Transmission Lines

The problem of plane waves propagating in air represents an example
of unguided wave propagation. Transmission lines and waveguides offer
an alternative way of transmitting signals in the form of guided wave
propagation. Transmission lines are typically electrically large (several
wavelengths) such that we cannot accurately describe the voltages and
currents along the transmission line using a simple lumped-element
equivalent circuit. We must use a distributed-element equivalent circuit
which describes each short segment of the transmission line by a lumped-
element equivalent circuit.

Consider a simple uniform two-wire transmission line with its
conductors parallel to the z-axis as shown below.

Uniform transmission line - conductors and insulating medium
maintain the same cross-sectional geometry along the entire
transmission line.

z z+HAz z

The equivalent circuit of a short segment 4z of the two-wire transmission
line may be represented by simple lumped-element equivalent circuit.



RAz LAz i(z+Az,t)

v(z,t) V(z+Az,t)

< Az >

Equivalent circuit for a segment of two-wire transmission line.

R = series resistance per unit length (€2/m) of the transmission line
conductors.

L = series inductance per unit length (H/m) of the transmission line
conductors (internal plus external inductance).

G = shunt conductance per unit length (S/m) of the media between
the transmission line conductors.

C = shunt capacitance per unit length (F/m) of the transmission line
conductors.

We may relate the values of voltage and current at z and z+Az by
writing KVL and KCL equations for the equivalent circuit.

KVL

9i(z,1)

v(z,t) -RAzi(z,t) - LAz =v(z+Az,t)

i(z,t) - GAzv(z +Az,t) - CAz av(z(;AZ’t) - i(z+Az, 1)




Grouping the voltage and current terms and dividing by Az gives
0i(z,t) _ v(z+Azt) -v(z1)
ot Az

ov(z+Azt) _i(z+Az1) -i(z1?)
dt Az

-Ri(z,t) - L

-Gv(z+Azt)-C

Taking the limit as Az - 0, the terms on the right hand side of the equations
above become partial derivatives with respect to z which gives

0v(z,?) = -Ri(z,t) - L di(z,t) Time-domain
0z ot transmission line
. equations
@ =-Gv(z,t) - C% (coupled PDE’s)
Z

For time-harmonic signals, the instantaneous voltage and current may be
defined in terms of phasors such that

v(z,t) = Re{V(z)ejmt}
i(z,t) = Re{[(z)ej"”}

The derivatives of the voltage and current with respect to time yield jo
times the respective phasor which gives

dV(z) _ ~[R +joL]1(z) Frequency-domain
dz (phasor) transmission
line equations
% = -[G +joC] V(2) (coupled DE’s)
z

Note the similarity in the functional form of the time- and frequency-
domain transmission line equations to the respective source-free Maxwell’s
equations (curl equations). Even though these equations were derived
without any consideration of the electromagnetic fields associated with the
transmission line, remember that circuit theory is based on Maxwell’s
equations.



Given the similarity of the phasor transmission line equations to
Maxwell’s equations, we find that the voltage and current on a transmission
line satisfy wave equations. These voltage and current wave equations are
derived using the same techniques as the electric and magnetic field wave
equations. Beginning with the phasor transmission line equations, we take
derivatives of both sides with respect to z.

w = —[R +j(DL] M
dz? dz
d*1(z) - _[G +joC] dV(z)
dz? dz

We then insert the first derivatives of the voltage and current found in the
original phasor transmission line equations.

% - [R +j0L][G +joC] V(z)=1 V(2)
M =[G+joC][R+joL]I(z) :Yzl(z)
dz?

The voltage and current wave equations may be written as

2

4T _pyzy=0
dz?
2

41z 2y =0
dz?

where y is the complex propagation constant of the wave on the
transmission line given by

Y=a+jB=y(R+joL)(G+joC)



Just as with unguided waves, the real part of the propagation constant (o)
is the attenuation constant while the imaginary part (B) is the phase
constant. The general equations for a and 3 in terms of the per-unit-length
transmission line parameters are

a- % JRG ~0?LC + [(R? + @*L?)(G? + 0?C?)] "
2

B= 1 V-RG - @*LC + [(R? + ®*L?)(G? + 0*C?)]"

