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Structure Based Classification and Kinematic Analysis
of Six-Joint Industrial Robotic Manipulators

Tuna Balkan, M. Kemal Ongren and M. A. Sahir Arikan

1. Introduction

In this chapter, a complete set of compact, structure based generalized kine-
matic equations for six-joint industrial robotic manipulators are presented to-
gether with their sample solutions. Industrial robots are classified according to
their kinematic structures, and their forward kinematic equations are derived
according to this classification. The purpose of this classification is to obtain
simplified forward kinematic equations considering the specific features of the
classified manipulators and thus facilitate their inverse kinematic solutions.
For the classification, one hundred industrial robots are surveyed. The robots
are first classified into kinematic main groups and then into subgroups under
each main group. The main groups are based on the end-effector rotation ma-
trices and characterized by the twist angles. On the other hand, the subgroups
are based on the wrist point positions and characterized by the link lengths
and offsets. The reason for preferring the wrist point rather than the tip point
in this classification is that, the wrist point and rotation matrix combination
contain the same amount of information as the tip point and rotation matrix
combination about the kinematic features of a manipulator, and the wrist point
coordinates are simpler to express in terms of the joint variables. After obtain-
ing the forward kinematic equations (i.e. the main group rotation matrix equa-
tions and the subgroup wrist point equations), they are simplified in order to
obtain compact kinematic equations using the numerous properties of the ex-
ponential rotation matrices (Ozgoren, 1987-2002). The usage of the exponential
rotation matrices provided important advantages so that simplifications are
carried out in a systematic manner with a small number of symbolic matrix
manipulations. Subsequently, an inverse kinematic solution approach applica-
ble to the six-joint industrial robotic manipulators is introduced. The approach
is based on the kinematic classification of the industrial robotic manipulators
as explained above. In the inverse kinematic solutions of the surveyed indus-
trial robots, most of the simplified compact equations can be solved analyti-
cally and the remaining few of them can be solved semi-analytically through a
numerical solution of a single univariate equation. The semi-analytical method
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is named as the Parametrized Joint Variable (P]V) method. In these solutions, the
singularities and the multiple configurations of the manipulators indicated by
sign options can be determined easily. Using these solutions, the inverse
kinematics can also be computerized by means of short and fast algorithms.
Owing to the properties of the exponential rotation matrices, the derived sim-
ple and compact equations are easy to implement for computer programming
of the inverse kinematic solutions. Besides, the singularities and the multiple
configurations together with the working space limitations of the manipulator
can be detected readily before the programming stage, which enables the pro-
grammer to take the necessary actions while developing the program. Thus,
during the inverse kinematic solution, it becomes possible to control the mo-
tion of the manipulator in the desired configuration by selecting the sign op-
tions properly. In this approach, although the derived equations are manipula-
tor dependent, for a newly encountered manipulator or for a manipulator to be
newly designed, there will be no need to follow the complete derivation pro-
cedure starting from the beginning for most of the cases; only a few modifica-
tions will be sufficient. These modifications can be addition or deletion of a
term, or just changing simply a subscript of a link length or offset. Even if the
manipulator under consideration happens to generate a new main group, the
equations can still be derived without much difficulty by using the procedure
described here, since the approach is systematic and its starting point is the
application of the Denavit-Hartenberg convention by identifying the twist an-
gles and the other kinematic parameters. In this context, see (Ozgoéren, 2002)
for an exhaustive study that covers all kinds of six-joint serial manipulators.
The presented method is applicable not only for the serial manipulators but
also for the hybrid manipulators with closed chains. This is demonstrated by
applying the method to an ABB IRB2000 industrial robot, which has a four-bar
mechanism for the actuation of its third link. Thus, alongside with the serial
manipulators, this particular hybrid manipulator also appears in this chapter
with its compact forward kinematic equations and their inversion for the joint
variables. Finally, the chapter is closed by giving the solutions to some typical
trigonometric equations encountered during the inverse kinematic solutions.

For the solution of inverse kinematics problem, forward kinematic equations
are required. There are three methods for inverse kinematic solution; namely,
analytical, semi-analytical, and fully numerical. Presently, analytical methods
can be used only for certain manipulators with specific kinematic parameter
combinations such as PUMA 560. For a general case where the manipulator
does not have specific kinematic parameter combinations, it becomes impossi-
ble to obtain analytical solutions. So, either semi-analytical or fully numerical
methods have been developed. Since the present general semi-analytical
methods are rather cumbersome to use (Raghavan & Roth, 1993; Manseur &
Doty, 1996), fully numerical methods are mostly preferred. However, if the
forward kinematic equations can be simplified, it becomes feasible to use semi-
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analytical and even analytical methods for a large number of present industrial
robot types. On the other hand, although the fully numerical methods can de-
tect the singularities by checking the determinant of the Jacobian matrix, they
have to do this continuously during the solution, which slows down the proc-
ess. However, the type of the singularity may not be distinguished. Also, in
case of multiple solutions, the desired configurations of the manipulator can
not be specified during the solution. Thus, in order to clarify the singularities
and the multiple configurations, it becomes necessary to make use of semi-
analytical or analytical methods. Furthermore, the analytical or semi-analytical
methods would be of practical use if they lead to compact and simple equa-
tions to facilitate the detection of singularities and multiple configurations. The
methodology presented in this chapter provides such simple and compact
equations by making use of various properties of the exponential rotation ma-
trices, and the simplification tools derived by using these properties (Ozgoren,
1987-2002). Since different manipulator types with different kinematic parame-
ters lead to different sets of simplified equations, it becomes necessary to clas-
sify the industrial robotic manipulators for a systematic treatment. For such a
classification, one hundred currently used industrial robots are surveyed (Bal-
kan et al., 1999, 2001).

The kinematics of robotic manipulators can be dealt with more effectively and
faster by perceiving their particular properties rather than resorting to general-
ity (Hunt, 1986). After the classification, it is found that most of the recent,
well-known robotic manipulators are within a specific main group, which
means that, instead of general solutions and approaches, manipulator depend-
ent solutions and approaches that will lead to easy specific solutions are more
reasonable. The usage of exponential rotation matrices provide important ad-
vantages so that simplifications can be carried out in a systematic manner with
a small number of symbolic matrix manipulations and the resulting kinematic
equations become much simpler especially when the twist angles are either 0°
or + 90°, which is the case with the common industrial robots.

For serial manipulators, the forward kinematics problem, that is, determina-
tion of the end-effector position and orientation in the Cartesian space for
given joint variables, can easily be solved in closed-form. Unfortunately, the
inverse kinematics problem of determining each joint variable by using the
Cartesian space data does not guarantee a closed-form solution. If a closed-
form solution can not be obtained, then there are different types of approaches
for the solution of this problem. The most common one is to use a completely
numerical solution technique such as the Newton-Raphson algorithm. Another
frequently used numerical method is the “resolved motion rate control” which
uses the inverse of the Jacobian matrix to determine the rates of the joint vari-
ables and then integrates them numerically with a suitable method (Wu &
Paul, 1982). Runge-Kutta of order four is a common approach used for this
purpose. As an analytical approach, it is possible to convert the forward kine-
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matic equations into a set of polynomial equations. Then, they can be reduced
to a high-order single polynomial equation through some complicated alge-
braic manipulations. Finally, the resulting high-order equation is solved nu-
merically. However, requiring a lot of polynomial manipulations, this ap-
proach is quite cumbersome (Wampler & Morgan, 1991; Raghavan & Roth,
1993).

On the other hand, the approach presented in this chapter aims at obtaining
the inverse kinematic solutions analytically by manipulating the trigonometric
equations directly without converting them necessarily into polynomial equa-
tions. In a case, where an analytical solution cannot be obtained this way, then
a semi-analytical solution is aimed at by using the method described below.

As explained before, the PJV method is a semi-analytical inverse kinematics
solution method which can be applied to different kinematic classes of six-joint
manipulators which have no closed-form solutions. In most of the cases, it is
based on choosing one of the joint variables as a parameter and determining
the remaining joint variables analytically in terms of this parametrized joint
variable. Parametrizing a suitable joint variable leads to a single univariate
equation in terms of the parametrized joint variable only. Then, this equation
is solved using a simple numerical technique and as the final step remaining
five joint variables are easily computed by substituting the parametrized joint
variable in their analytical expressions. However, for certain kinematic struc-
tures and kinematic parameters two and even three equations in three un-
knowns may arise (Ozgoren, 2002). Any initial value is suitable for the solution
and computational time is very small even for an initial condition far from the
solution. The PJV method can also handle the singular configurations and mul-
tiple solutions. However, it is manipulator dependent and equations are dif-
ferent for different classes of manipulators. PJV works well also for non-
spherical wrists with any structural kinematic parameter combination.

In this chapter, four different subgroups are selected for the demonstration of
the inverse kinematic solution method. Two of these subgroups are examples
to closed-form and semi-analytic inverse kinematic solutions for the most fre-
quently seen kinematic structures among the industrial robots surveyed in
(Balkan et al., 1999, 2001). Since the manipulators in these two subgroups have
revolute joints only, the inverse kinematic solution of subgroup 4.4 which in-
cludes Unimate 4000 industrial robot is also given to demonstrate the method
on manipulators with prismatic joints. The inverse kinematic solution for this
class of manipulators happens to be either closed-form or needs the PJV
method depending on the selection of one of its parameters. In addition, the
inverse kinematic solution for ABB IRB2000 industrial robot, which has a
closed chain, is obtained to show the applicability of the method to such ma-
nipulators.



