Derivative of a Function
Speed (s) is the denvative
of distance (x) which is
a function of time (t).

e, Therefore, Speed (s) = %:w—
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Continuity

Type of Problems Exercise Q. Nos.
8.1 Q.1,2,4,5,10,12,13
Practice Problems
Examine the Continuity of a Function at (Based on Exercise 8.1) Wil 2, 8,53, 65 7, 20
a given point Miscellaneous Exercise 8 Q.IL IV
Practice Problems Q.1.2.8
(Based on Miscellaneous Exercise 8) e
8.1 Q.6,7,8,9
. - Practice Problems
Types .of ' Discontinuity (Removable (B e doniBxore o) Q.8,9,10,11, 12
Discontinuity/ Irremovable : .
Di . Miscellaneous Exercise 8 Q.11
iscontinuity) -
Practice Problems Q3
(Based on Miscellaneous Exercise 8) ’
8.1 Q.10
Practice Problems Q.13, 14
Find the value of Function if it is (Based on Exercise 8.1) T
Continuous at given point Miscellaneous Exercise 8 Q. VII
Practice Problems Q.4
(Based on Miscellaneous Exercise 8) )
8.1 Q.11, 14,17
Practice Problems
ekl i b el St (Lo it o (Based on Exercise 8.1) Q. s, 11, 11, 15, 19
Continuous at a given point/points. Miscellaneous Exercise 8 Q.V, VI
Practice Problems Q5.6.7
(Based on Miscellaneous Exercise 8) o
Find the points of Discontinuity for the
: : 8.1 Q3
given Functions
. 8.1 Q.15, 16
il U T Miscellaneous Exercise 8 Q.VIII

d Syllabus g

e Continuity of a function at a point.
*  Continuity of a functiuon over an interval.

° Intermediate value theorem.

Let’s Study

rC()ntinuous and Discontinuous FunctionJ

Continuity is ‘the state of being continuous’ and
continuous means ‘without any interruption or
disturbance’.

An activity that takes place gradually, without
interruption or abrupt change is called a continuous
process

For example, the flow time in human life is
continuous, i.e., we are getting older continuously,
the flow of water in the river.

Note:

There are no jumps, breaks, gaps or holes in the
graph of the function.

Continuity of a function at a point:
Consider the functions indicated by following graphs
where y = f(x):
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Fig. (iii)
1. The function in figure (i) has a hole at x = a.
f(xx) is not defined at x = a.
il. The function in figure (ii) has a break at x = a.
iii.  For the function in figure (ii1), f(a) is not in the
continuous line.

Definition of Continuity :

1. A function f(x) is said to be continuous at a
point x = a, if the three conditions are satisfied:

1. f is defined at every point on an open interval
containing a.

il. lim f (x) exists

x—a

iii.  lim f(x)=f(a).

Example:
Consider f(x) = x> — 4 and let us discuss the
continuity of fatx =3
Solution:
1. Here, f(x) is a polynomial function
It is defined at‘every point on an open interval
containing x = 3

ii.  lim f(x)= lim ¥ -4=32-4=5

lin% f(x) exists.

i f) =x>—4
: f3)=3%=4=5
lim fix)=1f(3)=5

Here, all the 3 conditions are satisfied.
f(xx) is continuous at a point x = 3

2. The condition in above fig. (iii)) can be
reformulated and the continuity of f(x) at x = a,
can be restated as follows:

A function f(x) is said to be continuous at a
point x = a if it is defined in some nighborhood
of ‘a” and if lim [f(a+h)~f(a)]=0.

Continuity from the right and from the left:

1. There are some functions, which are defined in
two different ways on either side of a point. In
such cases we have to consider the limits of
function from left as well as right of that point.

ii. A function f(x) is said to be continuous from
the right atx =a if lim f(x)=1f(a)

iii. A function f(x) is said to be continuous from
the leftatx=aif lim f(x)=1f(a)

iv.  If a function is continuous on the right and
also on the left of a then it is continuous at a
because

lim f(x)= lim f(x)=1£(a)

x—>at

Example:
Consider the function,
f(x)=2x+7, x<4

=5x—5, x>4

Since, f(x) has different expressions for the
value of x

left hand and right hand limits have to be found
out.

liT+ f(x) = llﬂ (5x-5)=5x4-5=15

Also, f(4)=5(4)-5=15
and fim f()=lim x+7)=2x4+7=15

x4

lim f(x) = lim fx)=1(4)
f(xx) is continuous at x = 4.

Examples of continuous functions:

1. Constant function: The constant function
f(x) = k (where k € R is a constant). The
function is continuous for all x belonging to its
domain.

Example:
f(xx) = 10, f(x) = logio 100 , f(x) = &’
2. Polynomial  function: The  function

fx) = ap + aix + ax® + .... + ax", where
n € N, ap, aj .... ane R is continuous for all x
belonging to domain of x.

Example:

fox) = x> + 5x + 9, fix) = x* — 5¢x + 9,
fx)=x*-16,V x € R.

3. Rational function: If f and g are two
polynomial functions having same domain
then the rational function f is continuous in its

g
domain at points where g(x) = 0.
Example:
x> +5x+6
X -9
Here, f(x) = x> + 5x + 6 and g(x) =x* - 9

Consider the function,
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Given function is continuous on its domain,
where x> =9 # 0

re,(x+3)(x-3)=0

e, x+3#0,x—3%0

e, x#-3,x#3

The function is continuous on its domain
except at x =3, -3.

4. Trigonometric function: sin (ax + b) and
cos (ax + b), where a, b € R are continuous
functions for all x € R.

Example:
sin (5x +2),cos (7x—11) Vx € R.

Note: Tangent, cotangent, secant and cosecant
functions are continuous on their respective
domains.

5. Exponential function: f(x) =a*,a>0,a# 1,
x € R is an exponential function, which is
continuous for all x € R.

Example:

fx) =3*, f(x) = (%) ,f(x)=e"Vx eR,

wherea>0,a# 1.

6. Logarithmic function: f(x) = log, x where
a>0,a= 1 is alogarithmic function which is
continuous for every positive real number i.e.
forall x e R*

Example:
f(x) = loga 7x , f(x) = log, 9x* V & € R, where
a>0,a=1.

ﬁ’roperties of Continuous FunctionsJ

If the functions f and g aré continuous at x= a, then,

l. their sum, that is (f + g)is continuous at x = a.

2. their difference, that‘is (f — g) or (g — f) is
continuous at x = a

3. the constant multiple of f(x), that is k.f, for any
k € R, is continuous at x = a.

4. their product, that is (f.g) is continuous at x = a.

5. their quotient, that is £, if ga) = 0, is
g
continuous at x = a.

6. their composite function, fJg(x)] or g[f(x)], that
is fog(x) or gof(x), is continuous at x = a.

(Types of discontinuitiesJ

i. Jump discontinuity:
A function f(x) has a Jump Discontinuity at
x=20. If the left hand and right hand limits

both exist but are different, that is
lim f(x) # lim f(x)

Example:

1. Examine the continuity of the following
functions at the given point.
(All functions are defined on R — R)
foxy=x*-x+9, forx <3

=4x -3, forx>3;atx=3.
Solution:
lim f(x) = ltlg (x*=x+9)

x—3"

=3)-3+9=15
and lim f(x) = lim3 (4x +3)
x—3t x=
=43)-3=9
Here, lim

1 f(x) and lim f(x)both exist.

But, lim f(x) #1im f(x)
x—>3" x—>3"
f(x) has jump discontinuity at x = 3.
ii. Removable discontinuity:

A function f(x) has a discontinuity at x = a,
and lim f(x) exists, but either f(a) is not

defined or lim f(x) # f(a). In such case we

define or redefine f(a) as lim f(x). Then with

new  definition, the function f(x) becomes
continuous at x = a. Such a discontinuity is
called as Removable discontinuity.

Example:
Consider the function,

2
fx)= X546 | xx0
x—2

:2,

Here, lim2 f(x)

x=2
X =5x+6
x—2

(x—3)(x—2)

lim

) (x-2)
= 1imzx—3

x> 2, L x#£2,
sox—2#0]

lim2 f(x) exists
Also, f(2)=2
lim fix) = £ (2)

...(given)

function f is discontinuous at x = 2,

This discontinuity can be removed by
redefining f as follows:
X —5x+6
foxy=——"F7" ,x#2
x=2
=-1 ,X=2

x =2 is a point of removable discontinuity.
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Extension of the original function:

If the original function is not defined at a and the new
definition of f makes it continuous at a, then the new
definition is called the extension of the original function.

Infinite discontinuity:
Consider the graph of xy =1

ie.,y=1x)= 1
Y
418Y
3
2.
3 -2 11-
- R
-1
-2
-3
"—4

Here, f(x) > w0 asx — 0" and

f(x) > —wasx—> 0.

f(0) is not defined

function is discontinuous at x = 0.

A function f(x) is said to have an infinite
discontinutiy at x = a,

If lim f(x) = oo or lim f(x) = o0

Then, from the figure, f(x) has an infinite
discontinutiy.

(Continuity over an intervalJ

Let (a, b) be an open interval.

If for every x € (a, b) ,f1s continuous at x then f is

continuous on (a, b).

1. Consider f.defined on [a, b). If f is continuous
on (a, b) and f.is continuous to the right of a,
lim f(xx) = f(a) then f is continuos on [a, b)

il. Consider fdefined on (a, b]. If f is continuous
on (a, b)and fis continuous to the left of b,
lim f(x) =1(b) then f is continuos on (a, b]

iii. ' Consider a function f continuous on the open
interval (a, b). If lim f(x) and lim f(x) exists,

then we can extend the fuction to [a, b] so that
it is continuous on [a, b].

The intermediate value theorem for
continuous function
Theorem : If fis a continuous function on a closed

interval [a, b], and if yo is any value between f(a) and
f(b) then yo = f(c) for some c in [a, b]

6t

B
41 f(x)
i 4
2 A

of 1 2 3 4¢5 ¢ 7 X

v

Geometrically, Theorem says that any horizontal
line y = yo crossing the Y-axis-between the numbers
f(a) and f(b) will cross the curve y =f(x) at least once
over the interval [a, b].

