o\é Z-MAE. e[WMS with L\aa‘["\ dx,

23] el
ax | -1 i o= e t

. Qg - -
SOPIN = | Prm A4 de = 4 h(4h-24,) =0
~ 44 Ay - N4,
4
ukem. A,‘Lg Z;{ ) dt: ec _‘%_-)_S
Ags 24 slkfee) | 44
AT (ax)* (ax)?
H%C‘L di‘cr = 2 = --M-.._).(li
An 24
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28 -~ % 5
9- MTJ U + (‘_/‘vu + K‘uu) Y T SVFE = Rrﬁ + RS (?-qq‘)
__-:F {f z 0 (o)
E_Q + (Kve* s&)é = g5+gs (776)
i\ﬁu* o © v Kave t Em» tv? o E" Ry« 1_D_\5
0 o NP+ Kup 0 o Bl= °
- - = g e < 1_(\»9”5&9 6 Qb-r Q;s
Noos C&LM -t-mt.l} uatz | ‘thut@ Usimg
A [ teat 2 "’ ~ | teat t5
tiy o= TSI R teat L P p
- at ( - - ) ‘ L at ( = - )
A -~ 2
1 - \ t+nf:9 fe
0 at ( - )
~ - ~ N
MotV + Kup® v ¢ Kup 0P = *R @
KJ? teat o o —_—
A A P
C8 + Kes = *Q ®
Lﬂw.re k-\rv- = K/“VV' * va‘ Ks - Kvs + Kos

Thin we ittafe @ amd @ uw‘ﬁﬂ tha Comvergenct s as-:,essul)
omd we sollye @ wFﬂ:‘c:-Hj.
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—_ & -1 © 1 0 0
KO =AM where K=o 4 -1 | M=io o,
o =i A o {

(&) plry = w(g_-k\[\’i\ = 4o-T3h 126 A® - 2 X =0

Az 0.02446 . A= 29652, Ay= 93104

k,
roA £ 5514 ~ 1 ©
-1 2.B51 1248 1 D 20 o) dimé, x|
o ~1.7m45 | anes | T
T

L@, < [eos534  0.338¢2 o.b2b12 )

S'IMQM@,B Lor A and )\3 with d_):'f‘ ‘{)_:. z ‘é:“j?s =1
.7
iy

We mow S]n»ow +LAi C‘PI %?.\ = &

i

(0 hea; L-—i, Ghie‘md"\f-ﬂwaa So&'\s{ﬁd.

1)

[-06921¢ -0.043619 619974 §

H

[0_0']?.?[; -o.f’a,oz.o 1.2?’}8]
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Now with UF=(3 =5 0] we fnd o Usbhiory,

such that LMV =0

- T - T T -
vIMvuL s WMT - YUOML s VM - s

— —

- A
= vMW o= 2 ; 2 T ?
.x _ 1{\ M ) ﬁ | i r! &*Ql
e
Normnﬂls'tm.& Vs B) 1_-_3‘3"{‘ Vizl we have
I SRR
T — . T oo -
vEorEl

Nete that Vi and Vi are nok -LR%&MVCU(‘M’& be cawse 'fi«a.ta_

do wok Soﬁsf-a KV =z AMVYL Olere =12 that 1

GRS, 2 & ]
kK {vvwl= | 7 735 ML vle| @ O

I L > 5

R &

i {o

L . (

SERRRD & &

('Iu. Sechioy 1.2.5 We inkroduct tha G‘ram-gdnm.'ml'r o'r‘f\«aaanai\-
Jation | which we wsed here t, obtaim t{;_)
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b =1 W 2 '
("l 11? :K(\)[D z}é(l}] P(){)iu):Z%"lo)\‘F‘:Kl:&

Ly F-d2
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2

:t."(ﬁzﬂ’ )\2322¥_=3‘2°7|
™ asseciated comstraint problem
(e é™ = A (2] A\Wey

{a
b N
(T
)t. ’\{ll)