Structure Based Classification and Kinematic Analysis of ... 153

2. Kinematic Equations for Six-Joint Robots

In the derivation of the kinematic equations for six-joint manipulators, De-
navit-Hartenberg (D-H) convention is used as shown in Figure 1 (Denavit &
Hartenberg, 1955), with notation adopted from (Ozgéren, 2002).

Figure 1. D-H Convention and Related Notation

The symbols in Fig. 1 are explained below.

Jxi:  Joint k.

Lx: Link k.

Ox:  Origin of the reference frame Fx attached to Lk.

Ax:  Auxiliary point between Li1 and Lk.

;) :ith unit basis vector of Fx; i=1,2, 3.

a.  Effective length AxOx of Ly along @~

dx:  Distance Ox1Axk of Lk from L1 along ﬁ3(k_1). It is a constant parameter,
called offset, if Jx is revolute. It is the kth joint variable if Jx is prismatic. It
is then denoted as sk.
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O Rotation angle of Lk with respect to Li1 about ;™. It is the kth joint
variable if ]« is revolute. If Jx is prismatic, it is a constant parameter which
is either 0° or £90° for common industrial robot manipulators.

o Twist angle of Jk+1 with respect to Jx about ;™). For common industrial
robot manipulators, it is either 0° or £90°.

Among the industrial robots surveyed in this chapter, there is no industrial ro-
bot whose last joint is prismatic. Thus, the wrist point, which is defined as the
origin of Fe is chosen to be coincident with the origin of Fs. That is, Os= Os. The
other features of the hand frame Fs are defined as described below.

ﬁ3(6) — f13(5) (1)
a6=0,ds=0, 0s=0 2)

The end-effector is fixed in Fs and assuming that its tip point P is on the axis
along the approach vector i3  its location can be described as dp=OgP.

The relationship between the representations of the same vector in two differ-
ent frames can be written as shown below.

7@ = C@b) z®) 3)

Here, 1@, a® are the column representations of the vector 1 in the frames F.,
and Fp while C®?) is the transformation matrix between these two frames.

In order to make the kinematic features of the manipulators directly visible
and to make the due simplifications easily, the hand-to-base transformation

08) and the wrist point position vector T, or the tip point position

matrix C!
vector p”) are expressed separately, rather than concealing the kinematic fea-
tures into the overcompact homogeneous transformation matrices, which are
also unsuitable for symbolic manipulations. The wrist and tip point position

vectors are related as follows:
O =70 +d4,C007, (4)

Here, T and p'” are the column matrix representations of the position vec-

tors in the base frame Fo whereas u3 is the column matrix representation of the
approach vector in the hand frame Fe.
The overall relative displacement from Fx1 to Fx consists of two rotations and

two translations, which are sequenced as a translation of sk along @;*™, a ro-
tation of Bk about @;*™", a translation of ax along i;, and a rotation of ou

about ;™.
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Using the link-to-link rotational transformation matrices, C©® can be formu-
lated as follows:

G068 _ G0 G12) G (B @S G66) (5)

According to the D-H convention, the transformation matrix between two suc-
cessive link frames can be expressed using exponential rotation matrices
(Ozgoren, 1987-2002). That is,

CRLK) _ T30k S0 (6)

On the other hand, assuming that frame Fy, is obtained by rotating frame F,

about an axis described by a unit vector n through an angle 6, the matrix c@b
is given as an exponential rotation matrix by the following equation (Ozgoren,
1987-2002):

CeP —e™ =T cosO +fisinG + AN’ (1-cosh) (7)

Here, 1 is the identity matrix and 1 is the skew symmetric matrix generated
from the column matrix n = n® . This generation can be described as follows.

nq 0 -3 n»
n= n»y 4 n = ns 0 -1Nng (8)
ns -n, nNq 0

Furthermore, if i = 4"’ where G@{® is the kth basis vector of the frame F, then
n = ux and

é(a,b) — eﬁke (9)
Here,
1 0 0
o= 0], @=|1], @ =0 (10)
0 0 1

Using Equation (6), Equation (5) can be written as

- ~(0,6 1301 LU a302 (T 1303 0 1304 T (305 T 130
C zc( ) = 1301 o100 (U302 W10 (U303 U103 5 T304 U104 T305 W05 5 U306 (11)
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On the other hand, the wrist point position vector can be expressed as
T =Tg1 +T12 + T3 + T34 + 45 + T's56 (12)

Here, 1j is the vector from the origin O; to the origin O;.

Using the column matrix representations of the vectors in the base frame Fo,
Equation (12) can be written as

=70 = diuz + alé(o'l)fu + dzé(o’l)ﬁs + azé(o’z)fu + dgé(o’z)ﬁg, + a3é(0’3)1_11

+d4é(0’3)1_13 + a4é(0’4)1_11 + d5é<0'4)1_13 + a5é(0’5)ﬁ1 (13)

Substitution of the rotational transformation matrices and manipulations using
the exponential rotation matrix simplification tool E.2 (Appendix A) result in
the following simplified wrist point equation in its most general form.

= = 1301 = (301 ,f100 = G301 ,f100 0302 =
T :d1u3 +a1eu3 1u1 +d2eu3 1e111(xlu3 +a2eu3 1eu10(1eu3 2u1

(301 jf100 0302 G100 = (361 G100 0302 4 1303 =
+d3eu3 1GU1a1eu3 ZeulOCle3 +a3eu3 1eu1a1eu3 Zeul(XZeuS 3u1

+d4ef139] eﬁwn 0302 ﬁ](xzeﬁ393el~110€3ﬁ3

e
+a4eu391eu10ﬂeu392 u1062eu393eu1063e11394 ﬁl

+d5eu361 el1o1 eu392 a0 eu3936u1aseu394 o104 s

+a5eu391 e 101 euaez a102 eu393eu1a3 eu364eu10<4eu395 aq (14)

o

o

)

)

3. Classification of Six-Joint Industrial Robotic Manipulators

As noticed in Equations (11) and (14), the general T expression contains five

joint variables and the general C expression includes all of the angular joint
variables. On the other hand, it is an observed fact that in the six-joint indus-
trial robots, many of the structural length parameters (ax and dx) are zero (Bal-
kan et al., 1999, 2001). Due to this reason, there is no need to handle the inverse
kinematics problem in a general manner. Instead, the zero values of ax and dx
of these robots can be used to achieve further simplifications in Equations (11)
and (14). In order to categorize and handle the simplified equations in a sys-
tematic manner, the industrial robots are grouped using a two step classifica-
tion scheme according to their structural parameters ax, ok, and dx for revolute
joints or Ok for prismatic joints. The primary classification is based on the twist
angles (o) and it gives the main groups. Whereas, the secondary classification
is based on the other structural parameters (ax and dx or 6k) and it gives the
subgroups under each main group.
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In the main groups, the simplified T and C expressions are obtained using the

fact that the twist angles are either 0° or + 90°. The C expression for each main
group is the same, because the rotation angles (0x) are not yet distinguished at
this level whether they are constant or not. At the level of the subgroups, the
values of the twist and constant rotation angles are substituted into the T and

C expressions, together with the other parameters. Then, the properties of the
exponential rotation matrices are used in order to obtain simplified equations
with reduced number of terms, which can be used with convenience for the
inverse kinematic solutions. The main groups with their twist angles and the
number of robots in each main group are given in Table 1 considering the in-
dustrial robots surveyed here. The subgroups are used for finer classification
using the other structural parameters. For the manipulators in this classifica-
tion, the T expressions are simplified to a large extent especially when zeros
are substituted for the vanishing structural parameters.

Main Group o o s oLy s | s Number of Robots

1 - 90° 0° 90°| - 90° 90°| 0° 73

2 -90° | 0° 0] 90°| -90°| 0° 12

3 - 90°| 90° o] -90° 90°|  0° 5

4 -90°|  90°| -90° 90°| -90°| 0° 4

5 0° | 0° 0° -90° 90°|  0° 1

6 -90°|  90° 0° 0°| -90°| (¢ 1

7 0°  -90° 0°| 90°| -90°| 0O° 1

8 0°]  -o90° 90° | -90° 90°|  0° 2

9 -90° | 0° 90° | °| =-90°| O° 1

Table 1. Main Groups of Surveyed Six-Joint Industrial Robots

3.1 Main Group Equations

Substituting all the nine sets of the twist angle values given in Table 1 into
Equations (11) and (14), the main group equations are obtained. The terms of
T involving ax and dx are denoted as T(ax) and T(dx) as described below.

T(ak) = ake (0, ..., Ok, 01, ..., o) U1 (15)
T(dx) =dke (01, ..., Ok, 01, ..., O1) U3 (16)

Here, e stands for a product of exponential rotation matrices associated with
the indicated angular arguments as exemplified by the following terms.

