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We consider a dynamic combinatorial optimization problem, where at each time step the decision maker selects a subset
of cardinality K from NN possible items, and observes a feedback in the form of the index of one of the items in said
subset, or none. Each of the IV items is ascribed a certain value (reward), which is collected if the item is chosen. This
problem is motivated by that of assortment selection in online retail, where items are products. Akin to that literature, it
is assumed that the choice of the item given the subset is governed by a Multinomial Logit (MNL) choice model whose
parameters are a priori unknown. The objective of the decision maker is to maximize the expected cumulative rewards
over a finite horizon 7', or alternatively, minimize the regret relative to an oracle that knows the MNL choice model
parameters. We formulate this problem as a multi-armed bandit problem that we refer to as the MNL-Bandit problem. We
present a Thompson Sampling based algorithm for this problem and show that it achieves near-optimal regret as well as
attractive empirical performance.
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1. Introduction.

1.1. Overview of the problem. In the canonical stochastic multi-armed Bandit (MAB) problem, at
each time step ¢ = 1,...,7T a single arm is chosen out of the set {1,..., N}, in response to which a noisy
reward, characteristic of that arm, is observed. The objective is to minimize the gap between the performance
of a policy and that of an oracle that selects the arm with the highest expected reward in each round; this
gap is often referred to as the regret. In many instances of the problem, probably good performance can be
achieved by employing a design principle known as “optimism in the face of uncertainty.” A prime example
is the widely studied family of upper confidence bound policies (UCB), see, e.g., Auer et al. [6], that suitably
balance the exploration-exploitation tension inherent in MAB problems.

In this paper, we consider a combinatorial variant of this problem where at each time stept =1,---,T
the player selects a subset of cardinality K from the index set of /N arms, after which s/he either observes
the reward associated with one of the arms in this subset, along with the identity of the arm that generated
the reward or observes no reward at all. One can think of the “no reward” option as feedback that manifests
from a “null arm” that is augmented to each subset.
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In our set up, the rewards are deterministic and taken to be the problem primitives, but the identity of
the arm within the chosen subset that yields the reward (or the “null” arm that yields no reward) is drawn
from a probability distribution on the index set of cardinality K + 1 (the K arms plus the “null” arm). In
this paper the distribution is specified by means of a multinomial logit model (MNL) whose parameters are
not known to the player a priori and can only be inferred over time via the revealed indices (and rewards);
the term MNL-Bandit refers to these salient features. The objective, as in the traditional MAB formulation,
is to develop playing strategies that try to come close to the performance of an oracle that solves the full
information offline problem, or in other words, minimize the regret.

The problem as stated above is of central importance in a variety of application domains, notable exam-
ples include display-based online advertising (where one can only display K ads on a content page, selected
from a typically large universe IV of feasible choices), and more generally the design of product recommen-
dation engines (where K limits the number of products that can be displayed to the consumer in response
to a search query). While its mathematical formulation is not new, there is surprisingly little antecedent
literature on this problem; the review below will expound a bit on its history and related strands of work.

1.2. Main contributions. Relying on structural properties of the MNL model, we develop the first
computationally efficient Thompson Sampling (TS) approach to the MNL-Bandit and study its theoretical
properties. TS belongs to a Bayesian class of learning algorithms where a (repeatedly updated) posterior dis-
tribution governs the sampling of actions in each stage; some further context and relevant work is discussed
in the literature review. Its main attractive feature vis-a-vis UCB-type policies, is improved (numerical)
regret performance that stems essentially from more efficient exploration (UCB tends to be conservative
and over-explore). However, for the MNL-bandit problem, TS turns out to be far more difficult to analyze
theoretically, and presents significant computational challenges that hinder efficient implementation. These
stem primarily from the computational demands involved with the calculation of posterior distribution, and
the “closed-loop” structure that links observations, updates, and actions.

The main challenges associated with the analysis of TS algorithms are overcome through several key
components. First, a carefully chosen prior distribution on the parameters of the MNL model is put in place,
and this allows for efficient and tractable posterior updating under the MNL-bandit feedback. A second key
ingredient in our approach is a two-moment approximation of the posterior which is embedded within a
normal family. A fundamental consequence of this embedding is the ability to correlate samples which plays
a central role in the performance of our algorithm. The methods developed in this paper highlight these key
attributes, and present a blueprint to address these issues that we hope will be more broadly applicable and
form the basis for further work in the intersection of combinatorial optimization and machine learning.

Our main theoretical contribution is a worst-case (prior-free) regret bound on the performance of our
proposed algorithm which exhibits an order of O(v/ NT log T K ); the bound is non-asymptotic, the “big oh”
notation is used for brevity and simplicity. This regret bound is independent of the parameters of the MNL
choice model and hence holds uniformly over all problem instances of size /N, K. Moreover, it is essentially
best possible due to a lower bound of Q(v/ NT') established recently by Wang et al. [34] for the MNL-
Bandit. Hence our TS algorithm achieves regret-optimal performance up to logarithmic terms. We note in
passing that this bound is comparable to the existing upper bound of O(\/ NT) obtained in Agrawal et al. [2]
for a UCB-based algorithm for the MNL-Bandit. However, as will be seen in the sequel, numerical results
demonstrate that our TS-based approach significantly outperforms the UCB-based approach of Agrawal
et al. [2] and the results in this paper provide the first theoretical analysis for a TS based approach.

Organization. The remainder of the paper is organized as follows. The current section concludes with a
brief review of related literature that helps place our contributions in context. We provide the mathematical
formulation of our problem in Section 2. In Section 3, we present our Thompson Sampling algorithm for
the MNL-Bandit, and in Section 4, we prove the main result, namely, that our algorithm achieves an
O(VNTlogTK) regret upper bound. Section 5 demonstrates the empirical efficiency of our algorithm
design.
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1.3. Related work A basic pillar in the MNL-Bandit problem is the MNL choice model, originally
introduced (independently) by Luce [17] and Plackett [25]; see also Train [33], McFadden [19], Ben-Akiva
and Lerman [8] for further discussion and survey of other commonly used choice models. The MNL model
is the most widely used choice model for capturing substitution effects that are a significant element in our
problem. Rusmevichientong et al. [26] and Sauré and Zeevi [31] were the first two papers we are aware of to
consider a dynamic learning problem for the MNL-Bandit in the context of a retail assortment optimization
problem. Both papers are predicated on an “explore first and exploit later” approach and their algorithms
are parameter-dependent. Specifically, assuming knowledge of a “gap” value (between the optimal and the
next-best subsets), Sauré and Zeevi [31] establish an asymptotic O (N log T') regret bound. (This assumption
is akin to the “separated arm” case in the MAB setting.) In a more recent paper, Agrawal et al. [2] develop a
UCB-like algorithm which does not rely on the a priori knowledge of this gap and show that this algorithm
achieves a worst-case regret bound of O(/NTlogT). A regret lower bound of Q(,/NT/K) for this
problem is also presented in this work, which was subsequently improved to Q(v/NT) in a recent work by
Wang et al. [34] establishing the near optimality of this UCB algorithm.

Subsequent follow up works, Chen et al. [9, 10, 11], Cheung and Simchi-Levi [12], Saha and Gopalan
[30], Feng et al. [14], Miao and Chao [20, 21] and Oh and Iyengar [22, 23] consider different variants of
the MNL-Bandit problem. The works of Chen et al. [10], Miao and Chao [21] and Oh and Iyengar [22]
considers the more general contextual variant of the MNL-Bandit problem. These papers builds on Agrawal
et al. [2] to develop UCB based approaches and establish worst-case regret bounds of O(d\/T), where
d is the dimension of contexts. However, the algorithms and regret bounds presented in these papers are
dependent on certain problem parameters. Following an initial conference version of this paper, the works of
Cheung and Simchi-Levi [12], Miao and Chao [20] and Oh and Iyengar [23] developed Thompon Sampling
based approaches for contextual variations of the MNL-bandit problem. These works achieve a Bayesian
regret bound of O(d\/T ) that are dependent on problem parameters. In this work, we provide worst-case
regret bounds that are independent of the problem parameters and hold uniformly overall problem instances
of size N, K. Feng et al. [14] and Saha and Gopalan [30] considers the best arm identification variant of
the MNL-Bandit problem, where the focus is only on exploration to identify the best K items. In this work,
we focus on optimally balancing the exploration-exploitation tradeoffs, a completely different setting from
the aforementioned works. Chen et al. [9] considers the variant of the MNL-Bandit where feedback from
a small fraction of users is not consistent with the MNL choice model. The paper presents a near-optimal
algorithm with a worst-case regret bound of O(EK T+ NKT), where ¢ is the fraction of users for whom
the feedback is corrupted. However, the algorithm developed by Chen et al. [9] which focuses on robustness
to corruption is sub-optimal in the setting considered in this work (e = 0).

