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CHAPTENR

7

Trigonomet

ems. How high is that tree? What is the
s the exact location of the fire that

Trigonometry can be used to sol
height of the mountain we can see
has just been seen by fire spotters? How wide is the lake? What is the area of this
irregular-shaped paddock?

Trigonometry basics
Although you are likely to have studied some trigonometry, it may be helpful to review a few
basic ideas.

Naming the sides of a right-angled triangle

B The tenuse is the longest side of the right-angled

iangl is al ite the right angle (90°).
ng is always opposite the right angle (90°) Hypotenuse B :
| pposite side is directly opposite the angle 6. pposite

6]
Adjacent

|| adjacent side is beside the angle 6, but it is not
hypotenuse. It runs from 6 to the right angle.

The opposite and adjacent sides are located in relation to the position of angle 6. If 6 was in
the other corner, the sides would have to swap their labels. The letter 0 is the Greek letter
theta. It is commonly used to label an angle.

Cambridge University Press « Uncorrected Sample Pages * 978-0-521-74049-4
2008 © Evans, Lipson, Jones, Avery, TI-Nspire & Casio ClassPad material prepared in collaboration with Jan Honnens & David Hibbard




Chapter 7 — Trigonometry 269
—m Identifying the sides of a right-angled triangle
Give the values of the hypotenuse, the opposite side and 4
the adjacent side in the triangle shown. 0
3 5
Solution
B The hypotenuse is opposite the right angle. The hypotenuse,. h.=5
B The opposite side is opposite the angle 6. The opposite side, 0 = >
B The adjacent side is beside 0, but is not the hypotenuse. The adjacent side, a = 4
The trigonometric ratios
The trigonometric ratios sin 0, cos 8 and tan 0 can be defined in terms of the sides of a
right-angled triangle.
Hypotenuse 0 i Hypotenuse
h pp;)s1 ¢ h Opposite
0 ] 0 [ ( I
Adjacent Adjacent
a a
opposite adjacent opposite
sing=7+—"—- cosf=———— tanf= ———
hypotenuse hypotenuse adjacent
0
inf=— —a =2
sin P cosO h tan0 a
‘soh  ------ cah  ----- toa’

This mnemonic is often used by students to help them remember the rule for each
trigonometric ratio. Or you may prefer:
To Oliver’s Arms’

“Sir Oliver’s Horse Came Ambling Home

The meaning of the trigonometric ratios
Using a calculator, we find, for example, that sin 30° = 0.5. This means that in a// right-angled
triangles with an angle of 30°, the ratio of the side opposite the 30° to the hypotenuse is

always 0.5.
6
4 3
) 2
1
[] 30° 30° ]
opposite 1 _ opposite 2 opposite 3

=0.5 —_— ==
hypotenuse 6

0.5

hypotenuse 2 hypotenuse 4
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270 Essential Standard General Mathematics

Try drawing any right-angled triangle with an angle of 30° and check that the

0 it
ratio _OPPostte 0.5
hypotenuse

Similarly, for any right-angled triangle with an angle of 30° the ratios cos 30° and tan 30°
always have the same values:

dj t 3
cos 30° = _adjacent is always £ = 0.8660 (to 4 decimal places)
hypotenuse 2
it 1
tan 30° = % is always ﬁ = 0.5774 (to 4 decimal places).

A calculator gives the value of each trigonometric ratio for any angle entered.

TI-Nspire CAS tip

When solving problems in trigonometry, your calculator should be kept in Degree
mode.

Press ()/8:System Info/2:System
Settings.

B

T:Caleulator  2iGraphs & ...  3iLists & Sp...

L] 17

4:Notes 5:Data & Sta... 6:New Doc...
i} F3 @
7y Docu... S:Hints

iew or change settings such as number of
display digits. View handheld information

Use the key to highlight the Angle
entry box. Press ¥ to access the choices
and use V¥ or A arrows to highlight Degree.

Press .

Press twice to accept this change.

Display Dighs: |
=]

Angle:
Exponential Format: E

In addition, it is recommended that you ] DEG_APPRX REAL -E
always press () + () to insert the degree a8
symbol after any angle. This overrides any
mode changes and reminds you that you
should be entering an angle, not a length.
|
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Chapter 7 — Trigonometry 21

ClassPad tip

When solving problems in trigonometry, your calculator should be kept in Degree
mode.

Open the Main application.
The status line at the bottom of
the application screen is used to

S O ] (A i I

il N

set your calculator to work with
angles in degrees and to display
answers as decimals.

The settings you require are, ” _
reading from the left: C;;f; '
Alg, Decimal, Real and Degree.

If Standard not Decimal shows,
tap to change. If Gra or Rad, not
Deg show, tap to change.

T

(ﬁlg Decimal FReal Deg

In addition, it is recommended ~_Edit Action Interacti
|
that you always insert the degree (il ow faBivl Al

0

| _Edit_Action Interactive

B e [ g v

felzig
symbol after any angle. This

overrides any calculator settings
and reaffirmsan angle

AL

measurement, not a length.

hd
mth Jlabc | cat | 20 mth

To access the degree symbol, mfe (i [o[ D[ Blalyl=lz[*] e e ] Fay=lz]e]
log [ In [ T [[7[=][3][~]=] Bl HEEEE

press on the front of the 2 | ex [xt fa]S]e][x]<] il A0
FERED AHERR cos | eost [f[1[2]3][+]-

calculator. Tap the [mth] tab and 1 [ f[8]. |=][ans tan | tan [||B]. e |[ans
. TRIG_PCALC | OPTH | VAR IEXE +— |JcALC [oPTH ] YAR [EXE

then the TBIG) menu item at the e el e fls Doomal Feslocoon

bottom of the keyboard window.

After entering the angle size, tap
the degree symbol ([°]) to insert
its symbol.

W Finding the values of trigonometric ratios

Use your graphics calculator to find, correct to 4 decimal places, the value of:
a sin 49° b cos 16° ¢ tan 27.3°
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272 Essential Standard General Mathematics

Solution

a On the calculation screen

1 For Tl-nspire CAS, press D& ) O .

Notes:
1 Pressing @ (™) enters the degree sign (°).

2 If your answer is not a decimal, press @ .
Alternatively, set your calculator to Approximate
(decimal) mode (see the Appendix).

2 For Classpad, display the keyboard ((eyoar), tap the

[mth] tab, then the menu. To enter and evaluate
the expression, tap (sin) (4) (9) (°] ®@.

3 Write your answer, correct to 4 decimal places.

b On the calculation screen

1 For TI-nspire CAS, press OICICPI0) .
2 For Classpad, tap @ 8] () .

3 Write your answer, correct to 4 decimal places.

¢ On the calculation screen

1 For TI-nspire CAS, press 2> (2> (O GHE) (O
2
2 For Classpad, tap (tan) (2) & 3] ©o.

3 Write your answer, correct to 4 decimal places.

I 11 I DEG APFRX HEAL

[
sin(49°) 075471 &
I H

Sin 49° = 0.7547

| hl I DEG AFPFRX REAL

[
cos(16°) 0961262 B
l H

|

cos 16° = 0.961%

[11] DEG _APPRX REAL
tan(27.3°) 0.516138

[ — 1 |1

Bk

tan 27.2° = 0.5161

In the following two sections we will see that if an angle and a side are known we can find one
of the other sides by using the required trigonometric ratio. If two sides of the right-angled

triangle are known we can find one of the angles.
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Chapter 7 — Trigonometry 273

Exercise m

1 State the values of the hypotenuse, the opposite side and the adjacent side in each triangle.

a b ¢

8 15
13 0 0
10 6 8

17

d 95 e g f

0 13 0
24 6
10

J 12

2 Write the ratios for sin 6, cos 6 and tan 6 for each triangle in Question 1.

5

12

3 Find the values of the following trigonometric ratios, correct to 4 decimal places.

a sin27° b cos43° ¢ tan62° d cos79° e tan 14° f sin81°
g cos17° h tan48° i sin80° j sin49.8° k tan80.2° 1 co0s85.7°

72 Finding an.unknown side in a
right-angled triangle

The trigonometric ratios can be used to find unknown sides in a right-angled triangle, given an

angle and one side. When the unknown side is in the numerator (top) of the trigonometric

ratio, proceed as follows.

W Finding an unknown side

Find the length of the unknown side x in the triangle shown,

correct to 2 decimal places.