T(az) = aze(Gl, 92, OC1)1_11 = azeﬁ3eleﬁ1°‘1eﬁ3ezﬁ1 (17)
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T(dz) = dze(91, 0(1)1_13 = dzeﬁ3eleﬁ1all_13 (18)

Here, the derivation of equations is given only for the main group 1, but the
equations of the other groups can be obtained in a similar systematic manner
by applying the exponential rotation matrix simplification tools given in Appendix
A. The numbers (E.#) of the employed tools of Appendix A during the deriva-

tion of the C matrices and the terms (ax) and (dx) are shown in Table 2.

Main Group| ¢ | d2 az ds as ds a | ds as
1 4,6 | 8 (10,26 2,8 | 4,6 4,6 4,6 |4,6,8]4,10,2,6
2 4,6 | 8 |10,2,6 2,8 [4,10,2.6 4,2,8|4,10,2,6| 4,6 4,6
3 46| 8 (10,26 6 | 6 | 26 | 46 |4.68|410,26
4 [46[81026[ 6 | 6 |68 1026 [ 6 [ 6
5 46| 2 4 |42 4 | 42 4 4,8 [4,10,2,6
6 4,6 | 8 (10,26 6 | @ 2,6 | 46 |426]| 4,6
7 |46 |2 4 14841026248 410,26 46 | 46
8 4,6 | 2 4 [4,8/410,26] 46 | 4,6 [4,68[4,10,2,6
9 46 | 8 |10,2,6| 2,8 |4,10,26| 46 | 4.6 |2.4.6| 4,6

Table 2. Exponential Rotation Matrix Simplification Tool Numbers (E.#) Applied for Deriva-

tion of C Matrices and Terms (ax) and (dx) in Main Group Equations

Equations of Main Group 1
Let & denote the set of twist angles. For the main group 1, @ is

a=[-90°, 0°, 90°, —90°, 90°,0°]". (19)
Substituting O into the general C equation results in the following equation.
é — eﬁ391 e—ﬁln/Zeﬁ392eﬁsegeﬁ1n/2eﬁ364

—ﬁ1n/2eﬁ395

e 1™/ 2 1306 (20)

Using the exponential rotation matrix simplification tools E.4 and E.6, the rota-
tion matrix for the main group 1, i.e. é1 , can be obtained as follows.

Cl — eu391euzezseU394eu295eU396 (21)

Here, O = 0 + Ok is used as a general way to denote joint angle combinations.

Substituting & into the general T expression results in the following equation.
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T=dius+ a1e“3911_11 + dzeusele—uln/2ﬁ3 + azeu3ele'”1n/2eu3ezﬁ1

+d3eu361 e—u1n/2eu362 1—13 + aSeu3(‘)1e—u1n/2eu392eu363 1—11

+d4eu361 e—u1ﬂ:/2eu392eu363eu11t/21—13 + a4eu301e—u1ﬂ:/2eu362eu393eu1n/28u394 1—11
+d5eu391 e—u11‘l’,/2eu3ezeu393eu11‘c/2eu394e—u1ﬂ:/2ﬁ3

+a5eu391 e-u1‘rl',/2eu392 eu393eu1n/2eu394e-u1n/2eu395 ﬁl (22)

The simplifications can be made for the terms T(ax) and T(dx) of Equation (22)
as shown in Table 3 using the indicated simplification tools given in Appendix
A.

E8 T(d2) = d2e™® 1@,

E.10, E.6 and E.2 T(a) = ape® 02y,

E.2and E.8 T(ds) = dse™* @,

E4 and E.6 T(as) = as 01202,

E.4 and E.6 T(ds) = dae ™ o™,

E4 and E.6 T(a4) = aq o901 o202 o Ta0s 7
E4,E.6 and E.8 T(ds) = dse ™01 e 1203 30:
E4, E.6 and E.10 T(as) = ase 13011202 o 1304 o 126557

Table 3. Simplifications of the terms T(ax) and T(dx) in Equation (22)

Replacing the terms T(ax) and T(dx) in Equation (22) with their simplified
forms given in Table 3, the wrist point location for the main group 1, i.e. 11, can

be obtained as follows:

f1 = d1ﬁ3 + a1eu3911_11 + dzeuselﬁz + azeuaeleuzezﬁ1 + d3eu3ell_12 + a3eu3eleu29231_11

12023 — U301 12023 u394—1 +d5eu361eu2923eu3941—12

+de®e Uus +agsee e"¥ia

+a5eu361 eu2623 eU394 eu295 Uy (23)

The simplified equation pairs for Cand T pertaining to the other main groups
can be obtained as shown below by using the procedure applied to the main
group 1 and the appropriate simplification tools given in Appendix A. The
subscripts indicate the main groups in the following equations. In these equa-
tions, dij denotes di+d;. Note that, if Jx is prismatic, then the offset dx is to be
replaced with the joint variable sk as done in obtaining the subgroup equations
in Subsection 3.2.

C, = ell391eu29234eu395euzeae-u1n/2 (24)
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- — 0361 = 1301 = 0361 120 01 12023
Ty =dqts +a1e™%' Uy + dose ™ 1) +ae ™ e ™1 + aze™ ey,

+a4eu391 eu26234 T+ d5eu391 eu29234 s +as eu391 eu29234 euaes aq
é3 — eﬁ361 eﬁzez eﬁ3934 eﬁzes eﬁ396

1301 (1262 1301 (1202

491, +are™9e™202q, + d;,e80eM2%2y,

u301 =

T3 = d11_13 +aje ug + dze

+a3eu391 euzez eu393 g+ a4eu361 euzezeu3934 aq + d eu391 euzez eu3934 D)

+a5eu391 euzez eu3634QU295 1

624 — eﬁaeleﬁzezeﬁaeaeﬁ294eﬁ365eﬁ266e-ﬁln/2

03601 U202 =

0361 U202 — e s

Ty = d1ﬁ3 + a1eu3911_11 + dzeu3elﬁz + are e u + d e

1207 1303 U202

+azee""2e™Y g +dye

+d5e01e0202008 02045 . 4 5 o

30 0 0 6 0 U303 1204 —
uz1 U3 1eu2 zeua 311 +ay eUs e eWf g2 4111

U202 (1363 (1264 U365

301 o 1202 1303 1204 o UisOs 37

A 1301234 (11205 1366
Cs=e e"*Pe

T5 = d12341_13 + a1eu3611_11 + ajze 8 12111 + asze 38 123111 + El4€u3 120’4111 + d5e“3 1240

30 205 —
+a5eu3 1234 o U2 5111

A

Ce = eﬁ391eﬁzﬂzeﬁ39345eﬁ266e-ﬁ1n/2

Te = d11_13 + ale‘”elﬁl + dzeu3ell_12 + age‘”ele“zezul + d345eu3ele“292t_13

+a3eu391 euzez eu393 Ty +as eu391 euzez eu3934 T, +as eu391 euzezeu39345 e

6:7 — efl3012eﬁ2934eﬁ365eﬁ266e—ﬁ1n/2

U301 — 03012 = 113912u2 +a e“3e”eu2931_11

17 =dpus +ae™'ug +ase uq +dzse

0 0 0 0 012 12034 1305 —
+a4eu3 12eU2 34u +d5eu3 12eU2 34u +a5eU3 12 ou2034 j U3 5111

C8 — euaelzeuzeseu394eu295eu396

3612 = 13012 1203 3012 0203 —

I3 = d121_;l3 + E;l1eu3el up + <”:12€u3e12 up + d3e

13612 02603 1304 13012 1203 (G304 — 13012 1203 (G304 U205

+azee ey +dse 7 e e uy +ase " e P e e U,y
Co = eu391euzﬁzaeu3945euzeée-u1n/2
To = dqlis +a1e™% a; +doe™" U, +a2e™"e™%w; +aze™ e 4,

+d4 eu391 eu2923 s+ a4eu391 euzezs eu394 Uy +as eu391 euzezzeu3945 s

u»

U, +ase e uq +dye e us

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(35)

(36)

(37)

(38)

(39)
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3.2 Subgroups and Subgroup Equations

The list of the subgroups of the nine main groups is given in Table 4 with the
non-zero link parameters and the number of industrial robots surveyed in this
study. In the table, the first digit of the subgroup designation indicates the un-
derlying main group and the second non-zero digit indicates the subgroup of
that main group (e.g., subgroup 2.6 indicates the subgroup 6 of the main group
2). The second zero digit indicates the main group itself. The brand names and
the models of the surveyed industrial robots are given in Appendix B with
their subgroups and non-zero link parameters. If the joint Jx of a manipulator
happens to be prismatic, the offset dx becomes a joint variable, which is then
denoted by sk. In the column titled “Solution Type”, CF denotes that a closed-
form inverse kinematic solution can be obtained analytically and PJV denotes
that the inverse kinematic solution can only be obtained semi-analytically us-
ing the so called parametrized joint variable method. The details of these two
types of inverse kinematic solutions can be seen in Section 4.

