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Preface 

The subject matte r of the present book is generally called multilinear alge-
bra; we shall discus s mainl y tensor s an d relate d concepts . Th e reader s ma y 
recall severa l importan t tensor s tha t ar e use d i n differentia l geometry , me -
chanics, electromagnetics , and s o on. O n the other hand, i t i s generally sai d 
that tensor s ar e difficul t t o understand . On e o f th e reason s fo r thi s i s tha t 
formerly tensor s and tensor fields (mappings whose values are tensors) wer e 
not distinguished , an d tenso r fields were discusse d withou t definin g tensor s 
in advance . ( )  I n fact , reader s should be aware that sometime s tenso r fields 
are simpl y calle d tensor s i n th e literature . I n an y case , i t i s importan t t o 
understand clearl y what tensors are. Ou r purpose i s to explain tensors to the 
readers as clearly a s possible. Tenso r fields are defined b y means of tensors . 
The analytic theory o f tensor fields is known a s tensor calculus . Needles s t o 
say, it i s beyond th e scope of linear algebra and w e shall not discus s i t here . 
The notions of tensor densit y an d pseudotensor ar e also important i n appli -
cations of tensors . Sinc e they are related to representations o f linear groups , 
we shall mention onl y their definitions (§11.6) . 

As stated above , the notion o f tensor seems to have originated fro m wha t 
are no w calle d tenso r fields.  Researc h ha s been done , sinc e th e en d o f las t 
century, wit h th e stud y o f vecto r calculu s an d th e theor y o f invariants , o n 
systems o f function s whic h satisf y certai n transformatio n laws . Ricc i an d 
Levi-Civita founde d tenso r calculus . I t became wel l known afte r bein g used 
by Einstein  t o describ e th e theor y o f relativity . Whe n w e try t o describ e a 
physical phenomenon , w e use a  coordinat e system . Thoug h th e descriptio n 
depends o n th e coordinat e system , th e phenomenon itsel f doe s not . T o ex -
plain the situation, systems of functions tha t satisfy a  certain transformatio n 
law play a n importan t role . Dependin g o n th e typ e o f transformatio n law , 
several kinds of tensor (field) have been defined. B y the way, it seems that the 
word "tensor" was derived from tension . Thus , a tensor is classically define d 
as a  syste m (o r a n array ) o f number s whic h satisfie s a  certai n transforma -
tion la w (see §11.2) . W e can conside r tha t thi s syste m describe s a n "object " 
whose existence does not depen d o n coordinate systems . Thi s point o f view 

( )Se e R. Godement: Cour s cf algebre, Hermann, p . 269. 
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x PREFAC E 

is sufficient fo r computatio n bu t i t does not explain what the objec t is . 
In orde r t o defin e tensors , w e begin i n Chapte r I  b y constructin g tenso r 

products o f vecto r spaces . Then , i n Chapte r II , we define tensor s an d stud y 
their properties. I n many branches of mathematics the construction of tensor 
products is used as a powerful tool to construct new objects from know n ones. 
For example, we will describe the extension o f a  field of scalar s (§I.8b) . Th e 
tensor product o f representations i s another example . 

In Chapter III, we discuss the notion o f exterior algebra. Exterio r algebra s 
are basic to the theory of differentia l forms . I n Chapter IV , to show anothe r 
aspect o f th e theor y o f tenso r products , w e discus s algebrai c system s wit h 
bilinear multiplication. I n particular , we discuss Lie algebras. 
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