Textual Activity e

1. Discuss the continuity of f(x) where

f(x) = M,forx;és
. V3 forx=5
5
(Textbook page no. 171)
Solution:

Given, f(5) = (0

lim f(x) = lim {M}

x5 x-5

Putx-5=tx=5+t.
Asx—>5t—>0

) [log () —log 5]
=lim

= lim| ———|x

0] L

=lxé {lgré|:k)g(rl)—:m:|:l}

é (i)
From (i) and (ii),
hf% f(x) = f(5)

lim fx) =

The function f(x) is continuous at x = 5.
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@ Exercise 8.1

1. Examine the continuity of
i. f(x)=x+2x2—x—-2atx=-2.

ii. fo)=sinx, forx< ;

= oS X, f0rx>£,atx=E
4 4
2
i, f0) =2, forx#3
x-3
=8 forx=3

Solution :

i. Given, f(x) =x> +2x* - x -2
f(x) is a polynomial function and hence
it is continuous for all x € R.
f(x) is continuous at x = —2

=CoS X, x>

lim f(x) = lim (sinx)

x—)% x—»“T
. T
=sin —
4
-
V2
lim f(x) = lim (cos x)
x%% xﬁ%
I
=cos —
4
-1
2
Also f (Ej = sifl =
4 4
= L
2

lim () = lim f(x) = f G)

4

f(xx) 1s continuous at x = %
iii. . f(3) =8 (given)
. . x'=9
lim f0) = lim =3
~ lim (x+3)(x—3)
x—3 x—-3

= 1irr31(x+3)
e xo3,x#3 . x—-3#0]
=3+3=6

lim f(x) # f(3)

f(x) is discontinuous at x = 3

2. Examine whether the function is continuous
at the points indicated against them.
i. f(x)=x3-2x+1, ifx<2

=3x-2, ifx>2,atx=2.
2 —
i fe) =D e #1
=20, forx=1, atx=1
fii. fo)= —>+2, forx<0
tan 3x
7
=E’ forx>0,atx=0.
Solution :
i lim f(x) = lim (x> —2x+ 1)
x—27 x—27

=(2)-22)+1
=5
lim f(x) = lim (3x—2)
x—-2t 2t
=312)-2
=4
lim f(x) # lim f(x)
x—27 x—2"
f(x) is discontinuous at x =2

2 —
i lim f(x) = i X+ 18x—19
x>l x-l x =1

X +19% — x —19

x>l x =1

_ 1imx(x+19)— 1(x+19)
x>l (X—l)

o (D (x419)
x-l (X—l)

= lim (x+19)

x> o x#EL o x—1#0]

=1+19=20
Also, f(1) =20
lim flx) =1(1)

f(x) is continuous at x = 1

1. lim f(x) = g ...(given)
x—0"
lim f(x) = lim ( al +2]
x—0" -0~ | tan 3x
= lim —— + lim 2

x>0~ tan 3x x>0
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= lim + lim 2
x—>0" tan 3x x>0~

-7
3
lim f(x) = lim f(x)
x—0" x—>0"

f(xx) is continuous at x = 0.

Thus all the integer values of x in the interval
(-3, 2) i.e. the points x =2, x = -1, x =0 and
x =1 are the required points of discontinuities.

3.

Find all the points of discontinuities of
f(x) = Lx]on the interval (-3,2).

Solution :

fx) = Lx), x € (-3,2)
re. f(x)=-3, x € (-3,-2)

=-2, xe[-2,-1)
=-1, xe[-1,0)
=0,xe[0,1)
=1,xe[l,2)
Y
2
-3 2 —11 i
+—r— -® »X
K W 1 2
oo
Lo
—® 3
Atx = -2,
lim f(x)= lim Lx
x—>-2" x—>-2"
=3
lim f(x)=lim [x]
x—-2" xo-2"
=-2
lim f(x)# lim f(x)
x—>-2" x—>-2"

f(x) is discontinuous at x = —2
similarly f(x) is discontinuous at the point
x=-1,x=0,x=1.

Discuss the continuity of the function

f(x)=|2x+3|,atx=_73.

Solution :

f(x)=|2x+3|,x=_73

[2x+3[=2x+3 ;x> _73

- (2x+3):4< ‘73

lim f(x) = lim{2x + 3|
3" 3"

xo>— X>——

2 2
= lim [=(2x+3)]
xa%
=5
2
=0
lim fx) = lim |2x + 3|

X*)% X*)%

= lim (2x+3)

lim )= lim f(x)= f(_—3J
e - 2
- ;

. . -3
f(xx) is continuous at x = -5

ii.

iii.

Test the continuity of the following
functions at the points or interval indicated
against them.

f(x) = —Vx_l_(zx‘l)3 ,forx#2
.

=§, forx=2;atx=2
3_
f(x) = X =8  forx#2
Jx+2-3x-2
=-24 forx=2atx=2
f(x)=4x+1, forxsg

_ 59-9x
3

W |

8
, forx> g,atx=
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iv.

Solution :

1.

ii.

1
27-2x)3 -3
f(x)=(—x)1, for x # 0
9 - 3(243 + 5x)3
=2 forx=0,atx=0
x* +8x-20
fx)=————, for0<x<3;x#2
) 2x*-9x+10° sxX#
=12, for x=2
_ _ 2
= iz2x-x for3<x<4atx=2
x—4
1 .
f(2)= 5 ...(given)
1
Jx—1—(x—1)
hm f(x) = lim #
X2 x-2
Putx-1=y
x=1+y
Asx—>2,y—>1
11m f(x) = lim \/7 -
oI+ y =2
1 1
= lim
y—-l y_l
1 1
2 _ 3 _
— fim |21 o221
Uy —1 y—=1
1 1k
2 _ 12 3 _13
S il I .
y—1 y_l y-1 y_l
1 -l 1,..22
= _ 1 2 - — 1 3
()7 -3 ()

lim () #£(2)

f(xx) is discontinuous at x = 2

f(2)=-24 ...(given)

lim f(x) = lim —————

x -8
X2 =2 Ix+2—-3x-2
e -8 1/x+2+1/3x
= lim
x-2 \/x+2 \/3x 2 \/x+2+\/3x 2
) (x —8)(1/x+2+1/3x—2>
= lim

12 (x+2)-(3x-2)

L (eep) ()

x=2 -2x+4

iv.

. (x=2) (¥ +2x +4) (Jx+ 2+ Bx-2)

X2 —2(x—2)

(x2+ 2x+4)(\/m+\/3x——2)
P

X2, x#E2
‘[:.x—z;eo }
=—lgg(x +2x+4)(1/x+2+1/3x )

= %}}3 (¥ 20+ 4) lim (x+ 2+ B¥=2)
Gz )

= lim

X2

71><|:22+2
= _71><12><(2+2)

=_24
lim f(x) = f(2)

() is'continuous.at x =2

lim f(x)= lim (4x+1)

x>—
3 3

(3

f(x)=4x+1
RO

lim ()= lim f(r)="f @
s y

3 3

f (x) is continuous at x = g .

...(given)
1
(27 -2x)5 -3

f(0) =2

11m fx) = 1m(1)

1
9 —3(243 + 5x)s
(27— 2x)5 -3

-3 [(243 + Sx)% - 3}

= lim
x—0
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1 1
-1 . 27 -2x)3 —(27)2
1 gy T2

(243 + 5x)5 —(243)s

1 1
(27 - 2x)3 — 27
-1 (27 - 2x) - 27

=— lim
3 a0

x [(27 - 2x) - 27]

1
(243 + 5x)F — (243)5
(243 + 5x) - 243

x [ (243 + 5x) - 243]

Asx—0,—2x—0and 5x—0
.| (27-2x) = 270 and(243+5x) — 2430
2(27-2x) - 27#0 and (243+5x) — 243 %0

1

1
)5 =273

lim (27 -2x)s - 27

_ -1 0 (27-2x) =27
3

x (—Zx)

(243 + 5x)5 — (243)8
m
=0 (243 + 5x) - 243

< (5%)

1
(27- Zx)% -273

lim
-1 -2 =0 (27-2x)-27
T XX 1 1
303 (243 + 5x)5 — (243)
m
=0 (243 + 5x) - 243
x> 0,x#£0]
1 -2
2 g(27)3 { TR n_l]
——xﬁ lg} =na
15 7(243)? 2 X —a
;2
3*)s
_2,5 ()
-2
_2, (3)74 - Ex(3)2
9 (3) 9
=2
lim f(x) = f(0)
f(xx) is continuous at x = 0
V. f(2)=12 (given)

2
lim f(¥)= lim M
x—>2 =2 2x" —9x +10

(x+10)(x-2)
X2 (2x - 5) (x - 2)

. x+10 [.‘x—)Z,x;tZ}
= lim

=2 2x—15 Lx=2#0
_lim(x+10) 2410

£1£1;(2x—5) 2(2)—5
-2__p

-1

lim £() % £2)

f(x) is discontinuous at x = 2.

ii.

jii.

iv.

Identify discontinuities for the following
functions as either a jump or a removable

Solution :

1.

discontinuity.
o) = x'—10x + 21
-7
f(x)=x>+3x-2, forx<4
=5x+3 , forx>4.
f(x)=x?-3x-2, forx<-3
=3+ 8x , forx>-3.
fx)=4+sinx , forx<n
=3 -cosx forx>n
Given, f(x) = * 20 gL
x-17

It is rational function and is discontinuous if
x—T7=04e.,x=7

f(x) is continuous for all x € R, except at
x=17.

f(7) 1s not defined.

2_
Now, lim () = Tim *— 10X+ 21
x—7 x—=7 x =7
-7 -3
— im 3= (x23)
x—>7 x_7
. cx—=T7, 0 x 2T
= lim (x-3) ...
X7 Lx=T7#0
~7-3
—4

Thus lin} f(x) exist but f(7) is not defined

f(x) has a removable discontinuity.

fry=x>+3x-2,x<4
=5x+3, x>4
f(x) is a polynomial function for both the
intervals.
f(x) is continuous for both the open intervals
(- o0, 4) and (4, ).
Let us test the continuity at x = 4
lim f(x) = lim (x*+3x-2)
x4~ x4~
= @) +3(4)-2
=26.
lim f(x)= lim (5x+3)
x4t x4t
=54)+3
=23.
lim f(x) # lim f(x)
x4~ x—>4"
lim f(x) does not exist.

f(x) is discontinuous at x = 4
f(x) has a jump discontinuity at x = 4
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iii.

fory=x*-3x-2,x<-3
=3+ 8x, x>-3
f(x) is a polynomial function for both the
intervals.
f(xx) is continuous for both the given intervals.
Let us test the continuity at x =—3
lim f(x)= lim (x*-3x-2)

x—>-3" x—>=3"
=(=3)-3(-3)-2
=9+9-2
=16
lim f(x)= lim (3 + 8x)
x—>-3" x—-3"
—3+8(-3)
=-21
lim f(x)# lim f(x)
x—>-3" x—-3"

lim f(x) does not exist.

f(x) is discontinuous at x = — 3
f(x) has a jump discontinuity at x = — 3.

f(x)=4+sinx,x<mw
=3-CcoSX,xX>T7
sin x and cos x are continuous for all x € R.
4 and 3 are constant functions.
4 + sin x and 3 — cos x are continuous for all
x € R.
f(xx) is continuous for both the given intervals.
Let us test the continuity at x = 7.
lim f(x) = lim (4 + sinx)

=4 +sinn
=4+0
=4

lim f(x) = lim (3.=cos x)

Xon Xon

=3 —~cosm
—3- (-1
=4

lim f(x) = lim f(x)

lim () =4

But f(m) is not defined.
f(x) has a.removable discontinuity at x = .

ii.

iii.

Show that following functions have
continuous extension to the point where f(x)
is not defined. Also find the extension

fo = 122X for x £0.
sin x
) = 3sin x+ 2cosx(1—c052x) . for x #0.
2(1—cos2x)
2 —
fo)= "1 forx#-1.
x +1

Solution :

1.

il.

fox) = 1- f:ost ,
sinx

Here, f(0) is not defined.
Consider,

forx#0

lim f(r) = lim ~—S052%
x—0 x—0 sinx
. 2sin*x
= lim

x—=0

sinx

=2 lim (sin x)

Tx=>0,..x#0
| osinx £ 0

=2(sin0)=2x0
=0.
lin(} f(x) exists.

But f(0) is not been defined.
f(x) has aremovable discontinuity at x = 0.
The extension of the original function is

; forx#0

o) = 1- f:os 2x

Sin x
=0
f(xx) is continuous at x =0

; forx=0

3sin’ x + 2cosx (1 — cos2x)

f(x) = ; 0
) 2(1—coszx) ¥
Here f(0) is not defined.