Sub- Twist Angles or Nonzero| Nrof :Suluﬁ.unl Sub- | Twist Angles or Nonzero | Nrof Solution
Group Link Parameters Robots Type |Group Link Parameters |Robots| Type
1.0 | 902, 0° 90°-90° 90°. 07 | 73 - 32 ay, @, %, 5 85, dy 1 | (CF
i I R A T
12 | az, dy, dy i | cF | 34| az, sy, ds 1 | PV
13 wad 3 | CF | 40 |00 0% 90090507 4 | -
-1 az ay i 4 cF ) 41 ay, ay, si, 52, 53, i 1 CF
1.5 ag, da ds, dy 2 CF 4.2 sp dy 1 CF
1.6 &, 42, a3, dy 21 CF | 43 %, ds 1 |CF/PIV
3, | az, dy, ds 6 | PIV | 44 | az s, ds 1 |CF/PIV
18 | aydydyds 1 | BV | 50 | 0%0°%0°-90°90°0° | 1 | -
19 I a1, az, as, dy, ds 1 PV | 51 | By, 5t i 1 CF
110 | aasasdids 1 [ PV | 60 | -e0000%0%0%-90%0° | 1 [ -
20 | 90°,0°,0°,90°, .90°,0° | 12 - | 61 | ay, ay |1 | CF
21| aad 1 [ CF |70 | o-o0n00-900 | T ] -
22 as, A, A f CF 71 . 5a, B 1 CF
23 | az, &y, ds 2 CF | 80 | 0°,-90°90° 90°,90°0° | 2 -
= P 7 et P = e
25 | ajananduds 1 | CF | 82| ay, a3, d, dy 3 CF
26 | ay,ayady, ds 1 CF | 90 | -90°,0°90°0°-90°0° | 1 :
3.0 | -90°,90°, 0°,-90°, %0°,0° | 5 - |9 | ayananand,ds | 1 | PV

Table 4. Subgroups of Six-Joint Robots

Using the information about the link lengths and the offsets, the simplified
subgroup equations are obtained for the wrist locations as shown below by us-
ing again the exponential rotation matrix simplification tools given in Appen-
dix A. In these equations, the first and second subscripts associated with the
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wrist locations indicate the related main groups and subgroups. For all sub-
groups of the main groups 1 and 2, the rotation matrix is as given in the main

group equations.

111 = are ™92y + de™Pe™2y,

2 =de™ U, + 2™ e ™91 + dye™®e™%2 1,

T13 = a1e 8%, +ae™%e™%24, + d,e™ 202y,
Tig = a,e %2923, 4 ,e™0102025, 4 4,801 %2025,
5= d23€ﬁ39152 +a2eﬁ391eu292u +d eu361e6292353
T16 = a1e %0 +a,eM%e2%24q, +a3e™%e%292y, + d,e"% %202y,
Ty = azeﬁseleuzezu + d eu391eu2923u +d euseleﬁzezaeﬁ394ﬁ2

g =d2e™% U, +a,eMe™P1; + dye™” e 15 + dse ™ e 202 e ™0y,

o = a1y +ae™¥e™202q, + aie™01e8298y, 4 d,eM0 0202y,

+d5eu361eu2923eu394 1_12

Ti10 = a1e %110 + 2082927, + 23099292, + d3e™% G, + dge®Pe

+d5eme1 eu2923eu394 )

G301 G202 — U301 12023

To1 = are™e"?”2 4 +aze™e a; +dse®%a,

PEL) 0 C} 0 01 120234 —
361 262 361 02623 a3 1aU2 234u1

2 =ajse e uq +ase e ug +age

0361 1202 =

f23 =are e U1 +as eU391 12023 301 u20234ﬁ3

e uq +dse™le

4 =de™ ) +ae™% e +aze™e™™ 1y +dse™ ey,
Tos =a1e% 01 + doe ™ U, + a2e ™ e ™10, +a3e™¥e"%2 7, + dse ™ e ™29y,
Tos = a1e Uy +a2e™¥e™2%0) +a3eM"e™9q; + dye™ U, + dse™e ™02y

301 12023 s

us

(40)
(41)
(42)
(43)

(44)
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The constant joint angles associated with the prismatic joints are as follows for
the subgroups of the main group 3: For the subgroups 3.1 and 3.2 having sy, s2,
and s as the variable offsets, the joint angles are 0; = Oo, 0= 900, 8;=0°" or 90°.
For the subgroups 3.3 and 3.4, having s3 as the only variable offset, 03 is either
0° or 90°. This leads to the following equations:

A ~ {11634 11265 1306 e"Me™Pe™®  for 63=0°
Ca1 =Cp=e"e™Pe™ = VA (56)
e"Mte e for 03 =90°
Here, 63 =04 +90° and 05 =05 +90°.
T31 =s3U1 +S2U2 +S1U3 (57)
_ ,_ _ _ 103 — S’31_11 +sous + S’11_13 for 05 =0°
r3p =S3U1 +S2Us +S1Uu3 —ase us = _ _ _ 58
’ ’ o
S3U7 +SHoUo +S1U3 for 05 =90
Here, s =s;1—a3, sh =s>+a3, and s3 =s3+a; +ds.
. . eu391 eU292eu394eu205eu396 for 93 =(°
Cas =Cau =1 G0 a0 000 265 266 o (59)
el pt2P2pM3Vi 2% o for 65;=90
T =d U361 = U361 12602 = 60
33 =d2e " U2 +S3ze e " us (60)
Ta =a2e™"e™%27; +53e™% ™97, + dse ™ eMP2e ™%y,
are™e™%q; +53eM e, +dse ™ e e w,  for 03 =0° (61)
a,et01e12023, 4 geM01tW202G, | J ot01et202o00G for 03 =90°

Here, 63 =06, +90°.

The constant joint angles associated with the prismatic joints, for the sub-
groups of the main group 4 are as follows: For the subgroup 4.1 having si, s2,
and s3 as the variable offsets, the joint angles are 6, = 0°,0,=90°, 3= 0° or 90°.
For the subgroup 4.2 having s, as the only variable offset, 0, is either 0° or 90°.
For the subgroups 4.3 and 4.4 having s3 as the only variable offset, 0s is either
0° or 90°. This leads to the following equations:
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e 2010 ol mn/2  for gy = (P

eu394e-u295eu396 for 93 =9(°

A~ 103 12607 0365
Cu=

11105 1203 i385 , 1206

e-ﬁ]TE/Z —

_ ,_ _ 10s— s3u; +shup +sius  for 03=0°
r41 =S3uq +S2us +S1us3 + dse™™u, = ,_ _ y— o
S3U7 + SoUp +S7U3 for 63 =90

Here, s1 =s1—az, s1=s71+d4, sh =s>+ds,and s5 =s3+a;.

é eu3913eu294eu395eu296e-u1ﬂ:/2 for 62 =0°
42 = - - O - -
eu3eleu193eu204eu395eu296e-u1n/2 for 62 =9(°

Here, 63 =064 +90°.

sze‘“elﬁz + d4eu39131_12 for 0, = 0°

500", +dse™"e™® T, for 0 =90°

f42 = Szeu361ﬁ2 + d4eu361eu292eu3631—12 =

eu391eu2924eu3956u296e—u1n/2 for 05 = 0°

Cy3=Cy =

0361 {1267 1104 (1305 206 ,-i17/2
1301 g 1202 11104 o 1305 ¢ 1206 o =TT/ for 63 =90°

Here, 65 =05 +90°.

U301 G202 1303 G204 —

tsB1 o U202 e"22e%et2¥iy,

T43 = S3€ e us +d5e

u391eu2921—13 +d5eu391

sze e202 4, for 63 =0°
1301 12072 —

53130102024, | de101u202-T0 g, for 03 =90°

T =a2e"e™%2q; +53eM%e ™05 + dse ™ e e ™% e "%,
are™¥e™94; 4 53eM% e q; + dse ™ e 4, for 63 =0°
ae™¥e™%q; +55eMe%q; + dse ™ e e ™™ T, for 03 =90°

(62)

(63)

(65)

(66)

(67)

(68)

The constant joint angle 03 associated with the prismatic joint J3 for the sub-
group of the main group 5 is either 0° or 90°. This leads to the following equa-

tions:

R ~ ~ } eu39124eu295eu396 for 93 —0°
Cs = eu391234euzeseu396 —
eU39124GU295eU396 for 03 =90°

(69)
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Here, 9’124 = 6124 +90°.

T51 = ale“3elﬁ1 + azeu3612ﬁ1 +s3U3 (70)

For the subgroup of the main group 6, the rotation matrix is as given in the
main group equations and the wrist point location is expressed as

Tep = aze ™ ePe™% 1, 4 a 0™ ™22 W04y, (71)

The constant joint angles associated with the prismatic joints for the subgroup
of the main group 7 are as follows: The joint angle 6, is 90° for the prismatic
joint J» and the joint angle 05 is either 0° or 90° for the prismatic joint Js. This
leads to the following equations:

o ~ ~ - e e e e e
1301 u2934eu395eu266e-u1n/2 _ 7

é71=e € VN - -
e0iglafiglslsgliabe o -tin/2  f5 g, =9(°

1361 o 0204 o U305 W20 -0u /2 (. 05 =0°

Here, 67 =01 +90° and 6} =04 +90°.
T71 =Sous + azeﬁ3e] u) — 53eﬁ391ﬁ1 (73)

For the subgroups of the main group 8, the rotation matrix is as given in the
main group equations and the wrist point locations are expressed as

Tor = a1e ™%y + dze ™, + dse™ e ™% q, (74)

fgz = a1eu391ﬁ1 + azeu39121_11 + dseu39121_12 + d4eu3elzeu293ﬁ3 (75)

