SECTION 1: GENERAL PROPERTIES OF ANGULAR MOMENTUM IN
QUANTUM MECHANICS

(From Cohen-Tannoud;i et al., Volume |, Chapter VI)

Overview:

e General theory
e Application to orbital angular momentum

e Angular momentum and rotations



A. INTRODUCTION: THE IMPORTANCE OF ANGULAR MOMENTUM
Quantum theory of angular momentum, which will be developed here, is important in

many areas of physics, for example:

e atomic, molecular and nuclear physics: classification of specira;

particle and high energy physics: spin of elementary particles;

condensed matter physics: magnetism;

e and many more.



The angular momentum plays a very important role in mechanics: classically, the
total angular momentum of an isolated physical system is a constant of motion:

d - 5
_ = 0
dtL

and this is true also when a particle moves in a central potential. This last fact will
become relevant in development of quantum theory of the hydrogen atom.



To build up quantum theory of angular momentum, we will associate with the angular
momentum appropriate operators:

e orbital angular momentum operators, L = {L,, Ly, L.}, which will be obtained
from the corresponding classical quantities by taking the appropriate operators;

e spin angular momentum operators , S = (S ., Sy, Sz}, which will represent intrin-
sic angular momentum of a particle; as it has no analog in classical mechanics,
it will be defined more generally through algebra of their commutation relations;

e total angular momentum operators, J = {Jy, Jy, J;}, which will result from addition
of both orbital and spin angular momenta of a particle.



B. COMMUTATION RELATIONS CHARACTERISTIC OF ANGULAR MOMENTUM
1. Orbital angular momentum

Let us start with x-component of the classical angular momentum:

Ly = ypz—zpy
The corresponding quantum operator is obtained by substituting the classical posi-

tions y and z by the position operators ¥ and Z respectively, and by substituting the
classical momenta py and p, by the operators Py and P;, respectively:

zx == Yﬁz — Zpy
The other components of the orbital angular momentum can be constructed similarly
allowing us to write the vector of orbital angular momentum operators as

N A

ﬁ

L:ﬁxﬁ



The components of the orbital angular momentum satisfy important commutation
relations. To find these, we first note that the angular momentum operators are
expressed using the position and momentum operators which satisfy the canonical
commutation relations:

(X, Pl = [¥,Py] = [Z,P;] = ih
All the other possible commutation relations between the operators of various com-

ponents of the position and momentum are zero. The desired commutation relations
for the angular momentum operators are then calculated as follows:

[ix, ﬁy] = [?PZ ~ZPy, 7P, - XPZ]
= [?PZ, Zﬁx] + [Zf’y, Xﬁz]

Y [PZ, Z] P+ X [2 PZ] Py

—inY Py + inX Py

= ihl,



Similar calculations can be performed (do it as a homework!) to obtain all the com-
mutation relations between the components of the orbital angular momentum:

(L0 by = ind,
(1,2, = inls
L. Le| = inL,

which can be shortened using the antisymmetric tensor ¢; ;. as follows

[I:,-,I:j] = Eijkihik



For the system of N particles, the total angular momentum is a sum of the angular
momenta of the individual particles

A N A
P= S
=1

l

5. .
where L; is given as follows:

i
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1. Generalization: definition of an angular momentum
We will now define an angular momentum J as any set of observables Jy, J, and J;
which satisfy

ffx, fyﬁ — lhjz
fy, fZ = lhfx
fz, jx = lhjy




We now introduce the operator

J o= Ji+Ji+ 7
that represents the scalar square of the angular momentum.

properties:

e it is a self-adjoint operator, and thus an observable, and

e it commutes with the components of the angular momentum:

77

0

It has two notable



[f ,fx] = [J2 + 12 + J2 Jx]
[12 Jx] [12 Jx] =0

I:JZ’JX:I - jz[fz,fx]"‘[fz,fx]fz
Complete set of commuting observables (C.S.C.0O.) relevant to the quantum theory
of angular momentum is given by the operators J2 and fz.



C. GENERAL THEORY OF ANGULAR MOMENTUM
1. Definitions and notations
a. THE /. AND J_ OPERATORS

f+ :fx+ljy
f— :fx_lfy

which satisfy the following commutation relations
[JAZ, .]A+— — hj+
I:jz, .]A—- _hf_
[72.0.] = |20 =]~ 0] =0




They also satisfy the following useful relations:

JeJ_

(Jx +idy) (Fx = i)
P2 -ill ]
Ji+ I3 + 1l

2 - J% + nu,

(o = idy) (Fx + i)
J+ 75 +i|J 0y
Ji+ J; -1l

J2 - J —ni,
%(LJA_ WEAN:



b. NOTATION FOR THE EIGENVALUES OF J? AND J,

J? is the sum of the squares of three self-adjoint operators, i.e. for any ket |), the
matrix element (w|f2|gb) IS non-negative:

W) = ) + W) + @12
= |74 |* + [l + 1w = 0

That is all the eigenvalues of J? are positive or zero.