Consider,

3sin’ x + 2cosx (1 — cos2x)
2(1 — cos? x)

lim f(x) = lim

x—0 x—0

3sin’x + 2c0sx-(2sin2x)

= lim —
x>0 2sin” x

sin®x (3 + 4 cos x)

= lim —
x>0 2sin” x

3+4cosx
x—0 2

x>0, . x£0,
sosinx #0, .. sin? x # 0]
:% ling (3+4cosx)=% (3+4cos0)

1 7
=—B3+4)=—=
2 ( ) 2

lim f(x) exists but f(0) is not defined.

f(x) has a removable discontinuity at x =0

The extension of the original function is

3sin’x + 2cosx (1 — cos2x)
2(1 — cos’ x)

fx) = ix#0

;x=0

N

f(x) is continuous at x =0
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i f= L g1

Afz -
X+
Here f(— 1) has not been defined.
Consider

. . ¥ -1

lim £(x) = lim, [1]
() (E-1)
= (x+1) (xz —x+ 1)

. x—1
= lim ————
ol xT—x+1

e x—o-1 sox#E-1 s x+1£0]
~1-1 )
Thus lim f(x) exists but f(—1) is not defined.
f(x) has a removable discontinuity at x = — 1
The extension of the original function is

2 a—
fx) = x3 ! i x#£—1
X+
2 el
3
. . 2
f(xx) is continuous at x = — 3

8. Discuss the continuity of the following
functions at the points indicated against

them.
i f(x)=w,x¢f
n—3x 3
=3 , forx=£,atx=£.
4 3 3
1
.e ex —1
ii. f(x) = — s forx#0
e +1
=1 , forx=0,atx=0.
X Axil
i, fo=t =2 1 forxz0
1— cos2x
_(logZ)2

, forx=0,atx=0.

Solution :

: T 3 .
1. fl=|== ...(given
)-2 (given)
lim f(x) = Ii 3~ tanx
ot xZ % 3
3 3
Put = —x=h,
x=Z—h
3

ii.

\/5 - tan(Tt —hj
= lim 3

h—0 1';-3(“—1'1)
3

. \/§ —tanx
lim ———
H% n—3x

tanE—tanh
\/§_
1+tanEtanh
= lim 3
h—0 3h
B \/g—tanh
. 1+x/§tanh
=lim ———
h—0 3h
\/§(l+\/§tanh)—(«/§—tanh)
= lim
b0 3h(1+J§ tanh)

o V3 +3tanh=4/3 + tanh
= lim
h=>0 3h<1+\/§tanh)

im 4tanh
b0 3h(1+J§tanh)

—lim 4 » tanh
h—0 3(1+\/§tanh) h

4( . 1 . tanh
= —|lim lim
31501 ++3tanh ) \h>0 h

4 1 4
) 3

lim f(x) = f [g]
x—)s

f(x) is discontinuous at x = % .
f0)=1 ...(given)
1
(0-h) _
lim f(x)= lim ¢ -
x>0 (0711)+1
;l
. eh—1
= lim —
h—->0 —
eh +1
1y
= lim £
h>o |
—+1
eh
=01
0+1
1
0+h)
lim f(x) = lim !
x>0 h—0 ez;]; +_1
1
. oeh—1
= lim —
h—->0 _—
eh +1
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eh[l—llJ
= lim _\ et
h—>0 1 1
e 1+—
eh
1-0_,
1+0
lim f(x) # lim f(x)
x>0 x>0t

f(x) is discontinuous at x =0

2
i f0) = (1°g22) (given)
X x+1
lim f(x)= lim -2 vl
x—0 x—0 1 — C082X
(22)X 2.2 +1
= 1
xlgg 2sin’ x
2
_ 1im(z ) —2(2 )+1
¥>0 2 sin’x
2
D

=2
x>0 28in” x

...[*r a>—2ab+b*=(a—-b)’]

= lim —
=0 28in”x
2
X

_ (logZ)2 _ (logZ)
21y’ 2

li fiee) = (0)

f(x) is continuous at x = 0.

9. Which of the following functions has a
removable discontinuity? If it has a

removable discontinuity, redefine the
function so that it becomes continuous.
eSsinx _ e2x
i. fx)= ——— forx#0
) Stanx — 3x ?
3
=Z’ forx=0,atx=0.
ii. f(x) =log +3x (1 +5x) forx>0
= 3; _11, for x <0, atx=0.

iii.

iv.

V.

1

f(x) = {g : gi]A , for x # 0.

Solution :

i.

f(x)=3x+2 , for—-4<x<-2
=2x-3 , for—2<x<6.
x*-8
f(x) = 4 , forx>2
=3 , forx=2
3(x-2*
= % , forx<2
2(x-2)
3 .
f(0) = 2 ...{given)
SSinx_elx
lim f(x) = lim ————
x>0 20 Stanx — 3x
5$inx_l _ 2x_1
() (e
=0 Stanx — 3x
(eSSinx_l)_(er_l)
B x
1:33 Stanx — 3x
X

Divide numerator and denominator by x
x>0, x20

. (esm—l 62”—1]
lim -
x—0 X X
lim (Stanx B 3j
x—0 X

. (e -1 Ssinx) . [e*-1
lim - —lim x 2
x>0 Ssinx X =0\ 2x

. Stanx .
lim — lim 3
x>0 X x>0

) Ssinx 1 ) : ) 2 _ 1
5lim| < - Aim [ 22 4im &
x>0 Ssinx x>0 X x>0 Qx

51im 22X fim (3)

x—=0 X x>0

x—0, 2x—0, sinx—0, 5sinx—0 and

' 1im[e’ _IJ — 1, lim 32X

x—=0 X x>0 x

-3

2
lim f(x) # (0)

f(xx) is continuous at x = 0.

f(x) has a removable discontinuity at x = 0
This discontinuity can be removed by

redefining f(0) = % .
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f(xx) can be redefined as

il. f(x) =log+3x (1 +5x) , x>0
31
o8-
Here, f(0) is not defined.
lim f(x) = lim log+sy (1 + 5x)
x—0"

, x<0

x—0"
log (1
I V" (1+5x)
w0t log(1+3x)
log (1 +5x)
= i N —
e log (1 +3x)
X
log (1+5
lim M %5
— xo0t X
log (1+3
lim M %3
x—0" X
o x—0,3x—0,5x—>0
_ 1x5 log (1
1x3 N lim M =1
x—0 X
=3
3
lim f(x) = lim 32 -1
x0” xs0m 8 —1
32°-1
= lim X [ x>0, . x#0]
x>0~ 8A - 1
X
. 327 -1
lim
— a0 X
%, i
x>0 X
—log32 .| lim _lzloga
log 8 =0 x
o log (2)
log (2)3
_ Slog2
3log2
=3
3

lim f(x) = lim f(x)
x—0" x—0"
lim f(x) exists

But f(0) is not defined.

f(x) has a removable discontinuity at x = 0.

iil.

This discontinuity can be removed by defining
5

f0)= 2

)=

f(xx) can be redefined as
f(x) =loga+y (1 +5x) ; x>0

=3 L x=0
3
30—  x<0
8 -1
,,,,,,,,,,,,,,,,,,, T,
3—8x)*
fi ; 0
) (Hx] ‘

Here, f(0) is not defined.
)’
Consider, limdf(e) = lim | S=oX|
x>0 x—0 3-2x

_ - -2

— x—0, —8x —0, — 50
_¢ 3 3
2 i

e’ and lim (1+ x)x =¢
x>0

-6
= o3 =g 2
lin(} f(x) exists
But (0) is not defined.

f(x) has a removable discontinuity at x = 0.
This discontinuity can be removed by defining
f(0)=¢2

f(xx) can be redefined as
1

f(x) = @:gﬂ i X#£0

fx)=3x+2 , for—-4<x<-2

=2x-3 , for—-2<x<6.
lim f(x)= lim (3x+2)
x—>-2" x—>-2"
=3(-2)+2 =-4
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lim f(x) = lim (2x-3)

x—>-2 x—>-2
~2(-2)-3
=7
lim fx)# lim f(x)

x—>-2" x—>-2

lim f(x) does not exist

x—>-2"
f(x) is discontinuous at x = — 2.
This discontinuity is irremovable.

v. f(2)=3 (Given)
lim f(x)= lim S BT
x—=2" x—>27 .Xz -4 x—>27 )C2 - 22

= lim
X2~ (x—2) (x+2)
. X+ 2x+4
= lim
x—2" x+2
lim (x2 +2x + 4)
— xo2~
lim (x + 2)
x—2"
(2)Y+2(2)+4 12
2+2 4
=3
30— 2)2 1
lim f(x)= lim ——
x—2t xo2t 2(_)( - 2)
Putx—-2=h
x=2+h
Asx—>2,h—>0
3h? 1
fim 0=
302
=L im & s
2 h-0. 3h32
wh=0 .. h’—>0
1
= x1x3 e —1
2 and lim =1
x>0 X

N | L

lim f(x) # lim f(x)
x—>2" x—2"
Im} f(xx) does not exist

f(x) is discontinuous at x = 2
This discontinuity is irremovable.

100 i Iff(x)=—\w,forx¢§,

Is continuous at x = % then find f (%) .

cos’x —sinx—1

J3x*+1-1

is continuous at x = 0 then find f(0).

i Iffeo) = for x # 0,

i, I f(o) = % forx#7,
X—T

is continuous at x = 7, then find (7).

Solution :

.

f(xx) is continuous at x = ...(given)

I
2
{3) im0

m A2 +sinx —\/g

N cos’x

- lim {1/2+Sinx—\5><\/2+sinx +\/§

—_
=y}

BN 1—sin’x \/2+sinx 3
—lim 2 +sinx =3

2 (1 -sinx) (1 +sinx) (m + \/5)
—lim sinx — 1

5% —(sinx —1) (1 +sinx) (\/m + \/g)

- 1
o8 — (14 sinx) (1/2 +sinx + \/g)

s .
x—)E, cosinx—1

sosinx#1.o.sinx—1#0

1
lin} (1+sinx) (1/2 +sinx + \/3)
.“(*)5

_ -1
lim (1 + sinx) - lim (1/2 +sinx +\/§)
.“(*)5 X‘?E

-1 -1

(1+1)(m+ﬁ) B 2x 23

(3)- 15

il. f(x) is continuous at x =0 ...(given)

f(0) = lim f(x)

x—0

. cos’x—sin’x—1
= lim ———

=0 B+ 1-1
i _Cos2x -1 V3 +1+1
20 B l-1 S +1+1
~(1-cos2x) (3¢ +1+1]
= lim
0 (3x* +1)-1

—2sin2x.(,/3x2 +1 +1)
= lim

x—0 3x2

— 12
= 22 Jiy S0X (3x +1+1)

3 x>0 X
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T

iil.

x lim

x—=0

< i (%) < (A7)
(1) x (y3(0) + 1 +1)

-2
= — x(1+1
2 (1+1)
—4
f0)= _=
)=~
f(x) is continuous atx =m  ...(given)
.‘5*7[_‘_ 7[*)(_
fr) = fim £ 4 =2
xon ()C—TC)
Putx—m=h
Asx—>m,h—>0
I L )
f(m) = lim T
4“+Lh—2
_ 4
= lim
h—0 hz
4Y +1-2(4"
- WL
4
= lim ( )
h—0 411.1»12

a1y 1
= lim [ j x lim —
h=>0 h h>0 4h
~ (log 47 x ~
= (log 2%’ % %
=(2log2)?
f(n)= 4(log 2)?
1. i Hfy= 2 =8 =3l 20
12 —4"-3"+1
=k, forx=10
is continuous at x = 0, find k.
il Iffe)= 2722 forx#0
X
=Kk, forx=10
is continuous at x =0, find k.
i I =20 forx>0
5x
=4 forx=0
=x2+b-3 , forx<0

is continuous at x = 0, find a and b.

iv.

function

f(x) =ax+2b +18
=x?+3a—b
=8x-2

For what values of a and b is the

forx<0
for0<x<2
for x> 2,

continuous for every x?

