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This paper presents a structural shape optimization method that considers not only 
structural performance but also manufacturing cost. Most structural optimizations only take 
into account structural performance metrics such as stress, mass, deformation, or natural 
frequency. However, it is often observed that structural performance improves at the 
expense of manufacturing cost. This work explores the tradeoff between mass and 
manufacturing cost with the application of the abrasive water jet (AWJ) manufacturing 
process. Structural performance, defined as maximum von Mises stress, is a constraint in 
this work. Work-in-progress results are presented for two structural design examples to 
demonstrate this tradeoff between mass and manufacturing cost while investigating shape 
optimization using non-uniform rational B-splines (NURBS). Additional work is still needed 
to complete this research project. 

Nomenclature 
C = Abrasive waterjet (AWJ) cutting speed estimation constant 
Cman = Total manufacturing cost, [$] 
dm = Mixing tube diameter of the AWJ cutting machine, [in] 
do = AWJ cutter orifice diameter, [in] 
E = AWJ cutter error limit 
fa = Abrasive factor for abrasive used in AWJ cutter 
h = Thickness of material machined by AWJ, [in] 
J = Objective function 
Lj = Step length for jth step along cut curve 
m = Number of curves being optimized in the structure 
M = Part structural mass, [kg] 
Ma = AWJ abrasive flow rate, [lb/min] 
ni = Number of control points for the ith curve 
Ni,k = NURBS basis function of degree k for ith knot 
Nm = Machinability number 
OC = Overhead cost for machine shop, [$/hr] 
Pi = Knot coordinates for ith NURBS control point  
Pw = AWJ water pressure, [ksi] 
q = AWJ cutting quality 
R = Arc section cut radius for AWJ cutter, [in] 
Si = Total number of steps along ith cutting curve 
uas = AWJ arc section cutting speed approximation, [in/min] 
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umax = AWJ maximum linear cutting speed approximation, [in/min] 
x = Vector of X-coordinate design variables 
y = Vector of Y-coordinate design variables 
α = Weighting factor used in objective function 
δ = Deflection [mm] 
σ = Stress [Pa] 

I. Introduction 
YPICAL structural design optimization involves the optimization of important structural performance metrics 
such as stress, mass, deformation, or natural frequencies. This structural design method often does not consider 

an important factor in structural design: manufacturing cost. In this research, manufacturing cost is considered as an 
important performance metric, in addition to typical structural performance metrics. The multiobjective optimization 
technique, weighted sum method, is used to observe the tradeoff between manufacturing cost and structural 
performance. While it is not possible to make a manufacturing cost model that represents all manufacturing 
processes, the scope of this research has been limited to one manufacturing process: rapid prototyping by an 
abrasive water jet (AWJ) cutter. Although AWJ cutting is the manufacturing process considered in this paper, this 
multiobjective structural performance versus manufacturing cost framework is generalizable to other manufacturing 
processes. 

T 

A. Literature Survey 
The aim of structural optimization is to determine the values of structural design variables in order to minimize 

an objective function of a structure while satisfying given constraints. Structural optimization may be subdivided 
into shape optimization and topology optimization.  For shape optimization, the theory of shape design sensitivity 
analysis was established by Zolésio and Haug.1,2 Bendsøe and Kikuchi3 proposed the homogenization method for 
structural topology optimization by introducing microstructures and applied it to a variety of problems.4 Yang et al. 
proposed artificial material and used mathematical programming for topology optimization.5 Kim and Kwak first 
proposed design space optimization, in which the number of design variables and layout change during the course of 
optimization.6

Structural shape optimization has been performed along with an estimation of manufacturing cost by Chang and 
Tang.7 This work involved optimization of three-dimensional parts to reduce mass and manufacturing cost for the 
special application of the fabrication of a mold or die. However, manufacturing cost was not included in either the 
objective or constraint function, as is done in this paper. Park et al. performed optimization of composite structural 
design considering mechanical performance 
and manufacturing cost.8 This work focused on 
the optimal stacking sequence of composite 
layers as well as the optimal injection gate 
location to be used in the composite material 
manufacturing process. However, as in the 
work by Chang and Tang, Park et. al. did not 
perform multidisciplinary optimization 
including manufacturing cost. 