Let ) be an eigenvector of J2, then
WPy = AWl 20
We shall write the eigenvalues of J2 in the form
jG+Dr = 2
with the convention that
i >0
The eigenvalues of J, are traditionally written as

mh

where m is a dimensionless number.



c. EIGENVALUE EQUATIONS FOR J2 AND J,

We can now summarize the eigenvalue equations for both operators relevant to
quantum theory of angular momentum J? and Jy:

Pl jomy = j(+ DRIk, j,m)

Jolk, jym)y = mhlk, j,m)

where k is included for completeness to represent an additional commuting observ-
ables from C.S.C.O.



2. Eigenvalues of J? and J,
a. LEMMAS
a. Lemma | (Properties of the eigenvalues of j* and J)

If j(j+1)%* and mh are the eigenvalues of J2 and J, associated with the same
eigenvector |k, j, m), then j and m satisfy the inequality



Proof: consider the vectors J |k, j,m) and J_|k, j, m) and note that the square of their
norms is positive or zero

\Y
-

[tk jom)||* = (K, jmld—Jslk, j,m)
1tk j,m)||* = <k, j,mlFy Sk, jym)y > O

We assume that |k, j, m) is normalized and use the formulas developed in the context
of rising and lowering operators

<k7 j9 m|f—j+|k7 j7 m>

k, joml (J* = J2 = 1Tk, j.m)
= j(j+ )A% - m*h® — mh?

k. joml ek, jomy = <k, joml (2 = J2 + 1) Ik, jom)
= j(j+ DA% - m*n® + mh?



Substituting these expressions to the inequalities above we get

JU+D-—mm+1D)=G-mG+m+1)

IV

JU+D-—mm-1)=0(-m+1D(G+m) =

and consequently

-+ m <j

—-j< m <j+1



B. Lemma Il (Properties of the vector J_|k, j, m))
Let |k, j, m) be an eigenvector of J2 and J, with the eigenvalues j(j + 1) 7% and mh

1. fm=—j, J_|k, j,—j) = 0.

2. tm>—j, J_|k, J,m) is a non-null eigenvector of J% and fZ , with the eigenvalues
j(j+ DA% and (m — 1)



Proof: (1) the square norm of J_|k, Jj,m) is equal to hz[j (j+1)—m(m - 1)] and thus
goes to zero for m = —j. Since the norm of a vector goes to zero iff the vector is the
null vector, we conclude that all vectors J_|k, j, —j) are null:

m=-j = J_kj—-j)=0
We can also establish the converse:
J_k,Lm)=0 = m=—j
by letting /. act on both sides of the equation above we get the relation
WG+ 1) = m* + m|lk, j.m)
=1 (+m)(G-m+ Dk, jmy = 0

whose only solution is obtained for m = —.



(2) Assuming that m > —j, the vector J_|k, j, m) is now a non-null vector since the
square of its norm is different from zero. We will now establish that it is an eigenvector
of both /2 and J,. We already know that J_ and J? commute, that is:

[ Ik jom) =0
which we can write as follows

PPtk jomy = J_JPIk, j,m)
= j(j+ DRIk, j,m)
This expression shows that J_|k, j,m) is an eigenvector of JZ with the eigenvalue
j(G+ D,



Similarly we can write
|7 | Wk, jomy = =k, j.m)
that is:
LI |k, jym) = J_Tlk, jm)—hJ_|k, j,m)

= mhJ_k, j,m)y — hJ_|k, j,m)
= (m—1)hJ_|k, j,m)

J_|k, j, m) is therefore an eigenvector of J, with the eigenvalue (m — 1)h.



v. Lemma lll (Properties of the vector J+|k, j,m))
Let |k, j, m) be an eigenvector of J2 and J, with the eigenvalues j(j + 1) 7% and mi.

1. lfm = j, J4lk, j, j) = 0.

2. If m < j, Jylk, j,m) is a non-null eigenvector of J? and J, , with the eigenvalues
j(j+ DA% and (m + 1)h.

Proof: (1) The proof is based on similar argument as the proof of Lemma Il. The
square of the norm of Ji |k, Jj,m) is zero if m = j, therefore:

m=j = Jik, j,j)=0



The converse is proved similarly:
j+|k9j,m>:O (=4 ]:m
(2) Assuming m < j, we get again in analogy with the Lemma |l

PPJik, jymy = j(j+ )R> Tk, j,m)
J Tk, jymy = (m+ )RSk, j,m)



b. DETERMINATION OF THE SPECTRUM OF J2 AND J,

Let |k, j,m) be a non-null eigenvector of J? and J, with the eigenvalues j(j + 1) K2
and m#i. According to Lemma |: —j < m < j. That is, there exists a positive or zero
integer p s.t.

—j< m—-p <—j+1
Consider now a series of vectors
. A . ~ \P .
k. jom)y, J 1k, jomy, ... (J-) Ik, j.m)

According to Lemma Il, each of the vectors (J_)"|k, j, m) of the series (n = 0, 1,2..., p)
Is a non-null eigenvector of J? and J, with the eigenvalues j (j + 1) A2 and (m — n)h.



