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ABSTRACT. We introduce notions of finiteness obstruction, Euler characteris-
tic, L?-Euler characteristic, and Mobius inversion for wide classes of categories.
The finiteness obstruction of a category I' of type (FP) is a class in the projec-
tive class group Ko(RID'); the Euler characteristic and L2-Euler characteristic
are respectively its RT-rank and L?-rank. We also extend the second author’s
K-theoretic Mobius inversion from finite categories to quasi-finite categories.
Our main example is the proper orbit category, for which these invariants
are established notions in the geometry and topology of classifying spaces for
proper group actions. Baez-Dolan’s groupoid cardinality and Leinster’s Euler
characteristic are special cases of the L?-Euler characteristic. Some of Lein-
ster’s results on Mobius-Rota inversion are special cases of the K-theoretic
Mobius inversion.

0. INTRODUCTION AND STATEMENT OF RESULTS

The Euler characteristic is one the earliest and most elementary homotopy
invariants. Though purely combinatorially defined for finite simplicial complexes
as the alternating sum of the numbers of simplices in each dimension, the Euler
characteristic has remarkable connections to geometry. For example, for closed
connected orientable surfaces M, the Euler characteristic determines the genus:
g=1-— %X(M) For such M, if x(M) is negative, then M admits a hyperbolic
metric. More substantially, the celebrated Gauss—-Bonnet Theorem computes the
Euler characteristic in terms of curvature. A further example of geometry in the
Euler characteristic is provided by the Hopf-Singer conjecture.

Of course, Euler characteristics are not only defined for finite simplicial com-
plexes or manifolds, but also for a great variety of objects, such as equivariant
spaces, orbifolds, or finite posets. Baez-Dolan considered in [2] an Euler char-
acteristic (groupoid cardinality) for finite groupoids and certain infinite ones,
such as the groupoid of finite sets. Leinster and Berger-Leinster have considered
Euler characteristics not just of finite posets and groupoids, but more generally
of finite categories in [I3] and [7]. If a finite category admits both a weighting
and coweighting, then it admits an Euler characteristic in the sense of Leinster.
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In the present paper, we define Euler characteristics for wide classes of
categories, provide a unified conceptual framework in terms of finiteness obstruc-
tions and projective class groups, and extract geometric and algebraic information
from our invariants in certain cases. This obstruction-theoretic framework works
well for both finite and infinite categories. Our main example is the proper orbit
category of a group G. In this case, our invariants are established geometric in-
variants of the classifying space for proper G-actions. We also extend the second
author’s K-theoretic Mobius inversion from finite El-categories to quasi-finite
El-categories (a category I' is said to be EI if each endomorphism in T' is an
isomorphism). The K-theoretic Mdbius inversion does not require the categories
in question to be skeletal, unlike the Mobius inversion of Leinster [13]. Several of
the results of [13] are special cases.

Our point of departure is the theory of projective modules over a category
and the associated projective class group. Let I' be a small category, and R
an associative commutative ring with unit. An RI'-module is a functor from
[P to the abelian category of left R-modules. If T' is a group G viewed as a
one-object category, then an RI'-module is nothing more than a right RG-module.
The category MOD-RI" of RI'-modules is an abelian category, and therefore
we automatically have the notions of projective RI'-module, chain complexes of
RI’-modules, and resolutions of RI'-modules. The finiteness obstruction, when-
ever it exists, lives in the projective class group Ko(RIL'), which is the free abelian
group on the isomorphism classes of finitely generated projective RI-modules
modulo short exact sequences. We say that I' is of type (FPg) if the constant
RI-module R: TP — R-MOD admits a resolution by finitely generated projec-
tive RI'-modules in which only finitely many of the RI'-modules are nonzero. If
I" is of type (FPg), the finiteness obstruction o(I'; R) € Ky(RT') is the alternating
sum of the classes of modules appearing in a finite resolution of R. For example,
if I" is a finite group then Q is itself a projective QI'-module and provides us with
a finite resolution of Q. ‘The basics of RT-modules and finiteness obstructions
are discussed in Sections [l and 2

To obtain the Euler characteristic and the L?-Euler characteristic from the
finiteness obstruction, we use Liick’s Splitting of K, [I5, Theorem 10.34 on
page 196], and two notions of rank for RI-modules: the RI-rank rkgr and the

L?rank rk?). In the case that every endomorphism in I' is an isomorphism, that
is, I is an El-category, Liick constructed in [15] the natural splitting isomorphism

S: Ko(RT) — Split Ko(RT) := P Ko(Raut(z))
zeiso(T)
and its natural inverse E, called extension. In Section |3 we recall the split-
ting (S, F'), and prove that S remains a left inverse to E in the more general
case of directly finite I'. Let S, denote the Z-component of S and let U(T") de-
note the free abelian group on the isomorphism classes of objects of I'. The
RT-rank of a finitely generated RI-module M is the element rkpr M € U(T)



FINITENESS OBSTRUCTIONS AND EULER CHARACTERISTICS OF CATEGORIES 3

which is rkg (SmM ® R aut(x) R) at T € iso(I"). This induces a homomorphism
tkpr: Ko(RI) — U(D). If T'is of type (FPg), we define the functorial Euler
characteristic x¢(I'; R) to be the image of the finiteness obstruction o(I'; R) un-
der rkrp. We may think of the sum of the components of x;(I'; R) as the Euler
characteristic of I". Indeed, if R is Noetherian, every endomorphism in I is an iso-
morphism, and I is of type (FPg), then the sum of the components of x¢(I'; R)
is x(BI'; R). For example, if I' is a finite group, then x¢(I; Q) is 1, and so is
the rational Euler characteristic. In Section 4| we treat the RI-rank rkgr, the
functorial Euler characteristic x;(I'; R), and the Euler characteristic x(I'; R).
To obtain the L2-Euler characteristic from the finiteness obstruction using
the splitting functor S, and the L?-rank rk(FZ), we need some elementary theory
of finite von Neumann algebras. For a group G, the group von Neumann al-
gebra of G is the algebra of G-equivariant bounded operators (*(G) — *(G),
which we denote by N(G). If G is a finite group, N (G) is simply the group
ring CG. The von Neumann dimension for N(G)-modules is the unique func-
tion dimp(q) satisfying Hattori-Stallings rank, additivity, cofinality, and con-
tinuity as recalled in Theorem [5.2] In the case of a finite group G, the von
Neumann dimension of a CG-module is the complex dimension divided by |G|.

The L2-rank of a finitely generated CI-module M is the element rk?)M €
U(T') ®z R which is dimpaut(z)) (SeM @cau(z) N (aut(z))) at T € iso(I'). This

induces a homomorphism rk?) : Ko(RT') — U(I') @z R. If T is of type (FP¢), the

functorial L?-Euler characteristic Xf) (I') is the image of the finiteness obstruction

o(I"; C) under rk(FZ). The L2-Euler characteristic x?(T') is the sum of the compo-
nents of X?)(F). For example, if I" is a finite groupoid of type (FP¢), its functorial
L2-Euler characteristic has at T the value 1/| aut(z)|, and the L?*-Euler charac-
teristic is the sum of these. This agrees with the groupoid cardinality of Baez-
Dolan [2] and also Leinster’s Euler characteristic in the case of finite groupoids.
In Section |5| we review the necessary prerequisites from the theory of finite von
Neumann algebras, and introduce the L?-rank rk(FQ), the functorial L2-Euler char-
acteristic chz) (I'), and the L*-Euler characteristic x(®(I'). These are defined for
categories of type (L?), a slightly weaker requirement than type (FP¢).

The invariants we introduce in this paper have many desirable properties.
The finiteness obstruction, functorial Euler characteristic, Euler characteristic,
functorial L?-Euler characteristic, and L2*-Euler characteristic are all invariant
under equivalence of categories and are compatible with finite products, finite
coproducts, and homotopy colimits (see [12] for the compatibility with homotopy
colimits). Moreover, the L2-Euler characteristic is compatible with isofibrations
and coverings between finite groupoids (see Subsection . The L?-Euler charac-
teristic coincides with the classical L2-Euler characteristic in the case of a group,
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for finite groups this is ¥ (G) = et

teristic is that it is closely related to the geometry and topology of the classifying
space for proper G-actions, a topic to which we return in Section

After this treatment of finiteness obstructions and various Euler characteris-
tics, we turn in Section [0 to our next main result: the generalization of the
second author’s K-theoretic Mobius inversion to quasi-finite El-categories. We
introduce the restriction-inclusion splitting Res: Ko(RI') = Split Ko(RI'): I in
Subsection [6.1l The K -theoretic Mobius inversion

p: Split Ko(RL) = Split Ko(RD): w

compares the splitting (Res, I) with the splitting (S, E) in Theorem [6.22] See
Subsection for the definition of (u,w) in terms of chains in I' and hom-sets
of I'. A computationally useful biproduct of the comparison via Mobius inversion
is the equation

Another advantage of the L2-Euler charac-

S (ol R)) = p ((O(m; R))xeiso(F))

for I of type (FP). For example, this enables us to compute in Theorem the
finiteness obstruction and Euler characteristics of a finite El-category in terms
of chains. The K-theoretic Mobius inversion is also compatible with the L?-rank
rk(FQ) and the pair (7®,©?) as in Subsection . All of these splittings and
homomorphisms are illustrated explicitly for G-H-bisets in Subsection [6.4] The
rest of Section [6] compares and contrasts the invariants for I and I'°P, which can
generally be quite different. Important special cases are Mobius-Rota inversion
for a finite partially ordered set (Example , Leinster’s Mobius inversion for a
finite skeletal category with trivial endomorphisms (Example |6.25)), and rational
Mobius inversion for a finite, skeletal, free El-category (Example [6.33)).

In Section [7| we recall the groupoid cardinality of Baez-Dolan [2] and the Euler
characteristic of Leinster [I3] and make comparisons. The groupoid cardinality
coincides with the L?-Euler characteristic for finite groupoids. Leinster’s Euler
characteristic coincides with the L?-Euler characteristic for finite, free, skeletal
El-categories. Here “free” is not meant in the usual category-theoretic sense,
but rather in the sense of group actions. We say that a category I' is free if the
left aut(y)-action on mor(z,y) is free for every two objects z,y € ob(I'). If I' is
not free, then Y (I') could very well be different from Leinster’s Euler charac-
teristic of I' (see Remark [7.4). Our invariants are more sensitive than Leinster’s
Euler characterstic. For example, Leinster’s Euler characteristic for finite cate-
gories only depends on the set of objects ob(I') and the orders | morp(z,y)|. As
such, it cannot distinguish between the group Z/2Z and the two-element monoid
consisting of the identity and an idempotent. The finiteness obstruction and
the L2-Euler characteristic can distinguish these. Leinster’s Euler characteristic
cannot distinguish between I' and I'°P, while the functorial Euler characteris-
tic, the functorial L?-Euler characteristic, and the L?-Euler characteristic can.
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In Section [7] we also explain how to construct weightings in the sense of Leinster
from finite free resolutions of the constant RI-module R as well as from finite
[-CW-models for the classifying I'-space. Several of the weightings in Leinster’s
article [13] arise in this way.

As mentioned at the outset, Euler characteristics of spaces and manifolds con-
tain geometric information, such as genus, curvature, or evidence of a hyperbolic
metric. Similarly, the Euler characteristics of certain categories contain geometric
and algebraic information. The topic of Section[8]is our main example: the proper
orbit category of a group G, denoted Or(G). Its objects are the homogeneous
sets G/H for finite subgroups H of G, and its morphisms are the G-equivariant
maps between such homogeneous sets. The invariants of the category Or(G) are
closely related to the equivariant invariants of a model EG for the classifying
space for proper G-actions. Namely, if the model EG is a finitely dominated
G-CW-complex, then our category-theoretic finiteness obstruction o(Or(G);Z)
agrees with the equivariant finiteness obstruction of EG. If the model EG
is even a finite G-C'W-complex, then both the functorial Euler characteristic
xf(Or(G); Z) and the functorial L?-Euler characteristic X;Q) (Or(G)) agree with
the equivariant Fuler characteristic of EG. Examples of groups G with finite
models EG include hyperbolic groups, groups that act simplicially cocompactly
and properly by isometries on a CAT(0)-space, mapping class groups, the group
of outer automorphisms of a finitely generated free group, finitely generated one-
relator groups, and cocompact lattices in connected Lie groups.

In addition to these geometric aspects of our invariants in the case of the cat-
egory Or(G), we also have interesting algebraic consequences of the K-theoretic
Mébius inversion and its compatibility with the L?-rank. For example, if the
category Or(G) is of type (FP) and satisfies condition (I) of Condition[6.26] then
the functorial L2-Euler characteristic of Or(G) is the L2-Mdbius inversion of the
L?-Euler characteristics of Weyl groups associated to finite H < G

P (or(G)) = <(X(2)(WGH))(H),|HI<OO) :

More substantially, for finite G we deduce the Burnside ring congruences, which
distinguish the image of the character map

ch = ch?: U(Or(G)) — P Z.
(H)

Here U(Or(G)) is the free abelian group on the set of isomorphism classes of
objects in Or(G), we identify U(Or(G)) with the Burnside ring A(G), and the
direct sum of Z’s is over the conjugacy classes (H) of subgroups of the finite
group G. The character map counts H-fixed points, namely, for any finite G-set
S we have ch(S) = (\SH])(H). An element ¢ lies in the image of ch if and only if
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the integral congruence
() =0 mod |WgH|

holds for every conjugacy class (H) of subgroups of G (the matrix v is specified
in Subsection . We finish Section |8 by working out everything explicitly for
the infinite dihedral group.

The last two sections of the paper are explicit examples. In Section [9 we con-
sider a small example of a category which is not EI and calculate its various
K-theoretic morphisms: the splitting functor S, the extension functor £, the
restriction functor Res, and the homomorphism w. In Section 10| we consider a
category A which does not satisfy property (FP). Leinster considered this cate-
gory in Example 1.11.d of [13] and proved that it does not admit a weighting.
We prove that A does not satisfy property (FP), classify the finitely generated
projective RA-modules, and compute the projective class group Ky(RA), the
Grothendieck group of finitely generated QA-modules Go(QA), and the homol-
ogy H,(BA; R) = H,(A; R).
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1. BASICS ABOUT MODULES OVER A CATEGORY

Throughout this section let I" be a small category and let R be an associa-
tive commutative ring with unit. We explain some basics about modules over
a category. More details can be found in [I5, Section 9]. An RI'-module is a
functor from [P into the abelian category of left R-modules. This is a natural
generalization of the notion of right RG-module for a group GG. The category
of RI'-modules forms an abelian category MOD-RI'. An object of MOD-RI is
projective if and only if it is a direct summand in an RI'-module which is free
on a collection of sets indexed by ob(I'). Given a functor F': I'y — I'y, we have
induction and restriction functors indgp: MOD-RI'1 2 MOD-RI'y: resg, and
these are adjoint. We also introduce in this section the projective class group
Ko(RI"), which provides a home for the finiteness obstruction o(I'; R). The pro-
jective class group Ko(RT') is the free abelian group on the isomorphism classes
of finitely generated projective RI'-modules modulo short exact sequences. The
induction functor induces a homomorphism of projective class groups, as does
the restriction functor, provided F' is admissible.

Definition 1.1 (Modules over a category). A (contravariant) RU'-module is a
contravariant functor ' — R-MOD from I" to the abelian category of R-modules.
A morphism of RI'-modules is a natural transformation of such functors. Denote
by MOD-RT the category of (contravariant) RI’-modules.

Example 1.2 (Modules over group rings). Let G be a group. Let G be the
associated groupoid with one object and G as its set /Qf morphisms with the
obvious composition law. Then the category MOD-RG of contravariant RG-
modules agrees with the category of right RG-modules, where RG is the group
ring of G with coefficients in R.

Example 1.3. Let I'" be the category having one object and the natural num-
bers N = {0,1,2,...} as morphisms with the obvious composition law. Then
MOD-RT is the category whose objects are endomorphisms of R-modules and
whose set of morphisms from an endomorphism f to an endomorphism g is given
by the set of commutative diagrams

M$M

N g



FINITENESS OBSTRUCTIONS AND EULER CHARACTERISTICS OF CATEGORIES 9

If one replaces N by Z and endomorphisms by automorphisms, the corresponding
statement holds.

The (standard) structure of an abelian category on R-MOD induces the struc-
ture of an abelian category on MOD-RI" in the obvious way, namely objectwise.
In particular, the notion of a projective RI-module is defined. Namely, an RI'-
module P is projective if for every surjective RI-morphism p: M — N and
RI-morphism f: P — N there exists an RI'-morphism f: P — M such that
po f = f, where p is called surjective if for any object « € T' the R-homomorphism
p(z): M(z) — N(x) is surjective.

Consider an object z in I'. For a set C' we denote by RC' the free module with
C' as basis, i.e., the R-module of maps with finite support from C' to R. Denote
by
(1.4) Rmor(?,z) for z € ob(I)
the RI-module which sends an object y to the R-module Rmor(y,z), and a

morphism u: y — z to the R-map induced by the morphism of sets mor(z,z) —
mor(y, x) that maps v: z - x tovou: y — x.

Lemma 1.5. Let M be any RI'-module. Consider any element ow € M(x). Then
there is precisely one map of RI'-modules

F,: Rmor(?,z) — M
such that F,(z): Rmor(x,z) — M(x) sends id, to c.

Proof. This is a direct application of the Yoneda Lemma. Given u: y — x, define
Fo(u) :== M(u)(a). O

Since T" is by assumption small, its objects form a set denoted by ob(T"). An
ob(T")-set C'is a collection of sets C' = {C, | x € ob(I')} indexed by ob(T"). A
morphism of ob(I')-sets f: C'— D is a collection of maps of sets {f,: C, — D, |
x € ob(I')}. Denote by ob(I')-SETS the category of ob(I')-sets. We obtain an
obvious forgetful functor

F: MOD-RT" — ob(I")-SETS.
Let
B: ob(I")-SETS — MOD-RI'
be the functor sending an ob(I')-set C' to the RI'-module
B(C) = @ @Rmor(?,x).
z€ob(I') Cx

We call B(C) the free RI'-module with basis the ob(I')-set C'. This name is
justified by the following consequence of Lemma [1.5| and the universal property
of the direct sum.

Lemma 1.6. We obtain a pair of adjoint functors by (B, F).
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Lemmal|l.6)implies that the abelian category MOD-RI has enough projectives.
Namely, any free RI’-module is projective and for any RI'-module M there is a
surjective morphism of RImodules B(F(M)) — M, given by the adjoint of
id: F(M) — F(M). Therefore the standard machinery of homological algebra
applies to MOD-RI'. We also conclude that an RI-module is projective if and
only if it is a direct summand in a free R[-module.

An ob(I')-set C'is finite if the cardinality of J[ . Cy is finite. An RI-
module M is finitely generated if and only if there is a finite ob(I')-set C' together
with a surjective RI'-morphism B(C) — M. An RI" module is finitely generated
projective if and only if it is a direct summand in free RI-module B(C) for a
finite ob(I")-set C.

Definition 1.7. If M : I’ - R-MOD and N: I' — R-MOD are functors, then
the tensor product M ®@gr N is the quotient of the R-module

D M) @r N()

zcob(T)

by the R-submodule generated by elements of the form
(M(f)m)@n—m& (N(f)n)

where f : © — y is a morphism in I', m € M(y), and n € N(x). The tensor
product is an R-module, not an RI-module.

Definition 1.8 (Projective class group). The projective class group Ko(RT) is the
abelian group whose generators [P] are isomorphism classes of finitely generated
projective RI-modules and whose relations are given by expressions [Py| — [Py] +
[P,] = 0 for every exact sequence 0 — Py — P, — P, — 0 of finitely generated
projective RI'-modules.

Given a functor F': I'y — I'y, induction with F' is the functor
(19) mdF MOD—RPl — MOD—RFQ

which sends a contravariant RI';-module M = M(?) to the contravariant RI's-
module M (?) ® gr, Rmorr, (77, F(7)) which is the tensor product over RI'; with
the RI';-RI'5-bimodule R morr, (77, F/(7)) (see [15, 9.15 on page 166] for more de-
tails). The functor indg respects direct sums and satisfies ind (R morr, (?,z)) =
Rmorr, (7?7, F(x)) for every = € ob(I'1). Hence indr sends finitely generated pro-
jective RI'j-modules to finitely generated projective RI's-modules and induces a
homomorphism

(1.10) Fo: Ko(RT1) —  Ko(RT9),

which depends only on the natural isomorphism class of F. Given functors
Fy: Ty — I'y and Fi: I'y — T, the functors of abelian categories indg, o, and
indp, oindg, are naturally isomorphic and hence (Fj o Fp), = (F1)« o (Fp)s.
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Given a functor F': I'y — I'y, restriction with F is the functor of abelian
categories

(1.11) resp: MOD-RI'y, — MOD-RI'y, M+~ MoF.

It is exact and sends the constant RI';-module R to the constant RI'j-module
R. In general it does not send a finitely generated projective RI's-module to a
finitely generated projective RI';-module. We call F' admissible if resp sends
a finitely generated projective RI';-module to a finitely generated projective
RI';-module. The question when F' is admissible is answered in [15, Proposi-
tion 10.16 on page 187]. If F' is admissible, it induces a homomorphism

The following is proved in [15, 9.22 on page 169] and is based on the fact that
resp is the same as the functor — ®gr, Rmorr, (F(7),77).

Lemma 1.13. Given a functor F': I'y — I'y, we obtain an adjoint pair of functors
(indp, resp).

2. THE FINITENESS OBSTRUCTION OF A CATEGORY

After the introduction to RI-modules in Section [I, we can now define the
finiteness obstruction of a category in terms of chain complexes and establish
its basic properties. Since MOD-RI" is abelian, we can talk about RI'-chain
complexes. In the sequel all chain complexes C, will satisfy C; =0 fori < —1. A
finite projective RI'-chain complexr P, is an RI'-chain complex such there exists
a natural number N with P, = 0 for n > N and each RI'-module P; is finitely
generated projective. Let M be an RI-module. A finite projective RI'-resolution
of M is a finite projective RI'-chain complex P, satisfying H;(P,) = 0 for i > 1
together with an isomorphism of RI'-modules M =N Hy(P,). If P, can be chosen
as a finite free RI'-chain complex, we call it a finite free RI'-resolution.

If the constant RI'-module R: I'? — R-MOD with value R admits a finite
projective RI'-resolution or a finite free RI'-resolution, we say that I' is of type
(FPr) or of type (FFg) respectively. Examples of categories of type (FPg) are:
any finite group of order invertible in R, any finite groupoid I" such that autp(x)
is invertible in R for each object x, and any finite category in which every en-
domorphism is an isomorphism and autr(z) is invertible in R for each object x.
Any category I' which admits a finite I'-CW-model for ET is of type (FFg), in
particular any category with a terminal object is of type (FFg).

If T is of type (FPg), we define the finiteness obstruction o(I'; R) € Ko(RI)
to be the alternating sum of the classes [P,] appearing in a finite projective
resolution. If G is a finitely presented group of type (FPz), then the finiteness
obstruction is the same as Wall’s finiteness obstruction o(BG) € Ko(ZG).

Type (FP) and the finiteness obstruction have all the properties one could hope
for. Any category equivalent to a category of type (FP) is also of type (FP), and
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the induced map of an equivalence preserves the finiteness obstruction. If I'; and
[’y are of type (FP), then so are 'y xI'y and I'; 11Ty, and the finiteness obstructions
behave accordingly. Restriction along admissible functors preserves type (FP)
and finiteness obstructions, as does induction along left adjoints. In [12] we
prove that type (FP) and the finiteness obstruction are compatible with homotopy
colimits.

Definition 2.1 (Finiteness obstruction of a module). Let M be an RI-module
which possesses a finite projective resolution. Define its finiteness obstruction

o(M) i= S (=1)" [P] € Ko(RT)

n>0

for any choice P, of a finite projective RI'-resolution of M.

This definition is a special case of [I5, Definition 11.1 on page 211]. It is
indeed independent of the choice of finite projective resolution. If P is a finitely
generated projective RI-module, then of course o(P) = [P]. Given an exact
sequence 0 — My — M; — My — 0 of RI™-modules such that two of them possess
finite projective resolutions, then all three possess finite projective resolutions and

we get in Ko(RI)
(2.2) o(My) — o(My) + o(M,) = 0.
All this follows for instance from [15, Chapter 11].

Definition 2.3 (Type (FP) and (FF) for categories). We call a category I' of type
(FPg) or briefly (FP) if the constant functor R: I'" — R-MOD with value R
defines a contravariant RI'-module which possesses a finite projective resolution.

We call a category I' of type (FFr) or briefly (FF) if R possesses a finite free
resolution.

If G is a group and G is the groupoid with one object and G as automorphism
group of this object, then the notions (FP) and (FF) for G of Definition 2.3 agree
with the classical notions (FP) and (FF) for the group G (see [9, page 199)]).

Example 2.4 (Finite groups of invertible order are of type (FP)). Let G be a
finite group whose order is invertible in the ring R. Then the RG-map RG — R,

DTS

geG geG
admits a right inverse, namely 1 ﬁz gec 9- The trivial RG-module R is
then a direct summand of a free RG-module, and is therefore projective. A finite
projective resolution of R is simply the identity R — R. The group G and
category G are of type (FPg).

Example 2.5 (Finite El-categories with automorphism groups of invertible order
are of type (FP)). We may extend Example [2.4] to certain categories. If T is a
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category in which every endomorphism is an automorphism, aut(x) is invertible
in R for every object z, the category I' has only finitely many isomorphism classes
of objects, and morr(z, y) is finite for all objects « and y, then I' is of type (FPg).

