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Chapter 5 Trigonometric and Circular Functions

5.1 ANGLES AND UNITS OF MEASURE

I intended to take either
physics or mathematics
... and intended to
become a high school
teacher. | found myself
very excited by a course
called Physical
Measurements. We kept
measuring things to more
and more decimal places by
more and more ingenious
methods.

Frederick Mosteller

Terminal
side

\A

. . . mathematics, just as all other scientific branches, is developed in the
process of examining, verifying, and modifying itself.
Yi Lin

The study of plane geometry considers all geometric figures as sets of points in a
plane. An angle, for instance, is the union of two rays with a common endpoint. In
trigonometry we talk about angles of a triangle as the union of two line segments
that have a common endpoint. More critically, however, the measure of an angle
involves the notion of rotation. For most purposes, we consider an angle as being
generated by rotating a ray in the plane about its endpoint, from an initial position
to a final position. The initial position is called the initial side and the final position
is called the terminal side of the angle. The point about which the ray rotates is
called the vertex of the angle. An angle is the union of two rays together with a
rotation.

The measure of an angle is described by the amount of rotation. An angle has
positive measure if the rotation is counterclockwise, and negative measure if the
rotation is clockwise. For brevity, we say the angle is positive if its measure is
positive. Figure 1 illustrates the labeling of angles and rotation. The curved arrow
indicates the direction and amount of rotation. Angles A and B are positive while
angle is negative. The rotation in angle B is greater than one revolution.

Initial side

B C C/
FIGURE 1

Units of Angular Measure

Your calculator operates both in degree mode and in radian mode, reflecting two
different ways of measuring angles. The modes are related by their measures of one
complete revolution. The measure of one revolution is 360 degrees, or 27 radians.

Degree measure. In geometry, angles are measured most often in degrees, min-
utes, and seconds, or decimal fractions of degrees. Degree measure is part of our
legacy from Babylonian mathematics, with numeration based on multiples and
fractions of 60. Units of time (hours, minutes, seconds) have the same historical
basis.

Figure 2 illustrates several angles and their degree measures. For brevity, we
write, for example, A = 90° to denote “the measure of angle A is 90°.”



‘\ A =90°

¢ B =45

FIGURE 2

2 radians

1 radian

FIGURE 3
An arc length of one radius
measures 1 radian
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Radian measure.

The radian measure of an angle is determined as a ratio of arc
length to radius. That is, if we have a segment of length equal to the radius and lay
it out along the circle, the central angle is 1 radian. An arc length of two radii (or
a diameter of the circle) measures a central angle of 2 radians. See Figure 3. Since
the total arc length of a circle (its circumference) is 27r, the radian measure of one
revolution is 2 radians.

Greek letters such as 6 (theta) and ¢ (phi) are often used to refer to angles. For
an arbitrary angle 6, take a circle of a radius r with center at the vertex, with the
initial side meeting the circle at A and the terminal side at B. Think of a point P
moving around the circle from A to B. The directed distance s that P travels is the
directed arc length associated with 6 (see Figure 4.) For counterclockwise rotation,
s is positive; for clockwise rotation, s is negative. If the rotation is greater than one
revolution, the arc length is greater than 27rr (positive or negative), so s can be any
real number. The radian measure of 0 is defined as the ratio of s to r. Note that this
definition is independent of any particular circle.
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256 Chapter 5 Trigonometric and Circular Functions

Terminal
side

Initial

side

C

FIGURE 4
Directed arc length s is the
distance P travels along the
circle from A to B.

s=2.6cm.

FIGURE 5

s, = 3.6

FIGURE 6

Definition: radian measure of an angle

Suppose 6 is any angle and C is a circle of radius r with its center at the
vertex of 6. If s is the directed arc length associated with 6, then the radian
measure of 6 is 2; that is,

In taking the ratio of two lengths, units cancel; thus radian measure is simply
a real number (no units). If, for example, 6 is an angle such that in a circle of radius
2 centimeters, the associated arc length is 2.6 centimeters (see Figure 5). Then the
measure of 6 in radians is given by

s _26cm _

0=r 2 cm

1.3.

The units cancel, and we write simply # = 1.3. We could emphasize that the radian
measure of 0 is 1.3 by writing # = 1.3 radians, but our normal convention is that
radians need not be written. When the measure of an angle is given as a real
number, it is understood that the measure is radians.

