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Abstract Standing wave solutions of coupled nonlinear Hartree equations with nonlocal
interaction are considered. Such systems arises from mathematical models in Bose—Einstein
condensates theory and nonlinear optics. The existence and non-existence of positive ground
state solutions are proved under optimal conditions on parameters, and various qualitative
properties of ground state solutions are shown. The uniqueness of the positive solution or the
positive ground state solution are also obtained in some cases.
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1 Introduction and main results

In the present paper we study the coupled nonlinear Hartree equations with nonlocal inter-
action in the following form:

2 2
—Au—i—k]u:pL(/ u(y)dy>u+ﬁ</ v(y)dy>u, x € R3,
R3 |x — ¥l R3 |x — ¥l

2 2
—Av—i—)»zv:v(/ vy dy)v—i—ﬁ(/ uy) dy)v, x € R3, (-1
R? |x — ¥l R? |x — ¥l

u,v e HI(R3),
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where Aq, Az, i, v > 0, and B € R is a coupling constant describing attractive or repulsive
interactions.

The consideration of (1.1) is motivated by recent studies on the nonlinear Schrédinger
equation (NLSE)

1
ios =5 AV VY =yl (12)

The NLSE is a canonical way of studying the nonlinear wave propagation in various physical
situations such as nonlinear optics and quantum physics. But in many situations the nonlinear
interaction can be of nonlocal nature.

For example, for identical and non-relativistic basic particles (such as bosons or electrons)
under the influence of an external potential and also two-body attractive interaction between
two particles, the condensate in the mean field regime is governed by the nonlinear Hartree
equation (see [16,17,19,20])

0 1
iailtp:_EAW+VI/I_X(C(X)*|¢|2)1//, x e R (1.3)

Here  is a radially symmetric two-body potential function defined in R3 and % denotes the
convolution in R?. The most typical external potential is the Coulomb function C (x) = |x|~ 1.
(1.3) is also used in the description of the Bose—Einstein condensates, in which V is the
trapping potential and the nonlocal term describes the interaction between the bosons in the
condensate [13,45,49]. When V = 0, (1.3) is also known as nonlinear Choquard equation
[27,32,37], and the Eq. (1.3) with V = 0 also arises from the model of wave propagation in
a media with a large response length [1,23].

With the recent experimental advances in multi-component Bose—Einstein condensates
[4], systems of coupled nonlinear Schrodinger equations or Hartree equations have been
the focus of many recent theoretical studies. The two-component nonlinear Schrodinger
system with nonlocal Hartree type interaction can be written in the following form(see
[62]):

0D h2 2 2 3
v +Vix)®) = ﬂA@ + u(Cx) * |[@1]9)D + B(C(x) * |P2|7) Py, x € R,
9Dy K2 ) ) ;
v +WVa(x)Pr = %A% +v(C(x) * |P2|7) Py + B(C(x) * [P1]7)P2, x € R,

S =d;(x,1)eC, O;(x,1) =0, as|x|—>o0,t>0, j=1,2,

(1.4)
where i is the imaginary unit, m is the mass of the particles, 7 is the Plank constant,
un,v > 0,and B # 0 is a coupling constant which describes the scattering length of the
attractive or repulsive interaction, V;(x) and V,(x) are the external potentials, and C(x) is
the response function which possesses information on the mutual interaction between the
particles.

The system (1.4) can also arise from the studies of nonlinear optics. Physically, the solution
®; denotes the i-th component of the beam in Kerr-like photorefractive media. Experiments
have showed the existence of self-trapping of incoherent beam in a nonlinear medium [40,41].
Such findings are significant since optical pulses propagating in a linear medium have a natural
tendency to broaden in time (dispersion) and space (diffraction). In the context of optical
propagation, ®; in (1.4) denotes the i-th component of the beam in Kerr-like photorefractive
media; the positive constants 1, v indicate the self-focusing strength in the component of the
beam; and the coupling constant § measures the interaction between the two components
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of the beam. The sign of B determines whether the interactions of states are repulsive or
attractive.
A standing wave solution of (1.4) is a solution of the form

(@16, ), Dax, 1) = (7 F U0, e F o)), v e HI(RY). (1.5)
Substituting (1.5) into (1.4), and renaming the parameters by

2

&= ;—m, M) =Vi(x) —E and A1(x) = Va(x) — E, (1.6)

we obtain the following semilinear elliptic system with nonlocal nonlinearities:

—2Au + M (u = w(C xudu + B(C xvHu, x € R3,
—&2Av 4+ 2 (x)v = v(C * vH)v + B(C xu?)v, x € R3, (1.7)
u,v e HY(RY).

Similar systems of equations are also considered in the basic quantum chemistry model
of small number of electrons interacting with static nucleii which can be approximated
by Hartree or Hartree—Fock minimization problems (see [24,29,34]). The Euler-Lagrange
equations corresponding to such Hartree problem are

2
us (y)
— Aui + V(@ui + Y / I dy  ui +eiu; =0, xeR3, 1<i<k, (1.8)
— \Jr3 |x =yl
J#i
where k € N, V (x) describes the attractive interaction between the electrons and the nucleii,
the integral term shows the repulsive Coulomb interaction between the electrons, and —e¢;
are the Lagrange multipliers. As pointed out in [34], very often restricted Hartree equations
are considered where some of the u; are taken to be equal. For example, when k = 2 and
uy| = uy, then (1.8) is reduced to a scalar equation

(5501 e
—Au+Vx)u+ dylu+eu=0, xeR". (1.9
R3 [X — ¥l

The solutions of (1.9) were considered in, for example, [18,33,34]. We notice that in (1.8),
the interaction between electrons is repulsive while the one in (1.3) is attractive. When k = 4,
u1 = up and u3 = ug, then we also obtain (1.7) with Coulomb potential.

If the response function is a Dirac-delta function, i.e. C(x) = &(x), then the nonlinear
response is local and it has been more extensively considered in recent years. In this case, the
system (1.4) arises in the theory of Bose—Einstein condensates in two different hyperfine states
[1) and |2) (see [15,53]), where ®| and &, are the corresponding condensate amplitudes.
The standing waves corresponding to (1.7) in this case becomes a semilinear elliptic system
with local nonlinearities:

—&2Au+ M (x)u = ,uu3 + ﬂvzu, x € R3,
—2Av + 2 (X)v = vv3 + Buv, x € R3, (1.10)
u,ve H' ®RY.

The existence, multiplicity and concentration of positive solutions of (1.10) have been the

subject of extensive mathematical studies in recent years, for example, [3,5,6,11,12,14,22,
30,31,35,36,38,42,48,50-52,56,58] and references therein.
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In this paper we consider the system (1.7) with a response function of Coulomb type
C(x) = |x|~!. Thatis

2 2
—szAu—i—M(x)u:,u,(/ v ) dy)u—f—ﬂ(/ vy dy)u, x € R3,
R3 [X — ¥l R3 |x — ¥l

2 2
—szAv—{—/\z(x)v:v(/ v () a’y)v—i—,B(/ u () dy)v, x € R3.
R? X — ¥l R? |x — ¥l
(1.11)

The system (1.11) was recently considered in [62]. Under some conditions for the potential
function A;(x), i = 1, 2, the existence of a ground state solution of (1.11) for & > 0 small
and B > O sufficiently large was proved. Here we are concerned with the case A;(x) = A; =
constant. Without loss of generality we assume that ¢ = 1, then (1.11) reduces to (1.1). Our
goal here is to prove the existence of positive ground state solutions of (1.1) for all possible
range of coupling constant B, and our work is mainly motivated by [51] for the corresponding
results in the local case with C(x) = §(x).

Forany B € R, the system (1.1) possesses a trivial solution (0, 0) and a pair of semi-trivial
solutions with one component being zero. These solutions have the form (U, 0) or (0, V),
where each of U and V is the positive radial solution of

2
—Aw—l—aw:r(/ W) dy) w, we H' R, (1.12)
R |x — ¥l

with (0, 7) = (A1, ) for U, and (o, t) = (A2, v) for V respectively. It is well known
that (1.12) is related to the stationary solution of Choquard equation (see [27,29,32,37]).
Also (1.12) was introduced by Penrose in his discussion on the self gravitational collapse
of a quantum mechanical wave-function (see [46,47]). The Eq. (1.12) is also called the
Schrodinger—Newton equation [54,59]. According to [27,37], we know that (1.12) has a
unique positive solution w,., € H'(R?) that is radially symmetric for any o, T > 0.

We look for solutions of (1.1) which are different from the preceding ones. A solution
(u, v) of (1.1) is nontrivial if # # 0 and v # 0. A solution (u, v) withu > O and v > 0
is called a positive solution. A solution is called a ground state solution (or positive ground
state solution) if its energy is minimal among all the nontrivial solutions (or all the positive
solutions) of (1.1). Here the energy functional corresponding to (1.1) is defined by

L, (U, v) = % \/]RS [|Vu(x)|2 + )\.11,{2()() + |Vv(x)|2 + )\zvz(x)] dx

B l/ / pu? ()u? (y) + 2Bu? (x)v*(y) + Uvz(x)vz(y)d
4 Jr3 Jr3 lx — ¥l

(1.13)
xdy,

for (u, v) € E = H'(R3) x H!(R?). Note that if we consider our problem in the subspace
of radially symmetric functions E, = H! (R®) x H!(R?), where H!(R3) = {u € H'(R?) :
u is radially symmetric}, then we say that (u, v) € E, is a radial ground state solution (or
positive radial ground state solution) if its energy is minimal among all the nontrivial radial
solutions (or all the positive radial solutions) of (1.1).

First we state that when the coupling constant 8 is positive, then a positive solution of
(1.1) is necessarily radially symmetric.

Theorem 1.1 Assume that jt, v, A1, A2 > 0, and > 0, then every positive solution of (1.1)
is radially symmetric and decreasing in radial direction.
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The proof of Theorem 1.1 is based on the celebrated moving plane method for cooperative
integral-differential equations (see [10,37]). For the local interaction case (1.10), this property
is well-known (also for the cooperative case 8 > 0), see [7]. On the other hand, it is also
known that when 8 < 0, a positive solution of (1.10) may not be radially symmetric, see
[5,36]. For the existence and nonexistence of positive (ground state) solutions of (1.1), we
have the following main results.

Theorem 1.2 Assume that i, v > 0 and ko > A1 > 0 are fixed.

(i) Let xo be the smaller root of the equation

5 5
ATEQ = ATH)yE = (w1 +v)y + pv =0, (1.14)

where
3 _3 A2
m1=A%p, vy =2A" 4y, andk:)\—l. (1.15)

If —o0o < B < xo, then (1.1) possesses a positive radial ground state solution z € E,.
Moreover, if 0 < B < xo, then 7 is also a positive ground state solution.

(ii) If B > max{A2p, A%v} = A% max{u1, v1}, then (1.1) possesses a positive radial ground
state solution which is also a positive ground state solution.