V. For what values of a and b"is the

function

x1—4
f(x) =
W=,

=ax?-bx+3,
=2x—-a+b ,

forx <2

for2<x<3
forx>3

continuous for every x on R ?

Solution :

1. f(xx) is continuous at x =0
f(0) = lim f(x)

k =lim

x—=0

= lim
x>0

= lim

x=0

= lim
x—0

= lim
x—0

24728 -3 +1

120 -4"=3" +1
8.3 -8 -3 +1
43 -4 -3+ 1
8“’(3*— 1)— 1(3*— 1)
473 -1)-1(3"-1)
(-1)(5 1)
(3X—1)(4X—1)

8 -1

4 -1

8 -1

yea I

X

8" -1

X
4 -1

X

x>0, 3x— 3°

31031

S35 =10

x—0, .. x#0]

il. f(xx) is continuous at x =0
f(0) = lim f(x)

= lim
x—0 X

55457 -2

2
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iv.

Il
5.

x>0 5 .x2

x>0 5* .xz

f(x) is continuous at x = 0
lim f(x) = f(0)
x—0"

lim (stx —aJ:4
x—>0" S5x

sin2x

lim —lim a=4

x>0t S5x x—0"

1 lim sm2xx(2)_ lim a=4

x—0" X x—0"

wx—>0,2x—>0

1

—(H)(2)—a=4 i

. (D (2) lim sm6:1
x>0t 9

z—a=4

5

2 4-a

5

18

Also, lim f(x)=£(0)
x0T
lim (>+b-3)=4

x—0"
b-3=4
b=17

f(’x) is continuous for every x.
f(x) is continuous at x =0 and x =2
As f(x) is continuous at x = 0.

lim £(x)= lim f(x)

x>0~ x>0t

lim (ax +2b + 18) = lim (x*+3a-b)
a(0)+2b+18=(0)*+3a-b
3a—-3b=18

a-b=6 ..()

f(x) is continous at x = 2

lim f(x) = lim f(x)
x—>2" x—2"

lim (*+3a-b)= lim (8x — 2)
(2% +3a-b=8(Q2)-2

4+3a-b=14

3a—b=10 ...(i)
Subtracting (i) from (ii), we get
2a=4

a=2

Substituting a =2 in (i), we get
2-b=6

b=-4

a=2andb=-4

f(xx) is continuoeus for every x. on'R.
f(xx) is continuous atx =2 and x = 3.
f(xx) is continuous at x =2.

lim f(x) = 1im+ f(x)

x—>27 x—2
2
. —4 .
lim > = lim(ax® —bx+3)
X2 x—12 x—2

lim F22(*2) lim (ax” — bx + 3)

x52 x—2 x

) ) ) |:'.‘x—>2.'.x¢2:|
lim(x +2)=Ilim(ax"—bx+3) ...

-2 2 o x=2%#0
2+2=a(2)*-b2)+3
4a—-2b+3=4
4a—-2b=1 ...(1)
Also f(x) is continuous at x = 3

lim f(x)=lim f(x)

x—37 3"

lim (axz—bx+3):lxi£1}(2x—a+b)
a3 -b(3)+3=23)-a+b
9a-3b+3=6-a+b

10a—-4b=3 ...(1)
Multiply (i) by 2 and (ii) by 1, we get
8a—4b=2 ...(111)
10a—4b=3 ...(v)
Subtracting (iv) from (iii)

—2a=-1

a= L

2

.- 1. .
Substituting a = 5 in (i), we get

2b=
1=2b
:1
2
a=l andb=l
2 2

321



Std. XI : Perfect Maths - Il

12. Discuss the continuity of f on its domain,

where
f(x) = [x+1|, for 3<x <2
= |x-9§, for2<x <7
Solution:
x+1]=x+1 ;o x>-1
=—(x+1) ; x<-1
x-5=x-5 ; x=5
=—(x-5) ; x<5
lim f(x) = liIr% |x+l|
o2 T
= lim(x+1)
=2+1
=3

lim f(x):lim|x—5|

aac Ny
= 11_1’)121— (x-5)
=-(2-5)
=3

f(2)=12 + 1]

=3
lim f(x)= lim f(x) = (2)
x—27 x—2"

f(x) is continuous at x =2

t2_22
= lim
t—2 t_z
1 n_n
= %(2)7 {{1})1: — :na"l]
2 2

T
limf(x) =f| —
it (3]

f(xx) is continuous at x =

N

13. Discuss the continuity of f(x) at

=7 where,
. 3
f(x)= (sin x+cos x) 2\/5 , for % = n
sin2x—1 4
= i forx= E
N 4
Solution:
f[ﬁj:i
4) 2
lim f(x)=lim (8in x +05.)' ~2v2
=t o2 sin2x—1

3
(sin x +cos x)’ = [(Sin x+cosx)2}2

3
= (14sin2x)2
3o
1 2_92
1imf(x)zlimM

p W X sin2x—1
4 4

Putl +sin2x=t
sin2x=t-1

Asx — E,t—>1+sin2 kid
4 4

ie.t—>1+ sing

ie.t—>1+1
ie.t—2

14. Determine the values of p and q such that
the following function is continuous on the
entire real number line.

fx)=x+1, for1<x<3
=x*+px +q, for |x-2/> 1.
Solution:

|x-2|=1

x—-22>1 or x—-2<-1

x=>3 or x<1

fx)=x*+px+qforx>3aswellasx <1

Thus f(x) =x*+px+q ; x<1
=x+1 ; 1<x<3
=x*+px+q ; x>3

f(x) is continuous for all x € R

f(xx) is continuous at x =1 and x =3
As f(x) is continuous at x = 1

lim £ (x) = lim £(x)

x—1" x—1

lim (x*+ px +q) = lim (x+1)
x—-1t

x>l

() +p(l)y+q =1+1

l+p+q=2

p+tq=1 ...()
Also f(x) is continuous at x = 3

lim £(x) = lim f(x)

x—37 x—3

lim (x+1) = lim (x* + px + q)
x—3"

x—3"
3+41=03)’+3p+q
3p+q+9=4
3p+tq=-5 ...(i0)
Subtracting (i) from (ii), we get
2p=-6

=-3
Substituting p = -3 in (i), we get
-3+q=1
q=4
p=-3andq=4
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15.

Show that there is a root for the equation
2x? —x —16 = 0 between 2 and 3.

Solution:

Let f(x)=2x>—x—16
f(x) is a polynomial function and hence
it is continuous for all x € R
A root of f(x) exists if f(x) = 0 for at least one
value of x
f2)=2(2)°*-2-16

=-2<0
f3)=2(3)*-3-16

=35>0
f(2)<0and f(3) >0
By intermediate value theorem, there has to be
point ‘¢’ between 2 and 3 such that f(c) =0
There is a root of the given equation between
2 and 3.

Solution:
f(x)y=ax+b x<l1
=y2+5 x>1
fx)=x*+5
fil)=1+5=6
LHL. = lim fix) = lim (ax+b)=a+b

RHL.= lim f(x)= lim (>*+5)=1+5=6
x%ﬁ

x> 1"
given, f(x) is continuous at n =1
LH.L.=R.H.L.

atb=6 where, a, b’e R

16.

Show that there is a root for the equation
x3—3x =0 between 1 and 2.

Solution:

Let f(x) = x* — 3x
f(x) is a polynomial function and hence
it is continuous for all x € R
A root of f(x) exists if f(x) = 0 for at least one
value of x
f(1) = (1* = 3(1)
=-2<0
f(2)=(2)’-3(2)
=2>0
f(1)<0and f(2)>0
By intermediate value theorem, there has tobe
point ‘c’ between 1 and2
Such that f(c) =0
There is a root of the given equation between
1 and 2.

17.

Activity: Let f(x) = ax + b (where a and b
are unknown)
=x?+5 forx>1
Find the values of a and b, so that f(x) is
continuous at x=1.

Y
1l fx)=x*+5
10T
< : + > X
L I

18.

Suppose f(x) =px+ 3 fora<x<b
=5x2-qforb<x<c

Find the condition on p, q, so that f(x) is

continuous on [a, c], by filling in the boxes.

Solution:

) -
i 8 9] o

pb+3= —q
b

Miscellaneous Exercise — 8 e

L

Select the correct answer from the given
alternatives.

2(:0lx _ 1

f(x) = , forx# =
n—2x )
=log V2 , for x = g
(A) fis continuous atx = g
(B) fhas a jump discontinuity at x = g

(C) fhas aremovable discontinuity
(D) limf(x)=2log3

x>
2

If f(x) = @, for x # g is continuous at
—
x= E,then (£j=
4 4

(A) 1 (B) - 1

2 2

1 1

< - 7 (D) 2
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(sin 2x)tan5x

(e

at x = 0, then f(0) is

If f(x) = , for x # 0 is continuous

10 10
A — ® =
€ €
5 5
c = D) =
© ° ® 3
_ x*=7x+10
f(x) = m , forx € [—6, —3]

(A) fis discontinuous at x = 2.

(B) fis discontinuous at x = —4.

(C) fis discontinuous at x = 0.

(D) fis discontinuous at x =2 and x = 4.

If f(x) = ax* + bx + 1, for [x—1| >3 and
=4x+5, for-2<x<4is

continuous everywhere then,

1 1
A) a=--,b=5 (B) a=-—,b=-5
A a=-, (B) a=-.