65 x
. 38°
Solution
. . . . opposite

1 _The sides involved are the opposite and the sinf = ——

. hypotenuse

hypotenuse, so use sin 6.
X

2 Substitute in the known values. sin%8° = o
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3 Multiply both sides of the equation by 65 to obtain 65 X sin»8° = x

an expression for x. Use a calculator to evaluate. X = 65 X sin»8°
= 40.017. ..
4 Write your answer correct to 2 decimal places. X = 40.02

Finding an unknown side in a right-angled triangle
1 Draw the triangle with the given angle and side shown. Label the unknown side as x.

2 Use the trigonometric ratio that includes the given side and the unknown side.

. . . opposite
e If given the opposite and the hypotenuse, use sinh = ——
v o VRS hypotenuse
. . dj t
e If given the adjacent and the hypotenuse, use cos 0 = P
hypotenuse
. . . it
e If given the opposite and the adjacent, use tan O = w
adjacent

3 Rearrange the equation to make x the subject.

4 Use the appropriate function key to find x.

An extra step is needed when the unknown side is in the denominator (at the bottom) of the
trigonometric ratio.

Example 4 Finding an unknown side which is in the denominator of the trig ratio
y

Find the value of x in the triangle shown, correct
to 2 decimal places.

X
34°
72
Solution
) . . adjacent
1 The sides involved are the adjacent and the c0s) = ———
hypotenuse
hypotenuse, so use cos 6.
. 12
2 Substitute in the known values. 054" =~
3 Multiply both sides by x. X c0s34° =172
72
4 Divide both sides by cos 34° to obtain an X = o,
s o
expression for x. Use a calculator to evaluate. — ge.84l. ..
5 Write your answer correct to 2 decimal places. X = 86.85
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/B

1 In each right-angled triangle below, find the unknown side x, correct to 2 decimal places.

a b

¢
31 . 26 /l )
37°

29°
42° X 58
9

] ]
16
h
& 21° 27 x
x 30° L 540
50
X
81
39°
52

d e f

1

24
36°
58
X X
40°

2 Find the unknown side x in each right-angled triangle below, correct to 2 decimal places.

=

a b c
X X 22 AS
420 43°
53 59° X
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d e
19 f
27° X
46° L]
49 X X
12
63°
h i
g 23 X
X 17 31°
o 54
J k 1

21°

58

24

=
=
N
v,
(9]
|
(o)
=

3 Find the length of the unknown side shown in each triangle, correct to 1 decimal place.

b c

a
10 X 47 N
37° ] 42° ] 55°
x 21
d e f
39°
X 59 20 * 14
480 430
X
h i
& 20
[T 589
23
X X
X
40° ] 50—
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7.3 Finding an angle in a right-angled triangle

Warning!!

Make sure that your calculator is set in DEGREE mode before attempting this section.

Finding an angle from a trigonometric ratio value
Before we look at how to find an unknown angle in a right-angled triangle, it will be useful to

see how to find the angle when we know the value of the trigonometric ratio. If we are asked to
find 6 when

sin® = 0.8480

it is as if we have to find reverse gear to undo the effect of the key (or button), so that we
can go back to see the angle that was used when was pressed (or tapped) to get 0.8480.
The reverse gear for the key (or button) is called the inverse of sine, written sin—'. The
superscript —1 is not a power. It’s just saying let’s undo, or take one step backwards from,
applying the sine function. The request to find 6 when sin 6 = 0.8480 can be written as

sin~10.8480 = 6

In the following example we will see how to find 6 when sin 6 = 0.8480.
Similarly, the inverse of cosine is written cos™', and the inverse of tangent is written tan™!.

—m Finding an angle from a trigonometric ratio

Find the angle 0, correct to 1 decimal place, given:
a sin® = 0.8480 b cos6 = 0.5 ¢ tanf = 1.67

Solution
a We need to find sin~ ' (0:8480). J - .g
sin(0.848) 57.9948

1 For Tl-nspire CAS, press (o) OO G |
& (.
2 For Classpad, tap ) (0] (3 @ @

€.
o]
3 Write your answer, correct to 1 decimal place 0 = 58.0°
b We need to find cos™'(0.5). Jn oe] e s

1 For TI-nspire CAS, press () & (o> (O & Gy, (13
2 For Classpad, tap c§ (0] (] (5] €.

P ReeY—————s®

3 Write your answer, correct to 1 decimal place. 0 = e0°

Cambridge University Press * Uncorrected Sample Pages ¢ 978-0-521-74049-4
2008 © Evans, Lipson, Jones, Avery, TI-Nspire & Casio ClassPad material prepared in collaboration with Jan Honnens & David Hibbard



278 Essential Standard General Mathematics

¢ We need to find tan~'(1.67). iR DEG APPRX REAL %
1 For TI-nspire CAS, press (o) OO & tan*(1.67) 59.0867

& @y, |
2 For Classpad, tap i) (J (] (6]
€.

3 Write your answer, correct to 1 decimal place. 0 =59.1°

We can think of the results in Example 5 as follows:

B For ‘sin”' 0.8480 = 58°’, think ‘the angle whose sine is 0.8480 equals 58°”.
B For ‘cos~! 0.5 = 60°’, think ‘the angle whose cosine is 0.5 equals 60°°.

B For ‘tan' 1.67 = 59.1°’, think ‘the angle whose tangent is 1.67 equals 59.1°".

Example 6 Finding an angle given two sides in a right-angled triangle

Find the angle 6, in the right-angled triangle

shown, correct to 1 decimal place.

42
19
0
Solution
. . . opposit
1 The sides involved are the opposite and sin 0 = _opposte
. hypotenuse
the hypotenuse, so use sin 6.
2 Substitute in the known values. sin 6 = ©
42
. . . 19
3 Write the equation to find an expression for 6. 6 = sin' (—)
42
Use a calculator to evaluate. — 26.806
4 Write your answer correct to 1 decimal place. 0 = 26.0°

The three angles in a triangle add to 180°. As the right angle is 90°, the other two angles must
add to make up the remaining 90°. When one angle has been found, just subtract it from 90° to
find the other angle. In Example 6, the other angle must be 90° — 26.9° = 63.1°.
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Finding an angle in a right-angled triangle
1 Draw the triangle with the given sides shown. Label the unknown angle as 6.

2 Use the trigonometric ratio that includes the two known sides.

) ) i
e If given the opposite and hypotenuse, use sin 6 = _ URRILS
hypotenuse
) . di )
» If given the adjacent and hypotenuse, use cos 0 — _djacen
hypotenuse
i i ; ite
 If given the opposite and adjacent, use o OpPOSI
adjacent

3 Divide the side lengths to find the value of the trigonometric ratio.

4 Use the appropriate inverse function key to find the angle 6.

Exercise 4@

1 Find the angle 0, correct to 1 decimal place.

a sinf = 0.4817 b cos® = 0.6275
e tan0 = 1.0000 f cos6 =0.7071
i cos® =0.8383 j sin® = 0.9564
m sin6 = 0.7071 n tan6 = 0.5000

tan 0 = 0.8666 d sin® = 0.5000
sin® = 0.8660 h tan6 = 2.5000
cos O = 0.9564 I tan® = 0.5774
cos® =0.8660 p cos® =0.3414

S X k- e

2 Find the unknown angle 6 in each triangle, correct to 1 decimal place.

SO N D
AA
-

36

13
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j 8 N 1

b
94 10
10 o
-

68

n o

)
24
15 2
89
0 - [ | 0
8
0 3
8
10
k
]
20

3 Find the value of 6 in each triangle, correct to 1 decimal place.
a b c
0
5 13
6
0 12 0
4

10 g 21

(98]
(9,

7.4 Applications of right-angled triangles

Application requiring a length

A flagpole casts a shadow 7.42 m long. The sun’s rays
make an angle of 38° with the level ground. Find the
height of the flagpole, correct to 2 decimal places.
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Solution
1 Draw a diagram showing the right-
angled triangle. Include all the known X
details and label the unknown side.
. . . opposite °
2 The opposite and adjacent sides tanf = — >8
) adjacent 2.42 m
are involved, so use tan 6.
X
3 Substitute in the known values. tan»8° = -
4 Multiply both sides by 7.42. 7.42 X tan28° = x
5 Use your calculator to find the X =5.797...
value of x.
6 Write your answer correct to The height of the flagpole is 5.80 m.

2 decimal places.

Example 8 Application requiring an angle

A sloping roof uses sheets of corrugated iron

4.2 m long on a shed 4 m wide. There is no
overlap of the roof past the sides of the walls.
Find the angle the roof makes with the horizontal,

correct to 1 decimal place.