(iii) If B € [v, u] and v < p, then (1.1) has no positive solution.

(iv) For B € (—o0, x0) U (max{A2p, A%v}, o0), there exists M = M (i, v, A1, L2, B) such
that any positive ground state solution (u, v) of (1.1) satisfies ||u]loco + |V]co < M.

In part (i) of Theorem 1.2, the existence of positive radial ground state solution is shown
for B < xo. Indeed we can prove the existence of positive radial ground state solution
for B € (—o0, x1) where x; > xo defined above (see Lemma 2.7), but the expression
of x is more complicated so it is deferred to Sect. 2. In Sect. 2, we will also show that
X0 < x1 < min{u, v1}. Note that § € (—oo, x1) covers all negative 8 value, which
corresponds to the repulsive interaction case. For the repulsive case, whether the ground
state solution is radially symmetric is still not known as the method in Theorem 1.1 requires
B > 0. On the other hand, for the attractive case 8 > 0, any positive solution is necessarily
radially symmetric from Theorem 1.1, hence any ground state solution must be radial.

In the special case of A; = Xy, the ground state solution of (1.1) can be constructed
from the solution of the scalar equation (1.12), and a more explicit expression of the positive
ground state solutions can be obtained as follows.

Theorem 1.3 Let w € H'(R3) be the unique positive solution of (1.12) witho = 1 = 1.
Assume that .| = A».

(i) If B € (0, min{u, v}) U (max{u, v}, 00), then (\/xw, Vew) is a positive ground state
solution of (1.1), where k > 0 and £ > 0 satisfy

uk +pBL=1, Bk +vl=1. (1.16)
(ii) If B € [min{w, v}, max{u, v}l and p # v, then (1.1) does not have a positive solution.

Some remarks on these results are in order:

1. It is easy to see that the conditions in Theorem 1.2 reduce to the ones in Theorem 1.3
when A = Ap/A; = 1. While there is a gap between the existence and nonexistence
ranges of B for A # 1 in Theorem 1.2, the B-range for the existence and nonexistence
of solution when A = 1 is optimal.
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2. In the proof of Theorems 1.2-1.3, the main difficulty is to exclude the semitrivial solu-
tions of (1.1). In the local case, many work overcome this difficulty by using different
variational methods, for instance, see [3,5,6,11,12,14,22,30,31,35,36,38,42,48,50—
52,58] and references therein. In the nonlocal case, some ideas of the papers [30,31,51]
can still be adapted to our case. However, many difficulties arise due to the presence of
the non-local terms, some new techniques and a more careful analysis of the interaction
depending on parameter 8 are required for the proof given here.

3. To the best of our knowledge, Theorems 1.2—1.3 are the first rigorous results for the
existence of nontrivial solution of (1.1). These existence results of (1.1) could play an
important role in studying singular perturbation problem of (1.1) as in [62]. Results in
this nature for the local case (1.10) have been proved in [30,51]. For example, in [51,
Theorem 2], the existence of a positive radial ground state solution was also shown
under a similar assumption as in Theorem 1.2 (i).

For the uniqueness of positive solution or positive ground state solution of (1.1), we have
the following results.

Theorem 1.4 Suppose that L1, Lo, i1, v > 0 are fixed.

(i) There exists By > O such that if 0 < B < Bo, up to a translation, (1.1) has a unique
positive solution (ug, vg), which is radially symmetric and decreasing in the radial
direction, and is non-degenerate in E,. Moreover as f — 07, (ug,vg) — (uo, vo)
strongly in E,, where (ug, vo) is the positive ground state solution of (1.1) with B =0
and same center.

(ii) When Ay = Ao, if 0 < B < min{u, v} or B > max{u, v}, then (\/xw, lw) is the
unique positive ground state solution of (1.1) up to a translation.

The first uniqueness result in Theorem 1.4 is of perturbation nature. At 8 = 0, the non-
degeneracy of the positive ground state solution is reduced to that of the scalar equation
(1.12), and we follow the approach in [21,43,55] to prove the non-degeneracy. Together with
the a priori estimate in Theorem 1.2 part (iv), the uniqueness of the positive solution can
be shown. The second uniqueness result in Theorem 1.4 takes advantage of A1 = X,. The
uniqueness of positive solution or positive ground state solution for other cases is still open.
For the local interaction case, the uniqueness of positive solution of (1.10) when A} = A,
and 8 > max{u, v} was proved in [60]. More partial uniqueness results for the case that
B € (0, min{u, v}) and A1 = X, in the local interaction situation were also proved in
[11,12,60]. On the other hand, the uniqueness of positive solution of (1.12) was proved in
[27,37]. We conjecture that under the conditions of (ii) of Theorem 1.4, (\/kw, Jew) is the
unique positive solution to (1.1). The uniqueness of positive solution of (1.1) when 8 < 0
is not expected, as for the local interaction case (1.10), multiple positive solutions have been
found via bifurcation methods [5]. Showing the existence of multiple positive solutions of
(1.1) is another interesting open question.

Our last result concerns with the limiting behavior of the positive ground state solutions
of (1.1)as B — —oo0.

Theorem 1.5 Assume that v, v, A1, X2 > 0 are fixed. Let {B,} be a sequence satisfying
Bn <0and B, — —0o0 asn — oo, and let (ug,, vg,) be any nonnegative nontrivial radial
ground state solution of (1.1) with B = B,. Then as n — 00, at least one of |lug, ||§\1 and

lvg, ||§2 goes to infinity, and Cf” — 00 as n — 0o where Cf" is the least energy level of
(1.1) with B = B,.
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Our result here implies that when 8 goes to negative infinity, at least one of component
of the ground state solution blow up, hence the separation of phases does not occur in the
case of nonlocal interaction. For the Eq. (1.10) with local interaction, the phase separation
behavior when f — —oo has been proved in, for example, [39,44,57,58]. In that case, the
profile of components of solution of the limiting equation tend to separate in different regions
of the underlying domain.

The paper is structured this way: In Sect. 2, we provide preliminary results, including the
proof of Theorem 1.3; we prove the existence of positive ground state when 8 < xo (part (i)
of Theorem 1.2) in Sect. 3, and we prove the existence of positive ground state for large S
(part (i7) of Theorem 1.2) and nonexistence for intermediate B (part (iii) of Theorem 1.2) in
Sect. 4; the a priori estimate of the positive ground state solutions (part (iv) of Theorem 1.2)
and the asymptotic behavior of the ground state solutions as 8 — —oo (Theorem 1.5) are
proved in Sect. 5, and the uniqueness of positive solution (Theorem 1.4) is shown in Sect. 6.
The proof of the radial symmetry property in Theorem 1.1 is not directly related to other
parts, so we prove it in Sect. 7.

2 Preliminary results

Throughout the paper, we use the following notation:

e || - || is the norm of H'(R?) defined by ||u||2:/ (IVul)® + u?);
R3

e || - |la is an equivalent norm of H'(R3) defined by ||u||§v,=/ (\Vul*> + M|u|?), for a
R3

positive function or constant M

o E=H'RY) x H'(R),and E, = H!(R?) x H! (R?) where H'(R*) = {u € H'(R?) :
u(x) =u(lx)};

o Forz = (u,v) € E = H'(R®) x H'(R?), |z|I3, = ull}, + [v]3,, where A1, 22 > 0
are the parameters in (1.1);

1/p
e |- |p is the norm of LP(R?) defined by |u|, = (/ |u|p) for0 < p < 0.
R3

2
[Vul;

in 5
ue H'®HM\{0} [u]5x

e §= where 2* = 6 here as N = 3.

We first recall the following classical Hardy-Littlewood—Sobolev inequality (see [28,
Theorem 4.3]).

Lemma 2.1 Assume that f € LP(R?) and g € L4(R3). Then one has
Jx)gy)
/ 08 dxdy < e(p.a. 01 f1,lgly,
R JRr3 X — Y

1 1 t
wherel < p,q <o00,0<t <3and —+ —+ - =2.
P q 3

The following basic inequality is of fundamental importance for considering (1.1). It is
well-known but we include a proof here for reader’s convenience.
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Lemma 2.2 Foru,v € L% (R3), we have that

// PR (ff @) ) (// V@) xdy)i
R3JR3 X — Yl rR3JR3 |x — Yl R3JR3 X — Yl ’

2.1)
In particular, ifu, v € H'(R3), then (2.1) holds.

Proof FromLemma 2.1, whenu, v € LITQ (IR3), the integrals in (2.1) are all convergent. First
we claim that for any x, y € R3, there exists a constant K > 0 independent of x, y such that

1 / 1 1
=K | — ——dz (2.2)
Ix =yl R lx =z |y —zf?

Indeed the right hand side of (2.2) can be considered as a function /(x, y). Then A is trans-
lation and rotation invariant in (x, y), it follows that 4 depends only on |x — y|. Furthermore
h(slx—y|) = s7Hx — y| and the left hand side of (2.2) satisfies the same scaling. Therefore
they must agree up to a constant factor.

From (2.2), Fubini’s theorem and the Cauchy—Schwarz inequality, we obtain that

2 2
/ / (x)v (y)d dy
r3JR3 X — Yl
B u2(x) v2(y)
- K/R3 (fRz |x —zlzdx) (/]R3 |y—Z|2dy) @
1 1
2@ NP ONRYEE
: [" Jo (=) o) [ Lo ()
1
N u*(x) w(y) :
- [K fRs (/R I —z|2dx> (fR ly —z|2dy> dz}
2 2 3
X[K/ (/ *) dx)(/ Lt dy)dz]2
RS |x — z/? RS |y — z/?
</ / R ) (/ / V@0 () >§
dxdy | .
RJr3 X =yl ®RJr3 X =l

O
In the following, to simplify our notation, we define
2
br(x) = / D) 4y for £ e HIRY). 2.3)
‘ R} X — ¥l

Apparently we have the following symmetry property of ¢ s for u, v € H L(R3):
w2 2
/ b ()02 (X)dx = / / WOV oy = / b ut@dx.  (2.4)
R JRS X =yl R?
To study the solutions of (1.1) in a variational framework, we consider the following two

cases: (1) B is negative or B is positive and small; (2) B is positive and large.
For the case (1) we consider the energy functional .7}, ,, on the set

M ={lz=W@,v) e E:u#0,v#0, Fi1(z) =0 and F(z) =0}, (2.5)
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where
Fi(x) = / (IVul® + ru®)dx — u/ puu’dx — ﬂ/ puvdx,
R3 R3 R3 (2.6)
F>(2) =/ (Vo> + Av?)dx — v/ Ppvidx — ﬂ/ bou’dx.
R3 R3 R3
We define
C = inf 'Z\Mz (Z) and Cr = inf fAlAZ(Z), (2.7)
2€N 0y zee/VnA’l/\2
where ,/K\’Mz = Mo NE,.
For the case (2), we also consider the problem on the entire Nehari manifold
Mygny = {2 = (u,v) € E\{(0,0)} : & ;,(@)z] = Fi(z) + F2(z) = 0}, (2.8)
and corresponding critical values are
C'= inf Z,@, and C'= inf 4,,@), (2.9)
ZEN%/)LI)‘Z ZE//{)CI}"Z

where . G = M3, N Er. Some standard arguments show that any nontrivial solution
of (1.1) is on both the sets . 43,3, and .#},3,. Following the idea of [30,51], we shall prove
the infimums C and CO are attained by a nontrivial solution of (1.1). It is also clear that
Niyna C AMoypy and N, C ], which imply that C® < C and C} < C,. From the
above definitions, we know that if z = (u, v) € A3,5,(or € A,;,, and u 7 0 and v # 0)
satisfies % ;,(z) = C (or = CY), and z is a solution of (1.1), then z is a ground state
solution of (1.1). Similarly if z = (u, v) € Jl{\’m (or € ////{Mz, and u # 0, v # 0) satisfies
L13,(@) =Cp (or= C?), and z is a solution of (1.1), then z is a radial ground state solution
of (1.1).