Now let J_ act on (J_)P|k, j,m) and assume that the eigenvalue (m — p)# of J, asso-
ciated with the vector (J_)P|k, j, m) is greater than — jh, i.e. m — p > —].

By point (2) of Lemma Il, J_(J_)P|k, j,m) is then non-null and corresponds to the
eigenvalues j(j+ 1) 7% and (m— p—1)h. However, this is in contradiction with Lemma
l, sincem—p—-1<—].

To remove the contradiction, we must therefore have m—p = —jand J_(J_)P|k, j,m) =
0. This implies that there exists a positive integer p s.t.




Completely analogous argument, based on Lemma lll, shows that there exists a
positive or zero integer g s.t.

m+q=j

since the vector series

|k7 j’ m>7 f+|ka j7 m>7 “'j-?-|ka j7 m>

must be limited if there is to be no contradiction with Lemma |I.



Combiningm — p = —jand m + g = j leads to

p+rq=12j

which implies that j is equal to a positive or zero integer divided by 2, so

J is necessarily either integer or half-integer.



Furthermore, if there exists a non-null eigenvector |k, j, m), all the vectors of the se-
ries

Ik, j,m), J_Ik, j,my, .. J |k, j,m)

|k9 j’ m>, j—l—lka j, m)a JA_?_lka j, m>

are also non-null eigenvectors of J2 with eigenvalue j(j + 1) #2 as well as of J, with
the eigenvalues

J(G=Dn,(G=20,...(=j+2)h,(=j+ Dh,,—jh



3. Standard {|k, j, m)} representations
a. THE BASIS STATES

Our goal is now to construct an orthonormal basis of the state space & composed of
the eigenvectors common to J2 and J.

Consider the subspace &(j, m) which is spanned by the eigenvectors of J? and J,
corresponding to the eigenvalues j(j + 1) h% and m#. Since these operators do not
generally constitute a C.S.C.0O., the dimension of this subspace g(j, m) can be greater
than 1. We choose an arbitrary orthonormal basis in &(j, m):

Uk, jymy;k =1,2, ..., g(j,m)}.



Note that

e If m # j, there exists a subspace &(j,m + 1) spanned by the eigenvectors of J2
and J, corresponding to the eigenvalues j(j + 1) %% and (m + 1)A.

e If m £ —j, there exists a subspace E(j, m — 1) spanned by the eigenvectors of Jj2
and J, corresponding to the eigenvalues j(j + 1) %% and (m — 1)A.

In the cases where m # +j, we shall construct orthonormal bases in &(j,m + 1) and
&E(j,m — 1) from the basis chosen in &(j, m).



We first show that if k| # ky, the vectors J|kq, j,m) and J4|ky, j, m) are orthogonal,

and so are the vectors J_|kq, j, m) and J_lko, j, m):
ko, jomlJzTelky, jomy = (Ko, jom| (J2 = J2 % BJ.) Ik, jom)
= [jG+ 1) —m@m= D)Wk, j,mlky, j,m)

If k| # ko, then (ks, j,mlky, j,m) = 0 and thus (k», j, m|lJzJ+lky, j,m) = 0.

If k; = ko, the square of the norm of J.|kq, j, m) is equal to

G+ 1) =m(m= DA
and thus we can define the set of g(j, m) orthonormal vectors
1 .
k, jm+1) = Jilk, j,m)
AjG+ 1) —m@m+1)

which form a basis in &(j,m + 1).

(1.1)



Similarly, we can show that the set of g(j, m) orthonormal vectors

1 A
|k’ j’m_ 1> = J_|k,j,m> (12)

h\/j(j+ )—-m@m-1)
form an orthonormal basis in &(j,m — 1).

We see in particular that the dimension of the subspaces &(j,m + 1) and &(j,m — 1)
is the same as the dimension of &(j, m), and thus is independent on m:

gUm+1)=¢g(m-1)=g(,m =g()



We now proceed with our quest for finding the basis of & as follows:

e for each value of j, we choose one of the subspaces, for example the one with
m = j: &(J, J);

e we choose an arbitrary orthonormal basis: {|k, j, j);k = 1,2, ...,g())};

e Using Egq. (1.2), we calculate by iteration the basis of each of the other 2j
subspaces &E(j, m).



g(j) different values of k

k=1, 2, v 2())

INY RN Y S YY)
UJ- UJ- o U J-
|1317.]_1> |2a19]_1> |g(1)a.]?]_1>
UJ- UJ- U
Ljm  Rmy e lg(jim)
UJ- UuJ- U AV
Li-pn  25-p .. 18\, =0
Sk=1,7) &k=12,)) &k = g(j), J)

g(j) spaces &(k,))



To carry out this construction for all values of j found in the problem under consider-
ation (e.g. a particle in a central potential), we obtain

a standard basis of the space &.

