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Sensitivity Metrics for Maximum Likelihood
System Identification

Thomas J. Matarazzo, Ph.D., S.M.ASCE"; and Shamim N. Pakzad, A.M.ASCE?

Abstract: This paper introduces a set of sensitivity metrics to be used along likelihood-based modal identification methods. In maximum
likelihood (ML) estimation theory, the precision of ML point estimates can be measured by the curvature of the likelihood function. This paper
presents closed-form partial derivatives, observed information, and variance expressions for discrete-time stochastic state-space model parameters
as well as state matrix features that influence modal estimates. The results are derived for the observation matrix and the state matrix as well as
eigenvalues and eigenvectors of the state matrix; these model entities correspond to natural vibration properties of a structural system. Confidence
intervals are constructed for natural frequencies, damping ratios, and mode shapes using the derived asymptotic covariance matrices and the
asymptotic normality property of ML estimators. The results are a supplement to the ML-based structural identification using expectation maxi-
mization (STRIDE) modal identification algorithm and are applicable to modal identification techniques formulated in the time-domain stochastic
state-space model for linear time invariant systems. An application to structural modal identification is included to compare closed-form asymp-
totic parameter uncertainties to Monte Carlo bootstrap estimates. DOI: 10.1061/AJRUA6.0000832. © 2015 American Society of Civil Engineers.
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Introduction

The true behavior of a structural system is influenced by the inter-
action of many epistemic and aleatory random variables in the
physical world. These random variables introduce uncertainty into
otherwise deterministic systems, consequently reducing confidence
in structural assessments. Through techniques such as stochastic
modeling or Monte Carlo simulations, engineers can better discern
and predict the true performance of a structural system by quanti-
fying the effects of such random variables.

In structural health monitoring (SHM), it is necessary to include
field measurements, which contain deterministic and stochastic
attributes, within a model that represents the dynamic behavior
of a structural system. In general, collected data are analyzed to
explain structural behavior (Abdel-Ghaffar and Scanlan 1985;
Kwasniewski et al. 2006; Shahidi et al. 2015) or infer properties
of existing structures (Juang and Phan 2001; Pakzad and Fenves
2009; Peeters and De Roeck 1999; Pi and Mickleborough 1989).
Linear stochastic models can be composed of two subsystems: a
deterministic part, which represents an exact mathematical formu-
lation, and a stochastic part, which defines the influence and behav-
ior of random variables (Chang and Pakzad 2013).

This paper is focused on structural modal identification, more
specifically, the theoretical precision of maximum likelihood
estimators (MLEs), a common class of statistical estimators for mo-
dal properties (Andersen; Guillaume et al. 1998; Matarazzo and
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Pakzad 2015a). The quantification of uncertainty as a result of
parameter estimation for a broad class of statistical estimators
would prove to be a useful metric for evaluation or selection of
identification techniques. The adequacy of an estimator is espe-
cially a concern in the rapidly evolving field of SHM; as col-
lected data reach larger sizes and new formats, such as BIGDATA

(Matarazzo et al. 2015) or mobile sensing (Matarazzo and Pakzad

2015b), trusted estimation techniques with measureable precision

become increasingly valuable.

This work is towards the goal of better understanding how esti-
mated modal parameters may differ from their true values. In a
broad sense, it is essential that the variation resulting from the
estimation technique is lower than the expected variation of the
structural property itself. Without any measure of precision of an
estimation approach, this question is left unanswered, leaving prac-
tice as the only method to verify the efficiency of such an estimator.

Maximum likelihood (ML) theory provides a popular frame-
work for parameter estimation and model identification of statisti-
cal models. With an intuitive goal and measureable performance,
ML methods offer an efficient approach. MLEs are a family of
statistical estimators with many desirable features provided some
regularity conditions. While a long list of these conditions may
be solicited for complicated observations [as mentioned by King
(1989)], only few are necessary to derive the asymptotic properties
of MLE required in this work. More specifically, the proof for con-
sistency, asymptotic normality, and efficiency for the ML estimator
assumes the first two derivatives of the likelihood function exist
(Stuart et al. 1999). In this paper, such derivatives are computed
analytically for model features that influence modal properties.

The following key properties of ML estimates can be derived
(Long 1997; Reinert 2009):

e MLESs are consistent;

e MLE:s are asymptotically unbiased, but are not necessarily un-
biased for finite samples;

* MLEs are asymptotically efficient; they have the smallest
asymptotic variance out of all asymptotically unbiased estima-
tors, approximately equal to the Cramér-Rao lower bound; and

e MLEs are asymptotically normally distributed.
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Finally, ML estimates that do not satisfy any of the preceding
regularity conditions remain useful because they are, by definition,
the most likely parameters to have generated the data under the
model; such ML estimates may or may not have the asymptotic
properties listed previously (King 1989).

In ML estimation theory, the likelihood function contains im-
portant information regarding how model parameters represent
data. Closed-form likelihood functions and derivatives are valuable
because they facilitate enhanced model analyses including preci-
sion of point estimates. As King (1989) states, “a measure of the
likelihood function’s curvature is also a measure of the precision of
the ML estimate.” As documented in the literature (King 1989;
Klein and Neudecker 2000; Rubin et al. 1977; Shumway and
Stoffer 2011), the standard errors of the ML point estimators
are determined by evaluating the Hessian matrix at the critical like-
lihood point. It is desirable to determine an analytical solution for
information and covariance matrices because they are required by
subsequent processes, e.g., likelihood ratio test, Wald test
statistic, score test, and interval estimation, especially because
the asymptotic variance of the MLE is equal to the Cramér-Rao
lower bound.

A majority of studies considering precision of ML estimates have
focused on frequency-domain models. The approach in Verboven
et al. (2004) used a numerical Jacobian, computed at the final
iteration of the Gauss-Newton algorithm, to estimate uncertainty
of modal properties. Mahata et al. (2006) analyzed nonparametric
noise statistics and derived conditions for consistent estimates.
Pintelon et al. (2007) implemented the delta method (Oehlert 1992)
to produce asymptotic variance estimates for transfer function model
parameters based on a first-order Taylor series likelihood approxi-
mation. This method assumed that parameter covariance for system
matrices were available along the MLE through the estimation
technique, which is rarely the case in state-space ML methods.

In some ML algorithms such as Newton-Raphson or expectation
maximization (EM) (Rubin et al. 1977; Shumway and Stoffer
2011), numerical Hessian matrices can be produced at the final iter-
ation. The supplemented EM (SEM) algorithm (Meng and Rubin
1991) provides an approach to computing analytical variance-
covariance matrices; however, its applicability to a multivariate
state-space model is not covered. It is preferable to have analytical
expressions for the sensitivity of the likelihood function with re-
spect to specific state-space model parameters.