Solution
1 Draw a diagram showing the right-angled
triangle. Include all known details and label 22"
the required angle. 9
4am
\ adjacent
2 The adjacent and hypotenuse s = ———
. hypotenuse
are involved, so use cos 0.
. . 4
3 Substitute in the known values. cos6 = -
. . _ 4
4 Write the equation to find 6. 6 = cos' ( —)
4.2
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5 Use your calculator to find 0 =1.752...

the value of 0. [11] DEG APPRX REAL
4 17.7528
42

i3]

6 Write your answer correct to 1 decimal place. The roof makes an angle of 17.8°
with the horizontal.

Warning!!

Always evaluate a mathematical expression as a whole, rather than breaking it into several smaller

calculations. Rounding-off errors accumulate as more approximate answers are fed into the
calculations.

Surprisingly, a value of the trigonometric ratio correct to 4 decimal places can still give an
angle that is not correct to 3 decimal places!

4

In Example 8, if we used the value of 137 correct i) S ]
to 4 decimal places (0.9524), the angle obtained (17.749) :‘2_ 0952581 [
would not even be correct to 3 decimal place (17.753°). cos(0.9524) T

|

excteso B |

1 A pole is supported by a wire that runs from the top

of the pole to a point on the level ground 6 m from
the base of the pole. The wire makes an angle of 47°

with the ground. Find the height of the pole, correct 47° ]

to 2 decimal places. <—6m—>

2 A 3 m log rests with one end on the top of a post
and the other end on the level ground 2.8 m from
the base of the post. Find the angle the log makes
with the ground, correct to 1 decimal place.
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3 A balloon is tied to a string 20 m long. The other
end of the string is secured by a peg to the surface
of a level sports field. The wind blows so that the
string forms a straight line making an angle of 30°
with the ground. Find the height of the balloon
above the ground.

4 Peter noticed that a tree was directly opposite him Tree
on the far bank of the river. After he walked 30 m vl S~
along his side of the river, he found that his line of i \\\ o
sight to the tree made an angle of 28° with the river vﬁ g0 \\i
bank. Find the width of the river, to the nearest metre. <— 30m —> pgter

5 A ladder rests on a wall 2 m high. The foot of the
ladder is 3 m from the base of the wall on level ground.

a Copy the diagram and include the given information.
Label as 0 the angle the ladder makes with the ground.

b Find the angle the ladder makes with the ground,
correct to 1 decimal place.

6 The distance measured up the sloping face of a
mountain was 3.8 km. The sloping face was at
an angle of 52° with the horizontal.

a Make a copy of the diagram and show the known

details. Show the height of the mountain as x.
b Find the height of the mountain, correct to 1 decimal

place.

7 An aeroplane maintains a flight path of 17° with the %
horizontal after it takes off. It travels for 2 km along Jtas i
that flight path. - -7 i

- [1

a Show the given and required information on a
copy of the diagram.

b Find, correct to 2 decimal places, the horizontal
distance of the aeroplane from its take-off point and the height of the aeroplane above

ground level.

8 A 3 m ladder rests against an internal wall. The foot of the ladder is 1 m from
the base of the wall. Find the angle the ladder makes with the floor, correct to
1 decimal place.
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9 The entrance to a horizontal mining tunnel has collapsed, trapping the miners inside. The
rescue team decide to drill a vertical escape shaft from a position 200 m further up the hill.
If the hill slopes at 23° from the horizontal, how deep does the rescue shaft need to be to
meet the horizontal tunnel? Answer correct to 1 decimal place.

10 A strong rope needs to be fixed with one end attached to the top of a 5 m pole and the other
end pegged at an angle of 60° with the level ground. Find the required length of the rope,
correct to 2 decimal places.

75 Angles of elevation and depression

The angle of elevation is the angle through which you q/\cbv

raise your line of sight from the horizontal when you
e of
k ation

Horizontal

are looking up at something.

~ e Angle of
. depression

The angle of depression is the angle through which W‘ Horizontal

you lower your line of sight from the horizontal when
you are looking down at something.

Angle of elevation = angle of depression T :e_ '}' - gnglggf """
The diagram shows that the angle of elevation \\ depression

and the angle of depression are alternate \\

angles (‘Z’ angles), so they are equal. Angle of 3

~
) ~
elevation f 0~
P el o e

Applications of angles of elevation and depression

Example 9 Angle of elevation

A park ranger measured the top of a plume of

volcanic ash to be at an angle of elevation of
29°. From her map she noted that the volcano
was 8 km away. Show how she calculated the
height above level ground of the plume of

volcanic ash, correct to 1 decimal place.
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1

N U A W

Draw a right-angled triangle showing
the given information. Label the
required height x.

The opposite and adjacent sides are
involved, so use tan 6.

Substitute in the known values.

Multiply both sides by 8.

Use your calculator to find the value of x.
Write your answer correct to 1 decimal
place.
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X
29°
8 km
opposite
tanf = P
adjacent
R X
tan29” = —
8
8 X tan29° = x
X =4.4%4. ..

The height of the ash plume was 4.4 km.

Example 10 Angle of depression

From the top of a cliff 61 m above sea-level,

Chen saw a capsized yacht. He estimated the

angle of depression to be about 10°. How far

was the yacht from the base of the cliff, to

the nearest metre?

Solution

1

Draw a diagram showing the given
information. Label the required
distance x.

Mark in the angle at the yacht corner
of the triangle. This is also 10°, because
it and the angle of depression are

alternate (or ‘Z’) angles.
Warning: The angle between the cliff
face and the line of sight is nor 10°.

The opposite and adjacent sides are
involved, so use tan 6.

Substitute in the known values.

Multiply both sides by x.

Divide both sides by tan 10°.

Do the division using your calculator.

Write your answer to the nearest metre.

elm

opposite
tan 6 = L
adjacent
_ el
tan10” = —
X
x X tan10° = &1
él
X =
tan10°
X = 245.948. ..
The yacht was %46 m from the base of
the cliff.
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W Application with two right-angled triangles

A cable 100 m long makes an angle of A
elevation of 41° with the top of a tower.

a Find the height / of the tower, to the nearest 200 m
metre. 100m
b Find the angle of elevation ., to the nearest 41° o
B C D

degree, that a cable 200 m long would
make with the top of the tower.

Solution

Strategy: Find A in triangle ABC, then use this value to find « in triangle ABD.

a
1 Draw triangle ABC showing the given and
required information.

2 The opposite and hypotenuse are involved, so use sin 6.

3 Substitute in the known values.

4 Multiply both sides by 100.
5 Evaluate 100 sin(41°) using your calculator and store
the answer as the value of the variable / for later use.

A
100 m
h
[ 1 41°
B C
) opposite
sin) = ———
hypotenuse
o h
sin4l° = —
100
h =100 X sin41°
h = 65.605.

TI-nspire ClassPad

a Type in () (o) {op > G () From the menu of the [mth] tab,
(® and press to evaluate tap the following sequence of buttons:
100sin(41°)(= 65.605. . .). MO OEn @ @E]

b Press () ® to store and select /. Press ©® to calculate
65.605'. . . as the value of the variable /. 100 sin(41°)(= 65.605 . ..) and store the

answer as the value of the variable /.

R peG apprxreal Ml |
:iéﬂ-sln((l":l 65.6059 (=] Emm@ﬂu-
- 1EBsin(41° 134 ]
'65.605902899051 /1 65.6059 = &5. 6259023 |
o
h=65.6059
solve|sin{41)=—"_ 1
100
|
-
Trith
alb|c|d|e 21 [3]*]
385 Flag|h|i|F ala|[~[=]
&|I|m n|lo =& I[=[=
&q ¥y |5 | 2=+ =
o | V| W
q*’l,-\"vz . |E[|an=
[ TRIG [cALC JorTH] & [EXE

HAlg  Decimal  Real Deg dm)

6 Write your answer to the nearest metre, The height of the tower is 66 m.
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1 Draw triangle ABD showing the given

and required information

2 The opposite and hypotenuse are

involved, so use sin 0.

3 Substitute in the known values. In
part a we stored the height of the

tower as 7.
4 Write the equation to find .

5 Use your calculate to evaluate .

TI-nspire

Type in () @ @ (O @ @ @ ) and

press to find the value of
a(=19.149...).
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200 m

: opposite
sin = ——=
hypotenuse

T
200

a=sin"| —
200

o = 19.149...

sina

ClassPad
Tap the following sequence of buttons:

G 2 (2 (2 (@ (@ and press
@3 to find the value of

a(=19.149...).