For the subgroup of the main group 9, the rotation matrix is as given in the
main group equations and the wrist point location is expressed as

f91 — aleu391 1_11 + azeuseleuzez 1—11 + a3eu391eu2923ﬁ1 + d4Seu391eu2923 ﬁ3

+aei0elitn oty (76)
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4. Classification Based Inverse Kinematics

In the inverse kinematics problem, the elements of C and T are available and
it is desired to obtain the six joint variables. For this purpose, the required

elements of the T and C matrices can be extracted as follows:
ri= ﬁ;rf and Cij = ﬁ;ré 1_1]' (77)

For most of the manipulators, which are called separable, the wrist point posi-
tion vector contains only three joint variables. The most typical samples of
such manipulators are those with spherical wrists (Pieper & Roth, 1969).
Therefore, for this large class of manipulators, Equation (14) is first used to ob-
tain the arm joint variables, and then Equation (11) is used to determine the re-

maining three of the wrist joint variables contained in the C matrix. After ob-

taining the arm joint variables, C equation is arranged in such a way that the
arm joint variables are collected at one side of the equation leaving the remain-

ing joint variables to be found at the other side within a new matrix M, which

is called modified orientation matrix. The three arguments of M happen to be the
wrist joint variables and they appear similarly as an Euler Angle sequence of
three successive rotations. After this preparation, the solution of the modified
orientation equation directly gives the wrist joint variables. The most com-
monly encountered sequences are given in Table 5 with their solutions and
singularities. In the table, 6 =+1 indicates the alternative solutions. When the
sequence becomes singular, the angles ¢1 and ¢3 can not be determined and the

mobility of the wrist becomes restricted. For a more detailed singularity analy-
sis, see (Ozgoren, 1999 and 2002).

However, there may also be other kinds of separable manipulators for which it
is the C matrix that contains only three joint variables. In such a case, the solu-

tion is started naturally with the C equation and then the remaining three
joint variables are found from the T equation. Besides, there are inseparable

manipulators as well for which both of the Cand T equations contain more
than three joint variables. The most typical sample of this group is the Cincin-
nati Milacron-T3 (CM-T3 566 or 856) robot. It has four unknown variables in

each of its C and T equations. For such manipulators, since the Cand T
equations are not separable, they have to be solved jointly and therefore a
closed-form inverse kinematic solution cannot be obtained in general. Never-
theless, for some special forms of such manipulators, Cincinnati Milacron-T3
being one of them, it becomes possible to obtain a closed-form inverse kine-
matic solution. For a more detailed analysis and discussion of inverse kinemat-
ics covering all possible six-joint serial manipulators, see (Ozgoren, 2002).
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‘E-j'»equence 3-2-3 2-3-2 1-2-3
c g1t gzt it 11 gz g fizts g1t glzhr gl
i atan2 (ocx, oci3) ﬂlaﬂtGC1:, —ocyz) ﬂtani.l[m:u, aCi3 )
2 atan2 (oy1 - ch ca) | atan2 fﬂ'\,m, cxz) | atan2 (—ci3, o1 - cf;g]
b3 atan2 (ocap, —oc3) atan2 (ocz3, 6c) atan2 (—ociz, oci1)
Singularity |  ¢2=0° or o= £180° 2= 0° or ¢o=£180° 2= +90°

Table 5. Wrist Joint Variables in the Most Commonly Encountered Sequences

For all the groups of six-joint manipulators considered in this chapter, there
are two types of inverse kinematic solution, namely the closed-form (CF) solu-
tion and the parametrized joint variable (PJV) solution where one of the joint
variables is temporarily treated as if it is a known parameter. For many of the
six-joint manipulators, a closed-form solution can be obtained if the wrist point
location equation and the end-effector orientation equation are separable, i.e. if
it is possible to write the wrist point equation as

T=7(q1,92,93) (78)

where qx denotes the k' joint variable, which is either Ok or sk. Since there are
three unknowns in the three scalar equations contained in Equation (78), the
unknowns qi, q2, g3 can be directly obtained from those equations. The end-
effector orientation variables qu, g5, g are then obtained by using the equation
for C.

In general, the necessity for a PJV solution arises when a six-joint manipulator
has a non-zero value for one or more of the structural length parameters as, as,
and ds. However, in all of the manipulators that are considered here, only ds
exists as an offset at the wrist. In this case, T will be a function of four vari-
ables as

T =7(q1,92,93,94) (79)

Since, there are more unknowns now than the three scalar equations contained
in Equation (79), the variables qi, q2, g3, and g4 can not be obtained directly. So,
one of the joint variables is parametrized and the remaining five joint variables
are obtained as functions of this parametrized variable from five of the six sca-

lar equations contained in the Cand T equations. Then, the remaining sixth
scalar equation is solved for the parametrized variable using a suitable nu-
merical method. Finally, by substituting the numerically found value of this
joint variable into the previously obtained expressions of the remaining joint
variables, the complete solution is obtained.
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There may also be a situation that a six-joint manipulator can have non-zero
values for the structural parameters ds and as so that

T=T7(q1,92,93,94,95) (80)

In this case, two joint variables can be chosen as the parametrized joint vari-
ables and the remaining four joint variables are obtained as functions of these
two parametrized variables. Then, using a suitable numerical method, the re-
maining two equations are solved for the parametrized joint variables. After-
wards, the inverse kinematic solution is completed similarly as described
above. However, if desired, it may also be possible to reduce the remaining
two equations to a single but rather complicated univariate polynomial equa-
tion by using methods similar to those in (Raghavan & Roth, 1993; Manseur &
Doty, 1996; Lee et al, 1991).

Although the analytical or semi-analytical solution methods are necessarily
dependent on the specific features of the manipulator of concern, the proce-
dure outlined below can be used as a general course to follow for most of the
manipulators considered here.

1. The wrist location equation is manipulated symbolically to obtain three
scalar equations using the simplification tools given in Appendix A.

2. The three scalar equations are worked on in order to cast them into the
forms of the trigonometric equations considered in Appendix C, if they are
not so already.

3. As a sufficient condition for a CF solution, if there exists a scalar equation
containing only one joint variable, or if such an equation can be generated
by combining the other available equations, it can be solved for that joint
variable to start the solution.

4.1f such an equation does not exist or cannot be generated, then the PJV
method is used. Thus, except the parametrized joint variable, there will
again be a single equation with a single unknown to start the solution.

5.The two remaining scalar equations pertaining to the wrist location are
then used to determine the remaining two of the arm joint variables again
by using the appropriate ones of the trigonometric equation solutions
given in Appendix C.

6.Once the arm joint variables are obtained, the solution of the orientation
equation for the three wrist joint variables is straightforward since it will
be the same as the solution pattern of one of the commonly encountered
rotation sequences, such as 1-2-3, 3-2-3, etc, which are shown in Table 5.
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When the manipulators in Table 4 are considered from the viewpoint of the so-
lution procedure described above, they are accompanied by the designations
CF (having inverse kinematic solution in closed-form) and PJV (having inverse
kinematic solution using a parametrized joint variable). As noted, almost all
the manipulators in Table 4 are designated exclusively either with CF or PJV.
Exceptionally, however, the subgroups 4.3 and 4.4 have both of the designa-
tions. This is because the solution type can be either CF or PJV depending on
whether 05 = 0° or 85 = 90°, respectively.

In this section, the inverse kinematic solutions for the subgroups 1.1 (e.g.
KUKA IR 662/10), 1.7 (e.g. GMF S-3 L or R) and 4.4 (e.g. Unimate 4000) are
given in order to demonstrate the solution procedure described above. As in-
dicated in Table 4, the subgroup 1.1 can have the inverse kinematic solution in
closed-form, whereas the subgroup 1.7 necessitates a PJV solution. On the
other hand, for the subgroup 4.4, which has a prismatic joint, the inverse ki-
nematic solution can be obtained either in closed-form or by using the PJV
method depending on whether the structural parameter 0; associated with the
prismatic joint is 0° or 90°. Although 65 = 0° for the enlisted industrial robot of
this subgroup, the solution for 65 = 90° is also considered here for sake of dem-
onstrating the application of the PJV method to a robot with a prismatic joint
as well. It should be noted that, the subgroups 1.1 and 1.7 are examples to ro-
bots with only revolute joints and the subgroup 4.4 is an example to robots
with revolute and prismatic joints. The subgroups 1.1 and 1.7 are considered
particularly because the number of industrial robots is high within these cate-
gories. As an additional example, the ABB IRB2000 industrial robot is also con-
sidered to demonstrate the applicability of the method to manipulators con-
taining closed kinematic chains. However, the solutions for the other
subgroups or a new manipulator with a different kinematic structure can be
obtained easily by using the same systematic approach.

4.1 Inverse Kinematics of Subgroups 1.1 and 1.7

For all the subgroups of the main group 1, the orientation matrix is

él — 11301512023 U304 205 1306 (81)
Since all the subgroups have the same C1 matrix, they will have identical
equations for 04, 065 and 06. In other words, these variables can always be de-

termined from the following equation, after finding the other variables some-
how from the wrist location equations of the subgroups:

el elistielist — Ny (82)
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Here, M; = e %289, and 85 = 6, + 5. Since the sequence in Equation (82)
is 3-2-3, using Table 5, the angles 04, 05 and 06 are obtained as follows, assum-
ing that 01 and 623 have already been determined as explained in the next sub-
section:

04 = atan2 (65m23, (55m13) (83)

05 = atan2 ((55\[1 —m§3 , m33) (84)

0¢ = atan2 ((5511132, -G5m13) (85)
Here, 05 =+1 and m;; = ﬁiTMlﬁj.