This will follow from Lemma (V)]

Example 2.6 (Categories I' with a finite I'-CW-model for ET are of type (FFg)).
If I' is a category which admits a finite ['-C'W-model X for the classifying [-space
ET, then the cellular R-chains of X form a finite free resolution of the constant
RT'-module R. For example, the categories {1 «+ 0 — 2} and {a = b} admit
finite models, as does the poset of non-empty subsets of [¢] = {0,1,...,q}. Every
category with a terminal object also admits a finite model. (Our paper [12] recalls
the I'-CTW-complexes of [I1] in the context of Euler characteristics and homotopy
colimits.)

Definition 2.7 (Finiteness obstruction of a category). Define the finiteness ob-
struction with coefficients in R of a category I" of type (FP)

o(I'; R) :== o(R) € Ky(RI)

to be the finiteness obstruction o(R) of Definition 2.1l We also use the notation
[R], or simply [R], to denote the finiteness obstruction o(I'; R).

The notation [R] for the finiteness obstruction is quite natural, for in Exam-
ple the module R is projective, and the alternating sum of Definition [2.1} is
merely [R]. However, in general, the module R may not be projective.

The homomorphism F, of depends only on the natural isomorphism
class of F'. Hence F, is bijective if F' is an equivalence of categories. In general
indx is not exact and indp R is not isomorphic to R. However, this is the case if
F' is an equivalence of categories. This implies

Theorem 2.8 (Invariance of the finiteness obstruction under equivalence of cat-
egories). Let I'y and T'y be two categories such that there exists an equivalence
F: Ty — T of categories.

Then T'y is of type (FP) if and only if T's is of type (FP). In this case the
1somorphism induced by F

maps o(I'1; R) to o(I'y; R).
Moreover, T'y is of type (FF) if and only if Ty is of type (FF).

One easily checks

Theorem 2.9 (Restriction). Suppose that F': I'y — 'y is an admissible functor
and 'y is of type (FP).

Then I'y is of type (FP) and the homomorphism F*: Ko(Rl'y) — Ko(RI')
sends o(I's; R) to o(I'1; R).
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Theorem 2.10 (Left adjoints and induction). Suppose for the functors F':
'y = Ty and G: T'y — T'y that they form an adjoint pair (G, F'). Suppose that 'y
is of type (FP).
Then Ty is of type (FP) and
F.(o(l'; R)) = o(T'y; R).

Proof. Recall that indp agrees with — ®pgr, Rmorr, (77, F(?)) and resg agrees
with — ®gr, Rmorr, (G(??),7). The adjunction (G, F') (see Lemma|l.13]) implies
that resg = indp. Hence G is admissible. We conclude from Theorem

F.(o(T';; R)) = G*(o(T'1; R)) = o(T'y; R). O

Example 2.11 (Category with a terminal object). Suppose that I has a terminal
object . Then the constant RI'-module R with value R agrees with the free
RT-module Rmor(?,z). Hence I' is of type (FF) and the finiteness obstruction
satisfies

o(I'; R) = [Rmor(?,z)] € Ko(RI).
Let i: {x} — T be the inclusion of the trivial category which has precisely one
morphism and sends the only object in {*} to x. Then the induced map

sends [R] to o(I"; R). This follows also from Theorem taking F' =i and G to
be the obvious projection.

Example 2.12 (Wall’s finiteness obstruction). Let G be a group. Let G be
the groupoid with one object and G' as morphism set with the composition law
coming from the group structure. Because of Example the group G is of type

(FP) in the sense of homological algebra (see [0, page 199]) if and only G is of
type (FP) in the sense of Definition and the projective class group Ky(ZG)

of the group ring ZG agrees with KO(Z@) introduced in Definition .

Suppose that G is of type (FP) and finitely presented. Then there is a model
for BG which is finitely dominated (see [9, Theorem 7.1 in VIIL.7 on page 205])
and Wall (see [31] and [32]) has defined its finiteness obstruction

It agrees with the finiteness obstruction o(G; Z) of Definition
The elementary proof of the next result is left to the reader.

Theorem 2.13 (Coproduct formula for the finiteness obstruction). Let I'y and
[y be categories of type (FP). Then their disjoint union I'y I Ty has type (FP)
and the inclusions induce an isomorphism

Ko(RTy) @ Ko(RTs) = Ko(R(I; IITy))
which sends (0o(T'1),0(T's)) to o(I'y I Ty).
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Let = be any object of I". Denote by aut(z) the group of automorphisms of x.
We often abbreviate the associated group ring by

(2.14) R[x] = RJaut(z)].

Example 2.15 (The finiteness obstruction of a finite groupoid). Let G be a finite
groupoid, i.e., a (small) groupoid such that iso(G) and aut(x) for any object
x € ob(G) are finite. Then I' is of type (FP) if and only if for every object
x € ob(G) |aut(x)| - 1g is a unit in R.

Suppose that G is of type (FP). Then the trivial R[x]-module R is finitely
generated projective and defines a class [R] in Ko(R[z]) for every object = €
ob(G). We obtain from Theorem and Theorem a decomposition

Ko(RG) = € Ko(Rlz]).
zeiso(T)

The finiteness obstruction o(G) has under the decomposition above the entry
[R] € Ko(R|x]) for z € iso(I").

Let I'y and I's be two small categories. Then their product I'y x I's is a small
category. Since R is commutative, the tensor product ®p defines a functor

®pr: MOD-RI'; x MOD-RI'y — MOD-R(I'; x I'y).
Namely, put (M @ N)(z,y) = M(z) ®r N(y). Obviously
(My @ Ma)@r(N1®N2) = (My®@rN1)®(My®rN2) @ (Ma®gN1) S (Ma®p Na),
and for z; € ob(I'1) and zo € ob(I'y) we obtain isomorphisms of R(I'; x I's)-
modules
Rmorr, (?,21) ®g Rmorr, (7?7, 25) = Rmorp, «1, ((?, 77, (21, xz))

Hence we obtain a well-defined pairing
(216) KRpR: Ko(er) Rz K()(RFQ) — Ko(R(Fl X Fg)), [Pl] X [PQ] — [Pl KRR PQ]
Theorem 2.17 (Product formula for the finiteness obstruction). Let I'; and Ty

be categories of type (FP).
Then T'y x I'y is of type (FP) and we get

o(T'1 xTy; R) = o(T'1; R) @k o(Ty; R)
under the pairing (2.16)).

Proof. Let P! be a finite projective resolution of R over MOD-RI; for i = 1, 2.
The evaluation of a projective RI';-module at an object is projective and hence
flat as R-module since this is obviously true for R morr,(?, z) and every projective
Rl';-module is a direct sum in a free one. Hence the R(I'; x I'y)-chain complex
P! @ P? is a projective RI'; x RI's-resolution of R. Now an easy calculation
(see |15, 11.18 on page 227] shows

o(I't x'y; R) = O(P*l Qr Pf) = O(P*1> Qr O(Pf) =o' R)®ro(l'y; R). O
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Example 2.18. Let I' be the category which has precisely one object x and two
morphisms id,: * — = and p: x — x such that pop = p. Given an R-module
M, let I;(M) for i = 0,1 be the contravariant R[-module which sends p: z — =
to ¢ -idp: M — M. Given any RI-module N, we obtain an isomorphism of
RT-modules

[ Io(ker(N(p))) @ I (im(N (p))) =N
from the inclusions of ker(N(p)) and im(N(p)) to N(z). This isomorphism is

natural in N and respects direct sums. If N = Rmor(?,x), we have ker(N(p)) =
im(N(p)) = R. Hence I;(R) is a finitely generated projective RI-module for
¢t = 0,1. This implies that N is a finitely generated projective RI-module if
and only if ker(N(p)) and im(N(p)) are finitely generated projective R-modules.

Hence we obtain an isomorphism
Ko(RT) = Ko(R) & Ko(R),  [P] = ([ker(P(p)], [im(P(p))]).

Its inverse sends ([Py], [P1]) to [1o(Po)®11(P1)]. The constant RI-module R agrees
with I;(R). Hence the category I is of type (FP) and the finiteness obstruction
o(I'; R) is sent under the isomorphism above to the element (0, [R]).

3. SPLITTING THE PROJECTIVE CLASS GROUP

In this section we will investigate the projective class group Ko(RI'). In the
case that every endomorphism in I' is an isomorphism, we construct the natural
splitting isomorphism

S: Ko(RT) — Split Ko(RT) := @D Ko(Raut(z))

zeiso(T)

and its natural inverse E, called extension. This is the Splitting of K(RI'), a
part of [I5] Theorem 10.34 on page 196]. If T' is merely directly finite rather
than EI, we still have S o E/ = idgpiit ko (rr) and the naturality of S, though S is
no longer bijective. The splitting functor S, of and the extension functor
E, of respect direct sums and send epimorphisms to epimorphisms. The
extension functor E, sends free Raut(x)-modules to free RI-modules. If T' is
directly finite, the restriction functor S, sends free RI-modules to free R aut(z)-
modules and respects finitely generated and projective. The relationship between
El-categories, directly finite categories, and Cauchy complete categories is clari-
fied in Lemma B.13

Recall that a ring is called directly finite if for two elements r, s € R we have
the implication rs =1 = sr = 1. Therefore we define

Definition 3.1 (Directly finite category). A category is called directly finite if for
any two objects z and y and morphisms u: x — y and v: y — x the implication
vu = id, == wv = id, holds.
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Lemma 3.2 (Invariance of direct finiteness under equivalence of categories).
Suppose I'y and Ty are equivalent categories. Then I'y is directly finite if and only
if Ty 1s directly finite.

Proof. Suppose F': I'y — @'y is fully faithful and essentially surjective, that I';
is directly finite, and vu = id, in I's. Then we can extend to a commutative
diagram

L
<
8
v

Y

n

> F(a) 77 F(b).

s
e
IR
3
IR

Fla) 77 FO) 7

Hence F(go f) = idp(a), and go f = id,. The direct finiteness of I'; then implies
fog=1id,. Together with the commutativity of the two right squares above, this
implies u o v = id,;, so that I'y is also directly finite. 0

Let M be any RI-module and let x be any object. Denote by aut(z) the
group of automorphisms of z. As in we abbreviate the associated group
ring by R[z] := Rlaut(z)]. Define an R-module S, M by the cokernel of the map
of R-modules

SyM := coker @ M(u): @ M(y) — M(x)

u: Y u: =Y
u is not an isomorphism u is not an isomorphism

In other words, S, M is the quotient of the R-module M (x) by the R-submodule
generated by all images of R-module homomorphisms M (u): M(y) — M(x)
induced by all non-invertible morphisms w: x — y in I". One easily checks that
the right R[z]-module structure on M (z) coming from functoriality induces a
right R[z]-module structure on S, M. Thus we obtain a functor called splitting
functor at x € ob(I)

(3.3) S:: MOD-RI" — MOD-R]|x],

where MOD-R|[z| denotes the category of right R[x]-modules. Define a functor,
called extension functor at x € ob(I),

(3.4) E,: MOD-R[z] — MOD-RT

by sending an R[z]-module N to the RI-module N ® p,) Rmor(?, z).

Lemma 3.5 (Extension/Splitting, direct sums, and free/projective modules).

(i) The functor E, respects direct sums. It sends epimorphisms to epimor-
phisms. It sends a free R[x]|-module with the set C' as basis to the free
RT-module with the ob(I")-set D as basis, where D, = C and D, = for

y # x. It respects finitely generated and projective;
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(ii) We have SyoE, =0, if x and y are not isomorphic. For every projective
right R[z]-module P we have a surjective map of R[x]-modules, natural
in P and compatible with direct sums

op: P— S, 0 E,(P);

(iii) The functor S, respects direct sums. It sends epimorphisms to epi-
morphisms and sends finitely generated RI'-modules to finitely generated
R[z]-modules;

(iv) Suppose that T is directly finite. Then S, sends a free RI'-module with the
ob(I')-set C' as basis to the free R[x|-module with [], ¢, gz Cy as basis
and respects finitely generated and projective. Further, op appearing in
assertion is bijective for every projective right R[x]-module P.

Proof. Obviously E, is compatible with direct sums. It sends epimorphisms
to epimorphisms since tensor products are right exact. We have

E.(R[z]) = R[z] ®R[y) Rmor(?,2) = Rmor(?, z).

Suppose that = and y are not isomorphic. Let P be an R[z]-module. Consider
an element p ® u € E,P(y) = P ®py Rmor(y,z). Since x and y are not
isomorphic, u is not an isomorphism. The element p ® u lies in the image of the
map induced by composition from the right with «

P ®pjy) Rmor(z, x) — P ®pgjy) Rmor(y, x),

a preimage is given by p ® id,. Hence S, o E,(P) = 0.

Define an R[z]-map P — P ® |, mor(z, ) by sending p € P to p ®pjy) id,. Its
composition with the canonical projection P ® gy mor(z, ) — S, 0 E,(P) yields
an R[zr]-map

op: P— S, 0 E,(P).
Obviously it is surjective, natural in P and compatible with direct sums.

This is obvious except that S, respects finitely generated. We know already
that S,Rmor(?,2) = 0 if 2 and y are not isomorphic and that there is an epi-
morphism R[z] — S,Rmor(?,z). Hence S,Rmor(?,y) is a finitely generated
R aut(z)-module for all y € ob(I') and the claim follows.

Consider an endomorphism u: r — x. It lies in the image of the map
mor(x,z) — mor(x,x), v — v o u, a preimage is id,. If u is an isomorphism,
then there exists no morphism v: x — y such that v is not an isomorphism and
u lies in the image of mor(x,z) — mor(z, z), w +— wow since I is directly finite.
This implies that

ORjz): R[7] = Sy o Ex(R[z]) = S;Rmor(?, z)

is an isomorphism. Now assertion follows from compatibility with direct
sums and the facts that an RI'-module is projective if and only if it is a direct
summand in a free R['-module and that S, respects epimorphisms. 0
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Denote by iso(I") the set of isomorphism classes of objects of I'. Choose for
any class T € iso(I") a representative € Z. Define

(3.6) Split Ko(RI') = P Ko(R[z]).
zeiso(T)

Provided that I' is directly finite, we obtain from Lemma homomorphisms

(3.7) S KO(RF) — Split KO(RF), [P] — {[SIP] ] T e iso(F)};
(3.8) E: Split Ko(RT) — Ko(RT),  {[Qu] | T €iso(D)} = > [EQul.
zeiso(T)

and get

Lemma 3.9. Suppose that T is directly finite. The composite SoE is the identity.
In particular S is split surjective.

The group Split Ko(RI'") is easier to understand than Ky(RI") since its input
are projective class groups over group rings. We will later explain that for an
El-category the maps E and S are bijective (see Theorem [3.14)).

Definition 3.10. A category is an FEl-category if every endomorphism is an
isomorphism.

The El-property is invariant under equivalence of categories.

Lemma 3.11. Suppose I'y and I's are equivalent categories. Then I'y is an Fl-
category if and only if I'y is an El-category.

Proof. Let I'1 be an El-category, F': I'y — I's an equivalence of categories, and
b € ob(I'y). Then b = F(a) for some a € ob(I';). We have isomorphisms of
monoids

morr, (a, a) = morr, (F(a), F(a)) = morr, (b, b).

The first monoid is a group, and hence so is the last. 0

Definition 3.12 (Cauchy complete category). A category I' is Cauchy complete
if every idempotent splits, i.e., for every idempotent p: x — x there exists mor-
phisms i: y — 2 and r:  — y with ro¢ = id, and i o r = p.

Lemma 3.13. Consider a category I'. Consider the statements
(i) T is an El-category;
(ii) Every idempotent p: x — x in T satisfies p = id,;
(iii) T is directly finite and Cauchy complete.

Then (1) = [(ii) and [(i7)] <={ (747)].
If mor(z, x) is finite for all x € ob(T"), then .
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Proof. = If p: * — x is an idempotent, it is an endomorphism and
hence an isomorphism. Hence id, = p~top=plopop=id,op = p.

- Consider morphisms u: z — y and v: y — x with vu = id,. Then
(uv)? = wvuv = uoid,ov = wv is an idempotent and hence by assumption
uv = id,. Obviously I' is Cauchy complete.

(iil)] = Consider an idempotent p: x — x. Since I' is Cauchy complete, we
can choose morphisms i: y — x and r: * — y with ro7 = id, and 407 = p. Since
[ is directly finite, p = i o r = id,.

It remains to show — |(i)| provided that mor(z,z) is finite for all objects
x € ob(I"). Consider an endomorphism f: x — z. Since mor(x,x) is finite, there
exists integers m,n > 1 with f™ = f™*?_ This implies f™ = f™**" for all natural
numbers k > 1. Hence we get f™ = f™*" for some n > 1 with n —m > 0. Then

Hence f™ is an idempotent. Since then f™ = id for some n > 1, the endomorphism
f must be an isomorphism. O

The next result is taken from [I5, Theorem 10.34 on page 196].

Theorem 3.14 (Splitting of Ko(RI') for El-categories). If I' is an El-category,
the group homomorphisms

S: Ko(RT') — Split Ko(RT), [P] — {[S:P] | T €iso(I};
E: Split Ko(RT) — Ko(RD),  {[Q.] | T €iso(D)} = > [E,Q,],
zeiso(T)
of (3.7) and (3.8) are isomorphisms and inverse to one another. They are co-
variantly natural with respect to functors F : 'y — 'y between El-categories, that
s
(Split F,) o ST = 52 6 7,
and
F, o Ef'" = B2 o (Split F,).
The functor Split F, is defined in more detail in Lemmal[3.15 Moreover, S and E

are also contravariantly natural with respect to admissible functors F : 'y — 'y
between FEl-categories, that is

SR o [* = Split F* o S
and
B o (Split F*) = F* o Bfi2,
Example [2.18 shows that the EI hypothesis on I' in Theorem [3.14]is necessary
for S and E to be bijections. Though the splitting homomorphism S is no longer

an isomorphism in general, it is covariantly natural in the more general setting
of directly finite categories.
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Lemma 3.15. Let I'y and I's be directly finite categories and F: 'y — I's be a
functor.
Then the following diagram commutes

Ko(RT)) —— 5 Ko(RT,)

SRFlJ/ lSRFQ

where the vertical maps have been defined in (3.7), the upper horizontal map is
induced by induction with F', and the lower horizontal arrow is given by the matriz
of homomorphisms

((FE@) *)EEiSO(Fl),ﬂeiSO(Fg)

where (Fzg). is trivial if F(z) # 5 and given by induction with the group homo-
morphism F,: autr,(z) — autp,(F(x)), f— F(f) fory = F(z).
In particular, the commutativity of the diagram guarantees

SIE&) oF,=F,o0 Sfrl.

Proof. For two objects x and y in 'y, let mor=(x,y) be the set of isomorphisms
from z to y. The covariant RT'j-module Rmor™(x,?) assigns to an object = the
trivial R-module {0} if T # 7 and Rmor~(z,y) if T = 7. The evaluation of
Rmor™(z,?) at a morphism f: y; — yo is given by

Rmor~(z,y1) — Rmor™ (z,4), g fog

if f is an isomorphism and T = ¥, and by the trivial R-homomorphism otherwise.
This definition makes sense since I'y is directly finite. Obviously Rmor™(z,?) is
an RI'-R|x]-bimodule. Hence we obtain a functor

MOD-RI'; — MOD-R[z], P+ P ®gr, Rmor~(z,7?).

It is naturally equivalent to the splitting functor S, defined in (3.3]). Namely, a
natural equivalence is given by the R[z]-isomorphisms which are inverse to one
another

S.P — P ®pr, Rmorg(x,?)7 D pRid,.

and

P ®gr, Rmor=(z,?) — S,P, p® f+— P(f)(p).
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Consider an RI'j-module P. Then we obtain for y € iso(I'y) a natural isomor-
phism of R[y]-modules

Syoindp P = P ®pgr, Rmorr,(??, F(?)) ®gr, Rmorr, (y,77?)
= P ®gr, Rmory,(y, F(?))

= P ®RP1 @ Rmorl%l (I, 7) ®R[a:] Rmorl%z (y7 F(I))

zeiso(l'),F (z)=7

= @ P ®rr, Rmori(a:, ?) @R[ Rmori(y, F(x))

zeiso(T),F(z)=7

= @ indg, oS, P.

zeiso(T),F(z)=7

This finishes the proof of Lemma [3.15] 0

4. THE (FUNCTORIAL) EULER CHARACTERISTIC OF A CATEGORY

Depending on which notion of rank we choose for RI'-modules, rkgr vs. rkg),

there are two possible ways to define (functorial) Euler characteristics. In this
section, we start with the more elementary definition x(I'; R) and its functorial
counterpart x ¢(I'; R), both of which arise from rkgr. In Section We take R =C

and rkg) to treat the L2-Euler characteristic x(?(I') and its functorial counterpart
(2)
Xf (I').

To obtain the naive Euler characteristic, we use the splitting functor S, as
follows. The RI'-rank of an RI'-module M is an element of U(T"), the free abelian
group on the isomorphism classes of objects of I'. At T € iso(T"), rkgr M is
1k (Se M ®@Raut(z) ). This induces a homomorphism rkpr from Ko(RI') to U(I').
If " is of type (FP), we define the functorial Euler characteristic x¢(I'; R) to be
the image of the finiteness obstruction o(I'; R) under rkgr. The functorial Euler
characteristic is compatible with equivalences between directly finite categories
of type (FP). If T" is an El-category of type (FP) and R is Noetherian, then
the sum of the components of x;(I'; R) is equal to the alternating sum of the
ranks of H;(BT'; R), the familiar topological Euler characteristic x(BI'; R). If R
is Noetherian and I' is of type (FP), but not necessarily EI, then the image of the
finiteness obstruction under rkg pr, in is x(BI'; R). Whenever x(BI'; R)
exists, (for example in the two cases just mentioned), we think of it as the most
naive definition of Euler characteristic of I, and we denote it by x(I'; R).

Each notion of Euler characteristic (y vs. x(?) has its advantages and disad-
vantages. Both are invariant under equivalence of categories and are compatible
with products, coproducts, and homotopy colimits (see [I2] for the compatibility
with homotopy colimits). The L?-Euler characteristic is compatible with isofi-
brations and coverings between finite coverings (see Subsection . The naive

definition y(BT'; R) may not exist in even the simplest cases, for example I' = Z,
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and R = Z,. For a finite discrete category (a set), both invariants return the
cardinality. For a finite group G, we have X(é :Q) = 1, while the L*-Euler charac-
teristic is Y ((A;') = ‘—(1;| The groupoid cardinality of Baez-Dolan [2] and the Euler
characteristic of Leinster [13] will occur as an L?-Euler characteristic, see Section
for the comparison. The main advantages of our K-theoretic approach are that
it also works for infinite categories and encompasses important examples such as
the L?-Euler characteristic of a group and the equivariant Euler characteristic of
the classifying space EG for proper G-actions.

To begin the details of the naive Euler characteristic, suppose that we have
specified the notion of a rank

(4.1) rkp(N) € Z

for every finitely generated R-module such that rk(N;) = rkg(No) + rkr(N2)
for any sequence 0 — Ny — N; — Ny — 0 of finitely generated R-modules
and rkr(R) = 1. If R is a commutative principal ideal domain, we will use
tkr(N) := dimp(F @ N) for F the quotient field of R.

We begin with the most naive definition of an Euler characteristic.

Definition 4.2 (The Euler characteristic of a category I'). Let I" be a category.
Let BT be its classifying space, i.e., the geometric realization of its nerve. Suppose
that H;(BI'; R) is a finitely generated R-module for every i > 0 and that there
exists a natural number d with H;(BI['; R) = 0 for ¢ > d. Then we define the
Euler characteristic of I" to be

X(IsR) =Y "(—1)" - tkp(H;(BT; R)) € Z.

>0

Example 4.3 (The Euler characteristic of a finite groupoid). Let G be a finite
groupoid, i.e., a (small) groupoid such that iso(G) and aut(x) for any object
x € ob(G) are finite. Consider R = Q. Then the assumptions in Definition
are satisfied and

X(9) = |iso(G)].

Notation 4.4 (The abelian group U(I') and the augmentation homomorphism
€). Let I' be a category. We denote by U(I") the free abelian group on the set of
isomorphism classes of objects in I', that is

U(T) := Ziso(T").

The augmentation homomorphism e: U(I') — Z sends every basis element of
iso(I') to 1 € Z. The augmentation homomorphism is a natural transformation
from the covariant functor U: CAT — ABELIAN-GROUPS to the constant
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functor 7Z, that is, for any functor F': I'y — I'; the diagram

U(F)

(4.5) Ul) ——U(I)

commutes.

Definition 4.6 (Rank of a finitely generated RI-module). Let M be a finitely
generated RI'-module M, define its rank

rkpr(M) := {rkr(S:M @p) R) | T € iso(I)} € U(I).

The rank rkzr defines a homomorphism

(47) I'kRFZ Ko(RF) — U(F), [P] — I‘kRF(P>.

It obviously factorizes over S: Ky(RI') — Split Ko(RI"). Define

(4.8) t: U(I') = Ko(RT), (nz)zciso(r) — Z nz - [Rmor(?, z)].
z€iso(I)

This is the same as the composite

ur = 7 Sree, P Ko(Rlz]) = Split Ko(RT) = Ko(RT),
zeiso(T) zeiso(I)

where i,: Z — Ko(R[z]) sends n to n - [R[z]] and E has been defined in (3.8)).

Lemma 4.9 (Naturality of rkgr). The rank rkgr is natural for functors F':
I'y — T’y between directly finite categories. In particular, we have a natural
transformation

I'kR_Z Ko(R—) — U(—)

between covariant functors

Ko(R—),U(-): DIR.FIN.-CAT — ABELIAN-GROUPS.