1 1
C =—,b=-5 D =—,b=3
© a= (D) a=-
[Note: The option has been modified.]
16°—1)(9" -1
6. f(x)=w,forx¢0
(277 -1)(327-1)
=Kk, forx=10
is continuous at x = 0, then ‘k’ =
8 8
A) - B) «—
@ 3 B)
8 20
) -— D) =—
© - @) =
7. flx)= L_ftﬂ, for x # 0 is continuous at
4 -2y
x = 0, then value of 'k’ is
(A) 6 B) 4
(C) _ (log 2)(log 4) (D) 3log4
8. If fix) = w, for x # 0 is
1—cos2x
continuous at x = 0 then the value of f(0) is
(A) % (B) log2. log3
©) % (D) None of these
4
9. If f(x) = (1*;’“} for x = 0 and f(0) = k, is
continuos at x = 0, then k is
(A) ¢ ® ¢
3
(C) e (D) et

10. If fix) = |x]| for x € (-1, 2) then f is
discontinuous at
A x=-1,0,1,2 B) x=-1,0,1
©) x=0,1 D) x=2
Answers:
. A 2. (b 3. D 4. @B
5. O 6. B) 7. (A) 8. (B
9. (C) 10. (©
Hints:
1. f (Ej =log~2
2
. . cmx_l
lim f(x) =lim
X X 75—2)5
2 2
21an(§—\']_1
= lim
) Z(E—x)
2
Put = 2“x=h
2
T
Asx —>5,h—>0
(z\nh_l
- i,
2
1. [2‘“’”‘—1 tanh]
= —lim X
2h-0{ tanh h
... h—>0, -.tan h—0 .. tan h # 0)
1., 2%h_1 _ tanh
= —lim x lim
21050 tanh h—>0 |
= %~10g2-(1)
=log2 = f(ﬂj
2
f(xx) is continuous at x = g
2. f(x) is continuous at x = %

(5] e

4

. 1-/2sinx
= lim ———
o m—4x
4
. 1
\/E[smx—\/— j
= lim 2

4(x_ﬁj
4

. . T
2 Sin x—Sin—
- £lim 4
4 x%% x_E
4
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b1 b1
X+ — x——
2cos 4 |.sin 24
N2
= —1lim
4 X%E T
=4 X
4
b
x——
sin 4
=—"lim cos[£+—j lim
\'*)l 2 X‘)l TE
A 7 =T
4
2

50 and im™9 —
00 9

4

f(x) is continuous at x = 0
f(0) = limf(x)

. (sin 2x)(tar; 5x)
x>0 (62)( _1)

sin2x
X

lim lim tan Sxx 2 x5
_ x>0 Dx x>0 5x

. ezx—l 2
(lxlilg » Jx(z)

_ Ix1x2x5
- (1)’ x 4
2 x—0, 2x >0, 5x >0
2fand m%:h %ii%tagezl
L S
2
2
fix) = %’:};’ . x e [-6,-3]
x*=7x+10
C (x+4)(x-2)

Here f(x) is a rational function and is
continuous everywhere except at the points
Where denominator becomes zero.

Here, denominator becomes zero when

x=-4 OR x=2

But x =2 does not lie in the given interval

x =—4 is the point of discontinuity

fry=ax* +bx+1, [x—1 =3

=4x+5 —2<x<4
The first interval is
|x—l| >3
x—1>23 OR x-1<-3
x>4 OR x=<-2
f(x) is same forx <—2 as wellasx >4
() is defined as:
foxy=ax*+bx+1; x<-2
=4x+5 ; —2<x<4
=ax’+bx+1; x> 4

f(x) is continuous everywhere
f(x) is continuous at x =-2.and x = 4
As f(x) is continuous at x =2

1i1121_ f(x)= lir121+ fi(x)

lim (ax2+ bx + l) = 1ir{12(4x + 5)

x—>-2

a(2)P+b(-2)+1=4(2)+5
4a-2b+1=-3

4a=2b==-4

2a-b=-2 ..(0)

Also f(x) is continuous at x = 4
limA£(x) = lim f(x)
x4~ x—4T

lim(4x+5) = lim(ax’ + bx +1)

x4

A4 +5=4)’+b4)+1
l6a+4b+1=21

16a+4b =20

4da+b=5 ...(>1)
Adding (i) and (ii)

6a=3

a=—
2

. 1. ..
Substitute a = 5 in (i1)

4(1j+b:5
2

2+b=5
b=3
1
a=—,b=3
2

f(xx) is continuous at x =0
f(0) = lingof(x)
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log16 x log9

log27 xlog32

4log2 x 2 log3

3log3 x Slog2

8

15

7. f(x) is continuous at x = 0
f(0) = limf (x)

x—0
k= fim32 84 1
I AR |

(4-1)(8"-1)

x50 (ZX_ 1)2

Il
5.

log4 x log8
(10g2)2
_ 2log2x3log2 _
(10g2)2

8. If f(x) is continuous at x = 0 (given)

£(0) =limf (x)

1247374
= lim—
x>0 1 —cos2x

1 YA

= —lim
2 x>0 sin® x
2 x>0 sin” x

. (3 =1 . 4" -1
lim -lim
h, 1 x>0 X x>0 X

|

2 ( : sinx)2
lim——
=0 x
_ 1 (log3) x (log4)

2 (1)

= % x log3 x 10g(2)2

= log3. log 2
9. f(x) is continuous at x =0
f(0) = lxlir[}f(x)
4
. (4 + ijx
= lim
=0 4-Tx

S
ot
+
N
N—

Il
=

—el2

10.  fx)=|x], x € (-1,2)
This function is discontinuous at all integer

values of x between —1 and 2.
f(xx) is discontinuous at x =0 and x = 1.

II.  Discuss the continuity of the following
functions at the point (s) or no the interval
indicated against them.

2
1. f()= Lxs_w,forSSxS@
=10, forx=5
2
= m,for6<x59
x_
Solution:
2_ —
X =3x-10 is not defined at x =5
x=5
2
fox) = L"S‘IO where x € [3, 5) U (5, 6]
We can write f(x) explicitly, as follows:
2_ —
o) = Lxsm,x;ms
=10 ,Xx=5
2
X =310 5 <k
x=5
2
- M,6<x£9
x=35

¥ -3x-10=(x-5)(x+2)
fix)=x+2, 3<x<5

=10, x=5
=x+2, 5<x
f(5)=10

lim f(x)= lim (x+2)=5+2=7
x—5" x5

lim f(x)= lim (x +2)=5+2=7
x5t x—5%

£(5) # lim f(x)

f(x) is continuous on its domain except at x =5
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2. f(x)=2x2-2x+5,for0<x<2

2
=13’#, for2 <x<4

1-x
= x2—25, for4<x7andx#5
x-5
=T7forx=5
Solution:
2. The domain of f(x) is [0, 7]
1. For0<x<2

fx) =2x*>-2x+5
It is a polynomial function and is
Continuous at all point in [0, 2)

i. For2<x<4

It is a rational function and is continuous
everwhere except at points where its
denominator becomes zero.

Denominator becomes zero at x = 1

But x = 1 does not lie in the interval.

f(x) is continuous at all points in (2, 4)

ii. Ford4<x<7,x<5

2
fx) = x =25

x=5

It is a rational function and is centinuous
everwhere except at points <where its
denominator becomes zero.

Denominator becomes zero at x =5

But x = 5 does not lie in the interval.

f(xx) is continuous at all points in (4, 7] = {5}.

iv.  For continuity atx =2 :
lim f(x) = limf(x) (2x*—2x +5)
x—>2" x—2"

=22’ -2Q)+5

=8-4+5
=9
2
lim £(xYp= lim 2227
x=2t o2t 1-x
lim (1-3x—x’
_ Jim (1-3x-)
lim (1-x)
x—>2"
_ 1-3(2)-(2)
1-2
_1-6-4
-1
_ 29
-1
=9

Also f(2) =2(2)>—2(2)+5

=8-4+5
=9
lim f(x) = limf(x) =f(2)
x—2" x—2"

f(x) is continuous at x =2

v. For continuity at x = 4:
, . 1-3x—x’
lim f(x) = lim 1=3x=x?

x—4" x4~ 1-x

lim (1-3x—x?

_ Jim(1-3v-x)
lim (l—x)
x—4"

_1-3(4)<(4)
1-4

1= 12—16: —-27

1-4 -3

lim f(x) = |lim

x—4" x4t x—5

lim f(x)= lim f(x)=f(4)

x—4"

f(x) is continuous at x =4

vi.  For continuity atx =5

f(5)=7
2 p—
limf(x) = lim> 2
x5 =5 x—5
:hm(x—S)(x+ 5)
x5 x—95
. Asx —>5x#5
= lim(x +5) ( J
x5 T x=5#0
=5+5
=10
lxifgf(x)i f(5)

f(x) is discontinuous at x =5
Thus f(x) is continuous at all points on its
domain except atx =35
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3. f(r) = ST COOY k£ 0
1-cosx
f(0) = ﬁ ,atx=0on - Texs<t
2 2
Solution:

The domain of f(x) is [— g g}

fx) = cos4x— cos9x

1-cosx

It is a rational function and is continuous

everwhere except at points where

denominator becomes zero.
Denominator becomes zero when cos x = 1
ie.x=0

But x = 0 does not lie in the interval
f(x) continuous at all

is points

For continuity at x = 0
68
f0)= 22
0= 13

. . 4x—
llmf(x)= hmcos xX— cos9x
x—0 x>0

1-cosx

. (4x+9x] . (9x—4x]
2sin -sin
2 2

2sin2£
2

. (13x) . (5x
sin| — |[-sin| —
(2) (2)

= lim

x—=0

= lim
x—0

its

in

{Divide numerator and denominator by x

| Asx —>0,x %0 £ 0

. (13x . [ 5x
sin| — | sin| —
( 2 ) (ZJ

2

lim

x>0

sin 13x sin 5x
2 ) 13 .. 2 5
— " x . lim—>"4x =

lim Bx 2% 5x o
— 2 2
2
X
sin=>
. 1
lim X —
=00 X 4
2
1><E><1><é "‘x_)07&_>0’
_ 2 2 2
i
(1)2><* 5——)0 andhmiezl
2 0
=65
£g3f(x)¢f(0)

f(x) is discontinuous at x =0

sin’  x

4. fx)=—, for x=1
© = o)
)
TC sin
s forx=1,atx=1
3+4cosz[nx]
2

Solution:

T
TC sin
enls)

f(1) = :
3+4cos? [)
2
_ n x1
3+4(0)
3
-2
hmf(x) sm Ttxz
x=l 3(l—x)
Putl —x=h x=1-h
Asx —1,h—0
1-h
fimf(x) = fim (=)
x-1 h—>03|:1_(1 —h):|
_ lim[sin(n —Znh)]
h—0 3h
_ lli (smrzh) _ lli (smTch)
31140 h 31140 h
_ 1, (sinmh) i
3h—>0 TCh
1 h—0,..1th—>0
- = 1 2 2
3 (Dxm diimSn® _
650 0
_
3
lxlgllf(x)= f(1)

f(xx) is continuous at x = 1
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|x+1|

5. f(x)=——~— , for x #-1
() 2x7+ x-1" *

=0forx=-1atx=-1

Solution:
|x+1] =x+1 ;x>—1
=—(x+1) ;x<-1
= 0Dy
2x +x-1 ’
=0 cx=-1
= Ll x>—1
2xt +x-1
f-1)=0
fim f(x) = fim —C )

2
x—-1" xo-1m 2x"+x—1

T Ga)
x>-1" (x+l)(2x—l)

Il
5.

Sx+1#0

x+1
Iim f(x)= lim ——
x>t ( ) w1t 2x7+x—1
x+1

lim —
o (e D) (22-1)

) -1 [Asx—)—l,x;&—l
lim

-1t 2x%=1 o x+1#0

2(~1)-1

A\

3
lim £(x) £ lim f(x)
x—>-1" x—=1t

f(x) is discontinuous at x = —1

-1 { x—)—l,.'.x;t—l}

)

Y
24 —o
1+—®
< ® > X
210 1 2 3
o—@ 71
2

v

For continuity at x =<1
lim f(x) = lim|x+1]

—-1 x—=1
&
lim f(x)= lim [x+1]
x>l x—-1"
=0
lim f(x) = lim f(x)
x—-1" xo-1"

f(x) is discontinuous at x = —1
Similarly f(x) is discontinuous at
The points x =0 and x = 1

6. f(x)=[x+1] forx e [-2,2)

Where [ ] is greatest integer function.