If CO or C? is attained by z € .#),,,, then z is a solution of (1.1) (see, for example, [51,
Proposition 3.5] or [61, Chapter 4]). The following lemma shows that when g < /uv, if C
or C, is attained by z € .43,3,, then z is also a solution of (1.1).

Lemma 2.3 Suppose that —oo < B < \/uv. If C (or C,) is attained by z = (u, v) € A3,
(or € JV{])LZ), then z is a solution of (1.1).

Proof We only show that if C is attained by z = (u, v) € 43,,, then z is a solution of (1.1).
One needs to prove that any minimizer of %}, restricted to .45, satisfies Z)f N @[]l =0
forany ¢ € E.

Let F; (i =1, 2) be defined as in (2.6). We claim that if z € .43, ,, satisfying %33, (z) =
C, then F 1/ (z) and Fz/(z) are linear independent. Assume that for K1, K» € R such that
K1 F{(2)+ K2 F;(z) = 0.Since F|(z) = 0, it follows from (K| F{(z) + K2 F3(2))[(u, 0)] = 0
that

KIM/ Guu’dx + Kzﬁ/ Puv’dx = 0. (2.10)
R3 R3
Similarly it follows from F>(z) = 0 and (K F{(z) + K2 F}(2))[(0, v)] = 0 that
KI,B/ pou’dx + sz/ Ppv’dx = 0. .11
R3 R3
Set
M/ puu’dx ﬂ/ puv’dx
A= } 3 . (2.12)
B qbvuzdx v ¢vv2dx
R3 R3
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It follows from Lemma 2.2 and 0 < 8 < /v that

2
det(A) =/w/ ¢>uu2dx/ pv’dx — B2 (/ ¢uv2dx> > 0. (2.13)
R3 R3 R3

That is, A is positively definite, which implies that K1 = K» = 0. Thus F(z) and F,(z) are
linear independent. Since z is a minimizer of .%};, restricted on .45 ,,, then according to
[8, Corollary 4.1.2], there exist two Lagrange multipliers Hy, H> € R such that

23, (@) + HiF{(2) + HyF5(z) = 0. (2.14)

So, by using the same arguments as in (2.10)—(2.13), one can prove that H} = Hy = 0.
For the case of B < 0 we can use the idea of the proof of [31, Lemma 2.1] to prove the
conclusion. Here we omit the details. m]

It follows from Lemma 2.3 that in order to prove the conclusion (i) of Theorem 1.2, we
need to show that C, is attained by a positive z € ‘/K\j " for —oo < B < xo0,and C = C,
is attained by a positive z € .4}/, for 0 < B < xo, where xo is given in Theorem 1.2. For
this purpose we shall make good use of the unique positive solution of (1.12). Let w be the
unique positive solution of (1.12) with o = 7 = 1. Define

o
%w(ﬁx), We (X) = w1 (x). (2.15)
Then wy ; is the unique positive solution of (1.12).

Since wy ¢ is the unique positive solution of (1.12), one can verify the following facts

(see [37, Theorem 2], and [51, Section 3.4] or [30, Lemma 2]).

We, 7 (X) =

Lemma 2.4 Consider the the minimization problems

2
. u
P a2

1 1
———%—and Ty, = inf |- Z—f/c 21, (216
ueH(R3)\(0} (,[R3 T(i)uuz)% an 0,T weMo {2”u”g 4 R3 ¢uu ( )

where My = {u e H' R : u # 0, ||1,t||(2r = fR3 ‘L'd)uuz}. Then the function we (x) is a
minimizer of 5 and the unique positive solution of (1.12). Moreover, we have

3 3
1 o4 o4
T = Zx,%r and Sy, = fﬂ,l ==, (2.17)

1

2
where 11 =S = (/ ¢ww2> .
R3

We introduce a function 6 : [1, co) — R defined by

/ bw@)w; (dx
o(n) = L& , (2.18)
/ bu (X)W (x)dx
R3
The following lemma gives some estimates of 6 ().
Lemma 2.5 Let () be defined as in (2.18). Then for any A > 1 we have
AT <O <Al (2.19)
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Proof Since w € H(R?) is radial and is strictly decreasing in = |x|, it follows that
w(x) > wx/ax) fori>1, x € R,

So we infer from Lemma 2.2 and change of variables that

w2 () w2
/ ¢w(x)w,\(x)dx_A2/ / Ww (fy) dxdy
R3 JR3

lx —y

1
- Az( / / wOw?) dy)f / / VAW WA 4 )
RIJR3  |x — Yl R3 JR3 lx — I
</ / o) > (/ / w2(0w’(y) )5
dxdy
rR3JR3  |x — Y] Rr3JR3 X — Yl

w2 2
_ / / wOwe)
R3JR3 X — Y
Thatis, 8(1) < }»%. Furthermore we see that

w2 () w?
/ bw (X)W (x)dx —AZ/ / w”(Yw” (VAax) (fx)
R3 JR3

Ix—yl

2 2

(Lyw?(z)
/ / — ™ dhdsy
R3 JR3 |h — z]

2 2
7/ / (h)w (Z) dh Z:);%/ dw (W (x)dx,
w e -z R

||
Mu

||
w\

(2.20)
which implies the lower bound of 6 (). ]
Next we use the function w to provide some estimates for C and C,.
Lemma 2.6 Ler 6()) be defined as in (2.18). If k, £ > O satisfy
+ oML =1,
pk + BO( ) . 2.21)
BO(MKk + Az vl = A2,

then we have (Jkwy,, «/Zwlz) c e/l/)\’;h. That is, e/K\r]M # W and N3y, # V. Moreover,
there exists pg > 0 such that

1 3 3
0< PO = C=< Cr = g)»])nz(\/lzw)q’ ﬁwkz) = Z (K)"lz +£)"22> ||'U.)||2

1 3 3
=- (mf +m§>/ puwwidx.
4 R3

Proof Toprove (v/kwy,, vlw;,) € A, itsuffices to show that (u, v) = (Vicws,, v/€ws,)

satisfy
||u||§1=u/ ¢uu2+ﬂ/ puut’, ||v||§2=v/ ¢vv2+ﬂ/ Puv”. (2.23)
R3 R3 R3 R3
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A direct computation shows that
IVkws, I, = & (x% /R} IVw(y/A10)2dx + 23 /W wz(,/xlx)dx>

3 3
=Khr{ </ [Vw(y)|*dy +/ wz(y)dy) =Khr{ / duww’dx.
R3 R3 R3

X

y
—_ an > —=—, on h
mady ﬁ,o e sees that

(2.24)

On the other hand, by the changes of variables x

H—/ ¢\/;wA1 (\/;w)nl)z'f'ﬂ/ ¢ﬂwk (\/’?wkl)z
2 /x 2 /n 20/ 2¢ /
—MK2A4/ / (VAmw( y)d dx-i—ﬁlcﬁk%)»%/ / L CATE I }Lzy)dydx
R3 JR3 R3 JR3

lx — yl lx — yl

A
3 w2 ()W) w(@w (/32 )
242 !
= kA / / —————dydx + Bl —= / / ———  dydx
Ve Jes 1x =yl P Ay Jr3 Jr3 [x — ¥l Y

= K)\I%[,LLK + ﬂw(k)]/ ¢ww dx
R3

(2.25)

So if ux + BO(X)€ = 1, then one has that the quantity in (2.24) equals to the one in (2.25).

That is, the first equality in (2.23) is satisfied. Similarly, by using /‘39(}»))»_%16 + vl =1, the
second equality in (2.23) is also satisfied.

Next we prove the second part of the lemma. Since for each z = (u, v) € .43,3,, we have

/3(|W|2 + 2u? + Vo2 4+ a0?) = f}(mbuuz + Bduv? + Bopu® + vgyv?). (2.26)
R R

By Lemma 2.1, for some ¢; > 0 independent of u, v, one has that

2 2 5
/ soonidx= [ [ WMD) gy < [ #) =amt, 02
R JR3 X =yl R3 5

Similarly, one can also prove that

2 2
f@(x)v dx < ciluf}, and /f (v (y)dydx<c1|u|lz|v|z (2.28)
5 R3 JR3 5 5

lx—y

Substituting (2.27)—(2.28) into (2.26) and using Sobolev embedding, we obtain

||14||)h1 + ||U||)\2 = Clﬂ|u|12 +C1V|U|12 +201,3|u|12|v|g
E (2.29)
< ea(llullf, + llvli3, + 203, 1013,),

for some c» > 0. Furthermore, for each z = (u, v) € .43,;,, one has

1 1 1
L, v) = 5 /R (IVal? + 2w + [V +200%) = 2l + 0I5, = 2

(2 30)
which implies that C > pg > 0 for some pg > 0.

@ Springer



Standing waves for a coupled nonlinear Hartree equations... Page 13 0f 36 168

Finally, since «, £ > 0 satisfy (2.21), we have that (\/kw;,, «/waz) € M, and

Cr < Lhio (Vicwyy, Vews,)
= v, P+ w2y + £ [ AV P+ aawl)
T e M PRy e 2% (231
1 3 3 1 3 3
= —(kr] + O] = ~ (kA ] +m§)/ Puw?.
4 4 R3
This finishes the proof of lemma. O

In the following we shall discuss the solvability of (2.21). From elementary calculation,
we know that ¥ > 0 and £ > 0 if either

det(Ay) = 22 v — B20%(1) > 0 and BO(L) < min{v, A3 u), (2.32)

or
det(A;) = 23 v — B20%(h) <0 and BO(L) > max{v, A2 u}, (2.33)

B < M 59(/\))
A= 3 .
BOL) AZv

By Lemma 2.5 and further direct computation, we have that (2.32) is satisfied if

where

—Jru < B < )L_% min{v, A%M} = min{vy, u1}, (2.34)
where w1 and v; are defined in (1.15). Similarly (2.33) is satisfied if

B > max{iu, )»_%v} = )LJT max{vy, i1} (2.35)
When (2.34) or (2.35) is satisfied, we can solve that
3 3
A2 (v — BO(X A — BO(A
Ao peon g, Mepeo) 036
A2y — B2O%(X) AZuy — B2O%(X)
Define ,
al) =h(A)@2 — h(x)) where h(L) = A" 360()). (2.37)
From Lemma 2.5 we obtain that
Ai<h) <1, and A FQ-A"T)<a(G) <1 for A>1. (2.38)

Now we are ready to study the behaviour of minimizing sequences of %}, on 43,3, by
using some ideas from [51].