The orthonormalization and the completeness (also called closure) relation for such
a basis are

(k, j,mlk’, j’,m")
J &)

SUNYN Y omyk, joml = i

i om=—jk=1

6kk’ o jJj 5mm’




Comments:

e Note that the basis vectors of &(j, m — 1) are proportional, with real and positive
coefficient, to the vectors obtained by application of the lowering operator J_
onto the basis &(j, m).

e Equations (1.1) and (1.2) are compatible (Homework: apply J; to both sides of
Eqg. (1.2) to find Eq. (1.1) with m replaced by m — 1), so we can start from other
values of m than m = j to construct bases of &(j, m).



b. THE SPACES &(k, j)

We will use the spaces &(k, j) rather than &(j, m) as those present some disadvan-
tages:

e dimension g(j) depends on the system and is not generally known;

e &(j,m) are not invariant under the action of J, giving nonzero matrix elements of
E(j,m)and E(j,m + 1).



c. MATRICES REPRESENTING ANGULAR MOMENTUM OPERATORS

Using the subspaces &(k, j) considerably simplifies the search for the matrix repre-
sentation in a standard basis of a component J, of the angular momentum operator
J or an arbitrary function F(f) as the matrix elements between two vectors from
different subspaces &(k, j) are zero. The angular momentum operators are then
represented by a finite dimensional matrices inside of each of the subspaces &(k, j).



Sk, j) E(K’, j) Ek’, j)
&k, | | matrix
J) Qj+ 1) xQ2j+1) 0 0
&K ) 0 matrix
QRj+1)x@2j+1) 0
EK. ) 0 0 matrix
Qj + 1) x 27 +1)
0 0 0



Moreover these finite-dimensional matrices are independent of k and of the physical
system under study and depend only on j and on the operator to be represented.
The definition of |k, j, m) implies

Tk, j,my = mhlk, j, m)
Jilk, jymy = AAfj(G+ 1) —=m(m+ Dk, jym + 1)
J_lk, jymy = aAfj(G+ 1) —m(m—= Dk, jym— 1)

that is

Cky jomlJK, jom"y = mASS 1Sy
(ky jomlJlK, ' m’y = G+ D) —m(m £ DS jjOmm+1 (1.3)




Examples of the matrices (J,)/):

()j=0

The subspace &(k, 0) is one-dimensional since the only positive value of m is zero;
the corresponding basis vector is 8 = {|j = 0,m = 0)}. The matrix representation is
then

(L)? = 0



(i) j=1/2: B=A{lj=1/2,m=1/2),j=1/2,m = -1/2)}

~\(1/2) (1 0\ *
(" = 3l0 )57
(j+)<1/2>:h(8 (1)) (j_)a/z):h(

(172 HAf0 1 h \(1/2) R
0751 6 ) =3 )5

0 0
1 O

0 —i
i 0



(i) j=1: B={lj=1,m=1),|j=1,m=0),|j=1,m = -1)}

10 0 100
(fz)(l)zh(o 0 0] (f2)(1):2h2[o 1 0]

0 0 -1 0 0 1



(iv) j arbitrary

The matrix (J,)Y) is diagonal and its elements are the (2 + 1) values of mh. The
only nonzero elements of (J,)/) and (Jy)"/) are obtained using Eq. (1.3). (Jx)) is
symmetric and real and (J,)"/) is antisymmetric and purely imaginary:

- . h
e jomld oK', s m'y = 6106
X[h\/.](]+ 1) —m(m+ 1)6m,m/+1 + \/](]+ 1) _m(m_ 1)6m,m’_1]

L . h
<k, Js ml]ylk’,]',m'> = 2—15]{]{/5]]/

XAV G+ D) = m G+ Dot = NG G+ 1) = m =Dy

(/%)) is proportional to a unit matrix:

<k9 ja mljzlk,’ j,am,> — ](] + 1)h26kk,6]]/5mm,



An orthonormal basis {|k, j, m)} of the state space, composed of
eigenvectors common to J2 and J;:

F2lk, j,m)y = j(j + DRk, j,m)
fZlka ja m> — mh|ka j9 m>

is called a “standard basis” if the action of the operators J, and J_
on the basis vectors is given by:

Jelk, jymy = ir[j(j + 1) = m(m + D)k, jym + 1)
J-lk, jym)y = B j(j + 1) = m(m = 1)lk, j,m — 1)




D. APPLICATION TO ORBITAL ANGULAR MOMENTUM
1. Eigenvalues and eigenfunctions of 7.2 and .,
a. EIGENVALUE EQUATION IN THE {|#)} REPRESENTATION