[ _Edit Action Interactive iE

i BB peEG ApPrxReaL Ml

h 191092 8 Pt lEaldelAdY] [
A
i s 188=in(41° 93 7 =
65. 6659629
[ sin-10R/200)
19. 1492188

1]

]
rath |abc | cat -

al&lc|d[e IHHBG
1/98 Flo|[h|i|s EIE

&|I|m n|lo a3

P|F|r|s|E

e o | W 2|3

S x|z . |E

[TRIG | CALE JorTH] & JERE

Hlg Decirmal Real Deq o

6 Write your answer to the nearest The 200 m cable would have an angle of

degree. elevation of 19°.
v ise 4=
===
qxi‘“s"eo, 1 After walking 300 m away from the base of a tall building, / M i - i
/
\3; on level ground, Elise measured the angle of elevation to //’ i ) : _— :
“Bacne® the top of the building to be 54°. Find the height of the // e —
building, to the nearest metre. ,/ i : : = :
===

~<— 300 m >
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2 The pilot of an aeroplane saw an airport at
sea-level at an angle of depression of 15°.
His altimeter showed that the aeroplane was
at a height of 3000 m. Find the horizontal
distance of the aeroplane from the airport,
to the nearest metre.

3000 m

1

1

1

1

1

1

1

! ~
u -

Airport

3 The angle of elevation measured from ground level to the top of a tall tree was 41°. The

distance of the measurer from the base of the tree was 38 m. How tall was the tree? Give

your answer to the nearest metre.

4 When Darcy looked from the top of a cliff, 60 m high, he noticed his girlfriend at an angle

of depression of 20° on the ground below. How far.was she from the cliff? Answer correct

to 1 decimal place.

5 From the top of a mountain I could see a town at an angle of depression of 1.4° across the

level plain. Looking at my map I found that the town was 10 km away. Find the height of

the mountain above the plain, to the nearest metre.

6 What would be the angle of elevation to the top of a radio transmitting tower 100 m tall and

400 m from the observer? Answer to the nearest degree.

7 a Find the length x, correct to 1 decimal place.

b Find the angle a, to the nearest degree.

8 a Find the length x, correct to 1 decimal place.

b Find the angle 0, to the nearest degree.

9 From the top of a cliff 45 m high, an observer
looking along an angle of depression of 52°
could see a man swimming in the sea. The
observer could also see a boat at an angle
of depression of 35°. Calculate to the nearest
metre:

a the distance x of the man from the base
of the cliff

b the distance y of the boat from the base of
the cliff

¢ the distance from the man to the boat.
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10 A police helicopter hovering in a fixed
position at an altitude of 500 m moved
its spotlight through an angle of
depression of 57° onto a lost child.
The pilot sighted the rescue team at an

angle of depression of 31°. If the
terrain was level, how far, to the

nearest metre, was the rescue team
from the child?

7.6 Bearings and navigation

Compass bearings

A compass bearing gives the direction by stating the angle either side of north or south. For
example, a compass bearing of N40°E is found by facing north and then swinging 40° towards
the east side.

—m Determining compass bearings

Give the compass bearings of the points 4, B, C and D.

Solution
B To find the direction of 4, face north and swing 30° east. A is in the direction N>0°E.

B To find the direction of B, face south and swing 65° east. B is in the direction S65°E.
B To find the direction of C, face south and swing 20° west. C s in the direction S20°W.
B To find the direction of D, face north and swing west. Angle from north = 90° — 15°
=75°
D is in the direction N75°W.
Directions midway between the four directions of the N
compass combine the letters of the directions they are NW NE

between. For example, the direction midway between
north and east is often called north-east (NE). w E

It could also be called N45°E.
SW SE
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True bearings
A true bearing is the angle measured clockwise from north around to the required direction.

True bearings are sometimes called three-figure bearings because they are written using three

numbers or figures. For example, 090°T is the direction measured 90° clockwise from north,

better known as east!

[

Determining true bearings from compass bearings

Describe the compass bearings below as true bearings:

a

S20°E b N80O°W

Solution

a
1

3

Show the direction on the diagram of the
compass points.

Add the angles clockwise from north to
the required direction.

Note that the four points of a compass are
90° apart.

Write your answer.

Show the direction on the diagram of the
compass points.
Add the angles clockwise from north to
the required direction.

or
The direction is 80° less than one full
sweep (360°) of the compass.

Write your answer.

Bearing = 90° + 70° = 160°T
The frue bearing is 160°T.

Bearing = 90° + 90° + 90° 4 10°
or = »60° — 80° = 280°T
The frue bearing is 280°T.

= 280°T

Example 14 Determining compass and true bearings

Give the compass bearing and true bearing

for the direction shown.

Z

252
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Solution N

Compass bearing
1 Calculate the angle from the direction of south.

Notice that the swing is towards west.

2 Write your answer. Angle from south = 90° — 25° = &658°
The compass bearing is S65°W.

True bearing

1 Calculate the total angles swept out clockwise N
from north.
There is an angle of 90° between each of the \
four points of the compass. X = Zgo 3
s

True bearing = 90° + 90° + 65° = 245°T
or 270° — 25° = 245°T
2 Write your answer. The true bearing is 245°T .

Navigation problems
Navigation problems usually involve a consideration of not only the direction of travel, given
as a bearing, but also the distance travelled.

In many practical applications we need to know the distance that has been travelled after
moving at a particular speed for a given time. If a car moved at 60 km/h for 2 hours, the
distance travelled would be 2 x 60 = 120 km.

Distance travelled and speed
When travelling at a constant speed:

Distance travelled = time taken x speed
Make sure that the same units of length and time are used for the speed, distance and time. If a

car moved at 60 km/h for 90 minutes, convert 90 minutes to 1.5 hours before multiplying by
the speed. The distance travelled would be 1.5 x 60 = 90 km.
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W Navigating using a compass bearing

A group of bushwalkers leave point P, which is on a road that

runs north—south, and walk for 6 hours in the direction N20°E

to reach point Q. They walk at 5 km/h.

a What is the shortest distance x from Q back to the road
correct to 1 decimal place?

b Looking from point Q, what would be the compass bearing

and true bearing of their starting point?

Solution
a X
. L o T 7%

1 Show the given and required information in a

right-angled triangle.

2
P

2 Calculate the distance travelled, PQ. Distance PQ = &hours X 5km/h

Distance = time taken x speed. = 20km
3 The opposite and hypotenuse are sinf = _Opposite

involved, so use sin 0. hypotenuse

X

4 Substitute in the known values. sin20° = v
5 Multiply both sides by 30. 20 X 5in20° = X
6 Find the value of x using your calculator. X =10.260. ..

7 Write your answer correct to 1 decimal place.  The shortest distance to the road
i510.% km.

1 Draw the compass points at Q.
2 Enter the alternate angle 20°.
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3 The direction of P, looking from Q, is given  The compass bearing is 520°W.
by a swing of 20° from south towards west.
4 Standing at O, add all the angles when The frue bearing is 180° 4 20° = 200°T .
facing north and then turning clockwise
to look at P. This gives the true bearing
of P when looking from Q.

Exercise WiE

1 Give the compass bearing (from north or south) and the true bearing of each of the
directions:

a SE b SW ¢ N\W

2 State the compass bearing and true bearing of each of the points 4, B, C and D.

a N 4 b N c N d N
250 D 100
w E W E W=z E W E
70° e B
S S S S
3 Eddie camped overnight at point 4 beside a river that ran N
east—west. He walked in the direction N65°E for 3 hours B

to point B. Eddie walks at 6 km/h.

a What angle did his direction make with the river?
b How far did he walk from 4 to B? A e
¢ What is the shortest distance from B to the river,

65°

I

River
correct to 2 decimal places?

4 A ship sailed 3 km west, then 2 km south.

a Give its compass bearing from an observer who stayed at its starting point, correct
to 1 decimal place.

b For a person on the ship, what would be the compass bearing looking back to the starting
point?

5 An aeroplane flew 500 km south, then 600 km east. Give its true bearing from its starting
point, to the nearest degree.
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6 A ship left port and sailed east for 5 km, then sailed north. After some time an observer at
the port could see the ship in the direction N50°E.

a How far north had the ship travelled? Answer correct to 1 decimal place.
b Looking from the ship, what would be the true bearing of the port?

