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Abstract

The problem of parameter and state estimation of a class of nonlinear systems is
addressed. An adaptive identifier and observer are used to estimate the parameters
and the state variables simultaneously. The proposed method is derived using a new
formulation. Uncertainty sets are defined for the parameters and a set of auxiliary
variables for the state variables. An algorithm is developed to update these sets
using the available information. The algorithm proposed guarantees the convergence
of parameters and the state variables to their true value. In addition to its application
in difficult estimation problems, the algorithm has also been adapted to handle fault
detection problems.

The technique of estimation is applied to two broad classes of systems. The first
involves a class of continuous time nonlinear systems subject to bounded unknown
exogenous disturbance with constant parameters. Using the proposed set-based adap-
tive estimation, the parameters are updated only when an improvement in the pre-
cision of the parameter estimates can be guaranteed. The formulation provides ro-
bustness to parameter estimation error and bounded disturbance. The parameter
uncertainty set and the uncertainty associated with an auxiliary variable is updated
such that the set is guaranteed to contain the unknown true values.

The second class of system considered is a class of nonlinear systems with time-
varying parameters. Using a generalization of the set-based adaptive estimation tech-
nique proposed, the estimates of the parameters and state are updated to guarantee
convergence to a neighborhood of their true value. The algorithm proposed can also
be extended to detect the fault in the system, injected by drastic change in the
time-varying parameter values. To study the practical applicability of the developed
method, the estimation of state variables and time-varying parameters of salt in a
stirred tank process has been performed. The results of the experimental application
demonstrate the ability of the proposed techniques to estimate the state variables and
time-varying parameters of an uncertain practical system.
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Chapter 1

Introduction

1.1 Motivation

Effective monitoring of a process is possible only when accurate information on the
state variables and parameters of the process are available. Example of process state
variables are concentrations of the reacting species in a reactor, temperature and
molecular weight distribution in a polymerization process. These variables uniquely
define the states of the process and in many cases may directly /indirectly define the
final product quality. Rate of heat production in a reactor, overall heat coefficient in
jacketed reactors and specific growth rate in bioreactors are the examples of process
parameters. Information on the parameters of a process provides a better understand-
ing of the process dynamics and also allow for the development of an accurate and
representative models of process.

In practice, due to inadequacy of available sensors or operational limitations, some
of the essential process state variables cannot be measured frequently. In addition im-

portant process parameters may have to be estimated from available measurements.

1



CHAPTER 1. INTRODUCTION 2

In such cases, estimates of the inaccessible, but essential, state variables and parame-
ters of the process are usually obtained by employing state and parameter estimation
methods. Many techniques exist for the estimation of states for a variety of classes
of dynamical systems that can achieve accurate state estimates in a variety of con-
ditions. However, these techniques rely on the knowledge of the system parameters.
Uncertainty in the model parameters for instance can generate (possibly large) bias in
the estimation of the unmeasured state variables. In cases where large uncertainties
of the process parameters exist, it is imperative to use techniques that are able to
combine state observation with parameter estimation.

The motivation for this research arises from the need to develop reliable state and
parameter estimation methods that are capable of providing continuous and accurate
estimates of inaccessible state variables and parameters of a nonlinear process in a
presence of (a) exogenous disturbance, (b) time-varying parameters and (c¢) random

fault occurrences in the system, all of which are frequently encountered in practice.

1.2 Organization of the Dissertation

CHAPTER 2: Chapter [2| is divided into two parts. First, the technical preliminar-
ies required to develop the parameter and state estimation methodology proposed in
Chapter (3| are introduced. The topics include Persistence of Excitation (PE), Lya-
punov Stability, Projection Algorithm, Observability, State Observers and Adaptive
identifiers. The second section contains a review of the past and recent works in the

field of parameter and state estimation of nonlinear systems.
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CHAPTER 3: In this chapter, we consider the problem of parameter identifica-
tion and state estimation of a continuous-time nonlinear system subject to exogenous
disturbance. The formulation is developed to provide robustness to parameter esti-
mation error and bounded disturbance. The uncertainty associated with an auxiliary
variable defined for state estimation is updated such that the set is guaranteed to
contain the unknown true values. A simulation example is used to illustrate the de-

veloped procedure and ascertain the theoretical results.

CHAPTER 4: In this chapter, the adaptive observer is used to solve the problem of
simultaneous state estimation and time-varying parameter estimation of a continuous-
time nonlinear system. Using a set-based adaptive estimation, the estimates for the
parameters and the state variables are updated to guarantee convergence. The algo-
rithm is proposed to detect a fault in the system triggered by a drastic change in the
time-varying parameters. A simulation example is used to illustrate the developed

procedure and ascertain the theoretical results.

CHAPTER 5: Based on the results in Chapter [4, the estimation technique is applied
to a mixing tank problem with two inlet streams of different concentration, mixing
to give a product steam of a particular concentration. The developed method is used
to estimate state and time varying parameters of the experimental process. The es-
timation routine employed guarantees convergence of state and parameters to their

true values.

CHAPTER 6: A summary of the design procedure given in Chapter [3] and [4] is
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provided, and conclusions are drawn based on the investigations of Chapters [3] [4] and

Bl Suggestions for directions of future work are given.



Chapter 2

Literature Review

The proposed design methodology for simultaneous parameter and state estimation
of class of a nonlinear systems is largely developed from the concepts of linear system
theory, parameter identifiers, projection algorithm and adaptive observers. In this
chapter, these concepts are briefly introduced for the understanding of this thesis
work. The detailed discussion regarding the relationships between the concepts are
discussed in Chapter |3] This chapter also summarizes the recent and early works by
researchers active in robust adaptive estimation techniques that are of importance in

relation to this thesis..

2.1 Technical Preliminaries

2.1.1 Persistence of Excitation

The concept of persistent excitation (PE), when it arose in the 1960s in the context

of system identification. The term PE was coined to express the property of the
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input signal to the plant that guarantees that all the modes of the plant are excited.
In the late 1970s, it became clear that the concept of PE also played an important
role in the convergence of the controller parameters to their desired values. Recent
work on robustness of the adaptive systems in the presence of bounded disturbance,
time-varying parameters, and unmodeled dynamics of the plant revealed that the
concept of PE is also intimately related to speed of convergence on the parameters to
their final values, as well as the bounds on the magnitudes of the parameter errors.
In both linear and nonlinear adaptive systems, parameter convergence is related to
the satisfaction of persistence of excitation condition, which can be defined in the

continuous time as follows.

Definition 2.1.1. [loannau and Sun, 1996, [Khalil, |1992]: A vector function ¢ : is

said to be persistently exciting if there exist positive constants aq, s and Ty such that
t+To
al > / S(T)o(r) T dr > anl,  VE>0 (2.1)
t

Although the matrix ¢(7)¢(7)”7 may be singular at every instant 7, the PE con-
dition requires that ¢ span a entire ny dimensional space as 7 varies from ¢ to t + Tj,
that is, integral of matrix ¢(7)¢(7)T should attain full rank over any interval of some
length Tj or in other words, requires that ¢(t) varies such that the integral of the
matrix ¢(7)¢(7)T is uniformly positive definite over any time interval [t,t + Tg]. The
properties of PE signals as well as various other equivalent definitions and interpreta-
tions are given in the literature |[Sastry and Bodson| [1989; [Eykhoft, [1974; Anderson,
1977; |[Narendra and Annaswamy, 1989).

In adaptive linear systems, the PE condition is converted to the sufficient richness

(SR) condition on the reference input signal. Necessary and sufficient conditions for
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parameter convergence are then developed in terms of the reference signal. A popular
result implies that exponential convergence is achieved whenever the reference signal
contains enough frequencies, i.e., whenever the spectral density of the signal is nonzero
in at least ng points, where ny is the number of unknown parameters in the adaptive
scheme. Otherwise, convergence to a characterizable subspace of the parameter space
is achieved [Boyd and Sastry, [1986].

Despite the fact that the theory of parameter convergence for linear systems is
well established, very few results are available for nonlinear systems. This is mainly
because the familiar tools in linear adaptive control cannot be directly extended to
nonlinear systems. In most of the available results, stability and performance prop-
erties are proved by assuming that a vector function, which depends on closed-loop
signals is persistently exciting. However, the means of verifying this PE condition a
priori for a given nonlinear system remains an open problem, in general. In |Lin and
Kanellakopoulos, [1998], a procedure is provided for determining a priori whether
or not a specific reference signal is sufficiently rich for a specific output feedback
nonlinear system, and hence whether or not parameter estimates will converge. Nev-
ertheless, the main result in [Lin and Kanellakopoulos| [1998] is that the presence
of nonlinearities in the plant usually reduces the SR condition requirement on the

reference signal and thus enhances parameter convergence.