The weighted sum method is a popular 
method for handling objective functions with 
more than one objective. Objective functions 
with many different linear combinations of the 
individual objectives are optimized in order to 
obtain a Pareto front. Zadeh9 performed early 
work on the weighted sum method. In addition, 
Koski10 used the weighted sum method for the 
application of multicriteria truss optimization. 

The standard method for determining 
manufacturing cost for an AWJ cutter has been p
estimate manufacturing cost, Zeng and Kim used t
cost factor for the specific AWJ cutting machine be

F  
p
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igure 1: AWJ manufacturing cost versus structural
erformance. 
resented by Zeng and Kim11 as well as Singh and Munoz.12 To 
he cutting speed of the water jet cutter multiplied by an overhead 
ing used. 
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AWJ cutting speed prediction models have been presented by Zeng and Kim.13 Zeng and Kim developed a 
widely accepted AWJ cutting speed prediction model.  Zeng has also worked out the theory behind AWJ cutting 
process.14 Zeng, Kim, and Wallace15 conducted an experimental study to determine the machinability numbers of 
engineering materials to be used in water jet machining processes. 

For the purposes of this paper, the AWJ cutting speed model presented by Zeng and Kim is used. The Zeng and 
Kim model has been used by Singh and Munoz to predict AWJ cutting speed and is also used, in part, in Omax 
water jet CAM software.16,17

The goal of this research is to do structural shape optimization, considering manufacturing cost as an important 
performance metric. The manufacturing process of abrasive water jet is used as the manufacturing process for our 
research. The tradeoff between structural performance and manufacturing cost is explored in this paper. An example 
of this tradeoff is shown in Fig. 1. 

Figure 1 shows a plot of AWJ manufacturing cost versus displacement for three parts with identical mass, 
material properties, and boundary and loading conditions. Displacement is used in this illustrative example as the 
structural performance metric. Manufacturing cost for this example is determined using the same cost model 
presented later in this paper. 

It can be seen that as manufacturing cost increases with part complexity, so does the structural performance 
benefit resulting from this increased complexity.  Depending on the importance placed on manufacturing cost and 
structural performance, an optimal design could be chosen from design options along a curve similar to the one 
shown in Fig. 1.  If structural performance is considered to be significantly more important than manufacturing cost, 
a design would likely be chosen from the left-hand side of the curve.  If, on the other hand, an inexpensive design 
without strict structural performance requirements is desired, a design near the right-hand portion of the curve would 
likely be selected.  Finally, if a structural design with a balance between manufacturing cost and performance is 
desired, a design located near the knee of the curve, located near the two-bar example, would likely be chosen.  

While other researchers have performed structural shape optimization and investigated manufacturing cost, a 
lack of research exists for true multidisciplinary optimization considering both structural performance and 
manufacturing cost. This paper presents multidisciplinary structural shape optimization considering both structural 
performance and manufacturing cost. 

II. Problem Statement 
The multiobjective optimization problem statement is shown below. The weighted sum method is used for the 

multiobjective problem. 
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where J is the objective function, M is the structural mass, Cman is the total estimated manufacturing cost of the 
structure, x and y are the design vectors composed of the X and Y-coordinates of the jth control point for the ith 
NURBS curve, respectively, and α is the weighting factor for the two objectives. In addition, ni is the total number 
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of control points for the ith curve, and m is the total number of curves being optimized in the structure. Finally, σmax 
is the maximum von Mises stress in the structure and xj

i,LB, xj
i,UB, yj

i,LB, and yj
i,UB are the side constraints for the 

design vector variables. These side constraints are usually different for each design variable given the nature of the 
problems being optimized. 

III. Theory 

A. Optimization Method 
The optimal structural design for the given 

design requirements is determined using an 
optimization approach shown in Fig. 2. The 
optimization algorithm used for this design 
optimization is a gradient-based optimization 
algorithm. This algorithm, used in the 
MATLAB 18  function fmincon, a sequential 
quadratic programming-based optimizer, is used. 
The fact that the cost model is also a MATLAB 
module and MATLAB can communicate with the 
structural analysis software made the algorithm a 
suitable choice for this problem. 