7 A woman walked from point A4 for 2 hours in the direction N60°E to reach point B. Then she
walked for 3 hours heading south until she was at point D. The woman walked at a constant
speed of 5 km/h. Give the following distances correct to 1 decimalplace and directions to
the nearest degree.

a Find the distances walked from A to B and from B to D.
b How far south did she walk from B to C?
¢ Find the distance from 4 to C.
d What is the distance from C to D?
e Find the compass bearing and distance she would
need to walk to return to her starting point.

8 A ship left port P and sailed 20 km in the direction 230°T. It then sailed north for 30 km to
reach point C. Give the following distances correct to 1 decimal place and directions to the
nearest degree.

a Find the distance 4B.

b Find the distance BP.

¢ Find the distance BC.

d Find the angle 6 at point C.

e -State the true bearing and distance of
the port P from the ship at C.

7.7 The sine rule

Standard triangle notation

The convention for labelling a non-right-angled triangle is A

to use the upper case letters 4, B, and C for the angles at

each corner. The sides are named using lower case letters b ¢
so that side a is opposite angle 4, and so on.

This notation is used for the sine rule and cosine rule
(see Section 7.8). Both rules can be used to find angles
and sides in triangles that do not have a right angle.
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How to derive the sine rule
In triangle ABC, show the height /4 of the triangle by drawing A
a perpendicular line from D on the base of the triangle to A.

b 2\ c
|
|
DE M
C——@————38
. ) h
In triangle ADC, sinC = 7
So h =b xsin C
h
In triangle ABD, sin B = —
C
So h=cxsinB
We can make the two rules for / equal to each other. b xsinC =c x sin B
in B
Divide both sides by sifi C. p= 07
sin C
b c

Divide both sides by sin B. - = —
sin B sinC

If the triangle was redrawn with side c as the base, then
a b

using similar steps we would get: - = —
sin4 sin B

We can combine the two rules as shown in the following box.

The sine rule
In any triangle 4BC;
a b c
sin 4 = sin B - sin C

The sine rule can be used to find the sides and angles in a non-right-angled triangle when
given:
B two sides and an angle opposite one of the given sides

or
B two angles and one side*.
*If neither of the given angles is opposite the given side, find the third angle using 4 + B + C = 180°.

The sine rule is really three possible equations:

a b b c a c

sin 4 sin B sin B sin C sin A sin C

Each equation has two sides and two angles opposite those sides. If we know three of the parts,
we can find the fourth. So if we know two angles and a side opposite one of the angles, we can
find the side opposite the other angle. Similarly, if we know two sides and an angle opposite
one of the sides, we can find the angle opposite the other side.
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Using the sine rule

Example 16 Using the sine rule given two sides and an opposite angle

Find angle B in the triangle shown, correct to A
1 decimal place.
6
B
C 7
Solution
1 We have the pairs a =7and 4 = 120°
b=6and B ="
with only B unknown.
a b a b
So use — = — : ==
sind sinB sin A sin B
7 &6

2 Substitute in the known values. . = —
sin 120° sin B

3 Cross-multiply. 7 X sinB = 6 X sin120°

4 Divide both sides by 7. sinB = exanto 57m 20

5 Write the equation to find angle B. B — sin”" (é X sin 1200)
2

6 Use your calculator to evaluate the expression for B. B =47.928...°

7 Write your answer correct to 1 decimal place. Angle B is 47.9°.

In Example 16, now that we know that 4 = 120° and B = 47.9°, we can use the fact that the
angles in a triangle add to 180° to find C.

A+ B+ C=180°
120° 4-47.9° + C = 180°
167.9° 4+ C = 180°

C =180°—-167.9° =12.1°

As we now know that 4 = 120°, a = 7 and C = 12.1°, we can find side ¢ using
a c

sind  sinC’
The steps are similar to those in the example.
Finding all the angles and sides of a triangle is called solving the triangle.
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Find side c in the triangle shown, correct to

1 decimal place.

Solution

1

Find the angle opposite the given side by using
A+ B+ C = 180°

b =8 and B = 30°

c="? and C = 50°
c

sinB _ sinC.

We have the pairs

with only ¢ unknown. So use

Substitute in the known values.

Multiply both sides by sin 50°.
Use your calculator to find c.

Write your answer correct to 1 decimal place.

Using the sine rule given two angles and one side

A+ B +¢C =180°
100° + B + 50° = 180°
B + 150° = 180°

B = 30°
b c
snB  sinC

8 c

sin »0° - sin 50°

8 X sin50°
- sin »0°
¢ =12.256...

Side ¢ is 12.3 units long

In some special cases it is possible to draw two different triangles that both fit the given

information. This is called the ambiguous case of the sine rule. It is covered in the Essential
Further Mathematics textbook.

Example 18 Application of the sine rule

Leo wants to tie a rope from a tree at point 4 to a tree

at point B on the other side of the river. He needs to

know the length of rope required. When he stood at

A, the compass bearing of B was N40°E. Leo walked

200 m east along the river bank to C, where

the compass bearing of B was N60°W.

Find the length of rope required to reach from

A to B, correct to 2 decimal places.
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Solution

1 Include the given information in a sketch.

Al b =200 m c
2 Use the compass bearings to find the angle Angle A = 90° — 40° = 50°
A and the angle C of the triangle. Angle ¢ = 90° — 60° = 20°
3 To use the sine rule, we need to know an angle A+B+¢C =180°
and its opposite side. We know side b = 200. 50° + B + 20° =180°
Use 4 + B + C = 180° to find angle B. B = 100°
4 We have the pairs: b =200 and B = 100°
c="? and C =30°
. c b ¢ b

with only ¢ unknown. So use — =X —. . =

sinC~  sin B sinC sinB

¢ 200

5 Substitute in the known values. _ = —
sin 30° sin100°

6 Multiply both sides by sin 30°. ¢ = 200 x =in 20"
sin100°

7 Use your calculator to find c. ¢ =101.542. ..

8 Write your answer correct to 2 decimal places. The rope must be 101.54 m long.

Tips for solving trigonometry problems

B Always make a rough sketch in pencil as you read the details of a problem.
You may need to make changes as you read more, but it is very helpful to
have a sketch to guide your understanding.

B In any triangle, the longest side is opposite the largest angle. The shortest
side is opposite the smallest angle.

B When you have found a solution, re-read the question and check that your
answer fits well with the given information and your diagram.
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Exercise €
In this exercise, calculate lengths correct to 2 decimal places and angles correct to 1 decimal

place where necessary.
1 In each triangle, state the lengths of sides a, b and c.

a 4 b c c 4
14 13 18
/\ /\ 34 48
¢ 5 B B o1 -
31

2 Find the value of the unknown angle in each triangle. Use 4 + B + C = 180°.

a A b 4
70°
35°
120° S
c 20 B
c 60"\ g

40°
C B

B

3 In each of the following a student was using the sine rule to find an unknown part of a
triangle, but was unable to complete the final steps of the solution. Find the unknown value
by completing each problem.

a a 8 b b . 15 c c 24
sin40°  sin 60° sin50°  sin 72° sin110°  sin30°
a 7 _ 16 e 26 _ 37 ¢ 21 _ 47
sind  sin70° sinB  sin95° sinC  sinll5°
4 a Find angle B. b Find angle C.
A A
/ooo\ 110° "\ 2
C B
12 ¢ 14 5
¢ Find angle 4. d Find angle B.
A A
N 55 32
115° o
C - B C 80 B
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5 a Find side b.

A
103°
c 43
28
¢ Find side a.
A
39°
44
C 30 B
6 a Find side c.
A
6. 80°
c L4 B

¢ Find side b.

45
A

4

b Find side b.
A

b Find side c.

A B

7 Solve (find all the unknown sides and angles of) the following triangles.

a A b A
21 108° 120° 14
'~ T; B C o B
C A
d 4
94 719
C B 550
C B
40

8 In the triangle ABC, 4 = 105°, B = 39° and a = 60. Find side b.

9 In the triangle ABC, A = 112°, a = 65 and ¢ = 48. Find angle C.
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10 In the triangle ABC, B = 50°, C = 45° and @ = 70. Find side c.

11 In the triangle ABC, B = 59°, C = 74° and ¢ = 41. Find sides @ and b and angle 4.
12 In the triangle ABC, a = 60, b = 100 and B = 130°. Find angles 4 and C and side c.
13 In the triangle ABC, 4 = 130°, B = 30° and ¢ = 69. Find sides a and b and angle C.