2.1.2 Lyapunov Stability

Lyapunov stability analysis plays an important role in the stability analysis of dy-

namical systems described by ordinary differential equations. This technique is very
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useful and convenient in practice because the stability of the system can be deter-
mined directly from the differential equations describing the system. In other words,
the Lyapunov method enables one to determine the nature of stability of an equi-
librium point of the system without explicitly integrating the ordinary differential
equations. In addition, the Lyapunov analysis is applicable to continuous-time and
discrete-time systems, linear and nonlinear systems, time-invariant and time-varying
systems.

From the classical theory of mechanics, a vibratory system is stable if its total
energy is continually decreasing until an equilibrium state is reached. A physical
example that illustrates this concept is a simple pendulum in which the equations of
motion described by the forces acting on the system, vanish at steady state [Khalil,
2002]. The method of Lyapunov, is based on the following behavior. If the system
has an asymptotically stable equilibrium state, then the stored energy of the system
decays with increasing time until it finally reaches its minimum value at the equilib-
rium state. For a general system, however it is not simple to describe its dynamics
through an ”energy function”. To overcome this difficulty, the "Lyapunov function”
which acts as a fictitious energy function, was introduced |Ogatal [1987].

The Lyapunov function, denoted by V(.), is a scalar, positive definite function.
It is generally assumed to be continuous with continuous partial derivatives. When
taken along the system’s trajectory, the time derivative of the Lyapunov function is
negative definite or negative semidefinite. These desired properties of the Lyapunov
function can be formally stated in the stability theorem described by [Khalil, [2002]

for a non-autonomous system.
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Theorem 2.1.1. [Khalil, |1992] Consider the non-autonomous system

#(t) = f(t, x(t)) (2.2)

where [ :[0,00) x D — R" is piecewise continuous in t and locally Lipschitz in x(t)
on [0,00) X D, and D C R" is a neighborhood of origin x(t) = 0. Let z(t) =0 be an
equilibrium point for the system (2.2)) at t =0 and D = {z(t) € R" ’ [|lx(t)]] <7r}.

Let V : [0,00) x D — R be a continuously differentiable function such that

ar([[z(@®)]]) < V(¢ 2(t)) < ax(|[x@)]])

: LoV oV

V(te(t) = 5 + 5o/ (La(t) <0

/tt+ev(77@0(77 tvx(f)))dT < AV (8, x(t)), O<A<1

Vt < 0,Vz(t) € D, for some e > 0, where a;(.) and as(.) are class K functions defined
in [0,7) and o(1,t,x(t)) is the solution of the system that starts at (t,z(t)). Then,
the origin is uniformly asymptotically stable.
If all the assumptions hold globally and oy (.) belongs to class Ko, then the origin is
globally uniformly asymptotically stable.
If

aj(r)=K;r*, K;>0, ¢>0, j=1,2

then the origin is exponentially stable.

Now that the stability considerations based on Lyapunov theory are defined, the
next step consists of finding a convenient Lyapunov function to design the adaptive

updating laws, such that Theorem [2.1.1]is satisfied.
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2.1.3 Projection Algorithm

It is important to mention that, in general, the parameters that characterize a system,
have a physical meaning and are bounded above and/or below. For this reason, it is
desired to constrain the parameter estimates to lie inside a bounded set. An effective
method for keeping the parameter estimates within some defined bounds is to use a
projection algorithm.

In many practical problems where 6 represents the parameters of a physical plant,
we may have some a priori knowledge as to where 6 is located in R™. This knowledge
usually comes in terms of upper or lower bounds for the elements of # or in terms of
a well defined subset of R", etc. Using this a priori information, adaptive laws can
be designed that are constrained to search for estimates of # in the set where 6 is
located. Intuitively such a procedure may improve the convergence and reduce the
time taken in convergence when initial values of the parameter is chosen to be far
away from the unknown 6.

In [Krstic et al. [1995], a projection operator is defined for the general convex
parameter set II. Consider a convex set 1l = {9 e Rr ‘P(@A) < e}, where the convex
function P : R? — R is assumed to be smooth. The set II. is the union of the set
II = {é € RP ’P(é) < 0} and a boundary around it. The interior of II is denoted by
fI, and VP represents an outward normal vector at 0 € OI1. The projection operator

is defined as follows

T, hell or V@?TTSO
Proj(t) = (2.3)

(RO A R Y P
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() = min{l, P(é)}

€

Here, I' belongs to G of all positive definite symmetric p x p matrices and 7 is the
vector of nominal update laws that is, in the absence of the projection algorithm the
update law would be 0=r.

The properties of the projection operator, Proj{r, 0, ['}, are given by
1. The mapping Proj: RP xII, x G — RP? is locally lipschitz in its arguments 7, é, I
2. Prof{r} T ' Proj{r} < 77T 7, Vo e II,.

3. Let I'(¢), 7(¢) be continuously differentiable and
0 = Proj{r},  (t)(0) e IL.

Then, on its domain of the definition, the solution f(t) remains in II,.
4. 0"T ' Proj{r} < 07T 'r,  Vh eIl 0 eIl

The adaptive laws with the projection modification given by ([2.3) retain all the prop-
erties established in the absence of the projection and guarantee that fell. V t>

0 provided A(0) = 6, € TI, and 6 € II,.

2.1.4 Observability

Consider a continuous time linear system of the form

& = Az + Bu, (2.4a)

y=Cu, (2.4b)
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where x € R" is a state vector, u € R" is the control input, y € R" are the out-
puts, and matrices, A, B and C are of appropriate dimensions. Observability is a
property of dynamical system, first introduced by [Kalman| [1960]. This property is
meant to express the availability of measurement data with respect to one’s ability

to reconstruct or make inferences regarding the values of unmeasured state variables.

Definition 2.1.2. A linear continuous time system given by (2.4) is “observable”
if for any initial state xo and some final time t, the initial state xo can be uniquely

determined by knowledge of the inputs u and outputs y for all time t.

In other words, observability is related to the problem of determining the value
of the state vector knowing only the output y over some interval of time. This is a
question of determining when the mapping of the state into the output associates a
unique state with every output that can occur. If a system is observable, then its
initial state can be determined. If the initial state is known, then values of the states
at any time can be calculated. Hence, observability implies that values of the state
at any time are fully reconstructible as long as the inputs and outputs are known
exactly.

Observability can be checked by a matrix rank test performed on the system’s

observability matrix.

Theorem 2.1.2. The continuous time LTI system (2.4)) is observable if and only if

the observability matriz is defined by

O(C,A) 2 [CT (CAT, ... (CAn—NHTT

is of rank n.
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The concept of observability is central to the design of state observers and state

estimators, which are discussed in the next section.

2.1.5 State Observers

Many nonlinear control design and adaptive system techniques assume state feedback;
this implies that all the state variables are measured and are available for feedback.
In practice, this is not always true, either for economic or technical reasons, such
as sensor failures. In most cases,only a subset of the state variables are available
for measurement. Intuitively, we want to use the measured states or outputs of the
system and extend the state-dependent techniques to output-dependent techniques
for system design. The idea is similar to what has been widely applied in LTT systems,
i.e., build an observer that yields asymptotic estimates of the system state based on
the output of the system, and then update the control/ adaptation law using on-line
estimation of the unmeasured states.

In control theory, a state observer is a dynamical system whose outputs are the
estimates of the state variables of the system [loannau and Sun, 1996]. The main
criterion that observers must satisfy is that the estimation error Z(t) = (z(t) — Z(t))
tends to zero in the limit as t — oo where Z(¢) is the estimate of the state z(t) at
time t. If the dynamics of the plant give rise to a linear time-invariant system, then

there exists an estimator of the form

>
—~

~~
SN—

I

Az(t) + L(y — 9) + Bu, (2.5a)

Cz + Du, (2.5b)

<>
I
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which guarantees convergence of the state estimation error to zero, provided that the
plant is observable. The observer given by Egs. and is referred to as a
Luenberger observer [loannau and Sun|, [1996]. The matrix L is designed so that the
matrix (A— LC) is stable, which ensures the stability of the observer’s error dynamics.
In fact, the eigenvalues of (A — LC), and, therefore, the rate of convergence of Z(t)
to zero can be arbitrarily chosen by designing L appropriately. Therefore, it follows
that Z(t) — z(t) exponentially fast as ¢t — oo, with a rate that depends on the matrix
(A— LC). This result is valid for any matrix A and any initial condition z(0) as long
as (C, A) is an observable pair.

The problem of combined state and parameters estimation is considered in this
thesis. The general structure of the adaptive observer is shown in the Figure [2.1|

Throughout, it is assumed that the plant (2.5)) is observable. The observability of

Plant State Observer [—

Parameter Estimation |[<——

0

Figure 2.1: General structure of the adaptive Luenberger observer.