PR N e N N " . L
4 +

o l 3 3 4 9 to

A€ A ¢ AL €AY <A,
AP AR A

Homee  the Separation preperty hollds
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0.3 2 - ® t
— i & Moz 2
f(:‘f:,\?\i\‘?i Where Kz~ 2 ;2

3 i _
A Pin:aﬂﬁf*}\bﬂ): %<6~ls)\+\o,\ _a2xX) =0

Ay = 3-8 = ¢ 63393 >\3_= Z )\33 ry z 2.3660

- —————

Fﬂ’ Xl) L aggo - o ]
.“'. e.f3205 © H =0 with CE:M#; = |
0 o 2.04%0

$T < [ed5y0 0. 62796 o ]

Slnmi\q_arﬂ.a, d)::: L © o 0‘9155_01
4’3\- = [ 0. §8§ o0 -0.32506b o ]

("i cioo iaked  comsiraimA Pruuml

2 - W }\m&' -Scbm
L )¢

pO(xy = 3= 6 X 2 X9t 20
Atgn'-' -3 z Ay ) A?= 1483 = Ay

2
2

2“‘"l associaked comsivaimk Proklm;
[ 2-1"#{” - )\Iz} (. \ 1 CE(,_'; ’ /\(‘n: 2 = A,
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For &, 1 (-2 ¢} lcbt-o with & MO b /T

23 § -3, | - | - B ) V4l
Fer A, we see P [ o 1]}
Now d-P?Laem.S_ msh\.f‘k f=3 & K .
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N L I i
MU (IR, pimrs dt (ML) s-L(8e £) = o
H\t_%'i /,41:00
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uedww_u}ors are “the Sawme
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The matrix E sbtained here s U\yu'\ﬂb—ue..

(b> -Lv\ ‘ﬂN\g tage , We have +he 'Fv[bwi'“-& %mmﬂs :

T - 'l Q T - _A‘ 4 :
é t\:{-‘ é N [ 0 1 } ¢ % {S @ - [ o _}\2 }
TL\t'{e, J.ﬁ.ud-{ms 'For—w\ o sys’tm ef 6 -e-z.u.aiﬁms to be SGQ.\:OQ fﬂf‘

+he unlenowns ., , ’knz, &u, Wau | Mg Mag

Te wateiceg K aud M 21e  obtouued alier oy Lta__

tuese equatious

Ix
]
1%
"

oumd ’chg.a ore also u.u‘.qvu.q_.
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0
-1 4 -~ 43 = A 2 é
o -t 2 { h

(1) ffq‘?-a = AM«CP.. where LQ= [Su* Eu _C:tECA
Arr&ns.ims. c..o,q.u-mns ond rows

A
< -1 - éa 2 ¢4
~{ 2 o = A i -
-1 o 6 ?c o \?c
r
S I A [ (R P Il
-~ A o e -1
Y
Next we Seo q.ue the .‘.Bu.ln S
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0.9 Equ uz%?ﬁufs : ()\l ’ d.?_‘ ) , C’\’-a CQ*)

E?‘ =AM ?i , K& = )\zf\_/} ‘Ez
Let %’:[q_}l LE&I where Lg\zc_b“\'?.?-;, q);:?’q}]-@
Thew comsider the Catwproblem (%:5 = p E\ X

tohere E;_L-I{TELE o E‘.’-QTMQ
~ a
k = L{)‘Tk W, LE;E%;_ g: \erl w?MwL
~ } - - - = - =
TeW ylkw MY piMy,
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. ° 1
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°
A
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cons‘.:le,r the E.:\aem,[;roum i“”f = >\E and  the

inverse iteraho,

Fa
f_(_CE Mo Let Mz2ss' and E=§@§T,+\-\w we have
e\f_ 3 §_§ Lohem we Aef-ine. X =z §Té.
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13/10
33 /20
. et e
and p(dys — =1 = £ o ansan
Hemea *’M=E‘§~3~ME{> 62/ ¥y
i = “/5‘3 ’
“t2 /gy
0.827 e
= L W Excercise 0.5
r=S'rm = o.m'?] Cwhare S F Lw o
-0. 173