Charalambous and Logothetis (2000) developed nonlinear fil-
ters to carry out the EM algorithm for continuous-time nonlinear
stochastic systems in explicit form; computations for closed-form
gradients and Fisher information follow directly from the deriva-
tions. There is a volume of work on the uncertainty of identified
modal parameters using the Bayesian framework in frequency do-
main (Au 2014a, b). While frequentist and Bayesian approaches are
fundamentally different in theory, they share concepts for measur-
ing the uncertainty of an estimator. For example, the Bayesian fast
Fourier transform (FFT) identification method that determines the
most probable value (MPV) (Au and Zhang 2012; Au 2011) is
analogous to the frequentist, time-domain structural identification
using expectation maximization (STRIDE) method that determines
maximum likelihood estimates (MLEs) (Matarazzo and Pakzad
2015a) and is considered in this paper. The true relationship be-
tween these two perspectives is highly nontrivial and is problem-
dependent (Au 2012). This paper provides a deeper insight into the
relationship between Bayesian and frequentist parameter uncer-
tainty in system identification, established in Au (2012), by provid-
ing additional tools for frequentist approaches.

This paper derives closed-form expected information and
covariance matrices for four stochastic state-space model entities:
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observation matrix, state matrix, eigenvalues of state matrix, and
right eigenvectors of state matrix. The importance of the selected
model features is that they directly influence modal property esti-
mates of the structural system. Sensitivity metrics on these quan-
tities help engineers better understand the true precision of an
estimated modal parameter. Additionally, using the asymptotic
covariance matrices and the asymptotic normality property of ML
estimators, confidence intervals are constructed for natural frequen-
cies, damping ratios, and mode shapes. The metrics presented in
this paper are applicable to modal identification methods within
this model class, e.g., auto-regressive (AR) (He and De Roeck
1997), numerical algorithm for subspace state-space system iden-
tification (N4SID) (Van Overschee and De Moor 1992), eigenvalue
realization algorithm-observer Kalman filter identification of out-
put-only systems (ERA-OKID-OO) (Chang and Pakzad 2013),
structural identification using expectation maximization (STRIDE)
(Matarazzo and Pakzad 2015a), stochastic subspace identification
(SSI) (Peeters and De Roeck 1999), and others.

Conditional Expectation of Log-Likelihood Function

In this section, the stochastic state-space model is briefly reviewed
and the corresponding model likelihood is constructed from alea-
tory model entities. Recall the stochastic state-space model, given
in Eqgs. (1)-(5), which defines the behavior of a linear discrete time
invariant system with time steps k = 1,2, ..., K. The size of the
observation vector y; is O and the size of the state vector x; is S;
Appendix II gives further model details:

X; = AX; | + 1, (1)
Yi = Cx; + vy (2)
x; ~N(ji. V) (3)
n~N(0,Q) (4)
v, ~N(0,R) (5)

The complete-data likelihood function for this model is a
product of three independent Gaussian densities [see Hinton and
Ghahramani (1996), Matarazzo and Pakzad (2015a), or Shumway
and Stoffer (2006) for details]. The log-likelihood function, pro-
vided in Eq. (6), represents the same Gaussian mixture as a sum,
which is mathematically more convenient than the product. This
function is the foundation for determining which set of model
parameters best explains the observed data. To ease repeated refer-
ences, call the collection of all six model parameters the super-
parameter ¥ =(fi, V, A, Q, C, R) and let the observed data
be definedby Y =y, ..., yx and let the statesbe X = x1, ..., Xg:

InfLy ()] =~ In(2m) — 3 1 [V] = (x¢ =17V (x, )

— an(Zﬂ) - —ln R|
1 K
- EZ (vi = Cx) "R™ (y;, — Cxy)
=1
(K—1)S 1
1K
- EZ (X — Ax )" Q 7! (x4 — Axyy) (6)
=2
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Eq. (6) implies complete data, i.e., it assumes state variables are
available for this likelihood calculation, which is not the case in
state-space. Subsequent sensitivity metrics in this paper assume
the state-space model has been identified by an ML method,
ie., U= \i!, so that MLEs of the model parameters are available.
After identification, the state variable can be computed using the
data and ML parameters. For example, with the MLE model param-
eters, expected state variables and sufficient state statistics can be
estimated through Kalman filter (Kalman 1960; Shumway and
Stofter 1981) and Rauch-Tung-Striebel (RTS) smoother recursions
(Rauch et al. 1965). As a result, subsequent gradients refer to the
conditional expectation of the log-likelihood function at the critical
point, given by Eq. (7):

G(¥)y_g = E{In[Lyy(¥)]} (7)

In summary, the difference between G(¥) and In[Ly ,(¥)] lies
in the conditional expectation of the state variable and its variances,
given the data and ML parameters. If the estimation of the state
variable and its variances is exact, the two log-likelihood functions
are identical at the critical point.

Information Metrics

This section discusses the relationship between the information
contained within a model parameter and the likelihood function,
which is determined by the curvature of the likelihood function.
The observed information matrix is the negative expectation of the
Hessian [denoted by H()] of the likelihood function at the critical
point, G = G(¥)y_4. with respect to a parameter. Eq. (8) illus-
trates the observed information for an MLE element, ¢) € ¥ = .
The Hessian is the second partial derivative of G:

0*G
1) = -l = £ |3 ] ®)
Y

The following subsections focus on the preceding relationship
to determine closed-form expected information matrices, then
parameter covariances, for four model features: observation matrix,
state matrix, eigenvalues of state matrix, and right eigenvectors
of state matrix. Derivations begin with appropriate first partial
derivatives of the expected likelihood function. Because the like-
lihood function is a scalar value, the resulting first partial deriva-
tives terms will have the same matrix dimensions as the dependent
variable, e.g., C and 9G/9C have identical dimensions just as A,
and 0G/0)\,; are both scalars. Second partial derivative terms re-
quire the derivative of a matrix with respect to another matrix; these
matrices will have dimensions larger than the dependent variable
(see Appendix V for details). To present this result in closed-form,
numerous linear algebra concepts and indexing techniques are
utilized, e.g., Kronecker product, single-entry matrix, matrix vec-
torization, or the matrix trace. For best comprehension of the math-
ematics within this paper, see Pedersen et al. (2012). Additional

details for selected derivations are provided in Appendix I.