Solution:
f(x) = [x+1] ; xe[-2,2)
flx) =-1 ; xe[-2,-1)
=0 ; xe[-1,0)
=1 ; xe[0,1)
=2 ; xel,2)

7.0 f(x)=2x2+x+1,for |x-3| >2

=x?+3, for1<x<5
Solution:
|x—3|22
x—3>2 o x-3<-2
x>5 or x<I1
for)y =2 +x+1 x<1
=x*+3 ; 1<x<5
=27+x+1 ; x>5
Consider the intervals
x<l1 ie. (o, 1)
I<x<5 ie.(1,5)
x>5 i.e. (5, )

In all these intervals f(x) is a polynomial
function and hence is continuous at all points.
For continuity atx = 1:
lim f(x)= lim (2x* +x + 1)

x—1"

x—1"
=2(1P*+1+1
=4

lim f(x)= lim (x* +3)

xo1t o1t
=(1)*+3
=4
Also f(1)=2(12+1+1
=4
lim f(x) = lim £ (x)= f(1)
x>t

x—1"

f(x) is continuous at x = 1
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For continuity at x = 5:
lim f(x) = lim (x* +3)

x5 x5
=(57°+3
=28
lim f(x) = lim (22" +x + 1}

x—5" x—5"
=2(57+5+1
=56
lim f(x) # lim f(x)
x5 x—5"
f(x) is discontinuous at x =5
f(x) is continuous for all x € R, except atx =5

III. Identify discontinuous if any for the
following functions as either a jump of a
removable discontinuity in their respective
domains.

1. fx)=x*+x-3, for xe[-5,-2)

=x*-5, for x e (-2,5]

Solution:

f(-2) has not been defined

limf(x) = jlrrlz(xz +x - 3)

x—>-2
=(-2+(-2)-3
=4-2-3
=-1
lim f(x) = lim (x*-5)
x—>-2 x—>-2
=(-27-5
=4-5
=_1
lim f(x)= lim f(x)
x—>-2" x—-2"

tim ()=

But f(-2) has not been defined
f(x) has a removable discontinuity at x = -2

Trx+1
3. ) =2"""""  for xel0,3)
x+1
3x+4
= m ,for X € [3,6].
Solution:
2
limf(x) = lim 2 X1
X3 xo3m x+1

li 2 1

_ipleree )
lim (x +1)
x—>3"

(3) +3+1
3+1

lim f(x) = lim

x—3t o3t x° =5

lim f(x) = lim f(x)=f(3)

x—3"

f(x) is continuous at x = 3.

2. fx)=x*+5x+1, for 0<x<3
=x*+x+5, for 3<x<6

Solution:
lim f(x)= lim (x2 +5x + 1)
x—3 x—3
=1im (3)*+503)+1
x—>-3"
=9+15+1
=25
lim f(x) = lim (x* +x +5)
x—3 x—3
=3P +3+5
=35
lim f(x) # lim f(x)
x—3" x—>3"

ling f(x) does not exist

f(x) is discontinuous at x = 3
f(x) has a jump discontinuity at x =3

IV. Discuss the continuity of the following
functions at the point or on the interval
indicated against them. If the function is
discontinuous, identify the type of
discontinuity and state whether the
discontinuity is removable. If it has a
removable discontinuity, redefine the
function so that it becomes continuous.

(x+ 3)(x2 —6x+ 8)

1. f(x) = P
Solution:
_ (x+3)(x2—6x+8)
fx) = xX*—-x-12
B (x+3)(x2—6x+8)
flx) = (x-4)(x+3)

f(x) is not defined at for x =4 and x = -3
The domain of function f=R — {-3, 4}

Forx=-3,4
= (x+3) (x— 2) (x— 4)
fx) (x—4)(x+3)

f(x)=x—-2 x=#-3,4
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f(-3)=-5and f(4)=2

f(x) is discontinuous x =4 and x = -3
This discontinuity is removable.

f(xx) can be redefined as

(x+3)(x2 —6x+8)

~ 5.3
sh 27272
Sh
lim [1+—j
h—0 2
- =33
22 2
lim [1—3hj}h]
h—0 2

fx) = X' —x-12
=-5 forx=-3
=2 forx=4
2. f(x)=x2+2x+5, forx<3
=x?—-2x2-5,forx>3
Solution:
lim £(x) = lim (x* +2x+5)
x—3 x—3
= (37 +203)+5
=90+6+5
=20
linl f(x) = lim+ (x3 —2x" - 5)
x—3 x—3
=(3)+2(3*-5
=27-18-5
=4
lim f(x) # lim f(x)
x—>37 -3
ljil’}l f(x) does not exist
f(x) is discontinuous at x = 3
This continuity is irremovable.
V.  Find k if following functions are continuous
at the points indicated against them.
3
1L f)= (5"‘8]"'4 , for X2
8-3x
=Kk, forx=2atx=2.
Solution:
f(x) is continuous at x.= 2

1.

f(2) = linzlf (x)

3
—R\2x-4
k= lim[sx 8]

-2 §=3x
Putx=2=h
x=2+h
Asx—>2,h—0

3
_g |
K= fim| 22 1)-8

h-0 8-3(2+h)

3

.. (10+5h-8
= lim| ———
>0\ 8- 6-3h

3

. (2+5n ™
= lim
1-0( 2-3h

L h—>0,&—>0, h Lo
€ 2
= ,
e! andlim (1+x)* = e
x—0
24
.
45— 9° — 5% +1
2. f(x)= —~+——~ ,forx=0
(k" —1)(3"—1)
2
=§, forx=0,atx=0
Solution:

f(x) is continuous at x =0
lin(} f(x)=1(0)

. (45) —9"-5"+1_ 2
0 (k-1)(3*-1) 3
Y 5512
70 (k*—l)(3* —1) 3

hm9~* (5" -1)-1(5"-1) _2

=0 (k*-1)(3" -1 3

hm(s*—1)(9* -1) _2

=o(k*-1)(3"-1) 3
(5X—1)(29~* -1) )

h (kx—l))c(? -1) )

Divide Numerator and Deno min ator
2

.| byx

x>0, x#0 . x*# 0
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[
A1)
)

=2
3

-1
x—=0

(hm -1 (hm -1 3
x—=0 x—=0
log3-log9 _ 2 | lim2 _lzloga
logk-log3 3 =0y
log5-log(3)" _ 2

logk -log3 3

log5xlog3 _ 1
logkx log3 3
3log 5=1logk

log(5)° =log k
5y =k
k=125

VI. Find a and b if following functions are
continuous at the points or on the interval
indicated against them.

4
1 () = tanx+51smx for x < 0
log2
_ 11x+7x-cosx ,forx <0
b*-1
Solution:
1. f(xx) is continuous at x =0

lim f(x) = f(0)

. [ 4tanx+5sinx 9
lim - =
¥0 R log2
4tan x+5sinx
lim - [ x—>0,x£0]
x>0 a‘'—1
X
"
log2
§ (4tanx SSinxj
lim| ———+
x>0 X X _ 9
lim® -1 log2
x>0 X
. tan smx
41lim 9
=0 x X‘?O X
lim ® -1 10g2
x—0 X
4(1) +5(1 Y
1) ()= o | im® 1:loga
loga log2 =0 x

9 _ 9
loga log2
loga=1log2
a=2

Also lim f(x) = f(0)
x—0"

11x + 7x-cosx _ 9

lim -
x>0 b* -1 log2
11x + 7x cosx
9
li X = Jrrx—o 0 0
0 bl log2 G "4t
X
£i£13(11 + 7cosx) _ 9
lim{b' —IJ log?2
x>0 X
11+ 7cos0 9 .a -1
= .o.|n lim =loga
loghb log2 { 0y }
11+7(1) _ 9
logb log2
9log b = 18log 2
logb =2log?2
= log(2)*
log b'=log 4
b=4
a=2andb=4
2. fx)=ax?+bx+1, for |2x-3>2
=3x+2, for L <x<?
2 2
Solution:
[2x-3| >2
2x-32>2 or 2x—-3<-2
2x>5 or 2x <1
X2 3 or x< 1
2 2
f(x) is redefined as
fo) = a +bx+ 1 ; xS%
=3x+2 ; 1 <x< 3
2 2
=a?+bx+1; x> %

f(xx) is continuous everywhere on its domain

f(xx) is continuous at x = % and x =§

As f(x) is continuous at x = %
lim £(x) = lim £(x)

X>— X>—
2 2

lim (ax’ + by +1) = lim (3x+2)
1- 1t
XHE x~>5
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2
(lj +b[lj+1 - 3[1}2
2 2 2
a b 7
—+—+1==
4 4 2
a+t2b+4=14 ...[Multiplying by 4]
a+2b=10 ...()
Also f(x) is continuous at x = %
lim f(x) = lim f(x)
x%% X‘?%
lim (3x+2)= lim (ax> +bx+1)
x%% x%%
5 5Y 5
()2 ) o5
2 2 2
5 +2= @+&+1
2 2

30+8=25a+10b+4
...[Multiplying both sides by 4]

25a+ 10b =34 ...(11)
Multiplyinig (i) by 5, we get
Sa+10b =50 ...(iii)
Subtract (iii) from (ii),
20a=-16

~16 -4
a= —=—

20 5

Substituting a = _?4 in (iii), we get

5[%} +10b =50

~4+10b=50
10b =54
_ 5427
0 5
a= 2 p=2
5 5

_ .. l—rcosmh
= lim ———

h—0 nh?

. l-=cosmth 1+coszh
= lim — X

h—0 mh 1+ cosmh

) 1 — cos®* mh
= lim ————
850 7th? (14 cosmh)
1 .. sin” h
=— lim —————
n 10 h*(1+ cosnh)

l.. (sin 7h jz 1
= —lim X
7T h0 h 1 + cosmh

1 (smnhj ) 1
= —lim XM X —————————
n -0\ 7h lim (1 + cosmh)
h—0

. As h—0, th—0
=—x (1)2% 1 x i

) 1+1 and lim S0 _
650 0

VII. Find f(a), if f is continuous at x = a where,
1+ cos(nx)

1:(1 = x)2 ’

1. f(x)= forx#1and ata=1.
Solution :

f(x)1s continuous at x = 1
f(l) = lim f(x)

1 +cosmx
f(1) = lim ———
M Xl n(l—x)2
Putl —x=h
x=1-h

Asx—>1,h—>0
1+cos[n(1—h)}

f(1) = lim e
— lim 1+ cos(m — mh)
h—0 mh?

5 ) = 1- cos|:7(x - n):|

5 ,forx# n andata= =x.
S(x—rc)

Solution:
fiscontinuous at x = 7.

1—cos[7(x—n)]

f(m) = limf(x) = lim

m 5()c—71:)2
Putx—nm=h,asx—>mn,h—>0
. 1—cos7h
) =yt
2sin2[7h]
. 2
= lim——=~
h—0 5h?
sin? 7h
2. 2 (7)2
= —lim——S=4x| —
5 h—-0 (71,1} 2
2
2
sm[h]
2 2 49
= —|lim —
5| [@] 4
2
“Zapx®m e,
5 4 00 @
f(m) = 9

VIII. Solve using intermediate value theorem.
1. Show that 5° — 6x = 0 has a root in [1, 2]
Solution :
1. Let f(x) = 5 — 6x.
5% and 6x are continuous functins for all x € R.
5% — 6x is also continuous for all x € R.
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®

T

i.e. f(x) is continuous for all x € R.
A root of f(x) exists if f(x) = 0 for at least one
value of x.

f(1)=5"—6 (1)
=—1<0
f2)=(5)-6(2)
=13>0
f(1) < 0 and f(2) > 0

By intermediate value theorem, there has to be
a point ‘c’ between 1 and 2 such that f(c) = 0.
There is a root of the given equation in [1, 2].