Proof. The proof of [15, Proposition 10.44 (b) on page 202] for functors between
El-categories also works for functors between directly finite categories. The rank
rkgr is equal to r o .S where r: Split Ko(RI') — U(I") is the direct sum of

Ko(R[z]) — Z
[P] — rtkp(P ®gp R)
over T € iso(I'). By Lemma|3.15| the functor S is covariantly natural with respect
to functors between directly finite categories. The functor r is also natural for
such functors F', for if F,: autr,(z) — autp,(Fx) is the restriction of F' to

autr, () we have
P O R[z] R= inde(P) QR[Fa] R. ]
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Lemma 4.10. Let I' be a directly finite category.
(i) The composite

U(r) - KO(RF) e, ()

of the homomorphisms defined in ) and (4.8)) is the identity;
(ii) Let F be a finitely generated free RF—module. Then

rkrr(F

%@ @Rmor7x

z€iso(I') =1
In particular two finitely generated free RI'-modules Fy and Fs are iso-
morphic if and only if tkgr(F1) = rkgr(Fy);
Proof. This follows from Lemma .
Let F be a free RI'-module. By definition it looks like
F = @ @Rmor(?,x)
zeiso(T) Is

for some index sets I,,. It is finitely generated if there exist natural numbers m,
and an epimorphism

f: @ @Rmor7x @ @Rmor7x

zeiso(T") =1 zeiso(I") Ix

such that only finitely many m,, are different from zero. Lemma implies that
we obtain for every T € iso(I') an epimorphism S, f: @™ R[z] — @, R[z].
This implies that each set I, is finite and only finitely many of the sets I, are
not empty. Hence we can find for a finitely generated free RI'-module F' natural

numbers n, such that
@ EB Rmor(?,x)

zeiso(I") =1

and only finitely many n, are different from zero. Lemma implies
I'kRF(F)E = Ng.

In particular rkgr(F') determines the isomorphism type of a finitely generated
free RI'-module F U

Definition 4.11 (The functorial Euler characteristic of a category). Suppose that
[ is of type (FP). Define the functorial FEuler characteristic of I with coefficients
mn R

Xf(r; R) € U(F)
to be the image of its finiteness obstruction o(I'; R) € Ky(RT') of Definition
under the homomorphism rkzr of .
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The word functorial refers to the fact that the group, in which x takes values,
depends in a functorial way on T'.

Example 4.12 (The functorial Euler characteristic of a finite groupoid). Let G
be a finite groupoid, i.e., a (small) groupoid such that iso(G) and aut(x) for any
object x € ob(G) are finite. Consider R = Q. Then U(G) is the abelian group
generated by iso(G) and x(G) € U(G) is given by the sum of the basis elements.

Theorem 4.13 (Invariance of the functorial Euler characteristic under equiva-
lence of categories). Let F': I'y — 'y be an equivalence of categories and suppose
that T'y is of type (FP) and directly finite. Then Ty is of type (FP) and directly
finite, and

UF)(xs(T'; R)) = xs(T'2; R).

Proof. The category 'y is of type (FP) and F.(o(I';;R)) = o(I'y;R) by
Theorem The category T's is directly finite by Lemma [3.2] We have
UF)(x;T1;R)) = xs(T'y; R) by the naturality of rkp_ in Lemma and
F.(o(I';; R)) = o(I'y; R). O

Lemma 4.14. Let ' be a directly finite category. Suppose that I is of type (FF)
(see Definition [2.3). Then the finiteness obstruction o(I'; R) € Ko(RL) is the
image of x¢(I'; R) under the homomorphism ¢ of (4.8)).

Proof. This follows from the definitions in combination with Lemma, [4.10] O

Obviously the functorial Euler characteristic x¢(I'; R) and the Euler character-
istic x(I'; R) are weaker invariants than the finiteness obstruction and carry less
information but they live in explicit abelian groups and are easier to compute.

Theorem 4.15 (The finiteness obstruction determines the Euler characteristic).

Let T' be a category of type (FP). Suppose that R is Noetherian. Denote by

pr: I' — {x} the projection to the trivial category with precisely one morphism.
Then the assumptions in Definition[4.2 are satisfied and the composite

(4.16) Ko(RD) £ Ko(R{x}) = Ko(R) =5 Z
sends the finiteness obstruction o(I'; R) to the Euler characteristic x(I'; R).

Proof. Associated to a category I there is a classifying contravariant I'-space ET
which is a ['-C'W-complex with the property that ET' evaluated at any object
x € ob(I') is contractible. We refer to Davis-Liick [11, Definition 1.2, Defini-
tion 3.2, Definition 3.8] for the definition of a contravariant I'-space, a
[-CW-complex (which is called free I'-CW-complex there) and of the classi-
fying I'-space ET'. The cellular RT'-chain complex C,.(X) with R coefficients of a
[-CW-complex X is the composition of the functor given by X with the functor
cellular chain complex with coefficients in R and has free RI'-chain modules. The
proof of the last fact is analogous to the proof of [I5, Lemma 13.2 on page 260].
Since the evaluation of ET at any object € ob(I") is contractible, the RI'-module
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H, (C.(ET; R)) is trivial for n # 0 and isomorphic to the constant RI'-module R
for n = 0. In particular C,(ET; R) is a projective RI'-resolution of the constant
RI’-module R. By assumption there exists a finite projective RI'-resolution P, of
R. By the fundamental lemma of homological algebra (see [15, Lemma 11.3 on
page 212]) there exists an RI'-chain homotopy equivalence f,: C.(ET; R) — Pk.
If pr: I' — {x} is the projection to the trivial category, we obtain an R-chain
homotopy equivalence ind, f.: ind,, Ci(ET; R) — indp, P.. There is also the no-
tion of an induction functor for contravariant I'-spaces (see [L1), Definition 1.8] and
a natural isomorphism of R-chain complexes ind,, C,(ET; R) = C,(ind,, ET; R).
The CW-complex indp, ET" is a model for BI" (see [11], Definition 3.10, page 225
and page 230]). Hence we obtain a chain homotopy equivalence

C.(BT; R) = ind,, P,

and ind,, P, is an R-chain complex such that every R-chain module is finitely
generated projective and only finitely many R-chain modules are non-trivial.
Since R is Noetherian, this implies that H;(ind,, P,) is finitely generated as an R-
module for every i > 0 and that there is a natural number d with H;(ind,, P,) =0
for ¢ > d. This implies that the same is true for the homology H,.(BT; R). Our
assumptions on the rank function rky of imply

> (—1)" - tkp(indy, P) = > (=1)" - tkp(H(ind,, P.))

= Z(—l)i -1kg(H;(BT))
= x_(F; R).

Since the composite
Ko(RT) * Ko(R{}) = Ko(R) = Z
sends o(T; R) = 3-.o(=1)" - [P] to 3,5 o(=1)" - rkg(ind, P;), Theorem fol-

lows. O

Example 4.17. Let I' be the category appearing in Example [2.18] It contains
idempotents different from the identity, is directly finite, and of type (FP). We
have U(I') = Z and x;(I'; R) = x(I; R) = 1.

Corollary 4.18 (Invariance of the Euler characteristic under equivalence of cat-
egories). Let F': I'y — I'y be an equivalence of categories and suppose that T';
is of type (FP) and R is Noetherian. Then Ty is of type (FP) and satisfies the
assumptions of Definition [{.3. Moreover, I'y and T'y have the same Euler char-
acteristic,

x(I'; R) = x(T'a; R).
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Proof. The category I's is of type (FP) and F.(o(I';; R)) = o(I'y; R) by The-
orem Theorem then guarantees that I'y satisfies the assumptions of
Definition 4.2 and rkg pr, o(I'2; R) = x(I'y; R). We have
X(I'1; R) = rkgpr, o(T'1; R) = rkg(proF).o(I'1; R)
X(T2; R) = tkppr, o(I'y; R) = rkg pr, Fi(o(I'1; R)).
Or, of course, once we use Theorems and to conclude that I's admits

an Euler characteristic in the sense of Definition [4.2, we may simply conclude
that x(I'1; R) = x(I'y; R) by the homotopy equivalence BI'y ~ BT's. O

As we have seen, the Euler characteristic is determined by the finiteness ob-
struction. We can also obtain the Euler characteristic from the functorial Euler
characteristic. For this we need the augmentation homomorphism introduced in
Notation [4.4].

Corollary 4.19 (The functorial Euler characteristic determines the Euler char-
acteristic). Let I' be an El-category of type (FP). Suppose that R is Noetherian.
Denote by
e:UT)—Z
the augmentation homomorphism from Notation [].)
Then the assumptions in Definition [{.9 are satisfied and

e(xs(I5 R)) = x(I; R).

Proof. Because of Theorem [4.15] is suffices to show that the diagram

Ko(RD) — 58 5 (D)

Ko(R{+}) = Ko(R) —5—— 7

commutes.  However, this is precisely the naturality diagram for rk in
Lemma 4.9 O

There is an obvious pairing coming from the natural bijection
iso(T') x iso(Ty) — iso(T'; x I'y)
(4.20) ®: U(l) @z, Uy) — U xTy)
Theorem 4.21 (Product formula for x and x). Let I'y and I'y be categories of
type (FP). Suppose that the rank rkg satisfies tkp(M ® N) = rkr(M) - rkr(N)

for all finitely generated R-modules M and N.
Then T'y x T'y is of type (FP), we get for the functorial Euler characteristic

Xl xTo; R) = x;(T'; R) @ xs(Ta; R)
under the pairing (4.20)), and we get for the FEuler characteristic.
x(T't x Tos R) = x(I'i; R) - x(T2; R).
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Proof. Consider the diagram

®
Ko(RT)) ® Ko(RTy) —= Ko(R(I'y x Ty))
(rerl oSRr, ) ® (rer2 OSRFQ)\L J/rkR(Fl xT'g) OSR(I'; xT'y)

U(Ly) ® U(Ts) —=— U(T'y x Iy)

where the horizontal pairings have been introduced in and , the
homomorphisms S in (3.7) and the homomorphism rkgr in (4.7). One easily
checks that it commutes. Now the claim follows for x; from Theorem .

The claim for y follows from the fact BI'y x BI'y = B(I'y xI'y) and the Kiinneth
formula. U

5. THE (FUNCTORIAL) L>-EULER CHARACTERISTIC AND L?-BETTI NUMBERS
OF A CATEGORY

In this section we introduce the (functorial) L2?-Euler characteristic and
L2-Betti numbers of a category. This requires some input from the theory of
finite von Neumann algebras and their dimension theory which we briefly record
next. For more information we refer for instance to [19] and [20].

In Subsection we recall the group von Neumann algebra N (G) associated
to a group G, the von Neumann dimension dimys () for right N(G)-modules,
its properties, and compatibility with induction and restriction for modules over
group von Neumann algebras. For a finite group G, the von Neumann algebra
N(G) is CG and the von Neumann dimension of a CG-module is the complex
dimension divided by |G|. For general GG, the von Neumann algebra NV (G) is a
CG-N(G)-bimodule.

In Subsection we recall the L2-Euler characteristic x®(C,) of an
N (G)-chain complex C, as the alternating sum of the von Neumann dimensions
of the homology groups, and discuss the relevant properties.

In Subsection we define the L?-Euler characteristic for categories of type
(L?) using the splitting functor S,. A category I' is of type (L?) if the constant
CI-module C admits a (not necessarily finite) projective CI'-resolution P, such
that the sum over all T € iso(I") of all von Neumann dimensions of the homology
groups of all N (aut(z))-chain complexes S; P, ¢ aut(z) N (aut(z)) converges to a
finite number. Any directly finite category of type (FP¢) is of type (L?). For
example, finite groupoids, finite posets, and more generally finite El-categories
are of type (L?).

Let UM(T) be the set of absolutely convergent sequences on the index set
iso(I"). The functorial L*-Euler characteristic X?)(F) € UMD(T) has at index T
the number y® (SxP* Qc aut(z) N (aut(x))), where P, is a projective CI'-resolution

of C. The L?-Euler characteristic x®(I') € R is the sum of the sequence X?)(T).
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For example, if T is a finite groupoid, then X?)(F) has at index T the value
1/| aut(x)|, and the L2-Euler characteristic is the sum of these.

Like the naive Euler characteristic, the L?-Euler characteristic comes from the
finiteness obstruction in certain cases. However, for the L?-Euler characteristic,
we use the L2-rank rk(FQ) instead of the RI'-rank rkzr. In Subsection M we define
the L?-rank and prove that rk(FQ) o(I; C) = X;Q)(F) whenever T" is directly finite
and of type (FP¢).

The L2-Euler characteristic is compatible with covering maps and isofibrations
between connected finite groupoids, as we prove in Subsection [5.5]

We now recall the prerequisites from the theory of finite von Neumann algebras
and motivate its use.

5.1. Group von Neumann algebras and their dimension theory. The ap-
pearence of (group) von Neumann algebras and their dimension theory in our
context stems from the task to assign some sort of rational- or real-valued dimen-
sion to projective modules over group rings (coming from automorphism groups
in a category), which itself is needed to extract a number, namely the Euler
characteristic, from the finiteness obstruction.

The well-known Hattori-Stallings rank HS(M) [9, Chapter IX, 2] of a finitely
generated projective R-module M over an arbitrary ring R is a way to assign
a “dimension” to M. However, HS(M) is not a number but an element in the
quotient R/[R, R] of R by the additive subgroup [R, R| generated by all commu-
tators ab — ba, a,b € R. In order to get, say, a C-valued invariant one needs an
additive homomorphism ¢ : R — C satisfying the trace property t(ab) = t(ba).

Consider the case of the complex group ring R = CG of a group G. The map
tra@): CG — C, the notation of which already anticipates a more general setup,

is defined by
ey (O Agg) = Ae

geG

and satisfies the trace property, thus providing a notion of dimension for finitely
generated projective CG-modules. This dimension does not extend to arbitrary
CG-modules, which is a major drawback as we would like to define the dimen-
sion of certain homology groups of projective resolutions that are not projective
anymore. Next we explain work of the second author that allows to define a
dimension for all modules — if one works with the larger ring A (G), the group
von Neumann algebra of G, instead.

Let [?(G) be the Hilbert space with Hilbert basis G} it consists of formal sums
> geq Ag - g for complex numbers A, such that ) ., [A\[> < co. The complex
group ring CG is a dense subset of [2(G). In fact, I*(G) is the Hilbert space com-
pletion of the complex group ring CG with respect to the pre-Hilbert structure
for which G is an orthonormal basis. Left and right multiplication with elements
in G induce respectively isometric left and right G-actions on I?(G).
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Definition 5.1 (Group von Neumann algebra). The group von Neumann algebra
of the group G

N(G) =B(*(G)“
is the algebra of bounded operators that equivariant with respect to the right
G-action. The standard trace on N'(G) is defined by

tra): ./\/(G) — C, fr(f(e), 6>12(G')‘

The standard trace extends the definition on CG given earlier on. From now on
we view N (G) simply as a ring, ignoring its functional-analytic origin. The latter
is only important for the proof of our ‘blackbox’ Theorem below. Modules
over N(G) are understood in the purely algebraic sense.

Sending an element g € G to the isometric G-equivariant operator [*(G) —
I2(G) given by left multiplication with ¢ € G induces an embedding of CG into
N(G) as a subring. In particular, we can view N (G) as a CG-N (G)-bimodule.

Theorem 5.2 (Properties of the dimension function). There ezists a dimension
function dimprq) that assigns to every right N'(G)-module M a number, possibly
infinite,
dimy () (M) € [0, 00] = Rxo U {oo}
and satisfies the following properties:
(i) Hattori-Stallings rank

If M is a finitely generated projective N'(G)-module, then
dlIl’l/\/‘ G’) Z tI‘J\/' G) az ) [07 00)7

with A? = A such that
)
N(G)™ given by left

where A = (a;;) is any (n,n)-matriz over N'(G
the image of the N'(G)-homomorphism N(G)™
multiplication with A is N'(G)-isomorphic to M
(i) Additivity
If 0 - My — My — My — 0 is an exact sequence of N (G)-modules,
then
dimy(g) (M) = dimpe)(Mo) + dimp(g) (Ma),
where for r,s € [0,00] we define r + s by the ordinary sum of two real
numbers if both r and s are not oo, and by oo otherwise;
(iii) Cofinality
Let {M; | i € I} be a cofinal system of submodules of M, i.e. M =
Uies M; and for two indices i and j there is an index k in I satisfying
MZ', Mj Q Mk Then

dimpr) (M) = sup{dimp ) (M;) | 7 € T}.
Proof. See [19, Theorem 6.5 and Theorem 6.7 on page 239]. O
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Let i: H — G be an injective group homomorphism. Then the induced injec-
tive ring homomorphism ¢,: CH — CG extends to an injective ring homomor-
phism denoted in the same way i,: N (H) — N(G).

Lemma 5.3. Let i: H — G be an injective group homomorphism.
(i) The induction functor ind;,: MOD-N(H) — MOD-N(G) sending M
to M @y N(G) is faithfully flat, i.e., a sequence of N(H)-modules
M, — My — Mj is exact if and only if the induced sequence of N(G)-
modules ind;, My — ind;, My — ind;, M3 s exact;
(ii) If M is an N (H)-module, then
dimp(g) (ind;, M) = dimpzr) (M);
(iii) Suppose that the index |G : im(H)] of im(H) in G is finite. Then we get
for every N'(G)-module M, if res;, denotes its restriction to an N (H)-
module by i,
dimys gy (res;, M) = [G - im(H)] - dimprqy (M),
where |G : im(H)| - 0o is defined to be cc.
Proof. See [19] Theorem 6.29 on page 253 and Theorem 6.54 (6) on page 266]. [

Here are some useful examples of the von Neumann dimension.

Example 5.4.
(i) (von Neumann dimension for finite groups). Let G be a finite group.
Then NV (G) = CG and we get for a CG-module M
1
|G|
where dimc is the dimension of M viewed as a complex vector space.
(ii) (von Neumann dimension and permutation modules). Let G be a (not

necessarily finite) group and S a cofinite G-set, i.e., S is the disjoint union
of homogeneous G-spaces [[,.; G/ L; for finite I. By [16, Lemma 4.4], we

dimp () (M) - dimg (M);

have 1
dimpr @) ((CS Rca N(G)) = Z |Li|
el !
‘Li‘<OO

(iii) (von Neumann dimension for Z). Let G = Z. Then N (Z) = L*(S*) by
Fourier transformation. Under this identification we obtain that

trazy: N(Z) — C, fH[qlfdM’

where p is the probability Lebesgue measure on S*.

Let X C S! be any measurable set and yx € L°°(S') be its characteris-
tic function. Since yx is an idempotent, its image P is a finitely generated
projective N (Z)-module, whose von Neumann dimension dimpz)(P) is
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the volume p(X) of X. In particular any non-negative real number occurs
as dim(z)(P) for some finitely generated projective N (Z)-module P.

5.2. The L?-Euler characteristic and L?-Betti numbers. In this section we
briefly recall some basic facts about L?-Betti numbers and L?-Euler characteris-
tics. For more information we refer to [19, Section 6.6.1 on page 277ff].

Definition 5.5 (L?-Betti numbers). Let C, be an N(G)-chain complex. Define
its p-th L?-Betti number

b (C.) 1= dim(e)(H,(C.)) € [0, 0]
to be the von Neumann dimension of the A(G)-module given by its p-th
homology.

Definition 5.6 (L*-Euler characteristic). Let C, be an N(G)-chain complex.
Define
h(CL) =D b(C.) € [0,00].
p>0
If h®(C,) < oo, define the L2-Fuler characteristic
XP(C) =D (1P bP(C)  €R.

p=>0

Notice that h((C,) can be finite also in the case, where infinitely many
L2-Betti numbers are different from zero.
Lemma 5.7.
(i) Let Ci be an N(G)-chain complex. Suppose that ) ., dimpc)(Cp) is
finite. Then h®)(C.) is finite and Y -o(=1)" - dimpy) (Cp) = XP(C,);
(i) Let Cy and D, be N(G)-chain complexes which are N (G)-homotopy
equivalent. Then we get b)(C,) = b(D,) and h®(C,) = h®(D,)
and, provided that h®(C,) is finite, x?(C,) = x?(D,);
(ii) Let 0 — Cx — D, — E, — 0 be an ezxact sequence of N'(G)-chain com-
plexes. Suppose that two of the elements h®(C.,), h?(D,), and h'¥(E,)
in [0, 00] are finite. Then this is true for all three and we obtain that

XP(CL) =X (D) +xP(E) = 0;

(iv) Let i: H — G be an injective group homomorphism and let C, be an
N (H)-chain complex. Then h®(C,) = h® (ind;, C.) and, provided that
h?(C,) < oo, we have x?(C,) = x?(ind;, C,);

(v) Let i: H — G be an injective group homomorphism with finite index
|G : H]. Let C, be an N (G)-chain complex. Then

h ¥ (res;, C,) = [G : H] - ¥ (ind;, C,)
and, provided that h®(C,) < 0o, we have
xP(res;, C,) =[G : H] - xP(C,).
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Proof. ii) is obvious from the definition. The rest easily follows from Theorem
and Lemma [5.3 O

5.3. The (functorial) L?-Euler characteristic. In the following I' is always
a small category. For every x € ob(T") let

N(z) := N(aut(z))

be the group von Neumann algebra of the automorphism group aut(z).

Recall that two projective N'(G)-resolutions P, and @, of the constant CI'-
module C are CI'-chain homotopy equivalent and hence the C[z]-chain complexes
S P, and S,Q. and the C[z]-chain complexes Res, P, and Res, Q. are C|z]-chain
homotopy equivalent. Therefore the following definitions will be independent of
the choice of a projective CI'-resolution of C.

Definition 5.8 (Type (L?)). We call T of type (L?) if for one (and hence all)
projective CI'-resolutions P, of the constant CI'-module C we have

Z h? (SIP* Qe N(x)) < 0.
z€iso’

We shall see in Example that any finite groupoid is of type (L?). We shall

also see in Theorem that any directly finite category of type (FP¢) is of type
(L?).

Definition 5.9 (The functorial L2-Euler characteristic of a category). Suppose
that T is of type (L?). Define

U(l) { Z Tz T

zeiso(I)

rz € R, Z |rx\<oo}§ H R.

zeiso(T) zeiso(T)
Define the functorial L?-Euler characteristic of I' by
xP(D) = {X@) (SoP. ®cim N (1)) | T € iso(r)} e UO(I),
where P, is a projective CI'-resolution of the constant CI'-module C.
The word functorial refers to the fact that the group, in which XSCQ) takes values,

depends in a functorial way on I'.
We can also get a real-valued invariant as follows.

Definition 5.10 (The L?*-Euler characteristic of a category). Suppose that T is
of type (L?). Define the L?-Euler characteristic of T to be the real number

YO(T) = Z X(Q)(SmP* Q¢ N ().

zeiso(T)

Notice that this deﬁnition makes sense since the condition (L?) ensures that
the sum > - o X@ (S, P, ®cpe) N(2)) is absolutely convergent.
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Remark 5.11. In Definition[5.10}, the L?>-Euler characteristic is defined to be the
sum of the components of the functorial L2-Euler characteristic. This is analogous
to the situation for the ordinary Euler characteristic, namely Corollary [£.19states
that the Euler characteristic of an El-category is the sum of the components of
the functorial Euler characteristic, provided R is Noetherian and the category is

of type (FPg).

Example 5.12 (The (functorial) L2-Euler characteristic of groupoids). Let G be
a (small) groupoid such that aut(x) for any object x € ob(G) is finite and

(5.13) > m <00

TE€iso(G)

Let P, be any projective CG-resolution of C; a (not necessarily finite) projective
resolution always exists. Since G is a groupoid, for every x € ob G and every CG-
module M we have S, M = Res, M. Thus S, is exact. By Lemma[3.5].S, respects
projectives. Hence S, P, is a projective C[z]-resolution of the trivial module C.
Since aut(z) is finite, C is already a projective Clz]-module. This implies that

H;(SyP. ®cp N(z)) = {(§®C[m1N( ) z:g

Example E! and - yield that G is of type (L?), the functorial L*-Euler
characteristic Xf ) € [zeiso(g) R has at T € iso(G) the value 1/|aut(z)|, and

?)(g) — 1
X(9) Z | aut(z)|

T€iso(G)

In particular, we can conclude that, for all finite groupoids, the L2-Euler char-
acteristic coincides with the Baez-Dolan groupoid cardinality and Leinster’s Euler
characteristic.

A concrete case of a groupoid satisfying our conditions is a skeleton G of the
groupoid of nonempty finite sets. This groupoid has objects (isomorphic to)
1={1}, 2 ={1,2}, 3 =1{1,2,3}, and so on. The morphisms are the permuta-
tions. This example was studied in [2]. The groupoid G is of type (L?), and the
functorial L2-Euler characteristic has at the object n the value 1/| aut(n)| = 1/n!.
The L2?-Euler characteristic is

=275 Z =e

n>1 | n’
Remark 5.14. If G is a group and G denotes the groupoid with precisely one
object and G as automorphism group of this object, then X(Q)(@) in the sense of
Definition agrees with the classical definition of the L2-Euler characteristic
x?(G) of a group which has been intensively studied in the literature (see for
instance [19, Chapter 7]).
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Lemma 5.15 (Invariance of L?-Euler characteristic under equivalence of cate-
gories).
(i) Suppose T'y and Ty are equivalent categories. Then Ty is both directly
finite and of type (L?) if and only if Ty is both directly finite and of type
(12).
(ii) Let F': 'y — 'y be an equivalence of categories. Suppose that T'; is both
directly finite and of type (L*) fori=1,2.
Then the bijection

UW(F): UD(Ty) = UN(Ty)
induced by F sends X;Q) (T'y) to X;2)<F2> and we have

X (1) = xP ().

Proof. We have already shown that the property of being directly finite depends
only on the equivalence class of a category (see Lemma . So in the sequel we
can assume that I'y and I'y are directly finite.