Observed Information of Observation Matrix

Following the definition in Eq. (8), the information for the obser-
vation matrix C is straightforward:

2
umz—ﬂmmhvf[aG} )

ococT

The derivation of the observation matrix information begins
with the first partial derivative of the expected likelihood function
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G. Using the symmetry of R and R™!, the resulting partial deriva-
tive G/0C is a first-order sensitivity matrix with size O x S:

1 & 8 TR-1
_:_E _C yk_CXk) R (yk_CXk)]}

_ _%Z —2R(E[y;x]] — CE[x;x]])
=1

=Y R (E[yxf] - CE[x,x]])

K

K
R™! ZEYka 1CX:E[)(,J({] (10)

k=1 k=1

The first line of Eq. (10) comes from the expected value of the
sixth term in Eq. (6); the second line follows directly from Eq. (88)
in Pedersen et al. (2012). For the Hessian with respect to the ob-
servation matrix, the derivative of 9G/0C must be determined with
respect to each element of the observation matrix:

G 0 R K S K .
m_acij ZE[Yka]_ CZE[xkxk]

k=1

R-150%S ZE[xkxk (11)

where SOXS is an O x § single-entry matrix [a matrix with zeros
everywhere except unity at entry ij (Pedersen et al. 2012)] repre-
senting the derivative of the observation matrix with respect to one
of its entries. The following Hessian is constructed by calculating
Eq. (11) for every element of the observation matrix, producing
Eq. (12):

T 82G PG PG 7
i ’G PG :
>rG 9C,,0C;; 0C»IC;, '
= 21 i 22 i 12
aCaC;, ! ! (12)
762G e 782

Next, the preceding element-wise derivative matrices are vector-
ized and become the columns of the OS x OS full Hessian (block)
matrix (where OS is the product of O and S), 9*G/(0CACT),
in Eq. (13). When vectorized, each ij row-column coordinate is
mapped to a row-wise linear index (Eddins and Shure 2001),
ie., vec[0?G/(9CACL)] for L = 1,2, ..., 0S:

PG (o PG N oo PG N e PG
dCaCT — dCacC, dCaC, 9CAC o

(13)

Alternatively, because both the state and the observation error
covariance are real, this Hessian can be expressed simply using the
Kronecker product:
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BCBCT ZEXka I)T (14)

Finally, the observed information of the observation matrix is
obtained:

G ] (15)

1) =-£ [acacf

Observed Information of State Matrix

The state matrix information follows from the definition in Eq. (8):

2
I(A) = —E[H(A)] = —E {%}

(16)

The first partial derivative of the likelihood function with respect
to the state matrix is given in the following, utilizing symmetry of
input covariance, Q and Q~!. Then, the second partial derivative is
computed, obtaining the likelihood Hessian with respect to the state
matrix:

9G 1 &

oA _2;£&{E[(Xk — Ax ) Q7 (3 — Axy)]}

1
2
K
=Y Q' (Elxxf_] — AE[xcix]_,])

K

QY LAY EL (17

k=2 k=2

The previous derivative is similar in form to Eq. (10): the first
line of Eq. (17) uses the expected value of the last line in Eq. (6); the
second line in Eq. (17) can be computed using Eq. (88) in Pedersen
et al. (2012):

G _ 0 Q_liE[x x7 1AZE[X x7
OAOA;;  OA,; — 1 1 X
IA &
=-Q! Aij;E[kalxlf_l]
K
=—Q7'875 > Elx;ix]_)] (18)

where SSJXS is an S x § single-entry matrix. The matrix provided in
Eq. (18) is calculated for each element of the state matrix A;; and
constitutes a block matrix element of the full Hessian:

T 9%G PG PG T
i PG PG :
G Ay OA;: OAOA,, '
= 21 i 22 i
OAOA,; ! ! (19)
¢ _ G
LOAS0A; DAs0A; |

The preceding element-wise derivative matrices are vectorized,
reindexed, and arranged as columns to form the S% x §* full
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Hessian matrix in Eq. (20). When vectorized, row-wise linear in-
dexes replace row-column coordinates, i.e., vec[0*G/(0ADA )] =
vec[0*G/(OAOA;)] for L =1,2, ..., 8%

PG [ D6 N oo PG e PG
DAOAT DADA, DADA, 9ADA,

(20)

This Hessian can further be expressed in a simpler form via use
of the Kronecker product because the states and state input covari-
ance are both real:

aZG S T T
= Exex ] ® (-Q7) (21)
OAOAT e

Finally, the observed information of the state matrix is available:

(22)

)= -e, 28]

Observed Information of State Matrix Eigenvalues

The final two subsections focus on eigenfeatures of the state matrix.
Consider the eigendecomposition of the state matrix A = I'AO,
where I' is the matrix of right eigenvectors, A is the diagonal eigen-
value matrix, and @ is the matrix of left eigenvectors (@ = I'"!).
As previously, the information of the eigenvalues of A follows from
the definition in Eq. (8):

2
I(A) = —E[H(A)] = —E[ 0°G } (23)

OAOAT

The likelihood score with respect to a state matrix eigenvalue is
a diagonal matrix because the eigenvalue matrix is diagonal:

[ oG
— 0 0 ©0
o\
oG
0 — 0 0
9G _ o\ (24)
oA .
0O 0 . 0
oG
0 0 0 —
i IXs |

In the preceding equation, the eigenvalues \;, for d =
1,2, ..., S, are the diagonal elements of the eigenvalue matrix A.
In Eq. (25), the chain rule is implemented to formulate the likeli-
hood score with respect to an individual state matrix eigenvalue
because A = f(A). The value of G /I, is a scalar, while 9G/OA
and 0A /O)\, are both N x N matrices. In matrix differentiation, the
chain rule can be expressed in many forms (Pedersen et al. 2012).
For example, the chain rule for the likelihood score 9G/d\, can be
shown as an element-wise summation of products [Eq. (25)]. Al-
ternatively, the inner product of vectorized partial derivatives or the
trace of the product of partial derivatives may be used to establish
the likelihood score with respect to a state matrix eigenvalue
[Eq. (26)]. Throughout this paper, the vectorized representation
is implemented:

8G S S
N, Zl /Zl 8>\d (25)
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oG vec oG vec 0A , OG\T 0A (26)

- . )= (=) 222

0Ny 0A 0Ny 0A ) O\
The 0G/0A term in Eq. (26), i.e., the partial derivative of like-
lihood with respect to the state matrix, has been determined in the
previous section. The partial derivative of the state matrix with re-

spect to one of its eigenvalues, the second term in the preceding
equation, is computed using the product rule:

A 0 0N o
.~ oy, TA®) =T 5 =0 =T5} 0 (27)

where OA/ON; = 8 is an § x S single-entry matrix (a matrix
with zeros everywhere except unity at the dth diagonal). The diago-
nal nature of A means single-entry matrices for nondiagonal terms
are equal to S x S matrices of zeros, i.e., 8% = 055, verifying
that OG/OA is diagonal as presented in Eq. (24). The term
OA/OA is an S? x S? block diagonal matrix containing S x S ma-
trix elements as shown in Eq. (28):

[ [STA:| 0S><S 05><S 0S><S 1
1
0A
0S><S el OS><S OS><S
O_A = {(9/\2] (28)
OA
05%S 05%S . ) 05%S

O0A
05><S OSxS 05><S el
ol

For the diagonal elements of dG/0A, the terms of Eq. (25) are
obtained through Eqs. (17) and (27):

9G X -
oy = Ve (Q—l Z Ex;xI |]—-Q'A Z E["k—l"l{—l])
d k=2 k=2
- vec(I'8550) (29)

Appendix I has a discussion on the role of Eq. (29) in the M-step
of the EM algorithm for state-space models (Matarazzo and Pakzad
2015a; Shumway and Stoffer 1982). The Hessian of G with respect
to the diagonals of A is an S x S matrix that describes the likelihood
function curvature with respect to a state matrix eigenvalue:

[ 9°G  9*G PG
ONON, ONON,  ONOAs
G 0*G .
LG 1 W W W)W : (30)
OAOAT —
PG »’G
LOXsON, OXsONs |

The Hessian entries are in terms of two diagonal elements of A,
0*G/(0X0N,), with d,h = 1,2, ..., S. The chain rule is applied
to compute 9>G/(O\;0\,), a scalar value:

9?G o [0G
YOn *aT(aT) B

Implementing the product rule and temporarily omitting the
vec() operator to simplify notation used within the definition of
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0G /0N, in Eq. (29), appropriate matrices will be vectorized after
simplification:

2 2
-G 0 <8G> 0A 0G 0°A (32)

0N, 0N, \0A ) O, T OA DN 0N,

The term 0>A/(0M\,0)\;,) = 05%5, so that only the first term of
Eq. (32) remains. The likelihood curvature with respect to state
matrix eigenvalues can be calculated via Eq. (33), thus constructing
the elements of the full Hessian in Eq. (30):

PG__ o (90) oA
INON, O, \OA ) DN,

a K
__ Y (o1 } : T
O\, (Q —2 Exic]

K
—Q'AY E[xk,lx,{_l]> 5550

k=2

K
- (_QflragXS@ > Elx; xu) rs3<se!

k=2

K
= vec (—Q*'I‘ngs@ > E[Xk_lx,il]> - vec(I'8550)
k=2

(33)

Finally, the information matrix for the state matrix eigenvalues
is obtained:

G } -

1A)=-E {m

Observed Information of State Matrix Eigenvectors

Following the definition of parameter information, the observed
information of the right eigenvectors of the state matrix is given in
the following:

(35)

I(T)=—E[H)] = — [ G }

oror’
Repeating the procedures of the previous sections, the first par-

tial derivative of the likelihood function with respect to the eigen-
vector matrix is computed:

[ 0G 0G o 0G ]
oG  0G .
g—g = |0y Oy, . (36)
9G 909G
| L' OFgs |

Each element of Eq. (36) is the likelihood score with respect to
an element of I, 8G/81‘,-_,- with i,j = 1,2, ...,S. Similar to the
eigenvalue scores, implementing the chain rule, the inner product
of vectorized partial derivative matrices is found as
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0G oG 0A
= vee <8A) - vec (8?1) (37)

The product rule is then used to expand on the second term of
Eq. (37):

OA  OA ar 00
= T'AG) = A r'A
or,, ~ ar, " A0) =g A@ T TASH

(38)

i

where OI'/0T;; = 87 is an § x § single-entry matrix with zeros
everywhere except unity at entry ij. The derivative of a left eigen-
vector element @, with respect to a right eigenvector element I';; is
formulated below using indexes r, c = 1,2, ..., S:

OF- ar;

ij ij

The corresponding block matrix 90 /I is constructed from the
following element matrices:

(00, 00, 00957
99 _ | or,; or,
or;;
005 0055
L 8F,J 8rlj h
[—0,0; —0,0; - -0,0;
-0,0, —-0,0;
_ 2ij1 2152 (40)
—05,0; o —0;0s

The column of the first term and the row of the second term in
the left eigenvector product are i and j, respectively; the row of the
first term and the column of the second term in the left eigenvector
product are defined by their location within the score matrix,
ie, 00,./0I';;=-0,0,. With all terms in Eq. (40) defined,
the evaluation of the likelihood score with respect to a right eigen-
vector element, a scalar value, is available:

OA o 00
o = A@+FAaT (41)

ij

00
. S$xS
vec (611 A® +TA L. ) (42)

t

Next, the Hessian of G with respect to a right eigenvector
element is defined as a matrix:
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[ 0°G G PG ]
or,or,, or,or,, orr,,
0*G 0*G .
G __ |\ 3r,ar,, ory,or,, : (43)
aror,,,
G G
| 9F, 6T, o 0T, |

In general, the preceding Hessian entries with respect to two
elements of I' are 9*°G/(AI;;dT,,) = d(dG/dT;;)/dr,,, with
i,j,mn=12,...,S. For calculation of the Hessian entries im-
plement the chain rule and temporarily omit the vec() operator
in the definition of 9G/dI';; to simplify notation:

&G 9 (9G oA
OT;;0,, 0T, \OA JT;

_ 0 (9G\ oA 0G o (oAN ..
~ 9r,, \OA) 9r;; ~ DA IT,,, \IT;;

The first term of Eq. (44) is expanded:

0 (0G\ 0A
o (aA) .
K
= 3T (Q ZE[kakl ‘IAZE[X,(_IXLIO
mn =2
00
(oo i)

£ SxS§ 00
(TA®) Z [xeoix]_y]( 85 A9+rAar

=-Q"!

ar mn

K
—_Q! (;sfnxnsA@ +TA Ban> k; E[x; 1 x! ]

00
SxS§
X (aij A© +TA ar,u> (45)

J

where 855 is an § x S single-entry matrix with zeros everywhere
except unity at entry mn.
The second term of Eq. (44) is expanded:

oG 0 [(0A
0AdL,, (GTJ)
K K
= <Q_1 Z Elxxj]—Q7'A Z E[Xk71XZ—1]>
k=2 k=2

0 (s 00
SXSA@ + TA
“ar,, <6” o 3Ff/)