2. Show that x3 — 5x2 + 3x + 6 = 0 has at least
two real roots between x =1 and x = 5.
Solution:

Activities for Practice s

Let f(x) = x> — 5x* + 3x + 6.
f(x) is a polynomial function and hence it is
continuous for all x € R.
A root of f(x) exists if f(x) = 0 for at least one
value of x.
Here we have been asked to show that f(x) has
at least two roots between x = 1 and x = 5.
(=1 -51)*+3()+6
=5>0
f2)=2) -5y +3(2)+6
=8-20+6+6
=0
x = 0 is a root of f(x).
Also f3)=(3)’-53)*+3(3)46
=27-45+9+6
=-3<0
F4)=4)>-5@)>+3@)+6
=64-80+12+6
=2>0
f(3)<0and f(4)>0
By intermediate value theorem, there has to be
point ‘¢’ between 3 and 4 such that f(c) = 0.
There are two roots, x = 2 and a root between
x=3and x=4.
Thus there are at least two roots of the given
equation between x = 1 and x = 5.

—\/Esinx

1 T
Letf(x)= ——————= ,x# =
) T —4x 4
Y
=a, x= 2
4
If function f is continuous at x = gthen

evaluate a by completing the activity.

Solution:
function f is continuous at x = %
f (Ej = lim f(x)
4 PN
4
Letx="—t
4
1-+/2 sin (n - t}
a= lim —4
t—0 I:I
= [ jj L c0St + sin ()
t—0 t
i ¢ 2sin? (;J
Consider, lim €OSY — |mad \2/
=0 t t—0 t
2 _
)

w2
«.
=
~—
N |+
N

...(i1)
By substituting (ii) in (i), we get

.ot
sSin — .
=[] |tim 2 |. sin (1) + lim (Lnt)
t—0 1 2 t—0 t
a=[_]

2

2. Letf(x)=cosm( x|+ [x]),—1<x<1, where
[ ] represents greatest integer function. Show
that f is a discontinuous function, by
completing the activity.

Solution:

f(x)=cosn(|:|), -1<x<0
=cosn(|:|), 0<x<l1

f(x)=—cosmx, -1<x<0
=cosmx,0<x<0

In (-1, 0) U (0, 1), fis continuous as cosine
function is continuous.

Continuity at x =0:
L. h. lim. = lim (—cos tx) = |:|

x>0~

R. h. lim. = lim (cos ®x) = |:|

x—>0"

L. h. lim#R. h. lim

f is not continuous at x = 0
fis a discontinuous function in (— 1, 1).
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3. Let a function f be defined as

f(x):—Vpr_ V1-px ,—1<x<0
X

_ 2x +1

,0<x<1
x—-2

If the function f is continuous in the interval
[— 1, 1] then to evaluate p, complete the activity.
Solution:
fis continuous in [— 1, 1]
fis continuous at x = 0.
lim f(x) = lim f(x) = f(0)
x—0"

x—=0"

X

x50” x>0t X —2
On Rationalizing, we get

o (1+px)—(1-px) _
N s

O
i

p=[]

R h.lim= lim f(x)=] ]

e

4

L. h.lim=R. h. lim

fis continuus at x =

4. Let a function f be defined as
f(x) = [tan x] + {tan x}, x € (%—8, %+ 8)
where 0 is a small positive number: Show that
function f is a continuous at x = _0; by

completing the activity.
Solution:

When x < % ,then 0 <tanx <1

{tan x} = tan x

When x = % , then tan x is an integer
{tanx} =0

When x > % , then tan x > 1 but less than 2

{tan x} = tan x — [tan x]
=tanx—1
Let us write the explicit definition of function f,
T

for x e (——8,£+ SJ
4 4

f(x)=0+\/i

=1 x=

=1+\/i x>c

L.h.lim= lim fx)=[ | and

X—>—

4

=
A

A3 &3

5. If the following function is continuous at
x=0, find a and b.
flx)y=x*+a ,for x>0
=2 \/m +b , for x<0
=2 ,forx=0
Solution:
Given
fx)=x*+a , forx>0

=2Jx*+1+b

lim £(x) = lim (> + a)
x—0" x0T

lim fx) = [ |

x—0"

,forx<0

Since, f(x) is continuous at x =0
limf(x) = £(0)

o0t

a=[]

lim f(x) = lim (2+/x*+1 +b)
x—=0" x=0"
lim fx)=[ [+b

x>0~

Since, f(x) is continuous at x = 0.
lim f(x) = 1(0)
x—0"

b=

2

6. If f(x) = al _24, for x # 2 is continuous at
x =2, then find f(2).
Solution:
2
-4
fx) = X
)=
. . x4
lim )= i =5
X+ X —
B [
X2 x—=2

iy )= [}
Since, f(x) is continuous at x = 2.
lim fix) =1(2)

1) =[]
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7. Determine whether the function ‘f° is
continuous on its domain
fx)=3x+1, x<2
=7, 2<x<4
=x?-8, x4
Solution:
lim f(x)=1lim 3x + 1)
x—2" x—2"

=7
Now lim f(x) = |:|

x—2"

But f(x)=7atx=2

The given function is |:| atx=2.

Also lim f(x) = |:|

x4~

lim f(x) = lim (x*-8) =8
x4t

x4

the given function is |:| atx=4.

Answers

1 i 4t TR
4
1 . 1
ii. = iv. -
4 4
2 1 x+1 il X
iii. -1 iv. 1
3. 0 -4 W2
2 ' 3
1 . 1
i, —— iv. =
2 2
4 1 tan x 1. tanx — 1
imi. 1 iv. o 1
5. 1. a ii. 2
. 2 iv. 0
6 1. 2 ii. 2
. 4 iv. 4
7. 1 7
ii. continuous

.« 7
iv.  discontinuous

Additional Problems for Practice ummad

Based on Exercise 8.1

1. Examine the continuity of the following
funtions at the given point:
) sinx
1. fx) = —, tcosx, forx=0
=2, forx=0;atx=0

i f)= ;_ sinx?, forx#0

=0, forx=0;atx=0
iii.  for)=(1+2x)'", forx#0

=e?, forx=0;atx=0
. x'—x-6
iv.  fx)= .3 forx#3

=17, forx=3;atx=3

v. fx) =x*+ 6x + 10, forx <4
=x>-x+38, forx>4;atx=4
(ezy - 1).siny

vi. f(y)=T,fory¢0
=4, fory=0;aty=0

1

.. 4x \x
vii.  f(x)= (1+*J , forx#0

=c" forx#0atx=0
e 1 . TE
viil, f{x) = 5 sin 5 (x + 1), forx<0
tanx —sin x
= JER ,forx>0;atx=0
. X +2x7+2x-5
ix. flx)="5372_3,-1 forx<l

1 1
= [x—l_m}’ forx>1;atx=1

3

X. f(x)=Ll‘2,forx¢1
o

= —, forx=1;atx=1
12

Discuss the continuity of the following functions:

3x 5x
i f)=2"2 | forx=0
X

= log a, forx=0;atx=0

. fix)= (1+£j;, forx#0
a

=e*, forx=0;atx=0
10g(1+%x]
ii.  gx)= ——=2+2, forx#0
X
5
==, forx=0;atx=0
2
v, fo)=2=%,  forx#0
sin2x

= ;—(10g5+1),forx=0; atx=0

22
v. fory="3 forx#=0

P ]
X

=1, forx=0;atx=0
vii f)=xsint, forx=0
X

=0, forx=0;atx=0
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+3.

+4.

+5.

+6.

+7.

Vi, )= 12095%  forx 20
X
=0, forx=0;atx=0
viii. f) = Y72 forx£0
3x
1
= —, forx=0;atx=0
12
. pA |
ix. Iff(x)= , forx#0
tan x
=1 ,forx=0

Discuss the continuity of the function

f(x) =|x—3|atx=3.

Determine whether the function f is
continuous on the set of the real numbers

Where f(x) =3x+ 1, forx<2
=7 for2<x<4

=x>-8 forx>4

Test whether the function f(x) is continuous at
x =—4, where

x*+16x +48
—

=38, forx=-4

fx) = ,forx #4

Discuss the continuity of f(x) = /9-a’, on

the interval [-3, 3].

Show that the function f(x) = || is not

continuous at x = 0, in the interval [-1, 2)

Discuss the continuity of . the< following
functions at the points/given against them. If
the function 1is . discontinuous, determine
whether the discontinuity is removable. In that
case, redefine the function, so that it becomes
continuous.

i. fx)= Hﬂ, forx =0
xtanx
=9, forx=0;atx=0
i, fo= 20 forx#0
S5x
5
==, forx=0;atx=0
T
iii.  fo)= 22" forx=0
sin2x
=8, forx=0;atx=0

)
iv. fx)= M, forx#0
X

=2, forx=0;atx=0

+9.

+10.

+11.

+12.

13.

Identify discontinuities for the following
functions as either a jump or a removable
discontinuity on R.

2
1 fx) = X —3x—18’
x—6
. gx)=3x+1, forx <3
=2 —3x, forx>3
iii. h(x)=13-x% forx <5
=13 - 5x, for x=>5
Show that the function
Scosx_e(%7X]
f(x)= ———=,forx # —
cot x
=logS —e, forx=—

has‘aremovable discontinuity at x =

o a

Redefine . the function so that it becomes

" Y
continuous at x = E .
If () is defined on R, discuss the continuity

of fatx = g,where

foy=—2 T3 72 prxz X
2+m—2x 2

(3cot x). log (fj
_ 2log3 forx= =
37 2"

Discuss the continuity of the following
function at x = 0, where

fx) =2 sin [1] forx#0
X
=0, forx=20
If f is continuous at x = 0, then find (0).

R O S ) B

xlog(1+2x)
i fx) = log(1+ ax) —log(1 — bx)
X
i f) = log(2 +x)—log(2 —x)
tan x
. cos’ x—sin® x—1
iv. flx)=
X +1-1
1
+v.  flx)= (3x il ZJX ,forx#0
2 -5x
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14.

15.

+16.

17.

18.

19.

x*-9

Find f(3) if f(x) = , X # 3 is contiuous at

x=3.
Find the value of k, if the function
=322 forxz0
k* -1
=2, forx=10
is continuous at x =0
i fo = el a0
sSinx
=35, forx=0
is continuous x = 0
iii.  fx)=x*+k, forx>0
=—-x? -k, forx <0
is continuous at x =0
] ) X +3x+k for v 1
v. x) 2D D)’ or x
5
= —, forx=1
4
is continuous at x = 1
+v. flx)= Ltanx Jorx#0
sin 3x
=k forx=0

If f is continuous at x = 1, where

f(x) = M +a, forx < 1
x—1
=2m, forx=1
1+ cos(mx)
=———=%+b, < for>1,
Tt(l—x)

then find the values of a and b.

If f is continuous at x= 0, where

f(x)=x"+a, for x>0
=2+x*+1+Db, for x <0

Find a, b given that f (1) = 2.

Iffix) = ta1312x+ a, forx<0
X

=1, forx=10

=x+4-b, forx>0

is continuous at x = 0, then find the values of a
and b.

If the function f(x) = keosx , forx # r
T—2x 2

=3, forx= =

2

be continuous at x = % , then find k

20.

Is the function
f(xx) = 2x* + 3x?+ 3x — cos x + sin 5x + 3

continuous at x = % ? Justify

Based on Miscellaneous Exercise — 8

1.