Let F': I'y — I's be an equivalence of categories. It induces a bijection

F,: iso(Ty) = iso(Ty), =+ F(z),
and thus a bijection
UD(F): UD() S UD(D,).
The induction functor indp associated to F' is compatible with direct sums over
arbitrary index sets and sends Cmorr, (7, z) to Cmorr,(?, F'(x)). Recall that a
free CI';-module is of the form @, .; Cmorr, (?, ;) for some index set I and a
collection of objects {x; | i € I} of I';. Hence indp sends projective CI';-modules

to projective CI'y-modules.
The equivalence F' induces for every object x in I'y an isomorphism of groups

F,: autp,(z) = autp, (F(z)), f— F(f).

Next we construct for every object x in I'; and projective CI';-module P a natural
isomorphism of C[F'(z)]-modules

a(P): indg, oS, P =N Sr() o indp P.

Let oy (P): P(z) — (indp P)(F(z)) be the map sending p € P(z) to the class of
P ®idp)y € P ®cr, Cmorr, (F(z), F(7)). Let ax(P): P(z) — Sp() o indp P
be the composite of a;(P) with the canonical projection (indp P)(F(z)) —
SF(x) (ind F P). One easily checks that as(P) factorizes over the canonical projec-
tion P(x) — S, P to a map asg(P): S, P — Sp) o indp P. Since as(P) is equi-
variant with respect to the group homomorphism F,: autr, (z;) — autr, (F(z)),
it induces a R[F(z)]-homomorphism «(P): indp, 0S,P — SF() ©indp P. One
easily checks that a(P) is natural in P and compatible with direct sums over arbi-
trary index sets. Since I'; and T'y are directly finite, a(C morr, (7, y)) is bijective
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for every object y in I'y (compare with the proof of Lemma . Since every
projective CI';-module is a direct summand in a direct sum of CI';-module of the
form Cmorr, (?,y) for some object y, the map a(P) is an C[F(x)]-isomorphism
for every projective CI'-module P and every object x.

Fix an object z in I';. The argument in the proof of Theorem [2.10| shows that
the induction functor indr associated to F' is an exact functor and sends C to
C. Let P, be a free CI';-resolution of C. Then indg P, is a free CI'y-resolution
of C. The various isomorphisms «(P,) induce an isomorphism of C[F(z)]-chain
complexes

a(P,): indg, 0S,P, = Sp( o indp P,.

We have for every R[z]-module M a canonical N (F(z))-isomorphism

(=23

(il’lde M) QC[F(x)] N(F(ZL‘)) — indp, (M Ac|z] N(:E))

If we apply — Qcir) N(F(z)) to a(P.) and use the isomorphisms above we
obtain an isomorphism of N (F(z))-chain complexes

o)

aP(P,): indp, (So P ®cp N(2)) = (Sp) o indp P.) Qcprey N (F(2)).
We conclude from Lemma
(92 Ps @ N'(2)) = B* ((Sp@) © indp P.) @i N(F(x)))
and, provided that 7?(S,P. ®cp N (z)) < 00
X (SePe ®cp N (@) = X ((Spw © indp Pr) @i N (F(x))
Now Lemma [5.15] follows. O

Next we consider products of categories. Since iso(I'y x I'y) = iso(I'y) x iso(I'e),
we obtain a pairing

(5.16) @: UM(y) @ UD(Ty) — UD(Ty x Ty),

E ra - T1 ® E Sz * Tg E TSz - (T1, T2).

z1€iso(l') Z3€iso(I'2) (z1,22)€iso(T'1 xI2)

Theorem 5.17 (Product formula for X;Q) and x¥). Let I'y and Ty be categories

of type (L?).
Then Ty x Ty is of type (L?), we get for the functorial L?-Euler characteristic

X;Z)(IH xIy) = X;Q)(Fl) @ xP (o)
under the pairing (5.16)), and we get for the L*-Euler characteristic
X(2)(F1 x I'y) = X@)(pl) . X(Q)(Fz)-
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Proof. It P, is a projective CI'y-resolution of the constant CI';-module C and Q.
is a projective CI's-resolution of the constant CI's-module C, then P, ® Q. is a
projective C(I'; x I'y)-resolution of the constant C(I'; x I's)-module C. Given
T € iso(I';) and 7 € iso(I'y), there is a canonical isomorphism of chain complexes
over C[(z, y)] = Clz] ®c Cly]

S P, @c SyPs = Sy (Pa ®c Q).

Since the Cauchy product of two absolutely convergent series of real numbers is
again an absolutely convergent series, it suffices to show for two groups H and G,
a projective CH-chain complex C, and a projective CG-chain complex D,, that
for the projective C[G x H]-chain C, ®¢ D, we have

hA(C, ®c D,) < oo;
XP(Co@c D.) = xP(C.) - xP(D.)

provided that h®(C,) and h®(D,) are finite. The proof of this claim is the chain
complex analogue of the proof of [I9, Theorem 6.80 (6) on page 278]. O

5.4. The finiteness obstruction and the (functorial) L*-Euler character-
istic. Next we compare these definitions with the finiteness obstruction.

Definition 5.18 (L?-rank of a finitely generated CT-module). Let M be a finitely
generated CI-module M. Define its L?-rank

kP (M) = {dim) (SeM ®c V(@) | 7 € iso(T)} € UT) @z R = P R.

iso(T")
The rank rk(FQ) defines a homomorphism
(5.19) ki Ko(CT) — U(T) @z R,  [P] — k2 (P)

since for a finitely generated CI'-module M the value of S, M is non-trivial only
for finitely many elements T € iso(I') and the Caut(z)-module S, M is finitely
generated for every z € ob(I') (see Lemma [3.5)).

If I is directly finite, then the map rk(F2) obviously factorizes over S: Ky(CI') —
Split Ko(CL).

Example 5.20. If H is a subgroup of G of finite index [G : H], and ¢ denotes
the inclusion, then the diagram

commutes.
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Proof. It follows from existence of a CH-isomorphism CG" = @©g/yCH" that
the restriction ¢*P of a finitely generated projective CG-module P is a finitely
generated projective CH-module. So the left vertical map in the above diagram
is well defined. It directly follows from the proof of [I9, Theorem 6.54 (6) on
page 266] that

(i*P) @cy N (H) = res;, (P @ca N(G)).
Now the assertion follows from Lemma [5.3][(iii)} O

Remark 5.21 (L*rank of a finitely generated RI-module). In Definition [5.1§
we have defined the L2-rank of a finitely generated CI-module. If R is a subring
of C, we may analogously define the L?-rank of a finitely generated RI-module
M. Namely, we view N (x) as an Raut(z)-N (z)-bimodule via the embedding of
rings Raut(z) — Caut(z) — N (aut(z)) and then take dimp(y)(Sz M @pp N ()
as the components of the L?-rank of M. We will primarily be interested in the
case B = C, so we omit C from the notation rk(r2). Occasionally we will also

consider R = Q.

Theorem 5.22 (Relating the finiteness obstruction and the L?-Euler character-
istic). Suppose that I' is a directly finite category of type (FPc). Then ' is of
type (L?) and the image of the finiteness obstruction o(T';C) (see Definition [2.7)
under the homomorphism

kY Ko(CT) » UM @zR= P R

zeiso(I")

defined in (5.19) is X?)(F).

Proof. Since T is of type (FP¢), we can find a finite projective CI'-resolution P,
of C. Hence S, P, is non-trivial only for finitely many objects = in I' and a finite
projective Clz]-chain complex for all objects z in I' by Lemma [3.5] Hence I is of

type (L?). Now apply Lemma O
Lemma 5.23. Suppose that T" is directly finite. Then:

(i) If F is a finitely generated free CI'-module, the rank rker(F') of Defini-
tion and the rank rk(F2)(F) of Definition agree;
(ii) The composite
. 1rk(2>
U & Ko(Cr) = UT) @z R
of the homomorphisms defined in (4.8) and (5.19)) is the obvious inclusion
(iil) Suppose that T is of type (FF) (see Definition[2.5). Then

v (1) e v (r)



40 THOMAS M. FIORE, WOLFGANG LUCK, AND ROMAN SAUER

of Definition lies already in U(I') and agrees with the functorial
Euler characteristic x¢(I'; C) € U(T') defined in Definition and we
get

L(X;Q)(F;C)) = o(I'; C).
Moreover, if R is Noetherian, the real numbers x(I'; R) of Deﬁmtz'on
and x®(T) of Definition agree.

Proof. ((1)| This follows from Lemma since for § = T we have

rkg) (Cmor(?,z))y = dimp () (S:C mor(?, z) @cp) N (z))
= dimp() (N (z)) = 1 = rke(S:Cmor(?, z) ®c) C) = rker(Cmor(?, z))y.
and for y # T we get
rk(FZ)((C mor(?,z))y = 0 = rker(Cmor(?, )y

This follows from assertion |(i)| and Lemma (D1
This follows from assertion Lemma [4.14] Theorem [4.15, and Theo-
rem [H.22 0

Remark 5.24. We conclude from Lemma4.10jand Lemma that for a directly
finite category I' of type (FF) the invariants o(T'; R) of Definition 2.7 x(T'; R)
of Definition 4.11} and X;Q)(F) of Definition all carry the same information. If

additionally R is Noetherian, the invariants y(I'; R) of Definition 4.2/ and x®(T)
of Definition [5.10| agree.

Remark 5.25. Recall that x(C; Q) is the Euler characteristic of BC. However,
it is mnot true that x@®(C) is related to the L2-Euler characteristic
x® (BC; N (m1(BC))) in the sense of [19, Definition 6.20]. We will compute
X?(0r(Dy)) =0 in Subsectio. On the other hand BOr(D,.) = Do \E Do
is contractible and hence x® (BC; N (m(BC))) = x(BOr(Dx)) = 1.

5.5. Compatibility of the L?-Euler characteristic with coverings and
isofibrations. Our next task is to show that the L?-Euler characteristic is com-
patible with covering maps and isofibrations between connected finite groupoids.

In the context of groupoids, the role of a covering neighborhood is played by
the star of an object. If £ is a small groupoid and e is an object of £, we denote
by St(e) the star of e, namely the set of all morphisms in £ with domain e.

Definition 5.26 (Covering of a groupoid). A functor p: €& — B between con-
nected small groupoids is a covering if it is surjective on objects and restricts to
a bijection

St(e) — St(p(e))

for each object e of £. We say that a covering p is n-sheeted if |ob(p~(b))] = n
for all objects b of B.
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Recall that a small groupoid £ is finite if iso(€) is finite and for any object
e € ob(€) the set aut(e) is finite.

Theorem 5.27. Let £ and B be finite connected groupoids. If p: € — B is an
n-sheeted covering, then

Proof. We present two proofs, one counting morphisms and the other using the
technology of the finiteness obstruction.

To prove the theorem by counting morphisms, we first reduce to the case where
the base groupoid has only one object. If b € B and &, denotes the groupoid

p‘l(a/ut(\b)), then the diagram

E—— &

p'gbl lp

—

aut(b)—> B

commutes and the horizontal functors are equivalences of categories. The
groupoid &, is connected; for if e, ¢’ € &, then f: e = ¢ in &, and p(f) € aut(bh),
so f € mor(&,). Moreover, Stg,(e) C Ste(e) for all e € &, Staum)(b) € Sti(b),
and plg, is an n-sheeted covering. By Theorem Theorem , and the L%
analogue of Corollary| [4.19] the groupoids &, and € have the same L?-Euler char-

acteristic, as do aut(b) and B. Alternatively, we know from Example|5.12|directly
that

W) = [y =X
K(anilh)) = s = ¥ (B),

Thus, if the theorem holds in the case where the base groupoid has only one
object, it holds in general. -

Suppose now that B has only one object b, so that B = aut(b). Then £ has
only n objects, say ej,...,e,. Since & is a connected finite groupoid, all of its
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hom-sets have the same number of elements. Let e € £. We have

| aut(b)] = [St(e)]

= | U morg (e, €;)|
i=1

(5.28) = | more(e, ;)]
i=1

= Jaut(e)

= n|aut(e)|.

In conclusion, x® (&) = nx®(B).

We may also prove Theorem [5.27| on the level of finiteness obstructions as
follows, without reduction to the case of one object in the base groupoid.

The covering p: £ — B is admissible in the sense that res, sends a finitely
generated projective RB-module to a finitely generated projective RE-module
as a consequence of [I5, Proposition 10.16 on page 187]. The set Irr(x,y) of
irreducible morphisms p(x) — y is morg(p(x), y), since £ is a groupoid. Since &
is finite, for a given y € B, the set Irr(z,y) is nonempty for only finitely many
T € iso(€). Since B is finite, for each x € & the autg(x)-set Irr(x,y) has only
finitely many orbits. The action of autg(x) is free because B is a groupoid and
p is a covering: if ¢ € morg(p(x),y) and i o pm = i o pn, then pm = pn and
m = n. Every morphism h in morg(p(x),y) is irreducible, so clearly we have a
factorization fop(g) = h with f irreducible. Any two factorizations fop(g) = h
and f' o p(¢g’) = h with f and f’ irreducible are related by the isomorphism
k:=¢g og.

We fix an = € £ and let H = autg(x), G = autg(p(x)). The covering p induces
an inclusion of H into GG. Consider the following diagram.

rk(BQ)
Ko(CB) —— Ko(CG) o Re = UB)®R
e
p*J p*J l[G:H]'
rkg)
Ko(CE) —2— Ky(CH) sR+——U(E)®R

|

(2)
rkg

The left square commutes by Theorem [3.14] The second square commutes by Ex-
ample [5.20, The top and bottom diagrams commute by definition of rk® Begin-
ning in the upper lefthand corner, we have o(83; C) € Ko(CB). By Theorem 2.9
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we have p*(o(B; C)) = o(&; C). Two applications of Theorem combined with
the commutativity of the diagrams leads us to y? (&) = [G : H] - x*®(B). An
argument similar to the one in shows that [G : H] is equal to the number
of sheets n. O

Example 5.29. Let £ = {0 < 1} and let B be the category with one object and
one nontrivial arrow, which is its own inverse. By Example , the L?-Euler
characteristics are x¥(£) = 1 and x®(B) = 1/2. The unique covering & — B is
2-sheeted and we have

X&) =27 (B).

Corollary 5.30. Any n-sheeted covering functor between connected finite
groupotds is equivalent to the inclusion of an index n subgroup into a finite group.
More precisely, if p: £ — B is an n-sheeted covering between connected finite
groupoids and e € &£, then the diagram

—

aut(e)—> &
P

pla/ug(\e)l

—

aut(p(e))— B

commutes, the horizontal functors are equivalences of categories, the left vertical
functor is mono, and [aut(p(e)) : p(aut(e))] = n.

Remark 5.31. Examples of covering functors are obtained from coverings of
topological spaces: a covering of topological spaces induces a covering functor
between the associated fundamental groupoids.

We next turn to compatibility of x?) with isofibrations.

Definition 5.32 (Isofibration). A functor p: £ — B is an isofibration if for every
isomorphism in B of the form g: b = p(e) there is an isomorphism f in £ such

that p(f) =g

We remark that if £ and B are groupoids, then isofibrations and Grothendieck
fibrations coincide (because isomorphisms in the domain category are always
cartesian arrows).

Theorem 5.33. Let p: £ — B be an isofibration between connected finite
groupoids. If b € B and p~*(b) is connected, then

(5.34) XP(E) =x@(p (b)) - xP(B).

Proof. As in the proof of Theorem [5.27, we reduce to the case where the base
groupoid has only one object. If b € B and &, denotes the groupoid p~!(aut(b)),
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then the diagram
&E——E

p'gbl lp

aut(h)—> B
commutes, the horizontal functors are equivalences of categories, and &, is con-
nected. The fiber groupoid p|;'(b) is the same as the fiber groupoid p~'(b), so

plg, (b) is also connected. Since (&) = x?(&,) and x*(B) = X(z)(m), we

have (5.34) if x®(&,) = x@(pl5' (b)) - X(Q)(EEE(\Z))). We have reduced to the case
where the base groupoid has only one object.

—

Suppose now that B has only one object b, so that B = aut(by). For e € p~1(b),
we write simply p. for the group homomorphism aut(e) — aut(b). Then p,. is
surjective. If g is an automorphism of b, there exists an f: ¢/ — e with p(f) = g.
The connectivity of the fiber p~!(b) then gives us an isomorphism h: e — €', and
an automorphism f o h of e such that p.(f o h) = g.

Finally,

1 1
XP(E)

" Jaut(e)]  |kerpe| - |aut(d)] Y2 (p 1) - y?(B). O

6. MOBIUS INVERSION

We extend the K-theoretic Mobius inversion of [15, Chapter 16] from finite to
quasi-finite El-categories and apply it to the finiteness obstruction and the Euler
characteristic of a category. Throughout this section let I' be an El-category
(see Definition [3.10). We have already introduced the splitting (S, E) of Ko(RI')
in Theorem [3.14] Provided that I' is a quasi-finite El-category, we obtain a
second splitting (Res, I) in Theorem [6.16] The K-theoretic Mobius inversion
(4, w) will compare these two splittings in Theorem . As a consequence, in
Theorem [6.23| we obtain explicit formulas for the various Euler characteristics of
finite El-categories. Important special cases of our K-theoretic Mobius inversion
include Philip Hall’s Mobius inversion formula for finite posets and Leinster’s
Mobius inversion formula for finite skeletal categories with only trivial endomor-
phisms. See Examples and

After treating the second splitting (Res, I') and the K-theoretic Mobius inver-
sion (p,w) in Subsections and [6.2] we turn to the relationship between the
K-theoretic Mébius inversion (i, w) and the L%-rank in Subsection . There we
construct a pair of homomorphisms z?: U(T') @, Q = U(T") ®z Q: @® that are
inverse to one another if I' is a quasi-finite free El-category, and commute appro-
priately with (u,w) and rkg) as in Theorem All of these homomorphisms
and splittings are illustrated for G-H-bisets (viewed as two-object El-categories)
in Subsection [6.4
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In general, the finiteness obstruction and Euler characteristics of I'°P are differ-
ent from those of I', as we see in Subsection with a biset example. However,
in the case of a finite El-category I', the groups Ky(QI') and Ky(QI'°P) are iso-
morphic, and we say more about the respective splittings in Subsection [6.6}

In Section |§| we also introduce the proper orbit category Or((G), an important
quasi-finite, free El-category to which we shall return in Section [

6.1. A second splitting. Given an object z in a (small) category I', define the
restriction functor at x

(6.1) Res,: MOD-RI' — MOD-R|x]

by evaluating an RI'-module N at the object z. This functor is exact but does
not respect finitely generated projective in general. Given an El-category I', the
incluston functor at x

(6.2) I,: MOD-R|z] — MOD-RD
sends a right R[x]-module M to the RI-module given by

M ®pgpz) Rmor(y,z) ify
if y

8 8l

ol

I M(y) :== {

Notice that we need the El-condition to ensure that this definition makes sense.
This functor is compatible with direct sums, but does not respect finitely gener-
ated projective in general.

Lemma 6.3. Let I' be an El-category. Then we obtain for every x € ob(I)
adjoint pairs offunctors Ex,Resx) and (Sy, 1), where E,, Res,, S, and I, are

the functors defined in , -, . ) and ( .

Proof. See [15, Lemma 9.31 on page 171]. O

The El-property ensures that we obtain a well-defined partial ordering on iso(I")
by

(6.4) T<7y <= mor(zr,y) #0.

Definition 6.5 (Length of an element). Given an element z € iso(I"), define its
length

[(z) € {0,1,2,...} 1T {0}
to be the supremum over the natural numbers n, for which there exists elements

Tny Tn1, ---,2o in iso(I") with 7, < 7,1 < ... < Ty and Ty = 7.

The length of T is zero if and only if every morphism with z as target is an
isomorphism.
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Definition 6.6 (Finite, quasi-finite, and free categories). Let I' be a (small)
category.

We call I' quasi-finite if for every T € iso(I") the set {y € iso(I') | ¥ < T} is
finite, and for every two objects z,y € ob(I') the right aut(z)-set mor(z,y)
is proper and cofinite, i.e., every isotropy group under the right aut(z)-action is
finite and the quotient mor(x,y)/aut(z) is finite.

We call I' finite if iso(I") is finite and mor(x,y) is finite for every two objects
x,y € ob(T"). A small category is finite if and only if it is equivalent to a category
with finitely many objects and finitely many morphisms.

We call T" free if the left aut(y)-action on mor(z,y) is free for every two objects
x,y € ob(I).

One of our main examples for I' will be the orbit category.

Definition 6.7 (Orbit category). Let G be a group. The orbit category Or(G)
has as objects homogeneous spaces G/H and as morphisms G-equivariant maps.
The proper orbit category

Or(G) = Orzzn(G),

sometimes also called the orbit category associated to the family FZN of finite
subgroups, is defined to be the full subcategory of Or(G) consisting of objects
G/H with finite H.

Lemma 6.8. Let H and K be subgroups of a group G. Ifg € G and g *Hg C K,
then we get a well-defined G-equivariant map

R,: G/H —s G/K

gH+— ¢'gK .
Every G-equivariant map G/H — G/K is of the form R,. We have R, = Ry if
and only if g~'g' € K holds. In particular, we have a bijection
(6.9) mor(G/H,G/K) —— {gK | g7'Hg C K}

fr—f(1H) .
We also have Ry, o Ry, = Ry, g, -
Proof. See |29, 1.1.14] and [I5, Lemma 1.31 on page 22]. O
Lemma 6.10. The orbit category Or(G) is a free El-category.

Proof. A direct consequence of Lemma (6.8 is that the monoid map(G/H,G/H)
is isomorphic to the Weyl group NgH/H, so every endomorphism of Or(G) is an
automorphism.

If G/H and G/K are two objects in Or(G), and f: G/H — G/K and
a: G/K — G/K are G-equivariant maps, then a o f = f implies a = id since f
is surjective. Hence Or(G) is free. O
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Lemma 6.11. The proper orbit category Or(G) is a quasi-finite and free
El-category.

Proof. The proper orbit category Or(G) is a full subcategory of the orbit category
Or(G), which is a free El-category, so Or(G) is also a free El-category.
For the quasi-finiteness, we first observe from the bijection that

mor(G/H,G/K) # ()

if and only if H is G-conjugate to a subgroup of K. If H and H' are G-conjugate,
then G/H and G/H' are isomorphic objects of Or(G). Thus for a fixed G/K,
the number of isomorphism classes G/H with mor(G/H,G/K) # 0 is at most
the number of G-conjugacy classes of subgroups of K. Whenever K is a finite
group, this number is finite. Thus, {G/H € iso(Or(G)) | G/H < G/K} is finite.

Continuing the notation of Lemma [6.8] consider a morphism Ry,: G/H —
G/K in Or(G). Suppose R, € aut(G/H) fixes Ry,. Then R, ,, = R, and
g192K = g2 K, sothat g; € g,Kg,'. But goK g, * is finite, so there are only finitely
many possibilities for g;. Thus every isotropy group for the right aut(G/H )-action
on mor(G/H,G/K) is finite.

For objects G/H and G/ K in Or(G), the quotient mor(G/H,G/K)/aut(G/H)

is in bijective correspondence with
(6.12) {9oK | g3 'Hgo C K}/ ~

by Lemma , where go K ~ g1go K if g1 € G and g;'Hg, C H. Since H is finite,
gy "Hg, C H implies g, 'Hg, = H. But is in bijective correspondence with
G-conjugates of H contained in K, of which there are only finitely many because
K is finite. Thus the quotient mor(G/H,G/K)/aut(G/H) is finite. O

Lemma 6.13.

(i) Suppose for the El-category T' that for every T € iso(I') the set {y €
iso(T") | ¥ < T} is finite. Let M be a finitely generated RT-module M.
Then

{z €iso(T') | M(z) #0}
is finite;
(i) If T is a quasi-finite El-category and of type (FP), then iso(T") is finite.

Proof. (1)l Choose a finite subset I C iso(I") and natural numbers n; > 1 for each
1 € I such that there exists an epimorphism of RI™-modules

@Rmor(?, x;)" — M.

iel
Then for every 7 € iso(I") with M(y) # 0 there is ¢ € I with § < Z;. Since [ is
finite, {Z € iso(T") | M(x) # 0} is finite.
(i1)| This follows from assertion |(i)| applied to the constant module R. O
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Definition 6.14 (Length of a module). The length (M) € {—1,0,1,2...}11{c0}
of an RI-module M is defined to be —1 if M is zero and otherwise to be the
supremum of the length of elements T € iso(I") with M (z) # 0.

If T' is quasi-finite and hence {7 € iso(I") | 7 < T} is finite for every T € iso(T'),
the length of Rmor(?,z) is finite for every object x € ob(I') and hence every
finitely generated RI'-module has finite length.

Lemma 6.15. Suppose that T is a quasi-finite El-category. Suppose for any
morphism f: x — y in I that the order of the finite group {g € aut(x) | fog = f}
15 tnwvertible in R.

(i) Consider x € ob(I"). Let M be an RI'-module which is finitely gener-
ated projective or which possesses a finite projective RI'-resolution respec-
tively. Then the Raut(z)-module Res, M = M (x) is finitely generated

projective or has a finite projective R[x]-resolution respectively;
(ii) Let M be an RI'-module such that the set

{z €iso(l) | M(z) # 0}

1s finite. Then M possesses a finite projective RI'-resolution, if M has
finite length and Res, M possesses a finite projective R|x|-module for all
x € ob(I);

(iii) Let « € ob(I') and let N be an R[x]-module which possesses a finite
projective R|x]-resolution. Then the RI'-module I,N defined in
possesses a finite projective RI'-resolution;

(iv) T is of type (FP) if and only if iso(I") is finite and for every object x €
ob(T") the trivial R[x]-module R is of type (FP) respectively;

(v) Let T be a finite El-category. Assume that for every object x the order
of the finite group aut(zx) is invertible in R. Then an RI'-module M
possesses a finite projective resolution if for every object x the R-module
M (x) possesses a finite projective R-resolution. In particular I' is of type
(FP).