Lemma 2.7 Suppose that > = lo/11 > 1. Let O(L), h(A) and a(A) be defined as in (2.18)
and (2.37) respectively, and let x1 be the smaller root of the quadratic equation

a()y* = (1 +v)y + pivy =0,
where 1 and vy are defined in (1.15). Suppose that
—00 < fB < x1- (2.39)
Let {2z, = (un, vp)} C M35, be a sequence such that

L (zn) > C, as n— oo. (2.40)
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Then there exists a constant § > 0 such that for alln € N,

/(bunu >4, and /d)vnv > 4.

Proof Let {z,} C 3,1, be a sequence satisfying (2.40). First, it follows from z, =
(. 0n) € Ay, that ], @) [(un, 0)] = 0 and 2, (za)[(0, vy)] = 0. That is,

3 3
A A (/ ¢unu§)
R3

1

3 2\ 2

)6‘5”1 (/ qbvnvn)
R3

So one infers from Lemma 2.2 to obtain that

2 2
/ B 2 —/ Gu i / / D) ey < s, (243)
RIJR3  [x — Yl

2 % 2 %
Y1 = (/ ¢u,,un> and y,2 = (/ b, vn) . (2.44)
R3 R3

Substituting (2.43) into (2.40)—(2.41), we have

IA

||un||§1:u/ ¢unu,%+ﬁ/ bu, V2, (2.41)
R3 R3

and

IA

loal2, = v / Go, 02 + B / Bui2. (2.42)
R3 R3

where

3
3 2 2
kfy1Yn,l = ”’/‘n”)\1 = WYna +,3+yn,1)’n,2’ (2.45)

3
3 2 2
Ay S1yn2 < vnllz, < vypa+ BT Vn1 0.2

where B+ = {8, 0}. Thus the conclusion of this lemma for 8 < 0 follows from (2.45).
Next we shall consider the case of § > 0. It follows from (2.22), (2.41) and (2.42) that

3 3
A ()\]Zl)’n,l + )\3 Yn,2) < l‘«/ ¢unu;21 + V/ v, U,Q, + 2/3/ bu,, v,2l
R3 R3 R3 (2.46)

3 3
=4C 4 o(1) < (kA] 4+ €13).FE +o(1),

where («, £) is the root of (2.21). Let

Yn.1 Yn,2
hn,l = ; , hn,2 = ; .
A A A

Then it follows from (2.45) and (2.46) that (h,,1, h,,2) satisfies the system of inequalities:

It + A3k <k + 03 +o(1),
I < phy1 + Bhn2, (2.47)
33 < Bhay + v,

Define a triangular region by

T = {(h, hy) € 2 hy +AThy <k 4+ 003, 1 < phy + Bha, AT < Bhy + vha).
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To prove the two sequences {h, 1} and {h, »} staying uniformly away from zero, we only
need to show that the triangular region I' is entirely in the interior of the first quadrant of R
This can be achieved if the following set of conditions are met:

,3<)x%l/~=l/«1 and S <}\_%v:v1, (2.48)
i+ 220 > 1, (2.49)
vk +220) > A3, (2.50)
Bl +126) < AT 2.51)

First, (2.48) holds if (2.34) is satisfied. Secondly substituting the expression of («, £) in
(2.36), one has

(3 — BO(1))?
== ., .~
Ay — B2O%())

from (2.32), and this implies that (2.49) holds. Similarly (2.50) also holds. Finally (2.51) is
equivalent to

wc+230) — 1 0 (2.52)

2000)0F — 62(1)
A3

:|/32—(Aiu+)»_iv),3+,uv -~ 0. (2.53)

That is,
a()p® = (w1 4+ vi)B + vy > 0. (2.54)

where 141 and vy are defined in (1.15), and a (1) is defined in (2.37). Therefore by the definition
of x1, one sees that (2.48)-(2.51) are satisfied if 0 < 8 < min{y1, i1, v1}. From the estimate
in (2.38), we know that a(A) < 1 so x; < min{u1, v1}. Hence the conclusion of the lemma
holds if 0 < B < xi. This finishes the proof of this lemma. O

Remark 2.8 Recall the constant yo defined in Theorem 1.2 and (1.14). We can see that
X1 > xo from (2.38). Indeed in the next section we shall show results in Theorem 1.2 part
(i) hold when B8 < x1. We can also see that for all » > 1,

X1 e( i ,min{m,vl}]. (2.55)
m1+ v

When A = 1 (A1 = A3), we have x; = min{u, v}. Indeed in this case, a sharper result can
be obtained as follows.

Lemma 2.9 Suppose that Ay = Ao. Let {2, = (un, vu)} C A2, be a sequence satisfying
(2.40). If B satisfies

— 00 < f < min{u, v} or B > max{u, v}, (2.56)

then

1

2 3 2 3
lim </ ¢unu,21) = Sk, and  lim (/ ¢vnv,2,) =1 AL, (2.57)
n—oo R3 n—o0o R3

where (k, £) satisfies (1.16).
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Proof We infer from A = Xo/A; = 1 that (2.21) and (2.47) are now (1.16) and

hn,l + hn,Z <k+L+ 0(1)1
I < phy1 + Bhno, (2.58)
1< ﬂhn,l + th,2~

We set wy,,1 = hy,,1 — « and wy, 2 = h, 2 — €. Then from (1.16) and (2.58), we obtain that

Wy, 1 + w2 < o(l),
Uwp, 1+ Bwy2 =0, (2.59)
/Swn,l + VWp,2 > 0.

Note that the region
U= {(Wn,1, Wn2) : a1 +wp2 < 0(1), pwy,1 + Bwya =0, Bwy1 +vw,2 > 0}

represented by (2.59) is a triangle with vertex (0, 0) and it is of diameter o(1) as n — oo.
Thus when (2.56) is satisfied, we have x > O and £ > 0, so we have h, | — k and h, > — ¢
as n — oo which implies (2.57). O

The convergence result in Lemma 2.9 enables us to give the proof of Theorem 1.3.

Proof of Theorem 1.3 Passing the limit in (2.46) and using Lemma 2.9, we obtain that for
A= Ao,

C=> %yfxl%(x +0). (2.60)
On the other hand, it follows from Lemma 2.4 and Lemma 2.6 that for A = A»,
C< %,5/’12)»1%(/( +0). (2.61)
This implies that
C= iyﬁxlg(x +0) = Lo, (Wrws,, Vwy,), (2.62)

and this proves part (i). For part (i7), multiplying the u-equation in (1.1) by v, the v-equation
by u, subtracting and integrating over R3, we get

G=p) [ 5= [ guv =0, 2.63)
R3 R3

Thus, any non-negative solution (u, v) for 8 € [min{u, v}, max{u, v}] satisfies u(x)v(x) =
0 for x € R3. From the strong maximum principle, we must have # = 0 or v = 0. This
proves part (ii). O

3 Existence of positive ground state for negative and small positive 8

In this section we prove the existence of positive ground state solution for negative or small
positive S, that is, part (i) of Theorem 1.2. For that propose, for ¢, w > 0, we set

1 1
P(u) = ZH“H% =3 /]R3(|Vu|2 +9u?),
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and

My = {u € HI(R) : flull§ = w/w @uz} :

Myw = {u e H'®R) : |lullj < w/3¢uu2} :
R
Motivated by [30, Lemmas 2 and 3], we prove the following result on the infimum of & (u).

Lemma 3.1 Let 9, w > 0 and recall that wy, is defined in Lemma 2.4. Then

(i) By = inf ®(u) is attained only by wy.;
ueMsy,

(ii) By = inf ®(u) = By is also attained only by wy .

ueMy. o
Proof The conclusion (i) follows from Lemma 2.4 and that w is the unique positive solution
of (1.12) with 0 = 7 = 1. For part (ii), let u,, be a minimizing sequence for B,. Observing
that ®(u,) = ®(|uy,|) and {|u,|} C My, e, so without loss of generality we can assume that
{u,} is a nonnegative minimizing sequence. Let u; be the Schwartz symmetrization of u,,.
Then by the property of Schwartz symmetrization (see [28, Theorem 3.7]), we have

/(|w;’;|2+ﬂ(u::)2>s/ (|wn|2+0uﬁ>swf ¢u,,u£dxsw/ B (0 2dx
]R3 ]R3 R3
and

S < Blun).

So we may also assume that u,, is radially symmetric and decreasing in the radial direction.
Since By < By, it follows that {u,} is bounded in H!(R3). We assume that (up to a subse-
quence) u, — u in Hr1 (R?), and u, — u in L¥ (R?) for p € (2, 6), and the limit u is also
radially symmetric and decreasing in the radial direction. Moreover one can check that as

n — 0o, / ¢u,,14 dx — / ¢uu’dx. So we infer from Fatou’s Lemma that u € Mﬁw

and Bj can be attained by u. We then claim that u € My . Suppose that to the contrary, u
is in the interior of ./\/lly,w, we have

/ (IVul> + 9u?) < a)/ by’ (3.1)
R3 R3

Since u is a minimizer of & in the interior, then u is a critical point of ®, i.e. V®(u) = 0,
and it implies that

0=2(VO(u), u) = /z(|w|2 + du?).
R.

Thus u = 0, and it contradicts with (3.1). Hence u € My ,,. By the conclusion (i), we must
have u = wy.q. O

Now we are ready to give the proof of part (i) of Theorem 1.2. From Lemma 2.3, it can be
accomplished by the following lemma. Indeed the following result is stronger as xo < xi.

Lemma 3.2 Suppose that A1 < Aj.