(C, A) is used to guarantee the existence of the state space representation of the plant
in the observer form that in turn enables the design of a stable adaptive observer.

Moreover, the observability of (C, A) establishes the PE condition from the properties
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of the input wu.

2.1.6 Adaptive Identifiers

The adaptive identifiers represent a class of real time parameter estimation schemes
that are used to estimates (typically) slow time-varying parameters of dynamical sys-
tems. Under suitable conditions, these identifiers can guarantee convergence of the
estimated parameters to the unknown parameter values. The design of such scheme
includes the selection of plant input so that a certain signal vector, is PE. Adaptive
identifier designs are natural extension of observer design for linear time invariant
(LTT) systems with unknown parameters. When the parameters of the system are
unknown, an adaptive identifier is designed to estimate the parameters of the dynami-
cal system. This was first accomplished in [Kreisselmeier} [1977; Kudva and Narendra,
1973]. Traditionally, an adaptive identifiers consists of a state prediction subject to
parameter estimations and a parameter update law. Different representations have
been discussed in detail for LTI systems [loannau and Sun, [1996; Narendra and An-
naswamy, 1989; Sastry and Bodson, |1989]. Basic methods used to design adaptive
laws include Lyapunov-based design, gradient methods, and recursive least squares
methods. Subsequently alternative techniques have been generalized to the design
of adaptive observers for nonlinear systems, linear time-varying systems and systems
with disturbances. Adaptive laws only become parameter identifiers if the input signal

u has to be chosen to be sufficiently rich so that the regressor vector ¢ is PE.
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2.2 Parameter Estimation in Nonlinear Systems

Parameter estimation is the process of attributing a parametric description to an
object, a physical process or an event based on measurements that are obtained
from that object (or process, or event). The measurements are made available by a
sensory system. Parameter estimation plays an important role in many disciplines.
In a dynamical system, if all parameters and all state variables at an initial time
are known, a prediction can be made as to the future state of the system. This is
called the forward problem. Unfortunately, for most experimental systems of interest,
only a subset of state variables and parameters can be measured simultaneously,
making prediction of the future state of the system difficult or impossible. The
field of parameter and state estimation, also known as inverse problem theory, is
a mature discipline [Tarantolal 2005 [Levy} 2008; [Beck and Arnold} [1974] concerned
with determining unmeasured states and parameters in an experimental system. This
is important since measurement of some of the parameters and states may not be
possible, yet knowledge of these unmeasured quantities is necessary for predictions of
the future state of the system. This field is important across a broad range of scientific

disciplines, including geosciences, biosciences, nanoscience, and many others.

2.3 State Estimation

State Estimators are deterministic/stochastic dynamic systems that are used to recon-
struct the inaccessible but important process state variables, from available measured
variables. The problem of state estimation in chemical processes has been studied

extensively since the mid 1970s. In particular, the extended Kalman Filter (EKF)
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has been used widely for state estimation |[Bastin and Dochainl |1991]. The design of
an EKF is based on the linear approximation of a nonlinear process model.

It is generally recognized that, the linearization at each time step can introduce
large errors and even cause divergence of the filter [Wan and Van Der Merwe, [2000].
These concerns are especially acute in complex industrial set-ups [Wilson et al., [1998].
Although higher order Kalman filters exist, they are more difficult to implement and
prone to instability. Due to the complex nonlinear behavior of many chemical and
biochemical processes, reliable state estimation should be based on nonlinear models
that can capture the complex nonlinear behavior. Furthermore, several studies have
found that linear state estimators are inadequate for many nonlinear processes [Valluri
and Soroush, 1996] and [Tatiraju and Soroush) [1997], motivating the use of nonlinear
observers/estimators.

The Luenberger observer is well established method of estimating the state vari-
ables of a known observable system using input-output data,that can be adjusted
to handle to estimate the state of a linear time-invariant system with unknown pa-
rameters as well. The structure of the observer as the adaptive laws for updating
its parameters has to be chosen judiciously for this purpose. This was accomplished
in [Carroll and Lindorff, |1973; [Kudva and Narendra), 1973; Luders and Narendra,
1974 Narendra and Annaswamy, [1989]. In 1977, an alternate method of generating
the estimates of the states and the parameters of the plant was suggested |Kreis-
selmeier, 1977] where the adaptive algorithms ensured faster rate of convergence of
the parameters estimates under certain conditions.

When the system further depends on some unknown parameters, the observer de-

sign has to be modified so that both state variables and parameters can be estimated,
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leading to so-called adaptive observers. Various results in that respect can be found,
going back to ([Luders and Narendraj, 1974], [Carroll and Lindorff, [1973] and [Kreis-
selmeier} |1977]) for linear systems, or ([Bastin and Gevers, [1988], [Marino |1990]) for
nonlinear ones, but nonlinearities depending only on input/output.

Recently an alternative result on adaptive observation for linear time-varying sys-
tems [Zhang, 2002|, an adaptive observer has been designed which guarantees global
exponential convergence for noise-free systems. The adaptive observer proposed pro-
vides robustness in the presence of modeling and measurement noises. In the paper
[Adetola and Guayl, 2009], the authors considered a system with exogeneous distur-
bances and showed that parameter convergence can be guaranteed under certain con-
ditions of persistency of excitation condition. The authors proposed a novel set-based
adaptive estimation with an appropriate adaptation law for the unknown parameters.
The proof of the convergence of the estimates to their true values is achieved using
Lyapunov theories.

The problem of parameter estimation has been of considerable interest during the
last two decades [Niethammer et al., 2001] and |[Xu and Hashimoto, |1993]. In most
applications, it is generally assumed that the parameters are essentially constant
over the identification process [Marino et al. 2000 and [Stephan et al. 1994]. A
number of situations arise where the time-varying behavior of unknown parameters
cannot be neglected. Control algorithm needs to be updated on-line to increase their
performance. Motivated by this interest, several approaches have been proposed to
simultaneously estimate the state and identify the parameters [Zhu and Pagilla; [2003],

[Kreisselmeier, (1986].
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2.4 Summary

Concepts and principles of parameter and state estimation are reviewed in this chap-
ter. An overview of recent developments in parameter and state estimation of systems
has been presented.

An interesting problem is presented when, in addition to unknown parameters,
states of the system are also unknown. For this problem, application of set based
adaptive observer technique is possible with simultaneous state estimation using Lu-
enberger observer. The convergence to true parameter and state values can be guar-
anteed by Lyapunov theories. Another motivating problem is the estimation of time
varying parameters and unknown state. The similar techniques can be applied to this
problem.

The following chapters present approaches, which are applicable to a class of
nonlinear system. Furthermore, develop an algorithm for the fault detection, in case
of sudden change of the parameters. Moreover, techniques suggested can be used to

estimate the new parameters and states of the system.



Chapter 3

Adaptive observers for nonlinear

systems

The main objective of this chapter is parameter identification and state estimation
of a class of continuous-time nonlinear system subject to exogenous disturbances.
Using a set-based adaptive estimation, the parameters are updated only when an
improvement in the precision of the parameter estimates can be guaranteed. The for-
mulation provides robustness to parameter estimation error and bounded disturbance.
A simulation example is used to illustrate the developed procedure and ascertain the

theoretical results.

3.1 Introduction

Parameter identification is an important problem in the theory of control systems.
The problem of simultaneous parameter identification and state estimation problem

has attracted the attention of various research groups. It is very useful in treating

20
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many practical problems such as fault detection, signal transmission or control, and,
more recently, for synchronization of chaotic systems. A Luenberger observer [Luen-
berger|, 1964] allows asymptotic reconstruction of the state of a linear system from
measurements of input and output, provided that system parameters are known. For
the case where no a priori knowledge of the system parameters is available, adaptive
observers have been proposed [Kudva and Narendra, [1973]. Motivated by this inter-
est, several approaches have been proposed to simultaneously estimate the state and
identify the parameters [Zhu and Pagilla, [2003] and [Kreisselmeier} 1977].

This chapter is mainly influenced from the identification scheme presented in
[Adetola and Guay, 2010] and [Adetola, 2008], but is motivated from the state ob-
servation viewpoint, thus providing further insight into the interrelations of such
schemes. Following earlier works |[Adetola and Guay, 2009] and |[Adetola and Guay,
2010], for a class of nonlinear systems, a set-based adaptive identifier for parameters
is used. This method ensures convergence of the parameter to its true value provided
the true parameters fall within the initial uncertainty set. For state estimation, a
Luenberger-like observer is chosen to make the continuous-time error dynamics con-
verge to the origin, i.e e(t) — 0 as t — oo. An identifier is also designed for state
estimation that ensures the convergence to true state with a condition that the ini-
tial estimate of the variables lie inside the initial uncertainty set. The algorithm in
[Adetola and Guayl, [2009] is applied for state estimation, which ensures non-exclusion
of the true state. The notation adopted in |[Adetola, 2008] is used throughout this

chapter.