Wrull = 0.86. Usivg  (io.101), we wat have min [ Ai - 1€ 0.86
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iyl
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Now evaliuate the tryoy measure

(\o.\os\
I ké- Améll, L LA
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475



2 o °
T
-l4-!43:/\oal ‘f ’§|=[41l]
e =i f2 _ o | |
<Y 2 Yo Uy
g' = 3 ;o 2t 3/, 0 , 4o T (7/¢
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E = - 4 -1 _r\f_\ = o) 3 (
o =1 2 0 | |
( M)
Us\ufa, (n.oug) Fk“ = juk - f i
"f)(["‘*\ - ’f (/\lk’t)
fhore pp)= 4
f‘“z = | Ly ({‘*z) = -9
j“s =0.8ie3 $ (f‘ﬂ =-3.352¢
Ma = o.70725 P ()“4) = 0.668
ys 2 © 72537 —\g (/\45)2 -0, 0358
ng = 0,72445 => X, = 0.9244S
P ()
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P Ty

Let /\4‘=

=> X, =

ﬁ‘( (SERAY
‘P“’(/uz) = 04334

T»‘“( ,) = ©.058595
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11D _
—? Let POz K-AM  and we )

asseme  thal PU‘} Can he d»PPrnx'\fm\id T\

by fiay: At Gt Gl mear NP

TL\‘M— éL_)_:E ! : : X )\;
where U= [a, a, 8, ] Mos P Pu Va
a |t e wa ] a [raay] fzaeradead
U0 e ot | B e
L M At PC i )

Now we obtawm the A-HWDK\M{M /Jh_ﬂ y )\1 Iaa usiuj {%‘K“):o!
heuee, g, = “4, e {adi<a.a,
20,

Usimg this scheme we cam gt the sofukon of PN 2o i
exencase .\ :

where Mae, > Ma
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M=z \5_ij=[ 3J => iwkro!«m-gq are waedad .
~1 -

(lk@fdam'%& Tows  Guol co[uuu.;).

=3 -1 i -3 - ]
= 2> A, D2 ;
{
s o 3}' i 3 J

~i - \ ~1 -4

My=3 K ‘j“Mz = = A
= -SJ ! ¢ -4
{o<$‘<§
=3
2 <N <3

Next, we .  caut ilercbicn o cdletate A and A
bet  pumey past. e (= pOw) =2,
(\4,L = 0,333,

P({\‘sx = -0, 44312
P ((\.\*) = ©0.3254

—>» /‘\‘ = 0, 43\ ;

e /L‘: = 0, zzSSi}
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P(/Hg) = -0, 0i%63 — (‘16 = 0 21493 8

W\
PL‘) L‘)"S = IE_-:)\L- ' whare ‘a(.\) = det (5 ““)‘Et).

P(., ( ‘“‘) - P({Et) = -o56ic F(i )(f‘z\ = | 4385

= (\43 =2 2808

Hewce, A, = 0.21938 ) Ay = 2.2808
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1,13

Hemen we sea that X, Xu and Xy are M-O*‘H’\'M"‘“‘&.
Now we @ssme that for o ST YR AP L
KIMKp = 820 helds. And we show +hat the M-orthe
mrm‘.ﬂgi-} shll holds Hv L2, o ke3,

By defimition  Xiuy M Xies = |

_?_('Ei-l MXasa =( "”')MX =
Q&u hta

( XM Y = o KM Kiram Pan ¥ Kin M ‘#«m)

Qi ( ddey = iens * \ - 0)

—
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A
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Ezw M X4 = (