Note that this 3-2-3 sequence becomes singular if 85 = 0 or 65 =+180°, but the
latter case is not physically possible. This is the first kind of singularity of the
manipulator, which is called wrist singularity. In this singularity with 05 = 0, the
axes of the fourth and sixth joints become aligned and Equation (82) degener-
ates into

eu394eu396 — eu3(94 +66) _ eu3646 =M (86)

This equation implies that, in the singularity, 64 and 6 become arbitrary and
they cannot be determined separately although their combination 6 = 64 + 0
can still be determined as 646 =atan2 (m2;, m11). This means that one of the

fourth and sixth joints becomes redundant in orienting the end-effector, which
in turn becomes underivable about the axis normal to the axes of the fifth and
sixth joints.

4.1.1 Inverse Kinematics of Subgroup 1.1

The wrist point position vector of this subgroup given in Equation (40) can be
written again as follows by transposing the leading exponential matrix on the
right hand side to the left hand side:

e'u391f11 = azeu292ﬁ1 + d4e“29231_13 (87)

Premultiplying both sides of Equation (87) by U;', G.", U3’ and using the
simplification tool E.8 in Appendix A, the following equations can be obtained.

r1 c0s01 +125in01 =as cos0r +d4 sin B3 (88)
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I, cos0q —1;sin6; =0 (89)
I3 =—assin®,; +d4 cos0x3 (90)

Here, 11, r2 and 13 are the base frame components of the wrist position vector,
f11 .

From Equation (89), 61 can be obtained as follows by using the trigonometric
equation T1 in Appendix C, provided that r3 +r{ #0:

01 =atan2 (o1rp,0111) and o1=#1 (91)

If r3+17=0,1ie. if r» =11 =0, i.e. if the wrist point is located on the axis of the
tirst joint, the second kind of singularity occurs, which is called shoulder singu-

larity. In this singularity, Equation (89) degenerates into 0 = 0 and therefore 6,
cannot be determined. In other words, the first joint becomes ineffective in po-
sitioning the wrist point, which in turn becomes underivable in the direction
normal to the arm plane (i.e. the plane formed by the links 2 and 3).

To continue with the solution, let

p1 =11 COSO1 +17 8in O1 92)
Thus, Equation (88) becomes

P1 =as Cos 0, + d4 sin 03 (93)

Using Equations (90) and (93) in accordance with T6 in Appendix C, 63 can be
obtained as follows, provided that -1<p, <1:

03 =atan2 (p2,034/1 —p%) and o3=4%1 (94)

Here,

_(p+18)— (a3 +di)
P2 = Da,d, (95)

Note that the constraint on p, implies a working space limitation on the ma-
nipulator, which can be expressed more explicitly as

(a2 -dg)? <pf+1f <(az +dy)? (96)
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Expanding sin 023 and cos 023 in Equation (90) and (93) and rearranging the
terms as coefficients of sin 0> and cos 02, the following equations can be ob-
tained.

p1=pP3c0s0s +p4sinO (97)
13 =P4Cc0sOy —p3sinOy (98)
Here,

p3 =az +dysin6; (99)
P4 =d4cosBs (100)

According to T4 in Appendix C, Equations (97) and (98) give 0. as follows, pro-
vided that p3 +p7 #0:

02 =atan2 (pap1 —psts , Par3 —P3P1) (101)

If p% + pﬁ =0, i.e. if p3 =ps =0, the third kind of singularity occurs, which is
called elbow singularity. In this singularity, both of Equations (97) and (98) de-
generate into 0 =0. Therefore, 6, cannot be determined. Note that, according

to Equations (99) and (100), it is possible to have p3 =ps =0 only if a» =d4
and 63 =+180°. This means that the elbow singularity occurs if the upper and

front arms (i.e. the links 2 and 3) have equal lengths and the front arm is folded
back onto the upper arm so that the wrist point coincides with the shoulder
point. In this configuration, the second joint becomes ineffective in positioning
the wrist point, which in turn becomes underivable neither along the axis of
the second joint nor in a direction parallel to the upper arm.

As seen above, the closed-form inverse kinematic solution is obtained for the
subgroup 1.1 as expressed by Equations (83)-(85) and (91)-(101). The com-
pletely analytical nature of the solution provided all the multiplicities (indi-
cated by the sign variables 61, 62, etc), the singularities, and the working space
limitations alongside with the solution.

4.1.2 Inverse Kinematics of Subgroup 1.7

The wrist point position vector of this subgroup is given in Equation (46).
From that equation, the following scalar equations can be obtained as done
previously for the subgroup 1.1:
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11 c0s01 + 1> sin 01 =a» cos 0, +dy4 sin 023 —ds cos 023 sin Oy (102)
12 cos01 —11 5inB =ds cos B4 (103)
I3 =—a,sino; + d4 cos0o3 + d5 sin 073 sin 04 (104)

Here, 11, r2 and 13 are the components of the wrist position vector, 117. Note

that Equations (102)-(104) contain four unknowns (01, 02, 03, 04). Therefore, it
now becomes necessary to use the PJV method. That is, one of these four un-
knowns must be parametrized. On the other hand, Equation (103) is the sim-
plest one of the three equations. Therefore, it will be reasonable to parametrize
either 01 or 04. As it is shown in (Balkan et al., 1997, 2000), the solutions ob-
tained by parametrizing 61 and 04 expose different amounts of explicit infor-
mation about the multiple and singular configurations of the manipulators be-
longing to this subgroup. The rest of the information is concealed within the
equation to be solved numerically. It happens that the solution obtained by pa-
rametrizing 04 reveals more information so that the critical shoulder singular-
ity of the manipulator can be seen explicitly in the relevant equations; whereas
the solution obtained by parametrizing 61 conceals it. Therefore, 04 is chosen as
the parametrized joint variable in the solution presented below. As the starting
step, 01 can be obtained from Equation (103) as follows by using T3 in Appen-

dix C, provided that s+17>0 and 13 +1? > p% :

0; = atan2 (-2, 1) + Giatan2 (\rf +15 —p3, p5s) and o1=+1 (105)
Here,
p5 =ds5 cos 64 (106)

If r3 +r? =0, which necessitates that p5s =0 or 64 =+90°, the shoulder singu-

larity occurs. In that case, Equation (103) degenerates into 0 = 0 and therefore
01 becomes arbitrary. The consequences are the same as those of the subgroup
1.1.

On the other hand, the inequality constraint 3417 > p% indicates a working
space limitation on the manipulator.

Equations (102) and (104) can be arranged as shown below:

X1 =as cos 0, +d4 sin B3 —pe cos 023 (107)
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13 =—a»sin 02 +d4 cos 023 +pe sin O3 (108)
Here,
Pe =dssin B4 (109)

According to T9 in Appendix C, Equations (107) and (108) give 05 as follows,
provided that pt+di=p?:

03 =atan2 (d4,—ps) +03atan2 ( p% +dj —p% ,p7) and o3=+%1 (110)
Here,

(pi+13)—(a3 +di+ps)

o (111)

p7 =

As noted, the inequality constraint p% +d2> p% constitutes another limitation
on the working space of the manipulator.

Expanding sin 623 and cos 023 in Equation (107) and (108) and collecting the
relevant terms as coefficients of sin 6, and cos 0, the following equations can
be obtained.

p1=pPgCcos02 +pgsin Oy (112)
3 = P9 cOs 02 —pg sin O7 (113)
Here,

ps =az +d4sinB; —ps cos 63 (114)
P9 =d4 cos 03 +ps sin O3 (115)

According to T4 in Appendix C, Equation (112) and (113) give 0. as follows,
provided that p§ + p% #0:

02 = atan2(pop1 —par3 , Por3 —Psp1) (116)

If p§ +p% =0, the elbow singularity occurs. Then, 6, becomes arbitrary with
the same consequences as those of the subgroup 1.1.
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Note that the matrix M = e 2928, of this subgroup comes out to be a
function of 64 because the angles 6; and 63 =0 + 03 are determined above as
functions of 64. Therefore, the equation for the parametrized joint variable 04
is nothing but Equation (83), which is written here again as

04 =14 (64) = atan?2 [G5m23(94), Os5M13 (94)] and os5=1%1 (117)

As noticed, Equation (117) is a highly complicated equation for the unknown
04 and it can be solved only with a suitable numerical method. However, after
it is solved for 64, by substituting 0, into the previously derived equations for
the other joint variables, the complete solution is obtained. Here, it is worth to
mention that, although this solution is not completely analytical, it is still ca-
pable of giving the multiple and singular configurations as well as the working
space limitations.

Although the PJV method is demonstrated above as applied to the subgroup
1.7, it can be applied similarly to the other subgroups that require it. For ex-
ample, as a detailed case study, its quantitatively verified application to the
FANUC ArcMate Sr. robot of the subgroup 1.9 can be seen in (Balkan et al.
1997 and 2000).