(i) If —oo < B < x1 where x1 is defined in Lemma 2.7, then C, is attained by some positive
z=(u,v) € 1/171)\2.
(ii) If0 < B < x1, then C is attained by some positive 7 = (u, v) € Ny ;,.
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Proof We first prove part (i). Let {z,, = (i, Vp)} C J{\’Mz be a minimizing sequence such
that £,5,(Z,) = C, as n — o0o. By applying the Ekeland’s variational principle (see [61])
on /V)f1 50 ONE obtains a sequence {z, = (un, vy)} C /V)f1 P satisfying

1
L. fklkz(”ns Un) =< Cr + ;, (32)
1
2. Lna (0, 0) 2 Liy (ny v) = N ns o) = @ V)llE, Y, v) € A, (33)
3. (n, Un) — (up, v)llg — 0, asn — oo. (3.4)
We claim that

2]y, vn) = 0 as n — oo. (3.5

First one deduces from (u,, v,) € ‘/K\.}; " and (3.2) that

1 1 ’ )

Cr+ s LoyaaUn, V) = Z(Ilunllx, + llonllz,)- (3.6)

So the sequence {(u,, v,)}isbounded. Moreover, as in Lemma 2.6 one has that || (u,,, v,) || >
8 > 0 for some § > 0. For a fixed (¢, ¢) € E and ||¢||, ||¢|| < 1, we define

Gu(t,w,5) = (GL(1, 0, 5), G2 (1, w, 5))

( (un+t§0+ unvvn+t¢+*vn) (un + 1o+ unvvn+t¢+2 ))7
(3.7
where F| and F; are defined in (2.6). Clearly, G, (®) = (0,0) and G,, € CL(R3, R?), where
® = (0,0, 0). A direct computation shows that

aG‘ aG1

—u/ bui =6 [ 6002
B, = @, Sy = : (3.8)

8G aG ¢UII n -V d’vn vrzl

R3
When 0 < 8 < x1, from Lemmas 2.2 and 2.7 one deduces that
det(B) = (v = ) [ dut [ iz =0, (3.9)
R3 R3

where c is independent of n. For B < 0, since (u,, v,) € A3,1,, we infer from (2.25),
Lemmas 2.4 and 2.7 that

det(By) = (IBln + llunll3,) (1811 + loall3,) — B*17

) ) ) 3 ) 5 (3.10)
> ||un||)Ll ||Un||A2 > 1501 (/R" ¢unun) (/]Rz ¢vnvn) >c>0,

2 2

where [, = / / |(x)v (|y) dxdy and c is independent of n.
R X—Y

So det(B,) > ¢ > 0 for —oo < B < xi1, and by the implicit function theorem, there

exist C! functions w, () and s, (¢) defined on some interval (—t,, 7,) where 7, > 0, such
that s, (0) = w,(0) = 0 and

Gu(t,wp(t),s,(2) =0, t € (—14,14). (3.11)

@ Springer



Standing waves for a coupled nonlinear Hartree equations... Page 19 of 36 168

Differentiating (3.11) in # at r = 0, we obtain

8G’ dG! dG!
(®)+ =(®)w, (0) + 3—”(®)s,’,(0) =0, i=12, (3.12)
Jw S
which together with (3.8) implies that
acl aG2 _9G, 3G,
T @
/
0) = ,
on(0) det(By) a3
3G aG2 aG‘ acz '
" (0) = ot
5n(0) det(Bn)

It follows from the boundedness of {z,, = (u,, v,)} and (¢, ¢) that

Iy
‘Ttn(@)‘ =2 ‘/3(V’4nv§o + Auyp) — /3(2M¢unun¢ - /3¢v,,”n(/7 - /3¢u,,vn¢)‘ <c,
R R

where c is independent of n. Similarly, we also have that

acl acg aG2

‘GGI

dG?2
—(9)|, ‘

@) <. (3.14)

Hence together with det (B,) > ¢ > 0 and (3.13), we obtain that
sy (0)], o), (0)] < c. (3.15)

Let

(z) - S(t)
n Up, Gy =10+ —— L Vn, @nt = Un + Pnss ¢nt—vn+¢nt

Ony =19 +

Then it follows from (3.11) that (¢, ¢,,,,) € f/ij\’“\z for t € (—1,, 7,). Furthermore, we
deduce from (3.3) that

1 -
Liiaa@n.ts Ont) — Logny (Un, V) = _; ” ((/_’n,ts ¢n,t)“E . (3.16)

Note that "??:1)»2 (Un, v)[(uy, 0)] = f/{m (ttn, v2)[(0, v,)] = 0. From Taylor expansion we
have that

Loira @uts Onyt) — Loy s vy)

. _ 3.17)
=L} 3 (s V)@ G + K (0, 1) = 1L, v)[(0, §)] + K (n, 1),
where K (n,t) = o(||(@n.s, qﬁn,,)EH) = o(t) ast — 0. It follows from (3.15) that
lim sup [|(@n.i $n.) I E < c, (3.18)

n—oo

where c is independent of n. Thus, K (n,t) = o(t) as t — 0. One can deduce from (3.16)—
(3.18) that

L5 Gty o) (@, D] < % 7 = oo, (3.19)

That is, the claim (3.5) holds.
Since {(uy, v,)} is bounded in E, we may assume that (u,,v,) — (u,v) weakly in
E. By the compact embedding H,1 (R?) — LP(R3) for p € (2,6), we may also assume
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that the sequence {(u,, v,)} converges (up to a subsequence) weakly in E, and strongly in
LP(R3) x LP(R?) to a function (u, v). From (3.5) one can conclude that that

5, v) =0. (3.20)

On the other hand, from Lemma 2.7 and Holder inequality we infer that

5
0<8</ ¢uu <c<[ u,?z)ﬁ, (3.21)

12

and it follows from Brezis—Lieb lemma (see [61]) that / u; — u% as n — oo, and
R3 R3

u # 0 on R3. Similarly one can prove that v # 0. These together with (3.21) imply that

(u,v) e (/K\’]M and C, < %5, (u, v). Furthermore, we have

4

1 2 2 : 2 2 _
= Tim (a3, + loal2) = Tim (ul2, + 1013,) = L, @, v).

. . 1
C, = lim gxl)\z(”n, vy) = lim [gklkz(un, Vp) — *f):l)hz(uns v)[(up, Un)]]
n—o00 n—oo

(3.22)

Finally we can choose (u, v) to be nonnegative since 24,5, (|u], [v]) = L1, (4, v) = C, and
(lul, |v]) € /1/{l e Moreover from the strong maximum principle we infer that |u|, |v| > 0.
Thus (u, v) = (Ju], |v]) is a positive solution of (1.1) which attains C,.

Next we prove part (i7) and assume that 0 < 8 < xj. Let {z, = (4, vy)} C A32, bea
minimizing sequence such that % 3, (z,) — Casn — oo. Again we may assume that {z,,} is
anonnegative minimizing sequence as .5 x, (|un |, [Vn]) = Lia, (Un, v). Let 2} = (u;, vyh)
be the Schwartz symmetrization of (u,, v,). Then by the property of symmetrization (see

[28]), we have that

2 2 2 2 2
/ ¢u,, =< / (/)u,’j (M;) , / ¢v,, v, < / ¢v,’§ (U:) s / ¢u,, v, = / ¢uﬁ (U::) s
R3 R3 R3 R3 R3

luplog < lunllag, Nvglly < lvall,

So we have that
/ (VUi + 2 @))?) < uf bu, s + ﬁ/ buz (V)7
R3 ]R3 R3

/ (Vi + a@hHH) <v / bu, 02 + B / bur ().
R3 R3 R3
Therefore, one sees that

C = inf ,,%\,;hz(u, U) = inf <1>M;L2(u, U) > é = inf~ q’)»])uz(’/l: U),

W, v)€N 2y (U, 0)EN 2y (U, v)EN 2,

where

1 2 2 1 2 2
Copo,v) =~ | (IVul”+2u”) + - | (Vv]” + 1207,
4 R3 4 R3

Jﬁlkz:{Z:(M,U)GE:M%O,U%O,F}(Z)fO,FZ(Z)EO},

where F, F> are defined in (2.6).

Let {z, = (u,, vy)} C JVMM be a minimizing sequence such that %} 3, (zZ,) — C as
n — oo. From the argument above, we may assume that i,, v, are radially symmetric
and decreasing in radial direction. By using the proof of Lemma 3.1, we conclude that
up to a subsequence, (ii,, U,) converges weakly in E, and strongly in L?(R3) x L?(R?)
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for p € (2, 6), to a minimizer (u, v) for C. Clearly (u, v) is also radially symmetric and
decreasing in radial direction. Since 0 < B < xi, it follows from Lemma 2.7 that there exists

& > 0 such that
f puu® > 8, / ppv* > 8.
R3 R3

In the following we shall prove that (u,v) € .44,5,. First, we prove that if 0 < B <
x1 < min{u, v} < Juivi = /v, there exists a unique pair point (¢, t2) such that

(Vtiu, /t2v) € 5,5, Set
L(s, 1) = 25,5, (Vsu, v/1v)

2
s t vt ﬂst
= S}, + 50l — & /qbu -2 [ e - /«pu ,

fors,t > 0.1f0 < B < /v, then we know that the matrix A is positively definite, where
A is given in (2.12). Hence, the quadratic form

2 2
S vt st
K(s,n) =2 / dut® + —/ bov? + Bst / duv?
4 R3 4 R3 2 R3

is positively definite, which implies that L (s, ¢) is concave in ]R%_ ={(s,t): s >0, > 0}and
L(s,t) > —ooas |s|+|t|] — oo. Hence it has a unique (local) maximum point (t1, t2) € Ri
such that (/f1u, \/12v) € A5,5,. Thus, it follows that

f(|w|2+xlu2>=rm/ ¢uu2+z1ﬁ/ duvidx,
]R3 R3 ]R3

/(|Vv|2+xzu2>=rzv/ ¢vv2+t2f5/ podx
R3 R3 R3

Furthermore, since (v/f1u, \/120) € 5,2, C ,/ﬁl;q, one has that
C < @), Whu, Vi),

(3.23)

and hence
/ (|Vu|2+)»1u2+|Vv|2+)»2v2)SII/ (|W|2+A1u2)+r2/ (V> +r0%). (3.24)
]R3 R3 ]R3

Substituting (3.23) into (3.24) we obtain that
tFi(u,v) + 0k u,v) >0. (3.25)

Since (u,v) € Jﬁm and t1, 1, > 0, then we must have F|(u,v) = 0 and F>(u,v) = 0
thus (u, v) € A4,,,, Therefore C=C= Cr = L3, (u, v). According to Lemma 2.3 we
know that (u, v) is a critical point of % ,,. By using the same argument as in the case of
—00 < B < x1, we can prove (u, v) is a positive radial ground state solution of (1.1). O

4 Existence of positive ground state for large 8
In order to prove part (ii) of Theorem 1.2, we consider our problem on the entire Nehari

manifold given by (2.8). First we show that when g > 0, the critical value Cy is attained by
a radially symmetric solution of (1.1) .
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Lemma 4.1 Suppose that f > 0, and let C° and C? be defined as in (2.8) and (2.9). Then
c’=c ro > 0 is attained by a nonnegative (possibly semi-trivial) radially symmetric solution

of (1.1).