PEXAMPLE 3 Radian measure of central angles  In Figure 6, « and B are
central angles of a circle of radius 2. The lengths of the subtended arcs are s, = 3.6
for @ and sz = 13.6 for . Determine the measures of a and 3 in radians.

Solution

3.6
o p, > 8

The measure of « is 1.8 radians.

13.6

> 6.8

N
= 2B
B___
r

The measure of 3 is 6.8 radians. The measure of 3 is greater than one revolution
(27 = 6.28), as the arrow in the figure indicates. <

Degree-Radian Relationships

In many cases we may have the measure of an angle in degrees when we need the
radian measure, or vice versa. This requires a technique for conversion. Since one
complete rotation is measured by either 360° or 27r radians, we have the necessary
equivalence. The basic relationship 360° = 2 radians connects degree and radian
measures.

Degree-radian conversions

180° = 7 radians. (6))
1° = -2 radians or 1° ~ 0.017453 radians,
180
1 radian = <@> or 1 radian = 57.296°.
a

See Figure 7 for equivalent measures of selected angles.
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N K 7 = 180° - .
\\\_—_‘/,' '/; ‘\ 5=90 N 5160
(a) (b) © @)
FIGURE 7

Degree-radian measure for some familiar angles.

Most of us are familiar with degree measure, and because radian measure is so
important in calculus, we need to learn some convenient equivalences. There are
a few angles that are used so often, we need to recognize them immediately in both
degree and radian measure:

o m _ o m _ o T _ o w _ o
T 180,2 90,3 60,4 45,6 30°.
For most of us, a visual reminder of these relations is helpful, as in Figure 8.

In addition to thinking in terms of fractions of 7 radians, you need to develop
a feeling for radian measure expressed simply as numbers. For example, 1 radian
is about 57.3°, almost 60°. Similarly, an angle of 3 radians is very nearly a straight
angle (remember that 3.14 = 7 = 180°). See Figure 9. Right angles are so com-
mon that the decimal approximation of /2 as 1.57 will become very familiar.

FIGURE 8
Degree and radian measure for some familiar angles.

A
4 radians

FIGURE 9
Integer multiples of 1 radian.

PEXAMPLE 4 Degree-radian conversion Draw a diagram that shows the
angle and then find the corresponding radian measure. Give the result both in exact
form and as a decimal approximation rounded off to two decimal places.

(@) a = 210° (b) B = 585° () y = —150°
Solution

Diagrams in Figure 10 show the angles. To convert from degree measure to radian
measure, multiply by 5.
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258 Chapter 5 Trigonometric and Circular Functions

B = 585°

: N\ =210 /@ ATy =C1s0e
(@) (b)

Strategy: To get the degree
measure, multiply by 52,

Convert the decimal part of
a degree to minutes by mul-

tiplying by 60.

Sector

FIGURE 11

(©

FIGURE 10

@) a = 210° = 210<i> Ly

180) ~ 6
(b) B = 585° = 585(%0) = (%’) ~ 1021

5
(€ y=—150°= —150(%) = —%Tz —262 <

PEXAMPLE 5 Radian-degree conversion If the radian measure of 6 is
2.47, find its degree measure rounded off to one decimal place and then to the
nearest minute.

Solution
Follow the strategy.
) 180\° o
2.47 radians = 2.47| — | = 141.5205754°.
™

Rounded off to one decimal place, 2.47 radians = 141.5°%; to the nearest minute,
2.47 radians = 141°31’. Hence, 6 is approximately 141°31". <

Applications of Radian Measure: Arc Length and Area

In a circle a given central angle between 0 and 27 determines a portion of the circle
called a sector, as indicated by the shaded region shown in Figure 11. For the
sector shown in the figure with central angle 0, suppose the length of the subtended
arc is s and the area of the sector is A. The ratios of 0, s, and A to the respective
measures 27, 27rr, and 7rr? for the entire circle are equal, that is,

0 s 0 A s A

2’ 2mr  wr?

2 2mr pra—
Solving for s and A ,

1 1
s =10, A= ErZH, A= 78

Arc length and the area of a circular sector

Suppose 6 is a central angle of a circle of radius r. Let s denote the length of
the subtended arc and let A denote the area of the sector. If 0 is measured in
radians, then s and A are given by
s =rb 2)
1 1

= — 2 P —
A 2r0 A 2rs A3)



Strategy: Equations (2) and
(3) require 6 to be in radi-
ans. First convert 150° to
radians and then use Equa-
tions (2) and (3).