CHAPTER 3. ADAPTIVE OBSERVERS FOR NONLINEAR SYSTEMS 22

3.2 Problem description

Consider a nonlinear system of the form

i =Az + b(y)d + w(t) (3.1)

y=Hx
where x € R”™ is the vector state variables, y € R" is the vector output variables,
6 € R? is vector of unknown parameter. It is assumed that 6 to be uniquely iden-
tifiable lies within a known compact set ©° = B(fy, zp), the ball centered at 6, is a
nominal parameter value, with radius zg. The exogenous variable w(t) represents a
bounded time-varying uncertainty, such that |w(t)|< @. The vector-valued function
b(y) is sufficiently smooth. The following assumptions are made about (3.1)).
Assumption 2.1: The state variables x(t) € X evolve on a compact subset of R™.
Assumption 2.2: The system is observable.
The aim of this work is to provide the true estimates of plant parameters and esti-

mation of the state in the presence of unknown bounded disturbances.

3.3 State and uncertainty set estimation

3.3.1 State estimation

Let the estimator model for (3.1)) be chosen as
i=Ai+b(y))+ KHe+c"0, K >0, (3.2)

¢’ =(A—-KH)c" +b(y),  c(to) =0. (3.3)
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Define the state prediction error e = x — 2 and the auxiliary variable n = e — ¢74.,

where 6 = 6 — theta. And error dynamics is given by:
¢ =(A— KH)e + b(y)f — ¢+ w(t). (34)
where e(tg) = x(tg) — #(to). The n dynamics are given by:
n=(A-KHmn+w(),  nlt)=elt) (3.5)
As w(t) is not known, an estimate of 7 is generated by matrix differential equation
ih=(A=KH)j,  ito) = eto). (3.6)
with resulting estimation error 77 =  — 7) dynamics
= (A- KH)j+w(t),  i(to) =0, (3.7)

As w(t) is not known, an estimate of 7 is generated from (3.6) with resulting estima-

tion error 7j = n — # dynamics given by (3.7),7i(to) = 7° € X°, where x £ B(0, z,),

and z, is set radius found at the latest set update.

Lemma 3.3.1. [Desoer and Vidyasagar, |1975] Consider the system

() = Az(t) + ult)
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Suppose the equilibrium state x. = 0 of the homogeneous equation is exponentially

stable. Then,
1. ifue L, for1 <p < oo, thenx € L,
2. ifue L, forp=1or 2, thenx — 0 ast — oo.

Consider a Lyapunov function

Vy = i Pi (3.8)
it follows from (3.7) that
: 1 _r _ 1 _ T~
V, = o7 PA~ KH)I +w(t) + (A~ KH)g +w®) Pq (39

Using the following Ricatti equation
P(A-KH)+(A-KH)"P=-Q (3.10)

. 1
V< =5 Qi+ i Pt (3.11)

and

~ ~ ~T ~ )\maz
7' Qi) < Amaa( Q) 1) < 2352255V, (3.12)

By Young’s Inequality

1 1
it Pw(t) = 577% - 5w(t)TPTPw(t)

| | PTP |
S v/ | Bl |
= @) w

(3.13)
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from (@TT). (BT2) and

V< —
mT="9

1 <2Amax(62) 1 [HPEP (3.14)

Amin(P) 2>\mm(P)>V" 2

Considering (3.7)), if w(t) € Ls, then 7 € Lo (Lemma [3.3.1). Hence, the right hand
side of (3.14) is finite.

3.3.2 Set adaptation for 7

An update law for the worst-case progress of the state in the presence of disturbance

is given by
_ Van
Zn Do (P) (3.15)
Van(to) = 4 as (P(to)) (27)° (3.16)
) 1 2/\maa:<Q) 1 || PTP || _
=—c - —t 1

where V, (t) represents the solution of the ordinary differential equation (3.17)) with
initial condition (3.16)). The state uncertainty set, defined by the ball x(0, z,) is up-
dated using (3.7]) and the error bound ({3.15]) according to the following algorithm:

Algorithm 3.3.1. Error bound z,, the uncertain ball x 2 B(0, zy) s adapted on-line

with algorithm.:

1. Initialize z,(ti—1) = 27, 7(ti—1) = 0
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2. At time t;, update

<O,X(tz’)>,if2n(tz’) < zy(ti)— [ 0(t) = 2(ti-1) | —5rimem
X =
(0, X(ti—1)> , otherwise

3. Iterate back to step 2, incrementing i =1 + 1.

Algorithm ensures that x is only updated when 2z, value has decreased by
an amount which guarantees a contraction of the set. Moreover z, evolution given as

in (3.15)) ensures non-exclusion of 7 as given below.

Lemma 3.3.2. The evolution of x = B(0, z,) under (3.6)),(3.15)) and Algom'thmm

1s such that
1. x(t2) € x(t1), to <t1 <ty
2. 1€ x(t) = NeEX() VEt=>to

Proof. 1. If x(ti11) € x(t;), then

sup || (L) 1> (L) (3.18)

HEX(tit1)

However, it follows from triangle inequality and Algorithm that y, at the
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time of update, obeys

sup [|7(t:) [[< sup || G(tia) [| + || (tiea) — 7i(t) ||
nex(tiy1) neX(tit1)

< zy(tig1)+ | n(tiva) —n(t) | + || Atipa) — 0t ||
< zy(tip)+ || A(tipa) —0(t) ||

t;
|| eA-EE Gt ) 4 /t A=K =) () dr — p(t,) ||

< ytip) | Altin) — At || + | 1 — =KDt | )
+ . e(AfKH)(ti“*T)w(T)dT
t;
< ytip) || i) — At ||+

< z,(t;).

which contradicts (3.18)). Hence, x update guarantees x(t;11) € x(¢;) and the
strict contraction claim follows from the fact that y is held constant over the

update intervals 7 € (t;,t;41).

2. We know V, (tg) < V., (to) (by definition) and it follows from ((3.14)) and (3.17)
that V,,(t) < V., (t). Hence, we have

Vo) S Vaylt) Ve o (3.19)

and since V, = 17T P7, it follows that
n= 3

Vi) »

17 Pi) IS g5 pry = 240

vt > to. (3.20)

Hence, if 77 € x(to), then 7 € B(0, z,(t)), Vt > to.
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3.4 Parameter and uncertainty set estimation

Following [Adetolal, [2008], the parameter estimation scheme has been generated for

the above mentioned system.

3.4.1 Parameter adaptation

Let X € R"*™ he generated from
S =cHTH,  S(ty) = al = 0, (3.21)

The preferred parameter update law, based on Equations (3.2)),(3.3)) and (3.6), as

proposed in [Adetola and Guay, 2009] is given by

S =S eHTHST ST,

1 (3.22)
S tg) = —1
( 0) o’
0 =Pproj {’)/E_ICHTH(G —1), é} , (32

0(ty) = 0° € ©°,

where Proj{¢,é} denotes a Lipschitz projection operator [Krstic et al., 1995] such
that
— Proj{¢,0}70 < —¢'90, (3.24)

(1)) € ©° = O(t) € O,V >t (3.25)
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where ©° is initial uncertainty set. © £ B (é, 2p), where 0 and z, are the parameter
estimate and set radius found at the latest set update respectively. The following

Lemma will prove useful in the analysis of the estimation scheme proposed above.

Lemma 3.4.1. [Adetola and Guay, |2009] The identifier law (3.22) and parameter
update law (3.23)) is such that the estimation error 6 = 6 — 0 is bounded. Moreover, if

L1 = lre = ] dr < +oo (3.26)
and

are satisfied, then 0 converges to zero asymptotically.