B K
_ (Q 'Y Exx] ] -Q7'A ZE[XHX’{"])
o =2
L) 00 7o
SXSA _~ = ar..or.
) <8i.i A ar,, "™ ory or;or '"") o
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In this equation:

[-0,0, -0,0), —0,,0
0 -0,0; -0,0,
B armn
_G)Si(')jl _G)Si@js |

82911 a2@)12 82(’)15
Jaryor,, or;adr,, or,,0r,,,
2 070, 0’05,
_9e = | or;or,, or;dr,,
ar;;or,,, ' '
62®S1 82@33
o 8Fijarmn 8Fij81’,nn |

[ G')lrn@)m‘@jl =+ ®1i®_/‘11®nl

0,,0,0; +0,0,0,

L ®Sin ®ni®jl + ®Si®jn®nl

the elements of the Hessian of the left eigenvector matrix with re-
spect to the right eigenvector are constructed using the following
definition for i, j,m,n,r,c =12, ...,S:

0, _ 9 (00, 0 (
r,ar,,  or,, \dr; ) — or,,

= @rmenigjc + ®ri®jm9nc

_G)rie_jC>

(48)

Next, in application of the chain rule to 9°G/(0I';;0T,,,), the
terms are vectorized, so the result is a scalar and Eq. (45), from the
first term of Eq. (44), becomes

9 (9G\ OA

00\ &
= vec {—Q*l (s,s,,X”SA@ +TA aT) > E[xk,lefl]}
mn k=2

- vec <6§;‘5A® +TA a4 > (49)

ar;;

Similarly, Eq. (46), from the second term of Eq. (44), becomes

9G_0 (oA
DA 0T, \OT;;

K K
= vec (Q‘1 Z E[x;xi_]-Q'A Z E[Xk—lxlf_l])
=2

=2
0’0

90 96
T, jarmn> (50)

SxS§ SxS§
- vec (Sij A——+8% Aarij

Ir'A
arm n +

Finally, through combination of Egs. (44), (49), and (50),
Eq. (51) is determined:
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0,,0,0;+0,0,0, 1

0;,0,,0;5 + 00,0, |

&G 1 sSxS 00
ar.or. —Q XSA@ +TA—— E T
;0T vec { Q (ﬁmn 0+ Oan> kz:; [Xr_1 Xk—l}:|
x 00
K K
e (Q_l ZE[XkXZ"] _Q_IAZE[quXzA])
k=2 =
. xS sxs A 99 00
vee (611 Agp, tOAE HTA 6ri,-8r,,1n>
(51)

Covariance Matrices

This section relates the information matrices derived in the previous
sections to the corresponding asymptotic covariance. From ML
estimation theory, the asymptotic parameter covariance matrix is
the inverse of the parameter information matrix (King 1989):

covte) = it = (sl = {-£[ 3G} 2

Furthermore, the asymptotic parameter variances and standard
errors can be extracted from the diagonals of the covariance matrix:

var(1)) = diag[cov(v)] = diag{[/(¥)] "'} (53)
() = /diag[cov ()] =/ diag{[I(¥)] "'} (54)

In most practical purposes, ML estimates will differ from the
true model parameters. Thus, it is important to make the distinction
between true asymptotic parameter covariance, which would result
from a very large number of samples, and the estimated asymptotic
parameter covariance for finite sample sizes. The computations
are identical in form to the equations in this paper; true model
parameters are substituted with MLE, namely ) = ¢, for each
parameter.
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Parameter Variance Results

The asymptotic parameter covariance Eqs. (55)—(58) directly fol-
low from Eq. (52) when implementing the Hessian expressions
from Egs. (14), (21), (33), and (51):

o ={ e} o
wnr={el 2SN s
ow={-elGl) @
wm={-e[ZST sy

The mode shapes are computed using the observation matrix
and right state eigenvector matrix. Similarly, these estimated
parameters and their respective variances [Eqs. (55) and (58)]
are used to compute the mode shape variance. Because the mode
shape matrix is defined as the product of two random variables
@ = CT, an entry of the mode shape matrix is ®;; = C,I';, com-
puted using the ith row of the observation matrix and the jth col-
umn of the right state eigenvector matrix. The variance of the mode
shapes is constructed element-wise:

var(®;;) = var(C;)var(T';) + var(C;)(I';) + C;var(T;)  (59)

var(®,,) var(®,) var(®)
var(@) = var(®,;)  var(®y) : (60)
Var(<.I)0] ) var(®@y)

The frequency and damping ratio variances are not as simple
because they comprise nonlinear functions:

fu =20 (61)

Cn = —cos{&[In(Xy)]} (62)

Because an analytical form of these variances is desirable, the
authors initially implemented a first-order Taylor series expansion
to approximate the moments of the modal properties. However, this
approximation did not prove to be consistent with Monte Carlo
simulations; this is a result of the highly nonlinear behavior of
the logarithm function in the bounded domain of the eigenvalues
[the norm of each eigenvalue is less than 1 (Juang and Phan 2001)].
Despite this challenge, the variance of the frequencies and damping
ratios can be accurately computed after constructing their 95% con-
fidence intervals through a perturbation technique detailed in the
following section.

Asymptotic Distribution and Interval Estimation

Depending on the asymptotic distribution of the parameter, the
computed standard errors are used to construct an estimation inter-
val. Under the previously defined regularity conditions of the ML
point estimate, say a scalar estimator f/), the distribution of the MLE
is Gaussian:
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—v~N{0, [I()]"} (63)

=1~ N[O, var(y)] (64)

The distribution of the MLE is also asymptotically centered on
the true parameter because the MLE bias diminishes to zero at rate
O(K™") (Quenouille 1956):

W~ N[, var(y)] (65)

The application of Eq. (63) to the elements of the observation
and state matrices is a logical extension of ML theory. It is clear that
all six model parameters are governed by this theory, but does this
apply to the eigenvalues and eigenvectors of the state matrix? This
paper demonstrates that the eigenvalues are also MLEs and are
therefore asymptotically normal (see Appendix I for details). At
this point, the eigenvectors were assumed to also be asymptotically
normal and this assumption was verified through Monte Carlo sim-
ulations. Finally, with o(¢), the 1 — « confidence interval is con-
structed as

{2} =+ Zl—a/Zg(d}) (66)