14 A firespotter located in a tower at 4 saw a fire in the C
direction N10°E. Five kilometres to the east of 4
another firespotter at B saw the fire in the direction
N60°W.

N N

a Copy the diagram and include the given information. — B
b Find the distance of the fire from each tower.

15 A surveyor standing at point 4 measured the C
angle of elevation to the top of the mountain
as 30°. She moved 150 m closer to the mountain
and at point B measured the angle of elevation
to the top of the mountain as 45°. 0° 450

There is a proposal to have a strong cable A<—>B
from point 4 to the top of the mountain to -
carry tourists in a cable car. What is the

length of the required cable?

16 A naval officer sighted the smoke of a volcanic island in the direction N44°E. A navigator
on another ship 25 km due east of the first ship saw the smoke in the direction N38°W.

a ' Find the distance of each ship from the volcano.
b If the ship closest to the volcano can travel at 15 km/h, how long will it take it to reach
the volcano?

17 An air-traffic controller at airport 4 received a distress
call from an aeroplane low on fuel. The bearing of
the aeroplane from 4 was 070°T. From airport B,

80 km north of airport 4, the bearing of the aeroplane
was 120°T.

a_Which airport was closest for the aeroplane?
b Find the distance to the closest airport.
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18 Holly was recording the heights of tall trees in a C
State forest to have them registered for protection.
A river prevented her from measuring the distance
from the base of a particular tree.

She recorded the angle of elevation of the top
of the tree from point A4 as 25°. Holly walked
80 m towards the tree and recorded the angle A B E—4D

of elevation from point B as 50°.

a Copy the diagram shown and add the given information.

b Find the angle at B in triangle 4ABC.

¢ Find the angle at C in triangle ABC.

d Find the length b (from 4 to C).

e Use the length b as the hypotenuse in right-angled triangle ADC, and the angle at A4, to
find distance DC, the height of the tree.

The cosine rule

The cosine rule can be used to find the length of a side in any non-right-angled triangle when
two sides and the angle between them are known. When you know the three sides of a triangle,
the cosine rule can be used to find any angle.

How to derive the cosine rule
In the triangle ABC, show the height /4 of the
triangle by drawing a line perpendicular from
D on the base of the triangle to B.

Let AD = x
As AC = b, then DC = b — x.

< b >

In triangle ABD, cos 4 = ;

Multiply both sides by c. x=ccosAD

Using Pythagoras’ Theorem in triangle ABD. x2+h? =c? )

Using Pythagoras’ Theorem in triangle CBD. (b—x)?+h*=a’

Expand (multiply out) the squared bracket. b? — 2bx +x% + h? = a?

Use D to replace x with ¢ cos 4. b?> —2bccos A + x% + h? = a?

Use @ to replace x> + h* with 2. b? —2bccos A + ¢* = a>

Reverse and rearrange the equation. a? = b* + c* — 2bccos A
Repeating these steps with side c as the base, we get: b* = a® + ¢ — 2accos B
Repeating these steps with side a as the base, we get: ¢ =a*>+ b* —2abcosC

The three versions of the cosine rule can be rearranged to give rules for
cos 4, cos B, and cos C.
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The cosine rule

In any triangle ABC:

when given two sides and the angle between them,

the third side can be found using one of the rules:
a* =b*+c* —2bccos A

b* = a®> + ¢* — 2accos B
? =a*>+b*>—2abcosC A

when given three sides, any angle can be found using one of the following
rearrangements of the cosine rule:
b+ —a? a’+c2—b? R

A e B = ———— =]
coS 2he CcoS ae cos C ab

Example 19 Using the cosine rule given two sides and the angle between them

Find side ¢, correct to 2 decimal places,
in the triangle shown.

Solution

1 Write down the given values and a=2%4b=27,¢=7C=50°
the required unknown value.

2 We are given two sides and the angle ¢*=a*+b*—2ab cosc

S U A W

between them. To find side ¢ use

c*=a? + b? —2abcosC

Substitute the given values into the rule. ¢ = 24"+ 27" — 2 X 24 X 27 X €0550°
Take the square root of both sides. ¢ = /(24" 4+ 27" — 2 X 34 X 27 X 0550°)
Use your calculator to find c. ¢ =26.548. ..

Write your answer correct to The length of side ¢ is 26.55 units.

2 decimal places.
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Example 20 Using the cosine rule to find an angle given three sides

Find the largest angle, correct to 1 decimal
place, in the triangle shown.

Solution
1 Write down the given values.

2 The largest angle is always opposite
the largest side, so find angle 4.
3 We are given three sides. To find angle A use
b*+c?—a?
2bc

cos A =

4 Substitute the given values into the rule.

5 Write the equation to find angle A4.

6 Use your calculator to evaluate the expression
for A. Make sure that your calculator is in

DEGREE mode.

Tip: Wrap all the terms in the numerator (top)
within brackets. Also put brackets around all
of the terms in the denominator (bottom).

7 Write your answer.

A
4 5
C B
6
a=6,b=4,c=5
A=7
bz_l_cz_az
C0sA = ————
2bc
4z+52_éz
C0sA = ————
2X 4X5
]<42+SZ—62>
A = cos e
2X4X5
A=82819...°

The largest angle is 82.8°.

W Application of the cosine rule

A bushwalker left his base camp and walked

10 km in the direction N70°E.

His friend also left the base camp but walked

8 km in the direction S60°E.

a Find the angle between their paths.

b How far apart were they when they
stopped walking? Give your answer correct to
2 decimal places.
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Solution

a

1 Angles lying on a straight line add to 180°.

2 Write your answer.

1 Write down the known values and the
required unknown value.

2 We have two sides and the angle between
them. To find side a use
a* = b> 4 c? — 2bccos A

3 Substitute in the known values.

4 Take the square root of both sides.

5 Use your calculator to find the value of a.

305
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60° + A +70° = 180°
A +120° =180°
A = 50°

The angle between their paths was 50°.

a=7,b=8,c=10,A=50°

a* = b*+c* — 2bccos A
a* = 8> +10>— 2 X 8 X 10 X605 50°
a* = /(8° +10°— 2 x 8 X 10
X 005 50°)
a=71.820...

6 Write your answer correct to 2 decimal places. The distance befween them was 7.82 km.

Exercise Wiml

y S

In this exercise, calculate lengths correct to 2 decimal places and angles correct to 1 decimal

place.
1 Find the unknown side in each triangle.

a b c
A A B A
24
37
30
46° 71
C 51 B C he
d e c f
B B 41 A
25
%0 17
A C
18 B
A C 12

Cambridge University Press * Uncorrected Sample Pages ¢ 978-0-521-74049-4
2008 © Evans, Lipson, Jones, Avery, TI-Nspire & Casio ClassPad material prepared in collaboration with Jan Honnens & David Hibbard



Essential Standard General Mathematics

2 Find angle A4 in each triangle.

a B b y C 3
, 11 B
2 . 14
9
4 9 ¢ 16
A g C
C
d 10 ¢ y ! C
C A
12
, Y ﬁ
13 8 B /1
C 8
14 B
B

3 In the triangle ABC, a = 27, b = 22 and C = 40°. Find side c.

4 In the triangle ABC,a = 18, ¢ = 15 and B = 110°. Find side b.

5 In the triangle ABC, b = 42, ¢ = 38 and 4 = 80°. Find side a.

6 In the triangle ABC,a = 9, b = 10 and ¢ = 11. Find angle 4.

7 In the triangle ABC, a = 31, b = 47 and ¢ = 52. Find angle B.

8 In the triangle ABC, @ = 66, b = 29 and ¢ = 48. Find angle C.

9 Find the smallest angle in the triangle ABC, with a = 120, 5 = 90 and ¢ = 105.
10 In the triangle ABC, a = 16,b = 21 and ¢ = 19. Find the largest angle.

11 A ship left port A4 and travelled 27 km in the direction
N40°E to reach point B.
Another ship left the same port and travelled 49 km
in the direction S80°E to arrive at point C.

a Find the angle between the directions of the two ships.
b How far apart were the two ships when they stopped?

12 A battleship B detected a submarine 4 on a bearing of
050°T and at a distance of 8 km. A cargo ship C was
5 km due east of the battleship.
How far was the submarine from the cargo ship?

13 A farm has a triangular shape with fences of 5 km, 7 km and 9 km in length. Find the size
of the smallest angle between the fences.
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14 From a lookout tower A4, a fire-spotter saw a bushfire B at a distance of 15 km in the
direction N45°W. A township C was located 12 km in the direction S85°W. How far was
the bushfire from the township?