Proof. Let Vz = 10750, it follows from (3.22)), (3.23) and ¢’0 = e — 7 — 7} that

. N 1- _

Vi =—0"cH " H(e — A) + §9T0HTHCT9 (3.28)
By Young’s Inequality

. R R N R 1 R R R
Vo< —y(e—0)"H"H(e —n)+vi" H' H(e — 0) + 5le— MNTH"H(e — 0 — 1) 529
3.29

1. .
-3 TH"H(e — 9 — i)

. ) A 1\ 1. i i R
V< —(e—f)"H"H(e —n) (v — 2) + §nTHTH77 +(y—1a"H"H(e — )

e R ) [CRE =

_———
L M

Vs < —M(e—2)THTH(e — 7)) + L HT Hij (3.30)
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where M and L are positive constants, implying that 6 is bounded. Moreover, it

follows from ((3.30)) that
t .
Volt) = Vilto) + | Vy(r)dr (331)
0
t t
<Vylto) =M [ Nle=alPdr+L[ || dr (3.82)
0 0

Considering the dynamics of (3.7)), if w(t) € Lo, then 7 € L, (Lemma [3.3.1]). Hence,
the right hand side of (3.32)) is finite in view of (3.26), and by (3.27) we have

limy_yo0 O() = 0 0

3.4.2 Parameter set adaptation

An update law that measures the worst-case progress of the parameter identifier in

the presence of a disturbance is given by

V.o

@ =\ o) (3.33)
Vzo(to) = 4\max <E(t0)> (29)? (3.34)
Vig=—M(e—7)TH H(e — 7)) + LV, (3.35)

where V() represents the solution of the ordinary differential equation (3.35)) with
the initial condition (3.34]). The parameter uncertainty set, defined by the ball
B(éc, z.) is updated using the parameter update law and the error bound
according to the following algorithm:

Algorithm 3.4.1. 1. Initialize zg(t;_,) = 29,0(t;_1) = 6°
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2. At time t;, update

() o s < ste 1= b |
(o)

<§(ti_1), @(ti_1)> ., otherwise

3. Iterate back to step 2, incrementing i =1 + 1.

Algorithm [3.4.1| ensures that © is only updated when the value of zy has decreased
by an amount which guarantees a contraction of the set. Moreover zy evolution as

given in (3.33) ensures non-exclusion of # as given below.

Lemma 3.4.2. The evolution of © = B(0, zy) under (3.22), [3.33) and Algorithm
is such that

1. O(t2) C O(t1), to <ty <t
2. 0¢ @(to) — e @(t) Yt >ty

Proof. 1. If O(t;41) € O(t;), then

sup || s —0(t;) || > zo(t;) (3.36)

Se@(tiJrl)

However, it follows from triangle inequality and Algorithm 3.1 that ©, at the
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time of update, obeys

sup || s —0(t;) |[< sup || s = 0(tisa) || + || O(tira) — 0(Z) |
SE@(tH_l) SE@(ti+1)

< zp(tiv1)+ || é(tHl) - é(tz) |

S 20 (tl)a

which contradicts (3.36]). Hence, © update guarantees O(t;11) C ©(t;). And ©

is held constant over update intervals 7 € (¢;,t;41).

2. We know that Vj(ty) < V.p(to) (by definition) and it follows from ({3.30) and
(3.35)) that Vj(t) < Vig(t). Hence, by the comparison lemma, we have

Va(t) < Vielt) VYt >t (3.37)

= z5(t) Vit > to. (3.38)
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3.5 Simulation Example

To illustrate the effectiveness of the proposed method, we consider the following

system subject to an additional disturbance
Ty = (29 + 2301 — 2303) + uy + wy

252 = (—ZL’l —+ I3 —+ ZL’302 + IL’303) + U9 + W9
.’L:g = (—331 — 21’2 — T3+ x393) + us + ws
y=Hzx

where 67 = [0}, 0, 03], the input is taken as constant, u = [—0.001 0.001 0.002].
The true parameter values are § = [2.9 3.1 0.7]7. The bounded noise term is
w(t) = sin(0.01¢)[1 1 1]7. The initial radius of the uncertainty set for 6 is z§ =
19. The initial radius of the uncertainty set for 7 is 22 = 10. Initial conditions
for state are x(0) = [0.1 0.03 0.04]. Initial estimates of the states are #(0) =
(0.4 0.12 0.16)7.The center of the parameter uncertainty set is assumed to be ég =
[2.74 3.18 0.86)7 at time t = 0. For this example, H =[0 0 0.2].

The set-based adaptive identifier is used to estimate the parameters and along
with an uncertainty that is guaranteed to contain the true value of the parameters.
Figure 3.1] shows the estimates of the parameters converging asymptotically to their
true values. Simultaneously an auxiliary variable is used to estimate the unmea-

sured state variables. The estimation of the unknown states follows the true state

value as shown in Figure |3.3| and the error associated with state prediction is shown
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in Figure |3.2, The proposed technique updates the estimates only when estima-
tion improvement is guaranteed. The proposed uncertainty set update for parameter
identification and state estimation, guarantees to contain the true values at all time
instants. As depicted in Figure [3.4] the uncertainty bound zy reduces over time and
the true parameter always lies within the uncertainty set as the distance between
true and estimated parameters, dy is always less than zy. The radius of uncertainty
set for 7 i.e z, is also decreasing with time as shown in Figure . It also shows the
non-exclusion of the 7, ¢, < z,, which ensures that the true state of the system is

estimated.
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Figure 3.1: Time course plot of the true parameter: 6 dashed lines(——) and parameter
estimates: 6 solid lines (—).



CHAPTER 3. ADAPTIVE OBSERVERS FOR NONLINEAR SYSTEMS 36
2 T T T T T T T
1t ]
0 L\/‘\/\/\/ -
-1 | | | | | | |
0 50 100 150 200 250 300 350 400
1 T T T T T T T
0 T/\N\WW
-1 ]
_2 | | | | | | |
0 50 100 150 200 250 300 350 400
0.5 T T T T T T T
O e -
—O.'_ ! ! ! ! ! ! !
0 50 100 150 200 250 300 350 400

time step

Figure 3.2: Time course plot of the state estimation error e = z — 2.
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Figure 3.3: Time course plot of the estimated state: # dashed lines(——) and true

state: z solid lines (—).
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Figure 3.4: The progression of the radius of parameter uncertainty set at time steps
when set is updated.
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Figure 3.5: The progression of the radius of uncertainty set for n at time steps when
set is updated.



Chapter 4

Systems with Time-varying

Parameters

Most of the methods for identification of parameters assume constant parameters.
However the parameters of practical plants are often time-varying and control sys-
tems must rely on the online estimation of the uncertain parameters to ensure a
certain degree of closed-loop performance. In this chapter, the set-based technique
developed in Chapter [3|is modified for time varying parameters. Apart from estima-
tion, algorithm is developed for fault detection in the system. This method is applied

to a non-linear system to demonstrate the effectiveness.

4.1 Introduction

In most practical situations, process parameters cannot be assumed to be constant.
Some time-varying behaviour of the parameters must be considered. In [Adetola

and Guay}, [2010], the authors proposed a novel set-based adaptive estimation with an

40
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appropriate adaptation law for the unknown parameters. Following the same concepts
developed in Chapter |3| for nonlinear systems identification and constant parameter
estimation, the proposed method is derived using a new formulation. The proof of the
convergence of the estimates to their true values is achieved using Lyapunov theories.

Apart from parameter identification and state estimation, another important ap-
plication area of the proposed design is the problem of fault detection. In particular,
if the value of the parameter is outside some acceptable bounds, then a fault should
be identified and hence this detection can be used to apply a different control in
physical plant.

In this chapter, following earlier works [Adetola and Guay, 2009] and |[Adetola and
Guay, [2010], a set-based adaptive identifier for time-varying parameters is proposed.
This method ensures convergence of the parameter to its mean value provided the true
parameters fall within the initial uncertainty set. For state estimation, a Luenberger-
like observer is chosen to ensure that the continuous-time error dynamics converge to
zero asymtotically, i.e e(t) — 0 when t — 0o. The algorithm in |Adetola and Guay),
2009] is modified for both parameter and state estimation to detect the abrupt change
in the parameters, which ensures non-exclusion of the true parameter and true state
respectively.

This chapter is organized as follows. The problem description is given in Section
[4.2] The parameter estimation routine is presented in Section [4.4] State estimation
and uncertainty set adaptation are detailed in Section This is followed by a

simulation example in Section [4.5]
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4.2 Problem description

Consider a nonlinear system

T =Ax + b(y)0(t) (1)
y=Hzx |

where z € R” is the state, y € R" is the output, §(¢) € R? is an unknown time varying
bounded parameter vector assumed to be uniquely identifiable lying within a known
compact set ©° = B(0y, zp), where 6 is a nominal parameter value, zy is the radius of
the parameter uncertainty set. The vector-valued function b(y) is sufficiently smooth.
The following assumptions are made about .

Assumption 2.1: The state variables x(t) € X a compact subset of R™.

Assumption 2.2: The system is observable.

Assumption 2.3: The time varying parameters is such that it satisfies [;*° 6(7)dT =
constant.

The aim of this work is to provide estimates of the time varying parameters and the

state variables, simultaneously.
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4.3 State and uncertainty set estimation

4.3.1 State estimation

Let the estimator model for (4.1)) be chosen as
i=A2+ b))+ KHe+w"0(t), K >0, (4.2)

Let

0(t) = by + p(t),

where 6 is the average value and p(t) is a time varying component of the parameters,

such that || u(t) ||< ¢1.
W' = (A— KH)w" +b(y),  w(ty) =0. (4.3)

resulting in the state prediction error e = x—2 and an auxiliary variable n = e—wTh (t)

dynamics:
¢ =(A — KH)e + b(y)(t) + b(y)u(t) — wTo(t) (4.4)
where e(tg) = x(tg) — Z(to),

= (A= KH)n+b(y)ut),  nlt) = elto) (4.5)
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An estimate of n is generated from

n=(A—KH)), it = e(to) (4.6)

with resulting estimation error 77 = n — 9 dynamics

h= (A= KH)j+b(y)u(t),  ito) = 0. (4.7)

An estimate of 1 is generated from (4.6) with resulting estimation error 7 = 1 — 7
dynamics given by ([&7), 7i(to) = 7° € x°, where x £ B(0, z,), and 2, is set radius

found at the latest set update.