V2

The general solutions to the voltage and current wave equations are

V(z)=V,e T +V e

I(z)=1 e +I e"

A~~~ ~ A~~~

+z-directed waves -z-directed waves

The current equation may be written in terms of the voltage coefficients
through the original phasor transmission line equations.

dV(z)
dz

=-[R+joL]I(z)
YV e +yV e =-[R+joL]l(z)

I(2)=— Y [V e -V e¥]=L [V e -V er]
R+joL Z

The complex constant Z, is defined as the transmission line characteristic
impedance and is given by

R+joL _ R +joL | R+joL

Z = -
Y JR+joL)(G+joC) \OrjoC

(o)




The transmission line equations written in terms of voltage coefficients
only are

V(z)=V, e +V e

[P
[(z2)=— [V e -V, e
()Z[" ,e"]

o

The complex voltage coefficients may be written in terms of magnitude and
phase as

vy =1V, e
v, =1V, |e®
The instantaneous voltage becomes
v(z,t) = Re{V(z) e/ }
= Re {[ V0+e -z 4 Vo‘evz] ej(ot}
=Re{[ |V |e/® e e P+ |V | ej"’_eazejﬁz]ej“”}
= |V |e *“cos(wt-Bz+¢")
+ |V, |e* cos(wt+Bz+¢")
The wavelength and phase velocity of the waves on the transmission line

may be found using the points of constant phase as was done for plane
waves.



Lossless Transmission Line

If the transmission line loss 1s neglected (R = G = 0), the equivalent
circuit reduces to

i(z,t) LAz i(z+Az,t)
+ +
V(z,t) C4z V(z+Az,t)
< Az >

Equivalent circuit for a segment of lossless
two-wire transmission line.

Note that for a true lossless transmission line, the insulating medium
between the conductors is characterized by a zero conductivity (o =0), and
real-valued permittivity € and permeability p (¢” = p”= 0). The
propagation constant on the lossless transmission line is

y=a+jB=joLC
a=0 B=wyLC

Given the purely imaginary propagation constant, the transmission line
equations for the lossless line are

V(z)=V, e P+ elP?

1(z) = Zi [V ed -V eib]

o



The characteristic impedance of the lossless transmission line is purely real
and given by

Z,- |2
C

The phase velocity and wavelength on the lossless line are

Vv :2:#
"B JLC
2n 1 v

Example (Lossless coaxial transmission line)

The dominant mode on a coaxial transmission line is the TEM
(transverse electromagnetic) mode defined by £, = H_ = 0. Due to the
symmetry of the coaxial transmission line, the
transverse fields are independent of ¢. Thus,
we may write

E=E (p,z)a,
H :H(p(p,z) a,

Between the conductors, the fields must
satisfy the source-free Maxwell’s equations:

9E (p,z)
VXE=-jopH - —F—— = JjopH (p,z)
Oz ¢
oH (p,z
VxH=joecE = ﬂ= —joasEp(p,z)

oz



The field components £, and H, are related to the transmission line voltage
and current by

If we integrate the Faraday’s law equation along the path C, and integrate
the Ampere’s law equation along the path C,,

oV _ 9K . .
Y o[22 do=-iew[B dp=-joLl
” faz p=—j f oAp =

Cl Cl
oI oH
— = —do=-jo | D dop=-oCV
ol o =-7 ! do =~

which are the lossless transmission line equations.

Terminated Lossless Transmission Line

|

—
z=0 z

If we choose our reference point (z = 0) at the load termination, then
the lossless transmission line equations evaluated at z = 0 give the load
voltage and current.

V(z)=V, e P+ elb V,=V(0)=V, +V,

I(z) = Zi [V edP - 7 elb] I, =1(0) = Zi[Vo* ¥

o 4



The ratio of voltage to current at z = 0 must equal the load impedance.

+

4

o

+ VO_

L o . _ _

VO - VO
Solving this equation for the voltage coefficient of the -z traveling wave
gives

+ +

- Z,-Z,
V,=—=V, =1V,
ZL+ZO

where I is the reflection coefficient which defines the ratio of the reflected
wave to the incident wave.

r-f%
ZL + Zo
Note that the reflection coefficient is in general complex with 0 < |T'|< 1.
If the reflection coefficient is zero (Z, = Z)), there is no reflected wave and
the load is said to be matched to the transmission line. If Z, # Z,, the
magnitude of the reflection coefficient is non-zero (there is a reflected
wave). The presence of forward and reverse traveling waves on the
transmission line produces standing waves.