0 = 150°

FIGURE 12

=

()

[0, 20] by [0, 50]
(b)

ax?

12

FIGURE 13
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PEXAMPLE 6 Arc length/area of circular sector  The radius of a circle is
3.6 centimeters and the central angle of a circular sector is 150°. Draw a diagram
to show the sector and find the arc length and the area of the sector.

Solution
The sector is the shaded region in Figure 12. Following the strategy,

o _ T\ _57
0 = 150° = 150(180) =

5
Substitute 3.6 for r and _gr for 6 in Equations (2) and (3)
s = 3.6(5—;T> =37 = 942,

_Laep(27) = ~
A =2(3.6) < 6) = 5.47 ~ 16.96.

Round off to two significant digits to get an arc length of 9.4 cm and an area of
17 cm®>. <«

!
ﬂ.
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260 Chapter 5 Trigonometric and Circular Functions

HISTORICAL NOTE

One of the earliest and most
dramatic applications of
trigonometry was made by
Eratosthenes a little before 200 B.C.
As his name suggests, Eratosthenes
was of Greek descent, but he spent
his life in Egypt during the reign of
Ptolemy II and later became the
head of the greatest scientific
library in the ancient world at
Alexandria.

Travelers reported that at
Syene (the modern city Aswan), the
sun cast no shadow at noon on the
summer solstice (the longest day of
the year). Eratosthenes reasoned,

Symbolically,
/ s_ 6
To C  One revolution

the sun

By the best estimates of the day,
the distance from Alexandria to
Syene was 5000 stadia, a distance
estimated from travel by camel
caravans by surveyors trained to
count paces of constant length.
Eratosthenes measured angle 6 at
Alexandria to be <5 of a complete
revolution, leading to the equation,

5000 i
C 50’
from which he calculated the circum-

then, that at Syene on that date, the
sun’s rays were coming directly toward the center
of the Earth. Alexandria was supposed to be
directly north of Syene. By measuring the angle
of the sun’s rays at Alexandria at noon on the
same day, Eratosthenes realized that he could use
geometric relationships to find the circumference
of the Earth.

In the diagram, A represents Alexandria and
B, Syene. The ratio of the distance from A to B,
the arc length s, to the entire circumference C
must equal the ratio of angle 6 to the entire
central angle (a complete revolution).

circumference of the earth to be

C = 50 - 5000 = 250,000 stadia.

Comparison with modern measurements is
difficult because the measuring unit, the stadium,
varied in size, but Eratosthenes’ estimate would
compare to something near 24,000 miles. Several
compensating errors probably contributed to the
truly remarkable accuracy of his figure, but the
real genius Eratosthenes lay in his analysis of the
problem and his recognition that geometric figures
can tell us something about the nature of the
world that we can learn in no other way.

Solution

(a)

[0, 30] by [0, 1600]
2397 x
14
FIGURE 14

D(x) =
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Amount of
overlap is 4x

Solid arc 4B, of
length 427 — x),
becomes rim of
the cone.

( 427 x) j
4

A, B coincide
to make cone.
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262 Chapter 5 Trigonometric and Circular Functions

or

(1.15,25.8)

[0, 10] by [0, 30]

L

FIGURE 16

In
il

s
FIGURE 17 “6 and -a
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Velocity
)

FIGURE 18

Strategy: First convert r
and w to units that are con-
sistent with feet per second.

I
I
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Chapter 5 Trigonometric and Circular Functions

EXERCISES 5.1

Check Your Understanding
Exercises 1-5 True or False. Give reasons.
1. An angle of Z radians is equal to an angle of 180°.
2. An angle of 180° is greater than an angle of 3.16 radi-
ans.
3. The sector of a circle with a central angle of 1 radian
and radius r cm has an area of 1% cm?.

4. If the central angle 6 of a circle measures 1 radian, then
the length of the arc subtended by 6 is equal to the
length of the radius.

5. Assume that the planets travel in circular orbits about
the sun. If the planet Venus takes 225 days for one
revolution about the sun and the Earth takes 365 days,
then the angular speed of Venus is less than the angular
speed of the Earth.

Exercises 6—10 Fill in the blank so that the resulting
Statement is true.

degrees.

5
6. An angle of 777 is equal to an angle of

radians.