The basic idea of Thompson Sampling for MAB was introduced by Thompson [32]. TS starts with a prior
on the underlying parameter space and as each arm is pulled and observations are collected, a posterior is
updated and further actions are determined using draws from this posterior. Several recent studies (Oliver
and Li [24], Graepel et al. [16], May et al. [18]) have demonstrated that TS significantly outperforms state
of the art learning algorithms in practice, and over the past few years, TS has received renewed interest both
in theoretical studies as well as a plethora of implementations. At the same time, TS based algorithms are
notoriously difficult to analyze and theoretical work on TS is limited. To the best of our knowledge, Agrawal
and Goyal [3] is the first work on TS in a traditional MAB setting that provides a finite-time worst-case
regret bound independent of problem parameters; see also work by Russo and Van Roy [28] for Bayesian
regret bounds.

A naive translation of the MNL-Bandit problem to the basic MAB problem setting would create (?{l)
“arms” (one for each offer set of size K'). Managing such an exponentially large arm space is prohibitive for
obvious reasons. Popular extensions of MAB for “large scale” problems include the linear bandit (e.g., Auer
[5], Rusmevichientong and Tsitsiklis [27]) for which Agrawal and Goyal [4] present a TS-based algorithm
and provide finite time regret bounds. However, these approaches do not apply directly to our problem,
since the revenue corresponding to each chosen subset is not linear in problem parameters. Gopalan et al.
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[15] consider a variant of MAB where one can play a subset of arms in each round and the expected reward
is a function of rewards of the arms played. This setting is similar to the MNL-Bandit, though the regret
bounds they develop are dependent on the instance parameters as well as the number of possible actions,
which can be large in our combinatorial problem setting. Russo et al. [29] presents efficient heuristics to
approximate the TS algorithm considered in Russo and Van Roy [28], however, it is not immediately clear
if these approximate TS-based approaches facilitate theoretical analysis.

2. Problem Formulation. To formally state our problem, consider an option space containing N
distinct elements, indexed by 1, ..., /N and their values, denoted by r1, ..., 7y, with r being the mnemonic
for reward, though we will also use the term revenue in this context. We append the option space by an
additional element indexed by “0”, in order to represent the alternative available to the user of not selecting
any of the options presented. We assume that for any offer set, S C {1,..., N}, the user selects only one
of the offered alternatives or item 0, according to a Multinomial Logit (MNL) choice model. Under this
model, given the offer set S, the probability that the user chooses item ¢ € S is given by,

/l},
L ifieSudo
pi(S):{v0+2j€Svj ifi € {0} 1)

0, otherwise,

where g, ..., vy are parameters of the MNL model. Without loss of generality, we can assume that vy = 1.
The expected reward or revenue corresponding to the offer set S, R(S,Vv) is given by

R(S,v)=Y rpi(8) = ——<— @)

ies ics 1+ jes Vi
We consider a setting where the decision maker can select at most K products in the offer set.
S*:=max{ R(S,v)||S| < K}. 3)

Such a cardinality constraint arises naturally in many applications. For instance, a publisher/retailer is
constrained by the space for advertisements/products and has to limit the number that can be displayed
simultaneously.

We can now formulate the MNL-bandit problem as follows. The problem proceeds in discrete sequential
rounds ¢ = 1,...,T for some predetermined time horizon T. In each round ¢, the decision maker offers
a K -cardinality subset of items S; C {1,..., N} and observes the user’s choice ¢; € S U {0}. The prob-
ability distribution of ¢; is given by the MNL choice model as described in (1). The MNL choice model
parameters vy,...,vy are apriori fixed but unknown to the decision maker. The objective is to design an
algorithm that selects a (non-anticipating) sequence of offer sets in a path-dependent manner (namely, based
on past choices and observed responses) to maximize cumulative expected reward over said horizon or,
alternatively, minimize the regret defined as

Reg(T.v) =B [0, R(S",v) = R(S,,v)| @

where R(S,v) is the expected reward when the offer set is .S, and is as defined in (2). Here we make
explicit the dependence of regret on the time horizon 7" and the parameter vector v of the MNL model, that
determines the user preferences and choices.

3. Algorithm. In this section, we describe our posterior sampling (aka Thompson Sampling) based
algorithm for the MNL-Bandit problem. The basic structure of Thompson Sampling involves maintaining a
posterior on the unknown problem parameters, which is updated every time new feedback is obtained. At the
beginning of every round, a sample set of parameters is generated from the current posterior distribution, and
the algorithm selects the best offer set according to these sample parameters. In the MNL-Bandit problem,
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there is one unknown parameter v; associated with each item. To adapt the TS algorithm for this problem, we
would need to maintain a joint posterior for (vy,...,vy). However, updating such a joint posterior is non-
trivial since the feedback observed in every round is a choice sample from the multinomial distribution. This
depends on the subset S offered in that round. In particular, even if we initialize with an independent prior
from a popular analytical family such as multivariate Gaussian, the posterior distribution after observing
the MNL choice feedback will have a complex description. As a first step in addressing this challenge,
we attempt to design a Thompson Sampling algorithm with independent priors. In particular, we leverage
a sampling technique introduced in Agrawal et al. [2] that allows us to decouple individual parameters
from the MNL choice feedback and provide unbiased estimates of these parameters. We can utilize these
unbiased estimates to efficiently maintain independent conjugate Beta priors for the parameters v; for each
1. We present the details in Algorithm 1 below.

3.1. A TS algorithm with independent conjugate Beta priors Here we present the first version of
our Thompson sampling algorithm, which will serve as an important building block for our main algorithm
in Section 3.2. In this version, we maintain a Beta posterior distribution for each item ¢ =1,..., N, which
is updated as we observe users’ choice of items from the offered subsets. A key challenge here is to choose
priors that can be efficiently updated on observing user choice feedback, to obtain increasingly accurate
estimates of parameters {v; }. To address this, we use the sampling technique introduced in Agrawal et al.
[2] to decouple estimates of individual parameters from the complex MNL feedback. The idea is to offer a
set S multiple times; in particular, a chosen set S is offered repeatedly until the “outside option” is picked
(in the online advertising application discussed earlier, this corresponds to displaying the same subset of
ads repeatedly until we observe a user who does not click on any of the displayed ads). Proceeding in this
manner, due to the structure of the MNL model, the average number of times an item i is selected provides
an unbiased estimate of parameter v;. Moreover, as derived in Agrawal et al. [2], the number of times an item
1 1s selected is also independent of the displayed set and is a geometric distribution with success probability
1/(1+ v;) and mean v;. This observation is used as the basis for our epoch based algorithmic structure and
our choice of prior/posterior, as a conjugate to this geometric distribution.

Epoch based offerings: Our algorithm proceeds in epochs £ =1, 2, .... An epoch is a group of consecutive
time steps, where a set .S, is offered repeatedly until the outside option is picked in response to offering S.
The set S, to be offered in epoch ¢ is picked at the beginning of the epoch based on the sampled parameters
from the current posterior distribution; the construction of these posteriors and choice of .S, is described in
the next paragraph. We denote the group of time steps in an epoch as &,, which includes the time step at
which an outside option was preferred.

The following lemmas provide important building blocks for our construction. Their proofs have been
deferred to the appendix.

Lemma 1 (Agrawal et al. [2]) Let v, o be the number of times an item i € S, is picked when the set Sy is
offered repeatedly until the outside option is picked. Then, v; ; forall £, are i.i.d geometric random variables
with success probability ﬁ, and expected value v;.