Proof. Since Res, is exact, it suffices to show that Res, Rmor(?,y) =
Rmor(z,y) is a finitely generated projective R[z]-module for every y € ob(I').
This follows from the assumptions that the right aut(x)-set mor(x,y) is a finite
union of homogeneous aut(z)-spaces of the form H\ aut(x) for finite H C aut(x)
such that |H| - 1g is a unit in R.

We do induction over the length of the RI'-module M. The induction begin-
ning [ = —1 is trivial, the induction step from [ — 1 to [ > 0 done as follows.

If 0 - My — M; — Ms — 0 is an exact sequence of RI'-modules such that
two of the RI'-modules M;, My and Mj possess finite projective RI'-resolutions,
then all three possess finite projective RI-resolutions (see [15, Lemma 11.6 on
page 216]). Thus, using the Filtration Theorem (see [15, Theorem 16.8 on
page 326]) and the induction hypothesis, it suffices to show for any object x of
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length [ and any R[z]-module N which admits a finite projective R[z]-resolution
that I, N has a finite projective RI'-resolution. Since I, is exact, it is enough
to consider the case N = R[z|. Consider the epimorphism f: Rmor(?,z) —
I,(R[z]) sending id, to lpy ® id, € R[z] ®pgp Rmor(z,z) = L(R[x]). Its
kernel ker(f) is an RImodule of length < [ — 1 and satisfies Res,(ker(f)) =
Rmor(y, x) = Res, Rmor(?,z) for y < T and Resy(ker(f)) = 0 otherwise. Asser-
tion [(i)| implies that Res,(ker(f)) possesses a finite projective R[y]-resolution for
all objects y € ob(I'). Hence ker(f) possesses a finite projective RI'-resolution
by induction hypothesis. This implies that I, R[x] possesses a finite projective
RT'-resolution. This finishes the proof of the induction step.

This follows directly from assertion .
This follows directly from Lemma and assertions [(i)] and [(i)]

Since |aut(x)| is invertible in R and finite, an R[z]-module possesses a
finite projective R[x]-resolution if and only if it possesses a finite projective
R-resolution. Now apply assertion 0

Our main example for R will of course be Q.

Theorem 6.16 (A second splitting of Ko(RI')). Suppose that I' is a quasi-finite
El-category. Suppose for any morphism f: x — y in I that the order of the finite
group {g € aut(z) | fog = f} is invertible in R.

Then we obtain isomorphisms Res and I which are inverse to one another.

Res: Ko(RI') — Split Ko(RT"),  [P]+— {[Res, P] | T € iso(I")}
I: Split Ko(RT') — Ko(RD),  {[Q.] | T €iso(D)} = > [LQ.]
zeiso(T)

Proof. Consider a finitely generated projective RI-module P. Then for any
object x € ob(I') the R[x]-module Res, P possesses a finite projective R[x]-
resolution (see Lemma and hence defines an element in Ky(R[z]), namely
its finiteness obstruction in the sense of Definition [2.1] Since I' is by assump-
tion quasi-finite and hence {7 € iso(I') | ¥ < T} is finite for every object
x € ob(T'), there are only finitely many elements Z € iso(I") with Res, P # 0
by Lemma . Hence we obtain a well-defined element

Res([P]) := {[Res, P] | T € iso(T)} € @) Ko(Rz]) = Split Ko(RI).
zeiso(T)
Thus we obtain a homomorphism
Res: Ko(RI") — Split Ko(RT).

Define
I: Split Ko(RIl') — Ky(RT)

analogously using Lemma [GiD)]
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One obtains Res o = id from the fact that the functor Res, oI,,: MOD-R[z] —
MOD-R]y| is naturally isomorphic to the identity functor if z = y and is trivial
if T # 7. It remains to show that I is surjective. This is done by induction over
the length, which is finite by Lemma , of a finitely generated projective
RT-module representing a class in Ko(RI') using Lemma and the Filtration
Theorem (see [I5, Theorem 16.8 on page 326]). O

6.2. The K-theoretic Mobius inversion.

Convention 6.17. Suppose for the remainder of this subsection that I' is a
quasi-finite El-category and that for every morphism f: x — y in ' the order of
the finite group {g € aut(x) | f o g = f} is invertible in R.

We obtain a well-defined homomorphism
Wey - KU(R[x]) - KO(R[y])v [P] = [P ®R[x] Rmor(y,x)]
since the right R[y|]-module Rmor(y,z) = Res, Rmor(?,x) is finitely generated

projective by Lemma ()] Define
(6.18) w: Split Ko(RT) — Split Ko(RD)

by the matrix of homomorphisms

(Wﬂc,y>5,yeiso(r): @ Ko(R[z]) — @ Ko(R[y]).

zeiso(T) yeiso(T)

This definition makes sense since for given T € iso(I") there are only finitely many
y € iso(I') with w,, # 0.

Example 6.19. If R = Q and I' is a finite skeletal category with trivial automor-
phism groups, then Ky(Q[z]) = Z and w,, = |morp(y,z)| for all =,y € ob(T).
In this case of R and I', the matrix for w is the transpose of the zeta function
considered by Leinster in Section 1 of [13]. See also Example

Definition 6.20 (/-chain in iso(I')). Let I' be an El-category. Given a natural
number [ > 1, an [-chain in iso(I") is a sequence ¢ = Ty < Ty < --- < Z;. Denote
by ch;(I") the set of I-chains in I'.

Given two objects x and y, let chy(y,z) be the set of [-chains ¢ = Ty < T7 <
-+ <77 with Tg = 7 and 7; = T. Define for an [-chain c =7y <7y < --- < T; in
chy(7, @) the aut(x)-aut(y)-biset

S(C) = mOr(-%'lfl, x) Xaut(z;_1) mor(xl,g, xlfl) Xaut(z;_s) **° Xaut(z) HlOI'(y, .1'1)

for some choice of representatives x; € T; for 0 < i <[l —1. (If [ = 1 then S(c) is
to be understood as the aut(x)-aut(y)-biset mor(y, z).)

Define chy(I") to be iso(I"). Define chy(y, z) to be empty if T # 7 and to be g
ifz=y. Ifx =7, put S(c) = mor(y,x) for ¢ € chy(y, x).
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Notice that the aut(z)-aut(y)-biset S(c) is unique up to isomorphism of aut(x)-
aut(y)-bisets. Since I' is quasi-finite and hence for every two objects x,y €
ob(I") the right aut(y)-set mor(y,x) is proper and cofinite, each set S(c) is a
proper cofinite right aut(y)-set, and the R[y]-module RS(c) is finitely generated
projective. Hence we obtain a well-defined homomorphism for ¢ € ch;(y, z)

Hay(c): Ko(Rlz]) — Ku(R[y]), [P] [P ®gp RS(c)].
Define a homomorphism
(6.21) w: Split Ko(RI') — Split Ko(RI)

by the matrix of homomorphisms

SN YT e P KR~ @ KolRly)).

>0 cechy(y,z) zgeiso(T) zeiso(T) geiso(T)

This definition makes sense since for given T € iso(I") there are only finitely many
y € iso(I') with g, # 0.

Theorem 6.22 (Two splittings and the K-theoretic Mobius inversion). Suppose
that T is a quasi-finite El-category. Suppose for any morphism f:x — y in T
that the order of the finite group {g € aut(x) | fog = f} is invertible in R.

(i) Then we obtain pairs of inverse isomorphisms (S, E) (see Theorem|3.1])),

(Res, I) (see Theorem [6.16) and (w,p) (see (6.18) and (6.21)). They

are compatible with one another in the sense that the following diagram

Split Ko (RT) — T Split Ko(RI).

(ii) Suppose that T' is of type (FP), or, equivalently, that iso(I") is finite and
for each object x € ob(I") the trivial R[z]-module R possesses a finite
projective R[z]|-resolution. Let n € Split Ko(RI') be the element whose
component at T € iso(I') is given by the class [R] € Ko(R[z]) of the
trivial R|x]-module R. That is, the component of n at each T is the

finiteness obstruction o(aut(z); R) € Ko(Raut(x)). Then
S (oI R)) = p(n)-

Proof. We have already shown in Theorem that S and E are inverse to
one another and in Theorem [6.16] that Res and I are inverse to one another.
Obviously w = ResoF. Hence it remains to show that pow = id. This follows
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analogously to the argument at the end of the proof of [I5, Theorem 16.27 on
page 330].

[(ii)] This follows from assertion (i)]and Lemmal6.15](i)|and(iv)] Namely, Res,[R] =
[R], so Res[R] =n, and S (o(I'; R)) = uRes (o(I'; R)) = uRes[R] = u(n). O

We can now apply Mobius inversion to calculate the finiteness obstruction and
Euler characteristics of finite El-categories in terms of chains.

Theorem 6.23 (The finiteness obstruction and Euler characteristics of finite
El-categories). Suppose that ' is a finite El-category. Suppose that for every
object x € ob(I") the order of its automorphism group | aut(x)| is invertible in R.
Then T is of type (FP) and we have:

(i) The image of the finiteness obstruction o(I'; R) under the isomorphism
S: Ko(RT) = D Ko(Rly))
yeiso(T)
has as component fory € iso(I") the element in Ko(R[y]) given by
Sy Y Y RS
>0 zeiso(T) cechy(y,z)

where aut(x)\S(c) is the finite right aut(y)-set obtained from the aut(x)-
aut(y)-biset S(c) (see Definition by dividing out the left aut(x)-
action and R(aut(z)\S(c)) is the associated right R[y]-module.

(ii) The functorial Euler characteristic x;(I'; R) € U(I') has aty the value

Z Z Z |aut(z)\S(c)/ aut(y)|,

>0 zeiso(I') cech;(y,x)

where |aut(x)\S(c)/ aut(y)| is the order of the set obtained from S(c) b
dividing out the aut(x)-action and the aut(y)-action;
(iii) The Euler characteristic x(I', R) is given by the integer

Z Z Z |aut(z)\S(c)/ aut(y)|;

>0 z,y€iso(T") cech;(y,x)

(iv) The functorial L*-Euler characteristic X( )(F) € UND(T) has at 7 the

value
D=1t > > dimyg) (Claut(2)\S(e) @cy N (v));
>0 zeiso(I') cechy(y,z)

where dimy ) (C(aut(z)\S(c))@cy N (y)) is > iel |Lij<oo 1/ Lil if the cofi-
nite right aut(y)-set aut(x)\S(c) is the disjoint union of homogeneous
);

aut(y)-spaces [ [;c; Li\ aut(y);
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(v) The L?-Euler characteristic x?(T') is given by

SED YT Y dimyg) (Claut(2)\S(c) ®cy N (y))-
1>0 z,geiso(T) cech;(y,)
Proof. The category T is of type (FP) by Lemma[6.15|[(v)]
This follows from Theorem since the the R[y]-modules R® Raut(z) 125 (¢)
and R(aut(z)\S(c)) are isomorphic.
and follow now from Corollary and assertion
and follow from Theorem Example and assertion . O

Example 6.24 (Méobius inversion for a finite partially ordered set). Let (1, <)
be a partially ordered set. It defines an El-category I'(I) whose set of objects is
I and for which mor(z,y) consists of precisely one element if = < y and is empty
otherwise.

Suppose that I is finite. Take R = Q. Then

Split Ko(QI'(1)) = ZI = EB Z

and the homomorphism w is given by the matrix A = (am)”e ; with a;; = 1if

Jj <1 and w; ; = 0 otherwise. Let B = (bivj)ijel be the matrix given by

b@j = Z(_l)l : ’Chl(ja Z)|>

1>0

where | chy(7,7)] is 0 if j # ¢ and 1 otherwise, and for [ > 1, chy(7,4) is the set of
chains j = ko < k1 < ... < kj_1 < k; = i. Then we conclude from Theorem [6.22
that the matrices A and B are inverse to one another. This is the classical Mobius
inversion in combinatorics (see for instance [1, IV.2]).

We get from Theorem [6.23] E (ii1)| and |(v) -
X(TQ) =xP(T) = ) biy.
i,j€1

Example 6.25 (Mobius inversion for a finite skeletal category with trivial en-
domorphisms). Generalizing Example [6.24] let " be a finite skeletal category in
which every endomorphism is an identity, and take R = Q. Then

Split Ky (Q') = Zob(T') = ) Z

and the homomorphism w is given by the matrix A =

| mor(y, z)|.
The (bi)set S(c) in Definition is simply the set of non-degenerate paths
rg — 1 — -+ — 1y, and pi,,(c) = [5(c)|. Let B = be the matrix

(agﬁvy)z,yEob(F) with Aoy =

(bw,y> x,y€ob(T)
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given by
byy = Z(—l)l- Z |S(c)] = Z(—l)l-\{non—degenerate [-paths from y to z}|.
>0 cechy(y,z) >0

Then we conclude from Theorem that the matrices A and B are inverse
to one another. That is to say, in the terminology of [13], the category I' has
Mébius inversion given by B. Thus Corollary 1.5 in [I3] is a special case of the
K-theoretic Mobius inversion of Theorem [6.22][(i)] See also Example [6.33] which
illustrates rational Md&bius inversion for a finite, skeletal, free El-category. See
also the related proof of Lemma , which shows that the L?-Euler characteristic
coincides with Leinster’s Euler characteristic in the case of a finite, skeletal, free
El-category.

6.3. The K-theoretic Mobius inversion and the L?-rank. In this subsection
we investigate when the homomorphisms w and p factorize over the homomor-
phism given by the L2-rank.

Condition 6.26 (Condition (I)). A group G satisfies condition (I) if the map
induced by the various inclusions of finite subgroups

P Ko(QH)2zQ — K(QG) ®2Q

HCG,|H|<

is surjective. A category I' satisfies condition (I) if for every object its automor-
phism group satisfies condition (I).

Obviously any finite group and any finite category satisfy condition (I).

Remark 6.27 (Condition (I) and the Farrell-Jones Conjecture). Let FJ(Q)
be the class of groups for which the K-theoretic Farrell-Jones Conjecture with
coefficients in @ holds. By [B, Theorem 0.5] every group in FJ(Q) satisfies
condition (I). This class FJ(Q) is analyzed for instance in [3], [4], and [5]. It
contains for instance subgroups of finite products of hyperbolic groups or CAT(0)-
groups, directed colimits of hyperbolic groups or CAT(0)-groups, and all elemen-
tary amenable groups. For a survey article on the Farrell-Jones Conjecture we
refer for instance to [23].

Lemma 6.28. Let G and H be groups. Suppose that H satisfies condition (I)
defined in (6.26)). Let S be an H-G-biset which is cofinite proper as a right G-set
and free as a left H-set.

(i) The image of
ki s Ko(QH) — R, [P] = dimyn (P ©ou N (H))
lies in Q;
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(ii) The following diagram commutes

Ko(QH) — Ko(QG)

(2 2)
rkH)l J{rk(c

where wg sends [P] to [P @qn QS], and Wg is multiplication with the
rational number dimy(c) (QS @ga N (G)).

Proof. |(1)| Because H satisfies condition (I), this follows from Lemma and

Example .

For a finite group H every element in Ko(QH) ®z Q can be written as a
Q-linear combination of elements of the form [Q[K\H]| (see [25, Theorem 30 in
Chapter 13 on page 103]). Since H satisfies condition (I), we can find for every
element n € Ko(QH) a natural number k£ > 1, finitely many finite subgroups K7,
K,, ..., K, of H, and integers ny, ns, ..., n, such that we get in Ko(QH)

k-n= Zn, QK \H]].
Hence it suffices to show for any finite subgroup K C H
dimpr(q) (Q[K\H] Qo QS ®qa N(G))
= dimy () (Q[E\H] @qu N (H)) - dimyc) (QS @ge N (G))

We get from Example

1
Wa
dimy(e) (Q[K\H] ®gn QS ®ga N(G)) = dimpq) (QK\S] @qge N (G)).

dimN(H) (Q[K\H] ®QH N(H)) =

Hence it suffices to show for a K-G-biset T" which is proper and cofinite as a
G-set and free as a left K-set

K| - dimpe) (QIE\T] ®oa N(G)) = dimp(e) (QT ®qa N(G)).

We can interpret the K-G-biset T" as a right (K x G)-set by putting ¢ - (k, g) =
k=g for k € K, g€ G and t € T, and vice versa. Since K is finite, T is free
as left K-set, and T is cofinite and proper as a right G-set, the (K x G)-set T
is a finite union of homogeneous spaces of the form L\(K x G), where L is a
finite subgroup of K x G with K x {1} N L = {1}. Hence we can assume without
loss of generality that T is of the form L\(K x G) for finite L C K x G with
K x{1}nL={1}
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The projection pr: K x G — G induces a bijection L 5 pr(L). Since the
G-sets K\ (L\(K x G)) and pr(L)\G are G-isomorphic, we conclude from Exam-

ple
K] - dimye) (QUE\(L\H x @))] 06 M(@)) = 1.

We conclude from Lemma and Example
dimp (@) (@ [L\(K X G)] Rqa N(G))
= dimy) (Q[L\(K X G)] ®gixxa) QK % G] ®ga N(G))
dimy) (QIL\E x G)] qirexe) N (K x G))

= |K|-dimy(xxe) (QL\(K x G)] @gxxa N (K x G))
K]
R
This finishes the proof of Lemma [6.28] U

Let I" be a quasi-finite free El-category. Define the (Q-homomorphism
(6.29) T UT)®,Q — U @2 Q
by the matrix over the rational numbers
(dimN(y) (Qmor(y, z) ®qyy N(y)))
z,y€iso(I")
Define the Q-homomorphism
(6.30) UMM ®,Q - UT) ®@zQ

by the matrix over the rational numbers

(S0 3 i (@5 9oy A1)

>0 cech;(y,z) z,y€iso(T)

Notice that these homomorphisms are well-defined because of Example
since the right aut(y)-sets mor(y,z) and S(c) are proper cofinite and for given
T € iso(I") there are only finitely many 7 € iso(I") for which the sets mor(y, z)
and S(c) are non-empty.

Theorem 6.31 (Rational Mobius inversion). Let I' be a quasi-finite free ElI-
category. Then the homomorphisms @2 of (6.29) and i® of (6.30) are isomor-
phisms and inverse to one another.

Proof. Let

I
Qj

= P z — Split Ko(Qr) = @ Ko(Q

zeiso(T) so(I")
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be the homomorphism that sends {nz | T € iso(I')} to {n, - [Q[z]] | T € iso(I)}.
A direct computation shows that

rk(FQ) owol=w?.

The image of wot in Split Ko(QI") has the property that its value at any T € iso(I")
is an element in Ky(Q[z]) given by a Z-linear combination of classes of the form
[Q[K\ aut(z)]] for finite subgroups K C aut(xz). Hence the argument in the proof
of Lemma shows (without using condition (I)) that rkg) op =1%o rk?)
is true on the image of w o 7. This implies

P ow® =@ o rkg) owor= rkg) oftowor.
We conclude g o w = id from Theorem [6.22, A direct computation shows
rkg) or = id. Hence
7 0z® = id,
Since the matrix defining @® is a triangular matrix whose entries on the diagonal

are all 1, @®? is an isomorphism. Hence @® of (6.29) and 1® of (6.30) are
O

isomorphisms and inverse to one another.

Remark 6.32. Notice that the condition free is not needed when we want to
define the finiteness obstruction or to compute it as long as we stay on the
K-theory level. It does enter, when we want to consider the rank or L2-rank of
the finiteness obstruction to ensure that certain comparisons can be done on the
level of the Euler characteristics, or, equivalently certain maps on the Ky-level
factorize over the rank or L?rank homomorphism from Ky(RT) to U(T).

Example 6.33 (Rational M&bius inversion for a finite, skeletal, free El-category).
Generalizing Example [6.24], let I" be a finite skeletal El-category which is free in
the sense of Definition [6.6], and take R = Q. Then

Ul ®zQ= @Q

ob(T")

and the homomorphism @ is given by the matrix

y ) B ) _ (M) .
( lmN(y) (Qmor(y ZL‘) Q] (y)) z,y€ob(I) |aut(y)’ z,ycob(I")

The last equality follows from Example . If we let wy, be the matrix

(|morr(y, )]), yeon(r)

and D is the diagonal matrix with entry |aut(y)| at (y,y) for y € ob(T"), then
Do 5(2) = Wr.

Then by Theorem , the homomorphism @ is invertible and its inverse is
71?. Hence w;, admits an inverse py := (D o@®)™! = i® o D™'. We calculate



58 THOMAS M. FIORE, WOLFGANG LUCK, AND ROMAN SAUER

iz by way of the matrix for 7i?) using the formula just after equation (6.30]). For
any [-chain ¢ € chy(y,z) with ¢ = zg < 27 < -+ < x; we have

15(c)] = | mor(x;_q, ;)| - | mor(z_g, xy_1)| -+ - - | mor(zg, x1)|
|aut(x;—1)| - |aut(x;_9)| - - - | aut(xy)]

by freeness. Then,

dimy) (QS () ®qp N (y))
_IS()] | mor{ai_s,@1)| - | mor(ei s, @) - - - | mor(ao, z1)
aut(y)]  Jaut(er )] - [aut(eo)] - |aut(en)] | aut(zo)]

by Example . Summing up, we have

pr =p* oD

= ( (=D' Y dimay) (QS(e) @gy N (y))) oD
>0 cech; (y,x) z,y€ob(T)

_ (Z(_l)l . Z | mor(z;—1,x;)| - |mor(x;—o,x;—1)] - mor(xo,x1)|) o D1
= e |aut(z;—1)| - |aut(x;—2)| - - - |aut(z1)| - | aut(zo)| £,y€ob(T)

_ (ZH)I oy Imoreonm)|: [mor(rig.miy)| - | mor(ap, o) )
= e |aut(z;)] - |aut(x;—1)| - |aut(z;—2)| - - - - |aut(xy)| - | aut(zg)] £.y€ob(T)

_ 1y 1
- Z( 1) Z |aut(z)| - |aut(z;_1)| - |aut(zi_g)| - - - - | aut(z1)] - |aut(xo)|>x7y60b(r)'

The final sum is over all [-paths xg — 21 — -+ — x; from y to x such that
xg,...,2; are all distinct. Thus, in the terminology of [13], the category T' has
Mébius inversion given by pz. The free case of Theorem 1.4 of [13] is now a
special case of rational Mébius inversion (Theorem [6.31]). See also the related
proof of Lemma [7.3] which shows that the L>-Euler characteristic coincides with
Leinster’s Euler characteristic in the case of a finite, skeletal, free El-category.

Theorem 6.34 (The K-theoretic Mobius inversion and the L2-rank). Let T be
a quasi-finite free El-category satisfying condition (I) defined in . Then the
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following diagram commutes

AN

Split Ko(QI) < Split K,(QI)

rkg) rkg)

it

U(F) ®ZQ U(F> ®Z@

o)
Here the pairs (S, E) (see Theorem , (Res, I) (see Theorem , (w, )
(see Theorem|6.29), and (?, 1?) (see Theorem|6.31]) are pairs of isomorphisms
wverse to one another, and the map rk(FQ) comes from the map defined in (|5.19)).

Proof. The maps rk(FZ) takes value in U(I') ®z Q by Lemma . The other
claims follow from Theorem and Lemma and Theorem [6.31] O

Theorem 6.35 (The finiteness obstruction and the (functorial) L?*-Euler char-
acteristic).
(i) Let T' be a quasi-finite El-category of type (FP). Then the image of the
finiteness obstruction o(I'; Q) under the homomorphism
Res: Ko(QI') — Split Ko(QI")
defined in Theorem has as entry at T € iso(I") the finiteness obstruc-

tion 0(3@;@) of the category aut(x), i.e., the finiteness obstruction
0(Q) of the Q[x]-module Q with the trivial aut(x)-action. This possesses
a finite projective Q[xz]-resolution by Lemma |6.15 E. As usual, we will

write [Q] for o(m,@).
(ii) Suppose that ' is a quasi-finite free El-category of type (FP) satisfying
condition (I) or that T' is a quasi-finite free El-category of type (FF).
Then for every object x the L*-Euler characteristic x\® (aut(z)) is a
rational number and is non-trivial for only finitely many T € iso(I"). The
collection (X(2)(aut(m))we wo(ry defines an element 1 € Ul') @2 Q. The

functorial L?-Euler characteristic ch )(F) lies in U(I') ®z Q. We get
OGPMD) = n

a?m = XD,
where W% and T are the homomorphisms defined in ) and -
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Proof. ((1)| Since I' is of type (FP), we conclude from Lemma E. that the
Q[z]-module Q with the trivial aut(z)-action possesses a finite projective Q[z]-
resolution and hence defines an element in Ky(Q|z]). Since Res,: MOD-QI' —
MOD-Q][z] is exact, the claim follows from Lemma [6.15][(1)]
We begin with the case where I' is a quasi-finite free El-category of type (FP)
satisfying condition (I). The map rk( Split Ko(QL') — [zeiom R takes value
in U(T') ®z Q by Lemma The image of o(T'; Q) under the composite
2
Ko (QT') ER Split Ky(QI) L R

zeiso(I")

is by definition X;Q)(F). The image of o(I'; Q) under the composite

(2)
Ko(Q) £ Split Ko(Qr) 2 H R

zeiso(T)

is by definition 1. Now the claim follows from Theorem [6.34]
Next we deal with the case, where I' is a quasi-finite free El-category of type
(FF) Since I' is of type (FF), the image of o(I';Q) under the isomorphism

S: Ko(QI) = Split Ko(QI') is the image of x3(T) € U(T) under the map
t: U(I') — Split Ko(QI') defined in (4.8)) since rk(F2) ot is the identity on U(T).