7. An angle of 210° is equal to an angle of

8. In a circular sector, if s = 48 and r = 24, then
6 = radians.

9. In a circular sector, if s = 12 and 6 = 60° then
r =

rad
min *

10. An angular speed of 5 rpm is equal to

Develop Mastery

Unless otherwise specified, results given as decimal approx-
imations should be rounded off to the number of significant
digits consistent with the given data.

Exercises -4  Draw a diagram to show the angle. Include
a curved arrow to indicate the amount and direction of
rotation from the initial side to the terminal side.

1. (a) A =240° (b) B = 720° (¢) C = —210°
2.(a) A=540° (b) B=—135 (¢) C = 67°30’
3@ A=T b B=-"  (©C=18

3 4
4. (a) A = 5?77 () B= —37 (¢) C = —2.36

Exercises 5—6 Sketch an angle 0 that satisfies the inequal-
ity. Include a curved arrow and also illustrate the range of
position for the terminal side with dashed rays.

() —m<0<—=

5.(a)7—27<9<77 5

(© 17<0<25
3 5
6.(a)7”<0<w (b)—?”<e<—w

() 0.79 <6< 1.05

Exercises 9—10 Find the radian measure of the angle and
give the result in both exact form (involving the number )
and decimal form rounded off to two decimal places.

9. (a) 60° (b) 330° (c) 22°30’ (d) 105°
10. (a) 90° (b) 450° (c) 67°30’ (d) —165°
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Exercises 11-12 Radians to Degrees Express the angle
in decimal degree form, rounded off, if necessary, to one
decimal place.

11. (a) 2?77 (b) 51—7; (c) 47 @) 3.6
12. (a) 77” (b) %T (¢ =57 () 5.4

Exercises 13—16 Ordering Angles Order angles «, 3,
and vy from smallest to largest (as, for example, a <

Y < B).
13. o = 47°24', B = 47.48°, y = 0.824
14. o = 154°35', B = 154.32°, y = 2.705

22 355
15.a—7,3—m,’y_77
. . 21
16. o = 120°36', B = 120.53°%, vy = 0

Exercises 17-20 Triangle Angles Two of the three an-
gles A, B, and C of a triangle are given. Find the third angle.
Remember that the sum of the three angles of any triangle is
equal to 180° (or ).
17. A = 58°, B = 73°
18. B = 37°41', C = 84°37’

S 2 T

™
19'A_Z’C_E ZO'A_?’B_E

Exercises 21-26 Arc Length, Area The radius r and
the central angle 0 of a circular sector are given. Draw a
diagram that shows the sector and determine (a) the arc
length s and (b) the area A for the sector.

21. r =24, 6 = 30° 22. r =321, 6 = 96.3°

23. r

164, 6 = 256° 24, r = 47,0 = —

25.r =36,0=43 26. r =162, 0 = —

27. The radius of a circular sector is 12.5 centimeters and
its area is 182 square centimeters. Find the central
angle (a) in radians and (b) in degrees.

28. Whatis the radius of a circular sector with central angle
37.5° and area 6.80 square feet?

29. Assume that the Earth travels a circular orbit of radius
93 million miles about the sun and that it takes 365 days
to complete an orbit.

(a) Through what angle (in radians) will the radial line
from the sun to the Earth sweep in 73 days?

(b) How far does the Earth travel in its orbit about the
sun in 73 days?

5.1 Angles and Units of Measure 265

30. The diameter of a bicycle wheel is 26 inches. Through
what angle does a spoke of the wheel rotate when the
bicycle moves forward 24 feet? Give your result in radi-
ans to two significant digits.

31. What is the measure in degrees of the smaller angle
between the hour and minute hands of a clock (a) At
2:30? (b) At 2:45?

32. At what times to the nearest tenth of a minute between
1:00 and 2:00 is the smaller angle between the hour and
minute hands 15°?

33. The minute hand of a clock is 6 inches long.
(a) How far does the tip of the hand travel in 15 minutes?
(b) How far does the tip of the hand travel between
8:00 A.M. and 4:15 p.M. of the same day?

35.

36.

. .

circular piece of tin of radius 15 inches. The remaining
picce is formed into aicone (see Example 9). Find the
‘volume of the cone.

3. Repeat Excrcise 38 reducing the central angle of the
Scetor cut out of the picce of fn to 607,

40, A cireular picce of tin of radius 12 inches is cut into
three equal sectors, each of which s then formed into a
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