Lemma 4.3.1. [Desoer and Vidyasagar, 1975] Consider the system

#(t) = Az(t) + u(t)

Suppose the equilibrium state x. = 0 of the homogeneous equation is exponentially
stable. Then,
1. ifue L, for1 <p<oo, thenx € L,

2. ifue L, forp=1or 2, thenx — 0 ast — oo.

Consider a Lyapunov function

V, = i Pi (4.8)
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it follows from (4.7) that

T

! [(A — KH)j+b(y)u(t)| P7 (49)

[\]

Vi =y P4 - K+ baduco)] +

Vi =y [PLA = KH) + (4= K Pl G PUaut) + g0/ P (410

Using the following Ricatti equation

P(A-KH)+(A-KH)"P=-Q (4.11)
V, = Q0 + i Pbly)u(r) (4.12)
and
)\max
0’ Qi < 27 E%) 14 (4.13)

By Young’s Inequality

aVy ab(y)"o(y)

-7
TP < TP T 2 (PTP) )
from , and
: 2\ maa(Q) aVy | aby)by) || PTP |
V, < — 7)\%”(]3) Vn] + lAmin<P> + 5 (4.15)
Voo [Pmae@ e ] ab@)Thy) | PP (4.16)

Considering (4.7)), if u(t) € Lo, then 77 € Lo (Lemma 4.3.1). Hence, the right hand
side of (4.16) is finite.
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4.3.2 Set adaptation for 7

An update law for the worst-case progress of the 7 in the presence of time varying

parameters is given by

2y = Do (P) (4.17)
Vo) = Do Plt0) ) (5 (1.18)

o[22 (@) ¢ c1b(y)"b(y) || PTP ||
Vo= _[ Amin(P) Amm<P>1V" y ; &9

where V., (t) represents the solution of the ordinary differential equation (4.19) with
initial condition (4.18). The state uncertainty set, defined by the ball B(0,z,) is
updated using (4.6)) and the error bound (4.17)) according to the following algorithm:

Algorithm 4.3.1. Error bound z,, the uncertain ball x 2 B(0, 2y) is adapted online

with algorithm:

1. Initialize z,(t;—1) = 2, 7(ti-1) =0

2. At time t;, update

(QX(U)),Z'fzn(fz’) < zy(tic1) = | (t:) = Ati-1) || —%
X =
(0, X(Q‘—l)) , otherwise

3. Iterate back to step 2, incrementing i =1 + 1.
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Algorithm ensures that x is only updated when z, value has decreased by
an amount which guarantees a contraction of the set. Moreover z, evolution given as

in (3.15) ensures non-exclusion of 7} as given below.

Lemma 4.3.2. The evolution of x = B(0, z,)) under (4.7)),(4.17) and Algorithm

is such that

1. x(t2) € x(t1), to <t1 <t

2. € x(ty) = ne€x(t) Yt>ty
Proof. 1. If x(tix1) € x(t;), then

sup || 7i(t:) [|= zy(t:) (4.20)

nEX(tit1)

However, it follows from triangle inequality and Algorithm that , at the

time of update, obeys

sup |5(t:) [|< sup || Gi(tiea) || + || 9(tiva) — 7(E) ||
EX(tit1) HEX(ti+1)

< 2t + | mltien) = (e |+ | A(ten) = (8 |
< Zy(tir1)+ || A1) — () ||

b eIty [ IO ) ) — () |
< 2t + 1| Alte) = (8 ||+ [ 7 = AR

t;
[ ARy (r)dr
t;

| n(ti)

[ b()en |
Amin(A — KH)

< zg(tig)+ || A(tien) — 0(ts) || +

< Zn(ti)7
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which contradicts (4.20]). Hence, y update guarantees x(¢;+1) C x(t;) and the
strict contraction claim follows from the fact that y is held constant over the

update intervals 7 € (¢;,t;41).

2. We know V,,(ty) < V., (to) (by definition) and it follows from (4.16]) and (4.19)

that V,,(t) < V., (t). Hence, by the comparison lemma, we have
V() < Valt)  VEZ 1o (121)

and since V;; = 177 P7, it follows that

1P IS 5 s =40 Vet (122)

Hence, if 77 € x (o), then ) € B(0, 2,,(t)), Vt > 1.

4.4 Parameter and uncertainty set estimation

Following [Adetolal, [2008], the parameter estimation scheme has been generated for

the above mentioned system.

4.4.1 Parameter adaptation

Let X € R"*™ be generated from

Y =wH'Hw", — X(t,) = al = 0, (4.23)
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based on Equations (4.2)),(4.3) and (4.6|), the prefered parameter update law as pro-

posed in [Adetola and Guay, 2009 is given by

(4.24)

(4.25)

where Proj{¢, é(t)} denotes a Lipschitz projection operator [Krstic et al., |1995] such
that

— Proj{¢, 0(t)}Y7a(t) < —¢Ta(t), (4.26)
0(ty) € @0 = 0(t) € ©,Vt > 1, (4.27)

where © £ B(A(t), zy), where 0(t) and z are the parameter estimate and set radius

found at the latest set update respectively.

Theorem 4.4.1. [Adetola and Guay, 2009] The identifier law (4.24) and parameter
update law ([£.25) is such that the estimation error O(t) = 0(t) — O(t) is bounded.

Moreover, if

Lol = e =) dr < +oo (4.28)
where, ¢ € R and
Jim Apin(3) = 00 (4.29)

are satisfied, then 6 converges to zero asymptotically.
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Proof. Consider a Lyapunov function,
Vaw = ~0(1)"50(t)
it follows from ([4.24)), and wTO(t) = e — fj — 7) that
Vs = 0t S(00(1) + ;é(t)TwHTHwTé(t) (4.30)

If we assume convergence of 0 to average value of parameters, then 6 = 6, — é, where

0y is the mean value of the parameter and by Young’s Inequality

Vi < —le—2)"H"H(e —9) + i  H H(e — )

1 - P (4.31)
(e = B He =7 — ) = 57" H' H(e =i - 7)
Viw < — (e— 1)) HTH(e — 7) ) L e
oy > —€e—1n e—n 7—2 277 Ui

= —

2 2 2 2
_—
L M
Vi < —M(e —0)"H"H(e — 1) + Lij" H" Hij (4.32)

where M and L are positive constants, implying that é(t) is bounded. Moreover, it

follows from (4.32) that

t .
Voo (£) = Vi (to) + /t Vi (T)dr (4.33)
0
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t t
Voy(t) < —M [ (e—D)"H"H(e —f)dr +L | 7 H Hidr (4.34)
to

to
Considering the dynamics of ([{@.7), if 6(t) € L, then 77 € £, (Lemma [4.3.1)). Hence,
the right hand side of (4.34) is finite in view of (4.28)), and by (4.29) we have

limy_yo0 O() = 0 0

4.4.2 Parameter set adaptation

An update law that measures the worst-case progress of the parameter identifier in

the presence of a disturbance is given by

Vo
= 4.
‘/z@(t) (tO) = 4)\max (E(t0)> (22)2 (436)
Vo) = —M(e — i) "H H(e — ) + LV., (4.37)

where V() represents the solution of the ordinary differential equation (4.37)) with
the initial condition (4.36). Moreover from 1 = e — w7 f(t)

el < In] + [w]l6]

le] < z, + 2|w|zp (4.38)

From (4.38]) and Algorithm proposed below, it is ensured that time-varying param-
eters are inside the uncertainty set. The parameter uncertainty set, defined by the
ball B (éc, z.) is updated using the parameter update law and the error bound
according to the following algorithm:
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Algorithm 4.4.1. 1. Intialize zp(t;_1) = 29, 0(t;_y) = §°

2. If |e| > z,+2|w|zy, increase zg to arbitrarily large value to keep the true param-

eter inside the uncertainity set.

3. At time t;, update

(9 @) ) (éui),@(ti)), i 2o < ) | 6 — 0t) |

<§(ti_1), @(ti_1)> , otherwise

4. lIterate back to step 2, incrementing i =i + 1.

Algorithm ensures that © is only updated when the value of 2y has decreased
by an amount which guarantees a contraction of the set. Moreover zy evolution as

given in (4.35)) ensures non-exclusion of 0(t) as given below.