The initial design, defined using X and Y, is 
input to the system and the objective function is 
evaluated using finite-element analysis (FEA) and 
the manufacturing cost model developed for the 
application of abrasive waterjet cutting. Structural 
performance evaluation using finite-element 
analysis is performed using the ANSYS software 
package.19

B. Manufacturing Cost Estimation 
The manufacturing method used to estimate man

method uses a powerful jet of a mixture of water a
Computer-Aided Machining (CAM) software. This 
result is a machined part with possible tolerances r
cutting machines to cut a wide range of materials inc

The inputs to this AWJ manufacturing cost estima
such as material properties, and material thickness. T
desired cuts using AWJ. 

Based on the material thickness and material pr
cutter. An important assumption can be made that 
most of the cutting operation when the radius of cur
will slow if any sharp corners or curves with small 
linear cutting speed of the AWJ cutter is shown in E
cutting machine, OC, is shown in Equation (6). 

 max ⎜
⎜
⎝

⎛
= a Nf

u

 O

where fa is an abrasive factor, Nm is the machinab
pressure, do is the orifice diameter, Ma is the abras
material thickness, dm is the mixing tube diameter, 
metric or Imperial units are used.  

American Institute o
Figure 2: Shape optimization flow chart. 
ufacturing cost is abrasive waterjet cutting. This manufacturing 
nd abrasive and a sophisticated control system combined with 
allows for accurate movement of the cutting nozzle. The end 
anging from ±0.001 to ±0.005 inches. It is possible for AWJ 
luding metals and plastics.  
tion module include the design vector variables and parameters 
he output of this module is the manufacturing cost to make the 

operties, a maximum cutting speed is determined for the AWJ 
the cutting speed of the waterjet cutter is constant throughout 
vature is large enough. In reality, the cutting speed of waterjet 
arc radii lie in the cutting path. The equation for the maximum 
quation (5). The overhead cost associated with using the AWJ 
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However, many of the curves in a typical manufacturing example are not linear. This issue requires a 
modification to the linear cutting speed estimation equation in order to estimate the cutting speed along cut curves 
with an arc section radius, uas. The modification to Equation (5) involves using Equation (7) to replace the quality 
factor, q. This modification takes the radius of curvature of the cut curve, R, into account. The resulting cutting 
speed estimation equation is shown in Equation (8).  
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where E is the error limit. In practice, the error limit is set by experience and judgment. However, for the purposes 
of this project, an error limit of 0.001 is used.20

Total manufacturing cost is estimated using Equation (9). 
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where Lj is the length of the jth step along the cutting curve, u is the AWJ cutting speed, either arc section or 
maximum linear cutting speed, and Si is the total 
number of steps along the cutting curve for the ith 
curve. 

In order to validate the results of the 
manufacturing cost estimation model, results from the 
model are compared to Omax results for an identical 
manufacturing scenario. Omax contains an accurate 
manufacturing cost estimator and is a good 
benchmarking tool for this application. The short 
cantilevered beam, a commonly used structure to 
benchmark optimization methods, is used to validate 
the results of the manufacturing cost model. A 
screenshot of the Omax result is shown in Fig. 3. 
Figure 4 is the output of the MATLAB AWJ cost 
estimation model. The darker the color of the cutting 
path, the slower the waterjet cutting speed.  F

 

 

Table 1: Manufacturing cost estimation 
module results. 

 Omax Cost Model 
Manufacturing 

Time (min) 1.69 1.71 

Manufacturing 
Cost $2.14 $2.11 

 

 Figure 4: AWJ cost model output.
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The results of the software validation shown in Table 1 shows that the MATLAB manufacturing cost estimation 
software accurately estimates the manufacturing cost for abrasive waterjet cutting. 