Q \({i-‘-zMi‘ﬁ“ 0({:..1-3. Xﬁf:.M Xﬁ-” 3&¢;XQ*1MXKJ
L LT}

H

o (EE g (s
ri

(Xkﬂ di?\x’kﬂ‘“ Ekxk) MX{._
Q‘kﬂ
= L
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i T AP ‘g; - oL Ko - Q:—-t E«L-t) - @
Tkm; Q~x-.:,,1 E“t'{-\z; = da.ﬁty - Q»-\ X-\-\ + f-: - @
Chore  ®: o= KIMETM R —Q

Suppese +hat we have performed | Lancaos steps and that Loss of
°!‘+keamal4+\a. an the Lancass vectsrs s beunded L) g

i.¢.,
(XIMxnl €2 ;5 16ie], 144 g ; itk — @
(XMl =0 0 1 gk g — @
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T T - '
LMt = LM (M a0 - e X )] -0
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W haw SR NEY
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|
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When i,:'\\

Uoing @D, 3.8 omd @, we have
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¥ M . ST L
- _lf Gi
where £z LETM A
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APPrex‘;MA,‘Hm 4 J—d‘r\.k ‘Fﬂ' Edz B )\M i B) C-U'V'JL

-

j_‘-i = VS wLIMe U:*{E
= --.[_.: o_zj}a} ) S, = . 13004
Y 0.6 8141

é - [ o.o4fq9s

¢ Xis = where K2 (%]
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La.&oa.&#

The error bowumd eal codadion (If. le%) 33\&5 here

{)\:‘ = Vols seclbl ¢ 0. 0N g

Note that the exact solkion Hor + e sm.-.a.ﬁasi ei&em-
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| S, = [ fzded 7 o . [~e0faby ]
- 1 bt S !
“ \ - L | 4
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Ld[ntzr‘& E = ['1‘;» a :_{
- ¢. 5596 - -
°E’=: 19 &, - 0. €559 ]
1. doxq - °.NL§é
T.8es o néee
6. 594 L~o. 4559
The Amﬂﬁﬁu& ok om -Fw +he Proin(bm, 1S
A= 0.3139 fﬁ :L-t L&Y L 4ed 1 1
A,z o #1317 &1 - [ | 1Pk 2 (L1862 [ -l
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Frowm the reswlis obtaimed e seq +hat instead 0{' 5.~,=wf~._é_
adproximations to +he two swiallest a:t%fmvatlues we obtaiued

Yo 2" and e 4% aigiyaties  exactly That
15 because “the startind Veddor ‘éT: Lo v« 1773 is ertho-
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— e  clhsose ET':[ e b Foiiow‘.mgr the Sarme
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steps but with +he new s*t--.r%—'w\..% vecter

& 3
-I-“ s = V§ wLwe, T‘_ = X v
2 581
s afie
f. = 0.409F%, £,z 1099
st_ 0.435\ S L°‘3°°4
-=" [ [
£°‘3°°+~S - -0, 43% 1
A -0.3892 -
$eXs [ ] 4= Xss
(. 4419
R LR

e K= (x mal
The error bowmds are from (N1 144)

[A7 -V |2 oN44e < (128

(A -v |z 0.3189 < ©-5452

500



fo1s 1 Subsfqu_ iteration  we solve. e e%%t,uffdbleu.\ ot
e projected operators:

_}_<-lu\ @{u\ = M{ui @‘k-\-l j_\/‘h.ﬂ

— @
_ _ - _ _
where K= X € ¥, Miwt = Fun M Rany —@
And theu 'F-i'vul o ‘mwfrwd A-”;-o:}m;ﬁw. 1o “the dawvad«rs‘
Frm @ we l\awe._ @;ﬂ Hﬁ*l Q{“‘ - L

- ..

v =1 s
°r 9&.&\ ( Ekt\ M Ki«t\) g‘kﬂ = 1

-

501



L—GA K;:{i -%1 . ; -o%
= = - ~o. 4

165 ~0. 2
8.3 <-2.% [
~2.4 . ‘

841 ©.3{293 o. 58213
\f\/l or}z 6 ’ G‘: .