We may rewrite the transmission line equations in terms of the
reflection coefficient as

N Vv, . e .
V(z)=V,|e P+ 2P|z [e 7P? + Te/P?]

+

VO
Vol e Vo ol Voo . .
I(z)=—2|e7PB? - _2o/B7|= _2 [¢TP7 —Te/P?]
Z, v, Z,

o

or



V(z)=V,e P [1 +Te/?P?]

v, o .
I(z) = Z” e 7P [ 1 - Te/2P7]

o

The magnitude of the transmission line voltage may be written as
V()| = |V, | |1 +TelP

The maximum and minimum voltage magnitudes are

V()| e = [V | 1+ T ]

max

V(D)o = [V, [ 11 - [T ]

min

Tl

\i/Re

The ratio of maximum to minimum voltage magnitudes defines the
standing wave ratio (s).

V@ _ 14T
V()i 11T

min

Note that the standing wave ratio is real with 1 < s < o,



The time-average power at any point on the transmission line 1s given by

Pav=%Re{V1*}

+ %

b s -V, . .
= lRe Vv, [e 7P? + Te/P?] [e/P? - T*e 7P7]
2 7*
v, . .
:l | 0| Re{l _ |r|2+re]2BZ F*e—]ZBz}
2 Z, e

Purely imaginary
A- A =2jIm{4}

117,
P == 1 -|I'|?
ay 2 Zo [ | | ]
V+2 12
— | 0| —|F|2| O|
27, 27,

= P,-P,

P; = incident power
P =reflected power

The return loss (RL) is defined as the ratio of incident power to reflected
power. The return loss in dB is

P.
RL = 1010g10(F’] = 1010g10(ﬁ) =10log,, (IT)*

7

= -20log,(I') (dB)



Matched load IT|=0 s=1 RL = « (dB)

Total reflection T =1 § = oo RL =0 (dB)

Transmission Line Impedance

X 1(z) -]L
. n e > |
Zin=> V(Z) Zo VL ZL
_ — [
T >
z=-/ z=0 z

The impedance at any point on the transmission line is given by
_V(z) _ Vole?+Te¥] , 7+ et

12y PTER—T
%[e_‘]ﬁz - Fe‘]BZ] € €

0o

Z(z)

e_jBZ+ ZL_ZO e]ﬁz
ZL+ZO
~% Z -7
e_jBZ_ L oejﬁz
ZL+ZO

5 (Z,+Z)e % +(Z,-Z) e
‘(Z,+Z)e - (Z,-Z) e
Z,(2cosBz) +Z (-j2sinfPz)
° Z (2cosPz) - Z,(j2sinPz)

Z

°Z -jZ tanPz

-jZ tanfz




The impedance at the input of a transmission line of length / terminated
with an impedance Z; is

Z, +jZ tanBl
Z =Z(-1)=2Z, ==~ 7Z,tnp
Z +jZ tanBl

Lossless Transmission Line with Matched Load (Z, =Z))

+ + |
Zin:> V(Z) Zo VL Zo
- —>
z=-1 z=0 z
I'=0 s=1

=Z, (independent of line length)

V(z)=V,e7” V(2)| =V,
I(z) = V‘:e'jﬁz 1(2)| = 7]
ZO ZO

Note that the input impedance of the lossless transmission line terminated
with a matched impedance is independent of the line length. Any mismatch
in the transmission line system will cause standing waves and make the
input impedance dependent on the length of the line.



Short-Circuited Lossless Transmission Line (Z, = 0)

1G)

n
VEZ) i I,

I'=-1 § =00

Z, =jZ tanfl (purely reactive, dependent on line length)

V(z)=V, [e7? -e/P] = -2V sinBz

+ +

I(z) & [e 7P + /P ] ~cosp
z) = e 7P+ /P21 = 2 cosPz
ZO ZO

[See Figure 2.6 (p.61)]

The input impedance of a short-circuited lossless transmission line is purely
reactive and can take on any value of capacitive or inductive reactance
depending on the line length. The incident wave is totally reflected (with
inversion) from the load setting up standing waves with |V|, . = 0 and

max

2|7
l=n= 1Z | =0 n=0,1,2,..

l:(2n—1)% Z = n=1,2,.