A direct computation shows that @® = rk(FQ) ow o ¢. This implies

o? (1) =n.
We get

_ 2
a2 = P,
from Theorem [6.31] O

6.4. The example of a biset. Let H and G be groups and let S be a G-H-
biset. They define an El-category I'(S) with two objects z and y, where the
automorphism group of = is H, the automorphism group of y is G, the set of
morphisms from z to y is S, the set of morphisms from y to x is empty and
the composition in I'(S) comes from the group structure on H and G and the
G-H-biset structure on S. Any El-category with precisely two objects which are
not isomorphic arises as I'(.S) for some S. The category I'(S) is free if and only
if S is free as a left G-set. The category I'(S) is quasi-finite if and only if S is
proper and cofinite as a right H-set. The set of isomorphism classes of objects
contains precisely two elements, namely = and y.

Suppose that I'(S) is quasi-finite. Then I'(S) is of type (FP) if and only if
the trivial QH-module QQ has a finite projective (QH-resolution and the trivial
QG-module Q has a finite projective QG-resolution (see Lemma .
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Suppose that I'(S) is quasi-finite and of type (FP). Then the image of the
finiteness obstruction under the isomorphism

S: Ko(QI(S)) = Ko(QH) @ Ko(QG)

is the element x([Q],[Q]) by Theorem , where [Q] stands, of course, for
the finiteness obstruction of the triAVial CH —m/gdule and trivial QG-module Q,
respectively. That is, [Q] means o( H; Q) or o(G; Q) respectively.

Suppose that I'(S) is quasi-finite, free, and of type (FP). Then the QH-module
QG\ S has a finite projective QH-resolution and the image of the finiteness ob-
struction under the isomorphism

S: Ko(QI(S)) = Ko(QH) @ Ko(QG)

is the element
1([Q], [Q]) = ([Q] — [Q ®qe 5], [Q)) = (1Q] — [QG\S], [Q])

by Theorem [6)!

Suppose that T'(S) is quasi-finite, free, and of type (FP), and that H and G
satisfy Condition (I) (see|6.26). Then I'(S) satisfies Condition (I) by definition.
The commutative diagram appearing in Theorem

Split Ko(Q Spht Ko(Q
rk;z()s) rkg()s)
E(Q)
UI(S) @ QL UM(S) 22 Q
o)

becomes
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Ko(QI'(S))
S 1
E Res
n
Ko(QH) & Ko(QG) = —, Ko(QH) @ Ko(QG)
rkl(“2(>5‘) rkg()s)
2
QeQ—— — N 0)
o)

where w sends ([P], [Q]) to ([P] + [Q ®qc QS5],[Q]) and p sends ([P],[Q]) to
([P] — [Q ®qc QS],[Q]). If the proper cofinite right H-set S is the disjoint
union [[_, L;\H and d := Y_;_, 1/|L;], then the matrices for @® and g® are

respectively ( cll (1) ) and _1 d (1) ) by Example [5.4)((ii)|and Lemma |6.28 m
We conclude from Theorem [6.35] the definition of x(I'(S)), and Corollary 4.19

that

X7 (C(S) = (PH)—d-xPG),xP(G));
XAI(S) = xP(H)+(1-d) - x2(G);
xs(T(S) = (1-|G\S/H|,1);

x(I(S)) = 2—|G\S/H]|.

The situation above simplifies considerably in the finite case.

Example 6.36 (Finite G-H-biset for finite groups H and G). Let H and G
be finite groups and S a finite G-H-biset. Then the category I'(S) is a finite
El-category. We conclude from Theorem that I'(S) is of type (FP). The
image of the finiteness obstruction under the isomorphism

S: Ko(QI(S)) = Ko(QH) & Ko(QG)
is the clement ([Q), [Q]) = ([Q] - [QG\S], [Q]), and

) B L_|G\S| EY
(M) = (1H| H] ’|G|)’
@) _ 11 G\S]
W= 5 e
WD(S):Q) = (1 |G\S/H],1):
(D(S):Q) = 2— [G\S/H],
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since dimy ) (C(G\S) @cy N (H)) = % by Example |5.4||(ii)} If S is free as a
left G-set, or, equivalently, if ['(S) is free, we obtain

2 B 1 S| Y
W) = (- @me)

11 19|
(2) —
x(0(S)) = + o5~ ,
[H| Gl |G- H|
: : : |G\S| __ _|S]
since in this case LinlEhri

6.5. The passage to the opposite category. In this subsection we want to
compare the finiteness obstruction of I' with the finiteness obstruction of the
opposite category I'°P.

In general I' and I'°? behave very differently. It may happen that I' is of type
(FP) but I'°? is not of type (FP) or that both T" and I'" are of type (FP), but
their finiteness obstructions and functorial Euler characteristics are very different.
This is illustrated by the following example.

Example 6.37. Let G be a group. Let S be the G-{1} biset consisting of
precisely one element. Let I'(S) be the associated El-category of Subsection .
It has two objects x and y. The sets morp(sy(x, z) and morr(s)(z, y) each contain
precisely one element, the set morp(g)(y, y) is equal to G, and the set morp(g)(y, x)
is empty. The category ['(S) is quasi-finite in the sense of Definition and also
directly finite in the sense of Definition . We conclude from Lemma
that I'(S) is of type (FPgq) if and only if the group G is of type (FPg), i.e., the
trivial QG-module QQ possesses a finite projective QG-resolution.

Now suppose that G is of type (FPg). Then the trivial QG-module Q has a
finite projective QG-resolution and defines an element [Q] = o(G; Q) € Ky(QG).
Let a: Ko(QG) — Ko(Q) be the homomorphism which sends [P] to [P ®qa Q).
We conclude from Theorem that the finiteness obstruction o(T'; Q) is sent

3.7)

under the isomorphism of (§

Sors): Ko(QL(S)) = Ko(Q) & Ko(QG)

to w((Q], [Q]) = ([Q] — a([Q]), [Q)),
This implies

XP@(S) = (1-x(BG),x?(G)) €UT(S)e:Q0=QaQ,
XA((S) = 1—x(BG)+x?(G) €@

Xs(T(S)R) = (1-x(BG),x(B®) €UI(S)) =ZaZ;
xT(S);R) =1 cZ.

If G satisfies condition (I) of (6.26)) or G is of type (FF), then we conclude from

Lemma
XP(T(9)) = 1.
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The opposite category I'(S)°P = I'(S°P) has a terminal object, namely z. Hence
it is always of type (FP) and its finiteness obstruction o(I'(5)°; Q) is sent under
the isomorphism of (3.7))

Sarsyr: Ko(QT(S)™) = Ko(Q) & Ko(QG)

to w([Q], [Q]) = ([Q], 0).
This implies

1,0) € F<S>°P> ®2Q=QaQ;

) (

) 1
xf(C(S)®;R) = (1,0) GU(F(S)"")ZZ@Z;

1

(S

Notice that all the results for I'(S) depend on G, whereas the results for I'(.S)°P
are all independent of G. So for example, if G is not of type (FPq), then I'(S) is
not of type (FPgq), while I'(S)°P is of type (FPg).

6.6. The passage to the opposite category for finite EI-categories. One
can say more about the passage from I' to I'°? in the special case where I' is a
finite El-category. Let R be a commutative ring. Given an R-module M, denote
by M* :=hompg(M, R) its dual R-module. Notice that M* is again an R-module
since R is commutative. This defines a contravariant functor

*r: MOD-R — MOD-R.

There is a natural R-homomorphism I(M): M — (M*)* which sends m € M to
M* — R, ¢ — ¢(m). It is an isomorphism if M is a finitely generated projective
R-module.

We obtain a functor

xgr: MOD-RI' — MOD-RI™P

which sends a contravariant RI'-module P to the contravariant RI'°P-module, or

equivalently, covariant RI'-module P* given by the composite I' 2, MOD-R =
MOD-R. The functor *gr is exact when restricted to RI'-modules M for which
M (z) is a finitely generated projective R-module for every object z € ob(I"). Let
M be an RT-module such that M(x) is a finitely generated projective R-module
for every object € ob(I'). Then M* is an RI'P-module such that M(z) is a
finitely generated projective R-module for every object x € ob(I'°P) and there is

a natural isomorphism of R[-modules M = (M*)*.

Now assume that the order of the automorphism group of every object in I' is
invertible in R. Then an RI'-module M, for which the R-module M (x) possesses
a finite projective R-resolution for every object x € ob(I'), possesses a finite
projective RI'-resolution by Lemma [(v)] Hence we obtain a well-defined
homomorphism

(6.38) snr: Ko(RT) — Ko(RTP), [P] — [P*]
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The functor *gzr sends the constant RI-module R to the the constant RI°P-
module R. We conclude:

Lemma 6.39. Let I" be a finite El-category. Let R be a commutative ring such
that the order of the automorphism group of every object in I' is invertible in R.

(i) The map of
«gr: Ko(RD) — Ko(RIP)
15 bijective, an inverse is
«pgrov . Ko(RI[°P) — Ko(RD);
(ii) Both T and I'°P are of type (FP) and
pr(o(T'; R)) = o(T'°%; R).
The map *gr is rather complicated as the next result shows.

Lemma 6.40. Let ' be a finite El-category. Let R be a commutative ring such
that the order of the automorphism group of every object in I' is invertible in R.
Then the following diagram commutes

Ko(RD) — 5 Ko(RI*P)

o

SRFJ/N NJ/SRFOP

Split Ko(RI) — Split Ko( RT°P)

Here Sgr and Sgre» are the homomorphisms defined in (3.7)) which are isomor-
phisms by Theorem the isomorphism xgr has been defined in (6.38)) and the

isomorphism v is the composite
v: Split Ko(RT) 25 Split Ko (RT) KR Split Ko RT°P) 2252, Split Ko(RI°P),

where wgr is the isomorphism defined in (6.18)) for I, pgree is the isomorphism
defined in (6.21)) for T°P and D is given by the direct sum of the isomorphisms

Ko(Rautr(z)) — Ko(Rautres(z)) sending the class of the finitely generated
projective Rautr(x)-module P to the class of the finitely generated projective
R autres (x)-module P*.

Proof. Consider the following diagram.

Ko(RT) — 5 Ky(RI*P)

S Sprop
/ J/Res RI Res RFOPJ/ \

Split Ko(RT) ——» Split Ko(RT) —> Split Ko RT°P) - Split Ko(RT?)

The left and right triangles commute by Theorem [6.22] and the middle square
commutes from the definitions, so the entire diagram commutes. 0J
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Lemma 6.41. Let I' be a finite El-category. Suppose that both I' and T'°P are
free in the sense of Definition 6.6 Then the following diagram commutes.

Ko(QT) —= 5 Ko (QIep)

o~

SQF\LE %J/SQFOI)

Split Ko(QT) —2+ Split Ko (QI*?)

2 2
e >l lrk;gp

U(T) ©2Q —o— U(T) ©2Q

Here the upper square is taken from Lemma the maps rk(FQ) and rk(F%,)p have
been defined in , and the isomorphism 7 is defined to be ﬁ(ri)p ow(ﬁ), where
E(FZ) 1s the isomorphism defined in for T' and E(F%,)p 15 the isomorphism
defined in for TP,

Proof. This follows from Theorem [6.34] and Lemma [6.40] and the easy to verify
fact that the following diagram commutes for the homomorphism D appearing
in Lemma [6.40l

Split Ko(QT') —25 Split Ko(QIP)

rkg)l \eri?o)p

U() ©2Q ——— U(D) ®2Q 0

Example 6.42 (The isomorphism * for a finite G-H-biset for finite groups H
and G). Let H and G be finite groups and S a finite G-H-biset. We have defined
a finite El-category I'(S) in Subsection [6.4] and Example [6.36] We conclude from
Subsection that the commutative diagram appearing in Lemma can be
identified for I'(S) with

*Qr(s)

Ko(QI'(S)) = Ko(QI'(5)*P)

5@F<S)l~ le@rw)op

Ko(QH) @ Ko(QG) — Ko(QH) & Ko(QG).

By the calculation for w and p in Subsection [6.4] the homomorphism v sends
([P],[Q]) to

([P*] + [(Q ®ge Q5)'], [Q] — [P* @grer QSP] — [(Q ®ga QS)* @guer QS5))

(recall that the roles of G°? and HP are switched in the formula for pgroep).
Now suppose that both I'(S) and I'(S)°P are free, or, equivalently, that G
acts freely from the left on S and H acts freely from the right on S. Then the
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commutative diagram appearing in Lemma can be identified with

Ky(QI(S)) s Ko(QI(S))

SQF(S)\F %Lq@m)op

Ko(QH) ® Ko(QG) ——~ Ko(QH) & Ko(QGP)

(2) (2)
rkF(S)J/ lrkF(S)OP

*Qr(s)

Qo0 L
1 151
) . |H
where 7(?) is given by the matrix 15| s |-
“iol 1 e

7. COMPARISON WITH THE INVARIANTS OF BAEZ-DOLAN AND LEINSTER

In this section we compare our invariants with the groupoid cardinality of
Baez-Dolan [2] and the Euler characteristic of Leinster [13]. If T' is a skeletal,
finite, free El-category, then I is of type (FP) and of type (L?), and Leinster’s
Euler characteristic coincides with the L?-Euler characteristic. However, if we
leave out the freeness hypothesis, then Leinster’s Euler characteristic can very
well be different from the L2-Euler characteristic, see Remark [7.4]

7.1. Comparison with the groupoid cardinality of Baez-Dolan. Baez-
Dolan define in [2] the groupoid cardinality of a groupoid I" to be

1
2 | aut(z)|’

zeiso(T)
provided this sum converges. In other words, the groupoid cardinality is the
count of the isomorphism classes of objects inversely weighted by the size of their
symmetry groups. This agrees with the L?-Euler characteristic of such groupoids
as seen in Example [5.12

7.2. Review of Leinster’s Euler characteristic. We briefly review the Euler
characteristic due to Leinster [I3]. Let I' be a finite category (see Definition [6.6)).
A weighting on I is a function k*: ob(I") — Q such that for all objects = € iso(T")
we have > o [mor(z,y)| - k¥ = 1. A coweighting ke on I' is a weighting on
e,

Definition 7.1. A finite category I' has an Euler characteristic in the sense of
Leinster if it has a weighting and a coweighting. Its Euler characteristic in the
sense of Leinster is then defined as

xo(l) = Z k= Z ke
)

z€ob(T z€ob(I")

for any choice of weighting k* or coweighting k,.
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This is indeed independent of the choice of the weighting and the coweighting.
In particular we get x.(I') = xz(I'"°P).

Remark 7.2. Leinster’s Euler characteristic can only be defined if the category
[ is finite and depends only on the set of objects ob(I") and the orders | mor(z, y)|
for x,y € ob(I'). This is different from the other invariants such as the finiteness
obstruction. For instance x does not dlstlngulsh between the category I' appear-
ing in Example [2.18 and the groupoid Z/ 2, whereas the finiteness obstructions
and the L*-Euler Characterlstlc do.

7.3. Finite free skeletal EI-categories.

Lemma 7.3. Let I' be a finite free El-category which is skeletal, i.e., two iso-
morphic objects are already equal.

Then T is of type (FP) and of type (L*), and has an Euler characteristic
in the sense of Leinster. We get for the L?>-Euler characteristic x®(I'; Q) of
Definition and Leinster’s Euler characteristic xp(I') of Deﬁmtion

X(T;Q) = xr(I).

Proof. By [13, Lemma 1.3 and Theorem 1.4] the category I'°P has a Mobius
inversion, i.e., the homomorphism

wp: UM ®@zQ - U(T) @2 Q
given by the matrix

<| HlOI'F(y, :C) ‘ )m,yEob(F)

is bijective, and has an Euler characteristic in the sense of Leinster. Then by

definition
Xo(@) =x.@P) = Y k
z€ob(T")
for any element k, € U(T') ®7 Q such that wy (k,) is the element 1 € U(T') which
assigns 1 to every element in ob(I).
We conclude from Theorem that T is of type (FP) and hence of type (L?).

Hence it remains to show

wL(Xf)(r)) =1 € U(F).

since by definition >
Since aut(y) is ﬁmte Example h 1mphes

dimps(y) (@ mor(y, ) Xqjy N(y)) = M

| aut(y)]

for every z,y € ob(I'). Hence the homomorphism wy, agrees with the composite
D o @®, where @® is defined in and D is the isomorphism given by
the diagonal matrix with entry |aut(y)| at (y,y) for y € ob(T'). Since D o m?
maps X}Q)(F) to 1 because of Theorem [6.35

and because of x?(aut(z)) =
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1/|aut(z)|, Lemma follows. We need I' to be free in the sense of Definition
in order to apply Theorem [GiD) O

Remark 7.4. The condition in Lemma that T' is free is necessary as the
following example shows. Let H and G be finite groups and S be a finite G-
H-biset. Let I'(S) be the associated finite El-category of Example We
conclude from Example and the definition of x(I'(S)) that

@) _ 1 TG\
N VI e/ T
WT(s) = 2 [G\S/H].

I S S =
R T e Tk

Hence x(I'(S)) = xz(I'(S)) holds if and only if |G\S| = % The latter is
equivalent to the condition that I'(S) is free.
Notice that x(I'(.9)) is always an integer and is in general different from both

XP(I(8)) and xr(T'(S)).

Remark 7.5 (Homotopy colimit formula). In [12] we prove the compatability
of various Fuler characteristics of categories with homotopy colimits. There we
compare our homotopy colimit results with Leinster’s results on Grothendieck
fibrations.

7.4. Passage to the opposite category and initial and terminal objects.
Leinster’s Euler characteristic x; and the Euler characteristic x(I") do not see a
difference between I" and T'°P. We have discussed in detail in Subsection 6.5 that T
and I'°P can be distinguished by the finiteness obstruction o(I'; R), the functorial

Euler characteristic x(I'; R), the functorial L?-Euler characteristic X?)(F), and

the L2-Euler characteristic x®(T").

Suppose that I" has a terminal object z. Let i: {*} — I" be the inclusion of the
trivial category with value z. Then the finiteness obstruction is the image of [R]
under i, : Ko(R) — Ko(RI') by Example[2.11] The functorial Euler characteristic
xf(T;R) € U(T') and the functorial L*-Euler characteristic X?(F) e UM(I)
agree and are given by the element 1 -Z. The Euler characteristic x(I'; R) and
the L2-Euler characteristic x?(I') € UM(T') are both equal to 1. Since I' has
a terminal object, it admits a weighting [13] Example 1.11.c]. If " additionally
admits a coweighting, then Leinster’s Euler characteristic xz(I') is equal to 1.

If T has an initial object, we cannot predict the values of o(I'; R), x¢(I'; R),
and Y (T') in general, as the results in Subsections and illustrate. In
particular, Y®(I') is not necessarily 1 if I' has an initial object. For instance,
Example yvields for H = 1, S = {*}, and G any finite group x?(I'(S)) =
1/|G|. If T has an initial object, then I" admits a coweighting. If I' additionally
admits a weighting, then Leinster’s Euler characteristic x.(T") is equal to 1.



70 THOMAS M. FIORE, WOLFGANG LUCK, AND ROMAN SAUER

The naive Euler characteristic x(I') = x(BI'; R) is equal to 1 if I' has an initial
or a terminal object.

7.5. Relationship Between Weightings and Free Resolutions.

Theorem 7.6 (Weighting from a free resolution). Let I' be a small category.
Suppose that the constant RI'-module R admits a finite free resolution P,. If P,
is free on the finite ob(I")-set C,,, that is

(7.7) P, =B(C,) = EB @Rmor(?,y),
ycob(I) C¥
then the function k*: ob(I') — Q defined by
pi= S0 )
n>0
18 a weighting on T,

Proof. At each object x of I, the R-chain complex P,(z) has Euler characteristic
1, since it is a resolution of R. Further, calculating the Euler characteristic of

P,(x) using equation (7.7)) yields
1= x(P.(2)) =Y (=1)"rkp Py(2)

n>0
=> (=0 | > (0¥ |mor(z,y)l
n>0 y€eob(T)
= X fmerte (S
yeob(T) n>0
= Z | mor(x, y)|kY. O
yeob(T")

In [I2] we recall the I'-C'W-complexes of [I1] in the context of Euler charac-
teristics and homotopy colimits.

Corollary 7.8 (Construction of a weighting from a finite [-C'W-model for the
classifying I'-space). Let I' be a small category. Suppose that I admits a finite I'-
CW-model X for the classifying I'-space ET'. Then the function k®: ob(I') — Q
defined by
kY = Z(—l)"(numbe’r of n-cells of X based at y)
n>0
1 a weighting on T

Proof. The composite of the cellular R-chain complex functor with X is a finite
free resolution of the constant RI'-module R. The number of n-cells of X based
at y is |CY|. O
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Remark 7.9. We may think of £* in Corollary as the I'-Fuler characteristic
of the I'-CW-space X. If R = C and I is skeletal and directly finite, then the
function k* is just x¢(I; C) = X;Q)(F) by Lemma |5.23||(iii)|) and Lemma [4.10 m
The role of direct finiteness is to guarantee that the splitting functors S, are
defined.

Example 7.10. Let I' = {1 <« 0 — 2} be the category with objects 0, 1,
and 2 and only two nontrivial morphisms, one from 0 to 1 and one from 0 to
2. A finite I'-CW-model for ET has two zero-cells mor(?,1) and mor(?,2) and
one 1-cell mor(?,0) x D' whose attaching map mor(?,0) x S — mor(?,1) II
mor(?,2) is the disjoint union of the canonical maps mor(?,0) — mor(?,1) and
mor(?,0) — mor(?,2). This finite model produces the weighting (k°, k!, k?) =
(—1,1,1) by Corollary . This is the same weighting as in 1.11.a of Leinster’s
article [13].

Example 7.11. Let I' = {a = b} be the category consisting of two objects
and a single pair of parallel arrows between them. A finite I'-CW-model for ET'
has a single 0-cell based at b and a single 1-cell based at a. The gluing map
mor(—,a) x S — mor(—,b) is induced by the the two parallel arrows a = b.
Corollary then produces the weighting (k?, k*) = (=1, 1), the same weighting
as in 3.4.b of Leinster’s article [13]

Example 7.12. Let I'" be the category with objects the non-empty subsets of
lq) = {0,1,...,¢} and a unique arrow J — K if and only if K C J. In [12] we
construct a finite I'-CTW-model with precisely one |J| — 1 cell based at J for each
nonempty J C [¢]. By Corollary , we obtain a weighting £* on ' by defining
k7 := (—1)/I71. This is the same weighting as in 3.4.d of Leinster’s article [I3].

Remark 7.13. For a finite group G, there is no finite model. So it appears the
above method of finding the weighting does not work. However, if we use the L2-
rank, something similar does. Every finite group G has a finite projective reso-
lution of Q, namely Q itself. Then we obtain for the weighting

K=Y (—1)"dimye) Q, = dimye) Q = 1/|G],

n>0

precisely as by Leinster.

8. THE PROPER ORBIT CATEGORY

The principal virtue of the finiteness-obstruction approach to Euler character-
istics is the wide variety of examples and familiar notions it encompasses. We
have already seen the naive Euler characteristic and the classical L>-Euler char-
acteristic of a group [19, Chapter 7] as special cases. We turn now to another
special case: the equivariant Euler characteristic of the classifying space EG
for proper G-actions. Recall from Definition that the proper orbit category
Or(G) has as objects the homogeneous spaces G/H with H a finite subgroup of
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G, and as morphisms the G-equivariant maps. We have shown in Lemma [6.11]
that Or(G) is a quasi-finite and free El-category. We will explain in this section
that the finiteness obstructions and Euler characteristic notions for I' = Or(G)
correspond to established notions in equivariant topology for the classifying space
EG for proper G-actions. This gives in particular the possibility to compute and
relate the invariants for Or(G) to more geometric notions.

In Subsection we recall G-C'W-complexes, the classifying space for proper
G-actions, and the relationship between equivariant invariants of EG and our
category-theoretic invariants of Or(G). In Subsection we discuss Mobius in-
version for Or(G) in the case where EG admits a finite model. If G is a subgroup
of G; and Go, then the Euler characteristics of Or(Gy *¢, G2) are computed addi-
tively from those of Or(Gy), Or(G}), and Or(G>) in Subsection[8.3] In Subsection
we derive the Burnside congruences from an integrality condition involving
(1, @), We work everything out explicitly for G the infinite dihedral group
in Subsection [8.5] Fundamental groupoids are considered in Subsection [8.6]

8.1. The classifying space for proper G-actions.

Definition 8.1 (G-CW-complex). A G-CW -complex X is a G-space X together
with a filtration by G-spaces X_;1 =0 C X, C X; C...C X = Un>0 X,, such
that X = colim,_,.. X,, and for each n there is a G-pushout, that is, a pushout
in the category of G-spaces

ier, aF
_—

Hie]n G/H; x S"! Xn_1

! l

[1;c;, G/H;x D" Mier, @7, X,,.

For more information about G-CW-complexes we refer to [15, Chapters 1
and 2]. A G-CW-complex is proper if and only if all its isotropy groups are
finite (see [15, Theorem 1.23 on page 18]).

A G-CW-complex is finite, i.e., is built out of finitely many equivariant cells
G/H; x D™ if and only if it is cocompact, i.e. G\ X is compact. A G-CW-complex
X is finitely dominated if and only if there exists a finite G-C'W-complex Y and
Gmapsi: X =Y andr: Y — X with roi ~g idy.

Definition 8.2 (Classifying space for proper G-actions). A model for the classi-
fying space for proper G-actions is a G-CW-complex EG such that the subspace
of H-fixed points EG is contractible for every finite subgroup H C G and is
empty for every infinite subgroup H C G.

For much more information about EG than presented here we refer the reader
to the survey article [21]. We have EG = EG if and only if G is torsion-free. We
can choose G/G as a model for EG if and only if G is finite.
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Remark 8.3. The classifying space for proper G-actions has the following uni-
versal property. If X is a proper G-C'W-complex, then there is up to G-homotopy
precisely one G-map from X to EG. In other words, a model for £G is a terminal
object in the G-homotopy category of proper G-C'W-complexes. In particular,
two models for EG are G-homotopy equivalent.