15 Passengers in a car travelling west, along a road that runs east—west, see a mountain 9 km
away in the direction N70°W. When they have travelled a further 5 km west along the road,
what will be the distance to the mountain?

16 At a point 4 on the ground, the angle of elevation to the top
of a radio transmission tower is 60°. From that point a 40 m
cable was attached to the top of the tower. At a point B, a
further 10 m away from the base of the tower, another cable
is to be pegged to the ground and attached to the top of the
tower. What length is required for the second cable?

79 The area of a triangle

Area of a triangle = %base X height

From the diagram, we see that the area of a triangle
with a base b and height / is equal to half the area
of the rectangle b x 4 that it fits within.

1
Area of a triangle = 2 X base x height
1 l
=—xbxh !
2 l

4 i

Base, b <«— Base.bh —>»>

W Finding the area of a triangle using % base x height

Find the area of the triangle shown, correct to |
1 decimal place. 13 m
[

<« m—>
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Solution
1 As we are given values for the base Base,b =7 Height,h =2
and height of the triangle, use Area of triangle = 12 X bxh
Area = % x base x height
2 Substitute the given values. = 12 X7TX>
3 Evaluate. =10.5m*
4 Write your answer. The area.of the triangle is10.5 m*.
Area of a triangle = %bc sin A B
. . h
In triangle ABD, sind = — c P
c
h=cxsind
=
A D C

So we can replace # with ¢ x sin 4 in the rule:

Area of a triangle = % x b xh

1

Area of a triangle = 5 X b X ¢ x sin 4

Similarly, using side ¢ or a for the base, we can make a complete a set of three rules:

Area of a triangle = % bc sin A

Area of a triangle = % ac sin B

Area of a triangle = J ab sin C

Notice that each version of the rule follows the pattern:

Area of a triangle = % X (product of two sides) x sin(angle between those two sides)

W Finding the area of a triangle using % besin A
C

Find the area of the triangle shown, correct to
1 decimal place. 5cm
135°
6 cm A

Solution
1 Weare giventwo sides b,candthe b=15, ¢c=6, A=125°
angle 4 between them, so use:
Area of a triangle = %bc sin A4 Area of triangle = 1zbo sin A
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1

2 Substitute values for b, ¢ and 4 =5 X5X6Xsinz5°
into the rule.
3 Use your calculator to find the area. =10.606. ..
4 Write your answer correct to The area of the triangle is10.6 cm?.

1 decimal place.

Heron's rule for the area of a triangle
Heron’s rule can be used to find the area of any triangle when we know the lengths of the three
sides.

Heron’s rule for the area of a triangle

Area of a triangle = \/s(s — a)(s — b)(s — ¢) a b
where s=1@a+b+o

c

The variable s is called the semi-perimeter because it is equal to half the sum of the sides.

Example 24 Finding the area of a triangle using Heron’s formula

The boundary fences of a farm are shown in the diagram.

Find the area of the farm, to the nearest square kilometre. 6 km J km
11 km
Solution
1 As we are given the three sides of Leta=6,b=9,c =1
the triangle, use Heron’s rule. Start s = %(a +b+0
. . - ]
by finding s, the semi-perimeter. =letotm=1>
2 Write Heron’s rule. Area of triangle = /s(s — a)s — b)s — ©)
3 Substitute the values of s, a, b = \/13(13 — 6152 — 913 — 1)
and ¢ into Heron’s rule.
4 Use your calculator to find the =,/1>X7Tx4x2
area. =26.981... km?
5 Write your answer. The area of the farm, to the nearest square

kilometre, is 27km 2.
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Exercise

In this exercise, calculate areas correct to 1 decimal place where necessary.
1 Find the area of each triangle.

a b c

a c b

80°
8 cm . 12 cm 12 cm
C B

S
S
<]
=

N

d e f
B v B y
85° 11 cm
6 cm 16 cm
18 cm Sc
A C C
C
3 Find the area of each triangle.
a b c
7m 6 cm 9 cm
15 km Sm
8 cm
4m
d e f
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4 Find the area of each triangle shown.

a b c
| 17 cm
[ 9cm
B e
‘ 16 cm 8 cm

10 cm
5cm
d

11 m

12 m

(¢
12m
[
g h
16 km
359 7 km 7 km
22 km
7 km

5 Find the area of a triangle with a base of 28 cm and a height of 16 cm.

f
8 m 110° 8Sm
i
5 km r|3km

6 In triangle ABC, side a is 42 cm, side b is 57 cmand angle C is 70°. Find the area of the
triangle.

7 Find the area of a triangle with sides of 16 km, 19 km and 23 km.

8 The kite shown is made using two sticks, AC and DB. A
The length of AC is 100 cm and the length of DB is 70 cm. b
Find the area of the kite.
B
C

9 Three students 4, B and C stretched a rope loop 12 m long into different shapes. Find the
area of each shape.

a b
4 4 ¢

N

3m
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10 A farmer needs to know the area of his property with the A
boundary fences as shown. The measurements are correct 70°
to 2 decimal places.

Hint: Draw a line from B to D to divide the property into 8 km
two triangles.

a Find the area of triangle ABD.
b Find the area of triangle BCD.
¢ State the total area of the property.

D

11 A regular hexagon with sides 10 cm long can be divided
into six smaller equilateral triangles. (Remember, an
equilateral triangle has all sides of equal length.)

a Find the area of each triangle.
b What is the area of the hexagon?

MC v&0D
= =
TEST TESY
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Key ideas and chapter summary

313

Right-angled triangles

Naming the sides of a
right-angled triangle

Trigonometric ratios

Finding an unknown side
in the denominator of the
trigonometric ratio

Finding an unknown side
in the denominator of the
trigonometric ratio

Finding an unknown
angle in aright-angled
triangle

Adjacent
The hypotenuse is the longest side and is always opposite the

right angle (90°). The opposite side is directly opposite the angle

0 (the angle being considered). The adjacent side is beside angle

0 and runs from 0 to the right angle.

The trigonometric ratios are sin 6, cos 6 and tan 6:
adjacent opposite
os 0 an = ——

- hypotenuse ~ adjacent

Use the trigonometric ratio that has the given side and the

unknown side. Finding x:

adjacent
cos) = ——
hypotenuse 40
X
c0s35° = —

40 350

x =40 x cos35° .

x = 32.77

Use the trigonometric ratio that has the given side and the
unknown side. Finding x:

. opposite
sin = ——
hypotenuse

20 20
sin36° = —

X 36°
=20

x % sin 36°

20
X = — = 34.03
sin 36°

Use the trigonometric ratio that has
both known sides. After working out
the value of the ratio, use sin™",

cos~! or tan~! on your calculator 6

to find the angle.

opposite
tan = ——
adjacent

tan = —
18
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tan 0 = 0.8333

6 = tan~'(0.8333) = 39.8°

SOH - CAH - TOA This helps you to remember the trigonometric r
Degree mode Make sure your calculator is in DEGREE mo
calculations with trigonometric ratios.

Applications of Always draw well-labelled diagrams
right-angled triangles sides and angles. Also label any sides o
be found.

Angle of elevation The angle of elevation is the
angle through which y:

raise your line of sight fro

Angle of depression

Angle of elevation = ion and depression are alternate (‘Z”)
angle of depression

Compass bearings N N60°E
the swing towards
est or east from north or 607
, e.g2. N60°E, S40°W. W E
0
S 40°W S
True bearings True bearings are measured N ggo°T
clockwise from north and
always given with three digits, 607
e.g. 060°T, 220°T. W E
0
180° + 40° S
=220°T
Distance, speed and Navigation problems usually involve distance, speed and

time time, as well as direction.
Distance travelled = time taken x speed
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Non-right-angled triangles
Labelling a non-right-angled Side a is always opposite angle 4,
triangle and so on.