Lemma 2 (Conjugate Priors) For any o > 3,3 >0 and Y, 3 ~ Beta(a, ), let X, 5 = ﬁ and fo p
denote the probability distribution of random variable X, g. If the prior distribution of v; is f, g, then after
observing v; ¢, a geometric random variable with success probability ﬁ the posterior distribution of v;

is given by, B
8 > P (Ui Vi = m) = fa-i—l,ﬁ-‘rm(vi)'

Construction of conjugate prior/posterior: From Lemma 1, we have that for any epoch ¢ and for any
item ¢ € Sy, the estimate v, ¢, the number of picks of item ¢ in epoch ¢ is geometrically distributed with
success probability 1/(1 4+ v;). Therefore, if we use the distribution of 1/Beta(1,1) — 1 as the initial prior
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for v;, and then, in the beginning of epoch ¢, from Lemma 2 we have that the posterior is distributed as
m — 1, with n;(¢) being the number of epochs the item 7 has been offered before epoch ¢ (as
part of an assortment), and V;(¢) being the number of times it was picked by the user.

Selection of subset to be offered: To choose the subset to be offered in epoch ¢, the algorithm samples a set
of parameters pi;(¢), ..., uxn(¢) independently from the current posteriors and finds the set that maximizes
the expected revenue as per the sampled parameters. In particular, the set .S, to be offered in epoch ¢ is
chosen as:

Sy :=argmaxR(S,u(f)), 5)

|S|I<K

where the reward function R(.,.) is given in (2). There are efficient polynomial time algorithms available to
solve this optimization problem (e.g., Davis et al. [13], Avadhanula et al. [7] and Rusmevichientong et al.
[26]).

The details of the above procedure are provided in Algorithm 1.

Algorithm 1 A TS algorithm for MNL-Bandit with Independent Beta priors
Initialization: For each item:=1,--- N, V,=1,n,=1.

t =1, keeps track of the time steps
¢ =1, keeps count of total number of epochs
while t < T do
(a) (Posterior Sampling) For each item ¢ =1,--- , N, sample 6;(¢) from the Beta(n,, V;) and compute
pi(€) = gﬁ) —1

. _ _ Xiesrimi(6)
(b) (Subset Selection) Compute Sy = afgrfzx R(S,u(0)) = 1+§jes 0

(¢c) (Epoch-based offering)
repeat
Offer the set S,, and observe the user choice ¢;;
Update &, = £, Ut, time indices corresponding to epoch ¢; t =1+ 1
until ¢, =0
(d) (Posterior update)
For each item ¢ € Sy, compute 0, , =) _, s, I(¢; = i), number of picks of item i in epoch /.
Update V, =V, + 0, o, n; =n; + 1, L=+ 1.
end while

Algorithm 1 presents some unique challenges for theoretical analysis. A worst-case regret analysis of
Thompson Sampling-based algorithms for MAB typically relies on showing that the best-arm is optimistic
at least once every few steps, in the sense that the parameter sampled from the posterior is better than the
true parameter. Due to the combinatorial nature of our problem, such a proof approach requires showing that
every few steps, all the K items in the optimal offer set have sampled parameters that are better than their
true counterparts. However, Algorithm 1 samples the posterior distribution for each parameter independently
in each round. This makes the probability of being optimistic exponentially small in K. In Section 3.2, we
modify Algorithm 1 to address these challenges and in a manner amenable to theoretical analysis.

3.2. A TS algorithm with posterior approximation and correlated sampling We address the chal-
lenge associated with the combinatorial nature of the MNL-Bandit by employing correlated sampling across
items. To implement correlated sampling, we find it useful to approximate the Beta posterior distribution by
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a Gaussian distribution with approximately the same mean and variance as the former; what was referred
to in the introduction as a two-moment approximation. This allows us to generate correlated samples from
the N Gaussian distributions as linear transforms of a single standard Gaussian random variable. Under
such correlated sampling, we can guarantee that the probability of all K optimal items are simultaneously
optimistic is constant, as opposed to being exponentially small (in /) in the case of independent sampling.
However, such correlated sampling reduces the overall variance of the maximum of N samples severely,
thus inhibiting exploration. We “boost” the variance by taking K samples instead of a single sample of the
standard Gaussian. The resulting variant of Thompson Sampling, therefore has three main modifications,
posterior approximation through a Gaussian distribution; correlated sampling; and taking multiple samples
(for “variance boosting”). We elaborate on each of these changes below.

Posterior approximation: First, we present the following result that helps us in approximating the poste-
rior. Proof of the result has been deferred to the appendix.

Lemma 3 (Moments of the Posterior Distribution) If X is a random variable distributed as Beta(a, 3),
then

B (4 -1)=

a—1"?

and Var (% — 1) =olla-l’7)

We approximate the posterior distributions used in Algorithm 1 for each MNL parameter v;, by a Gaus-
sian distribution with approximately the same mean and variance given in Lemma 3. In particular, let

Vi &i(@::\/50@1-(5)(@1-(6)“)”5\/@’ (=12, ©)

0=y w0 (0

where n;(¢) is the number of epochs item ¢ has been offered before epoch ¢, and V;(¢) being the number of
times it was picked by the user. We will use N (9;(¢),57(¢)) as the posterior distribution for item ¢ in the
beginning of epoch ¢. The Gaussian approximation of the posterior facilitates efficient correlated sampling

from posteriors that plays a key role in avoiding the theoretical challenges in analyzing Algorithm 1.

Correlated sampling: Given the posterior approximation by Gaussian distributions, we correlate the sam-
ples by using a common standard normal variable and constructing our posterior samples as an appropriate
transform of this common standard normal. More specifically, in the beginning of an epoch ¢, we generate a
sample from the standard normal distribution, § ~ A (0, 1) and the posterior sample for item i, is generated
as 0;(¢) + 05;(¢). Intuitively, this allows us to generate sample parameters for ¢ = 1,..., N that are either
simultaneously large or simultaneously small, thereby, boosting the probability that the sample parameters
for all the K items in the best offered set are optimistic (i.e., the sampled parameter values are higher than
the true parameter values).

Multiple (K) samples: The correlated sampling decreases the joint variance of the sample set. More specif-
ically, if 6; were sampled independently from the standard normal distribution for every 4, then for any
epoch ¢, we have that

Var </1{1axN {v:(£) + 9@(6)}) < Var <41 ax {0:(0) + Qi&i(ﬁ)}> .
In order to boost this joint variance and ensure sufficient exploration, we modify the procedure to generate
multiple sets of samples. In particular, in the beginning of an epoch ¢, we now generate K independent
samples from the standard normal distribution, 8¢) ~ N'(0,1),5 =1,..., K. And then for each j, a sample
parameter set is generated as:

w ()= 0,(0) +6Y6,(6), i=1,...,N,
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Then, we use the largest valued samples

pi(t) == max pu(0),Yi,

Jj=1,

to decide the assortment to offer in epoch ¢,
S¢:= argmax {R(S, u(())}

We describe the details formally in Algorithm 2.

Algorithm 2 A TS algorithm for MNL-Bandit with Gaussian approximation and correlated sampling
Input parameters: o =50, 8 =75
Initialization: t =0, {=0,n; =0foralli=1,--- ,N.
for eachitem,i=1,---,N do

Offer item % to users until the user selects the “outside option”. Let ¥, ; be the number of times item ¢
was offered. Update: V; =0, —1,t=t+0,;,{={¢+1andn, =n,;+ 1.
end for
while t < T do
(a) (Correlated Sampling)for j=1,--- | K
Sample 01 (¢) from the distribution A" (0, 1) and let 0., (¢) = max 6U)(¢); update 0; = T%

j=1,--- K
For each item i < N, compute 1117 (£) = §; + Opax(£) - <, /“@i(:zﬁl) i ﬂvlstK>.
end

(b) (Subset selection) Same as step (b) of Algorithm 1.
(c) (Epoch-based offering) Same as step (c) of Algorithm 1.
(d) (Posterior update) Same as step (d) of Algorithm 1.

end while

Intuitively, the second-moment approximation provided by Gaussian distribution and the multiple sam-
ples taken in Algorithm 2 may make the posterior converge slowly and increase exploration. However,
the correlated sampling may compensate for these effects by reducing the variance of the maximum of N
samples, and therefore reducing the overall exploration. In Section 5, we illustrate some of these insights
through numerical simulations. Here, correlated sampling is observed to provide significant improvements
as compared to independent sampling, and while posterior approximation by Gaussian distribution has little
impact.