Recall from Notation [4.4| that U(T") := Ziso(I") for any category I

Definition 8.4 (Equivariant Euler characteristic). Let X be a finite G-CW-
complex (see Definition [8.1]). Define its equivariant Euler characteristic

X“(X) € U(Or(G))

VX) = S ST,
n>0 i€l
for any choice of G-pushout appearing in Definition 8.1

Theorem 8.5 (The relation between EG and Or(G)).

(i) If there exists a finite G-CW -model for EG, then the El-category Or(QG)
is of type (FFgr) for any ring R;

(i) If there exists a finitely dominated G-CW -model for EG, then Or(G) is
of type (FPg) for any ring R;

(iii) Suppose that G contains only finitely many conjugacy classes of finite
subgroups and for every finite subgroup H C G its Weyl group WoH =
NcgH/H is finitely presented. Suppose that R = Z. Then the converses
of assertions and are true;

(iv) If EG is a finitely dominated G-CW -complex, then the equivariant finite-
ness obstruction of [I5, Definition 14.4 on page 278| agrees with the finite-
ness obstruction o(Or(G); Z) of Definition [2.7;

(v) Suppose that there is a finite G-CW -complex model for EG. Then its
equivariant Euler characteristic x°(EG) € U(Or(G)) agrees with the
functorial Euler characteristic x ;(Or(G); Z) and the functorial L'® - Euler

characteristic X}z) (Or(G)). Moreover, its finiteness obstruction
o(Or(G); R) is the image of xf(Or(G); Z) under the composite

U(0r(G)) = Ko(ZOr(G)) = Ko(ROT(G))

where v has been defined in (4.8) and c is the obvious change of coefficients
homomorphism.

Proof. |(1)| The cellular ZOt(G)-chain complex C,(X) of a proper G-CW-complex
X sends G/ H to the cellular chain complex of the CW-complex map(G/H, X ) =
XH. Tt is always free, and it is finite free if and only if X is finite (see [15]
Section 18A].

Since EG™ is contractible, the cellular ZOr(G)-chain complex C,(EG) is a
free and hence projective resolution of the constant ZOr(G)-module R.

by
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This follows from [I5], Proposition 11.11 on page 222].
(ii1)| This follows from [22, Theorem 0.1].
This follows now from the definitions.

This follows for x¢(Or(G);Z) from the definitions. For chz) (Or(G)) apply
Lemma [Giin)] O

Remark 8.6. The classifying spaces for proper G-actions EG play a prominent
role in the Baum-Connes Conjecture (see [6l Conjecture 3.15 on page 254]) and
they have been intensively studied in their own right.

Given a group G, there are often nice geometric models for EG which are finite.
If there is a finitely dominated model for BG, then G must be torsion-free. This
is not the case for EG.

Example 8.7 (Groups with finite EG). If G is a hyperbolic group in the sense of
Gromov, then its Rips complex (for an appropriate parameter) is a finite model
for EG (see [24]).

If the group G acts simplicially cocompactly and properly by isometries on a
CAT(0)-space X, i.e., a complete Riemannian manifold with non-positive sec-
tional curvature or a tree, then X is a finite G-C'W-model for EG. This follows
from [8, Corollary 11.2.8 on page 179].

Further groups admitting finite models for EG are mapping class groups, the
group of outer automorphisms of a finitely generated free group, finitely generated
one-relator groups, and cocompact lattices in connected Lie groups.

8.2. The Mobius inversion for the proper orbit category. Next we take a
closer look at Theorem in the case of I' = Or(G) for a group G with a finite

model for EG.
Given an object G/H, we obtain by Lemma an isomorphism of groups

(8.8) WeH = NcH/H = aut(G/H)

by sending the class gH € NgH/H to the G-automorphism G/H — G/H, ¢ H
gg'H.
We obtain a bijection

(8.9) {(H)| H C G,|H| < o0} = iso(Or(G)), (H)w— G/H

where (H) denotes the conjugacy class of the subgroup H. Define a partial
ordering on {(H) | H C G,|H| < oo} by

(8.10) (H) < (K) < H is conjugate to a subgroup of K
Then the bijection is compatible with the partial orderings of (6.4)) and (8.10)).
Given two elements G/H,G/K € iso(Or(G)), an [-chain ¢ € chy(G/K,G/H)

in the sense of Definition is, under the bijection , the same as a sequence
of conjugacy classes of subgroups (Hy) < (H;) < ... < (H;) with (Hy) = (K)
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and (H;) = (H). The aut(G/H)-aut(G/K)-biset S(c) becomes under this iden-
tification and the identification (8.8) the WgH-W¢ K-biset
S<C) - mapG’(G/Hl—lv G/H> XWeH;—y mapG(G/Hl—2a G/Hl—l) XWeH—»
- XWeH, mapG(G/K, G/Hl>
= (G/H)" xwem_ , (G/Hi2)" = Xwen, - Xwen, (G/H)®

where we can arrange K C H, C H, C ... C H; 1 C H.
The commutative diagram appearing in Theorem becomes the following
diagram

Ko(QOr(G))
s I
E Res
I
D (1), H|<00 Ko(QWG H) > D). 111<o0 Ko(QWe H)
w
D), |H| <0 rkg)(;H ®(H),|H|<oork$A2/>GH
ﬁ(2>
By <0 @S B, 1< Q

=)
where rkg,)GH: Ko(QWgH) — Q sends [P] to dimpw,m) (P QoW H N(WgH)),
the map w is given by the collection of homomorphisms
winy, (k) Ko(QWeH) — Ko(QWGK), [P]— [P®gwen Qmapg(G/K,G/H)],

the map p is given by the collection of homomorphisms
p), (k) - Ko(QWeH) — Ko(QWeK),
(Pl > (=D > [P @owen QS(e)],

>0 cechy((K),(H))

the map @w® is given by the matrix (wg}) ( K)) over Q, where

o N
B, = D L]
=1

if the right WgK-set map,(G/K,G/H) = G/HX is the disjoint union

Yoi_y Li\W¢K, and the map 7i?) is given by the matrix (ﬂg}) ( K)> over Q, where

r

2 ! 1
Ao =2 (V' 3 L@

120 cechy((K),(H)) i=1



76 THOMAS M. FIORE, WOLFGANG LUCK, AND ROMAN SAUER

if the right set WgK-set
S(C> = (G/K')Hli1 XWeH (G/Hlfl)Hli2 XWeH 3 - -+ XWgH (G/HI)H
is the disjoint union Y ;_, L;(c)\WeK.

8.3. Additivity of the finiteness obstruction and the Euler characteristic
for the proper orbit category.

Theorem 8.11 (Additivity of the finiteness obstruction and the Euler charac-
teristic for the proper orbit category). Consider two groups G and Gy with a
common subgroup Gy. Let G' be the amalgamated product G = Gy *g, G2. Then:

(i) We obtain a G-pushout of G-CW -complezes

G xg, EGy 5 G x¢, EG,

jzl J/
G X Gy EGQ e EG
where j1 and j are inclusions of G-CW -complexes;
(i) If Or(Gy) is of type (FP) for k =0,1,2, then Or(G) is of type (FP) and
we get for the finiteness obstruction
o(Or(G); R) = (i1)«(0(O1(G1); R)) + (i2). (o(Or(G2); R))

— (i)« (0(O1(Go); R)) € Ko(ROT(G)),
where (iy).: Ko(ROT(Gg)) — Ko(ROr(G)) is the homomorphism in-
duced by the functor (ig)s: Or(Gy) — Ov(G) coming from induction
associated to the inclusion iy: Gy — G for k=0,1,2;

(i) If Or(Gy) is of type (FP) for k =0,1,2, then Or(G) is of type (FP) and
we get for the functorial Fuler characteristic

X7 (Or(G)) = (i1). (xs(Or(G1))) + (i2)+ (x(O1(G2)))

0)-(xs(0r(Go))) € U(0r(G)),

— (i

)) is the homomorphism induced by

) coming from induction associated
0,1,2, and we get for the Fuler

where (ig).: U(Or(G;)) — U(Or(G
the functor (iy).: Or(Gy) — Or(G
to the inclusion iy: G, — G for k =
characteristic

x(0r(G)) = x(Or(G1)) + x(Or(G2)) — x(Or(Gy)) € Z.
(iv) If Or(Gy) is of type (L?) for k =0,1,2, then Or(G) is of type (L*) and
we get for the functorial L?-Euler characteristic
X (0r(G) = (i2). (X (Or(G1)) + (i2). (xj (Or(Ga))
~ (o). (x}” (Or(Go)) € U (Ox(@)),
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where (i), : UN(Or(GR)) — UND(Or(Q)) is the homomorphism induced
by the functor (ig)«: Or(Gy) — Or(G) coming from induction associated
to the inclusion iy: G — G for k = 0,1,2, and we get for the L*-Euler
characteristic

XP(0r(@)) = x?(0r(Gh)) + xP(Or(Ga)) —XxP(Or(Go))  €R.
Proof. Associated to G = G *g, G2 there is a 1-dimensional contractible
G-CW-complex T which is obtained as a G-pushout

G/Go x S° PN UG 1 GGy

| |

G/G()XDI E— T

where pr,: G/Gy — G/Gy is the projection (see [26, Theorem 7 in 1.4 on
page 32|).

Since the H-fixed point set T is a non-empty subtree [26, Proposition 19 in 1.4
on p. 36], thus contractible, for every finite subgroup H C G, the product with
the diagonal G-action T' x EG is again a model for EG. Note that resg’“ EG is
a model for £G), and

GGy x EG =% G xg, resS* EG, (gGr.x) — (9,9 ')

is a G-equivariant homeomorphism. Combining everything, we obtain the follow-
ing G-pushout by crossing the G-pushout for 7" above with EG

G X Go EGO xS0 —G XG4 EGl oG X @Qy EGQ

| |

G xg, EGy x D! s EG.

We can write the preceding G-pushout equivalently as

G x¢, BEGy x D' —5 G x¢, EG,

g |

G X Gy EGQ 4)EG

where j; and j, are inclusions of G-CTW-complexes. Furthermore, EGy x D! is
just another model of EGy.

(ii)| For £ =0, 1,2 we get

where C,(EG})) is the cellular ZOr(Gy)-chain complex of the G-C'W-complex
EG,, C, (GXGkEGk) is the cellular ZOr(G)-chain complex of the G-C'W-complex
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G X g, EGy. From the G-pushout of assertion|(i)|we obtain a short exact sequence
of ZOr(G)-chain complexes

0— indio C*(EG()) — indil C*(EGI) @D indl-2 C*(EGQ) — C*(EG> — 0.
Now apply [I5, Theorem 11.2 on page 212], Theorem and Theorem .
This follows from the definition of x;(Or(G)) since rkgr: Ko(ROr(G)) —

U(Or(G)) is compatible with induction homomorphisms induced from group
homomorphisms.

We obtain for any object G/H in Or(G) a short exact sequence of ZOr(G)-
chain complexes
. Sey(C(EG)) — 0

For every finite subgroup H C G and k = 0, 1,2 the inclusion G, — G induces
an injection Wg, H — W H. The splitting functor is compatible with induction.
Now apply Theorem [5.7] O

8.4. The Burnside integrality relations and the classical Burnside con-
gruences. Let G be a group and let X be a finite proper G-C'W-complex. We
have defined its equivariant Euler characteristic x%(X) € U(Or(G)) in Defini-

tion [8.4l The map
@ o @ o
H),|H|<o0 (H),|H|<oo
defined in Subsection [8.2] sends
X(X) eU(Or(@) CU©OIG)2zQ= P Q
(H),|H|<o0

to the collection (x® (XH;N(Wgﬂ)))(H) H|<oo Of the L*-Euler characteristics
of the N (WgH )-chain complexes C,.(X¥) @zw.u N(WeH). If X = EG, then

O(XH N(WeH)) = X (WgH). Notice that we get for the map

P U(01(6)) @2Q — U(0r(G)) ©2 Q

defined in Subsection 8.2

7% ((X(z)(XH;N(WGH»)(H),H|<oo) = %(X).
This implies
Lemma 8.12. Consider n = (n(H))(H),\H|<oo € [l(m) mj<eo R- Then there is a
finite proper G-CW -complex X with x (X, N(WgH)) = Ny for every finite

subgroup H C G if and only if n € U(O1(G)) ®z Q = @D 11 1rj<0o Q and 7@ (n)
lies in U(O1(Q)).

Lemma 8.13. Let G be a group such that Or(G) is of type (FP).
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(i) If Or(G) satisfies condition (1), then

ngz) (Or(@)) =71 ((X(Z)(WGH))(H),IHKOO) )

(i) If there is a finite model for EG, then the following integrality condition
15 satisfied

2 (P OV .. ) € V(O

Proof. This follows from Theorem [6.35] Theorem [8.5 and Lemma [8.12] U

Example 8.14 (Burnside congruence). These considerations are already inter-
esting in the case of a finite group GG. For every finite G-C'W-complex X, the

map
w®: GB @H @ Q

H),|H|<oo H),|H|<oco

sends the equivariant Euler characteristic XG(X ) to the collection
(x(XH)/|[WeH]) ()’ where y(X*) is the classical Euler characteristic of the

H-fixed point set. We conclude from Lemma that for an element n =
() € Dy jpj<oo Q there exists a finite G-CW-complex X such that
X(XH)/[WeH| = xP (X, N(WgH)) agrees with 5 for any subgroup H C G,
if and only if 1®(n) € U(Or(G)). The latter is a kind of integrality condition.
In the case of a finite group G it can be transformed into equivalent congruence

conditions for integers.
Let

ch = ch®: U(Or(G)) — Pz
(H)

be the map uniquely determined by the property that it sends y“(X) to the
collection (x(X*))) ) for every finite G-C'W-complex X. Under the obvious

identification of U(Or(G)) with the Burnside ring A(G) the map ch corresponds
to the character map which sends a finite G-set S to the collection (|S¥|) (1) We

have
ioch=Dow? o,

ifi: U(G) — U(G) ®z Q is the obvious inclusion and the map D: U(G) @z Q —
U(G) ®z Q is given by the diagonal matrix whose entry at (H) is |[WgH|. Let

v: @Z — @Z
(H) (H)
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be the map uniquely determined by i o v = D o i® o D=! 0 i. One easily checks
that it is given by the integer matrix whose entry at ((H), (K)) is
!
Z(—l)l : Z H ‘WgHZ-H\mapG(G/Hi,G/Hi+1)|.
120 (Ho)<-<(Hy)ech; ((5),(H)) ="
Notice that iov oy = D oi. We conclude that an element £ € GD( wy Z lies in the

image of ch if and only if for every conjugacy class (H) of subgroups the following
congruence of integers holds

(&) =0 mod |[WeH|.

These are the Burnside ring congruences. For more information about the Burn-
side ring we refer for instance to [28, Chapter 1].
If G is the cyclic group Z/p of order p for a prime p, then U(Or(Z/p)) = Z2,

= (5} ) UOn(E/p) =2 - U(Ox(E/r) 2

and

v=(o 1) vosz/m) =2~ viosz/y) - 2

The Burnside ring congruences reduce to one congruence, namely

Nz/p)/ {1} — Nz/p)/z/p) =0 mod p.

The latter reflects the fact that the cardinality of S — S%/? is a multiple of p for
a finite Z/p-set S.

Example 8.15 (Amenable G). Let G be an amenable group. Suppose that
Or(G) is of type (FP). Then x®(Or(G)) is the image of n = (numn)
under

(H),|H[<o0

i U0r(GR)) @2 Q — U(01(G)) @2 Q

where 7y = 0 if W H is infinite and 7y = 1/|WeH| if WgH is finite.

In particular, if WgH is infinite for every finite subgroup H C G, then
x?(Or(G)) vanishes.

This follows from Theorem Lemma [8.13] and the result of Cheeger and
Gromov that all the L2-Betti numbers of any infinite amenable group G vanish
(see [10] and [19, Theorem 7.2 on page 294]).

8.5. The infinite dihedral group. Consider the infinite dihedral group
D= (t,s]|s*=1sts=t" VXL XL/2XTL/2x1L]2.

As an illustration we want to make all the material of this section explicit for
this easy special case.
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The infinite dihedral group D, has three conjugacy classes of finite subgroups
(C1), (Cs), and (T'), where C; = (s) and Cy = (ts) have order two and T is the
trivial group.

One easily checks that Wp_C; is trivial for + = 1,2 and Wp_ T = D.,. Hence
we get

Split Ko(QOr(Dy)) = Ko(QDw) & Ko(Q) & Ko(Q) = Ko(QDs) S Z S Z
by the discussion in Subsection [8.2]

The Wp_ C-Wp_ T-biset mapp_(Doo/T, Do /C;) is given by the right D..-
set Cj\ Do for i = 1,2. The Wp_ T-Wp_T-biset mapp_(Doo/T, Dso/T) is Dy
regarded as Dy, -Dy, biset. The Wp_C;-Wp_ Ci-biset mapp_(Duo/Cs, Do /C})
is empty for ¢ # j and is the {1}-{1}-biset consisting of one point for i = j.
The Wp_ T-Wp_ Ci-biset mapp (Do/Ci, Doo/T) is empty for i = 1,2. There
are exactly two 1-chains in Or(D,), namely (T') < (C4) and (T) < (Cy).

Hence we get

w: Ko(QDoo) Z P Z — Ko(QDwo) BZ B Z,
(:L‘7n17n2) — (.ZU + ny - [QCI\DOO] + ng - [QCQ\Doo]anlanQ)7

p: Ko(QDoo) ®Z D Z — Ko(QDs) BZ D Z,
(z,m1,n2) — (x —n1 - [QCI\ Do) —na - [@CQ\DOO]JTLIJHQ)?

1 1/2 1/2
5(2) = 0 1 0 : Z3 — Zg, (no,nl,ng) — (n0+n1/2—|—n2/2,n1,n2),
0 0 1
and
1 —1/2 —1/2
n® =10 1 0 P 2P — 7%, (ng,n1,ne) v (no—m1/2-n2/2, 11, ).
0 0 1
The map

k) 1 Ko(QDw) ©ZOL » LS LD L

sends ([P],nl,ng) to (dimN(Doo)(P ®0Deu N(Dm)),nl,m).
There is the isomorphism

ZOLBL = Ko(QD), (no, ni, ”2) = 10 [QDoo]+11-[QC1\ Dog | +12-[QC2 \ Do |

(see for example the Mayer-Vietoris sequence for amalgated products in [30,
Corollary 2.15 on page 216] and the subsequent remarks there). Under this
identification

1/2 1/2
rk® 0 0
0 0

. 75 3
Or(Da) = /A A

|
oo+
oo
— o o
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1 0000
01010
w=|00101/|:2 -7
00010
00001
and
1 00 0
010 -1 0
u=|1001 0 -1 |:7°—=7°.
000 1 0
000 0 1

The infinite dihedral group Do, = Z x Z/2 acts on R by the action of Z on R
given by addition and the action of Z/2 in R given by multiplication with (—1).
There is a D,-CW-structure on R such that there are three equivariant cells of
the type Dy /C1 x D°, Dy /Cy x D° and D, /T x D'. One easily checks that
this is a model for ED.,. Hence we get for the equivariant Euler characteristic
of ED,

X"*(EDw) = Doo/Ci + Doo/Cz — Do /T € U(O1(Dy)).

By Theorem and Theorem the image of the finiteness obstruction
0(0O1(Dy)) under the isomorphism

S: Ko(QOr(Desc)) = Split Ko(QOr(Dss)) = Ko(QDoo) B Z & Z = 77

is (—1,0,0,1,1). The image of this element under w is (—1,1,1,1,1). All this is
consistent with Theorem applied to Dy = Z/2 % Z /2.

The trivial QD..-module QQ has a finite projective QDy.-resolution of the form
0 — QDy — QD /C1 ® QDy/C1 — Q coming from the QD,..-chain complex
of R. This implies that the homomorphism

Res: Ko(QOr(Dyo)) = Split Ko(QOT(Dyo)) = Ko(QDoo) & Z & Z = Z°

sends o(Or(Dw); Q) to (—1,1,1,1,1) (see Theorem [6.35[(D))). This is consistent
with the fact that w sends the image of the finiteness obstruction o(Or(Dy))
under S, which is given by (—1,0,0,1,1) € Z5, to the element (—1,1,1,1,1) € Z®
(see Theorem [6.22)).

We have XS? (O1(Dw); Q) = (—1,1,1) € U(Or(Dy,)) = Z3. The composite

k() oRes: Ko(QOr(Dx)) — U(Or(Dy)) = Z°

sends 0(O1(Dw); Q) to (X (Do), xP({1}), x#({1})). Since the L2-Euler char-
acteristic of an infinite amenable group vanishes (see [I0]) and the L?-Euler
characteristic of the trivial group is 1, we get (x®(Ds), x®({1}), x?({1})) =
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(0,1,1). This is consistent with the fact that @® sends (—1,1,1) to (0,1,1) and
with Example 8.15]

8.6. The fundamental category. Let X be a G-space. Consider the functor
F: Or(G) — GROUPOIDS, G/H — Il(map(G/H, X)),

which sends G/H to the fundamental groupoid of X = map,(G/H, X). Its
homotopy colimit is by definition the fundamental groupoid 11(G, X') which plays
an important role in transformation groups (see [15, Definition 8.13 on page 144]).
Denote by II(G, X) the homotopy colimit of the functor F' above restricted to
Or(G). If all isotropy groups of X are finite, then II(G, X) and II(G, X) agree.
Suppose that there is a finite G-C'W-model for EG. Let I, be the set of
equivariant n-cells ¢ = G/H. x (D™ — S®1). Consider a G-CW-complex X.
Suppose that for every finite subgroup H C G each groupoid II(X) is of type
(FPg). This is equivalent to requiring that for every finite subgroup H C G
the set mo(XH) is finite and at each base point z € X the fundamental group
7 (X x) is of type (FPg). This follows from [9, Exercise 8 in VIIL.6 on page
205] using the facts that WgH is of type (FPg) because Or(G) is of type (FPg)
(see Theorem and Lemma and for every object x: G/H — X in

II(G, X) there exists an exact sequence
(8.16) 1 —m(X" 2) —aut(z: G/H — X) — WgH(z) — 1

for the subgroup WgH (z) C WgH of finite index which is the isotropy group
of the component in X determined by z under the WgH-action on mo(XH)
(see [15, Proposition 8.33 on page 150]). Hence the homotopy colimit formula
of [12] applies. For instance we get

XPMG X)) = Y (-1 > X (aut(x(0));

n>0 c€ln Cemg(XHe)/WeH,
XI(G X)) = D (=" > X (B aut(z(C)); Q),
n>0 cel, CEﬂ'o(XHC)/WgHC

where for a component C' € (X <) we denote by z(C): G/H. — X an object
in II(G, X) such that z(C)(eH,.) lies in the component C' and aut(z(C)) is its
automorphism group in II(G, X) which fits into the exact sequence ({8.16).

If we take X = {e} itself, we get back Theorem [8.5][(v)]

One can define for a functor p: Or(G) — GROUPOIDS its equivariant Eilen-
berg Mac Lane space E(u,1) which is a G-C'W-complex such that p can be iden-
tified with the functor Or(G) — GROUPOIDS sending G/H to TI(E(u, 1))
and we have m,(E(u, 1), 2) is trivial for all n > 2, H C G and x € E(u,1)?
(see [14]). There is a natural equivalence hocolimoye) u — II(G; E(u, 1)) which
induces an isomorphism

KO(Z hocolimoya) u) — K (ZH(G; E(u, 1)))
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Under this isomorphism the finiteness obstruction of hocolimoyg) 1+ in the sense
of Definition corresponds to the finiteness obstruction of E(u, 1) in the sense
of [15, Definition 14.4 on page 278].

9. AN EXAMPLE OF A FINITE CATEGORY WITHOUT PROPERTY EI

For the remainder of this section we will consider the following category I'. It
has precisely two objects x and y. There is precisely one morphism u: x — y and
precisely one morphism v: y — x. There are precisely two endomorphisms of x,
namely, vowu and id,. There are precisely two endomorphisms of y, namely, uow
and id,. We have vuv = v and wvu = u. Obviously I is a free finite category. It
has two idempotents which are not the identity, namely, vu and uv. It is directly
finite but it is not Cauchy complete and not an El-category. In this section we
compute the homomorphisms S, E, Res for K(RI") and determine the finiteness
obstruction.

Given an R-module M, we define three RI'-modules I,M, I, M, and I.M as
follows. The contravariant functor I, M sends x to M and y to {0} and every
morphism except id, to the zero homomorphism. The contravariant functor I, M
sends y to M and x to {0} and every morphism except id, in I' to the zero
homomorphism. The contravariant functor I.M sends both z and y to M and
every morphism in I to the identity id,,.

Lemma 9.1. Let M be an RI'-module. Then there is an isomorphism of RI'-
modules, natural in M

[ I (ker(M (vu))) & I, (ker(M (uv))) @ I.(im(vu)) = M.

Proof. The transformation f is given at the object x by the direct sum of the
obvious inclusions

ip ® jo: ker(M(vu)) @ im(M (vu)) = M(z).

This is an isomorphism since M (vu)? = M ((vu)?) = M (vu). The transformation
f is given at the object y by the direct sum of the inclusion i, and the map

induced by M (v)

iy © M(V)|im(M(uoy) : ker(M(uv)) & im (M (vu)) = M(y).
This is an isomorphism of R-modules, an inverse is given by

(id =M (uv)) x M(u): M(y) — ker(M (uv)) @ im(M (vu)).

It remains to check that f is a transformation. We check this for the morphism
v, the proof for u is analogous. We have to show that the following diagram is
commutative

ker(M (vu)) @ im(M (vu)) RELN ker(M (uv)) @ im(M (vu))
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This is equivalent to showing that M (v)|xer(m(wu)) = 0. This follows from M (v) =
M (vuv) = M(v) o M(vu). O

Lemma 9.2. Let M be an R-module.