C

a b ¢
sind sinB  sinC
Use the sine rule when given:

Sine rule

B two sides and an angle opposite one of
B two angles and one side.

angleusing 4 + B+ C =
Finding side a correc

Cosine rule le has three versions. When given two sides

between them, use the rule that starts with the

a? = b> 4 * —2bc cos A
b* = a® + ¢* — 2ac cos B
? =a®+b>—2ab cosC

To find an angle when given the three sides, use one of:

b2+ —a? at+c2—p?
A = B = -
cos The cos ac
a’+b* -
C=———
cos ab
Finding angle 4.

b2 22

cosA=% 11 9
112 492 — 132

cos 2x11x9 13

cos A = 0.1666

A = cos~1(0.1666) = 80.4°
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Area of a triangle
Area of A = % X base X height Use this formula if the base and height of the triangle are
known:

Area of a triangle = % X b xh

Area of A\ = %bc sin A

%x 10 x 7 x sin115°
=31.72cm> bh=10cm

C B
Use this formula if the lengths of the three sides of the
triangle are known:
Area of a triangle = \/s(s — a)(s — b)(s — ¢)
where s = %(a + b + ¢) and is called the
semi-perimeter.
Finding the area:
s=1T7+84+9 =12
Area A = /12(12 — 7)(12 — 8)(12 — 9)
=+/12x5x%x4x3
) 9 cm 7
= 26.83 cm ‘m
8 cm
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Having completed this chapter you should be able to:

use trigonometric ratios to find an unknown side or angle in a right-angled triangle
show the angle of elevation or angle of depression on a well-labelled diagram
show directions on a diagram by using compass bearings or true bearings

use the sine rule and cosine rule in non-right-angled triangles to find an unknown

side or angle

use the appropriate rule from the three rules for finding the area of a triangle '

solve practical problems involving right-angled and non-right-angled triangles.

Multiple-choice questions

In the triangle shown, sin 6 equals:

5 5 13
A — B — C —
12 13 12
12 12
D — E —
13 5
The length x is given by:
A 24 sin36° B 24 tan36° C 24 cos36°
sin 36° cos 36°
24 24

To find length x we should use:
A 17sin62° B 17tan62° C 17 cos62°

tan 62° sin 62°
D E
17 17
The side x is given by:
A5 tand6° B —° c Sindé
cos 46° 96
D 95 sin46° E _95
sin 46°

To find the side x we need to calculate:
° 2
tan43 B 0
20 tan43°

D 20 cos43° E 20 sin43°

C 20 tan43°

13
0
12 >
X
36°
24
X
17
62°
95
X
46°
20
43° N
X
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6 To find the angle 6 we need to use:

A cos™! 15 B cos 15 C sin”! 15
19 19 19

D 15sin(19) E 19 cos(15)

The angle 6, correct to 1 decimal place, is:

A 53.1° B 36.9° C 51.3°
D 38.7° E 53.3°

8 The direction shown has the compass

C

A N30°S B S30°E
D S60°E E N30°E

A 030°
D 150°T

30°

hours at a speed of 60 km/h would cover a distance of:
C 63 km D 90 km E 60 km

c b c

sinC sin B - sin C
a b a’+b* -2

sin 4 - sin B D cosC = 2ab

2 2 32
E cosp Tt =0
2ac

12 To find side a we should use the rule:

A
/\
40°
C B
A
Aa?=br+c2 B at=b+c*—2bccosA 80°
5
b
c 2 - p-2__°
sin 4 sin B sin A sin C 40°
C 7 B

b c
E — = —
sin B sin C
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13 The rule needed to find side b is: 4
.a _ .b B ’a _ .c , 17
sin4 sinB sin4d  sinC
29°
C > =a>+b>—2bccosC D a*>=5b>+c? c o B
E b*> =a’+c* —2accos B
14 To find angle C we should use the rule: 4 12 B
A cosC — adjacent B sinC — opposite
hypotenuse hypotenuse b p. '
a*+c?—b? a’+b*—c?
=—— D C=——
C cosC Yoo cos ab
b ¢ C
sinB  sinC
15 The area of the triangle shown is:
A 108cm?> B 54cm?  C 36cm’ L5 2y 9 em
D 90 cm? E 67.5cm?
12 cm
16 The area of the triangle shown, correct to 2 decimal
places, is: 10em 11557 em
A 35.00cm?> B 70.00 cm?> C 14.79 cm?
D 31.72cm?> E 33.09 cm?
17 The area of the triangle shown, correct to 1 decimal 19m
place, is: 17m
A 29.5 m? B 218.5m? C 195.5m? 23 m
D 161.5m> E 158.6m?
Short-answer questions
1 Find the length of x, correct to 2 Find the length of the hypotenuse, correct to
2 decimal places. 2 decimal places.
104 cm
57 cm 28°
X
39°
3 Aroadrises 15 cm for every 4 Find the length of side b, correct to
2 m travelled horizontally. 2 decimal places.
Find the angle of slope 0, to the
nearest degree. A
b 17 m
15 cm 260 208
9 2 C B
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5 Find the angle C, correct to 6 Find the smallest angle in the triangle

1 decimal place. shown, correct to 1 decimal place.

A
. c 23 m 4

35cm

15m 17m
28 cm
B B

7 A car travelled 30 km east, then travelled 25 km in the direction N70°E. How far
was the car from its starting point? Answer correct to 2 decimal places.

8 A pennant flag is to have the dimensions shown. 60 cm
What area of cloth will be needed for the flag?
Answer correct to 1 decimal place.

60 cm

9 Find the area of an equilateral triangle with sides of 8§ m, correct to 1 decimal place.

Extended-response questions

1 Tim was standing at point A when he saw
a tree T directly opposite him on the far
bank of the river. He walked 100 m along
the river bank to point B and noticed that
his line of sight to the tree made an angle
of 27° with the river bank.
Answer the following correct to 2 decimal places.

a How wide was the river?
b What is the distance from point B to the tree?
Standing at B, Tim measured the angle of elevation to the top of the tree to be 18°.
¢ Make a clearly labelled diagram showing distance 7B, the height of the tree and
the angle of elevation, then find the height of the tree.

2 One group of bushwalkers left a road running north—south to walk along a bearing of
060°T. A second group of walkers left the road from a point 3 km further north.
They walked on a bearing of 110°T. The two groups met at the point C, where their
paths intersected.

a Find the angle at which their paths met.

b Find the distance walked by each group, correct to 2 decimal places.

¢ Ifthe bushwalkers decided to return to the road by walking back along the path
that the second group of walkers had taken, what compass bearing should they

follow?
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3 A yacht P left port and sailed in the direction N70°W at 15 km/h for 3 hours.
Another yacht Q left the same port but sailed in the direction N40°E at 18 km/h
for 3 hours.

a How far did yacht P sail?

b How far did yacht Q sail?

¢ What was the angle between their directions?

d How far apart were they after 3 hours (correct to 2 decimal places)?

4 A triangular shadecloth must have sides of 5 m, 6 m and 7 m to cover the required '
area of a children’s playground.
a What angle is required in each of the corners (correct to 1 decimal place)?
b The manufacturer charges according to the area of the shadecloth. What is the
area of this shadecloth (correct to 2 decimal places)?
¢ The cost of shadecloth is $29 per square metre. What will be the cost of this
shadecloth?

5 The pyramid shown has a square base with sides
of 100 m. The line down the middle of each side

is 120 m long.

a Find the total surface area of the pyramid. (As the 7 100/m

pyramid rests on the ground, the area of its base <—100 m—>
is not part of its surface area.)

b If 1 kg of gold can be rolled flat to cover 0.5 m? of surface area, how much gold
would be needed to cover the surface of the pyramid?

¢ At today’s prices, 1 kg of gold costs $15 500. How much would it cost to cover the
pyramid with gold?

6 A surveyor measured the boundaries of a property as shown in the diagram.
The side CD could not be measured because it crossed through a swamp.
The owner of the property wanted to know the total area and the length of the side
CD. To consider the problem as two triangles, a line DB was drawn on the
diagram.
a Find the area of triangle ABD.
b Find the distance BD.
¢ Find the angle BDC.
d Find the angle DBC
e Find the length DC.
f Find the area of triangle BCD.
g What is the total area of the property?

Give lengths and areas correct to 2 decimal places, and angles correct to 1 decimal
place.
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Technology tip

On the Internet you can find some excellent TI-83 Plus and TI-84 Plus programs for
solving non-right-angled triangles. Make sure, however, that you test any program using
a wide variety of problems, as some programs available on the Internet are faulty.

The program TRISOLVE by Ross Levine at www.ticalc.org/pub/83plus/basic/math/
completely solves any triangle when you enter the known sides or angles. Enter zero for
the unknown values. The program solves the ambiguous case of the sine rule. It also
finds the perimeter and the area of each triangle solved.

a= 27
For example, when a = 27, b = 19and 4 = 110° were E; 13, ?55?2?3,%
. A= 1i@
entered, the unknown values were found and displayed. B= 41.39643395
L= 28, BHISEEHS
Mare - FPress .
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