4. Regret Analysis We prove an upper bound on the regret of Algorithm 2 for the MNL-Bandit prob-
lem, under the following assumption.

Assumption 1 For every item i € {1,..., N}, the MNL parameter v; satisfies v; < vy = 1.

This assumption is equivalent to the outside option being more preferable compared to any other item. This
assumption holds for many applications including display advertising, where users do not click on any of
the displayed ads more often than not. Our main theoretical result is the following upper bound on the regret
of Algorithm 2.
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Theorem 1 For any instance v = (v, - - - ,vy) of the MNL-Bandit problem with N products, r; € [0, 1], and
satisfying Assumption 1, the regret of Algorithm 2 in time T is bounded as,

Reg(T,v) < C1VNTlogTK + C,N log’ TK,
where C and Cy are absolute constants (independent of problem parameters).

4.1. Proof Outline. In this section, we provide a proof sketch for Theorem 1. We break down the
expression for total regret

Reg(T,v):=E

> R(S*,v) - R(St,V)] ,

t=1

into regret per epoch, and rewrite it as follows:

L

Reg(T,v) =E | Y & (R(S",v) — R(Si, (1))

=1

L

> IEN(R(Se, (D)) = R(Se,v)) |, (D)

{=1

+E

Reg, (1.v) Reg,(T,v)

where || is the number of periods in epoch ¢, and S, is the set repeatedly offered by our algorithm in
epoch ¢. We bound the two terms: Reg, (7, v) and Reg, (7', v) separately.

Since S, is chosen as the optimal set for the MNL instance with parameters p(¢), the first term Reg, (7', v)
is essentially the difference between the optimal revenue of the true instance and the optimal revenue of the
sampled instance. This term contributes no regret if the revenues corresponding to the sampled instances
are optimistic, i.e., if R(S,, u(¢)) > R(S*,v). Unlike optimism under uncertainty approaches such as UCB,
this property is not directly ensured by our Thompson Sampling-based algorithm. To bound this term, we
utilize the anti-concentration properties of the posterior, as well as the dependence between samples for
different items. In particular, we use these properties to prove that at least one of the K sampled instances
is optimistic “often enough.”

The second term Reg, (T, v) captures the difference in reward from the offered set S, when evaluated
on sampled parameters in comparison to the true parameters. We bound this by utilizing the concentration
properties of the posterior distributions. It involves showing that for the sets that are played often, the
posterior will converge quickly so that revenue on the sampled parameters will be close to that on the true
parameters.

In what follows, we will first highlight three key results involved in proving Theorem 1. In Section 4.2
we will combine these properties and follow the above outline to prove Theorem 1.

Structural properties of the optimal revenue. The first step in our regret analysis is to leverage the
structure of the MNL model to establish two key properties of the optimal expected revenue. These proper-
ties project the non-linear reward function of the MNL choice into its parameter space and help us focus on
analyzing the posterior distribution of the parameters. In the first property, which we refer to as restricted
monotonicity, we note that the optimal expected revenue is monotone in the MNL parameters. The second
property, is a Lipschitz property of the expected revenue function that bounds the difference between the
expected revenue corresponding to two different MNL parameters in terms of the difference in individual
parameters. Lemma 4 provides the precise statement.

Lemma 4 (Properties of the Optimal Revenue) For any v € R, let S* be an optimal assortment for

MNL instance with parameters v, i.e. S* = argmax R(S,v). Then, for any w € R, we have:
S:|SI<K
1. (Restricted Monotonicity) If v; <w; foralli=1,--- ,N. Then, R(S*,w) > R(S*,v).
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. . Z S* Uy _wZ’
2. (Lipschitz Property) |R(S*,v) — R(S*,w)| < =2 —————.
1+ Zjes* Uj

Proof. We will first prove the restricted monotonicity property and extend the analysis to prove the
Lipschitz property.

Restricted Monotonicity. We prove the result by first showing that for any j € S*, we have R(S*,w’) >
R(S*,v), where w/ is vector v with the j** component increased to w;, i.e. w} = v; for all i # j and
wjf = w;. We can use this result iteratively to argue that increasing each parameter of MNL to the largest
possible value increases the value of R(S,w).

If there exists j € S such that r; < R(SS), then removing the product j from assortment S yields higher

expected revenue contradicting the optimality of S. Therefore, we have

r; > R(S) forall j € S.
Multiplying by (v; — w;)(_;cs/; wi + 1) on both sides of the above inequality and re-arranging terms, we
can show that R(S*,w?) > R(S*,v).
Lipschitz. Following the above analysis, we define sets Z(,S*) and D(S™) as

D(S*) = {Z‘Z € 5" and Vi < 'U)i},
and vector u as,
{ w; if i € D(S™),
U; = .
v, otherwise.

By construction of u, we have u; > v; and u; > w; for all i. Therefore from the restricted monotonicity

property, we have
R(S*,v) — R(S*,w) < R(S*,u) — R(S*,w)

E iU E T w;

i€S* i€S*

< —
14+ Z u; 1+ Z U, ’
jes* jes*

Z (ui —w;)
< i€s* < Dies [Vi —wi .
1+ Zuj N 1+2jes*vj

JjES*
The Lipschitz property in Lemma 4 follows from the definition of u;. This completes the proof. O

Concentration of the posterior distribution. The next step in the regret analysis is to show that
as more observations are made, the posterior distributions concentrate around their means, which in turn
concentrate around the true parameters. More specifically, we have the following two results.

Lemma 5 (Bounds on Gaussian Distribution) For any ¢ <T and i € {1,--- , N}, we have for any r > 0,
1
B (|us(0) = :(0)] > 45:(6)\log 7K ) < ——=.
where &;(0) is as defined in (6).

Lemma 6 (Multiplicative Chernoff Bound) If v; < 1 for all i = 1,--- , N, then for any m,p > 0, £ €
{1,2,---}andie {1,---,N} we have,
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N P<’@i(£)_vi|>4\/@i(€)(@i(€)+1)mlog(p+1) | 24mlog (p+ 1)) _5

n;(£) n;(£) p
5 00) — v 12v;mlog(p+1)  24mlog(p+1) 4
2. P <]v1(€) i| > \/ e (0) + ne(0) ) < s

The above results indicate that for any item ¢ and at the beginning of any epoch ¢, the difference between
the sample from the posterior distribution y;(¢) and the true parameter v; is bounded and is decreasing over
time. Lemma 5 follows from the properties of the Gaussian distribution and Lemma 6 is an adaptation of
Chernoff bounds for our setting. For the sake of continuity, we defer the proof of these concentration results
to Appendix A.1. Leveraging the Lipschitz property of the optimal revenue, this concentration of sample
parameters around their true values will help us prove that the difference between the expected revenue of
the offer set S, corresponding to the sampled parameters, u(¢), and the true parameters, v also becomes
smaller with time. In particular, we have the following result.

Lemma 7 (Towards Reg, (7', v) Bound) For any epoch ¢, if S, = argmax R(S, u(?))
S:|S|<K

{ (1+ Z R(Sy,p(0)) —R(Sg,v)]} <E [Clz vifig)’K +0210gTK

JESy 1€Sy nz(g)

)

where C and Cy are absolute constants (independent of problem parameters).

The concentration property of the posterior distribution allows us to bound the second term, Reg, (7, v) in
(7). Therefore to bound the regret, it suffices to bound the difference between the optimal revenue R(S*,v)
and the expected revenue of the offer set corresponding to sampled parameters R(.Sy, (¢)).

Anti-Concentration of the posterior distribution. We refer to an epoch ¢ as optimistic if the expected
revenue of the optimal set corresponding to the sampled parameters is higher than the expected revenue
of the optimal set corresponding to true parameters, i.e., R(S*,u(¢)) > R(S*,v). Any epoch that is not
optimistic is referred to as a non-optimistic epoch. Since S, is an optimal set for the sampled parameters,
we have R(Sy,pu(¢)) > R(S*,pu(¢)). Hence, for any optimistic epoch , the difference between the expected
revenue of the offer set corresponding to sampled parameters R(Sy, u(¢)) and the optimal revenue R(S*,v)
is bounded by zero. This suggests that as the number of optimistic epochs increases, the term Reg, (T, v)
decreases.