The general expression Eq. (66) is extended to the multivariate
parameter case using the vec operator, the parameter covariance
matrices of the previous section, and the definition of standard
deviation [Eq. (54)]:

vec(A) £ Z_q/2VeC [o(A)] (67)

N

vee(®) + z,_, jpvec[o(D)] (68)

Confidence intervals for each frequency and damping ratio can
be accurately computed through perturbation of the eigenvalue
from the MLE as shown in Eqs. (69) and (70); the following
intervals have been verified to be within 1% of Monte Carlo
simulations:

FraFord = ol % 21_oya0(A)] (69)
[CoeCur] = —cos(&{In[A; £ 21020 (Ag)]}) (70)

If variances are desired for frequencies or damping, the limits
of the interval can be rearranged to solve for the standard errors
directly:

S izlfa/ZU(fn) = [JACLLJACUL] (71)
Cn + Zl—a’/Zg(Cn) = [ELLéUL} (72)
m @ — p,t)
k
" > Pt s {,=1.00%
k . m=10=5 ¢ 100%
m 5 . — [
— Cagq ki (=1.00%
k k=300 %) =100%
m — p,(1)

Fig. 1. Four-story shear structure, structural properties, damping, and
loading
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Table 1. True Frequencies, Gaussian ML Results, Bootstrap Statistics, and Relative Deviation

Gaussian ML: 7. o(f,)

Bootstrap stats: f7;, o(f75)

True value Estimate and Standard Mean and Standard Relative deviation
(Hz) 95% confidence interval deviation 95% confidence interval deviation o(fE)/a(f,)
f1 =0.9574 0.9594 £+ 0.0021 0.0011 0.9592 £+ 0.0055 0.0028 2.6

fa =2.7566 2.7566 £ 0.0136 0.0069 2.7568 £0.0103 0.0052 0.8
f3=4.2234 4.2239 + 0.0087 0.0045 4.2240 £ 0.0133 0.0068 1.5
fa=15.1808 5.1778 £ 0.0031 0.0016 5.1783 £ 0.0135 0.0069 4.4
Application In ML estimation, bootstrapping is especially favorable for models

This section implements tools developed throughout the first three
sections in a practical system identification application. The iden-
tification of a four degree-of-freedom (DOF) shear structure,
documented in Fig. 1, is considered for illustration. Closed-form
Gaussian ML (GML) parametric variances and confidence bounds
are compared with those approximated through nonparametric
Monte Carlo bootstrapping.

Monte Carlo Bootstrap

Bootstrap methods have become a popular strategy for estimating
the bias and variance of desired statistics, in this case model param-
eters, due to their broad applicability and ease of implementation.
Efron (1979) introduced the bootstrap as a generalized version of
the Quenouille-Tukey jackknife (Quenouille 1956), of which an
informative review is available from Miller (1974). Bootstrapping
methods are an effective alternative to closed-form variance estima-
tion and have vast applications in time series problems (Efron and
Tibshirani 1986; Masset 2008; Pakzad et al. 2009).

Furthermore, bootstrap results contain desirable asymptotic
properties, e.g., when the number of Monte Carlo simulations and
the number of samples become very large, the bootstrap estimator
is equivalent to the ML estimator (Bickel and Freedman 1981).

Table 2. Closed-Form Gaussian ML and Bootstrap Asymptotic 95%
Frequency Confidence Intervals

Gaussian Bootstrap
ML stats
FiL For Gur—fo) (%) fiL for (Fo—fiD (%)
Mode (Hz) (Hz) fn (Hz) (Hz) fn
1 0.9573 0.9615 0.44 0.9538 0.9647 1.1
2 2.7431 2.7702 0.98 2.7466 2.7670 0.74
3 42151 4.2326 0.42 42106 4.2373 0.63
4 5.1747 5.1809 0.12 5.1648 5.1918 0.52

involving complex likelihood functions, for which closed-form
derivatives are arduous or impossible. Bickel and Freedman (1981)
provided additional properties of the bootstrap estimator.

The application in this section follows the approach for boot-
strapping the Gaussian ML estimator for the state-space model that
is presented by Stoffer and Wall (1991). A bootstrapped dataset is
generated by resampling the original data with replacement and
corresponding perturbations in the model parameters are recorded.
The procedure is repeated a large number of times, computing
equivalently many bootstrap data realizations from which the true
distribution of the MLE is estimated by the distribution of the boot-
strapped model parameters.

ML Identification of a Four-Degree-of-Freedom Shear
Structure

The four DOF shear structure shown in Fig. 1 is identified using the
output-only STRIDE algorithm. The shear structure has four natural
frequencies under 6 Hz and 1% damping ratios for all modes. A suc-
cessful identification of this structure includes accurate frequency,
damping, and mode shape estimates. The goal of this application
is to compute closed-form sensitivity metrics of ML estimates and
compare to bootstrap estimates. The structural response of the shear
structure was simulated through the theoretical state-space model
for a structural system (Juang and Phan 2001). More specifically,
the model observations were noisy story accelerations, driven by
an independent and identically distributed random input, i.e., n,~
N(0,Q) and v, ~ N(0,R), with Q o< I¥® and R oc I,
STRIDE (Matarazzo and Pakzad 2015a) is an iterative output-
only method for modal identification which embeds the EM algo-
rithm (Rubin et al. 1977). STRIDE determines ML estimates of a
model through maximizing the conditional expectation of the like-
lihood function. The algorithm begins with initial parameter esti-
mates for model parameters that are updated at each iteration in a
manner that guarantees an increase in the conditional likelihood
function (Rubin et al. 1977; Wu 1983). A slope threshold 6 is uti-
lized to determine when the conditional expectation of the likeli-
hood function has practically attained its maximum value. For a

Table 3. True Damping, Gaussian ML Results, Bootstrap Statistics, and Relative Deviation

Gaussian ML: &n,o(én)

Bootstrap statistics: &, o((F)

True value Estimate and Standard Mean and Standard Relative deviation
(%) 95% confidence interval deviation 95% confidence interval deviation o(Ch)/o(C,)

¢; = 1.0000 0.6958 4+ 0.3949 0.2015 0.8067 % 0.6099 0.3112 1.5

¢, = 1.0000 0.9256 + 0.0604 0.0308 0.9673 +0.3732 0.1904 6.2

(3 = 1.0000 1.1154 £ 0.1586 0.0809 1.1389 +0.3277 0.1672 2.1

¢4 = 1.0000 0.9675 +0.1337 0.0682 1.9834 +0.2804 0.1431 2.1
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given data set and model order, smaller slope thresholds are con-
ducive to higher likelihood values at convergence and yield smaller
parameter variances because the corresponding critical point is
technically a superior MLE.