4.2 Inverse Kinematics of Subgroup 4.4

The inverse kinematic solution for the subgroup 4.4 is obtained in a similar
manner and the related equations are given in Table 6 indicating the multiple

solutions by o; =*1. The orientation matrix é4 is simplified using the kine-

matic properties of this subgroup and denoted as Cus. Actually, the Unimate
4000 manipulator of this subgroup does not have two versions with 6; = 0° and
05 = 90° as given below. It has simply 03 = 0° and the other configuration is a
fictitious one. However, aside from constituting an additional example for the
PJV method, this fictitious manipulator also gives a design hint for choosing
the structural parameters so that the advantage of having a closed-form in-
verse kinematic solution is not lost.
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iisatitian Caq = @M 820 gl g ials o s /2 for 6;=0°
Matrix, Caa gy = 0729 g 1202 o 10 -G 5 0B for 6, =90°
Here, 85 =04 +90°, 85 =05 +90°
D!:{.z;‘;:.;l_:‘_;gn E.ﬁdl; éﬂeﬁ;zfz . I':"I“ — El:r:nﬂ"eﬁ-ﬂ!geﬁ:m for Ej =0
1 = = - A B a
Matrix, My e W N Cyy = My =eMi¥eiBehh for 65 = 90°
| B Selection 0y =0° 03 =90°
i CF PIV with 0,
Wrist
Orientation 2-3-2 1-2-3
Sequence
Solved Joint | 824 =atan2(asmz,—osmi) B = atan2 (6sma, osmy;)
Variables | = atan2 (osy/1-m% , m2) f5 = atan2 (-my3, G54/1-mH)
from My | 8, =atan2 (6sma2, 6sma) 0 = atan2 (—Gamy2, Gsmyy)
Wrist
Singularity Bs=0 05 =90
Wristhnt EH :azeﬁxmeﬁzﬂzﬁl +sﬂe"‘“'e'“=“2ﬁ;+ die{':_iﬁqEﬁ:lr:eﬁnlheﬁ:!ﬁiﬁ
Position Ty = aze"Meiiy, 4 510" ey, 4 dieMe® g, for 8 =0°
Vector Tu [ 7, _ a,e®91e09g, 4 530016, _ doePPei®e TG,  for 0y =90°
: 5 id a:coss +s55ind: +dssindy for @;=0°
-+ =
peost s az cosbs + (s3 +dscosy )sinb; for B =90°
WSctaifr_ " ~ - 0 for B;=0°
r:cosfly —rsinty =
E::atigx FEOSTL IR g sing, for s =90°
—apsinf; +s;cosb; +ds cosbsy for 6 =0°
| ~az2sinB; + (s3 +ds cosB, jcos B2 for 03 =90°
B Selection 0; =0° 85 ="
Used T#
Equations of | T1 for B4, T2 for s3, and T4 for 8 | T3 for 8y, T2 for s3, and T4 for th
Appendix C |
B; = atan2 (o2, o1ny) th =atan2(-1, rz)
ss=ypla+ph-a:  (s3>0) + oatan2(yrf + 17 —ph , pi2)
02 = atan2 (p2, p2) 3 =0a\pi +13 —a3 —piz (53>0)
Solved Joint | P2 =83P11 +22010) 02 = atan2 (p2, p2)
Variables | P2 =SiP10 —azpn p2 =(s3+p1a)rs +azp
Bs=02- 6 ; P2 =(s3 +p1a)p1 —axns
o =py—dssinfyy Here,
pun =13 —ds cosfy prz =dssiniy
p1 =1 cosb; +rsinthy p1a =ds cos By
Shoulder =0 r =12 =0 together with
Singularity |[" "7 05 =0 or 0; = +180°

Table 6. Inverse Kinematic Solution for Subgroup 4.4
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4.3 Inverse Kinematics of Manipulators with Closed Kinematic Chains

The method of inverse kinematics presented here is not limited to the serial
manipulators only. It can also be applied to robots with a main open kinematic
chain supplemented with auxiliary closed kinematic chains for the purpose of
motion transmission from the actuators kept close to the base. As a typical ex-
ample, the ABB IRB2000 industrial robot is selected here in order to demon-
strate the application of the method to such manipulators. The kinematic
sketch of this manipulator with its four-link transmission mechanism is shown
in Figure 2. It can be seen from the kinematic sketch that the four-link mecha-
nism can be considered in a sense as a satellite of the manipulator’s main open
kinematic chain. In other words, its relative position with respect to the main
chain is determined completely by the angle 68;. Once 03 is found by the inverse
kinematic solution, the angular position of the third joint actuator ¢s3 can be
determined in terms of 03 as follows by considering the kinematics of the four-
link mechanism:

03 =y2+62 (118)
Here,
V2 =atan2(b, a)+ czatan2(va? +b* +c*,c¢) and o3=+#1 (119)
2 12 1212
a=ax+bysinBz, b=bscosbs, C=a2+b2+b4 b3 _ azbs sin O3 (120)
2b, b

007, i ul®

a) Complete Kinematic Structure b) Closed Kinematic Chain Details

Figure 2. Kinematic Sketch of the ABB IRB2000 Manipulator
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However, in this particular manipulator, the four-link mechanism happens to

be a parallelogram mechanism so that y> =y4 and ¢; =9, +g_93. Note that, if

the auxiliary closed kinematic chain is separated from the main open kine-
matic chain, then this manipulator becomes a member of the subgroup 1.4 and
the pertinent inverse kinematic solution can be obtained in closed-form simi-
larly as done for the subgroup 1.1.

4.4 Comments on the Solutions

The inverse kinematic solutions of all the subgroups given in Table 4 are ob-
tained. In main group 1, subgroup 1.2 has parameter d> in excess when com-
pared to subgroup 1.1. This has an influence only in the solution of 6. The re-
maining joint variable solutions are the same. Similarly subgroup 1.3 has
parameter a; and subgroup 1.5 has d»; (d2+ds) in excess when compared to
subgroup 1.1. Considering subgroup 1.3, only the solutions of 02 and 05 are dif-
ferent than the solution of subgroup 1.1, whereas the solution of subgroup 1.5
is identical to the solution of subgroup 1.2 except that d»s3 is used in the formu-
las instead of d». Subgroup 1.6 has parameter a: in excess compared to sub-
group 1.4. Thus, the solutions of 0, and 05 are different than the solution of
subgroup 1.4. Subgroup 1.8 has parameter d; and subgroup 1.9 has a; and a3 in
excess when compared to subgroup 1.7. Considering subgroup 1.8, only the
solution of 61 is different. For subgroup 1.9, a1 and a3 causes minor changes in
the parameters defined in the solutions of 02 and 6s. The last subgroup, that is
subgroup 1.10 has the parameters ai, a; and ds in excess when compared to
subgroup 1.7. 61, 02 and 03 have the same form as they have in the solution of
subgroup 1.7, except the minor changes in the parameters defined in the solu-
tions. It can be concluded that da affects the solution of 0, and a; affects the so-
lutions of 02 and 03 through minor changes in the parameters defined in the so-
lution. In main group 2, subgroup has parameter d> in excess when compared
to subgroup 2.3 and thus the solution of 6: has minor changes. Subgroup 2.5
has parameter a; in excess when compared to subgroup 2.4 and the solutions
of 02 and 053 have minor changes. Subgroup 2.6 has parameter d4 in excess and
the term including it is identical to the term including d> in subgroup 2.5 ex-
cept 01 which includes d4 instead of d». In main group 8, subgroup 8.2 has the
parameter a; in excess compared to subgroup 8.1. This leads to a minor change
in the solutions of 61 and 62 through the parameters defined in the solution.

For main group 1, if 0; is obtained analytically 04, 65 and 0¢ can be solved in
closed-form. Any six-joint manipulator belonging to main group 2 can be
solved in closed-form provided that 6: is obtained in closed-form. Using 61,
0234 can easily be determined using the orientation matrix equation. Since 04
appears in the terms including as, ds and as as 0234, this lead to a complete
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closed-form solution. In main group 3, directly obtaining 61 and 62 analytically
results in a complete closed-form solution provided that the kinematic pa-
rameter as = 0. In main group 6, even there is the offset ds, a complete closed-
form solution can be obtained since the term of ds does not include 04. More-
over, if 61 can be obtained in closed-form and as is a nonzero kinematic pa-

rameter, simply solving 0345 from C leads to a complete closed-form solution.
Among all the main groups, main group 5 has the least complicated equations.

Joint variable 01234 is directly obtained from C and if ds or a4 are kinematic pa-
rameters of a manipulator belonging to this main group, the whole solution
will be in closed-form. The offset in main group 9 does not lead to a PJV solu-
tion since it does not include 64 in the term including it. Also 61 even if as is a
nonzero kinematic parameter, a closed-form solution can be obtained using 645
provided that 01 is obtained analytically. Since o4 of main groups 6 and 9 is 0°,
04 does not appear in the term including offset ds. The kinematic parameter as
does not appear in any of the subgroups, so it can be concluded that this pa-
rameter might appear only in some very specific six-joint manipulators. On the
other hand, the more the number of prismatic joints, the easier the solution is,
since the joint angles become constant for prismatic joints.