The central technical component of our analysis is showing that the regret over non-optimistic epochs is
“small.” More specifically, we prove that there are only a “small” number of non-optimistic epochs. From
the restricted monotonicity property of the optimal revenue (see Lemma 4), we have that an epoch / is
optimistic if every sampled parameter, y;(¢) is at least as high as the true parameter v; for every item 7 in the
optimal set S*. Recall that each posterior sample /% (E) is generated from a Gaussian distribution, whose
mean concentrates around the true parameter v;. We can use this observation to conclude that any sampled
parameter will be greater than the true parameter with constant probability, i.e. ,uf” ) (¢) > v;. However, to
show that an epoch is optimistic, we need to show that sampled parameters for all the items in S* are larger
than the true parameters. This is where the correlated sampling feature of our algorithm plays a key role. We
use the dependence structure between samples for different items in the optimal set, and variance boosting
(by a factor of K) to prove an upper bound of roughly 1/K on the number of consecutive epochs between
two optimistic epochs. More specifically, we have the following result.

Lemma 8 (Spacing of optimistic epochs) Let £A"(7) denotes the set of consecutive epochs between an
optimistic epoch T and the subsequent optimistic epoch T'. For any p € [1,2], we have,

El/P H(c/'An(T)’ ] %_‘_301/‘0
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Proof. Note that for any non-negative discrete random variable, X, we have £(X) =) P(X > x).
Hence, we will first establish a lower bound on the probability PP { !5 An(T) ‘p > q} and use the preceding fact
to obtain a bound on the moments of the number of non-optimistic epochs.

For the sake of brevity, let » = |¢'/?| and z = /log (r K + 1). Hence, we have,

P{|e"(n)]" 2 q} =P{|E(T)| 27}

By definition, [EA"(7) < 7] implies that one of the epochs 7+ 1, -+ , 7+ is optimistic. More specifically

we have,
P{|lEM(r)|>r}=1-P ({ {pi(€) > v, foralli € S*} for some ¢ € (T,T—f—r]}) ,
<1-P ({ {p:(0) > 0;(€) + z6,(¢) > v; for alli € S*} for some ¢ € (7,7 + r]}) .

For the sake of brevity, let A, denote the event that the sampled parameter for every item in the optimal set
is larger than z standard deviations away from the mean of the posterior distribution. Furthermore, let B,

denote the event that the true parameter of every item in the optimal set is smaller than mean of the posterior
distribution plus z times the standard deviation of the posterior distribution. More specifically we have,

Ay ={pi(€) > 0;(0) + z6:(¢) foralli e S*},
B, ={0;(£) + z6,(¢) > v; forallie S*}.

Therefore we have,

P{|E(7)] ET}S}P’< Tﬁ A;uBg),

l=7+1

T+ T+r
<P < N Az) + > B(B)), (8)
l=741 l=7+1
T+T
(=7+1 1€S*

where the last two inequalities follow from the union bound. Note that from the concentration property of
the posterior distribution (see Lemma 6), the probability of every event in the above inequality is small. In
particular, substituting m = 3.1 and p = r K in Lemma 6 and using the fact that r K’ < T'K we obtain,

1
= (rK)3U
We will now use the tail bounds for Gaussian random variables to bound the probability P(Af). For any
Gaussian random variable, Z with mean p and standard deviation o, we have,

1 T 2
Pr(Z > > — —=°/2,
r( w4+ xo) > 27r582+16
Note that by design of Algorithm 2, p;(¢) = 0;(¢) + 6;(¢) max 0@ (¢), where 01 (¢) are i.i.d standard
=
normal random variables. Therefore, we have

T+r
IP’( N Ag) :P(e)(j)(e) <z forallf € (7,7 +7] and forall j =1, - K)

l=T14+1
(2) ) ( 1 iogrK 1 )}TK
VorlogrK+1 rK ’
(b) rt/2 2/logrK
gexp - )
VordlogrK +1
12

(10)

(¢) 1
S W forany?“ Z f’
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where inequality (a) follows from the tail bounds, inequality (b) follows from the fact that 1 — x < e~ for
all z > 0 and inequality (c) follows from the fact that exp (—\/ x /27 log :z:) <1/x*? for any x > e'?
Hence from (8), (9), and (10) we have ,
1 1 et?

P{|EM(r)| >} < ) + ) forany r > —.

The result follows from the above inequality, definition of 7 and the fact that >_° | L is constant for any
y > 1. This completes the proof. L.

4.2. Putting it all together: Proof of Theorem 1 In this section, we will utilize the above properties
and follow the outline discussed in Section 4.1 to complete the proof of Theorem 1. For the sake of brevity
we will use the following notation for the rest of this section.

e For any offer set S, V(S) :=3> ", qv;

e Forany /,7 < L, define AR, and AR, , in the following manner

ARy = (1+V(S0)) [R(Se u(£)) = R(Se, V)]
ARy = (14+V(S,)) [R(Se,pu(£)) — R(Se, pu(T))]

e Let A, denote the complete set 2 and for all £ =1,..., L, define events A, as

. 24v;log (¢ +1) 48log (¢ +1) .
) > f —1.--- N
Ay {\vz(ﬁ) v > e (0) + (0 orsomei=1,--,

We bound the regret by bounding both the terms in (7). We first focus on bounding the second term,
Reg, (T, v) and then extend the analysis to bound, Reg, (7', v).

Bounding Reg, (T, v): Note that conditioned on S, the length of the ¢/ epoch, |E*'| is a geometric random
variable with probability of success po(S¢) =1/(1 4 V(S,)). Therefore using conditional expectations, we
can reformulate Reg, (T, v) as,

Reg, (T, V) {ZARK} an

Noting that A, is a “low probability” event, we analyze the regret in two scenarios: one on A, and another
on A$. More specifically, for any ¢

E(AR,) =E [AR;-1(A; 1) + AR, - 1(A7_))],

K+1
<—p5 TE [AR, - 1(A5_))],

where the last inequality follows from Lemma 6 and the fact that both R(S,, u(¢)) and R(S,,v) are bounded
by 1 and V(S;) < K. Therefore from Lemma 4 it follows that,

(12)

[ARZR A1) S [Z‘Mz _Ui"]l(Az—l)]-

- 24v;log ((+1) 48log (¢ +1) (13
v; log (€4 og (£ +
< E i — U E 9
LZS () =l i ni(£) " ni(¢)
1€y

where the last inequality follows from the definition of event .4, and triangle inequality.
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Using Lemma 5 we show that the first term in above inequality, which is difference between the sampled
parameter and the mean of the posterior distribution is bounded (see Corollary 6). Therefore, from (11),
(12), (13), Corollary A.1 and Lemma 6, we have,

Regy(T,v) < 1 <Z Z W) +OE (Z 3 l‘ff;f{ ) , (14)

£=14€S, ¢ £=14€S,

where C; and C, are absolute constants. If 7; denote the total number of epochs product ¢ is offered, then
we have,

(a) i
Regs(T,v) < CoNlog’ TK + C,E <Z VT, logTK) ,

i=1

15)

(b)
< CoNlog?TK +Cy Y +/v;1log (TK)E(T:).

i=1

T;
Inequality (a) follows from the observation that L <7, T; < T, Z
n;(£)=1

m< T, and Z

n;(£)=1 Z

log T3, while Inequality (b) follows from Jensen’s inequality.

Since that expected epoch length conditioned on the event S = S, is 1 + V' (S,), we have, > v, E(T;) <
T. To obtain the worst case upper bound, we maximize the bound in Equation (15) subject to the above
condition. Therefore, we have

Regs(T,v) < Ci/NTlog TK + C,N log? TK). (16)

We now focus on the first term in (7), Reg, (T, v).