Lemma 4.4.1. The evolution of © = B(0,z) under [@24), [@.35) and Algorithm
is such that

1. O(ty) C O(ty), to < t1 < tg, excluding the update of set radius by step 2 of

algorithm.
2.0 €0O(ty) = 00O(t) Vt>t

Proof. 1. If ©(t;41) € O(t;), then

sup || s —0(t:) [[> z0(t:) (4.39)

s€O(tit1)
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However, it follows from triangle inequality and Algorithm 3.1 that ©, at the

time of update, obeys

sup || s —0(t:) | < sup |5 —0(tier) | + || (tirr) —O(2) |

s€O(tiy1) SEO(tit1)
< zg(tipa)+ || O(tiza) — 0(L:) ||
S Zﬂ(ti)7

which contradicts (4.39). Hence, © update guarantees O(t;11) C ©(t;). And ©

is held constant over update intervals 7 € (¢;,t;41).

2. We know that Vj(ty) < V.e(to) (by definition) and it follows from (4.32) and
([@.37) that V;(t) < V.g(t). Hence, by the comparison lemma, we have

Vi (1) < Vg (t) Vit > 1o (4.40)

and since Vi, = 30(t)70(t), it follows that

1
2

| 0()T20(t) ||°< Zp\nf((g@)) =zz(t) VYt >t (4.41)

Hence, if 6(t) € O(ty), then 0(t) € B(A(t), zo(t)),Vt > tq.
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4.5 Simulation Example

To illustrate the effectiveness of the proposed method, we consider the following
system

21 = (x9 + 2301 (t) — x303) + g
Ty = (=1 + o3 + 2302 + 2303) + Uy
T3 = (=21 — 229 — 23 + 13°03) + us

y=Hzx

where 0(t)T = [0,(t), 02, 03], the input is taken as constant, u = [-0.001  0.001 0.002]”.
The true parameter values are 6(t) = [(sin(0.1¢)+1.9) 3.1 0.7]7. The initial radius
of the uncertainty set for 6 is zj = 100. The initial radius of the uncertainty set for
7 is zg = 100. Initial conditions for state are zop = [I 0.3 0.4]7. Initial estimates
of the state are 29 = [5 1.5 2]7.The center of the parameter uncertainty set is
assumed to be §9 = [3.5 4 2|7 at time ¢ = 0. For this example, H = [0 0 4].
The set-based technique developed in this chapter is applied to the above men-
tioned simulation example. The adaptive identifier is used to estimate the time-
varying parameters and an uncertainty set is defined such that it guarantees to con-
tain the true value of the parameters. Figure shows the estimates of the time
varying parameters converging asymptotically to the mean values. If the value of the
parameter moves outside some acceptable bounds, the algorithm is capable of fault
detection. To demonstrate this feature, the mean value of the parameters is forcibly
changed to new value. The algorithm detects the fault and the estimates converge

to the new mean value of the parameters. Simultaneously an auxiliary variable is
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used to estimate the unmeasured state variables. The proposed technique updates
the estimates only when estimation improvement is guaranteed. The estimates of the
unknown states follows the true state value as shown in Figure [4.3] The straight line
shows that the error is in the neighborhood of zero. The error associated with state
prediction is shown in Figure[£.2] As the uncertainty in the system is injected forcibly
by changing the parameters, the algorithm detects the fault and starts updating the
state estimates such that the error associated with the state variables converge to
zero. The proposed uncertainty set update for parameter identification and state
estimation, guarantees to contain the true values at all time instants. As depicted
in Figure [4.4] the uncertainty bound zy reduces over time and the true parameter
always lies within the uncertainty set. Similarly, the distance between the true and
estimated parameters, dg is always less than zy. As a result of fault detection, the
value of zy is reset to a large value to ensure the non-exclusion of true parameter
values. Similarly, the radius of uncertainty set for 7 i.e 2, is also decreasing with time
as shown in Figure 4.5 It also shows the non-exclusion of the true values of the auxil-
iary variables 7, 6, < z,, which ensures that the true state of the system is estimated.
The algorithm detects the forced uncertainty, and ensures the non-exclusion of state
from uncertainty set. In this case, the size of the uncertainty, z,, is set to 100 when

a fault due to the parameters is detected.
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Figure 4.1: Time course plot of the true parameter: 6 dashed lines(——) and parameter
estimates: 6 solid lines (—).
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Figure 4.2: Time course plot of the state estimation error e = x — 2.
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Figure 4.3: Time course plot of the estimated state: # dashed lines(——) and true

state: z solid lines (—).
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Figure 4.4: The progression of the radius of parameter uncertainty set at time steps
when set is updated.
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Figure 4.5: The progression of the radius of uncertainty set for n at time steps when
set is updated.



Chapter 5

Application: Mixing Tank Problem

The purpose of this chapter is to investigate the performance of the method proposed
in Chapter |4/ on a simple mixing tank experimental problem. It is a low dimensional
problem, and meets all the necessary assumptions from Chapter [4] The model struc-
ture of the experimental set up is shown to fit the class of the systems considered in
the earlier chapters. The performance of the estimators is tested by comparing the

estimations generated by the method with the experimental data.

5.1 System Description

5.1.1 Model development

The flow diagram for this example is shown in Figure The experimental set up
consists of two inlet streams and one outlet stream. The flow rate of inlet deionized
water stream is represented by Fj (lit/min) and concentration of salt is denoted by C4

(g/lit). The salt stream is pumping the salt solution in the mixing tank at a flow rate

61
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of Fy (lit/min) and the concentration of salt in the stream is Cy (g/lit). A constant
rpm stirrer is used for mixing the streams in the tank, Cy (g/lit) is the concentration
of the salt present in the tank. The flow rate of the outlet stream is represented by
F3(lit/min) and the concentration of salt in the product stream is C5 (g/lit). The
cross-sectional area of the mixing tank is A (¢cm?). h (cm) represents the level of

solution in the mixing tank.

F17CI F27C2

F37C3

Figure 5.1: Experiment notations

A mass balance yields:

dh

and the tank height dynamics can be described by the ordinary differential equation

. 1
h=—[F,+ F,— F
A[1+ 2 3]



CHAPTER 5. APPLICATION: MIXING TANK PROBLEM 63

A salt balance on the system is given by

dcC.
FyCy = F3Cy + hA—2
dt
that yields the salt concentration dynamics:
YTUAL AR

The following assumptions have been made to simplify the model of the system.
1. The feed has a uniform composition throughout the operation.

2. Mixing is perfect which implies that the exit stream has the same composition

as in the tank, C3 = C}.
3. There is no salt content in stream 1, which implies C; = 0.

The model can be restated as follows:

. Fy
AR
. = o o Fy
Cs 0 =2 —=2
Ah Ah P
The above structure can be written as
T =0b(y)d (5.1a)

y=Hx (5.1b)
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where

(wl
—~
<
SN—
Il
S =
SN
b

and

5.1.2 Process Flow Diagram

Figure depicts the process flow diagram of the experimental set up along with the
position of sensors. The water pump 1 is an inlet pump. The flow rate of this pump
can be regulated manually using a rotameter. Pump 2 is pumping salt solution of
known concentration from a storage tank to the mixing tank. The solution is well
mixed with the help of a stirrer and the mixed solution is pumped out with Pump 3.
The flow rates of pumps 2 and 3 are regulated automatically with the help of inputs
generated in the Simulink and transmitted through MCC (Multiple Control Circuit)
as shown in the Figure [5.2]

The height in the mixing tank is measured by a pressure transmitter 'a’, located
at the bottom of the mixing tank. The outlet flow salt concentration is measured by
conductivity meter 'b’, located at the outlet stream. The information of these two

attributes is transmitted to Simulink through MCC.
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1
1
I
Storage Tank !
1
1

%I """ e MCC Simulink
1

- e e e e = = = = = = =]

Figure 5.2: Process flow diagram of experimental set up.

5.2 Procedure

5.2.1 Calibration

All the pumps and sensors in the set up are first calibrated. The outputs from the
system are recorded in mA (milli Amperes). The relation of the physical attributes to
the recorded mA is assumed to be linear. Calibration curve are generated for height,

concentration of output stream and flow rates of different pumps. They are given by:

height (cm) = 19.865 x (Value recorded in Simulink) — 20.038, (5.2)

concentration(g/lit) = 2.5922 x (Conductivity recorded in Simulink) —7.1697, (5.3)
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for outlet pump,

flow rate(lit/min) = 0.3019 x (Setting on the pump) + 0.0121, (5.4)

for salt inlet pump,

flow rate(lit/min) = 0.1549 x (Setting on the pump) + 0.0067. (5.5)

Equations (5.2)), (5.3)), (5.4) and (5.5) are the relation of height, concentration,

outlet pump and intlet pump respectively to the respective signals recorded by the
sensors. These relations had been used to calculate the height of solution in the
mixing tank, concentration of salt in the outlet stream and flow rates of the pumps,

from the corresponding signals generated by the sensors.