Theoretically, the absolute maximum in the likelihood function
ensures an unbiased, consistent, and efficient estimate (Gupta
and Mehra 1974), while the EM algorithm may not necessarily
converge to this point. The conditional likelihood in EM converges

Table 4. Closed-Form Gaussian ML and Bootstrap Asymptotic 95%
Damping Confidence Intervals

monotonically, from below, to some maximum value of the se-
quence, so if this likelihood has several maximums and stationary
points, the choice of starting point determines the type of point to
which the EM sequence will converge. Thus, for a successful EM
implementation, it is important to choose a good starting value
as incorporated in the development of STRIDE (Matarazzo and
Pakzad 2015a).

The observed data consisted of 2,000 samples at 12 Hz.
STRIDE was implemented at minimum model order two (p = 2)
with default slope threshold § = 5 x 10~ to obtain the MLE of the
superparameter. Various equations presented in this paper were
computed at these MLEs to determine information and covariance
metrics. The results that incorporate the MLE with these equations

Gaussian Bootstrap will be henceforth denoted as GML.
ML stats The bootstrap consisted of 1,000 Monte Carlo simulations of the
R A procedure presented in Stoffer and Wall (1991). In this approach,
Mod CL;L %L (Cor =) (%) o Cu—Gu) (%) the standardized innovation sequence is sampled K times without
ode ) (o) Cn Ce Cue G replacement to produce bootstrapped observations. With these
1 0.3009 1.0895 79 0.1968 1.4166 122 observations and the superparameter fixed at the MLE from
2 0.8652 0.9891 12 0.5940 1.3405 75 STRIDE, the state-space model is complete. Finally, the likelihood
3 09570 1.2740 32 0.8112 1.4666 66 is constructed and a bootstrapped superparameter can be computed
4 0.8343 1.1012 27 0.7030 1.2638 56
for each Monte Carlo run; these bootstrapped superparameters
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Fig. 2. Precision of (a) first frequency estimate; (b) second frequency estimate; (c) third frequency estimate; (d) fourth frequency estimate: bootstrap
histogram, bootstrap Gaussian fit probability density function (PDF), Gaussian ML PDF, Gaussian 95% confidence intervals, and true values; boot-
strap cumulative distribution function (CDF) and Gaussian ML CDF; quantile-quantile (QQ) plot for bootstrap
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represent a sample of the true parameter population in ML estima-
tion. It is expected that the variances and confidence intervals ob-
tained through closed-form formulas will be smaller than the
bootstrap results.

Discussion

Tables 1 and 2 provide 95% confidence intervals and compare natu-
ral frequency results. True values, MLEs, GML standard errors,
bootstrap means, and bootstrap standard errors are presented. First,
all four true frequencies are enclosed within both GML and boot-
strap confidence bounds. Second, in most cases, GML standard
errors are considerably smaller than bootstrap standard errors; this
result is most evident from the last column of Table 1. As a result,
GML confidence intervals are tighter than bootstrap confidence
intervals. The second frequency is the exception, where the GML
variance is slightly larger than that of the bootstrap.

Tables 3 and 4 are analogous to Tables 1 and 2 for damping
ratios. In general, the GML damping ratios are two orders of mag-
nitude less precise than GML frequency estimates. Nevertheless,
true damping values are included within the GML (the second
mode is on the boundary) and bootstrap confidence bounds. How-
ever, bootstrap standard errors are overall noticeably larger than
those from GML. For example, consider the second damping
ratio in row two of Table 3, in which the GML has nearly six
times the precision of the bootstrap. In short, the formulas in this
paper are superior to bootstrapping for estimating MLE damping
precision.

Figs. 2(a—d) provide detailed comparisons between GML and
bootstrap results for each frequency estimate. The top panel of each

figure superimposes the asymptotic GML probability density func-
tion (PDF) over bootstrap histograms and a bootstrap Gaussian fit.
GML confidence bounds and the true value are also indicated in
this subplot. In the four top panels, the GML PDFs generally have
lighter tails than the bootstrap PDF. The middle panel of these fig-
ures shows the GML cumulative distribution function (CDF) and
bootstrap CDF. GML and booststrap medians are nearly coincident
for all frequencies. The bottom panel displays a QQ plot for the
bootstrapped frequency estimates and demonstrates that the nor-
mality assumption is valid. Figs. 3(a—d) show QQ plots for the
bootstrapped damping estimates. The drifting tails in these plots
indicate that the normality assumption is not valid for damping,
at least for the sample size considered.

Fig. 4 shows the true mode shapes for the shear structure
with superimposed GML and bootstrap estimates and confidence
bounds. After identification, the mode shapes were scaled so that
the absolute value of the maximum ordinate was equal to 1, purely
for convenient presentation. MLE mode shapes were identical to
the true mode shapes. Bootstrap mode shape estimates were biased
and had larger confidence intervals, and therefore less precision
than MLE. To reiterate, the equations in this paper are applicable
to complex mode shapes. Although the mode shape covariance ma-
trix is complex, in this application, the computed complex values
were practically zero.

Overall, the GML results are consistent with ML theory, with
confidence bounds that enclosed the true values and lower param-
eter variances than those estimated by bootstrapping. As the sam-
ple size becomes very large, both GML and bootstrap variance
estimates approach the Cramér-Rao lower bound; for finite sam-
ples, the tools presented in this paper provide valid estimates of
precision.
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Fig. 3. QQ plots for bootstrap results for (a) first mode damping; (b) second mode damping; (c) third mode damping; (d) fourth mode damping
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Fig. 4. Bootstrap mode shapes with 95% confidence intervals, Gaussian MLE with 95% confidence intervals, and true values

Conclusion

This paper presented a set of sensitivity metrics to be used along
likelihood-based modal identification methods. The closed-form
partial derivatives of the likelihood function are directly related
to observed information and variance expressions for discrete-time
stochastic state-space model parameters. Derivatives were provided
for the observation matrix and the state matrix as well as eigenval-
ues and eigenvectors of the state matrix. Standard error formulas
and confidence intervals were constructed for natural frequencies,
damping ratios, and mode shapes by implementing asymptotic
characteristics of ML estimators. While the equations supplement
the STRIDE modal identification algorithm, they are applicable to
modal identification techniques formulated within the state-space
model.