Bounding Reg, (T, v): Let 7 denote the set of optimistic epochs. Recall that £4"(¢) is the set of non-
optimistic epochs between ¢! epoch and the subsequent optimistic epoch. Therefore, we can reformulate
Reg, (T, v) as,

Regy (T.v) =E[Y 1€ T)- . | |(R(S".v) — R(S,. (7))

TEEAN (L)

Note that for any ¢, by design S, is the optimal set for the sampled parameters, i.e., R(Sy,p(¢)) >
R(S*,u(¥)). From the restricted monotonicity property, for any ¢ € T, we have R(S*,u(¢)) > R(S*,v).
Therefore, it follows that,

M=

Reg,(T.V) S E Y 1(L€T) Y |E|(R(Seu(t) = R(Sr,u(1))) |,

1 TEEA"(Z)

~
Il

(a) L

SE|D 1eT) Y |ENR(S,pl) = R(Sepm(1)))] (17)
| =1 TEEAN (L)
L

(<j)]E Z ARKT

Z 1 TGSA”(K
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where inequality (a) follows from the fact S, is the optimal assortment for the sampled parameters p(7)
and inequality (b) follows from the observation that the expected length of the 7" epoch conditioned on
event S =S, is 1+ V(S;). Following the approach of bounding Reg,(T,v), we analyze the first term,
Reg, (T, v) in two scenarios, one on .4, and one on A$. More specifically,

E Z ARZ,T =E z ARE,TH(AE71)+AR£,T]‘( 5—1) )

TEEA (L) TEEA(£)
a

S (K +1E [I5A"(€)!1(Ae_1)]+ARer]l(A2 )k
< (K + DENE™(0)[1(Ar)] + E[L(AL_,) ) D D ) =),

TEEAN(£) IESy

—~
N

(18)

INS

—~

c

< (K + DE[EM O A-]FE [1045) 3 3 |wl0) — vl + )~ wil |

TesAn(e) i€S,

where, inequality (a) follows from the fact that R(.S,, u(¢)) and R(S,, (7)) are bounded by 1 and V' (.S, ) <
K; inequality (b) follows from Lemma 4; and inequality (c) follows from the triangle inequality.

~

Following the approach of Bounding Reg, (T, v), specifically along the lines of (13) and Corollary A.1,
we can show that

vilogTK logTK
Since 7 > ¢ we have n;(¢) < n;(7). Therefore, from (17), (18) and Lemma 6 we obtain the following

inequality.
[v;log T K logTK
LeT i€S, v ¢

for some absolute constants C; and Cs. If |£A"(.)] is constant, then bounding the above inequality is similar
to bounding Reg, (T, v) (see (14)). In the remainder of this section, we will show how to utilize Lemma 8
to bound Reg, (T, v). From Cauchy-Schwarz inequality, we have

ZZ |5An |Cl 'UziLOg(ZK <CIZZE1/2 ‘gAn j| _]El/z |:'U110gTK:| ’

L(AG_ ) |pa(l) — v < Cy

Reg, (7,v) <E

; 19)

(ET €S, ¢ iesS, ni(f)
logTK log’ TK
An 1/2 An 1/2
B SN0 E < T v B AT
LeT i€Sy £ €Sy

Therefore from Lemma 8 for some absolute constant C, we have,
c v;logTK log’ TK
R T < = El/2 |22 0 EY/2 |22~
sy (ZZ g ) e )

£ €Sy L €Sy g
vllogTK ]()g TK
ZZ 22 i

L €Sy 7’

(20)
C

<— TKE
K

TKE

where the last inequality follows Cauchy-Schwarz inequality. Since v; < 1 for all ¢, we have,

N T;

v;logTK logTK
E E 2o L E E < NlogTK -logT

» ni(f) T4 ni(f) o8 o
£ €Sy i=1 n;(£)=1
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N T; 2
log’ TK log"TK 9
o8 ~ 8 _ 08 "B CUNI0g?TK,
2.2 7w~ 2 T <AVl
L ieSy i=1 n;(£)=1

Therefore by substituting preceeding two inequalities in (20), we obtain that

INT
R T v)<Cy —
egl( 7V)_ K )

for some constant C'. The result follows from this inequality and (16).

S. Empirical study In this section, we test the various design components of our Thompson Sampling
approach through numerical simulations. The aim is to isolate and understand the effect of individual fea-
tures of our algorithm like Beta posteriors vs. Gaussian approximation, independent sampling vs. correlated
sampling, and single sample vs. multiple samples, on the practical performance.

We simulate an instance of the MNL-Bandit problem with N = 1000, K = 10 and 7' = 2 x 10°, when
the MNL parameters {v;};—;_ n are generated randomly from Unif[0, 1]. And, we compute the average
regret based on 50 independent simulations over the randomly generated instance. In Figure 1, we report
performance of following different variants of TS:

i) Algorithm 1: Thompson Sampling with independent Beta priors, as described in Algorithm 1.

1) TSy Gauss: Algorithm 1 with Gaussian posterior approximation and independent sampling. More specif-
ically, for each epoch £ and for each item ¢, we sample a Gaussian random variable independently with
the mean and variance equal to the mean and variance of the Beta prior in Algorithm 1 (see Lemma 6).

191) TSgauss corr: Algorithm 1 with Gaussian posterior approximation and correlated sampling. In particular,
for every epoch ¢, we sample a standard normal random variable. Then for each item 4, we obtain a
corresponding sample by multiplying and adding the preceding sample with the standard deviation and
mean of the Beta prior in Algorithm 1 (see Step (a) in Algorithm 2). We use the values o = 3 =1 for
this variant of Thompson Sampling.

iv) Algorithm 2: Algorithm 1 with Gaussian posterior approximation with correlated sampling and boosting
by using multiple (K) samples. This is essentially the version with all the features of Algorithm 2. We
use the values o = 3 =1 for this variant of Thompson Sampling.

For comparison, we also present the performance of UCB approach presented in [2]. The performance of all
the variants of TS is observed to be better than the UCB approach in our experiments, which is consistent
with the other empirical evidence in the literature.

Figure 1 shows the performance of the TS variants. Among the TS variants, the performance of
Algorithm 1, i.e., Thompson Sampling with independent Beta priors is similar to TS)p gaus, the version
with independent Gaussian (approximate) posteriors; indicating that the effect of posterior approximation
is minor. The performance of TScg,uss cors Where we generate correlated samples from the Gaussian distri-
butions, is significantly better than the other variants of the algorithm. This is consistent with our remark
earlier that to adapt the Thompson sampling approach of the classical MAB problem to our setting, ideally,
we would like to maintain a joint prior over the parameters {v;};—1,n and update it to a joint poste-
rior using the Bandit feedback. However, since this can be quite challenging, and intractable in general,
we use independent priors over the parameters. The superior performance of TSg,usscor demonstrates the
potential benefits of considering a joint (correlated) prior/posterior in settings with a combinatorial struc-
ture. Finally, we observe that the performance of Algorithm 2, where an additional *“variance boosting” is
provided through K independent samples, is worse than TSc,uss cor- NoOte that while “variance boosting”
facilitates theoretical analysis, it also results in a longer exploration period explaining the observed degra-
dation of performance in comparison to the TS variant without “variance boosting.” However, Algorithm 2
performance significantly better than the independent Beta posterior version Algorithm 1. Therefore, signif-
icant improvements in performance due to the correlated sampling feature of Algorithm 2 compensate for
the slight deterioration caused by boosting.
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FIGURE 1. Regret growth with 1" for various heuristics on a randomly generated MNL-Bandit instance with N = 1000, K = 10.

6. Conclusion. In this paper, we consider a combinatorial variant of the traditional multi-armed Bandit
problem, MNL-Bandit, and present a TS-based policy for this problem. Focusing on designing a compu-
tationally efficient algorithm that facilitates theoretical analysis, we highlight several challenges involved
in adaptive TS-based approaches for the MNL-Bandit problem and discuss algorithm design choices to
address them. To the best of our knowledge, the idea of correlated sampling for combinatorial arms is novel
and potentially useful for further combinatorial dynamic learning.

Appendix A: Unbiased Estimate v, , and Conjugate priors Lemma 1 establishes that the estimate
obtained from epoch based offerings, ¥, , in Algorithm 1 is an unbiased estimate and is distributed geomet-
rically with probability of success ﬁ This result is adapted from Agrawal et al. [2] and we provide the
proof for completeness.