In the coordinate representation, the components of the orbital angular momentum
L = R x P, where R = 7 are the position operators and P = —iaV are the momentum

operators, are given as
. 7 ( %, o )
Ly = —<|\yz-—-2

i\"0z Oy
. hi{ 0 0
I, = S|z——x—
Y i(zﬁx xé‘z)

i h{ O 0
= - v—
< i\ Oy y@x



It is convenient to work in spherical (polar) coordinates as the various angular mo-
mentum operators act only on the angular variables 6 and ¢:




y = rsinésin¢
z=rcosf

{ X = rsinécos ¢

with:
r>0
0<f6<nm
0<¢<2rn
The volume element d°7 = dxdydz is given in the spherical coordinates as:
&7 = r?sinddrdo dg = r* dr dQ
where

dQ = sinddode



In the spherical coordinate representation, the relevant operators are
(homework: check that the last three operators follow from the first three):

. ( d cos¢p O
L, = ih|si
g l \sm ¢00 * tan 6 6¢)
. ( d sing 0
Ly = ih|-
y = M| mcosdggt tan00¢)
.= 20
1 0¢
2 2
2?18 19
062 tan006  sinZ 9Op>

. . 0
Ly = h€l¢(%+l’COt€%)

R : 0 0
L_ = he_l¢ (—% + i cot 9%)



In the coordinate representation, the eigenfunctions of L? and L, associated with the
eigenvalues [ (I + 1) 7% and mh are the solutions of the partial differential equations:

5> 1 9 1 82
— + -
062 tanfdl  sinZ 9Og?

} W(r,0,¢) [+ Dy(r, 0, )

.0 _
—z%lﬁ(i’, 0,¢) = my(r,0,p)

From the general theory of angular momentum we know that [ is either integer or
half-integer and m take the values [,I -1, ...,—[+ 1, L.



Note that there is no r dependence in the differential equations above, so we can
consider r as a parameter, and take into account only the 8- and ¢-dependence of

Uim (1,0,8) = f(OY"(6,8)

f(r) is square-integrable function of the radial coordinate r and it appears as an
integration constant in the differential equations above. By Yl”” (0, 9) we denote a
common eigenfunction of £? and L, with the eigenvalues /(I + 1) #% and mh:

L2y 6,¢) = 1U+ DAY (6, 9)
LY (6,¢) = mhY"(6,¢)



To normalize y; ,,, (r, 6, ¢), we normalize Y;’” (0, 9) and f(r) separately:

2m T )
f d¢f sin@|Y]" (6, ¢)|"do = 1
0 0

f T 2P dr

0

I
[



b. VALUES OF / and m
a. | and m must be integral

Using that L, = we can write the eigenvalue equation for L,

zaqﬁ

h8 m B -

which shows that Yl’”” (0, ¢) factorizes as

Y O,0) = Fl©)e™?



Since the function Y;" (6, ) must be continuous, the following condition must hold for
¢ =0and ¢ = 2nr:

Y{”(Q,gb =0) = Y;’”(e,qb = 2m)
which implies that

e2lm7r

= 1

This shows that

in the case of an orbital angular momentum, m must be an integer, and consequently
also / must be an integer.



B. All integral values (positive or zero) of | can be found

Choose an integral value of / > 0. We know that, based on the general theory, YZZ(H, o)
must satisfy

Liv/6.¢) = 0
By applying the relations we have derived earlier
Y (0,4) = FJ'(0)e™
. (0 0
L. = he? (% +icot 9%)
we obtain for m = [ the differential equation

d 1
{@ — lcoté’}Fl(H) =0



The equation

d 1
{@ - lcot@} Fi(0) =

can be integrated using

d(sin 6)

cotfdgd = ,
sin 6

to yield the solution
Ff(@) = cl(sinQ)l

where ¢; is the normalization constant.

0



Consequently for each positive or zero value of [, there exists a unique (up to a
constant) function

Y/6,4) = c(sing) e

Through repeated application of L_ we construct

YI=L0, ), ... YO, 4), ... Y0, 0)

To the eigenvalues [ (I + 1)712 and mh, there corresponds one and only one eigen-
function Y;” (0, ¢). These functions are called spherical harmonics.



Explicitely:

A \[-m
L+m) (L.
Y™ (0,4) = \/ L+ m) ( ) Y6, ¢)

D\l -m)!\ 7

ST P (5ing) " (sinf)*!

=D jer+ )+ m)! dl-m
- Arn(l — m)! d(cos@)-m



Examples:

Yy, 9)
Yo, 9)
Y16, 9)
Y320, 9)
Y50, 9)

Y5(6, )

8-
S

3

_ . +7
T sinf e+

8
\/4E cost
\F sin’0 e*%9
¥ \/: sinf cosO e
\F (3cos26? - 1)



c. FUNDAMENTAL PROPERTIES OF THE SPHERICAL HARMONICS
«. Recurrence relations

Loy 6,4) = hld+ 1) —mim= Y8, )

e’ (3 — m cot ei) Y™ (6, ¢)

_ m+1
ey 5 VI + 1) = m(m + 1)Y]"™(6, ¢)

VIA+ 1) = m(m = DY"1(8, ¢)

_is O %,
e 1Y (—%—mcotH%) Y/ (0, ¢)



. Orthonormalization and completeness (closure) relations

2m T ,
f d¢ f sin 6d6 Y;Zl *(9, qﬁ)Ylm (9, ¢) = 6l’l5m’m
0 0
Any functionf (8, ¢) can be expanded in terms of spherical harmonics

co  +/

fO.0) = ), D, cum¥]" 6.9)

=0 m=-1
with

2 T
Clm = fo de fo sin 6d6 Y™ (6, ¢) £ (6, §)

Thus the spherical harmonics form a basis of the space &g of functions of 8 and ¢.