Open-Circuited Lossless Transmission Line (Z;, = «)

1(z) 1,=0
° — —
+ +
Z,= V(2) Z, V,
- —>
z=-/ z=0 z

-1 § =00

T =
Z, =-jZ cotBl (purely reactive, dependent on line length)

V(z)=V, [e?# +e/#] =2V cosPz

/S . -2jV’
I(z)=—2[e P - g/B2] = ° sinBz
(2) Z [ ] Z B

[See Figure 2.8 (p.62)]

The input impedance of an open-circuited lossless transmission line is
purely reactive and can take on any value of capacitive or inductive
reactance depending on the line length. The incident wave is totally
reflected (without inversion) from the load setting up standing waves with

min

:Oand ‘V‘maxzz‘VoJr“

l=n= 1Z, | = n=0,1,2,..
2

l=(2n—1)% Z =0  n=1,2,.



Transmission Line Connections

The analysis of a connection between two distinct transmission lines
can be performed using the same techniques used for plane wave
transmission/reflection at a material interface. Consider two lossless
transmission lines of different characteristic impedances connected as
shown below.

Transmission line #1 Transmission line #2

Zo] Zo2

! >,

z=0

Assume that a source is connected to transmission line #1 and transmission
line #2 is terminated with a matched impedance (Z,,=Z,,). Transmission
line #1 is then effectively terminated with a load impedance of Z_, which
constitutes a mismatch. At the transmission line connection, a portion of
the incident wave on transmission line #1 is transmitted onto transmission
line #2 while the remainder is reflected back on transmission line #1. Thus,
we may write the voltages on the two transmission lines as

V(z) =V, (e7P? +Te/P?) (z<0)

V(z)=V, Te P (z>0)

where I' is the reflection coefficient on transmission line #1 and T is the
transmission coefficient on transmission line #2. Equating the voltages at
the transmission line connection point (z = 0) gives

Zo2 a Zol _

Zo2 + Zol ZoZ

27 ,

+ Zol

1+T'=T = =1+



Note the similarity between the equations for plane wave (unguided wave)
transmission/reflection at a material interface and the guided wave
transmission/reflection at a transmission line connection.

- 2
Plane waves I = b~ T = "
Tl2 + Th 112 + T]]
ZO2 B Zol 2202
t-line guided waves r=———— T=_—__°%_
ZO2 * ZOI ZoZ + Zol

Insertion Loss

Strictly speaking, insertion loss is the ratio of power absorbed by a
load before and after a network is inserted into the line. For the previous
example connection between two transmission lines, we consider the
matched case for transmission line #1 and the case with transmission line
#2 inserted into the system.

|V, |”
P =P, = (matched case)
2Z,
) | VO+ | :
P =P, =|T| (connected t-lines)
av t 2Z

o
The insertion loss (IL) is then

P 1
IL =10log,,| = | =10log,,| —— | = 10log,, (|T|)™>
0| p 10( |T|2] 10

t

= -20log,(T) (dB)



Smith Chart

The Smith chart is a useful graphical tool used to calculate the
reflection coefficient and impedance at various points on a transmission
line system. The Smith chart is actually a polar plot of the complex
reflection coefficient I'(z) overlaid with the corresponding impedance Z(z).

® [(i) QIL_>
+ + |
V(z) Z, V. |4

- >
z=-] z=() z

The voltage at any point on the transmission line is
. _
V(z)=V, e P2+ b2

The reflection coefficient at any point on the transmission line is defined
as

“elBz T
I'(z) = e — = Ve e/2P7 =T e/2P2
Vel y’

where I' 1s the reflection coefficient at the load (z = 0).

I'=|[e/®=T, +T,

Smith chart center = [T'| =0
(no reflection - matched)

Outer circle = |T'| =1
(total reflection)




The reflection coefficient for a lossless transmission line of characteristic
impedance Z,, terminated with an impedance Z, 1s given by

LAt (2)2)-1 7]

- - - (1)
Z,+Z, (Z,1Z)+1 z +1
where z, 1s the normalized load impedance. If we solve (1) for z,, we find
z =ﬁ=r +jx =1+r:1+rr+jri (2)
Lz PP 1-T 1-T, 4T,

where r, and x, are the normalized load resistance and reactance,
respectively. Equation (2) shows that the reflection coefficient on the
Smith chart corresponds to a specific normalized load impedance for the
given transmission line / load combination. Solving (2) for the resistance
and reactance gives equations for the “resistance” and “reactance” circles:

1-T;-T; r, ,
¥, = center = , 0 radius =
(1-T,)+T7; 1+r L+r,
2T, 1 : 1
X, = . center =| 1, — radius = —
(1-T,)*+T; *r XL
F 3
z,=0H1
: \ex,=1
~p, =0 ‘f_ il
< ‘
TN
»> :
2,=0+0 Z=1407) T Szt
(short circuit)y (matched |'\,” /f (open circuit)
load) A
z,=0-]1




In a similar fashion, the general impedance at any point along the
length of the transmission line may be written as

eﬁW+r@ﬂZ_Z 1+raﬂW:Z.1+r@)

Z(Z) = Zo . . - 0 . 0
e Bz _ T oiBz 1 - T e/2B2 1-T'(z)

The normalized value of the impedance z (z) is

2 (2 :Z(Z):1+F(Z): Z
(%) Z 1-T'(2) ()

o

+Jjx(z) (3)

Note the similarity between Equations (2) and (3). The magnitude of the
reflection coefficient is constant on a lossless line. Thus, Equation (3)
shows that once we locate the normalized load impedance on the Smith
chart, we simply rotate through an angle of 2z on the |I"| circle to find the
impedance at a given point on the transmission line. Evaluating the
reflection coefficient at the transmission line input (z = -1 ) gives

[(-)=Te7?# =|T|e/(®2PD

which defines a negative phase shift moving toward the generator from the
load. Thus, in general

CW rotation = toward the generator
CCW rotation = toward the load

One complete revolution on the Smith chart occurs for

281=2n - A _op L ot
A 2

Thus, each revolution on the Smith chartrepresents a movement of one-half
wavelength along the transmission line (A = 720°).

Once an impedance point is located on the Smith chart, the equivalent
admittance point is found by rotating 180° from the impedance point on the
constant reflection coefficient circle.



Example Problem 2.19 (using equations and Smith chart)

(b.)

(a.)

(c)

(d.)

(e.)

7 _7 ey .
r--L o _ (60 +750)-50 _ 10 +;50 _ 0.422 /540
Z, +Z,  (60+750)+50 110 +;50
o= 1+ | _1+0.422 _ 246
1- 0| 1-0422
1 1 :
= - - (9.84 - j8.2) mS
Z, 60 +/50
Z, +jZ tanBl
z -7 L JZ,tanpB Bl:2n 4, _4n
Z +jZ tanBl A 10 5
: : 4
(60 +;50) +j50tan| —
- 50 > ) - (245+j203) Q
50 + (60 +50)tan 4_5“
(V(z)| =V, ] |1+Te/?] [e/2P7 = || e/%¢/2P?
1V (2)| yax = 1V, | [1+ L] 6 +2Bz__ =nn (even n)
V(D) i = 1V, | [1-|T]] 6 +2Bz . =nn (odd n)
54n
o | 180 -0.3
Zmin ~ = = A= & = A (Odd n)
2B 47
n=1 -z =%T3-01751
4
1.3
n=-1 - oz =-133--0325% - . -0325)
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Lossy Transmission Lines

The general transmission line equations (defined in terms of a
complex propagation constant) must be used when dealing with lossy lines.
The general transmission line equations are

V(z)=V eV +V eF=V [e " +Te]

I(z)=i VeV -V eV=—2[e " -Te"]
ZO ZO

The reflection coefficient for a lossy transmission line may be determined
by replacing each j term with y which gives

-z
F(Z) — Voe — VO e2yz:r82yz: |F| e2azej2Bz
Ve vV,

In a similar fashion, the input impedance of a terminated lossy transmission
line is

]in IL
% %
+ A
I/I'Vl (209Y) VL ZL
- —>
z=- z=0 z

Z, +jZ tan(—jyl) _ Z, +Z tanh(y/)
" Z +jZtan(~jyl)  ° Z +Z tanh(yl)

Most transmission lines are designed with materials which produce small
losses (low loss lines). The general expressions for the characteristic
impedance and propagation constant of a lossy transmission line may be
simplified somewhat for a low-loss line.



Lossless line = R=G=0

Lowlossline = R<<wl, G<<oC

Thus, for the equivalent circuit of a low loss line, the reactance terms must

be much larger than the resistance terms at all frequencies of operation.
The general equation for the propagation constant on a lossy

transmission line may be approximated as follows for a low loss line.