3. 2194 = 0.253{4 2. 4692

[0.9970s - 2.13
-2.13 Q.94

ooﬁ&isq ~0.66149

©.30e35§ ~5.23%90

0. 54 BRI 6.46661
"”‘"L" ‘ T o. 12176 -0.22748§
-7 0. 5342 ~-0.0 29919
D."}:.‘Laqv 5. 10293

K3t (L3195 o.of13( § M. = {304 | 0020654
eoltdig o.3angy { 7 0.020{ 56 0.16972

J\'}zro,qg({ﬁ Q N e.N2¢ 5N -0, 03%13 &
L 2.993 ¢ -3 e.etofb2 3.0219
X [ecrsnag -0 éf1ns
=3 0.38¢N17 -0 10729
e 5240 0.2853%

502



W19

-

; o {1792 ~0.234 37
-4 53598 ~0.022N 20
[ o T2Fen o.0164 81

6.000 ho2ko o 11329

r!.3305 p.ooe 34 116 {. o oochoato
Kq = M4 = 30;4
K".),Ms: 34116 o.33b24 Lo

A e [0.N244¢ K a -0.N2446  -t.eelosbT
-4 " ' =
§ 2.96 %0 ~* " L cesde94p  2.9710
K - EEEIZIE ~o.(éqg
~0. 380840 ~o.08fo 42
L ~o0. k24494 e, 22171
Hemer . . c.oflg 8 3
Az e 2446 ?W 0.38 940
0.524%4
. -0 4
M= 2.0t b, | eSS
- ~b.0b680qg2
e. 229 1

Us‘m% (\\.\SG) we check

L Ya 2] "2

0.5248¢6

8.82¢68

503



-]

I-n the Su.‘uFu_-_ i?ﬂudr{m e i-\qw_ Q‘Fior (i-r) Tteratiens

D
fos XeQu o ds Xy p® — ©®
— & i & (4
He;.,u_ f(?) = ? k? N )\; - /\fk)
$'mé "
atT 7 n . A
Camkdwin& PMO | we ser there it “Seme” D in the swbspacs

Koo which qives @ that s,

Te) < #(xd) = Feurcd
(becawse K& =ME ad E:M'EE)
KO MR (R EY) (e 4. 0)
=R ROMMIMANGEY (e 4o0)
= BV (M) ) N ( FauM o= 1)
2 fu* 300

R Yfa a Yo
§'ue -

3_{'&:7 z_gk)

504



Part B

Solutions to Three Exercises Using the ADINA System
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Solution to exercise 4.45

A reasonable finite ¢lement mesh with its loading and boundary conditions is shown in Figure
4.45-1. Due to symmetry we analyze only one quarter of the plate. Since the analysis is
linear, we apply a unit pressure load and all computed stresses are proportional to the load.

The elements are 9/3 w/p isoparametric elements. These elements are necessary for the
solution with v = 0.499, and are effective for the solution with v = 0.3 as well.

The computed stresses for v = 0.499 along the top half of section A-A are shown in Figure
4.45-2. As expected, a stress concentration is observed at the hole. The computed stress
concentration factor is 4.75 based on the applied stress and is 2.85 based on the nominal
stress (the nominal stress is the total applied force divided by the area of the plate at section
A-A). These definitions of the stress concentration factor can be found in R.E. Peterson,
Stress Concentration Factors, John Wiley and Sons, 1974. The well-known stress
concentration factor of 3 is not applicable in this problem because the hole is relatively large
compared to the plate and the loads are applied relatively close to the hole. Observe that the
zz stress component is nearly zero at the hole and outer boundary, as it must be in order to
match the boundary conditions. The shear stress component must be zero due to symmetry
and this is also observed in the finite element solution. '

Band plots of the solution are shown in Figures 4.45-3 and 4.45-4. The stresses are
interpolated from the integration points to the element nodes prior to smoothing (see Fig.
4.16, textbook); this is what is meant by the term RST CALC that appears in the plots. In
the lower half of Figure 4.45-4, we plot the unsmoothed effective stress and pressure as
repeating isobands (see Section 4.3.6, textbook). As these isobands are quite continuous, we
conclude that an accurate solution has been obtained.