Completeness:

oo [
Z Z Y (0,0) YO, ¢") = 5(0089— cos@')d(gb . gb')
1=0 m=—1
1 / /
= G (0-0)s(s-¢)
where 6 (8 —8") and 6 (¢ — ¢") are the delta-functions.



v. Complex conjugation and parity

Complex conjugation:

Y00 = D" )

We are now interested in parity of the spherical harmonics, i.e. their behaviour upon
the reflection through the coordinate origin 7 — —7 which in spherical coordinates is
given as

r = r
0 = m—-06

¢ = m+¢






It can be shown (Cohen-Tannoudji, Complement Ay/) that

Y'r—0,x+¢) = (=D'Y" 0,9

This means that the spherical harmonics are functions of a definite parity which is
independent of m:

they are even if [ is even and odd if / is odd.



d. STANDARD BASES OF THE WAVEFUNCTION SPACE OF A SPINLESS PAR-
TICLE

The operators L2 and L, do not constitute C.S.C.O. in the wavefunction space of a
spinless particle.

Let &I, m = I) be a subspace spanned by eigenfunctions of 2 and I, with eigenval-
ues [ (I + 1) h* and mh. Choose an arbitrary basis in each &(I,m = 1): B = {1 (D)},
and construct ¥ ; ,,(7) by repeated application of the lowering operator L_. The
eigenvalue equations become

22'70 k,I.m (’7‘)
Lok 1m (F)

I(L+ DI g (P)
mhy 1 m (F)



and

Loy (P = BAIA+ 1) —mm + Dy a1 (P)

The eigenfunctions of £? and £, with eigenvalues /(I + 1) #? and m# have the same
angular dependence, i.e. that of Ylm (0, ¢) (only radial dependence differs). We can
write

Vit () = Ry m(1Y]" (6, ¢)



If Y1 1.m () constitute a standard basis, the radial wavefunctions Ry ; ,,(¥)are indepen-
dent of m:

Litvgim () = Rigm(LLY]" (6, 9)
R+ 1) = m(m = DRy 1,n(DY7"1(6, ¢)

comparison with

ziwk,l,m (F) = n \/l(l + 1) —m(m £ Dy 1 m+1 (7)

show that

Riims1(r) = Ry pm(r)

and are thus independent of m.



The functions yy 1 ,,, (7) of a standard basis of the wavefunction space of a spinless
particle are therefore

Viim (F) = Re(nY)" (0, ¢)

and satisfy the orthonormality condition

f ERY ) OV iy () = fo r2dr R} (PR p(r)

2 7T ’
X f dq&f sin0d0 Y;"*(0, 9)Y' (6, ¢)
0 0
= Ok O Omm!

Since the spherical harmonics are orthonormal, we obtain

L rzdFR;;l(l’)Rk/’l/(l’) = 6kk’



2. Physical considerations
a. STUDY OF A |k, [,m) STATE

Consider a spinless particle in an eigenstate |k, [, m) of L? and L,. Suppose we wish
to measure the component of the angular momentum along the x axis or y axis, i.e.
Ly or Ly. Since these operators do not commute with L, we can not predict the result
of the measurement with certainty.

What are the mean values and root-mean square deviations of such measurements?
oy 1

Ly = §(£++Z\4—)
. 1. .
L, = Z—i(L+—L_)



Since Lylk, [,m) and Lylk, I, m) will be superpositions of |k, [,m + 1), that means that
Ck, L m\Lylk, 1, m) = (k, [ mlLylk, [, my = 0
Furthermore, using L4 + L_L, =2 (zz - ﬁ%):
A 1 A A A A
e, L m) 2Nk, I, m) = 7 (k. Lml (£3+ L2+ LiL + L Ly) Ik Lom)

= Lk nmp (L% - L) Ik, L. m)

4
hZ
S 7[l(l+1)—mz]
ko LmlL3k. Lom) = =2k Loml (L3 + L2 = Ly Lo~ L Ly ) Ik, 1 m)

2
= %[z(u 1) — m?]



Thus in the state |k, [, m)

and

ALy =AL, = h\/% |12+ 1) = m?]

where AQ is defined as AO = \/<02> - <0> .