Proof Let {z, = (un, v4)} C A,,;, be a minimizing sequence such that % ;, (z,) — c?
as n — oo. It is easy to check that {z,} is bounded in E, and as in the proof of Lemma 3.2
we may assume that z,, is nonnegative. Let 7 = (u};, v};) be the Schwartz symmetrization of
Zn, and clearly {z);} is also bounded in E. Hence we may assume that (up to a subsequence)
zp = 2% = (u*, v*) converges weakly in E and strongly in LP(R3) x LP(R?) for p € (2,6).
By using the fact that z, € .#),,, and the property of Schwartz symmetrization functions

we have that 5 5 5
*I% < liminf ||z¥]|% < liminf
¥ 113 < timinf 12513 < lim inf |1z, 13

< lim f (b, 16y + 2B, vy + Vb, va)dx
R

’ (4.1)
< lim [ [ W+ 2B () vy )N
n—0o0 R

< /R . (s (u*)? + 2B (V%) + vy (V%) 1dx,

and
Loin (@) <liminf £ 5, (z)) < lim L5, (z0) = cO.
n—o0 n—00

Thus, by the Sobolev’s inequality, Lemma 2.2 and z,, € .#,;,, we have
1551 < | Db 2 + 20 07)° + v 0

4.2)
<C fR [y (30 + o () dx,

for some constant C; > 0. Moreover we infer from Lemma 2.4 that there exists a constant
C > 0 such that

%
Izil% = C2 ( fR [9u; w:)? +¢u,»;<v:;>2]dx> : (4.3)

So one deduces from (4.2) and (4.3) that ||z*||g > 0 hence z* # (0, 0). From (4.1) we can
take s € (0, 1] such that z = sz* € .#),5,. If s < 1, then we infer from z, € .4, that

- 1 ~2 1 2 1 .. 2 1 . 2 0
@ = 2 < I < § liminf 151 < 5 lminf 1 = C°

This contradicts with the definition of C°. Thus s = 1 and z* is a minimizer achieving C?,
and there exists a Lagrange multiplier L € R such that
@)+ LG, @) =0, (4.4)

where Gy,5,(z") = £ ,,(z")z". Multiplying the Eq. (4.4) by z* and integrating over R3,
we obtain that L = 0 hence z* # (0, 0) is a solution of (1.1). By using the same argument
as in Lemma 3.2, one can prove that z* is nonnegative. Clearly one has C® = C?. This ends
the proof of the lemma. O

Now we are ready to prove part (ii) of Theorem 1.2.

@ Springer



Standing waves for a coupled nonlinear Hartree equations... Page 23 of 36 168

Proof of part (ii) of Theorem 1.2 From Lemma 4.1, we know that cY = L5, u, v) for
some z = (u, v) € #y,;,. S0, in the following we only need to check that u # 0 and v # 0.
In order to prove this result, it is sufficient to prove that

C% < min{Z, 1, (Wi, 1> 0), Lo1in (0, wiy )}, 4.5)

where w, ; is defined in (2.15).
In the following we use an approach similar to the one in [51] to prove that (4.5) holds.
Define

2 22
(IIMIIAl + IIUIIAZ)

/Al)»z(z) = /)\1)»2(“’ U) = (46)
4 [ il 1 260,0° + vptidn
R3
As in Lemma 3.3 of [51], one can check that
' = Jan (2) = Fran (2). 4.7)

ZEE\ (O 0)} z€e Er\{(O 0}

We define a function
3 3
(F2sA? + S2r3)?
8105, 1) = Z1, (Vswa,, Viwy,) = A (43)
4.72(2und + 12vA3 + 25tBAiO()

where (s,1) € D = {(s,t) : s > 0,t > 0, (s,1) # (0,0)}, and w, and 6(X) are defined in
(2.15) and (2.18). It is easy to verify that

2 % yZ}"%
4M‘ = L (Wi 0, 0) and g1(0,7) = ~122

To prove (4.2), it is sufficient to show that g does not attain its minimum over D on the lines
s = 0 ort = 0. For this purpose we define the quadratic form

g1(s,0) =

= L1020, wyy ). (4.9)

(as + bt)?
cs? + 2dst + et?’

The quadratic form k(s, ¢) does not attain its minimum in D on the axes if and only if

k(s,t) = (4.10)

ad —bc >0 and bd —ae > 0. 4.11)
Applying this to g1 (s, t), we have
BOM) > A3u and BO(A) > v, (4.12)
which is true provided that .
B > A% max{uy, vi}. (4.13)
from Lemma 2.5. This completes the proof of part (ii) of Theorem 1.2. O

As in [51], one can also find other conditions to guarantee (4.3) holds. We omit the details
and leave it for interested readers.

Proof of part (iii) of Theorem 1.2 Assumethatv < pand g € [v, u],and (1.1) has a positive
solution (u, v). Multiplying the u-equation by v, the v-equation by u, and integrating over
R3, we find

/R3[)»2 A+ (= B)bu + (B — W)duluv = 0, 4.14)
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If B € [v, u], then we have that A, —A; > 0, while x— 8 and B —v are all positive. This implies
that u = v = 0. Moreover, for 8 < ,/uv, if C or C, is attained, then according to Lemma
2.3, there is a positive solution of (1.1). This gives a contradiction with the nonexistence
result above when 8 € [v, \/uv] is satisfied. O

5 A priori estimate and asymptotic behavior of ground states

In this section we first prove the a priori estimates for the positive ground state solutions of

(1.1).

Proof of part (iv) of Theorem 1.2 Let (u, v) be a positive ground state solution of (1.1) for
a fixed set of parameters (A1, A2, i, v, B). Then

1
C =%, v) = Z(Ilullil + I3,

which implies that (#, v) is bounded in E by a constant only depending on the parameter set.
We prove that ¢, and ¢,, are bounded. Indeed, it follows from Holder and Hardy—Littlewood—
Sobolev inequalities that for any x € R3,

2 2 1 2 3
¢y (x) =/ ) dy =/ LH)dt < (/ u2(t+x)dt)2 </ ij)dty
R3 [Xx — ¥ R3 |7 R3 R |1

1
2
< Cilul (/ |Vu(t +x>|2dt) = Cilul2|Vuls < Ca,
R

5.1
where C; > 0 is independent of x. Similarly one can prove the boundedness of ¢,. Since
bu, pv € L®(R?), and

—Au+ (A — py — Bp)u =0, in R,

then by using standard elliptic regularity results, we know that there exists a C3 > 0 only
depending on the parameter set such that ||u|loc < C3. Similarly we have ||v]|.c < C3. O

Next we study the asymptotic behavior of positive ground state solutions of (1.1) as
B — —oo. To emphasize the dependence on B, in the following we use C#, C,ﬁ s f)ﬁ e

AP, and AL 10 denote the same meaning of C, Cy., %535, i1, and A, (see (1.13),
(2.5)-2.7)).

Proof of Theorem 1.5 Let {B,} be a sequence satisfying 8, < 0 and 8, — —oo asn — oo.
Let (ug,,vp,) € A} //\32 be a nonnegative nontrivial ground state solution of (1.1) with g =
Bn. We use the contradiction arguments. Assume that |[(ug,, vg,)| £, is bounded. Without
loss of generality we may assume that (ug, , vg,) — (1o, vo) in E, and (ug, , vg,) — (uo, vo)
in LY (R3) x LY (R3?) for p € (2, 6). Here ug, vo > 0 in R3. It follows from the boundedness

of {(ug,, vg,)} that
/ / uo(X)vo(}’)d rdy = lim/ b u%
rR3JR3  |x =yl n—o0 Jg3 = o

o -1 2 2 ) =
—nlgroloﬂn (Iluﬂnlh1 M/R3 ¢u,sn“ﬂ,,) =0

(5.2)
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Hence we have ug(x) = 0 or vp(y) = 0. On the other hand, we deduce from (ug,, vg,) €
AP and B, < 0 that

2 _ 2 2 2
“uﬁn”AI = M/R3 ¢uﬁnuﬂn + Bn /R3 ¢Uﬁnuﬂn = M/]R3 ¢u,3nu5n

(5.3)
o, = [ 0, h + 0 [ i, <0 [ 80 0d,
Similar to (2.45), one infers that
/R} Pup, U5, - /Rs o Vg, = € > 0. (5.4)
Then we deduce that
/R3 buytd, /RS buvg = ¢ > 0. (5.5)

This contradicts uo(x) = 0 or vo(y) = 0. So, we get |[(ug,, vg,)llg, — o0 asn — oo.
That is, at least one of [Jug, ||§1 and ||vﬁ”)||§2 goes to infinity, as n — co. Moreover, Cf "=

% (””ﬂn ||§l + llvg, ”}»z) — 00 as n — 00. This ends the proof of Theorem 1.5.

6 Uniqueness of positive solution

In this section we give the proof of Theorem 1.4. We first prove the following Liouville type
result.

Lemma 6.1 The elliptic inequality
— Au > ¢yu (6.1)
does not posses any positive solution u € H' (R3).

Proof Suppose that u € H'(R3) and u > 0 is a solution of (6.1). Let n(x) be a cutoff
function satisfying n € C®(R?), 0 < n(x) < 1 for x € R3, and n(x) = 1 for |x| < 1/2.
Define ¥z (x) = [n(x/R)]3 for R > 0. From

_ X

—Ayr(x) = 3R [ A + 201V ] (%)
we have 1
) 2,3

|[AYR| < cR nX{‘X|>§] =cR '//13)({|x|>§},

for some constant ¢ > 0. Multiplying (6.1) by {g one gets

1
f uuyr = —/ ulAyp < cR‘zf uyp <c
R3 R3 E<\x|<R

2

1

3
/ u31ﬁR> . (6.2)
£<|x\<R

2

Since u € H'(IR?), it follows that ¢yu =0as R — ooin (6.2). Thatis, u = 0. O
R3

Next we show that for 8 € (0, Bjs] with any fixed 8y > 0, all positive solutions of (1.1)
are a priori bounded. Note that the a priori estimate in part (iv) of Theorem 1.2 is only for
ground state solutions.
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Lemma 6.2 Forany By > O there exists a constant Cg,, > 0 such that, if (u, v) is a positive
solution of (1.1) with 8 € (0, By, then

[tt|oo + [V]oo < C,BM~ (6.3)
Proof We argue by contradiction. Assume that there exist a sequence of positive solutions

of (1.1) {zn = (un, va)} with B, € (0, By] such that B, — B and |vyloe < |Unloo — 00 as
n — 00. We set

s (W (x), hy(x)) = (Knun(\/’ax)» Knvn(\/ax))~ (6.4)

Kp =
[ttn] 0o

From Theorem 1.1 and 8, > 0, we know that u#,, and v, are radially symmetric and decreasing
in the radial direction. Hence |h, |00 < |Wn|oo = w,(0) = 1. Itis easy to verify that (wy, hy)
satisfies

{_Awn + AKkpwy, = M(pwnwn + ﬂn(phnwn» (6.5)

—Ahy + hokyh, = V(ph,lhn + ﬂn¢u1,,hi1~

By the standard elliptic argument, we may assume that, subject to a subsequence, (wy,, h,) —

(wg, hg) in CIZOC(R3) as n — 00, where (wo, ho) is a nonnegative solution of

{—Aum::u@mwo+5¢mwm (6.6)

—Ahy = vgpho + Bduho-

Since wo(0) = 1, then wg # 0, and by the strong maximum principle, we have wo(x) > 0
for x € R3. So, it follows from the first equation of (6.6) that wy satisfies

— Awg = puywo, x € R 6.7)
This contradicts to Lemma 6.1, so the conclusion holds. ]

Let (u, v) be a positive solution of (1.1) with § > 0. Then from Theorem 1.1, (u, v) is
radially symmetric thus it satisfies:

2
—(r) = Zu () 4 hu(r) = peb () + Bou(ru(r), r € (0,00),
—"(r) — %v’(r) + A0(r) = vy (V) + Bhu(HV(r), r € (0,00), OB
u'(0) =v(0) =0, u(0) >0, v(0) >0.