The computed stresses for v = 0.3 are shown in Figures 4.45-5, 4.45-6 and 4.45-7. Again, an
accurate solution has been obtained. The primary difference in the solutions is in the xx
stress component, which is smaller. This makes sense since the out-of-plane stress should be

nearly proportional to v.

When we use the displacement-based 9-node finite elements instead of the 9/3 elements, we
obtain an accurate solution for v = 0.3 (not shown here), but an inaccurate solution for

v = 0.499. This solution is shown in Figures 4.45-8 and 4.45-9. The source of the
inaccuracy is seen to be the pressure, as the shear stress and effective stress are still
reasonably accurate.
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Solution to exercise 6.89

The first mesh we consider is shown in Figure 6.89-1, along with its loading and boundary
conditions. 9/3 u/p elements are used in this mesh. The effect of using displacement-based
elements in this mesh is presented later. We choose to enter all coordinates in mm rather
than in cm so that we do not have to convert the moduli and yield stress from MPa (recall

that 1 MPa = 1 Lz)' Isotropic hardening is assumed.
mm

The force-deflection relationship computed with this mesh is shown in Figure 6.89-2. Also
shown in this figure is the effective plastic strain corresponding to A = ..;1 and a plot of

bending stress vs. applied displacement. In this plot, we compare the computed bending
stresses at the built-in end of the beam, top and bottom fibers, against approximations to this
stress. In one approximation, we estimate the bending stress from the applied moment and
beam theory, limit load assumptions:

/
o = 4;L2 ;  F=tip load; & = width, h = height of beam;

L’ = moment arm
=L+ :uy ]az tip

In another approximation, we show the yield stress for a plane strain bar in tension (which is

slightly larger than the input yield stress of 200 MPa because a bar in tension under plane

strain conditions yields at a larger stress than a bar in tension under plane stress conditions).

The computed bending stresses compare quite well with the approximations.

Figure 6.89-3 shows the effect of using 4 elements through the thickness instead of two
elements. The force-deflection curve is virtually identical. The spike in the bending stress
curve in the coarse model disappears when we refine the mesh.

Figure 6.89-4 shows the effective stress and pressure for A = .L, A= ..£1. and A = _g.. for

1600 10
the finer mesh. The stress state evolves from a linear distribution of stress through the
thickness to a constant magnitude stress state.

Figure 6.89-5 shows thé effect of using displacement-based elements in the coarser model.

The displacement-based elements are stiffer than the 9/3 elements and give very inaccurate
stress predictions.
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Solution to exercise 7.28

From symmetry, we can analyze any circumferential section of the fluid region provided that
we assign the appropriate boundary conditions. We choose to analyze a 90 degree section as
shown in Figure 7.28-1. The skew systems assigned to the boundary of the fluid region are
for convenience in assigning the prescribed velocities and symmetry boundary conditions.
Because the flow is incompressible, we must specify the pressure at one point in the model;
we choose to specify zero pressure at a point on the inner cylinder.

A reasonable finite element mesh and the corresponding solution are shown in Figure 7.28-2.
The elements are 3-node triangular fluid elements (see ref. K.J. Bathe, H. Zhang, M.H. Wang,
textbook). The flow field is one-dimensional in nature, as expected. Figure 7.28-3 shows the
finite element and analytical solutions for the tangential velocity, shear stress, pressure and
vorticity along a radial line. Excellent agreement is observed.

It is possible to choose a less structured finite element mesh, such as the one shown in Figure
7.28-4. The results for this mesh are shown in Figure 7.28-5 and reasonable agreement is
observed.
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The velocities and pressure
for each node on line 4 are
constrained to be equal to
the velocities and pressure
for each node on line 1.

Figure 7.28-1
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