IV. Results 

A. Generic Structural Part Design Optimization 
1. Initial Design 
Shape optimization considering both structural performance and manufacturing cost is performed for a generic 

metallic structural part shown in Fig. 5. The material selected for this example is A36 Steel with a Young’s modulus 
of 200 GPa, a Poisson's ratio of 0.26, and a yield strength of 250 MPa. The evenly-distributed pressure across the 
top of the part is 3.7x107 N/m2. The bottom line of the part is fixed in all translations and rotations. A factor of 
safety of 1.5 was assumed for this example. ANSYS elastic shell elements with a defined material thickness of 1 cm 
are used for the static analysis. 

Three holes are cut in the metallic part and the shape of these holes is controlled by four control points each. It is 
assumed that the hole locations and rough side constraints are previously determined by topology optimization. 
Examples of this are shown in Fig. 7. The cutting path created by the control points is determined using NURBS 
curves created in ANSYS. 

Non-uniform rational b-spline curves (NURBS) are used to describe the cut curves in the part. NURBS curves 
are chosen for their ability to control the shape of a curve on a local level by each of the defined control points, or 
knots. A complex shape can be represented with little data in the form of several of these control points. The 
NURBS formulation used is a proprietary ANSYS formulation. The generic NURBS formulation equation is below. 
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∑
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In Equation (10), Pi(u) is the position vector of the ith control point at time u and n is the total number of control 
points used to define the curve. The homogeneous coordinate of the ith control point is hi and Ni,k is the basis 
function for the NURBS curve of degree k for the ith control point. 

The side constraints for each of the control points are shown in Fig. 6. The side constraints are restricted to these 
small areas in order to prevent any of the resulting NURBS curves from intersecting each other or the boundary of 
the part. If any of these intersections occur, the ANSYS structural analysis module is not able to generate a mesh of 
the part and compute a solution. 

 

F
b  
igure 5: Structural part design with loading and 
oundary conditions shown. 
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Three initial designs are 
considered during the 
optimization of this structural 
part. These three designs are 
selected to attempt to start the 
same optimization from 
significantly different areas of the 
design space with the goal of 
finding solutions close to the 
global optimum. These designs, 
shown in Fig. 7, include small, 
medium, and large-sized holes cut 
in the blank metallic part. Finding 
a near-global optimal design is 
done by selecting the “best” 
design solution of the three 
produced from starting at the 
selected initial designs. This is 
necessary due to the nonlinearity 
of the objective functions. These 
“best” design solutions are used to 
create the Pareto front.  F2. Results and Discussion 

Selected structural design solutions are shown in Fig. 8. The tradeoff between mass and manufacturing cost can 
be clearly seen in the results. From Fig. 8 it can be seen that when manufacturing cost is weighted more heavily, the 
cut-outs in the metallic part are small and the manufacturing cost is low. However, when mass is weighted more 
heavily, the cut-outs in the part are significantly larger and manufacturing cost is high. 

A set of weighting factors of [0.2,0.6,0.65,0.7,0.75,0.8,0.85,0.9,0.95] is investigated. It is observed that the 
weighted sum design solutions are not in the correct order. It is important to mention that the maximum stress 
constraint is active for all designs except for the cases of weighting factors of 0.2 and 0.6. The solution from the 
weighting factor of 0.2 should have lower cost and greater mass than the solution for the weighting factor of 0.6, yet 
this is not the case. There are two likely causes for this problem. First, it is possible that too few initial designs are 
investigated in order to find a near-
global optimal design solution. The 
design solutions found are likely 
local optima and not global optimal 
solutions. However, the more likely 
cause of this problem is that 
manufacturing cost is not only a 
function of cutting curve length but 
also the radius of curvature of the 
cutting curve. From the 
manufacturing cost model, a specific 
radius of curvature limit exists at 
which cuts with radii greater than 
the limit are assumed to be at the 
maximum cutting speed. Below this 
radius of curvature limit, the cutting 
speed is slower and not constant and 
therefore the cost per unit length of 
manufacturing cost minimization. The e
cuts with varying radii. 

a

F

An evenly distributed Pareto front i
caused by the fact that the objective fun
α, and an even distribution of weighti
developed by de Weck and Kim21 would