Proof of Lemma 1: We prove the result by computing the moment generating function, from which
we can establish that 9; , is a geometric random variable with parameter ﬁ More specifically, we show
that the moment generating function of estimate conditioned on Sy, 0;, is given by,

1 1 i
, for all Gglogﬂ, forall i=1,---, N,

00; ¢ - -
E (6 Sg) 1—v;(e? —1) v;

thereby also establishing that ¥, , are unbiased estimators of v;.
We focus on proving the above result. From (1), we have that the probability of the no purchase event
when assortment .S, is offered is given by

1
1 + ZjES[ 'Uj '
Let n, be the total number of offerings in epoch ¢ before a no purchased occurred, i.e., n, = |€| — 1.

Therefore, n, is a geometric random variable with probability of success po(S;). And, given any fixed value
of ny, U; ¢ is a binomial random variable with n, trials and probability of success given by

qi(SZ) =

po(Sz) =

V;
ZjGSg Uj
In the calculations below, for brevity we use p, and ¢; respectively to denote p,(.S,) and ¢;(.S¢). Hence, we

have
B (¢"0) = By, {E (" ng)}.
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Since the moment generating function for a binomial random variable with parameters n,p is
(pe? +1—1p)", we have

B (77 ) = En, { (e +1-0)"}.
For any «, such that, a(1 — p) < 1 n is a geometric random variable with parameter p, we have

__pr
1—a(l-p)

Note that for all § < log =%, we have (g;e’ + (1 —¢;)) (1 —po) = (1 — po) + povi (e’ — 1) < 1. Therefore,
we have

E(a")=

1_%(169_1) for all § < log ! —;v
This concludes the proof. g
Building on this result. We will prove Lemma 2 that helped construct Algorithm 1. Recall in Lemma 2,
we show that the distribution of ; , has a conjugate prior.
Proof of Lemma 2: The proof of the lemma follows from the following result on the probability density
function of the random variable X, 5. Specifically, we have for any > 0

1 1\ oz
o= 50 (752) (551) ey

where B(a,b) = F(a)F b) and T'(a) is the gamma function. Since we assume that the parameter v;’s prior
distribution is same as that of X, 3, we have from (21) and Lemma 1,

1 a+2 Vs B+m—1
P(UZ‘UL[:m)OC(l‘i"Ul) <"U1+1> '
0

Given the pdf of the posterior in (21), it is possible to compute the mean and variance of the posterior
distribution. We show that they have simple closed form expressions. Now we will prove Lemma 3, which
provides the moments of the aforementioned posterior distribution.

Proof of Lemma 3 We prove the result by relating the mean of the posterior to the mean of the Beta
distribution. Let X = L+ — 1. From (21), we have

E<X>=M/fw(1ix)m ()

Substituting y = ﬁ we have

x

E (%) =

5 1 ! Bla—1,8+1) 6
E(X)= /ya_Ql—yﬁdx: d = )
( ) B(Oé,ﬁ) 0 ( ) B(Oé,ﬁ) a—1
Similarly, we can derive the expression for the Var(X' ). This concludes the proof. O

A.1. Some concentration bounds In this section, we prove bounds on how fast our estimate ©; con-
verges to the true mean The concentration bounds we prove in the section are similar to Chernoff bounds,
but for the fact that n;(¢) is a random variable. Hence, we use a self-normalized martingale technique to
derive concentration bounds. We will then utilize the large deviation properties of Gaussian distribution to
show that the posterior distributions concentrate around their means.
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Lemma9 Let §;, i =1,--- , N be arbitrary random variables. If v; < 1, foralli=1,--- | N, then we have,
foralli=1,--- /N,
1.

P (0,(£) > (1+6,)v;) < (E [exp (—2(1 ifﬂf? W)] ) ,

and

P (4;(6) < (1—6;)v;) <E? [exp (— é’(fzfv(l;l (3 - fii}))] .

Proof. Fix i € {1,ldots,n}. We have

X 1 . o
vi(ﬁ):niw);vwl(ze&).

Therefore, bounding P (v;(¢) > (14 9;)v;) and P (0;(¢) <(1—9;)v;) is equivalent to bounding
P (zﬁzl .16 €S,) > (1+ 5)vm,;(€)) and PP (zle .13 €S,) < (1- 5)v,;n7;(€)>. We will bound
the first term and then follow a similar approach for bounding the second term to complete the proof.

Bounding P (9,(¢) > (14 d;)v;): From Markov Inequality, we have for any A > 0,

P (Z 0;,1(ieS;)>(1+ (5,;)vmi(€)> =P {exp </\Z177;7T]l(i € S’T)) > exp (A(1+ 5i)v,n7(€))} ,

T=1

T=1

<E

exp (AZ@,J(@' €S)— A1+ 51-)111-711-(5))] .

T=1
For notational brevity, denote by f(\,v;) the function,

log (1 —vi(e** — 1))

f<)‘7vi) = 2
We have,
E |exp (AZ@,J(@' €S.)— A1+ 5i)vmi(€)>]
=E [exp (Z(Afh‘,f —f(A\v)) - 1(i € ST)> - €Xp ( — A1+ 0;)vs(1 f()\,vi))”i(g))] ) (23)
< (E [exp (Z(zm,T —2f(\v,)- weST)) E [exp (—2A<1+6i>vi<1—fu,vz-))ni(w)]) ,

where the above follows from Cauchy-Schwartz inequality. Let F, be the filtration corresponding to the
history until epoch 7. Note that for any 7, 1(i € S;) is measurable on F, and {7, .|F,} is a geometric
random variable. From the proof of Lemma 1, for all 7 > 1 and for any 0 < A < % log 1o , we have,

Vg

_ | 1 1(:€S7)
B ) = ()
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Therefore, it follows that
E (6(2/\6i,7—2f(k7v¢))'Jl(iGST) ’]:T) <1, (24)

and

¢
E |exp <Z(2)‘6” —2f(\v))l(i e ST)> =E[E{exp ((2\0;, — 2f(\,v;))1(i € S;))| Fr}]
= -1
=E |[[exp (A0 — 2 (A, v:))1(i € S,)) E (ePA7e =2/ e 1Gese)| 7,)
1
<E|[[exp((2\i- —2f (A, v))L(i € S,)) |,
T=1
where the inequality follows from (24). Similarly by conditioning with F,_4,--- , F;, we obtain,

E

exp (i(mw —2f(\ ) 1(ie sg)] <1.

T=1

From (22) and (23), we have

NI

P (i 5,16 €S) > (1+ 5i)vmi(£)> < (E [exp ( —ON(L+6,)us(1— f()\,vi))ni(f))b

T=1
Therefore, we have

1
2

P (i: 0, 1(i€S;)> (1 —I—(SZ-)Uml-(E)) < (]E [minexp (— 2A(1 4 0;)v; (1 — f()\,vl))nl(f)ﬂ) , (25)

AEQ

where Q= {\ |0 < A < L1log +T%} is the range of A for which the moment generating function in (24) is
well definred. Taking logarithm of the objective in (25), we have,

argmin {e_”(l“i)”i(l_f“’”i))‘"i(‘]) = argmin — 2(1 4 ;) A\n;(€)v; — n;(¢)log (1 — v;(e** — 1)) } . (26)
xeQ XeQ

Noting that the right hand side in the above equation is a convex function in A, we obtain the optimal A by
solving for the first order conditions. Specifically, at optimal ¢, we have

o2 — (1+6:)(1+v;)

Substituting the above expression in (25), we obtain the following bound.