Clearly u(r), v(r) — 0 as r — oo. Furthermore, as shown in [27,37], by using Newton’s
theorem we have that ¢, (r), ¢, (r) = 0asr — oo. To be more precise, one has the following
result on the exponential decay of # and v.

Lemma 6.3 For any By > 0 there exist constants Cy, Co > 0 only depending on By such
that, if (u, v) is a positive solution of (1.1) with 8 € (0, By ], then

()] + o), ' ()] + ' ()] < Cre™ . (6.9)

Moreover if {z, = (un, vy)} is a sequence of positive solutions of (1.1) with B = B, €
(0, Bm], then it possesses a subsequence {z,, } converges strongly in E,.
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Proof Define Sg,, := {(u, v) : (u, v) is aradial positive solution of (1.1) with 8 € (0, By ]}
Assume that (u, v) € Sg,,, then (u, v) satisfies (6.8). By using the Newton’s theorem, we
know that
r o0
Gu(r) = 4! / uz(s)szds - 471/ uz(s)sds. (6.10)
0 r
From (6.3) we also have
lulz + [vl2 < Cgy,. (6.11)

Then (6.10) and (6.11) together imply that ¢,,(r) — 0 as r — oo, and the convergence is
uniform for any (u, v) € Sg,,. Similarly, one has ¢,(r) — 0 as r — oo uniformly for any
(u, v) € Sg,, . Hence, there exists Ry = Ro(Buy) > 0 such that for » > Ry,

A
u(r),v(r)y <1, and 0< 71 S A — pu1du(r) — By (r). (6.12)
So we infer from (6.8) that for » > Ry,

2 2 A
0=—u"(r) - ;u/(r) + (M1 = 1u(r) = Boo(r)u(r) = —u"(r) — ;u’(r) + Elu(r)-

Fix a o > 0 satisfying max{o?, 20} < /4 and set o1
hgo(r)=e U R L gm0 R=r) ) o Ry, (6.14)

where R > Ry. Then for Ry < r < R, we have
— h;’eﬂ(r) — %h’R’J(r) + %hR,g(r) > 0. (6.15)

By the Sturm comparison lemma, we infer from kg 5(Ro) > 1, hg,o(R) > 1 and (6.13)—
(6.15) that
u(r) <hgro(r) forallr € [Ro, R]. (6.16)

Since R > Ry is arbitrary, taking R — oo, then we have
u(r) < e TR forall r > Ry. (6.17)

Hence u(r) decays exponentially with C; = ¢°®0 and C» = ¢ which only depend on Sy
and A ;. Furthermore, by (6.8) we conclude that

r2u'(r) = /r(szu’(s))’ds = /r s2u(r) (A1 — du(s) — du(s))ds (6.18)
0 0

Since the integrand of right-hand side of (6.18) decays exponentially, then we conclude that
u’(r) also decays exponentially. Similarly, we can show that v(r) and v'(r) decay exponen-
tially.

Finally, the existmate in (6.9) implies that {z,} is bounded in E,, then by using some
standard arguments (see for example [21, Corollary 2.4]), one can prove that {z, = (i, v,)}
possesses a subsequence {z,, } converges strongly in E,. O

Next we state a nondegeneracy result for the positive solution of (1.1) when g = 0.
Recall the scalar equation (1.12). We say that a radially symmetric solution wg,; of (1.12) is
non-degenerate in H,1 (IR3) if the following linearized equation has only the trivial solution

Y =0:
w(r,r()’)w()’)d

y) Wers V€ HNRY. (6.19)
|x — ¥

—AY + oY =1hy, ¥+ 21 (/
R3
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We have the following nondegeneracy result for the unique positive solution we » of (1.12)
and corresponding positive solution for (1.1) when 8 = 0.

Lemma 6.4 Foro,t > 0, let ws, ¢ (x) be the unique positive radially symmetric solution of
(1.12). Then wy ¢ is nondegenerate in H,1 (R3). Moreover z = (Wj, u, Wi,,v) € E, is the
unique positive solution of (1.1) with B = 0 centered at 0, and z is nondegenerate in E,.

Proof The non-degeneracy of w, . is proved in Wei and Winter [59, Theorem III.1] for the
case that 0 = v = 1, and their proof is still valid for o, > 0. Another proof is given in
[25]. For the system (1.1), z(x) = (wy,, . (x), wy,,»(x)) € E, is the unique positive solution
centered at 0 with 8 = 0. Linearizing (1.1) at z and 8 = 0, we obtain that

Wiy, (e (y)

—Ag +hi@ = pdu,, @+ 21 (/]1; dy) W, X €R3

lx — ¥l

6.20

AV o = vu, Y +2v (f Mdy> Wiy, x € R, (620
z R3S lx—yl

@, ¥ € H'(RY).

Then z is non-degenerate if (6.20) has only the trivial solution. Since (6.20) can be reduced
to two separate equations in form of (6.19), then the non-degeneracy of z follows from the
non-degeneracy of we ¢. O

Now we are ready to prove the uniqueness of positive solution of (1.1) for small g > 0.

Proof of part (i) of Theorem 1.4 We first prove that if § > 0 is small enough, then any
positive solution (u, v) of (1.1) is close to (wy, ., Wi,,v). Let {zg, = (ug,,vp,)} be a
sequence of positive solutions of (1.1) with 8 = 8, > Oand 8 — 0 asn — oo. We
assume that ug, (0) = max, g3 ug, (x) and vg, (0) = max, g3 vg, (x). By Lemma 6.3, we
may assume that (ug,, vg,) — zo = (uo, vo) in E, and up, vop > 0. Since x = 0 is the
maximum point of zg, , it follows from the maximum principle that

0 < Al < pruﬁn (0) + ﬂn(pvﬂn (0)7 0< A2 < vd)vﬂn (0) + lgn(pu/gn (0) (621)

From B, — 0 and (ug,, vg,) = (uo, vo) in E,, we obtain that

2 2
A A
b1 (0) =/ ) s M0 ) =/ W o 22 g,
r3 |yl " r3 [y v

So ug, vg # 0, and by the strong maximum principle, we have ug, vo > 0 in R? and
uo(0) = max, g3 uo(x), vo(0) = max, g3 vo(x). Thus from Lemma 6.4, we must have
(1o, vo) = (Way,pu, Wiy,v) and (ug,, vg,) —> (Wi, u, Wiy,v) in E, as n — 00. Since the
above argument holds for any sequence {(ug,, vg,)}, then we conclude that for any ¢ > 0,
there exists 8 = B(¢) > 0 such that for any (0, 8] and any nontrivial positive solution
zp = (ug, vg) of (1.1) with B € (0, B) satisfies

(g, vg) — (Wi, Wi w)llE < €. (6.22)

Now we define a mapping
F(B.2)= (2, )@ Rx E — E, (6.23)

where E is the dual space of E,. Let zg = (wj,, 1, Wx,,v). Clearly F (0, z9) = 0. Moreover
from Lemma 6.4, we have that F,(0, zo) = (f,{’l 2,)" (z0) is invertible. Then by the implicit
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function theorem, there exist ,5 > 0,kp > 0and 6 : (—ﬁ, ,3) — By, (20) = {z € E,

llz — zollz < ko} such that the solution set of F(B,z) = 0in (=8, f) x By, (z0) is exactly
a smooth curve {(8,0(B)) : |B| < B}. This implies that for any g € (-8, B), (1.1) has
a unique positive solution near zo. Together with the property (6.22) shown above for g €
(0, ,8) we conclude that (1.1) has a unique positive solution for 8 € (0, o) where Sy =
min{B, B}. The nondegeneracy of the unique positive solution for 8 € (0, Bo) follows from
the nondegeneracy of zp in Lemma 6.4. O

Finally we give the proof of the uniqueness of positive ground state solution when A = X,.

Proof of part (ii) of Theorem 1.4 Assume that .1 = Ay > 0. In the proof of Theorem 1.3,
we have obtained that (see (2.62)):

3
k _ 2 _
=%(K+m§/ dow?, KK = o= p) L f= A;(“ P 624
® Muw—p  Aiuv—p

where w is the unique positive solution of (1.12) with ¢ = t = 1. Let (g, vg) be a positive
ground state solution of (1.1). By using the same arguments as in [11], one can prove that

2 2 2 2 2 2 2 2
/ ¢uou0 =K / oW, / ¢vov() =/ / Ppw”, / d’uovo = EK/ Ppw”,
R3 R3 R3 R3 R3 R3

£ K
/]1;3 ¢M0v(2) = ;A;} ¢M0“%: EA‘@ ¢v0v(2)~
(6.25)

Set (&2, 1) = (k= ?ug, £71/%vp). We deduce from (6.24) and (10, vo) being a positive ground
state solution of (1.1) that

/(|Vﬁ|2+k1ﬁ2)=/ Paii?, / (|Vﬁ|2+A1ﬁ2)=/ $;0°. (6.26)
R3 R3 R3 R3

Since w is the unique positive ground state solution of (1.12), it follows that

/(|Vu| + A )>A 5’1, / (|Vv| + A0 )>A 5’2 (6.27)
and

1 3 1
=7(K+m,2y12= f/ (IVuo)? + rud + [Vuo|* + 21vd)

(6.28)
/(|Vu| + i) + = /(le| + M0 )>7(K+z)x T2

Thus, we have
vl +uity =i = [ s
(6.29)
f(|w| ) =aigp =l / Bww

So, it follows from (6.26) and (6.29) that & and v are positive ground state solutions of (1.1).
As in [37], we know that w is the unique positive solution of (1.12). So,# = 0 = w up to a
translation. That is, (1o, vo) = (Vkii, VD) = (\/Kw, v/fw) up to a translation. O

@ Springer



168  Page 30 of 36 J. Wang, J. Shi

7 Radial symmetry

In this section we prove Theorem 1.1. We shall use the moving plane method introduced by
Chen et. al. [10], see also [9,26,27,37] for related results. We point out that the system (1.1)
is quite different from the system studied by [9,10], but related to the Schrodinger systems
considered in the papers [26,37].