Americ
) Weighting factor of 0.2, mass of   b) Weighting factor of 0.8, mass of 
0.52 kg, cost of $3.05     0.21 kg, cost of $9.10 
 

igure 8: Two structural design solutions for generic structure example.
igure 7: Initial designs considered in the optimization. 
material increases. Figure 9 illustrates this radius of curvature limit for 
xample used to illustrate this phenomenon is a comparison of closed circular 

s not found in this multiobjective optimization. This phenomenon is likely 
ctions being minimized are highly nonlinear in terms of the weighting factor, 
ng factors is used. The use of the adaptive weighted-sum (AWS) method 
 alleviate this problem and will be attempted in future work. 
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a) Cutting speeds for circular cuts of varying radii  b) Manufacturing cost vs. radius of curvature for 

circular cuts similar to a) 
Figure 9: Radius of curvature limit for manufacturing cost minimization. 

 
Figure 9a is an example of the type of curves used to illustrate the minimum manufacturing cost radius of 

curvature. Bright red-colored points denote the maximum abrasive waterjet cutting speed while darker colors denote 
slower cutting speeds. Figure 9b shows the minimum manufacturing cost with respect to radius of curvature. A clear 
minimum manufacturing cost can be seen at the limit of the maximum linear cutting speed. This minimum was 
obtained from observations of the radius of curvature limit at which Omax software assumed the maximum linear 
waterjet cutting speed was used for various cutting qualities. Two important trends can be seen in the figure. First, 
when the radius of curvature is less than the 
minimum cost radius of curvature and cutting speed 
dominates the manufacturing cost, manufacturing 
cost rises dramatically for small reductions in radius 
of curvature. For radii of curvature larger than this 
minimum cost radius when cost is dominated by 
cutting length, manufacturing cost rises slowly with 
a linear relationship to radius of curvature. The cost 
model nonlinearity due to the dependence of 
manufacturing cost on radius of curvature causes 
difficulty for multiobjective optimization and 
convergence. 

F  
st

The relative cutting speeds estimated by the 
AWJ cost model are shown in Fig. 10. It can be seen 
that most of the cuts made for the selected designs 
are cut at the maximum linear cutting speed. Only 
the design with a weighting factor of 0.6 has small 
portions of the cuts in which the waterjet cutting 
speed is slowed. 
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igure 11: Convergence histories for structural optimization example. 
 

e convergence histories for the optimizations run for each weighting factor are shown in Fig. 11. The designs 
l feasible in the figure except where noted. Objective function improvement is more difficult for large 
ting factor values. Objective functions with large weighting factors are mass minimization dominant and 
ore tend to increase hole sizes. However, the control points defining the NURBS curves for the holes are 
 to the side constraints before the stress constraint becomes active. Therefore, the restrictive side constraints 
eventing the optimizer from taking full advantage of removal of all structural material and therefore achieving 
-global optimal design. 

cycle Frame Design Optimization 
Initial Design 

ape optimization considering both structural performance and manufacturing cost is done for a bicycle frame-
art shown in Fig. 12. This structure is roughly 20 by 10 centimeters in size. The material selected for this 
le is A36 Steel with a Young’s modulus of 200 GPa, a Poisson's ratio of 0.26, and a yield strength of 250 
The material thickness is assumed to be 1 cm. A factor of safety of 1.5 was assumed for this example. The 
and restraints applied to the structure are shown in Fig. 12.  
e side constraints for each of the control points are shown in Fig. 13. The side constraints are restrictive in 
to prevent any of the curves from intersecting with each other or the part boundary. If any of these 

ections were to occur, the ANSYS structural analysis module would not be able to properly mesh the part and 
ute a solution. 
n curves controlled by three control points each are used to determine the shape of the structure while the 

ural shape at the vertices of the structure remain unchanged. The relationship of the control points to the curves 
 seen in Fig. 14. The cutting path created by the control points is determined using NURBS curves created in 
S. 
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Figure 13: Side constraints

 

 
f

Three initial designs are considered during the optimization of this structural pa
optimization example. These designs, shown in Fig. 14, include bicycle frame-like stru
thick-sized structural members. Finding a near-global optimal design is done by selec
of the three produced from starting at the selected initial designs. These “best” design 
Pareto front. ANSYS mesh results as well as MATLAB control point locations are 
detailing these initial designs. 