Interpretation:
Consider a classical angular momentum of the modulus 7 VI(I + 1) whose projection
onto the z axis is mh:

'01‘ = mId+ 1)

OH = mh



4




'01‘ = mId+ 1)
OH = mh

Since the triangle OLJ has a right angle at J, and OH = JL, we get

0J = VOL2 — OH? = h\/l(l+1)—m2

Consequently, the components of this classical angular momentum would be

h\/l(l+ 1) — m2cos ¢

h\/l(l+ 1) —m?sin ¢
OH Al + 1) cos @ = mh

oI

S
~
I



Let us assume that |OL| and 8 are known and that ¢ is a random variable which takes
with equal probability values from the interval [0, 27]. We then average over ¢:

L 2m
<OI> oc fo cos¢pdg =0

L 2m . -
<0K> ocfo sin¢de =0

which corresponds to our quantum results for the state |k, [, m):

(L= (L) = ¢



In addition, the root-mean-square deviations

(o) = L2 |1+ 1) - m?| fzn cos® ¢ de = Ui |12+ 1) = m?|
2r 0 2

and similarly

_ i
<0K2> = ?[l(l+1)—m2]

are in agreement with our quantum results.

However, we must be careful interpreting quantum mechanical results using clas-
sical analogy. Recall that the individual measurements of L, and I:y on a particle
in the state |k, [, m) can not yield any arbitrary value between +# \/l(l + 1) — m?, like
classical picture suggests. The only possible results are the eigenvalues of L, and
Ly (which are the same as those of L;).




b. CALCULATION OF THE PHYSICAL PREDICTIONS CONCERNING MEASURE-
MENTS OF 7.2 AND 7L,

Consider a particle in a state

(M) =y (F) = Y(r,6,¢)

Measurement of £ can yield only the results
0,2h2, 612, ..., I(1 + 1)K?

How can we calculate probabilities of these different results from y(r, 6, ¢)?



«. General formulas

Let P iz(l’ m) be the probability of finding in a simultaneous measurement of i?
and L, the results I(I + 1) and mf.
Expanding the wavefunction y/(7) in a standard basis

Wiim (F) = R (nY;" (6, 4)}

we can write y/(7) as

W@ = DY rimRi()YT (6, 6)
k [ m

where the coefficients ¢ ; ,, can be calculated using the formula

him = [ T, DU D

00 2 7T
= [ Paro) [ [ sinodoyy @.6)00.0.6)
0 ’ 0 0



The probability is then given as

Pioj (m) = Z|Ck,l,m|2
i

If we measure only £.2, the probability of finding the result I(I + 1)7i? is

+1 +1
Prol) = > Prag (hmy=Y > ek tml”
——1

m=—I[ k m
Similarly, if we measure only L, the probability of finding the value mfi is

Pr(m) = Y Prj(m=> % ek tm|”

[>|ml| k [>|m|



Since L2 and £, act only on 6 and ¢, r can be treated as a parameter
p(r,0,0) = > > am(Y]"(6,9)
T m

where qa; ,,(r) depends on r only

2 00
a(r) = fo dg fo sin 640 Y6, $)u(r, 6, $)

Alm = ZCk,z,mRk,z(i’)
k

Comparing with the expression for ¢ ; ,,

0
2
Ckim = j(; r drR;:’l(r)al,m(”)



and using the orthogonality condition fooo rzdrRZ,l(”)Rk’,l’(”) = 0y We also obtain

x
f 24, |az,m(”)|2 _ Z|Ck’l’m|2
0 k

and then the desired probabilities

= 2
Piz,iz(l’m) = L rdr |al,m(r)|

+1 o0
Pral) = Zfo r2dr |al,m(r)|2

m=—|

Pﬁz(m) = vao r2dr |al,m(r)|2

[>|m|



Consequently, to obtain the physical predictions concerning measurements of I?and
L., we may consider the wavefunction as depending only on 8 and ¢. We can then
expand it in terms of spherical harmonics

(. 0,8) = > D apm(Y]" (6,9) (1.4)
] m
and apply the formulas for pﬁz,iz(l’ m), Pa(0), P]:Z(m).

Similarly, since L, acts only on ¢, it is ¢ dependence of the wavefunction which is
important for Pzz(m):
eimg/)

V2r

where each of the functions on r.h.s. is normalized:

Yme.¢) = 2

: y
2 e~ Mo ,im'¢

d
0o " Vom vom

5mm’



Substituting this to orthonormalization formula for the spherical harmonics, we get

T
L SiIl@d@Z;n*(Q)ZZL(H) = oy (1.5)

If we consider the expansion of ¥(r, 8, ¢) into the Fourier series
eiqu

V2n

W(r.0.6) = ) bm(r.0)

where

27 _
bm(r,0) = \/% fo dg e "y (r, 6, ¢)
T



and compare the last two formulas with Eq.(1.4), we obtain

bn(r,0) = > aym(NZ}®)
[

with
7T
apm(r) = f sin 6 d0 Z;" (0)by(r, 6)
0

and then, taking into account the normalization (1.5), we arrive at

7T
fo $in 6 d61bu(r, O = ;Iaz,mml2

Substituting this into the formula for Pzz(m) gives

00 7T
Pz (m) — f }”Zd}" f sin 6 d@ |bm(r, 0)|2
Z 0 0



[B. Special cases and examples

(i) Suppose y(r,0,¢) = f(r)g(0,¢). We can always assume that f(r) and g(6, ¢) can

be normalized separately
f Pdr|flF = 1

0

21 T
f do f sin@df g6, d))° = 1
0 0

20.9) = > > diw¥]" (6.9)
] m

We can expand

with

21 T
dim = f do f sin 6 d6 Ylm*(ﬁ, ?)g(0, o)
0 0



In this case therefore, the coefficients a; ,,(r) are proportional to f(r):

al,m(r) = dl,mf(’”)

and then

P (Lm) = |di|

is independent on the radial part f(r) of the wavefunction.