For the convenience of the readers, we first prepare some basic properties of Yukawa
potential [28]. The Yukawa potential is given by

lx — y[?
4t

G ) =9"(x—y) = /000(4nt)_% exp {— — yt} dt, (7.1)

where y > 0. Moreover, fﬁy)\ (x) satisfies the equation

(—A+y)9 =5, xel’,

where 8, is Dirac’s delta measure at y [often written as §(x — y)]. Let ., = (—A+y)~! be
the inverse operator of the positive operator — A 4y in the Sobolev space H ' (R?). Obviously,
for f € HI(R3), one sees that

Iy (f) =97 * .

where * denotes the convolution in R3. In addition, by the Sobolev embedding theorem (see
[2]), we obtain the estimate

|7y (Ol < Crsalfls, f e LR, (7.2)

1 2 1 1
where 0 < — — 3 < — < — (see [28]). The estimate (7.2) will play a key role in our
s

~

s
arguments below.

From the above arguments, we can transform the system (1.1) of differential equations
into a system of integral equations involving the Yukawa potential:

u =G % (puuy + Buvy),

v =9 % (voup + Bovy), (7.3)
1 1

ul:i*uz’ vl:—*vz.
[x] x|

In the following, we only deal with the system (7.3) of integral equations. For a given real
number ¢, we define

T = f{x = (x1,x0,x3) € R 1 xy > 1), 74
Sl=xeX iux)>ux)}, X ={xe€Z vk >vx), '

where
x'=Qt—x1,x2,x3), ur(x) =ux" and v (x) = v(x"). (7.5)

Then we have the following lemma concerns with the decomposition of u; — u.

Lemma 7.1 Let z = (u, v) denote a positive solution of (1.1). Then for any x € R3, we
have

Uy (x) — u(x) = / @M (x —y) =G (" — ) (e (y) — u()ur ()
5, (7.6)

+ Bu (y)vi, (y) —u(y)vi(y)ldy,
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and

v(x) — o) = [ (@2 —y) =92 — )@ ()1 () — v()vi(y))
o (7.7)
+ B (Mu1(y) —v(ui1(y)ldy,
where u1,(y) = u1(y") and vy ;(y) = vi(y").

Proof Since |x' — y| = |x — y'|, it follows from (7.3) and (7.4) that
() = [ = ) ) + pulryon )1y

+ / G (x — P uu(ur () + Bu(y)vi (1dy
R\ %,

(7.8)
- fz G4 (& — Wpu( (3) + Bu(y)v ()1dy
+/>: GM(x' — W (Yui (y) + Bur(y)vi, (y)ldy.
Substituting x by x’, one has that
) = [ 960 = o) + uyu;)ldy
%
(7.9)
+/>: G (x = Y (Vur (p) + Bu (Y1, (»)1dy.
From (7.8) and (7.9), we obtain (7.6). Similarly, one can prove the equality (7.7). ]

Similarly, one can obtain the decomposition of u; ; — u; and v; ; — v; below.

Lemma 7.2 Let 7 = (u, v) be a positive solution of (1.1), and let uy, vy be defined as in
(7.3). Then for x € R3, we have

1 1 5 5
up,(x) —up(x) :/z (u; (y) —u”(y)dy, (7.10)

lx =yl  |x" =yl

1 1
m,;(x)—vl(x):/E( )(v%(y)—v%y))dy (7.11)

lx =yl |x" =yl

Next we prove the following result for the sets X} and X/ which initiate the process of
moving plane.

Lemma 7.3 There exists T > O sufficiently large such that for allt < —T, X} = X} = 0.
Proof In order to obtain the conclusion, we prove some more precise estimates for the

quantities in (7.6)—(7.7) and (7.10)—(7.11). Since |x — y| < |x’ — y| forall x, y € %, it
follows from the expression of ¥*! that

G (lx — y) =g (" = y)) = 0. (7.12)
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So we derive from Lemma 7.1 that

up (x) — u(x)
= | @@= =g =)
LG (e (9) = w1 () + Bl (Vv () = u(y)vi ()1

< f P (x = )t B () — (s )y
N {upuy  >u(y)ur}
+ / G (x — WIBU (1, () — u(y)vi(y)1dy
N {ugvy >u(y)vr}
= “fz,t G (x = P () e () = u )y + M,L”l G (x — () e () — i (7))dy

+p /E G (x = Y)W () — u(y)dy + B /Evl G (x — Yu(y) 1, (y) — v1(y))dy.

(7.13)
We infer from (7.2) and Holder inequality that
lut (x) — u ()] 250
= cpfur (N (y) —u)I 3 30 +eplu(y)(uy (y) —ur(y))l L3
o Blon () = O 3 oy + B @1 0) =IO 3 o) (T.14)

< C|u1,l|L6(Et“)|ul(x) - ”(x)|L2(Z,“) + C|M|L2(E;‘l)|ul,t(x) - ul(x)|[‘6():t”1)
+ clvril ezl (x) —u ()2 g0y + C|“|L2(Z,"1)|UIJ(X) - Ul(x)|Ls(E;'1)~

Similarly, we deduce from (7.2), (7.7) and Holder inequality that

v (x) — v(x)

=V fz 97206 = oL@ (3) = v()dy +v /E L P = DL ) = i)y

+ﬁfzug“(x—y)ul,z(y)(vt(y) - (y))dy+/3/2u1 GR2(x — ()1 (y) —ur(y)dy.

(7.15)
and

vy (x) — v(X) |25
= C|U1,t|L6(zf)|Ut(x) - U(x)|L2(zf) + C|U|L2(2l”1)|vl,z(x) - Ul(x)|L6(21”I) (7.16)
+ C|M1,t|L6(z;f)|Ut(x) - U(x)|L2(z;f) + c|v|L2(Etu|)|u1,,(x) - ul(-x)|L6(Et”1)'

On the other hand, a direct computation shows that (7.10) equals to

Ui () — uy () < 2 / (D)) = u(r))dy. 7.17)

So we have that

luy, — “1|L6(E,"1) < clug(u; (x) — M(X))|LS(EL, (7.18)
< clurlpscsmylus(x) —u ()25
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Similarly we have that
[vi,: — U1|L6(Zl"1) =< C|UI|L3(}:}’)|UI — v|L2(2;”)' (7.19)
Substituting (7.18) and (7.19) into (7.14) and (7.16), we obtain that
lu; — “|L2(2,”)
SC|M1,t|L6():;4)|Mt - M|L2():;‘) + C|’4|L2(2["1)|”z|L3(2;‘)|ut - ”|L2():,“) (7.20)
+ C|U1,1|L6(2;4)|M[ — ”|L2(2§‘) + C|”|L2(2;’1)|vf|L3(E,”)|”t — v|L2(E,”)-
and
v, — vle(E;:)
§C|U1,t|L6(2;‘)|Uz - U|L2(>:Iv) + C|U|L2(E;’1)|vt|L3(2f)|Ut - U|L2():;f) (7.21)
+ C|M1,1|L6(2;))|Ur - U|L2(>:,v) + c|v|L2(E;«|)|u,|L3(2;4)|u, - 14|L2(2;4)~

Accordingly, we can choose 7' > 0 sufficiently large such that for r < —T, we have

1
C|u1,t|L6(z;4)7 C|U|L2(E;‘l)|ut|L3(z;¢), C|v1,t|L6(z;¢)» C|M|L2(2;’l)|vt|L3(2;)) =35

P02
Clvl,t|L6(Z}])v C|U|L2(;;’I)|Uz|L3(2;')y C|M1,t|L6(2,”), C|U|L2(2;‘1)|ut|L3(2;‘) = g
Then (7.20) and (7.21) reduce to
3 1
lur — |2y < §|ut —ulp2zny + §|Ut — vl
3 ) (7.23)
|Ut — Ule(E;)) < §|Ut — U|L2(Z[l') + g|ut — M|L2():;4).
These imply that |u; — u|;2(s5vy = 0 and |v; — v|;2(5p) = 0. Therefore, X/ and X/ must be

measure zero and hence empty. O
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1 First, from Lemma 7.2, we infer that fort < —T,
u;(x) <wu(x) and v(x) <v(x), VxeZXZ. (7.24)

Starting from such a t < —T, one can move the plane x; = ¢ to the right as long as (7.24)
holds. Suppose that there exists a #p < 0 such that, for x € ¥;;, we have

u(x) <u(x) and v (x) < v(x), but uy(x) # u(x) or vy (x) # v(x), (7.25)

then we can continue this process further to the right. More precisely, we prove that if (7.25)
holds, then there exists an € > 0 such that

ur(x) <u(x) and v;(x) <vx), x € X; forall r € [ty, o + €). (7.26)
Without loss of generality we assume that
U (x) Fulx), x € Xy. (7.27)

From (7.10) we infer that u; > uj 4. This together with (7.7) imply that v > v, in the
interior of X;,. Set

28 = {x € Ty 1 ux) Supy(0)) and TP = {x € Ty 1 v(x) < vy (1)) (7.28)
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Thus, 2% has measure zero, and lim;_,, E,‘g - 2%. Similarly, we deduce from (7.11) and
(7.6) that vi > vy 4, and u > uy, in the interior of X;;. So, the above conclusion is still true
for that of v. Let Q* be the reflection of the set Q2 about the plane x; = ¢. From (7.20), we
deduce that

|1/l[ — M|L2(2;4)
<clui |L6((E;‘)*)|ut - M|L2():;4) + C|u|L2(z,"1)|M|L3((>:;‘)*)|”t - u|L2(2;4) (7.29)

+ CIU] |L6((E;‘)*) IM[ - M|L2(Ef) + c|u|L2(2;:1)|v|L3((2f¢)*) |U[ - U|L2(E]J)'

Since u, v € L3(R?) and u;, v; € LO(R3), it follows that

1
C|M1 |L6((Eru)*)’ C|M|L2(E;41 ) |M|L3((Ef)*)’ C|v1 |L6((2:‘)*)! C|M|L2(Z;Jl )|U|L?(():ru)*) f g
(7.30)
Substituting (7.30) into (7.29), we obtain that
3 1
|u, — M|L2(2;4) < §|M[ — M|L2(E;4) + §|U[ — v|L2(2)‘v)' (731)
By using the same arguments as in (7.29) and (7.30) one has
3 1
|v, — U|L2(E,v) < §|U[ — U|L2(2)‘U) + §|M[ — M|L2():;A). (732)

We deduce from (7.31) and (7.32) that |u; — ”|L2(E;‘) = 0and |v; — U|L2():tv) = 0. Therefore,
¥} and X/ must be of measure zero and hence empty. This verifies (7.26). Thus, we have
proved that when the moving plane process stops, we must have u = uy,, and u; < u in %;
when t < 19.

By a translation, we may assume that u(0) = )12% u(x) and v(0) = )123% u(x). Then it
follows that the moving plane process from any direction must stop at the origin. Hence u

and v must be radially symmetric and monotone decreasing in the radial direction. This ends
the proof of Theorem 1.1. O
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