Examine the continuity of the following
funtions at the given point:
10" +7°-14" -5°

1. f(x) = [~ cosx ,forx=0
10
=7, forx=0;atx=0
B sin3x
i )= "0 forx <0
3
= forx=0
log(1+3x)
D o forx >0
\/273—\/4x—1
i, f(x)= x-6) > forx#6
1
=% forx=6;atx=6
iv. o= Y228 VI 2x <0
X
=2x>+3x-2, forx>0;atx=0
X +x* —16x+20
V. f(x) = (x_2)2 5 fOI‘ X # 2
=17, forx=2;atx=2

Discuss the continuity of the following
functions:

i f(x) = 2f—5*’f0rx¢0
4X_3X
=log i, forx=0;atx=0
10
3 @ -1
1l f(x) = ———, forx#0
tan x.log(1+ x)
=log4, forx=0

Discuss the continuity of the following
functions at the points given against them. If
the function is discontinuous, determine
whether the discontinuity is removable. In that
case, redefine the function, so that it becomes
continuous:

L= forxz0
6" -1
=log(§j, forx=0;atx=0
i f)=23""2 forx£0
X
=2 log3, forx=0;atx=0

338



Chapter 08: Continuity

o 1
_ o 64 1
i, fx)= , forx# -
5 1 2
X
8
=J, f01rx=—1;atx=—1
3 2 2
iv. fo)=_ G =D forx#0
sinx log 1+3
4
=8 log 8, forx=0;atx=0
If fis continuous at x = 0, then find f(0).
: _ 4 -2 4]
i. foxy=—=" " ,x#0
l-cosx
5x 2x
i, fy="°
sin3x

Find the value of k, if the function

sin2§
f(xx) = x22 , forx#0
=k, forx=0
is continuous at x =0
If fx) = S“Sﬂ+ a, forx>0
X
=x+4-b, forx<0
=1, forx=20
is continuous at x = 0, find a and b.
If f(x) = l—cx(;s4x , forx<0
= a, for x=.0
Jx

=—= . forx>0

is continuous at x = 0, then find the value of ‘a’.

Discuss the continuity of the function f at

x =0, where f(x) = & forx#0
€0s2x —cosbx
= é(logS)z, forx=0
Multiple Choice Questions S
A 2, 0<x<l _
x)= e 2x . 15x<2 is continuous at
x=1,thenc=
A) 2 B) 4
<© 0 D) 1
1 , if x<3
If f(x) = Jax+b , if 3<x<5 is continuous,
7 , if 5<x
then the value of a and b is
A) 3,8 B) -3,8
<© 3,8 (D) -3,-8

10.

The sum of two discontinuous functions
(A) is always discontinuous.

(B) may be continuous.

(C) is always continuous.

(D) may be discontinuous.

For what value of k the function

VSx+2 A +4

fx) = x=2 fre2 is continuous
k Jifx=2
atx =27
-1 1
A) — B)
®) 43 o) 243
1 -1
C) — D) —
© o (D) Nz

The function f(r) e 08U +@) —log=bx) ;o

X
not defined at.x = 0. The value which should
beassigned to fat x = 0 so that it is continuous
atx =0,.is
(A) a-b (B) a+b
(C) "loga+loghb (D)

In order that the function f(x) = (x + 1) cot x is
continuos at x = 0, f(0) must be defined as

loga—1loghb

1
(4 f0)=- B) f0)=0
©) f(0)=e (D) None of these
sin3x
If f(x) = sinx is a continuous function,
k, x=0

then k =

@1 ® 3 © ; OO0

A function f is continuous at a point x = a in
the domain of ‘f* if

(A) lim f(x)exists (B)

xX—a

(€©)  lim fx) = fa)

xX—a

lim f(x) = f(a)
(D) both (A) and (B)

Which of the following function is

discontinuous?
A f(x)=x? (B) g(x)=tanx
(©) h(r)= =~ (D) none of these
x +1
kcosx b
—ox’ when x # E
If the function f(x) = | = is
3, whenx = 5

Y
continuous at x = 5 thenk =

@A 3 B) 6
© 12 (D) None of these
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11.

12.

13.

14.

15.

16.

The points at which the function

fx) =

is discontinuous, are

¥ +x-12
A) 34 B) 3.4
(C) 7177354 (D) 717394

Which of the following statement is true for

graph f(x) = log x

(A) Graph shows that function is continuous

(B) Graph  shows that
discontinuous

function is

(C) Graph finds for negative and positive
values of x
(D) Graph is symmetric along x-axis

x* -1
If fix)= | x+1
-2, whenx=-1

(&) lim f)=-2

x—>(-1)"

, whenx #—1
, then

(B) lim f(x)=—2
(C) f(x) is continuous at x =—1
(D) All the above are correct

[x—al

Iffix)= | x-a

1, whenx =a

,whenx #a
, then

(A) f(x) is continuous at x =a

(B) f(x) is discontinuous at x = a
© Mg =1

xX—a

(D) None of these

1_C0254x, when x <0
X
If f(x) = a when x =0,
e heny -0
/(16+\/;) ~4

is continuous at x = 0, then the value of ‘a’
will be

(A) 8 B) -8
<©) 4 (D) None of these
4 —
x_16’ whenx # 2
If f(x)=) x—2 , then
16, whenx =2

(A) f(x) is continuous at x =2
(B) f(x) is discountinuous at x =2

©) 1M gy — 6

x—2

(D) None of these

17.

18.

19.

20.

21.

22.

23.

The values of A and B such that the function

. b
—2sinx, x<——

Asinx+B,-% <x<Z
sinx + ,—E <x< 5’ 1S contimuous

flx) =

COS X, X2

I

2

everywhere are

(A) A=0,B=1 B) A=1,B=1
© A=-1,B=1 (D) <« A=-1,B=0

———— for—-1<x<0
If fix) = 9 , 1S
2x* 43x -2 Lfor0<x<1
continuous atx = 0, then k =
A) 4 B) -3
< 2 D) -1

The function f(x) = sin |x| is

(A) Continuous for all x

(B) Continuous only at certain points
(C) 'Differentiable at all points

(D) /None of these

1—sinx+cosx

The function f(x) = 5~ © is not

defined at x = . The value of f(r), so that f(x)
is continuous at x = 7, is

1 1
@ 5 ® 5
© -1 D) 1
2x*+7
The function f(x) = 335" "3 is
discontinuous for
(A) x=1only

(B) x=1andx=-1 only

©) x=1,x=-1,x=-3only

(D) x=1,x=-1,x=-3 and other values
of x

The function f is defined by f(x) = 2x — 1, if
x>2 fix)=kifx=2and x> -1, if x <2 is
continuous, then the value of k is equal to

A 2 B) 3
© 4 D) -3
1—-cos4x
Function f(x) = —¢>", where x # 0 and

f(x) = k, where x = 0 is a continous function at
x = 0 then the value of k will be?

(A) k=0 B) k=1

©) k=-1 (D) None of these
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x, whenO<x<1/2

24, Iffee)= b Whenx=1/2 o
1—x,whenl/2<x<1
@ A g =2
®) . m fw=2
1
(C) f(x) is continuous at x = >
1
(D)  f(x) is discontinuous at x = 5
x> —10x +25 .
25, If fix) = 25 o for x # 5 and f is

continuous at x = 5, then f(5) =

A) 0
€ 10

®)
D)

5
25

ﬂnswers to Additional Practice ProblemJ

Based on Exercise 8.1

1. 1.

2. 1.

Continuous il. Continuous
iii.  Continuous iv.  Discontinuous
V. Continuous vi.  Discontinuous
vii. Continuous viii. Continuous
ix.  Discontinuous X. Continuous

Discontinuous il. Continuous
iii.  Continuous iv. _Discontinuous
V. Discontinuous vi.  Continuous
vii. Discontinuous viii. Discontinuous

ix.  Discontinuous

13.

14.
15.

16.

17.

18.

19.
20.

2
i  Uogdy i. a+b
2
iii. 1 1v. —4
v. ¢
6
i. 2 il. 5
. O iv. -4
2
V. =
3
a=3m,b= 3n
2
a=1,b=-1
a= —1, b=3
3
6

Addition of continuous functions.
f(x) is. continuous.

Based on Miscellaneous Exercise — 8

3. Continuous

4. Discontinuous

5. Continuous

6. Continuous

7. Discontinuous

8. 1. Discontinuous, removable

ii.
1il.

Discontinuous, removable
Discontinuous, removable

iv.  Discontinuous, removable
9. 1. Discontinuous
il. Discontinuous

1i.  Discontinuous

e

12.  Continuous

1.

1. Discontinuous 1i. Continuous
iii.  Discontinuous iv.  Continuous

V. Continuous

1. Discontinuous i. Discontinuous
1. Discontinuous, removable

i. Discontinuous, removable

ili.  Discontinuous, removable
iv.  Discontinuous, removable

i. 2(log 2)* i, 1
9
4
a=1b=3
5
8
Discontinuous

r Answers to Multiple Choice Questions)

. B 2. (C) 3. (B 4. (O
5. B) 6. (C) 7. (B) 8. (D)
9. (B) 10. (B) 11. (B) 12. (A)
13. (D) 14. (B) 15. (A) 16. (B)
17. (C) 18. (C) 19. (A) 20. (C)
21. (C) 22. (B) 23. (B) 24. (D)
25. (A)
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1 .1
Competitive Corner 2. &Er(}f(x) lxlir(}xsmx , but —1 < sin < 1 and
x—0
. limf(x) =0
1. For what value of k, the function defined by x>0
o) = log(1+ 256)Sinx° _ forx=0 Since, f(x) is continuous at x = 0.
f(0) = 111’1(} f(x)
. = k , forx=20 k=0
is continuous at x =0 ?
[MHT CET 2016] 3. Since, f(x) is continuous at x = 0.
1 f(0) = lim f(x)
A 2 B - 0
2 — limo (.X' + 1)cotx
90 X =
© = D) — g
90 T 1 ltan x
= lim {(1 . x)x}
2. Ifthe function f(x) defined by "1*
=e¢ =¢
f(x) =xsint, for x # 0
X 4, Since, f(x) is continuous at x = a.
=k ; forx=0 s fla)= lim f(x)
is continuous at x = 0, then k = "’
[MHT CET 2016] = lim Vx oo +x-a
(A) 0 ®) 1 O
© -1 ® 3 ~ gy Yroarxca
r—a \/x +a .\/x —a
3. If the function f(x) = (x + 1) ¥ is continuous o 1 Jx—a+Jx-a
at x = 0, then f(0) = [MHT CET 2019 Ry s e
1 1
A - B) = 1 (Jx-+a
€ € = — lim +1
: N N
(C) € (D) 8_3 2 2
=L lim ) ~[¥a) 1
4 If f(x) is continuous at x = a, where 2a | [x_a (\/; 4 J;)
f(x) = % N8 for x # a, then f{a) = 1
X —a . X—a
= lim +1
[MHT CET 2019] V2a o {x/x—a (Vx ++a) ]
1 1
A — B) — 1 Jx-—a
= 1 +1
vad 2 N N
© . — (D) 2va 1
2a =— (0+1
N
Answers: 1
L-© 2. A 3 © 4 A Pa
Hints:
l. For f(x) to be continuous at x = 0,
f(0) = limf(x)
k= lim log(1+ 2;()s1nx
x—0 X
sin %
k= lim 1080529, 180, T
=0 2y X180
180
k= 1x2x1 b =T
180 90
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