5. Conclusion

In this chapter, a general approach is introduced for a classification of the six-
joint industrial robotic manipulators based on their kinematic structures, and a
complete set of compact kinematic equations is derived according to this clas-
sification. The algebraic tools based on the properties of the exponential rota-
tion matrices have been very useful in simplifying the kinematic equations and
obtaining them in compact forms. These compact kinematic equations can be
used conveniently to obtain the inverse kinematic solutions either analytically
in closed forms or semi-analytically using parametrized joint variables. In ei-
ther case, the singular and multiple configurations together with the working
space limitations are also determined easily along with the solutions.
Moreover, both types of these inverse kinematic solutions provide much easier
programming facilities and much higher on-line application speeds compared
to the general manipulator-independent but purely numerical solution meth-
ods.

On the other hand, although the classification based method presented here is
naturally manipulator-dependent, it is still reasonable and practical to use for
the inverse kinematic solutions, because a manipulator having all non-zero ki-
nematic parameters does not exist and it is always possible to make a consid-
erable amount of simplification on the kinematic equations before attempting
to solve them.
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Appendix A

Exponential Rotation Matrix Simplification Tools
(Ozgoren, 1987-2002; Balkan et al., 2001)

El: (e%%)!=¢™k
E2: euiekl_li =u;
E3 : l_liTeuiek =1_11T
E4 - eﬁiejeﬁiek :eﬁi(9j+9k) — Qi0jk

. Qi _ -G
E5: e"=e

~ 40 - f::0 — ~ —

E6: %/ 2eWe™™/2 =M where n;=x;T;.
E7: e%Uf%elim = life Ttk
E8: e"%4; =T cos0+({iilij)sin® for i#j
E9: T'e"™ =1  cos0+(qju;)" sin® for i#j

E.10: e'uiekelliek — euiO =1
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Appendix B
List of Six-joint Industrial Robots Surveyed (Balkan et al., 2001)

Robot Name N‘I]’:rf;::tel'rl:k Subgroup Robot Name 7 N;:rfg:t:‘::k Subgroup
ABB IRB 1400 aj, as, a3, ds 1.6 [Kawasaki UT120 | aj, a» as, ds 1.6
ABB IRB 1400H ay, az, a3, ds 1.6  [Kawasaki UT150 |  a;, as a3 ds 1.6
ABB IRB 2400 ay, az, a3, da 1.6 [Kawasaki UX100 | ajas ds 14
ABB IRB 2400L ai, az as, ds 1.6 [Kawasaki UX120 | ay a3, ds 1.4
ABB IRB 4400 ay, a a3, dy 1.6 [Kawasaki UX150 ay, a3, ds 14
ABB IRB 4400L ay, az, as, ds 1.6 Il'(awaﬁaki UX70 ay, as, dy 1.4
ABB IRB 6400 ai, a, as dy 1.6 [KUKA IR 662/10 az ds 1.1
ABB IRB4400FS ay, az as, dy 1.6 JLimanat RT-280 | ayasdi 2.1
ABB IRB640OPE | ay, a3, 23, ds 16 |MackBASERob | ajansisysyds | 41
Acrobe AG-4 az as a4 2.2 Motoman J10 | ap dy 1.1
AKR 3000 az dg ds 1.7 |M0t0man L3 | az as, ds 23
Altinay ASR-60 ay as dy 14 [Motoman SK-10 |  ay, ay, a3, ds 1.6
Altinay EG-6 ai, az as, a3, dy, ds 9.1 [MotomanSK-16 | ay, a3 a3, ds 1.6
Altinay EV-6 ay, a as ds 1.6 [Motoman SK-30 | aj, ay, a3, ds 1.6
Altinay HSR-6 ay, ds 11 [MotomanSK-45 |  ajasas ds 1.6
Anorad-Anorobot | ay, a3, s, sz, 83, dy 3.2 [MotomanSK-6 | aj, a3 a3, ds 1.6
ATI Robo-Master az, a3, a 22  [MotomanSK120 |  aj,as a3, ds 1.6
Bendix AA670 ay, az, dy 1.3 [MotomanSK16-6 | ay, a3, a3, ds 1.6
Binks 88-800 az, ds 1.1 [MTS 200A | az, a3, ds 14
CM T3-566 az as ay 22 [Nachi Robot8601 | az, dy, ds 1.7
CMT3-856 |  ayasay 22 [Narthwest Tech. | azas ay 22
CMV Inst. DDall ay, az, ds, ds 8.2 Nordson Robot | az dy, ds 1.7
Comau SmartS-2 | ay, az a3, ds, ds, ds 1.10 uman [&I1 sy ds 42
CRS A255 a, a3, a4 22 [Pharemme BMR | aj, ay, ds 1.3
CRS A465 az, ds 11 [Portque 80 | s, 52, 3 3.1
Cyclomat Merlin ay da, dy 12 [PUMA 200 ay, da, ds, ds 15
Daihen LK az as, ds 23 [PUMA 260 az, da, ds, ds 1.5
FANUC S-420 ay, ay a;, dy 1.6 [[PUMA 560 | aydyds 13
FanucArcMateSR | aj, a» as, dy, ds 1.9 [PUMA 562 | az, da, ds 1.2
GCA DKP 1000 az, dy 1.1 [PUMA 700 | as, dy, dy 1.2
GCP 132 az, dy 1.1 [IREIS RR625 | ajaydsd 8.2
GMF S-2L ag, d4 1.1 |Rhino Charger | as, dy 1.1
GMF S-3L az dy, ds 1.7 SCARA Robot | ap, az s3 5.1
GMF S-3R as, dy, ds 1.7 Scheinman | as, S3, ds 34
GMF S-LR a2, ds 11 [Scorbot ERIX | ajapadyds | 25 |
Griffin az ds 1.1 Scorbot PerfMK2 | aj, az a3, du, ds 26
Intelledex 660 a3, a4 6.1 SEF-SR10 | ay, az, da 1.3
Kawasaki EE10 as, da, dy, ds 1.8 Stanford JPL | ds, 53 33
Kawasaki EH120 ay, ds, ds 8.1 Staubli RX-line | az dy 1.1
Kawasaki JA-5 az, dy 14 Staubli RX130 i ay, dy 1.1
Kawasaki JC-5 as, ds 1.1 Staubli RX60 | az, ds 1.1
Kawasaki |S-10 ay, dy, ds 17 Staubli RX90 as, dy 11
Kawasaki |S-30 as, ds 14 THS8 as, S, 83 7.1
Kawasaki ]S40 az, ds 1.1 Thermwood 6 as, dy 1.1
Kawasaki |S-5 as, dy 1.1 Thermwood PM | as, ds 1.1
Kawasaki |S-6 az, dy 1.1 Toshiba TSR 500 | as, as, da, ds 24
Kawasaki U2100 az, as, dy 14 [Unimate 4000 | ay, s3, ds 4.4
Kawasaki U2120 ay as, dy 14 [Unimate Robot | s3, ds 43
Kawasaki U2150 ay, as, dy 1.4 [lvao | az, dy 1.1
Kawasaki UT100 aj, ax, as, dy 1.6 [lePO1 | a, ds 1.1
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Appendix C

Solutions to Some Trigonometric Equations Encountered in Inverse Kinematic Solu-

tions

T0a
TOb
T0c |

sinb; =a (alone)
costh=b (alone)

sinfj=a, cost=b (together)

8; = atan2 (a, oy1 —azj; g =11

0, =atan2 (o;¥1-b*,b); o; =+1
0, =atan2 (a, b)

.

‘acost; - bsinB; =0

0; =atan2 (oia, oib) ; o =#1
if a = b =0 singularity occurs

sicosbi=h, sisinBi=a
|5 i i i

acosth + bsinb, =c

]
si=giva’+b%; o=+

0; = atan2 (oia, oib)

| if si= 0 singularity occurs

B; = atan2 (b,a) + ojatan2 (va® + b* —c?, ¢)

o; = +1; if a = b = 0 singularity occurs

T4

‘acosh-bsinb =c

asing; + beosti=d

0; =atan2 (ad - bc, ac + bd)
provided that a?+b?= ¢2+d? and a?+b2# 0
if a2+b2= 0 singularity occurs

15

acosb; + b cosll =c

a sinb; + b sinb;; = d

0; = atan2 (o;v1-e?, ) ; o =+1

_(c*+d?)=(a® +b%)
e Jab

and Eij = H,'-I-H]

Té

‘acosth + bsinblj=¢
-a sint; + b cost; = d

0 =atan2 (e, oiV1-¢°); o; =21
(c*+d?)-(a®+b%)
€= 2ab

and uii = ﬂﬁ'ﬂi

‘a cost; + b sinbl; = ¢ + d cosb),
b cosb; - a sinB; = d sind;

B = atan2 (o1 ~a%, e); gj=%1
~(@*+b*)—(c* +d?)
¢ 2cd

‘acost+bsinb); = c-dsind+ecosb),
' beostl-asing); = dsint)+ecosf)

; =atan2 (-d, e) + ojatan2 (Vd* + e’ - 2, f)

- 0 e N 2 ST LU
E___{a +b”) {2-:.;+d +E};ﬂjzi"i

‘a sintlj+ b costj+ d cosb; = e

-a cosly+ b sinBy + d sinB; = f

B =atan2 (a,b) + ojatan2 (\Ja> + b’ —g, g)

(' +f) (@’ +b*+d?)
i 2d

; gj=1l

The two-unknown trigonometric equations T5-T8 and T9 become similar to T4
and TOc respectively once 0; is determined from them as indicated above.
Then, 6; can be determined as described for T4 or TOc.
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