 

 
F

2. Results and Discussion 
The Pareto front shown in Fig. 15 demonstrates a clear tradeoff between manufa

seem that the improvement in manufacturing cost along the Pareto front is no
manufacturing cost savings of approximately 1.6% is observed when comparing the t
front. However, even a small improvement in manufacturing cost applied to a prod
have a potentially large cost savings for a manufacturer. In addition, the observed tr
should be more significant if the shapes of the bicycle frame joints are included in
pieces of the structure are fixed in size, the cost versus mass tradeoff is restricted for th
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Figure 12: Loads and restraints applied to bicycle
rame structure. 
 

rt, as is done for the previous 
ctures with thin, medium, and 

ting the “best” design solution 
solutions are used to create the 
shown in the following figure 
igure 14: Initial designs considered for the bicycle frame structural optimization example. 
 

cturing cost and mass. It may 
t large. For this example, a 
wo anchor points of the Pareto 
uct being mass produced can 
adeoff between cost and mass 
 the design space. Since these 
is example.  



The maximum stress constraint is not active for any of the resulting structural designs included in the Pareto 
front. This was a result of the side constraints being restrictive. Design freedom is limited by these side constraints 

in order to prevent part edge 
curves from intersecting each 
other which results in an infeasible 
design for which structural 
analysis cannot be performed. 

F

Selected structural designs 
from the Pareto set are shown in 
Fig. 16. The tradeoff between 
objectives can be clearly seen by 
comparing structural designs for 
different weighting factors. The 
design for which the weighting 
factor is 0.1 results in a structure 
with nearly straight edges for 
minimum manufacturing cost. 
However, the design for a 
weighting factor of 0.6 results in a 
design with narrow structural 
members in order to minimize 
structural mass. This results in low 
mass but higher manufacturing 
cost as a result.  

Finally, abrasive waterjet cutting speeds for all designs for this example are calculated to be at the maximum 
linear cutting speed of the AWJ cutter for the selected example. This results in better results than are obtained for the 
generic structural part example presented earlier in the paper. 

 

 

a

F

sh
m

of
w
T
pr

ex
) Structural design solution, weighting factor of 0.1   b) Structural design solution, weighting factor of 0.6 
 

igure 16: Resulting “optimal” structural designs for various weighting factors. 
 
igure 15: Pareto frontier for bicycle frame structure optimization. 
 
The abrasive waterjet cutter was used to manufacture one design solution one example. The manufactured part is 

own in Fig. 17. The manufacturing cost model was verified with the results obtained from abrasive waterjet 
achining of the part. 

V. Conclusion 
Although the area of structural shape optimization is fairly mature, we introduce in this paper the consideration 

 manufacturing cost in the optimization process. Although a two-dimensional manufacturing process, abrasive 
aterjet cutting, is selected for this research, other more complicated manufacturing processes can be used as well. 
wo examples are used to exemplify the application of this procedure for multiobjective structural optimization 
oblems. 

The tradeoff between structural performance and manufacturing cost is shown with Pareto fronts for two 
ample metallic parts. Mass is used as the metric for structural performance and maximum stress is the constraint. 
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VI. Future Work 
Future work will primarily deal with including topology optimization in the 

optimization process. In particular, the optimizer will be given the freedom to 
determine the number, location, and size of holes in the part while considering 
the manufacturing cost and structural performance. In addition, future work 
will include implementing the adaptive weighted sum (AWS) method 
developed by de Weck and Kim for the generic structural part example. This 
method should allow for the generation of a well-distributed Pareto front for 
the example. The bicycle frame example results will be improved by including 
the bicycle frame joints in the design space by allowing their shapes to be 
optimized. Additional future work will include performing topology 
optimization in which the number of curves are considered as a design variable, 
and the method will be applied to more complicated structures and 
implementing a new manufacturing cost model. Potential manufacturing 
process cost models to include are milling and stamping. 
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