5.2.2 Experimental run

A 15 g/l salt solution is prepared in the storage tank. The initial conditions for the
experiments are chosen to be 10 g/l and 12 c¢m for the salt concentration and the
height, respectively. A solution of 10 g/l is prepared and is filled in the mixing tank
to a level of 12 cm. The initial conditions for the pumps are chosen such that the
level of the salt solution remains within reasonable limits of the initial conditions.
The deionized water from pump 1 is set to a constant flow rate of 0.4 1/min. The
salt solution is pumped by pump 2 at a flow rate of 0.6 1/min. F, is set to Fy =
0.6 + 0.1sin(0.1t). The outlet flow rate is fixed at 1 1/min.

With the above mentioned initial conditions, the experiment is performed and

the data is recorded using the Simulink. The height and concentration of salt in
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the mixing tank is calculated using (5.2]) and (5.3)). This data is used as a reference
for comparing the estimated values with the true values of parameters and the state

variables. For this example H = [400 0;0 100] .

5.2.3 Estimation

The primary aim of the experiment is to investigate the performance of the pro-
posed method for estimation of state and the time varying parameters of the system.
The method developed in Chapter [4] is used to generate the estimates of the plant
parameter and state variables and is compared with the data from the experiment.

Let the estimator model for (5.1) be chosen as

b =b)(t) + KHe +u™0(t), K >0, (5.6)

Let
0(t) = 0o + p(t) (5.7)
W' = —KHw" +b(y),  w(ty) =0. (5.8)

resulting in the state prediction error e = z—# and an auxiliary variable = e—w?8 (t)

dynamics:
&= — KHe+b()d(t) + b(y)p(t) — wTd(t) (5.9)
where e(tg) = x(to) — Z(to),

n=—KHn+b(y)u(t),  n(te) = e(lo) (5.10)
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An estimate of n is generated from

n=—KHf,  t) = e(t) (5.11)

with resulting estimation error 77 = n — 9 dynamics

i =—KHij+b(y)u(t), 7t =0 (5.12)

Let X € R"*™ be generated from

> =wH Hw',  (ty) =al =0, (5.13)

based on Equations (5.6),(5.8) and (5.11)), the preferred parameter update law as

proposed is given by

(5.14)

(5.15)

where Proj{¢, é(t)} denotes a Lipschitz projection operator.

The parameter set is adapted at every step according to Section and Algo-
rithm is used to guarantee that the parameter estimates converge to the true
values.

Similarly, the estimates for auxiliary variable 7 is generated by (5.11)) and the
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worst case progress of 1 is given by Section [4.3.2] Convergence of the estimates to
the true state variables is ensured by Algorithm
The simulation is performed using the above mentioned technique. The initial

conditions mentioned in Section [5.2.2] are used.

5.3 Results and Discussion

The results obtained by the simulation are shown in the Figures to Figure
.3 shows that the estimated flow rates are converging to the mean value of the true
flow rates. The estimate of F, converges to its true mean value as expected, but the
difference between true mean value and estimated value is slightly greater than that
for F} and F3. However, it is likely that the time varying behaviour of F, contributes
to some unmodeled dynamics or delays, present in the pump. The parameter update
law and algorithm is successful in finding a very good estimate of the flow rates of
the system. Figure depicts that the state estimates, i.e. height and concentration
of salt in the outlet stream, are in a small neighbourhood of their true values. The
height of the solution is well estimated by the method. Although, the estimate for
concentration follows the true state, there is a persistent error as shown in Figure [5.5]
The possible reason for this behaviour is the location of the salt solution inlet at the
bottom of the tank. Moreover, outlet of the tank is very close to the salt solution inlet
which may cause some turbulence and nonideal mixing near the outlet. As shown in
Figure 5.5 the estimation error for height is very small, and is decreasing with time.
As shown in Figure [5.6] the uncertainty bound z, reduces over time and the true
parameter always lies within the uncertainty set as the distance between true and

estimated parameters, dg is always less than zy. Similarly, the radius of uncertainty
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set for 1 i.e z, is also decreasing with time as shown in Figure . It also shows the
non-exclusion of the true values of the auxiliary variables 1, ¢, < z,, which ensures

that the true state of the system is estimated.

_ 0.6_ T T T T T T T T T ]
£
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Figure 5.3: Time course plot of the estimates of flow rates.
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Figure 5.4: Time course plot of the estimated state: # dashed lines(——) and true
state: z solid lines (—).
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Figure 5.5: Time course plot of the state estimation error e = z — 2.
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Figure 5.6: The progression of the radius of parameter uncertainty set at time steps
when set is updated.
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Figure 5.7: The progression of the radius of uncertainty set for n at time steps when
set is updated.



Chapter 6

Conclusion and Future Work

A method is proposed for the simultaneous parameter estimation and state estima-
tion of a class of nonlinear systems with constant and/or time-varying parameters.
The problem of estimation has been divided into three broader steps. The first step is
the state and parameter estimation step. Estimation is performed by using: 1) adap-
tive law for estimating the parameters and 2) Luenberger observer for estimating the
state variables. The second step consists in developing techniques and conditions
under which one can guarantee convergence of the state and parameter estimates to
their unknown true value. The techniques proposed in this thesis exploits a Lyapunov
stability criterion to guarantee boundedness of the estimates and a set-update algo-
rithm to guarantee containment of the unknown parameter values in a computable
uncertainty set. The third step is fault detection. employs the state estimation and
parameter estimation uncertainty sets, to detect faults. The main contributions of
the work are: 1) A set-based technique for estimating unknown state variables in
the presence of unknown bounded disturbance. 2) Estimation of unknown param-
eters (constant and time-varying) using set-based technique. 3) An Algorithm has

5
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been developed to detect the faults in the system. 4) Application of the proposed
methodology to a practical problem of mixing tank.

A set-based adaptive estimation technique is proposed for simultaneous state es-
timation and parameter identification of a class of continuous-time nonlinear systems
subject to time-varying disturbances. The set-based adaptive identifier for parameters
is used to estimate the parameters along with an uncertainty set that is guaranteed
to contain the true value of the parameters. Simultaneously an auxiliary variable is
used to estimate the unmeasured state variables. Sufficient conditions are given that
ensure the convergence of the adaptive observer. The proposed technique updates
the uncertainty sets only when estimation improvement is guaranteed. The proposed
uncertainty set update for parameter identification and state estimation, guarantees
to contain the true values at all time instants. The method guarantees convergence
of the parameter estimation error to zero and determines the unknown state of the
system in the presence of unknown bounded disturbances. The estimation and iden-
tification algorithms have been implemented to a simulation example.

The time-varying parameter problem has been addressed with a modification of
the adaptive estimation technique proposed for simultaneous state estimation and pa-
rameter identification of a class of continuous-time nonlinear systems with constant
parameters. The adaptive identifier along with an uncertainty set update algorithm is
defined such that it guarantees the convergence of the parameter estimates and state
estimates to true value. Sufficient conditions are given that guarantee the conver-
gence of the adaptive observers. The proposed uncertainty set update for parameter
identification and state estimation, guarantees containment of the true values at all

time instants. The method guarantees convergence of the parameter estimation error
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to zero and significantly determines the unknown state of the system. The algorithm
detects faults in the system, induced by changing the true parameter value. The al-
gorithm resets the radius of uncertainty set for the parameters as well as the auxiliary
variable 7 to an arbitrarily large value to ensure non-exclusion of true values. As soon
as the algorithm detects the fault, it updates the estimates until the convergence to
the new parameter and state values has been achieved. The estimation and identi-
fication algorithms have been implemented to a simulation example to demonstrate
its effectiveness.

The estimation of simple mixing tank with time varying flow rate. The system
consists of two inlet streams of different flow rate and concentration of salt. The
flow rate of salt stream is time-varying. The parameter and state estimation scheme
for time-varying parameters is applied to this practical example. The data obtained
from the experimental run is used to compare the estimates with the true value. It
is demonstrated that the proposed method estimates the state of the system as well
as the time varying parameters accurately, despite imperfect mixing effects of the
solutions.

Future research work should be dedicated to the analysis of the robustness of the
adaptive identifier and observer for time-varying parameters. It would be desirable
to study the stability properties of the method with respect to the bounded unknown
disturbances and unmodeled dynamics. The method proposed in this work guaran-
tees the time-varying parameter convergence to the mean value. Another interesting
problem would be to find a systematic method for estimating the true value of the

time-varying parameter. This could prove useful to relax the assumptions on the
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magnitude of the rate of change of parameters. As the algorithm developed is capa-
ble of detecting faults, future work can be directed in investigating its application to

practical fault detection and isolation problems.
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