An application to structural modal identification compared
closed-form asymptotic parameter metrics to Monte Carlo boot-
strap estimates. For frequency estimates, Gaussian ML PDFs
showed lighter tails than bootstrap histograms and Gaussian fits
indicating a lower estimation uncertainty. Closed-form 95% confi-
dence bounds for the frequency and damping ratio included modal
properties. The normality assumption for asymptotic frequency dis-
tribution was validated; however, this assumption did not hold for
damping estimates. It was demonstrated that damping ratio stan-
dard errors were better represented by the MLE formulas than
by bootstrapping. MLE mode shapes were coincident with the true
values while bootstrap means were biased.

Appendix I contains a brief proof that eigenvalues for an MLE
state matrix are also MLEs. This follows directly from the state
matrix M-step of the EM algorithm because it simultaneously equa-
tes the first derivative of the likelihood function with respect to an
eigenvalue to zero. This paper applied ML theory to establish a
better understanding of how modal parameters estimated through
ML may differ from their true values. The precision of MLE was
demonstrated to be higher than bootstrapping while still enclosing
the true values. In short, the asymptotic advantages of MLEs are
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distinct and valuable, further supporting ML methods for structural
modal identification.

Appendix I. Note on the M-Step Update Formula for
EM in the State-Space Model

Recall the first derivative of the conditional likelihood with respect
to an eigenvalue of the state matrix:

G K K
7 — vec (Q_1 Z Ex;x_|]—Q'A Z E[xk_lx,il]>
0Ny ~
- vec(I'8550) (73)

In the EM algorithm, M-step parameters are chosen to optimize
the likelihood function by equating the first partial derivative to
Zero:

=0 (74)

The M-step update formula for the state matrix satisfies Eq. (75)
(Matarazzo and Pakzad 2015a):
oG K K
A Q! ZE[kaz—l] -Q'A Z Elxeixi_] =0 (75)
k=

2 k=2

In consideration of the eigendecomposition of a matrix to be
solely a function of the matrix, the state matrix eigenvalues are
purely a function of the state matrix, i.e., A = A(A), I =T(A),
and ® = O(A). Eq. (75) also satisfies dG/0\, = 0. Through
maximization of the likelihood in terms of the state matrix, the like-
lihood is also optimized with respect to the state matrix eigenval-
ues. In other words, the eigenvalues of an ML state matrix estimate
are also MLE, and thus these eigenvalues share the asymptotic ad-
vantages of ML estimators.
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Appendix Il. State-Space Model Parameters,

Features, and Other Terms

Appendix IV (Continued.)

Matrix Size Description Element
Matrix Size Description Element oG §x.§  First partial (score) of G 9G
- - or with regard to I' or;.
o Scalar Observation size — G o (';j
S Scalar State-space size — - S xS  First partial (score) of G
G Scalar Conditional — 00 with regard to © 00,
i - 0G G
fi)l((gfichtsggnﬂ?rfclt?ogn A S xS  First partial (score) of G gT
: i d
C O x S Observation matrix C; :lggi)r(egard 0 A; diagonal
i . 0A 0A;;
A §x§ State mawix Ajj Sx S First partial of A with i
r S x S Eigenvector matrix of L Oy t to ei lue A Oy
state matrix respect to eigenvalue A,
. 0A i 0A
0 S x S Inverse eigenvector 0 vec (—) $2x 1  Vectorized — —t
matrix (left O 0 OAq
. oA 0A;; A
eigenvectors) §xS  First partial of A with i = { 0 }
A S x § Diagonal eigenvalue A 17) . regard to eigenvector o) I (o) I ij
matrix; lowercase for element T
diagonal element A " OA
Q S xS Structural loading Q;; vec (8T> S$2x 1 Vectorized ar 8—I‘L
covariance r m P
Y Exexiy] S S Sum of mean square  [3CE E[xixi_];; or Sx S First partial of right oL _|or
statistics for states at 12) Q- eigenvector matrix with 2) P 1) Uy
. , times k and k — 1 . , 96 regard to T, 20, 2
Yoict Expixiy] S xS Sum of mean square  [> ;¢ ; E[x;1x;_]];; Sx S  First partial of left i _
statistics for states at [2) . cigenvector matrix with ar,,, (0] Y. ij
times k — 1 and k — 1 regard to T
§fxC R x C Single-entry matrix: (8751 -

zeros everywhere,
except entry mn has
unity

Appendix V. Second Partial Derivative Terms: Block

Matrices, Vectors, and Elements

Appendix lll. Index, Subscript, and Dimension Matrix Size Description Element
Descriptions PG 0S x OS Second partial (Hessian) of G PG
o9COCT with regard to C dCaC,;
Index Description 2G 2 ’G
OS x1  Vectorized —
i Row subscript vee <8C3CP) ectorize dCaC;; dC.0Cp
J Column subscript 0*G ) ) 9°G
m Alternate row subscript T §2 x 82 Second partial (Hessian) of G
P! 0AOA ith dto A OAOA,;;
n Alternate column subscript o with regar t‘gz 22
L Linear index subscript Vec( G ) 2% 1 Vectorized G G
P Alternate linear index subscript OAOAp OAOA;; OA [ OAp
d Diagonal subscript 9*G ) ) 892G
h Alternate diagonal subscript arar,, §xS§  Second partial (Hessian) of G ar, ar,.
r Second alternate row subscript , with regard tozl" and I, ! ,
c Second alternate column subscript G 2 . 0°G 9°G
— S x 1 Vect d ——
R Alternate row size vee (ararp * ectonzes srear,, ar, ar,
C Alternate column size G PG
(] Matrix LA §%2 x 82 Second partial (block { STET }
(i Alternate notation for matrix element at row i, column j Hessian) of G with regard to r
k Time-step subscript I'; columns are
K Total number of time samples vee >G
ororp
G 2
AN SxS Second partial (Hessian) of G Bf—g)\
Appendix IV. First Partial Derivative Matrices, ! with regard to A and A; o
Vectors, and Elements 26 zeros for entries with h # d 6
vec <m> Sx1 Vectorized diagonals of VN
Matrix Size Description Element h ’G A%
oG Oxs First partial (score) of G oG o2 OAON, )
- « ! G
oc with regard to C 9C;; SxS  Second partial (block { oG }
9G 9G OAIA Hessian) of G with regard to~ L0A0M
e S§x S  First partial (score) of G essian) of G with regard to
0A with regard to A 8Aij the diagonals of A; columns
G
. 0G 7
vec (8£> §?x 1  Vectorized A ;AG are vec (3 AD )\h>
OA L Note: Block matrix elements are encapsulated with brackets, e.g., [].
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