5 n; (£)v; (14+9;) 5:; n;(£)
<1‘<1+6i><1+w>> <”1+vi> @

For notational brevity, we will use n to denote the random variable n,(¢) and focus on bounding the right
hand term in the above equation. From Taylor series of log (1 — x), we have that

Nl

P (8:(£) > (1+6;)v;) <E

nvi(l + (51) log <]. — 5Z ) < nélvl ndb Y

(T+6)(A+wv)) = T+v 2(1+6)(1+w)?
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and similarly for log (1 4 ), we have

S.s 5.v;
nlog <1+ Y )< 11940

1+'U1' _(1+’UZ)

Note that if ; > 1, we can use the fact that log (1 + 0;z) < §;log (1 + z) to arrive at the preceding result.
Substituting the preceding two equations in (27), we have

nov;
P (3,(¢) > (14 6,)v;) <E? - i : 28
(0:(6) > (1+0)ui) < {exp< 2(1+5i)(1+vi)2>] 29
Bounding P (9;(¢) < (1 —d;)v;): Now to bound the other one sided inequality, we use the fact that for
any A >0,
1 ]l(iEST)
E */\ﬁi,‘r]l(iEST) fT — _— .
(e 7) 1—vi(e *—1)

and follow a similar approach. More specifically, from Markov inequality, for any A >0 and 0 < §; < 1, we
have

P (Z 0;,1(ieS;)<(1— 5i)vini(€)) =P {exp (—/\Zﬁm]l(i € ST)> >exp(—A(1— (51)Uml(€))} ,

=PJexp | —AD G, 1(i€8,)+A1—d)vmi(l) | >1p, (29)

=1

exp <—)\Zf1m]l(i €S,)+A1- (51)v1n2(€)>] :

T=1

<E

For notational brevity, denote f(\,v;) by the function,

_log (1—v;(e ™ — 1))

f(/\7vi) = 9

‘We have,

E [exp (—)\éﬁwﬂ(i €S)+A1- 51)%7%(5))]

T=1

—E [exp (Z(—A@i,T — Fvu)lie ST)> exp (A1 = 8Jui(1+ F(A, vi))ni(ﬂ))] , (30)

T=1

< <E [exp (Z(—Qmﬁ —2f(\,v))1(i e ST)>

T=1

2

E [exp (20(1 - 8)ui(1 —|—f()\,v¢))m(€)>}> :

where the above inequality follows from Cauchy-Schwartz inequality. Let . be the filtration corresponding
to the history until epoch 7. Note that for any 7, 1(7 € S,) conditioned on F’, is a constant and {0, ,|F,} is
a geometric random variable. Therefore, for all 7 > 1 and for any A > 0, we have,

1 1(z€Sr)
7r)= (1—%(6”—1)) '

E (e(qmﬁ72f(A,vi))1(i€Sr) ’]—"T) <1, @D

E (672)\1")1-77.]1(1'687—)

Therefore, it follows that
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and
¢ ¢
E [exp (Z(—miﬁ —2f(\v))1(ie sg) —E |E {exp <Z(—2A@,,T —2f(\v)l(ie ST)> HH :
=1 =1
-1
=FE H exp ((—2A0; » —2f(\,v;))1(i € S;))E (6(72“5“’72f(’\’“i))1(iesf) ‘.7-"@) ,
=
=E [H exp ((—2A0; » —2f (N, v;))1(i € ST))] ,
T=1
where the inequality follows from (31). Similarly by conditioning with F,_4,--- , F;, we obtain,

E <1.

exp <Z(—2)\5i,r —2f(A\w))l(i € Sr))

T=1

From (29) and (30), we have

[V

P <zz: 5, 1(€S,)<(1— 5i)vmi(€)> < (IE [exp (2>\(1 et f(A,vi))ni(f))D

T=1
Therefore, we have

1
2

lwmww<u—@ﬂﬁﬁ(EPQE“P@A“‘@ﬁ“1+ﬂ*“”m“»]>

Following similar approach as in optimizing the previous bound (see (25)) to establish the following result.
For notational brevity, we will use n to denote the random variable n;(¢).

- 51 nv; (1-46;) - (iﬂ}i n
(1—06:)(1+v:) L+v; ) |

Now we will use Taylor series for log (1 + x) and log (1 — x) in a similar manner as described for the other
bound to obtain the required result. In particular, since 1 — §; < 1, we have for any z > 0 it follows that
(14 1%-)07%) < (14 x) . Therefore, we have

P (4;(0) < (1—6,)v;) < <E Kl—i— lf’v)w (1 - 1‘2’“)”})? (32)

Note that since v, » > 0 for all ¢, 7, we have a zero probability event if J; > 1. Therefore, without loss of
generality, we assume §; < 1 and from Taylor series for log (1 — ), we have

(si’l)i n(sﬂ)i
<- ’
14+v,) = 14w

[

P (6,(¢) < (1—6,)v;) <E

nlog <1 —

and from Taylor series for log (1 + ), we have

nlo 1+ 5ivi < n5i _ n512vl 3_ 251"1)1'
& 1+7)i - (].—F"Ul) 6(1+’UZ)2 1+Ui '

Therefore, substituting the preceding equations in (32), we have,
ndv; 20, 11
P, <(1—9;)v) < — 2 3— . 33
(0, (1= 8o sexp (- 200 (3- 250 )) @3)
The result follows from (28) and (33). ]
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Proof of Lemma 6. Let §; = %ﬁf(ﬁl). We analyze the cases §; < ; and §; > ; separately.

Case 1: §; < 1 : For any v; <1 and §; < 1/2, we have,

vi(S?ni (E) 3_ 251'1}7,' > ’UZ‘(SETL,L‘ (E)
6(1 +v;)? I4wv; ) = 6(1+v;)

Therefore, substituting 0; =  / %ﬁ%(”” in Lemma 9, we have,

>mlog (p+1),

and

>mlog(p+1).

P (26:(0) > v) > 1— —,
N 4v;(v; +2)mlog(p+1) 2 (34)
]P){|Ui(£)vi|<\/ ~0i >z1pm.

From the above three results, we have,

IP’{|@-(€)—U-| < \/16@“) @i“)“)log(f’*”) >p{|@-<e>—v-| < %4“1'(””2”%(”“)) >1- 2 35
() =, D 2P [0:6) — v n:(0) =T

By assumption, v; < 1. Therefore, we have v;(v; + 2) < 3v; and,

. 12v;log (p+1) 3
(0 — v bt Rt =B N [ I
P{\vl(ﬁ) RS e(0) 1

4(v;+2)mlog (p+1)
vin; (€)

5 _ 8(vi+2)mlog (p+1)
L vmi(ﬂ)

Case 2: §; > 1 : Now consider the scenario, when > 1. Then, we have,

1
> Y
—2
which implies for any v; <1,

nw;02 S nv;0;
_21460)(L+wv)? T 12(L 4wy
n(SfUZ B 26{(11 > nviéi

6(1+v;)? 1+v, ) ~12(1+v;)

Therefore, substituting the value of 9; in Lemma 9, we have

24m 1 1 2
P{Wi(f) ] > mOg(er)) <=
n pm

This completes the proof. g

Proof of Lemma 5: Note that we have p;(¢) = 0;(¢) +5;(¢) - max {6Y)(¢)}. Therefore, from union
J=1,

bound, we have,

P { 11 (6) — 6:(0)| > 46:(0)/log r K

@i(g)} =P (LKJ {9-7'(@ > 4@})

Jj=1

IN

ip (ej(f) >4W)

Jj=1
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The result follows from the above inequality and the following anti-concentration bound for the normal
random variable 6 (¢) (see formula 7.1.13 in Abramowitz and Stegun [1]).

1
Lo TE 2 <]P)(|0(J)( )| >2) < 3¢ -2%/2.

1
/r

Corollary A.1 For any item i and any epoch £, we have

E (|p:(€) — 0:(€)[) <46:(¢)\/1og TK.

Proof. In Lemma 5, we show that forany » >0and¢=1,--- , N, we have,
R . 1
]P’(\,ui(ﬁ)—vi(ﬁﬂ>4ai(£)\/log7'K) ek

where 6,(¢) =/ JO”I;UIH) + By logT . Since S, C {1,---, N}, we have for any i € S, and r > 0, we have

]P’<|ui(€) 0;(0)| > 4a:(£ \/longforanyzESg) <P<U|M1 )|>4az(f)\/long> ,

(36)
N
< —0.
= 4K
Since |p;(¢) — 0;(¢)| is a non-negative random variable, we have
Bl ()~ 8,(0) = [ P{l() - 0x(0)] = o} d,
46:(0)VIog TR -
-/ P{lu(6) ~ 5,(0)] 2 a}do+ [ B {[u(6) ()| 2 x} .
0 46:(0)/Tog TR
0 46;(£)4/log (r+1)K
<46;(0)\/logTK + Z/ P{Y >z} dx, (37)
46;(0)VIogTR
N/log (rK +1)— NylogrK
<4crZ \/10gTK+z Yo

<46,(0)\/logTK for any T>N,

where the inequality (a) follows from (36).
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