(ii) Consider y(r, 0, ¢) = f(r)h(6)k(¢) where each factor normalizes separately

00 T 27
f 2drf( = f sin 040 [h(0)2 — f GI@P = 1
0 0 0

If we are interested in L, only

ehn¢
k(¢) = e
; er
where
1 2 o
em = —= | dge" k(@)
" x/ﬂfo
and then

bi(r,0) = emf(r)h(6)



The desired probability is given as

o0 7T
Pp (m) = f 2dr f Sin0.d0 b (r, O) = leml’
Z 0 0

where we have used the fact that f(r) and h(6) are normalized functions.



Simple examples:
1) Let us assume y(7) is independent of § and ¢, i.e.

1
h(@)—T§
k<¢>—%_ﬂ

then
0.6) = —— =120, 0)
RO gm0

and thus the measurement of L2 and L, must yield zero.



2) Consider

cos @

(o) =
k) = -+

_ 3 0
g0,¢) = \/;—Yl(ea@

and thus the measurement of £ yields 2% and of L. gives zero.

.
S

then



Consider the case when

— L
ho) = \%
k(¢) = f/—z—ﬂ

then g(0, ¢) is no longer a single spherical harmonics and
?’iz(m =1) =1

for m = 1, and it equals to zero for all other values of m.

For 2, we must expand the function

] .
0,p) = i¢

and all the spherical harmonics Y;’” (0, ¢) with odd [ and m = 1 will be needed, so we
are no longer sure of the result of the measurement of L2



Addendum: Angular momentum and rotations
(Cohen-Tannoud;ji et al.: QM |, Complement By)

Consider a quantum mechanical system in a state |¢) € & We perform a rotation R
on this system whose state now changes to [") # |y).:

") = Ry
We need to distinguish between the geometric rotation R and its effect R in the Hilbert
space:

R— R



Consider a wavefunction y(7) = (Fly/) and let us perform a rotation R on this system:
7 =RP

After the rotation, we can assume that the value of the initial wavefunction at the
point 7 will be found after rotation, to be the value of the final wave function y/(#) at
the point 7

W'(7) =y
that is
W' (7) = y(R7F)

as this must hold for any point in space which we can rewrite it as

W' (P = p(R 17



We can define the rotation operator
") = Riy)
which in the coordinate representation becomes

(ARIYY = (R~ Ay)

where |[R™17) is the basis ket of this representation determined by the components
of the vector R17.

The rotation operator is linear and unitary and they form a group
(for proofs see Cohen-Tannoudiji et al. QM |, By).



Expressions for rotation operators in terms of angular momentum operators

An infinitesimal rotation Rz (de) around the z axis, defined by the unit vector ¢z, trans-
forms the wavefunction y(7) as follows:

W' () = YRy (da)7]
Since the components of 7 = (x, y, z), we can calculate

R>da)P = R_z(de)? = (7 - dad; x P)
Z
= (x+yda,y—-xda,z)



N
I
N

..................
B
Fag
"

y - xda




The wavefunction ¥/(x,y, z) can now be written as

' (x,y,2) = ¥(x+yda,y — xda,z)
which yields to first order in da

0 0
V630 = w0 +dayo - x ‘”]
“ox Oy
. 0
— w(x’y’z)_da_xé‘y_yé‘x]w(x’y’Z)

We recognize that the last term in the bracket is proportional to the operator L, in the
coordinate representation, so

V@ = W) = @1 - dale) )

and the rotation operator is then:

A A
Rgz(da) =1- £dcyLZ



We can generalize this result to an infinitesimal rotation around an arbitrary axis,
defined by a unit vector u:

R(da)=1- %daﬁ.f
Finite rotations
Consider a rotation Rgz(a’) by an arbitrary angle a around the z axis. It has to satisfy
that
A A A A A
Rgz(a + da) = Rgz(a)RgZ(da) = Rgz(a) (1 — %daLZ)
We can rewrite the last expression as

A N I A n
Rgz(a + da) — Rgz(a) = —%daRgz(a)LZ



A A N -
Rgz(a + da) — Rgz(a) = —ﬁdaRgZ(a)LZ
Since Rz (@) and L, commute, The solution of this equation is formally
Ry (a) = ik
which generalizes for an arbitrary rotation as

5 —1aﬁ.i
Rjla) =e n