Y =V(R+joL)(G+joC)

. . R . G
Joer(1+525) oo -5

:].WL—C\]_J.(R X G)_ RG

R G
~joyLC,|1-j| —+
/ \ ((DL (DC)

Note that we still include the dominant loss terms (even though they are
small for a low loss line). Using a Taylor series expansion for the square

root term above yields
2

v 1+x =1+§—x—+...zl+§ (x<<1)
G

3
yzjm@—c[l-iz'

ol COC)

—
E
"



o= % B=awy/LC (low loss line)

R £+G £
L C

Using the same approximations for the characteristic impedance, we find

Z = R+jol 1L (low loss line)
G+joC C

The power level delivered to the load is lower than that delivered to
the transmission line input due to the line losses. The line losses can be
determined by calculating the difference in these powerlevels. The voltage
and current at the load are

V,=V(0)=V,[1+T]

VO
1,=1(0)=—2[1-T]

Z
The power delivered to the load is
1 .
PL=ERe{VLIL}
L Re {11+ 17 V"+*[1 ]
= — Ke + —
2 ° Z,
2
17 Re{l - |T|>+T-T7}
27,
V|2
LA )

27,



The voltage and current at the input to the transmission line are

Vi=V(-D) =V, [e"+Te™]
V+
I =I(-1)=—"[e"-Te™]
ZO
The power delivered to the input of the transmission line

PinzéRe{VinIi;}
_ %Re V0+[ealej[31 + re—ale—j[}l] %[eale—jﬁl 3 r*e—alejﬁl]
= |;/22 Re{ez‘” _ |r|2e—2az +Te 728! - r*ej2[31}
- |;/22 {eZul _ |F|2e—2al}

The power lost in the transmission line is

v, |
P =Py — P =

loss

[(e297 - 1) + |T2(1 - e 2]

0



Distortionless Transmission Line

On a lossless transmission line, the propagation constant is purely
imaginary and given by

Y=jB=joyLC

The phase velocity on the lossless line is

p B m

Note that the phase constant which varies linearly with frequency produces
a constant phase velocity (independent of frequency) so that all frequencies
propagate along the lossless transmission line at the same velocity. From
Fourier theory, we know that any time-domain signal may be represented
as a weighted sum of sinusoids. Thus, signals transmitted along a lossless
transmission line will suffer no distortion since all of the frequency
components propagate at the same velocity. When the phase velocity of a
transmission line is a function of frequency, signals will become distorted
as different components of the signal arrive at different times. This effect
is called dispersion.

Forthe low-loss line, using the appropriate approximations, we found

y=a+jB=a+joyLC
which implies that the phase velocity on a low loss line is near constant.
However, the small variations in the phase velocity on a low loss line may
produce significant distortion if the line is very long.

There 1s a special case of lossy line with the linear phase constant that
produces a distortionless line. A transmission line is a distortionless line
if the per-unit-length parameters satisfy

R G . . .

—=— (distortionless line)

L C
Inserting the per-unit-length parameter relationship into the general
equation for the propagation constant on a lossy line gives



Y=V(R +joL)(G +joC)
:\ R(l +j0)%) G(l +jw%)

2
= RG(I +joa£)
R

=\/ﬁ(l +joa%) =a +jP

a=y/RG B=(D\/RG%=(D %L:Q@L:w\&c

Although the shape of the signal is not distorted, the signal will suffer
attenuation as the wave propagates along the line since the distortionless
line is a lossy transmission line. Note that the attenuation constant for a
distortionless transmission line is also independent of frequency. If this
were not true, the signal would suffer distortion due to different frequencies
being attenuated by different amounts.

In the previous derivation, we have assumed that the per-unit-length
parameters of the transmission line are independent of frequency. This is
also an approximation that depends on the spectral content of the
propagating signal. For very wideband signals, the attenuation and phase
constants will, in general, be functions of frequency.

For most practical transmission lines, we find that RC > GL. In order
to satisfy the distortionless line requirement, series loading coils are
typically placed periodically along the line to increase L.



Perturbation Method for Determining Attenuation

Given only a forward wave propagating along a low loss transmission
line, the voltage and current of the wave may be written as

1)
+
V(z) Z,Y

WY

V(iz)=V, e "=V, e eP?