(i) The functors Res, and Res, respectively from MOD-RI' to MOD-R,
which are given by evaluation at x and y respectively, are exact and send
finitely generated projective RI'-modules to finitely generated projective
R-modules;

(ii) The following assertions are equivalent:

(a) M is a finitely generated projective R-module;

(b) I,M is a finitely generated projective RT'-module;
(c) I,M is a finitely generated projective RI'-module;
(d) I.M is a finitely generated projective RI'-module.

Proof. Obviously Res, and Res, are exact. Hence it remains to show that
they send both Rmor(?, z) and Rmor(?,y) to a finitely generated projective R-
module. This is obviously true.

Suppose that I, M is a finitely generated projective RI'-module. Then M
is a finitely generated R-module because of assertion |(i)| since I,(M)(z) = M.
Analogously one shows that M is finitely generated projective if I,M or I.M is
a finitely generated projective RI'-module.

Suppose that M is a finitely generated projective R-module. We want to show
that I,M, I,M, and I.M are finitely generated projective RI'-modules. Since
the functors I, I, and I, are exact, it suffices to check this in the special case
M = R. This follows from Lemma since Rmor(?,x) and Rmor(?,y) are
free RI'-modules and I, R, I,R, and I.R are direct summands in Rmor(?,z) or
Rmor(?,y). O

Corollary 9.3. The constant functor R: I'°® — R-MOD with value R defines a
projective RI'-module. In particular, R admits a finite projective resolution and
T is of type (FP).

Lemma 9.4. We obtain isomorphisms, inverse to one another,
a: Ko(R) ® Ko(R) @ Ko(R) = Ko(RT),
(1P, [P2], [Pe]) = [22(PY)] + [0, (P)] + [T Py)]
and
B: Ko(RI) 5 Ko(R)® Ko(R)® Ko(R), [P]+ ([SIP], 1S, P], [Res, P]—[SxP]),
where the functors S, and S, are the splitting functors defined in (3.3)).
Proof. This follows from Lemma [0.1] and Lemma [9.2] O
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Consider the following commutative diagram

Split Ko(RT)

/ A~
Ko(RT) i
Res x
Split Ko(RT") < - Split Ko(RT")
rkR\L rkpr
U(T) < U()

where the homomorphisms S and E have been defined in and in (3.8)
and satisfy S o £ = id by Lemma the homomorphism Res sends [P] to
([Res:C PJ, [Res, P]), the homomorphism w has been defined in (6.18)), the map
rkp is given by the direct sum of the homomorphisms Ky(R) — Z sending [P)]
21

1 2

Lemmal9.4)and the definitions Split Ko(RI') := Ko(R)®Ko(R) and U(T) = Z&Z,
where the first summand corresponds to x and the second to y, this diagram
becomes

to rkg(P) and @ is given by the matrix . Under the identification « of

2 1
(12)
The finiteness obstruction o(I'; R) € Ky(RI') of Definition corresponds
under the identification a of Lemma to the element (0,0, [R]) € Ko(R) ®
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Ko(R) ® Ko(R). Its image under S: Ky(RI') — Split Ko(RI') = Ko(R) & Ko(R)
is (0,0). Its image under Res: Ko(RI') — Split Ko(RI') = Ko(R) & Ko(R) is

[R],[R]). Its image under the composite rkroRes: Ko(RI') - U(I') =Z ® Z is
(1,1). An inverse i of the isomorphism induced by @w: U(I") ®z Q — U(I") ®z Q
is given by

2/3 —1/3\ |
The Euler characteristic in the sense of Leinster [13] is 2/3+ (—1/3) + (—1/3) +

2/3 = 2/3. We see that the Euler characteristic in the sense of Leinster [13] is
the image of the finiteness obstruction under the composite

Res

Ko(RT) 2% Split Ko(RD) 25 U(T) & UM @2, Q0 5 UT) ©,Q 5 Q

where ¢ is the obvious inclusion and e is the augmentation homomorphism.

10. A FINITE CATEGORY WITHOUT PROPERTY (FP)

In this section we investigate the finite category A appearing in [I3, Exam-
ple 1.11.d], recalled below. Leinster showed that A has no weighting. Obvi-
ously A is Cauchy complete but not directly-finite and in particular not an EI-
category. We will show that it is not of type (FP), give a full classification of the
finitely generated projective RA-modules, and compute Ky(RA), Go(RA), and
H,(BA; R) = H,(A; R).

The nontrivial morphisms of Leinster’s example A are drawn in the diagram
below.

f127912

He also defines f33 := id,, and fy4 := id,,. Composition in the category A is:

for any composable pair aiimj—q)ak in A for which neither p nor ¢ is an
identity we have qop = fi.

Lemma 10.1. The space |NA| is homotopy equivalent to a point.

Proof. We consider the subcategory U of A which does not contain go4, but
otherwise is the same as A. The object ay is a terminal object for U, so |[NU| ~ .
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But |[NUJ| ~ |NA|. We have the inclusion i: U — A. The functor r: A — U is
the identity functor, except on go4, which r maps to fos. Then ri = idy and we
also have a natural transformation «: ir = id, defined by

ala) = idy,
alaz) = fo
alaz) = id,,
alay) =id,, .
The continuous maps |Nr| and |Ni| are homotopy inverses. O

Although A has the homotopy type of a point, A is not equivalent to the trivial
category, for the unique functor A — x is not fully faithful. Alternatively, we
note that the trivial category is of type (FP) while A is not of type (FP), as we
now show.

10.1. Property (FP).

Theorem 10.2. The above finite category A appearing in [13, Examples 1.11.d]
is not of type (F'Pr) for any associative, commutative ring R with unit.

Proof. In the sequel we use the notation in A appearing in [13, Examples 1.11.d],
recalled above. Let M be the RA-module M which is uniquely determined by
M(a;) = {0} for i = 1,3,4, M(az) = R, and M(fs) = 0. Such an RA-module
M exists since id,, = aob implies a = b = id,,. Let ug: Rmor(?,as) — R be the
RA-homomorphism uniquely defined by the property that it sends id,, to 1 €
R. Let uy: M — Rmor(?,a4) be the RA-homomorphism uniquely determined
by the property that its evaluation at as sends 1 € R = M (as) to fos — goa-
Let vy: Rmor(?,ay) — M be the RA-homomorphism uniquely determined by
the property that it sends id,, to 1 € R = M(a2). Let ve: Rmor(?,a;) —
Rmor(?,as) be the RA-homomorphism uniquely determined by the property
that it sends id,, to g1o € Rmor(ay,as). Let v3: M — Rmor(?,a;) be the RA-
homomorphism uniquely determined by the property that its evaluation at as
sends 1 € R = M(ag) to fo; — go1. Then we obtain exact sequences of RA-
modules

(10.3) 0— M % Rmor(?,a4) ~ R — 0,
and
(10.4) 0— M =% Rmor(?,a;) = Rmor(?,ay) = M — 0.

The first exact sequence and [15, Lemma 11.6 on page 216] imply that R has a
finite-dimensional projective RA-resolution if and only if M has. By concatenat-
ing copies of we obtain an exact sequence

0O—-M-—-F,—--—F—>M-—0
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with free RA-modules F; of arbitrarily long length n. Thus, using [9, Lemma
(2.1) on p. 184], M has a finite-dimensional projective RA-resolution if and only
if M is projective. Hence R has a finite-dimensional projective RA-resolution if
and only if M is projective. Since v; is surjective, M is projective only if v; has
a section. Hence it suffices to show that v; has no section.

Let s: M — Rmor(?,as) be any RA-homomorphism. Consider the homo-
morphism g¢},: Rmor(ag, as) — Rmor(ay,as) given by composition with gio. It
sends the R-basis {id,,, foo} bijectively to the R-basis {gi2, fio} and is hence
an isomorphism. The composite ¢j, o s(az): M(ay) — Rmor(ay,as) factorizes
through M (a;) and hence is trivial since M (a;) = {0}. Hence the RA-morphism
s: M — Rmor(?,ay) is trivial and cannot be a section of v;. O

10.2. Finitely generated projective modules. We want to classify all finitely
generated projective RA-modules. Let P be a finitely generated projective R-
module. For i = 1,2 let K;(P) be the RA-module whose evaluation at both a,
and as is P and whose evaluation at both a3 and a4 is {0}. We require that g9,
for i = 1 and that g5 for ¢+ = 2 induces the identity id: P — P, whereas all other
morphisms in A besides the identity morphisms of the objects a; and as induce
the zero homomorphism. Then

Theorem 10.5. Let P be an RA-module.

(i) P is finitely generated projective if and only if there exists finitely gener-
ated projective R-modules Py, P, P3, and Py such that

P = Ki(P)® Kay(Ps) © Eoy(Ps3) © Eo,(Fy),

where E,, and E,, denote the extension functors defined in (3.4);
(ii) Suppose that there exists finitely generated projective R-modules Py, P,
Ps, and py such that

P2 K (P) ® Ko(P2) © Euy(P3) © Eoy(Py).
Then

2

P
P

Sa P;

Say P;
Ps coker(P(f34): P(ay) — P(ag));
Py P(ay),

where S, s the splitting functor defined in ;

(iii) P is finitely generated free if and only if there exists finitely generated
free R-modules Fy, F5, F3, and Fy such that

P= K |(F) & Ky(Fy) @ Eyy(Fy & Fy ® F3) & E,, (Fy).

Proof. ((i)| Recall that the extension functor E,; satisfies £, (R) = Rmor(?,a;), is
compatible with direct sums, and sends finitely generated projective modules to
finitely generated projective modules (see Lemma [3.5[()). In particular E,,(Ps)

e 11

I
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and E,,(P,) are finitely generated projective RA-modules if P is a finitely gen-
erated projective R-module.

Given a category I' and an endomorphism u: z — x of an object in I' and
an R[z]-module @), we obtain a morphism of RI'-modules u,: E,Q — E,Q as
follows. Its evaluation at an object y is given by

Q @R Rmor(y, ) — Q ®ppy Rmor(y,r), ¢®@v+— q® uv.

Obviously (id.). = idg,o and (u1). o (u2)s = (uy © ug). for two endomorphisms
uy and us.

Consider a finitely generated projective R-module P. Consider i € {1,2}. The
construction above applied to the idempotent f;;: a; — a; yields an idempotent
endomorphism of RA-modules (fi;)«: Eo,P — E,,P. We obtain a direct sum
decomposition of finitely generated projective RA-modules

(10.6) Ey, P = im((fi).) @ ker ((fi)s)-

Next we show for ¢ = 1,2

(107 im((fa).) = EiP:

(10.8) ker((fii)«) = Ki(P).

We only treat the case i = 1, the case i = 2 is completely analogous. Let
(10.9) a: B, P— E, P

be the RI-homomorphism which is the adjoint under the adjunction of [15]
Lemma 9.31 a) on page 171] of the R-homomorphism P — E, P(a3) = P ®g
Rmor(ag, ar) sending p to p® fs1. Explicitly the evaluation of a at an object a;
is given by

P ®gr Rmor(a;,a3) — P ®r Rmor(aj,a1), pR@u— pR (fs10u).

One easily checks that « is injective. The image of «a(a;) is {0} for j = 4
and is {p® fn | p € P} for j = 1,2,3. This is the same as the image of
(fi1)«: EoyP — E, P and follows. The cokernel of « is isomorphic to
ker((fi1).) since (fi1) is an idempotent. Obviously the cokernel evaluated at
as and agz is {0}. The cokernel evaluated at the objects a; and as is isomorphic
to R. The element id,, projects down to a generator in coker(«)(a;) and the
element go; projects down to a generator in coker(a)(asz). Hence the morphism
go1 induces a map coker(a)(ay) to coker(a)(ay) that respects these generators.
The morphisms fi1, fi2, foo and gi2 induce the trivial homomorphism on the
cokernel of . Now follows.

In particular we see that K;(P) is a finitely generated projective RA-module
if P is a finitely generated projective R-module.

Now consider a finitely generated projective RA-module P. Choose a finitely
generated free RI'-module F' together with R[maps ¢: P — F and r: ' — P.
Let

0ay(P): Ey,Play) — P
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be the adjoint of the adjunction of [I5, Lemma 9.31 on page 171] of the R-
homomorphism id,,: P(as) — P(as). Explicitly its evaluation at a; is given

by

P(as) ®g Rmor(a;,as) — P(aj), p®u— Pu)(p).
The map o,,(P) is natural in P. Let P and F respectively be the cokernel of
04,(P) and o,,(F) respectively. Denote by pr(P): P — P and pr(F): P — F

the canonical projections.
Choose non-negative integers mi, mso, mg, and my such that

4
F = @ Rmor(?,a;)™.

j=1

Since the are no morphisms from a4 to the other objects ay, as and a3, one easily
checks that the sequence

Oay

_>F

pr(f) —
—_—

E. F(ay) F

can be identified with the obvious split exact sequence

4 3
Rmor(?,a4)™ — @ Rmor(?,a;)™ — @ Rmor(?7,a;)™.

J=1 J=1

We obtain a commutative diagram

0 0 0
~ oy (i(aq)) ~ Eq,(r(aq)) ~
By (P(as)) —=5 Boy(Fag)) ———"= Ea,(P(as))
Oay (P) Oay (F) Oay (P)
P ! s F r >
pr(P) pr(F) pr(P)
P ’ T . >
0 0 0

where ¢ and 7 are the maps induced by i and r. We know already that the
middle row is exact. We conclude E,,(r(a4)) o E,,(i(as)) = id and Foi = id from
roi=1id. An easy diagram shows that all rows are exact.
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Hence P is a finitely generated projective RA-module, we have the isomor-
phisms

Eo,(Plas)) © P

3
@Rmor(?, a;)™,
j=1

I

P

I

F

and RA-homomorphisms i: P — F and 7: F — P with Foi = id. The R-module
P(ay) is a finitely generated projective R-module since it is a direct summand in
the finitely generated free R-module F'(as) = R™*. Hence it suffices to proof the
claim for P.

Now we more or less repeat the argument above, but nor replacing a4 by as.
So we define

Oag (F)
P

(as) —
Uas( -

(as)

£> (v

: EQSF
: EQSF

as above. Denote by Pand respectively the cokernel of o,,(P) and o,,(F)
respectively. Let pr(P): P — P and pr(F): F — F be the canonical projections.
Denote by i:P— Fand7: F — P the maps induced by ¢ and 7. The maps
044(P) are natural in P and compatible with direct sums. One easily checks
that the RA-homomorphism o,,(Rmor(?,a3)) is an isomorphism. Hence also

the RA-homomorphism

045 (Rmor(?,a3)™): E,,Rmor(ag, asz)™ — Rmor(?, az)™
is an isomorphism. The map o,,(Rmor(?,a,)): E,,Rmor(as,a;) — Rmor(?,a,)
is the same as the map a defined in (10.9). Hence it is injective and its cokernel
is K1(R). This implies that

043 (Rmor(?,a;)™): E,,Rmor(as,a;)™ — Rmor(?,a;)™

is injective with the finitely generated projective RA-module K;(R™ ) as cokernel.
Analogously one shows that

Oas(Rmor(?,az)™?): E,,Rmor(as, az)™ — Rmor(?, az)™?

is injective with the finitely generated projective RA-module K5(R™?) as kernel.
This implies

F K (R™)® Ky R™).

As above we obtain a commutative diagram with exact rows
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0 0 0
he Eag (i(a3)) = Eay (7(a3)) =
Eqy(P(as)) Eqy(F(as)) Eqy(P(as))

Tag (ﬁ) Oag (F) Tag (?)
P Z > F . > D
pr(P) pr(F) pr(P)
P : > F - > P
0 0 0

Hence Pisa finitely generated projective RA-module with is a direct summand
in "= K (R™) & Ky(R™) and we obtain an isomorphism

P=E, (P(as) @ P.

Since P(as3) is a direct summand in the finitely generated free R-module F(a3)
Rmitme2tms it s finitely generated projective R-module. Hence it remains to

>~

prove the claim for P.

Since P is a direct summand in K;(R™)® K,(R™2), one easily checks that we
have exact sequences of finitely generated projective R-modules

0— im(P(glg)) a, ﬁ(m) M im(f%(gm)) — 0,

and

5 P(g12) -5

0— im(P(Qm)) 2, ?(az) - im(P(gu)) — 0,
where 7; and iy are the inclusions. Choose R-maps

Ty ﬁ(a1> - im(?(gu));
To:! F(%) - im(ﬁ(gm));
satisfying r{ o i; = id and ry o i3 = id. Next we define an RA-isomorphism

G: P K, (im(P(gzl))> D K, (im(P(glg))) .

Its evaluation at a; is given by the R-isomorphism

P(Qm) Dry: P(a1> = im(P(Qm)) @im(P(Qm))

and its evaluation at ay by the R-isomorphism

T2 D %(glg)Z P((Ig) i 1m(P(921)) D 1m(P(912))
This finishes the proof of assertion |(i)| of Theorem [10.5]
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Recall that K;(F;) is a direct summand in E, (P;) for i = 1,2 (see (10.8])).
Using Lemma one easily checks

Su(P) = S,(K(P)) = P fori=12

P(a4) P4.

11

A direct computation shows

coker( (f31): Play) — P(%))

o GB coker (K;(p;)(f31)) @ coker (Eq, (P3)(f31)) @ coker (Eq, (P1)(f34))
o~ coker(Ea3 (P3)(f34))
= P

This finishes the proof of assertion .
(iii)] This follows from assertions and and the isomorphism for i = 1,2

(see (10.6)), (10.7) and (10.8))

Rmor(?,a;) = Rmor(?,a3) ® K1(R).
This finishes the proof of Theorem [10.5] 0

Remark 10.10. Notice that the decomposition of Theorem is not natural
in P. However, the cofiltration by epimorphisms

P—P— %
and the identifications
P 2 Ki(S4,(P)) @ K(Sa(P));

ker(P — P ?) = LB (coker(P(f34): Pas) — P(a3))) ;
ker( —>ﬁ) Eq,(P(aq)),

1%

are natural in P.
Let Kg (RA) be the Grothendieck group of finitely generated free RA-modules.
Let
v U) — K (RA)
be the homomorphism which sends a basis element Z € iso(A) to the class of
Rmor(?, x).

Theorem 10.11 (Ky(RA)). (i) The maps
& Ko(R)' = Ko(RA),
n: Ko(RA) = Ko(R)",



FINITENESS OBSTRUCTIONS AND EULER CHARACTERISTICS OF CATEGORIES 95

defined by
([P [P, [Ps] [Pa]) = [Ki(P)] 4 [K2(Po)] + [Eay(Ps)] + [Ea, (P4))],
n(lP)) = ([Scup]» [Sa, P, [COker(P(f34): P(ay) — P(GB))L[SMP]) )

are isomorphisms, inverse to another.
(ii) The map

v U(A) = K{(RA)
1s bijective. If R is a principal domain, then the forgetful map
F' K{(RA) S Ko(RA)
15 bijective.
Proof. This follows from Theorem and [(i)]
The map ¢ is obviously surjective. The composite
UD) % KJ(RA) 25 Ko(RA) 2 Ko(R)* ™2, 74

can be identified with the injection

oY

4 4
7" — 7 ) (m17m27m37m4) = (m17m27m1 +m2 +m3am4)

by Theorem [10.5{|(iii)l The forgetful map F/: KJ(RA) — Ky(RA) is surjec-
tive by Theorem [10.5|(iii)| provided that R is an integral domain and hence
Z — Ky(R), n — [R"] is an isomorphism. This finishes the proof of Theo-
rem [[0.17] O

10.3. Ky versus Gy. Let R be a commutative Noetherian ring and let I be a
finite category (see Definition [6.6). Denote by Go(QI') the Grothendieck group
of finitely generated QI'-modules. Since I' is finite, an RI-module is finitely
generated if and only if for every object x the Q-module M (z) is finitely generated
as an R-module. In particular the category of RI'-modules is Noetherian, i.e.,
a submodule of a finitely generated RI-module is finitely generated (see [15]
Lemma 16.10 on page 327)).

Remark 10.12. Notice that the constant R-module R defines an element [R] in
Go(RI") which may be viewed as a kind of analogue of the finiteness obstruction.
Only if T" is of type (FP), then we get also an element o(I'; R) := [R] in K(RI")
which is mapped under the forgetful homomorphism

Fpr: Ko(RT) —  Go(RI).
to [R] € Go(R).

Notice that Fgr is bijective if I is a finite El-category and the order aut(z) is
invertible in R for every object x in I' (see [15, Proposition 16.28 on page 332]).
This is not true in general as the following example shows.
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Example 10.13. We conclude from that
(10.14) [Rmor(7,a1)] = [Rmor(?,a2)] € Go(RA).
This together with Theorem implies that
F: Ko(RA) — Go(RA)

is not injective.

Define a map
(10.15)  Res: Go(RI") — @ Go(Rz]), [P+ {[P(z)]| T €iso(T)}.

zeiso(T)

Provided that the order aut(z) is invertible in R for every object z in I', we
also obtain a map

(10.16)  Res: Ko(RI') — @ Ko(R[z]), [P]+ {[P(z)]|T € iso(I)},
zeiso(T)

and we get a commutative diagram

Ko(RT) Frr » Go(RI)

lRes iRes

@E iso F [z]
@EEiso(F) K()(R[l’]) %F)R @ieiso(F) GO(R[ZE])

whose lower horizontal arrow is an isomorphism.

Now we consider the special case I' = A and R = Q. For a Q-module P
and k € {1,2,4} denote by I;(P) the QA-module for which I}(Q)(ax) = Q,
I.(Q)(a;) = {0} for j # k and all morphisms except id,, induce the trivial
homomorphism. One easily checks that this is a well-defined Q-module. (Notice
that this definition does not make sense for the object as).

Theorem 10.17 (Go(QA)). The homomorphisms
W Z4 — Go(RA),
(n1,n2,m3.04) = ma - [11(Q)] + 12 - [L(Q)] + 1 - [Rmor(?, as)] + ny - [14(Q)]

and the composite

4
es ;1:1 rk,
Go(QA) 22 (P Go(@) 2=, 78
=1

are isomorphisms.

Proof. The composite

4 4
Z' 2 Go(RA) 22 (P Go(@) 2= 7
=1
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sends (my, mg, m3,myg) to (my + ms, ms + mg, m3, my) and is hence an isomor-
phism. Therefore it suffices to show that w is surjective.

Consider a finitely generated QA-module M. There is the epimorphism of
QA-modules M — I;(M(ay4)) whose evaluation at a4 is the identity. Let N be
its kernel. Then we get [M] = [N] + [I4(M(a4)] in Go(QA) and N(as) = {0}.
Hence it suffices to prove that [/NV] lies in the image of w.

Consider the QA-homomorphism f: E5(N (a3)) — N uniquely determined by the
property that its evaluation at ag is the isomorphism N(a3) ®¢ Q mor(as, as) =R
N(a3) sending x ®id,, to x. Let K be its kernel and L be its cokernel. We get in
[N] = [E5(N(a3))] + [L] = [K] in Go(QA) and K'(a3) = K(as) = L(as) = L(as) =
{0}. Hence it suffices to show that K lies in the image of w if K is a finitely
generated QA-module with K(a3) = K(aq) = 0.

Notice that the all morphisms in A possibly except g2 and ¢o; and the iden-
tity morphisms for a; and ay induce the trivial homomorphism on K since they
factor through the object a3 or a4 and K(a3) = K(as) = 0. Consider the QA-
homomorphism

g: I (ker(N(921)) — K
given by the inclusion ker(N(g21)) — N(ay1). Let P be its cokernel. By construc-
tion the map P(g21): P(a;) — P(asg) is injective. Since P(a3) = 0, we get

P(go1) © P(g12) = P(g12 © g21) = P(f11) = P(fs1 0 fi3) = P(f13) o P(f31) = 0.

Since P(go1) is injective, P(g12) = 0. Hence the identity on P(as) induces an
injection I,,(P(az)) — P. Let @ be its cokernel. Then Q(as) = Q(az) = Q(ay).
This implies @ = I,,(Q(a1)). Hence we get in Go(QA)

(K] = Lo, (ker(N(g21))] + [La, (P(a2))] + [a, (Q(a1))]-

This finishes the proof of Theorem [10.17] 0
Example 10.18. Put R = Q and I' = A. Then the following diagram commutes
F
U(A) = Z' ——— Ko(QA) = > Go(QA)

lRes %\LRes
5>

zTE€iso(A) FQ

By Ko(Q) — = B, Go(Q)

NlEB?_l rkq l@@ 1 kg

\Z4

N
N
I

where A is given by the matrix

O~ NN
O~ NN
O =
— = DN
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Notice that (1,1,1,1) is not in the image of A: Z* — Z*. Obviously [Q] €
Go(QA) is sent under the composite
4

@er oRes: Go(QA) — Z*

i=1
to (1,1,1,1). Hence we see again that A is not of type (FP) since otherwise
[R] € Go(QA) lies in the image of Fpa and hence (1,1,1,1) lies in the image of
A: 74 — 71%,
10.4. Homology of A. We obtain from the short exact sequence ((10.4) the
following periodic projective resolution P, of the RA-module M

- == Rmor(?,ay) = Rmor(?,ay) == Rmor(?,a;) = Rmor(?,az) = M.

Recall that v, sends id,, to ¢g12 and v3 o v; sends id,, to fa1 — g21. The R-chain
complex P, ®pra R looks like

1 1

LRERLRYE R
Hence we get for n > 0
(10.19) HMA; M) := H,(P. ®pa M) = {0}.

We conclude from R®ry R = R, from (|10.19)), and the short exact sequence ((10.3))
that

T
H,(BAR) = H,(A:R) = H(asR) =4 177
{0} ifn >0,
as we may expect from the contractibility of BA.
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