I(z)=—2e V=" g2
ZO ZO

The power flow as a function of position along the transmission line is
given by

P(z) = %Re{V(z)I*(z)}

+ %

N . V .
=1Re (Voe'“ze'fﬁz) 2 e elbz
2 Z
12
LA
27, P A
=P e 2%z ~_P@) Pty
i I
|
Az




The power loss per unit length along the transmission line [ P/(z)] may
be written as

P,(z) = lim P(z) - P(z +Az)]
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Solving for the attenuation constant gives

P2)
(x =
2P(z)

Since the fields of a low loss transmission line are very close to those of a
lossless line, we may use the lossless line fields to calculate the power loss
per unit length (perturbation method). Note that power P(z) and the power
loss per unit length P(z) may be evaluated at any point on the transmission
line. The perturbation method allows for the calculation of the attenuation
constant using the transmission line fields rather than using the per-unit-
length parameters in the general propagation constant formula.



Example (Perturbation method - coaxial line attenuation constant)

The fields within a lossless coaxial line are
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The attenuation constant, according
to the perturbation method, is

P(2)
a =
2P(z)

The power flow at any point on the transmission line may be found by
integrating the Poynting vector over the surface § where the fields are
located [S is defined by (a<p<b) and (O<p<2m)].
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Assuming that the dielectric and magnetic losses are negligible, the power
loss per unit length in the conductors of the coaxial line is given by

P(z) = S’f| |?ds + ”f|J 12ds|/1

where J; and J  are the surface currents on the inner and outer conductors
while R; and R, are the surface resistances of the inner and outer
conductors. The surface S, on the inner conductor is defined by p=a,
0<@<2m, and 0<z</ while the surface S, on the outer conductor is defined
by p=b,0<9<2n,and 0<z</. Using the surface impedance approx-imation,
the surface current on a good conductor is approximately that on a PEC
which may be written as

J,=nxH

Thus, we may replace the surface currents in the power loss per unit length
equation by the surface magnetic fields associated with a lossless coaxial
line. The power loss per unit length is then

R,
P(z) = 7”[|H H, |*ds|/1
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where H,; and H,, are the tangential magnetic fields on the surface of the
inner and outer conductors. If the inner and outer conductors are the same
material, then

R.=R_=R
S Mo s

Evaluation of the integrals in the power loss per unit length expression
yields
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The attenuation constant due to conductor loss (a_.) on the coaxial line
becomes

RV, |? 1
G_P,(z)_4nzj a 5]_ R, 1+1]
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2 27

The surface resistance (R,) of the conductors is related to the skin depth (d,)
by

R, - 1 | op
00 20

For RG-59 coaxial cable (Z,= 75 Q, copper conductors, 6 = 5.8 x 10’ U/m,
a=0.292 mm, b =1.854 mm, p=p, ) at 500 MHz,

R,=5.83x107°Q,a, =0.0245 Np/m



Manufacturers normally specify the transmission line attenuation factor in
units of dB/m as opposed to Np/m. The conversion factor between the two
units is determined below.

With a defined in Np/m (a,,,,), the transmission line voltage attenuation is

nep

V4

Mz)=V_e “nep
With a defined in dB/m (a,;), the transmission line voltage attenuation is
W(z) =V, [107 7]

Equating the two expressions yields
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or op = 8.686 O

For the RG-59 coaxial line,

a(dB/m) = 8.686 x 0.0245 Np/m = 0.213 dB/m



Wheeler Incremental Inductance Rule

By noting that the conductor loss in a transmission line can be related
to the small change in the transmission line inductance due to the
penetration of the fields into the conductors, Wheeler derived an equation
for the transmission line conductor loss in terms of the change in the
characteristic impedance. Theresultofthe Wheelerincremental inductance
rule may be written as

R, dZ,
a =
© 2Znm dl

where 1s R, the surface resistance of the conductor, Z, is the characteristic
impedance of the transmission line assuming perfect conductors, n is the
intrinsic impedance of the dielectric between the conductors, and / defines
the direction into the conductors. The characteristic impedance of the
lossless coaxial transmission line is given by

Z = lln(é)
27 a

The derivative term in the attenuation factor expression is
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The attenuation factor due to conductor loss in the coaxial transmission line

becomes
1 1
o+
a b

which is identical to the result found using the perturbation method.

R, dZ, R
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